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ABSTRACT 
 

Ashraf et al. in [3] introduced the concept of vertex H irregular labelling and edge 

H irregular labelling. Let H be sub graph of given graph G. If each edge of graph 

G is contained in any subgraph Hi where i ={ 1,2,3,…, k } of G and if each Hi is 

isomorphic to given subgraph H. then the collection Hi of subgraphs of G is said to 

be H-covering of G. 

They also introduced the concept of edge H irregular strength ehs(G) that is the 

minimum k for which the graph has total H irregular  k labelling and vertex H 

irregular strength vhs(G) that is the minimum k for which the graph has total H 

irregular k labelling 

The thesis is devoted to study the total vertex C3 irregular strength wheel graph 

and triangular ladder graph taking subgraph C3. We also found the total vertex C4 

irregular strength ladder graph and grid graph. Furthermore, we find the total 

vertex C8 irregular strength of a  connected graph Qn. 
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In this chapter we will also focus on some notations and basic definitions to understand 

this study.  

1.1    Graph 

A Graph G is an ordered pair of set of vertices V(G) and a set of edges E(G) between 

vertices. Symbolically a graph written as ܩ ൌ ሺܸሺܩሻ,  ሻሻ. Both sets are finite if notܩሺܧ

mentioned. If v1 and v2  are two vertices and the pair {v1 , v2} is an edge. It can also be 

denoted as e1=v1v2 , it indicates that v1 and v2 have an edge e1 between them.If two 

vertices are associated by an edge, they are said to be adjacent vertices. Edge connected 

by vertices are said to be incident on each of the vertex and adjacent edges are those 

edges which are incident on same end points and a vertex with zero incident edges is said 

to be isolated vertex. 

A graph is shown in Figure 1.1. 

 

 

Figure 1.1: Graph 

Two or more than two edges which have same end points are called parallel edges. When 

the edge is joined with the same vertex a loop is formed. A graph in which no loop exists 

is called multi graph and if neither loops nor parallel edges exist in a graph then it is said 

to be simple graph. Moreover the order of a graph in a graph is the number of vertices. 

Similarly size of a graph in the same graph numbers of all edges and number of edges 

incident on a vertex is called degree of the vertex and we denote it by d(v). All the 

vertices adjacent to v is said to be neighborhood of v and is denoted by N(v). An isolated 

vertex has degree zero. The smallest degree of a vertex among all vertices is said to be 

minimum degree of a graph a denoted by ߜ(G) = min d(v) where v ∈ V(G) and similarlay 

maximum degree is denoted by ∆ሺܩሻ i.e. 



 

Let G be a simple Graph

inequality shows that graph can have minimum degree 0 and maximum degree 

                                                

In a graph if we check the degrees of its components, each edge gives

every edge is made by joining of two 

Handshaking lemma. 

Let G be a graph then                                                         

1.2   Isomorphic Graphs

Let G and H be two graphs and 

ݒݑ
Then G and H are said to be isomorphic

We use notion ܩ ≅  to show that ܪ

bijective function between two graphs then graphs are said to be 

More generally for isomorphism if one graph has some property then the other graph 

must also have this property

should also must contain the cycle having

be the degrees of vertices of 

vertices of H. Edges of G should be equal to the number of edges of H . 

property does not hold in two graphs they are not 

Isomorphic graphs are shown in Figure 1.2.
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Graph having n vertices and v be the vertex of G then the following 

inequality shows that graph can have minimum degree 0 and maximum degree 

                0 ൑ ሻܩሺߜ ൑ ݀ሺݒሻ ൑ ∆ሺܩሻ ൑ ݊ െ 1 

if we check the degrees of its components, each edge gives degree

every edge is made by joining of two vertices. With the help of this information

                                                           

෍݀ሺݑሻ
௨∈௏

ൌ  |ሻܩሺܧ|2
raphs 

be two graphs and If there exist a mapping s.t. 

ߚ ∶ ܸሺܩሻ → ܸሺܪሻ		 i. e. 
∈ ሻݒሺߚሻݑሺߚ  ሻ if and only ifܪሺܧ 	∈  ሻܩሺܧ	

are said to be isomorphic 

to show that G is isomorphic to H.If there does not exist any 

bijective function between two graphs then graphs are said to be non isomorphic

y for isomorphism if one graph has some property then the other graph 

must also have this property. For example if G contain a cycle having length

d also must contain the cycle having length k. Degrees of vertices of 

ees of vertices of H. Vertices of G should be the equal to the number of 

dges of G should be equal to the number of edges of H . 

property does not hold in two graphs they are not isomorphic [9]. 

Isomorphic graphs are shown in Figure 1.2. 

                                

                                           G1                                                                     

then the following 

inequality shows that graph can have minimum degree 0 and maximum degree n-1 

degree 2 because 

With the help of this information 

If there does not exist any 

non isomorphic graphs. 

y for isomorphism if one graph has some property then the other graph 

contain a cycle having length k then H 

of vertices of G should also 

should be the equal to the number of 

dges of G should be equal to the number of edges of H . If a single 

 

G2 



 

                                           

As the degrees of vertices , number of edges , number of vertices and number of cycle are 

same in G1 and G2. So both graphs are is

         

                                 Figure 1.3

The above graphs are non isomorphic because

three cycle of C4 and there is no cycle of 

1.3   Subgraphs 

Suppose G and H be two 

set of G, V(H) is the vertex set of 

If the edges of H is contained in edges of 

G. Then we will say that

of G and let vertices of 

proper subset of edges of 

is called spanning subgraph of 

4 

                      Figure 1.2 : isomorphic graphs                        

As the degrees of vertices , number of edges , number of vertices and number of cycle are 

. So both graphs are isomorphic. Now Figure 1.3. 

         G                                                  H 

Figure 1.3 : non isomorphic graphs (G and H) 

The above graphs are non isomorphic because their sizes are not equal. Where 

and there is no cycle of C4 in G. So G and H are not isomorphic.

be two graphs where V(G) is the vertex set of G and 

is the vertex set of H and E(H) is the edge set of two graphs res

is contained in edges of G and vertices of H are contained in vertices of 

H is the subgraph of G. Moreover consider another subgraph 

and let vertices of L is the proper subset of vertices of G and edges of 

proper subset of edges of G then L is called proper subgraph of G. if V(L

subgraph of G. As shown in Figure 1.4. 

                        

As the degrees of vertices , number of edges , number of vertices and number of cycle are 

 

. Where H contains 

are not isomorphic.  

nd E(G) is the edge 

edge set of two graphs respectively. 

are contained in vertices of 

. Moreover consider another subgraph L 

and edges of L is also 

V(L) = V(G) then L 

 



 

                                          

1.4   Operations in Graphs

Consider two graphs G1 and 

definitions. Sum of G1 and 

and edge set consists of edges of 

vertices of G1 and G2  [23]

 is a graph G such that G = 

And has a edge set E consisting of elements 

         uv = {(u1 , v1) (u2 , v

lets take two graphs P3 and 
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               Figure 1.4 : Subgraphs of Graph G 

Operations in Graphs 

and G2, we can find sum and product of two graphs by following 

and G2 is a graph in which vertex set consist of 

edges of G1, edges of G2 and edges which are made by joining all 

[23] . Similarly cartesian product of these two graphs

G1 = (V1 , E1) and G2 = (V2 , E2) 

G = G1 x G2 has a vertex set  

V1 x V2 = {( v1 , v2) | v1 ∈ V1, v2 ∈ V2} 

consisting of elements uv such that 

, v2) where either u1 = v1 and u2v2 ∈ E2 or u2 = v2 

and P4 , we calculate sum of these graphs. As shown in Figure 

 

 

P3 

 

 

P4 

, we can find sum and product of two graphs by following 

is a graph in which vertex set consist of ܸሺܩଵሻ ∪ ܸሺܩଶሻ  
and edges which are made by joining all 

imilarly cartesian product of these two graphs         

2 and u1v1 ∈ E1} 

As shown in Figure 1.5.  



 

1.5   Walks in Graphs

A ሺ݉ െ ݊ሻ walk is a graph 

starts from ݉	and ends at 

,…, ur = n where ݎ	 ൒ 	0
walk is said to be length݉ െ ݊ walk is open if ݉

Walk : i, r, k, t, n, L, 

A walk is said to be trail

Moreover a walk is said to be 

triavial ሺ݉ െ݉ሻ path. 

                                             

A path in which first and last vertex is same is called

                                             

Figure 1.6
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P3+P4 

Figure 1.5: Sum of Path graph 

Graphs 

is a graph G which is made by a finite sequence of vertices in 

and ends at ݊ such that consective vertices are adjacent. i.e0 and ݑ௜  and ݑ௜ାଵ are adjacent in G. Total numbers of edges

of a walk. Vertices and edges can be repeated in a walk and the ് ݊ or walk is closed if ݉ ൌ ݊. 

Walk : i, r, k, t, n, L, s, m, k, r, i, o, q, j, s 

if no edge is repeated but vertex can be repeated.

Trail : i, o, q, j, p, r, k, t, n, L, s, m, k 

alk is said to be path if no vertex is repeated. An isolated vertex is itself a 

     Path : i, o, q, j, p , r, k, t, n, L, s, m 

d last vertex is same is called Cycle  .See Figure 1.6

              Cycle : i, o, t, k, m, s, j, q, n, i 

 

Figure 1.6 : Walk , Trail , Path and Cycle 

which is made by a finite sequence of vertices in G which 

i.e W : u0, u1, u2, u3 

otal numbers of edgesin a 

ertices and edges can be repeated in a walk and the 

can be repeated. 

if no vertex is repeated. An isolated vertex is itself a 

ee Figure 1.6. 
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A cycle is called Even cycle if its length is even and a cycle having odd length is said to 

be Odd cycle.  A graph which consists of no cycles is known as Acyclic graph.  

Tree 

A connected graph having no cycles is said to be tree. Caterpiller graph is the example 

of tree graph. In Caterpiller Graph if we remove its endpoints it gives us a path. 

There are some results about tree graphs. 

 Tree consisting of a single edge has only two vertices. 

 A tree containing ݇ vertices has exactly ݇ െ 1 edges. 

 A connected graph G must have a spanning tree. 

Connected Graphs 

Consider a Graph ܩ ൌ ሺ	ܸ, ,݋ ሻ and	ܧ 	݌ ∈ ܸሺܩሻ and ݋ is Connected to ݌ if ∃ a (݋ െ  (݌

path in G. Connected graph is a graph in which a path exist between every adjacent 

vertices of G. Similarly in a graph G if there does not exist a path between any two 

vertices of G then it is said to be Disconnected graph. Some graphs are constructed in 
such a way that remowal of single edge or vertex can produce disconnected graph. A 

vertex m is said to be Cut Vertex  if by removing it graph G is changed to disconnected 

graph. Similarly an edge is said to be Bridge if by removing it given  graph becomes 

disconnected. See Figure 1.7 if we remove the edge bc then the graph is disconnected so 

bc is bridge and see Figure 1.8 the vertex d is cut vertex.  

 

 

Figure: 1.7: Edge Connected Graph 
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Figure 1.8: Vertex Connected Graph 

1.6  Standard Families of Graphs 

There exist many families of graphs and structures of graphs. Here some of them has 

been discussed. Pn is the family of Paths. A path has k vertices and one less than k edges. 

as shown in Figure 1.9 

                                                               

                                                                                

                                                                             Figure 1.9: Family of Path Graph          

 

Cycles 

Cn denotes the family of Cycles  which contains n vertices and n edges, ݊	 ൒ 	3. As 

shown in the figure 1. cycles Cn , 3	 ൑ 	݊	 ൑ 	6. Figure 1.10 shows the Family of Cycles 

 

C3                              C4 

Figure 1.10 : Family of Cycles 

k-Regular Graphs 

Consider we have a graph G and if degree of each vertex in G is same then we can say 

that G is Regular. In a graph if every vertex has degree k then the graph is asaid to be     

k-regular graph. It is mathematically written as ݀ሺݒሻ ൌ ݇. There are some examples of k-

Regular Graph. See Figure 1.11 



 

                        

                                                  

Complete Graph 

Kn denotes the family of complete graphs which is consisted of 

between all distinct vertices

Wheel Graph 

When we an additional vertex

all other vertices with new edges. It is denoted by 3 ൑ ݊ ൑ 5. 

                                   

                            

                                                       

Bipartite graph 

A Bipartite graph is a graph if the set of vertices

that there does not exist edge between the vertices of 

of B. We will show in the next example that 

vertex set of C6 into two sets 

is connected with a vertex of

9 

                                                  Figure 1.11: k-Regular graphs 

denotes the family of complete graphs which is consisted of m vertices  have one edge 

distinct vertices of G. 

an additional vertex is added to Cn we obtain Wheel graph, add join this with 

all other vertices with new edges. It is denoted by Wn . the Figure 1.12

                            W3                                 W4                         W

                                                       Figure 1.12: Family of Wheel graph 

is a graph if the set of vertices is devided into two sets 

edge between the vertices of A and no edge between the vertices 

We will show in the next example that C6 is bipartite graph. We can 

into two sets ଵܸ ൌ ሼݒଵ, ,ଷݒ ହሽ and ଶܸݒ ൌ ሼݒଶ, ,ସݒ ଺ሽ and eachݒ

is connected with a vertex of V1 and a vertex of V2. 

 

 

vertices  have one edge 

, add join this with 

1.12 shows Wn , 

 

W5          

sets A and B such 

edge between the vertices 

We can devide the 

and each edge of C6 
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V1                                 V2 

 

Figure 1.13 : Showing that C6 is Bipartite 

Ladder Graph 

A ladder graph is obtained by taking cartesian product of two path graphs P2 and Pn . It is 

denoted by Ln . It is mathematically written as ܮ௡ ൌ ଶܲ ൈ ௡ܲ. It has 2n vertices and 3n-2 

edges as shown in Figure 1.14, 

 

Figure 1.14: Ladder Graph 

Grid Graph 

A grid graph is obtained by taking cartesian product of two path graphs Pn and Pm . It is 

denoted by Gmn . it is mathematically written as ܩ௠௡ ൌ ௠ܲ ൈ ௡ܲ. It has mn vertices and 

2mn-m-n edges as shown in Figure 1.15. 
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Figure 1.15: Grid Graph 

Triangular Ladder Graph 

A triangular ladder graph is obtained by adding one edge as a diagonal in each C4  of 

ladder graph. It is denoted by TLn .It has 2n vertices and 4n-3 edges as shown in Figure 

1.16. 

 

Figure 1.16: Triangular Ladder Graph 
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Connected Graph 

Qn  be a connected which is obrained by an edge amalgamation of  ݊ ൒ 2 C8-cycles as 

shown in Figure 1.17. 

 

Figure 1.17: Qn 
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2.1  Introduction 

The thought of graph labelling is presented over forty years back. Many papers on graph 

labelling has been flashed and many results and publications are blared. There were many 

mathematitians who took many problems related to graph theory. However , in high 

innovations the significance of graph labelling is additionally developing and these 

structures are studied seriously at present. 

In this second unit graph labelling of different kinds are talked about. We will clarify 

their definitions and verifiable history. The majority of the work on graph labelling and 

techniques for graph labelling started in mid 1960s [21]. Dynamic survey of graph 

labelling written by [13] is a very good source of information. 

2.2    Labelling  

A function in which usually positive integers are assigned to the graph elements is said to 

be labelling. If the domain of the function are vertices then it is said to be Vertex 

Labelling and if the domain is set of edges then it is said to be Edge Labelling and if both 

edges and vertices are used in domain of the function then it is said to be Total 

Labelling.Generally mapping creates the partial sum of labeled elements. Set of vertex 

weight or a set of edge weight are called Partial sum. Where we can calculate Vertex 

Weight generally by partial sum of labels of vertices and its adjacent labeled edges and 

Edge Weight can be calculated generally by partial sum of labels of edges and its adjacent 

labeled vertices 

2.3  Magic Type Labelling 

Almost forty five years ago, Sedlacek in [24] gave the idea of Magic Labelling. In the 

defined labelling if the weights of all edges are not different then graph is said to be Edge 

Magic Labeled and similarly a graph is said to be Vertex Magic if the weight of all 

vertices is same. We can study many new results which give us a comprehensive and 

satisfactory approach to magic labelling in ([5-7]). A characterization of regular magic 

graph was given by Doob in [11].Now we will discuss the total magic labelling which is 

consisted of the edge magic total labelling and the vertex magic total labelling. 

2.3.1    Edge-Magic Total Labelling 

Most importantly edge magic total labelling was clarified by Ringle and L Llado [23]. It 

was presented in 1970. Initially it was described as magic labelling but later 

mathematitians have same opinion with the stewart to consider magic labelling as They 

described this as magic labelling as total edge magic labelling. A bijectitive map ߙ is 

called edge magic total labelling of graph G is a map from ܸሺܩሻ 	∪  ሻ onto the set ofܩሺܧ	

integers ሼ1, 2	, 3	, . . . , |ܸ| ൅ ሺ݉ሻߙ ሽ, such that|ܧ| ൅ ሺ݉݊ሻߙ ൅ ሺ݊ሻߙ ൌ  for some magic ݌

constatnt ݌ , for every edge ݉݊ ∈ 	EሺGሻ. Rosa and Kotzig described described that all 

cycles Cn and all path Pn are edge magic total. As shown in Figure 2.1 and 2.2. 



 

Figure 2.1 : Edge Magic Total 

Figure 2.2 : Edge Magic Total 

2.3.2   Vertex-Magic Total 

In 1999 Macdougall et al. ߶ is called Vertex-Magic Total ሼ1, 2	, 3	, . . . , ݇	ሽ, for every 

where sum is all of incident edges to vertex 

which posses the vertex

Methods for vertex-magic total 

Figures 2.3 and 2.4. 

Figure 2.3 : 
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Figure 2.1 : Edge Magic Total Labelling of C7 

 

 

 

Figure 2.2 : Edge Magic Total Labelling of P9 

Magic Total Labelling  

n 1999 Macdougall et al. [18] discussed of vertex-magic labelling. A bijective mapping 

Magic Total Labelling of a graph G from V

for every ݒ ∈ ܸሺܩሻ if ߶ሺݒሻ ൅ ߶ሺݎݒሻ ൌ  for some magic constant ݍ

of incident edges to vertex v. A Vertex Magic Total Graph 

posses the vertex-magic labelling [14]. Grey has calculated new construction 

magic total labellings of graphs [15]. Magic labelling

 

Figure 2.3 : Vertex Magic Total Labelling Of C7 

A bijective mapping 

from Vሺܩሻ 	∪  → (ܩሺܧ	

for some magic constant ݍ, 

Vertex Magic Total Graph is a graph 

new construction 

labellings are shown in 



 

Figure 2.4

2.3.3   Super Magic Total 

Super edge magic total 

labelling is that edge magic total 

on the edges and A super vertex magic total 

in which the smallest positive labels appears on the vertices

Supermagic coverings of some simple graphs [16].

2.4   Irregular Labelling

A labelling of the elements of a graph in which weights of the elements of the graph are 

different is called irregular 

and second is edge irregular 

calculated irregular labelling

irregular labelling of circulant graphs

2.4.1   Edge-Irregular 

Propelled by the papers on the irregularity strength 

to examine about Total Edge Irregularity Strength

pursues :  

A total labelling ߮ of a graph 

two edges e and f wt(e) 

vertices m and n adjacent to 

                                          

The smallest integer k for which a graph has an edge irregular

Total Edge Irregularity Strength of 

tes(G). Bohman et al. has found irregular strength of trees [8]. 

2.4.2    Vertex-Irregular 

Chartland et al in [19] proposed the problem, assigns positive integers labels to the edges 

of a connected graph of order at least 

the weight at each vertex is different

of Graph  and various kinds of other total 

introduced the Total Vertex Irregular 

a labelling ∅: 	ܧ	ܷ	ܸ → ሼ1
16 

Figure 2.4 : Vertex Magic Total Labelling Of P9 

2.3.3   Super Magic Total Labelling 

Super edge magic total labelling is defined by Stewart. A super edge magic total 

magic total labelling in which the smallest positive labels appears 

super vertex magic total labelling is that vertex magic total 

in which the smallest positive labels appears on the vertices. Jeyanthi has determined 

overings of some simple graphs [16]. 

Labelling 

of the elements of a graph in which weights of the elements of the graph are 

different is called irregular labelling. It has two types. First is vertex irregular 

and second is edge irregular labelling and third is total irregular labelling

labelling of trees and forests [2]. Anholcer and Palme

of circulant graphs [4]. 

Irregular Labelling  

Propelled by the papers on the irregularity strength Jendrol , Baॖa ,Ryan and Miller

Total Edge Irregularity Strength of the graphs and characterized as 

of a graph G is called a Total Edge Irregular K Labelling

wt(e) and wt(f) are distinct. Where the weight of edge 

adjacent to e. 

                                                              wt(e) =	߮ሺ݁ሻ ൅ ߮ሺ݉ሻ ൅ ߮ሺ݊ሻ 
for which a graph has an edge irregular total k labelling

Total Edge Irregularity Strength of G. The total edge irregularity strength

Bohman et al. has found irregular strength of trees [8].  

Irregular Labelling 

proposed the problem, assigns positive integers labels to the edges 

of a connected graph of order at least 3 in such a way that graphs become irregular , i.e 

the weight at each vertex is different. Motivated by the notion of the irregularity strength 

of Graph  and various kinds of other total labelling, Jendrol , Baॖa ,Ryan and Miller  

Total Vertex Irregular Labelling as follows:  We define labelling1, 2	,3, …	, ݇ሽ is said to be total vertex k labelling

 

super edge magic total 

the smallest positive labels appears 

is that vertex magic total labelling 

. Jeyanthi has determined 

of the elements of a graph in which weights of the elements of the graph are 

. It has two types. First is vertex irregular labelling 

labelling. Aigner et al. 

Palmer has found 

,Ryan and Miller began 

of the graphs and characterized as 

Labelling if for any 

inct. Where the weight of edge e is labels of 

labelling is called 

total edge irregularity strength is denoted by 

proposed the problem, assigns positive integers labels to the edges 

in such a way that graphs become irregular , i.e 

otivated by the notion of the irregularity strength 

a ,Ryan and Miller  [10] 

labelling such that 

labelling if                     



 

ሻݔሺݐݓ ്  ሻ for all x,yݕሺݐݓ

given as  

                                            

Here ܰሺݔሻ is the set of neibour of 

labelling is called total vertex irregularity strength

labelling of different graphs can be seen in Figure 2.5.

                                        

Baca et al. has calculated many results on different families of graphs

tvs(G) is the total vertex irregularity strength of graph 

definition of  total vertex i

Chartland. Baca et al. calculated lower bound which is given below

Where ݊௜ indicates quantity of vertices having degree

the graph .  

Lehel and Faudree [12] proved

                                         

and they showed that  ݏሺܩ
Przybylo [20] demonstrate

Kalkowski, Karonski and Pfender 

the minimum degree of graph G.

17 

for all x,y ∈ V. Where the weight of any vertex ݔ in the 

ሻݔሺݐݓ                                             ൌ 	∅ሺݔሻ ൅ ∑ ∅ሺݕݔሻ,௬∈ேሺ௫ሻ   

is the set of neibour of x. the smallest integer k which arrives intotal vertex k 

total vertex irregularity strength which is denoted by tvs (G).

phs can be seen in Figure 2.5. 

                                         

Figure 2.5: Irregular labelling 

et al. has calculated many results on different families of graphs

total vertex irregularity strength of graph G. The real mot

total vertex irregularity strength of graph G was defined in 

Baca et al. calculated lower bound which is given below 

ሻܩሺݏ 	൒ maxଵஸ௜ஸ∆
݅ െ 1 ൅ ݊௜݅  

indicates quantity of vertices having degree n where ∆ is maximum degree

proved that if G is m-Regular, ݉	 ൒ 	2, 

	݊ڿ	  ൅ 	݉	 െ 	1ሻ/݉ۀ ൑ ሻܩሺݏ 	൑ ቒ௡ଶ ൅ 9ቓ	 
ሺ ሻ ൑ ቒ௡௠ ൅ ܿቓ for some constant c.  

demonstrate that 	ݏሺܩሻ ൑ ቒଵ଺௡௠ ൅ 6ቓ 
Karonski and Pfender [17] show to be true that ݏሺܩሻ ൑ 	 ଵ଺௡ఋ

the minimum degree of graph G. 

labelling ∅ is 

the smallest integer k which arrives intotal vertex k 

tvs (G). Irregular 

 

et al. has calculated many results on different families of graphs in [10]. Where 

he real motivation for the 

was defined in [19] by 

maximum degree of 

௡ ൅ 6. where δ is 
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Ahmad, Al-Mushayt and Bac෬a has found many results on tes and tvs in [1]. They 

calculated the lower bound as follows. 

ሻܩሺݏ ൑ 	 ቊቜܧሺܩሻ ൅ 12 ቝ , ∆ሺܩሻቋ 

In [1] edge strength of path (Pn) , star (K1,n) , double star ( Km,n ) and cross product of two 

paths (PnxPm)   is determined as   

ሺݏ݁ ௡ܲሻ ൌ ቒ2݊ቓ 
ଵ,௡൯ܭ൫ݏ݁ ൌ ݊ 

௡,௠൯ܭ൫ݏ݁ ൌ ݊ 

ሺݏ݁                                                ௡ܲ	ݔ	 ௠ܲሻ ൌ ቒሺଶ௠௡ି௠ି௡	ା	ଵሻଶ ቓ     
2.5    H-Covering 

Let H be sub graph of given graph G. If each edge of graph G is contained in any 

subgraph Hi where i ={ 1,2,3,…, k } of G and if each Hi is isomorphic to given subgraph 

H. then the collection Hi of subgraphs of G is said to be H-covering of G. 

2.6   Vertex H-Irregularity Strength 

A new term vertex H- irregularity strength of a graph was defined by Ashraf et al in [3]. 

They defined in such a way that let G be a graph having properties of H covering and ܪ ⊆   A vertex  k labelling ߱ is defined in such a way that .ܩ

߱:ܸ → ሼ	1	, 2	, 3	, … 	݇	ሽ 
And associated weight of subgraph H is defined as  

ሻܪሺݐݓ                                                                 ൌ 	∑ 	߱ሺݒሻ௩∈௩ሺுሻ   

Then a vertex k labelling is said to be H-Irregular  Vertex k Labelling if the weights of 

two distinct subgraphs Hi and Hj are different where ݅ ് ݆. The smallest integer k label 

which arrives in H-irregular vertex k labelling is said to be Vertex H-Irregular Strength 

and it is denoted by vhs(G). 

2.7   Edge H-Irregularity Strength 

Similarly A edge k labelling ߪ is defined in such a way that  



19 

 

:ߪ                                                                ܧ → ሼ	1	, 2	, 3	, … 	݇	ሽ 
And associated weight of subgraph H is defined as  

ሻܪሺݐݓ                                                     ൌ 	∑ ሺ݁ሻ௘∈ாሺுሻߪ	   

Then a edge k labelling is said to H-irregular  Edge k Labelling if the 

weights of two distinct subgraphs Hi and Hj are different where ݅ ് ݆. The 

smallest integer k label which arrives in H-irregular edge k labelling is said 

to be Edge H-Irregular Strength and it is denoted by ehs(G). 

2.8   Lower Bounds to Calculate ehs and vhs: 

Ashraf et al calculated ehs(G) and vhs(G) and gave the following results.  

,ܩሺ	ݏ݄݁ ሻܪ ൒ 	 ඄1 ൅ ݐ െ  ሻඈܪሺܧ1
,ܩሺ	ݏ݄ݒ ሻܪ ൒ 	 ඄1 ൅ ݐ െ 1ܸሺܪሻඈ 

Here t is the number of isomorphic subgraphs of G and ܧሺܪሻ and ܸሺܪሻ are number of 

edges and vertices respectively. 

Theorem: Let m and n be two integers, 2 ൑ ݉ ൑ ݊ , then 

ሺݏ݄݁                                                               ௡ܲ	, ௠ܲሻ ൌ 	 ቒ௡ିଵ௠ିଵቓ   
Theorem: Let ݉ and ݊ be two integers, 2 ൑ ݉ ൑ ݊ , then 

ሺݏ݄ݒ                                                                ௡ܲ	, ௠ܲሻ ൌ 	 ቒ௡௠ቓ   
Theorem: Let Ladder graph ܮ௡ ൌ ௡ܲݔ	 ଶܲ ∀	݊ ൒ 2,, then 

,	௡ܮሺݏ݄݁                                                          ௠ሻܥ ൌ 	 ቒ௠	ାଶ௡ଶ௠ ቓ   
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Theorem: Let		ܮ௡ ൌ ௡ܲݔ	 ଶܾܲ݁	ܽ	ݎ݁݀݀ܽܮ	݄݌ܽݎ݃, ∀	݊ ൒ 2, Then                                                                

,௡ܮ	ሺݏ݄ݒ ସሻܥ ൌ 	 ඄݊ ൅ 24 ඈ 
Proof: Let ܮ௡ ൌ ௡ܲݔ	 ଶܲ  be a Ladder graph. This graph has  2n vertices. We denotes the 

vertices by ݑఉఈ , ߙ ൌ 1,2 and ߚ ൌ ሼ	1	, 2	, 3	, … , ݊	ሽ and |ܸሺܮ௡ሻ| ൌ 2݊ 

We denotes the edges by  ݑఉఈݑఉାଵఈ . 

ఉାଵఈݑఉఈݑ		 : ߚ ൌ ሼߙ ൌ 1,2ሽ	ܽ݊݀	ሼ	1	, 2	, 3	, … , ݊ െ 1	ሽ ∪	 
ሼݑఉఈݑఉାଵఈ : ሼߙ ൌ 1,2ሽܽ݊݀	ߚ ൌ ሼ	1	, 2	, 3	, … , ݊	ሽ	 

|௡ሻܮሺܧ| ൌ 2݊ 

We define a labelling such that ߪ ∶ 	 ఉఈݑ 	→ ሼ	1	, 2	, 3	, … , ݇	ሽ i.e 

ఉఈሻݑሺߪ                                                          ൌ 	 ቔఉାሺିଵሻഀସ ൅ 1ቕ 
 After giving labels of the vertices of the ladder graph. Weight of every  ܥସ is,  

ସఊ൯ܥ൫ݓ ൌ ఊଵ൯ݑ൫ߪ ൅ ఊାଵଵݑ൫ߪ ൯ ൅ ఊଶ൯ݑ൫ߪ ൅ ఊାଵଶݑ൫ߪ ൯ 
ସఊ൯ܥ൫ݓ ൌ ඌߛ െ 14 ඐ ൅	ቔ4ߛቕ ൅ ඌߛ ൅ 14 ඐ ൅ ඌߛ ൅ 24 ඐ 

This shows that  

ସఊ൯ܥ൫ݓ                                ൌ ߛ	 െ 1 , where ߛ ൌ ሼ	1	, 2	, 3	, … , ݊ െ 1	ሽ 
Thus for the ladder graph L୬ ൌ P୬x	Pଶ 

,௡ܮ	ሺݏ݄ݒ ସሻܥ ൑ 	 ቒ௡ାଶସ ቓ	                                      (1) 

Ashraf et al. proved the lower bound of ladder graph, which is given below 

,௡ܮ	ሺݏ݄ݒ ସሻܥ ൒ 	 ቒ௡ାଶସ ቓ	                                      (2) 

Thus from (1) and (2)  

,௡ܮ	ሺݏ݄ݒ ସሻܥ ൌ 	 ඄݊ ൅ 24 ඈ 
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Theorem: Let TLn be a triangular ladder graph , ∀	݊ ൒ 2,    Then 

,௡ܮT	ሺݏ݄ݒ                                                               ଷሻܥ 	ൌ 	 ቒଶ௡ଷ ቓ   
Proof: let ܶܮ௡  be a triangular Ladder graph. This graph has  2n vertices. We denote the 

vertices by ݑఉఈ , ߙ ൌ 1,2 and ߚ ൌ ሼ	1	, 2	, 3	, … , ݊	ሽ and |ܸሺܮ௡ሻ| ൌ 2݊ 

We denote the edges by  ݑఉఈݑఉାଵఈ .  

ఉାଵఈݑఉఈݑ	 : ሼߙ ൌ 1,2ሽ	ܽ݊݀	ߚ ൌ ሼ	1	, 2	, 3	, … , ݊ െ 1	ሽ ∪ 

:ఉఈାଵݑఉఈݑ ሼߙ ൌ 1ሽ	ܽ݊݀	ߚ ൌ ሼ	1	, 2	, 3	, … , ݊	ሽ 	∪ 

ሼݑఉାଵఈ :ఉାଵఈାଵݑ ሼߙ ൌ 1ሽܽ݊݀	ߚ ൌ ሼ	1	, 2	, 3	, … , ݊ െ 1	ሽ	 
|௡ሻܮሺܶܧ| ൌ 4݊ െ 3 

We define a labelling such that ߪ ∶ 	 ఉఈݑ 	→ ሼ1	, 2	, 3	, … , ݇	ሽ i.e 

ఉఈሻݑሺߪ                                                             ൌ 	 ቔ1 ൅ ఈାଶఉିଷଷ ቕ 
After giving labels of the vertices of the triangular ladder graph . Weight of every  ܥଷ is,  

ଷఊ൯ܥ൫ݓ ൌ ߪ ቆݑቔఊାଶଶ ቕଵ ቇ ൅ ߪ ቆݑቔఊାଷଶ ቕଵ ቇ ൅ ߪ ቆݑቔఊାଶଶ ቕଶ ቇ 

This shows that  

ଷఊ൯ܥ൫ݓ                                ൌ ߛ	 ൅ 2, where ߛ ൌ ሼ	1	, 3	, 5	, … , 2݊ െ 3	ሽ 
ଷఊ൯ܥ൫ݓ ൌ ߪ ቆݑቔఊାଶଶ ቕଵ ቇ ൅ ߪ ൬ݑቔఊଶቕଶ ൰ ൅ ߪ ቆݑቔఊାଶଶ ቕଶ ቇ 

This shows that  

ଷఊ൯ܥ൫ݓ                                ൌ ߛ	 ൅ 2 , where ߛ ൌ ሼ	2	, 4	, 6	, … , 2݊ െ 2	ሽ 
 

Thus for the triangular ladder graph 

,௡ܮT	ሺݏ݄ݒ ଷሻܥ ൑ 	 ቒଶ௡ଷ ቓ…………..(1) 

Ashraf et al. proved the lower bound of triangular ladder graph, which is given below 
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,௡ܮT	ሺݏ݄ݒ ଷሻܥ ൒ 	 ቒଶ௡ଷ ቓ……………(2) 

Thus from (1) and (2) 

,௡ܮT	ሺݏ݄ݒ ଷሻܥ ൌ 	 ඄23݊ ඈ 
Example: 

 

Theorem: The wheel graph ௡ܹ,admits 	ܥଷ-irregular labelling for		݊ ൒ 6. 
Proof: Let ௡ܹ  be a Wheel graph. This graph has n vertices. We denotes the vertices by ݒ௔ , ܽ ൌ ሼ	1	, 2	, 3	, … , ݊	ሽ and |ܸሺ ௡ܹሻ| ൌ ݊ 

We denote the edges by  ݒ௔ݒ௖. 

:௖ݒ௔ݒ	 ܽ ൌ ሼ	1	, 2	, 3	, … , ݊ െ 1	ሽ ∪ 

:௖ݒ௔ݒ ܽ ൌ ሼ	1	, 2	, 3	, … , ݊ െ 2	ሽ 	∪  ௡ݒ௡ିଵݒ

ሺܧ| ௡ܹሻ| ൌ 2݊ െ 2 

Case 1: ௡ܹ with ݊ ൌ 4݉ ൅ 2 admits 	ܥଷ-irregular labelling with c. which is given below 

ܿ	 ൌ 	 2݊ 

 

We define a labelling such that :ߙ	ݒ௔ 	→ ሼ1,2,3, … , ݇ሽ i.e 

For the vertices of wheel graph with ݊	 ൌ 	4݉ ൅ 2 
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௔ሻݒሺߙ                                 ൌ
ەۖ
۔
ۓۖ ܽ,														if	1 ൑ ܽ ൑ ௡ଶ 									 ; ܽ െ ݀݀݋

ܽ െ 1,								if		2 ൑ ܽ ൑ ௡ାଶଶ 				 ; ܽ െ ݊݁ݒ݁
݊ െ ܽ ൅ 1, if	 ௡ାସଶ 	൑ ܽ ൑ ݊ െ 1																		1,														if	݊ ൌ ܽ,																																		

�                             

After giving labels of the vertices of the wheel graph. Weight of every  ܥଷ is,  

ଷఊ൯ܥ൫ݓ ൌ ቊߙሺݒ௡ሻ ൅ ఊ൯ݒ൫ߙ ൅ ,ఊାଵ൯ݒ൫ߙ if	1 ൑ γ ൑ ݊ െ ௡ሻݒሺߙ2 ൅ ௡ିଵሻݒሺߙ ൅ γ	if																	,	ଵሻݒሺߙ ൌ n െ 1� 
This shows that  

ଷఊ൯ܥ൫ݓ                                  ൌ ൝2γ ൅ 1,																		if	1 ൑ γ ൑ ௡ଶ														2ሺ݊ െ ሻߛ ൅ 2,						if	 ୬ାଶଶ 	൑ γ ൑ ݊ െ 1	� 
 

Thus for the wheel graph	 
                                                                     ܿ	 ൌ 	௡ଶ                                                     
Example: 

 

Case 2: ௡ܹ with ݊ ൌ 4݉ ൅ 3 admits 	ܥଷ-irregular labelling with c . which is given below 

ܿ	 ൌ 	݊ ൅ 12  

We define a labelling such that :ߙ	ݒ௔ 	→ ሼ1,2,3, … , ݇ሽi.e 

For the vertices of wheel graph with ݊	 ൌ 	4݉ ൅ 3 
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௔ሻݒሺߙ                                 ൌ
ەۖ
۔ۖ
ۖۖ
ۓ ܽ,																		if	1 ൑ ܽ ൑ ௡ିଵଶ 						 ; ܽ െ 			݀݀݋
		ܽ െ 1,											if		2 ൑ ܽ ൑ ௡ିଷଶ 				 ; ܽ െ 					݊݁ݒ݁
				୬ାଵଶ ,														if	 ୬ାଵଶ 	൑ ܽ ൑ ୬ାଷଶ 																									
݊ െ ܽ ൅ 1							if	 ୬ାହଶ 	൑ ܽ ൑ n െ 1																				1,															if	݊ ൌ ܽ																																			

�                             

After giving labels of the vertices of the wheel graph . Weight of every  ܥଷ is,  

ଷఊ൯ܥ൫ݓ ൌ ቊߙሺݒ௡ሻ ൅ ఊ൯ݒ൫ߙ ൅ ,ఊାଵ൯ݒ൫ߙ if	1 ൑ γ ൑ ݊ െ ௡ሻݒሺߙ2 ൅ ௡ିଵሻݒሺߙ ൅ γ	if																	,	ଵሻݒሺߙ ൌ n െ 1� 
This shows that  

ଷఊ൯ܥ൫ݓ                                ൌ
ەۖ
۔
ۓۖ ߛ2 ൅ 1,																											if						1	 ൑ ߛ ൑ ୬ିଷଶ 															
݊ ൅ 1,																														if										ߛ ൌ ௡ିଵଶ 																				
2ሺ݊ െ ሻߛ ൅ 3,																	if							 ୬ାଵଶ 	൑ ߛ ൑ ௡ାଷଶ 										
2ሺ݊ െ ሻߛ ൅ 2,																	if					 ୬ାହଶ 	൑ ߛ ൑ ݊ െ 1						

� 

 

Thus for the wheel graph	 
ܿ ൌ 	݊ ൅ 12  

 

Example:                                           
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Case 3: ௡ܹ with ݊ ൌ 4݉ ൅ 4 admits 	ܥଷ-irregular labelling with c. which is given below 

ܿ	 ൌ 	݊ ൅ 22  

We define a labelling such that :ߙ	ݒ௔ 	→ ሼ1,2,3, … , ݇ሽi.e 

For the vertices of wheel graph with ݊	 ൌ 	4݉ ൅ 4 

௔ሻݒሺߙ                                 ൌ
۔ۖەۖ
ۓ ܽ,																if		1 ൑ ܽ ൑ ௡ାଶଶ 						 ; ܽ െ ܽ			݀݀݋ െ 1										if		2 ൑ ܽ ൑ ௡ାସଶ 								 ; ܽ െ ݊	݊݁ݒ݁ െ ܽ ൅ 1			if		 ௡ା଺ଶ 	൑ ܽ ൑ ݊ െ 1																					1																		if	ܽ ൌ ݊																																									

�                             
After giving labels of the vertices of the wheel graph . Weight of every  ܥଷ is,  

ଷఊ൯ܥ൫ݓ ൌ ቊߙሺݒ௡ሻ ൅ ఊ൯ݒ൫ߙ ൅ ,ఊାଵ൯ݒ൫ߙ if	1 ൑ γ ൑ ݊ െ ௡ሻݒሺߙ2 ൅ ௡ିଵሻݒሺߙ ൅ γ	if									,	ଵሻݒሺߙ ൌ n െ 1									� 
This shows that  

ଷఊ൯ܥ൫ݓ                  ൌ ൞2ߛ ൅ 1,																																						if															1 ൑ ߛ ൑ ௡ାଶଶ ߛ2					 െ 4,																																						if					γ ൌ ݏ2 ൅ ݏ	∀	;4 ∈ ܰ2ሺ݊ െ ሻߛ ൅ 2,																										if											 ௡ା଺ଶ ൑ ߛ ൑ ݊ െ 1� 
Thus for the wheel graph	 
ሺݏ݄ݒ                                                                 ௡ܹ, ଷሻܥ 	ൌ 	 ௡ାଵଶ                                                      

Hence wheel graph is ܥଷ irregular ∀	݊ ൒ 6 

Case 4: ௡ܹ with ݊ ൌ 4݉ ൅ 5 admits 	ܥଷ-irregular labelling with c. which is given below 

ܿ	 ൌ 	݊ ൅ 12  

We define a labelling such that :ߙ	ݒ௔ 	→ ሼ1,2,3, … , ݇ሽi.e 

For the vertices of wheel graph with ݊	 ൌ 	4݉ ൅ 5 
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௔ሻݒሺߙ                                 ൌ
۔ۖەۖ
ۓ ܽ																																		if		1 ൑ ܽ ൑ ௡ିଷଶ 						 ; ܽ െ ܽ݀݀݋ െ 1																												if					2 ൑ ܽ ൑ ௡ିଵଶ 				 ; ܽ െ ݊			݊݁ݒ݁ െ ܽ ൅ 1																				if					 ௡ାଵଶ 	൑ ܽ ൑ ݊ െ 1																					1																																	if								ܽ ൌ ݊																																		

�                             
After giving labels of the vertices of the wheel graph . Weight of every  ܥଷ is,  

ଷఊ൯ܥ൫ݓ ൌ ቊߙሺݒ௡ሻ ൅ ఊ൯ݒ൫ߙ ൅ ,ఊାଵ൯ݒ൫ߙ ݂݅	1 ൑ ߛ ൑ ݊ െ ௡ሻݒሺߙ2 ൅ ௡ିଵሻݒሺߙ ൅ ߛ	݂݅																	,	ଵሻݒሺߙ ൌ ݊ െ 1� 
This shows that  

ଷఊ൯ܥ൫ݓ                                 ൌ ቐ2γ ൅ 1,																		if								1 ൑ ߛ ൑ ௡ିଵଶ 							2ሺ݊ െ ሻߛ ൅ 2,					if			 ୬ାଵଶ 	൑ ߛ ൑ ݊ െ 1	 � 
Thus for the wheel graph	 
                                                                     ܿ ൌ 	 ௡ାଵଶ                                                      

Theorem: The grid graph ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ   admits C4 irregular labelling.  

Proof: Let ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ   be a grid graph. This graph has  qr  vertices. We denotes the 

vertices by ݑఉఈ , ߙ ൌ ሼ1,2,3, … , ߚ ሽ andݍ ൌ ሼ	1	, 2	, 3	, … , ;ሽݎ ∀	݉ ൒ 1, ݊ ൒ 1 

หܸ൫ܩ௤௥൯ห ൌ  ݎݍ

หܧ൫ܩ௤௥൯ห ൌ ݎݍ2 െ ݍ െ  ݎ

Now a mapping is defined as 

                                                     ߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ  

Case 1: ܩ௤௥  with ݍ ൌ 2݉	, ݎ ൌ 4݊ ൅ 1 admits 	ܥଷ-irregular labelling with c. which is 

given below 

ܿ ൌ 2݉݊ െ ݊ ൅ 1 

We define the labelling of vertices as  

                                     ߮ሺݑఉఈሻ ൌ 	 ቔఉାሺିଵሻഀସ ൅ 1ቕ+ቔఈିଵଶ ቕ ሺ2݊ െ 1ሻ 

After labelling the vertices we can find the weight of every C4 denoted by w(C4) is, 
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ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	 ,2݉; ߜ	 ൌ 1,2,3, …	,4݊ ൅ 1	

This shows that  

ସ,ఋఊܥ൫ݓ ൯ ൌ ෍ ቞ߜ ൅ ܽ ൅ ሺെ1ሻఊା௕4 ቟ ൅ ሺ෍ ቔߛ െ ܽ2 ቕଵ
௔ୀ଴

ଵ
௔,௕ୀ଴ ሻሺ4݊ െ 2ሻ ൅ 3 

ߛ ൌ 1,2,3, …	 ,2݉; ߜ	 ൌ 1,2,3, …	,4݊ ൅ 1	
Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 2݉	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 

admits C4 irregular labelling with   

ܿ ൌ 2݉݊ െ ݉ ൅ 1 

Case 2 : If ݍ ൌ 2݉	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 admits C4 irregular labelling with c. 

Which is given below 

ܿ ൌ 2݉݊ െ ݉ െ ݊ ൅ 2 

Now a mapping is defined as 

                                                     ߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ  

And we define the labelling of vertices as  

                                     ߮ሺݑఉఈሻ ൌ 	 ቔఉାሺିଵሻഀସ ൅ 1ቕ+ቔఈିଵଶ ቕ ሺ2݊ െ 1ሻ 

After labelling the vertices we can find the weight of every C4 denoted by w(C4) is, 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	 ,2݉; ߜ	 ൌ 1,2,3, …	,4݊ െ 1	 

This shows that   

ସ,ఋఊܥ൫ݓ ൯ ൌ ෍ ቞ߜ ൅ ܽ ൅ ሺെ1ሻఊା௕4 ቟ ൅ ሺ෍ ቔߛ െ ܽ2 ቕଵ
௔ୀ଴

ଵ
௔,௕ୀ଴ ሻሺ4݊ሻ ൅ 4 

ߛ ൌ 1,2,3, …	 ,2݉; ߜ	 ൌ 1,2,3, …	,4݊ െ 1	
Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 2݉	, ݎ ൌ 4݊+1		∀	݉ ൒ 1, ݊ ൒ 1 admits 

C4 irregular labelling with 							 
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ܿ ൌ 2݉݊ െ ݉ െ ݊ ൅ 2. 

Case 3: If ݍ ൌ 2݉ ൅ 1	, ݎ ൌ 2݊ ൅ 1		∀	݉ ൒ 1, ݊ ൒ 1 admits C4 irregular labelling with c. 

Which is given below 

ܿ ൌ ݉݊ ൅ 1 

Now a mapping is defined as 

                                                     ߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ  

And we define the labelling of vertices as  

                                     ߮ሺݑఉఈሻ ൌ ቐ			௡ଶ ሺߙ െ 1ሻ ൅ 1																																			if	ߙ ∈ ܱ											௡ଶ ሺߙ െ 1ሻ ൅ ቔఉିଵଶ ቕ 																											ifߙ ∈ 									ܧ � 
After labelling the vertices we can find the weight of every C4 denoted by w(C4) is, 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	,2݉; ߜ	 ൌ 1,2,3, …	 ,2݊	 

This shows that  

ସ,ఋఊܥ൫ݓ ൯ ൌ 2݊ሺߛ െ 1ሻ ൅ ඌ2ߜඐ ൅ ඌߜ െ 12 ඐ ߜ	 ൅ ሺ4݊ െ 1ሻሺߛ െ 1ሻ ൅ 3 

ߛ ൌ 1,2,3, …	 ,2݉ ൅ 1; ߜ	 ൌ 1,2,3, …	 ,2݊ ൅ 1 

Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 2݉	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 

admits C4 irregular labelling with  ܿ ൌ ݉݊ ൅ 1 

Case 4 : If ݍ ൌ 4݉ െ 3	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 admits C4 irregular labelling with 

c. Which is given below 

ܿ ൌ 4݉݊ െ ݉ െ 3݊ ൅ 1 

Now a mapping is defined as 

                                                     ߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ  

And we define the labelling of vertices as  
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߮ሺݑఉఈሻ ൌ
ەۖ
ۖۖ
۔
ۖۖۖ
ቔఉିଵସۓ ቕ ൅ ሺସ௡ିଵሻሺఈିଵሻସ ൅ 1																																											if	ߙ ൌ ݏ4 െ 3																								ቔఉାଵସ ቕ ൅ ሺସ௡ିଵሻሺఈିଶሻସ ൅ 1																																											if	ߙ ൌ ݏ4 െ 2																								ቔఉା଼௡ିସସ ቕ ൅ ሺସ௡ିଵሻሺఈିଷሻସ ൅ 1																																					if	ߙ ൌ ݏ4 െ 1	, ߚ ് ݐ4 െ 2ఉା଼௡ିଶସ ൅ ሺସ௡ିଵሻሺఈିଵሻସ ൅ 1																																									if	ߙ ൌ ݏ4 െ 1	, ߚ ൌ ݐ4 െ 2ቔఉା଼௡ିଶସ ቕ ൅ ሺସ௡ିଵሻሺఈିସሻସ ൅ 1																																					if	ߙ ൌ ,ݏ4 ߚ ് ఉା଼௡ିଶସ																	ݐ4 ൅ ሺସ௡ିଵሻሺఈିସሻସ ൅ 1																																								if	ߙ ൌ ,ݏ4 ߚ ൌ 																	ݐ4

� 

After labelling the vertices we can find the weight of every C4 denoted by w(C4) is, 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	 ,4݉ െ 3; ߜ	 ൌ 1,2,3, …	 ,4݊	 െ 1 

This shows that  

ସ,ఋఊܥ൫ݓ ൯ ൌ ߜ ൅ ሺ4݊ െ 1ሻሺߛ െ 1ሻ ൅ 3 

ߛ ൌ 1,2,3, …	 ,4݉ െ 2; ߜ	 ൌ 1,2,3, …	,4݊ 

Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 2݉	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 

admits C4 irregular labelling with   ܿ ൌ 4݉݊ െ ݉ െ 3݊ ൅ 1. 

Case 5 : If ݍ ൌ 4݉ െ 1	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 admits C4 irregular labelling with 

c. Which is given below 

ܿ ൌ 4݉݊ െ ݉ െ ݊ ൅ 1 

Now a mapping is defined as 

߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ 
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And we define the labelling of vertices as 

߮ሺݑఉఈሻ ൌ

ەۖ
ۖۖ
ۖۖ
۔ۖ
ۖۖ
ۖۖ
ۖۖ
ቔఉସቕۓ ൅ ሺସ௡ିଵሻሺఈିଵሻସ ൅ 1																																												if	ߙ ൌ ݏ4 െ 3	, ߚ ് ݐ4 ൅ 1				ቔఉିହସ ቕ ൅ ሺସ௡ିଵሻሺఈିଵሻସ ൅ 1																																								if	ߙ ൌ ݏ4 െ 3, ߚ ൌ ݐ4 ൅ 1					ሺସ௡ିଵሻሺఈିଶሻସ ൅ 1																																																							if	ߙ ൌ ݏ4 െ 2	, ߚ ൌ 1														ቔఉାଷସ ቕ ൅ ሺସ௡ିଵሻሺఈିଶሻସ ൅ 1																																								if	ߙ ൌ ݏ4 െ 2	, ߚ ് 1, ߚ ∈ ܱቔఉିଶସ ቕ ൅ ሺସ௡ିଵሻሺఈିଶሻସ ൅ 1																																									if	ߙ ൌ ݏ4 െ 2, ߚ ∈ 2݊														ܧ ൅ ሺସ௡ିଵሻሺఈିଷሻସ ൅ 1																																													if	ߙ ൌ ݏ4 െ 1	, ߚ ൌ 1													ቔఉା଼௡ିଷସ ቕ ൅ ሺସ௡ିଵሻሺఈିଷሻସ ൅ 1																																		if	ߙ ൌ ݏ4 െ 1	, ߚ ് 1													ቔఉା଼௡ିଵସ ቕ ൅ ሺସ௡ିଵሻሺఈିସሻସ ൅ 1																																		if	ߙ ൌ ,ݏ4 ߚ ് 1																						2݊ ൅ ሺସ௡ିଵሻሺఈିଵሻସ 																																																				if	ߙ ൌ ,ݏ4 ߚ ൌ 1																							

� 

                                      

After labelling the vertices we can find the weight of every C4 denoted by wt(C4) is, 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	,4݉; ߜ	 ൌ 1,2,3, …	 ,4݊	 

This shows that  

ସ,ఋఊܥ൫ݓ ൯ ൌ ߜ ൅ 3 ൅ ሺ4݊ െ 1ሻሺߛ െ 1ሻ 

ߛ ൌ 1,2,3, …	 ,4݉ െ 1; ߜ	 ൌ 1,2,3, …	 ,4݊ െ 1 

Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 4݉ െ 1	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 

admits C4 irregular labelling with   ܿ ൌ 4݉݊ െ ݉ െ ݊ ൅ 1. 

Case 6: If ݍ ൌ 4݉ െ 3, ݎ ൌ 4݊ െ 3		∀	݉ ൒ 1, ݊ ൒ 1 admits C4 irregular labelling with c. 

Which is given below 

ܿ ൌ 4݉݊ െ 3݉ ൅ ݊ 

Now a mapping is defined as 

                                                     ߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ  
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And we define the labelling of vertices as 

߮ሺݑఉఈሻ ൌ
ەۖ
ۖۖ
۔
ۖۖۖ
ቔఉିଵସۓ ቕ ൅ ሺସ௡ିଷሻሺఈିଵሻସ ൅ 1																																												if	ߙ ൌ ݏ4 െ 3,																							ቔఉାଵସ ቕ ൅ ሺସ௡ିଷሻሺఈିଶሻସ ൅ 1																																												if	ߙ ൌ ݏ4 െ 2,																							ቔఉା଼௡ି଼ସ ቕ ൅ ሺସ௡ିଷሻሺఈିଷሻସ ൅ 1																																					if	ߙ ൌ ݏ4 െ 1	, ߚ ് ݐ4 െ 2ఉା଼௡ି଺ସ ൅ ሺସ௡ିଷሻሺఈିଷሻସ ൅ 1																																									if	ߙ ൌ ݏ4 െ 1	, ߚ ൌ ݐ4 െ 2ቔఉା଼௡ି଺ସ ቕ ൅ ሺସ௡ିଷሻሺఈିସሻସ ൅ 1																																					if	ߙ ൌ ,ݏ4 ߚ ് ఉା଼௡ିସସ																	ݐ4 ൅ ሺସ௡ିଷሻሺఈିସሻସ ൅ 1																																									if	ߙ ൌ ݏ4 െ 3, ߚ ൌ 									ݐ4

� 

                                      

After labelling the vertices we can find the weight of every C4 denoted by wt(C4) is, 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	 ,4݉ െ 3; ߜ	 ൌ 1,2,3, …	 ,4݊ െ 1	 

This shows that  

ସ,ఋఊܥ൫ݓ ൯ ൌ ߜ ൅ 3 ൅ ሺ4݊ െ 3ሻሺߛ െ 1ሻ 

ߛ ൌ 1,2,3, …	 ,4݉ െ 3; ߜ	 ൌ 1,2,3, …	 ,4݊ െ 1 

Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 4݉ െ 3	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 

admits C4 irregular labelling with   ܿ ൌ 4݉݊ െ 3݉ ൅ ݊ 

Case 7 : If ݍ ൌ 4݉ െ 2	, ݎ ൌ 4݊		∀	݉ ൒ 1, ݊ ൒ 1 admits C4 irregular labelling with c. 

Which is given below 

ܿ ൌ 2݉݊ െ ݉ െ ݊ ൅ 1 

Now a mapping is defined as 

                                                     ߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ  

 

And we define the labelling of vertices as  
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߮ሺݑఉఈሻ ൌ
ەۖۖ
۔ۖ
ۖۖۖ
ۓ ሺଶ௡ିଵሻሺఈିଵሻସ 																																													if	ߙ ൌ ݏ4 െ 3																																					ቔఉିଵସ ቕ ൅ ሺଶ௡ିଵሻሺఈିଶሻସ 																														if	ߙ ൌ ݏ4 െ 2																																						݊ െ 1 ൅ ሺଶ௡ିଵሻሺఈିଷሻସ 																													if	ߙ ൌ ݏ4 െ 1	, ߚ ∈ ܱ																								݊ ൅ ሺଶ௡ିଵሻሺఈିଷሻସ 																																					if	ߙ ൌ ݏ4 െ 1	, ߚ ∈ ቔఉାଶ௡ିଶସ																								ܧ ቕ ൅ ሺଶ௡ିଵሻሺఈିସሻସ 																							if	ߙ ൌ ݏ4 െ 3																																															

� 

After labelling the vertices we can find the weight of every C4 denoted by wt(C4) is, 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	 ,4݉ െ 2; ߜ	 ൌ 1,2,3, …	 ,2݊ ൅ 1 

This shows that  

ସ,ఋఊܥ൫ݓ ൯ ൌ ߜ ൅ 3 ൅ ሺ2݊ െ 1ሻሺߛ െ 1ሻ 

ߛ ൌ 1,2,3, …	 ,4݉ െ 2; ߜ	 ൌ 1,2,3, …	 ,2݊ ൅ 1 

Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 2݉	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 

admits C4 irregular labelling with   ܿ ൌ 2݉݊ െ ݉ െ ݊ ൅ 1. 

Theorem: Let Qn  be a connected which is obrained by an edge amalgamtion of  ݊ ൒ 2 

C8-cycles. Then  

,ܩ	ሺݏ݄ݒ ሻ଼ܥ ൌ 	 ඄݊ ൅ 78 ඈ 

Proof: let G a connected C8 graph. This graph has   6n+2   vertices. We denotes the first 

two vertices by ݑ଴ and ݑଵ which is equal to 1 and all other vertices is denoted by ݒ௔  

and	ܽ ൌ ሼ1,2,3, … ,6݊ሽ. 
Lets us define a new labelling for this such that                                 

ߚ                                                 ∶ 	 ௔ݒ 	→ ሼ	1	, 2	, 3	, … , 6݊	ሽ			  
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௔ሻݒሺߚ ൌ
ەۖۖ
۔
ۓۖۖ

8ሺ݅																଺௝ାଵݒ	∀																									݅ െ 2ሻ ൅ 6	 ൑ ݆ ൑ 8ሺ݅ െ 1ሻ ൅ 8ሺ݅																	଺௝ାଶݒ	∀																									݅	5 െ 2ሻ ൅ 5	 ൑ ݆ ൑ 8ሺ݅ െ 1ሻ ൅ 8ሺ݅																	଺௝ାଷݒ	∀																									4݅ െ 2ሻ ൅ 1	 ൑ ݆ ൑ 8ሺ݅ െ 1ሻ								݅																										∀	ݒ଺௝ାସ																8ሺ݅ െ 2ሻ ൅ 3	 ൑ ݆ ൑ 8݅ ൅ 8ሺ݅																	଺௝ାହݒ	∀																									݅												2 െ 2ሻ ൅ 7	 ൑ ݆ ൑ 8ሺ݅ െ 1ሻ ൅ 8ሺ݅																	଺௝ା଺ݒ	∀																									6݅ െ 1ሻ 	൑ ݆ ൑ 8݅ െ 1																				
� 

And we know that  

After labelling the vertices we can find the weight of every C8 denoted by w(C8) is, 

௜ሻܥሺݓ ൌ ௜ሻݒሺߚ ൅ ௜ାଵሻݒሺߚ ൅ ௜ାଶሻݒሺߚ ൅ ௜ାଷݒሺߚ ൅ ௜ାସሻݒሺߚ ൅ ௜ାହሻݒሺߚ ൅ ௜ା଺ሻݒሺߚ ൅  ௜ା଻ሻݒሺߚ

 

This shows that  

௜ሻܥሺݓ ൌ ݅ ൅ 7			∀	݅ ൒ 1 

,	௡ܭሺ	ݏ݄ݒ ሻ଼ܥ ൌ 	 ඄݊ െ 78 ඈ 
                                 

 

Theorem: The ݈ܽ݀݀݁ݎ	݄݌ܽݎ݃		ܮ௡  admits total C4 irregular labelling with c for ݊	 ൒ 	2.                                                         

ܿ ൌ 	 ඄݊ ൅ 24 ඈ 
Proof: Let ܮ௡ ൌ ௡ܲݔ	 ଶܲ  be a Ladder graph. This graph has  2n vertices. We denotes the 

vertices by ݑఉఈ , ߙ ൌ 1,2 and ߚ ൌ ሼ	1	, 2	, 3	, … , ݊	ሽ and |ܸሺܮ௡ሻ| ൌ 2݊ 

We denotes the edges by  ݑఉఈݑఉାଵఈ .  

ఉାଵఈݑఉఈݑ		 : ߚ ൌ ሼߙ ൌ 1,2ሽ	ܽ݊݀	ሼ	1	, 2	, 3	, … , ݊ െ 1	ሽ ∪	 
ሼݑఉఈݑఉାଵఈ : ሼߙ ൌ 1,2ሽܽ݊݀	ߚ ൌ ሼ	1	, 2	, 3	, … , ݊	ሽ	 

|௡ሻܮሺܧ| ൌ 2݊ 
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We define a labelling such that ߪ ∶ 	 ఉఈݑ 	→ ሼ	1	, 2	, 3	, … , ݇	ሽ and ߛ: ሻܩሺܧ → ሼ1ሽ 
ఉఈሻݑሺߪ                                                          ൌ 	 ቔఉାሺିଵሻഀସ ൅ 1ቕ 
 

 After giving labels of the vertices of the ladder graph. Weight of every  ܥସ is,  

ସఊ൯ܥ൫ݓ ൌ ఊଵ൯ݑ൫ߪ ൅ ఊାଵଵݑ൫ߪ ൯ ൅ ఊଶ൯ݑ൫ߪ ൅ ఊାଵଶݑ൫ߪ ൯ 

This shows that  

ସఊ൯ܥ൫ݓ                                ൌ ߛ	 ൅ 7 , where ߛ ൌ ሼ	1	, 2	, 3	, … , ݊ െ 1	ሽ 

Thus for the ladder graph L୬ ൌ P୬x	Pଶ 

,௡ܮ	ሺݏ݄ݒ ସሻܥ ൑ 	 ቒ௡ାଶସ ቓ	                                      (1) 

Ashraf et al. proved the lower bound of ladder graph, which is given below 

,௡ܮ	ሺݏ݄ݒ ସሻܥ ൒ 	 ቒ௡ାଶସ ቓ	                                      (2) 

Thus from (1) and (2)  

,௡ܮ	ሺݏ݄ݒ ସሻܥ ൌ 	 ඄݊ ൅ 24 ඈ 
Theorem: The ݎ݈ܽݑ݃݊ܽ݅ݎݐ	ݎ݈݁݀݀ܽ	݄݌ܽݎ݃		ܮܶ௡  admits total C3 irregular labelling with 

c for ݊	 ൒ 	2.                                                          

,௡ܮT	ሺݏ݄ݒ                                                               ଷሻܥ 	ൌ 	 ቒଶ௡ଷ ቓ   
Proof: let ܶܮ௡  be a triangular Ladder graph. This graph has  2n vertices. We denote the 

vertices by ݑఉఈ , ߙ ൌ 1,2 and ߚ ൌ ሼ	1	, 2	, 3	, … , ݊	ሽ and |ܸሺܮ௡ሻ| ൌ 2݊ 

We denote the edges by  ݑఉఈݑఉାଵఈ .  

ఉାଵఈݑఉఈݑ	 : ሼߙ ൌ 1,2ሽ	ܽ݊݀	ߚ ൌ ሼ	1	, 2	, 3	, … , ݊ െ 1	ሽ ∪ 

:ఉఈାଵݑఉఈݑ ሼߙ ൌ 1ሽ	ܽ݊݀	ߚ ൌ ሼ	1	, 2	, 3	, … , ݊	ሽ 	∪ 

ሼݑఉାଵఈ :ఉାଵఈାଵݑ ሼߙ ൌ 1ሽܽ݊݀	ߚ ൌ ሼ	1	, 2	, 3	, … , ݊ െ 1	ሽ	 
|௡ሻܮሺܶܧ| ൌ 4݊ െ 3 
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We define a labelling such that ߪ ∶ 	 ఉఈݑ 	→ ሼ1	, 2	, 3	, … , ݇	ሽ and ߛ: ሻܩሺܧ → ሼ1ሽ 
ఉఈሻݑሺߪ                                                             ൌ 	 ቔ1 ൅ ఈାଶఉିଷଷ ቕ 
After giving labels of the vertices of the triangular ladder graph . Weight of every  ܥଷ is,  

ଷఊ൯ܥ൫ݓ ൌ ߪ ቆݑቔఊାଶଶ ቕଵ ቇ ൅ ߪ ቆݑቔఊାଷଶ ቕଵ ቇ ൅ ߪ ቆݑቔఊାଶଶ ቕଶ ቇ 

This shows that  

ଷఊ൯ܥ൫ݓ                                ൌ ߛ	 ൅ 5, where ߛ ൌ ሼ	1	, 3	, 5	, … , 2݊ െ 3	ሽ 

ଷఊ൯ܥ൫ݓ ൌ ߪ ቆݑቔఊାଶଶ ቕଵ ቇ ൅ ߪ ൬ݑቔఊଶቕଶ ൰ ൅ ߪ ቆݑቔఊାଶଶ ቕଶ ቇ 

This shows that  

ଷఊ൯ܥ൫ݓ                                ൌ ߛ	 ൅ 5 , where ߛ ൌ ሼ	2	, 4	, 6	, … , 2݊ െ 2	ሽ 

 

Thus for the triangular ladder graph 

,௡ܮT	ሺݏ݄ݒ ଷሻܥ ൑ 	 ቒଶ௡ଷ ቓ…………..(1) 

Ashraf et al. proved the lower bound of triangular ladder graph, which is given below 

,௡ܮT	ሺݏ݄ݒ ଷሻܥ ൒ 	 ቒଶ௡ଷ ቓ……………(2) 

Thus from (1) and (2) 

,௡ܮT	ሺݏ݄ݒ ଷሻܥ ൌ 	 ඄23݊ ඈ 
Theorem: The ݈݄݁݁ݓ	݄݌ܽݎ݃		 ௡ܹ admits total C3 irregular labelling. 

Proof: Let ௡ܹ  be a Wheel graph. This graph has n vertices. We denotes the vertices by ݒ௔ , ܽ ൌ ሼ	1	, 2	, 3	, … , ݊	ሽ and |ܸሺ ௡ܹሻ| ൌ ݊ 

We denote the edges by  ݒ௔ݒ௖. 

:௖ݒ௔ݒ	 ܽ ൌ ሼ	1	, 2	, 3	, … , ݊ െ 1	ሽ ∪ 

:௖ݒ௔ݒ ܽ ൌ ሼ	1	, 2	, 3	, … , ݊ െ 2	ሽ 	∪  ௡ݒ௡ିଵݒ
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ሺܧ| ௡ܹሻ| ൌ 2݊ െ 2 

Case 1: ௡ܹ with ݊ ൌ 4݉ ൅ 2 admits total	ܥଷ-irregular labelling with c. which is given 

below 

ܿ	 ൌ 	 2݊ 

 

We define a labelling such that :ߙ	ݒ௔ 	→ ሼ1,2,3, … , ݇ሽ and ߛ: ሻܩሺܧ → ሼ1ሽ 
For the vertices of wheel graph with ݊	 ൌ 	4݉ ൅ 2 

௔ሻݒሺߙ                                 ൌ
۔ۖەۖ
ۓ ܽ,														if	1 ൑ ܽ ൑ ௡ଶ 									 ; ܽ െ ܽ݀݀݋ െ 1,								if		2 ൑ ܽ ൑ ௡ାଶଶ 				 ; ܽ െ ݊݊݁ݒ݁ െ ܽ ൅ 1, if	 ௡ାସଶ 	൑ ܽ ൑ ݊ െ 1																		1,														if	݊ ൌ ܽ,																																		

�                             
After giving labels of the vertices of the wheel graph. Weight of every  ܥଷ is,  

ଷఊ൯ܥ൫ݓ ൌ ቊߙሺݒ௡ሻ ൅ ఊ൯ݒ൫ߙ ൅ ,ఊାଵ൯ݒ൫ߙ if	1 ൑ γ ൑ ݊ െ ௡ሻݒሺߙ2 ൅ ௡ିଵሻݒሺߙ ൅ γ	if																	,	ଵሻݒሺߙ ൌ n െ 1� 
This shows that  

ଷఊ൯ܥ൫ݓ                                  ൌ ൝2γ ൅ 4,																		if	1 ൑ γ ൑ ௡ଶ														2ሺ݊ െ ሻߛ ൅ 5,						if	 ୬ାଶଶ 	൑ γ ൑ ݊ െ 1	� 
 

Thus for the wheel graph	 
                                                                     ܿ	 ൌ 	 ௡ଶ                                                     

Case 2: ௡ܹ with ݊ ൌ 4݉ ൅ 3 admits total 	ܥଷ-irregular labelling with c . which is given 

below 

ܿ	 ൌ 	݊ ൅ 12  

We define a labelling such that :ߙ	ݒ௔ 	→ ሼ1,2,3, … , ݇ሽand ߛ: ሻܩሺܧ → ሼ1ሽ 
For the vertices of wheel graph with ݊	 ൌ 	4݉ ൅ 3 
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௔ሻݒሺߙ                                 ൌ
ەۖ
۔ۖ
ۖۖ
ۓ ܽ,																		if	1 ൑ ܽ ൑ ௡ିଵଶ 						 ; ܽ െ ܽ					݀݀݋ െ 1,											if		2 ൑ ܽ ൑ ௡ିଷଶ 				 ; ܽ െ ୬ାଵଶ									݊݁ݒ݁ ,														if	 ୬ାଵଶ 	൑ ܽ ൑ ୬ାଷଶ 																									݊ െ ܽ ൅ 1							if	 ୬ାହଶ 	൑ ܽ ൑ n െ 1																				1,															if	݊ ൌ ܽ																																			

�                             

After giving labels of the vertices of the wheel graph . Weight of every  ܥଷ is,  

ଷఊ൯ܥ൫ݓ ൌ ቊߙሺݒ௡ሻ ൅ ఊ൯ݒ൫ߙ ൅ ,ఊାଵ൯ݒ൫ߙ if	1 ൑ γ ൑ ݊ െ ௡ሻݒሺߙ2 ൅ ௡ିଵሻݒሺߙ ൅ γ	if																	,	ଵሻݒሺߙ ൌ n െ 1� 
This shows that  

ଷఊ൯ܥ൫ݓ                                ൌ
ەۖ
۔
ۓۖ ߛ2 ൅ 4,																											if						1	 ൑ ߛ ൑ ୬ିଷଶ 															݊ ൅ 4,																														if										ߛ ൌ ௡ିଵଶ 																				2ሺ݊ െ ሻߛ ൅ 6,																	if							 ୬ାଵଶ 	൑ ߛ ൑ ௡ାଷଶ 										2ሺ݊ െ ሻߛ ൅ 5,																	if					 ୬ାହଶ 	൑ ߛ ൑ ݊ െ 1						

� 
 

Thus for the wheel graph	 
ܿ ൌ 	݊ ൅ 12  

 

Case 3: ௡ܹ with ݊ ൌ 4݉ ൅ 4 admits total 	ܥଷ-irregular labelling with c. which is given 

below 

ܿ	 ൌ 	݊ ൅ 22  

We define a labelling such that :ߙ	ݒ௔ 	→ ሼ1,2,3, … , ݇ሽi.e ߛ: ሻܩሺܧ → ሼ1ሽ 
For the vertices of wheel graph with ݊	 ൌ 	4݉ ൅ 4 
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௔ሻݒሺߙ                                 ൌ
۔ۖەۖ
ۓ ܽ,																if		1 ൑ ܽ ൑ ௡ାଶଶ 						 ; ܽ െ ܽ			݀݀݋ െ 1										if		2 ൑ ܽ ൑ ௡ାସଶ 								 ; ܽ െ ݊	݊݁ݒ݁ െ ܽ ൅ 1			if		 ௡ା଺ଶ 	൑ ܽ ൑ ݊ െ 1																					1																		if	ܽ ൌ ݊																																									

�                             
After giving labels of the vertices of the wheel graph . Weight of every  ܥଷ is,  

ଷఊ൯ܥ൫ݓ ൌ ቊߙሺݒ௡ሻ ൅ ఊ൯ݒ൫ߙ ൅ ,ఊାଵ൯ݒ൫ߙ if	1 ൑ γ ൑ ݊ െ ௡ሻݒሺߙ2 ൅ ௡ିଵሻݒሺߙ ൅ γ	if									,	ଵሻݒሺߙ ൌ n െ 1									� 
This shows that  

ଷఊ൯ܥ൫ݓ                  ൌ ൞2ߛ ൅ 4,																																						if															1 ൑ ߛ ൑ ௡ାଶଶ ߛ2					 െ 1,																																						if					γ ൌ ݏ2 ൅ ݏ	∀	;4 ∈ ܰ2ሺ݊ െ ሻߛ ൅ 5,																										if											 ௡ା଺ଶ ൑ ߛ ൑ ݊ െ 1� 
Thus for the wheel graph	 
                                                                ܿ	 ൌ 	 ௡ାଵଶ                                                      

Hence wheel graph is ܥଷ irregular ∀	݊ ൒ 6 

Case 4: ௡ܹ with ݊ ൌ 4݉ ൅ 5 admits 	ܥଷ-irregular labelling with c. which is given below 

ܿ	 ൌ 	݊ ൅ 12  

We define a labelling such that :ߙ	ݒ௔ 	→ ሼ1,2,3, … , ݇ሽand 	ߛ: ሻܩሺܧ → ሼ1ሽ 
For the vertices of wheel graph with ݊	 ൌ 	4݉ ൅ 5 

௔ሻݒሺߙ                                 ൌ
۔ۖەۖ
1		if																																							,ܽ		ۓ ൑ ܽ ൑ ௡ିଷଶ 						 ; ܽ െ ܽ		݀݀݋ െ 1,																														if		2 ൑ ܽ ൑ ௡ିଵଶ 				 ; ܽ െ ݊݊݁ݒ݁ െ ܽ ൅ 1,																								if					 ௡ାଵଶ 	൑ ܽ ൑ ݊ െ 1																1																																		if	ܽ ൌ ݊																																			

�                             
After giving labels of the vertices of the wheel graph . Weight of every  ܥଷ is,  

ଷఊ൯ܥ൫ݓ ൌ ቊߙሺݒ௡ሻ ൅ ఊ൯ݒ൫ߙ ൅ ,ఊାଵ൯ݒ൫ߙ ݂݅	1 ൑ ߛ ൑ ݊ െ ௡ሻݒሺߙ2 ൅ ௡ିଵሻݒሺߙ ൅ ߛ	݂݅																	,	ଵሻݒሺߙ ൌ ݊ െ 1� 
This shows that  



40 

 

ଷఊ൯ܥ൫ݓ                                 ൌ ቐ2γ ൅ 4,																		if								1 ൑ ߛ ൑ ௡ିଵଶ 							2ሺ݊ െ ሻߛ ൅ 5,					if			 ୬ାଵଶ 	൑ ߛ ൑ ݊ െ 1	 � 
Thus for the wheel graph	 
                                                                     ܿ ൌ 	 ௡ାଵଶ                                                      

Theorem: The grid graph ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ   admits total C4 irregular labelling.  

Proof: Let ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ   be a grid graph. This graph has  qr  vertices. We denotes the 

vertices by ݑఉఈ , ߙ ൌ ሼ1,2,3, … , ߚ ሽ andݍ ൌ ሼ	1	, 2	, 3	, … , ;ሽݎ ∀	݉ ൒ 1, ݊ ൒ 1 

หܸ൫ܩ௤௥൯ห ൌ  ݎݍ

หܧ൫ܩ௤௥൯ห ൌ ݎݍ2 െ ݍ െ  ݎ

Now a mapping is defined as 

߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ and ߛ: ሻܩሺܧ → ሼ1ሽ 
Case 1: ܩ௤௥  with ݍ ൌ 2݉	, ݎ ൌ 4݊ ൅ 1 admits 	ܥଷ-irregular labelling with c. which is 

given below 

ܿ ൌ 2݉݊ െ ݊ ൅ 1 

We define the labelling of vertices as  

                                     ߮ሺݑఉఈሻ ൌ 	 ቔఉାሺିଵሻഀସ ൅ 1ቕ+ቔఈିଵଶ ቕ ሺ2݊ െ 1ሻ 

After labelling the vertices we can find the weight of every C4 denoted by w(C4) is, 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	 ,2݉; ߜ	 ൌ 1,2,3, …	,4݊ ൅ 1	

This shows that  

ସ,ఋఊܥ൫ݓ ൯ ൌ ෍ ቞ߜ ൅ ܽ ൅ ሺെ1ሻఊା௕4 ቟ ൅ ሺ෍ ቔߛ െ ܽ2 ቕଵ
௔ୀ଴

ଵ
௔,௕ୀ଴ ሻሺ4݊ െ 2ሻ ൅ 7 

ߛ ൌ 1,2,3, …	 ,2݉; ߜ	 ൌ 1,2,3, …	,4݊ ൅ 1	
Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 2݉	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 

admits C4 irregular labelling with   
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ܿ ൌ 2݉݊ െ ݉ ൅ 1 

Case 2 : If ݍ ൌ 2݉	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 admits total C4 irregular labelling with 

c. Which is given below 

ܿ ൌ 2݉݊ െ ݉ െ ݊ ൅ 2 

Now a mapping is defined as 

߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ and ߛ: ሻܩሺܧ → ሼ1ሽ 
And we define the labelling of vertices as  

                                     ߮ሺݑఉఈሻ ൌ 	 ቔఉାሺିଵሻഀସ ൅ 1ቕ+ቔఈିଵଶ ቕ ሺ2݊ െ 1ሻ 

After labelling the vertices we can find the weight of every C4 denoted by w(C4) is, 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	 ,2݉; ߜ	 ൌ 1,2,3, …	,4݊ െ 1	 

This shows that   

ସ,ఋఊܥ൫ݓ ൯ ൌ ෍ ቞ߜ ൅ ܽ ൅ ሺെ1ሻఊା௕4 ቟ ൅ ሺ෍ ቔߛ െ ܽ2 ቕଵ
௔ୀ଴

ଵ
௔,௕ୀ଴ ሻሺ4݊ሻ ൅ 8 

ߛ ൌ 1,2,3, …	 ,2݉; ߜ	 ൌ 1,2,3, …	,4݊ െ 1	
Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 2݉	, ݎ ൌ 4݊+1		∀	݉ ൒ 1, ݊ ൒ 1 admits 

C4 irregular labelling with 							 
                                                              ܿ ൌ 2݉݊ െ ݉ െ ݊ ൅ 2. 

Case 3 : If ݍ ൌ 2݉ ൅ 1	, ݎ ൌ 2݊ ൅ 1		∀	݉ ൒ 1, ݊ ൒ 1 admits total C4 irregular labelling 

with c. Which is given below 

ܿ ൌ ݉݊ ൅ 1 

Now a mapping is defined as 

߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ and ߛ: ሻܩሺܧ → ሼ1ሽ 
And we define the labelling of vertices as  
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                                     ߮ሺݑఉఈሻ ൌ ቐ			௡ଶ ሺߙ െ 1ሻ ൅ 1																																			if	ߙ ∈ ܱ											௡ଶ ሺߙ െ 1ሻ ൅ ቔఉିଵଶ ቕ 																											ifߙ ∈ 									ܧ � 
After labelling the vertices we can find the weight of every C4 denoted by w(C4) is, 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	,2݉; ߜ	 ൌ 1,2,3, …	 ,2݊	 

This shows that  

ସ,ఋఊܥ൫ݓ ൯ ൌ 2݊ሺߛ െ 1ሻ ൅ ඌ2ߜඐ ൅ ඌߜ െ 12 ඐ ߜ	 ൅ ሺ4݊ െ 1ሻሺߛ െ 1ሻ ൅ 7 

ߛ ൌ 1,2,3, …	 ,2݉ ൅ 1; ߜ	 ൌ 1,2,3, …	 ,2݊ ൅ 1 

Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 2݉	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 

admits C4 irregular labelling with  ܿ ൌ ݉݊ ൅ 1 

Case 4 : If ݍ ൌ 4݉ െ 3	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 admits total C4 irregular labelling 

with c. Which is given below 

ܿ ൌ 4݉݊ െ ݉ െ 3݊ ൅ 1 

Now a mapping is defined as 

߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ and ߛ: ሻܩሺܧ → ሼ1ሽ 
And we define the labelling of vertices as  

                                     

߮ሺݑఉఈሻ ൌ
ەۖ
ۖۖ
۔
ۖۖۖ
ቔఉିଵସۓ ቕ ൅ ሺସ௡ିଵሻሺఈିଵሻସ ൅ 1																																											if	ߙ ൌ ݏ4 െ 3																								ቔఉାଵସ ቕ ൅ ሺସ௡ିଵሻሺఈିଶሻସ ൅ 1																																											if	ߙ ൌ ݏ4 െ 2																								ቔఉା଼௡ିସସ ቕ ൅ ሺସ௡ିଵሻሺఈିଷሻସ ൅ 1																																					if	ߙ ൌ ݏ4 െ 1	, ߚ ് ݐ4 െ 2ఉା଼௡ିଶସ ൅ ሺସ௡ିଵሻሺఈିଵሻସ ൅ 1																																									if	ߙ ൌ ݏ4 െ 1	, ߚ ൌ ݐ4 െ 2ቔఉା଼௡ିଶସ ቕ ൅ ሺସ௡ିଵሻሺఈିସሻସ ൅ 1																																					if	ߙ ൌ ,ݏ4 ߚ ് ఉା଼௡ିଶସ																	ݐ4 ൅ ሺସ௡ିଵሻሺఈିସሻସ ൅ 1																																								if	ߙ ൌ ,ݏ4 ߚ ൌ 																	ݐ4

� 

After labelling the vertices we can find the weight of every C4 denoted by w(C4) is, 



43 

 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	 ,4݉ െ 3; ߜ	 ൌ 1,2,3, …	 ,4݊	 െ 1 

This shows that  

ସ,ఋఊܥ൫ݓ ൯ ൌ ߜ ൅ ሺ4݊ െ 1ሻሺߛ െ 1ሻ ൅ 7 

ߛ ൌ 1,2,3, …	 ,4݉ െ 2; ߜ	 ൌ 1,2,3, …	,4݊ 

Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 2݉	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 

admits C4 irregular labelling with   ܿ ൌ 4݉݊ െ ݉ െ 3݊ ൅ 1. 

Case 5 : If ݍ ൌ 4݉ െ 1	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 admits total C4 irregular labelling 

with c. Which is given below 

ܿ ൌ 4݉݊ െ ݉ െ ݊ ൅ 1 

Now a mapping is defined as 

߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ and ߛ: ሻܩሺܧ → ሼ1ሽ 
And we define the labelling of vertices as 

߮ሺݑఉఈሻ ൌ

ەۖ
ۖۖ
ۖۖ
۔ۖ
ۖۖ
ۖۖ
ۖۖ
ቔఉସቕۓ ൅ ሺସ௡ିଵሻሺఈିଵሻସ ൅ 1																																												if	ߙ ൌ ݏ4 െ 3	, ߚ ് ݐ4 ൅ 1				ቔఉିହସ ቕ ൅ ሺସ௡ିଵሻሺఈିଵሻସ ൅ 1																																								if	ߙ ൌ ݏ4 െ 3, ߚ ൌ ݐ4 ൅ 1					ሺସ௡ିଵሻሺఈିଶሻସ ൅ 1																																																							if	ߙ ൌ ݏ4 െ 2	, ߚ ൌ 1														ቔఉାଷସ ቕ ൅ ሺସ௡ିଵሻሺఈିଶሻସ ൅ 1																																								if	ߙ ൌ ݏ4 െ 2	, ߚ ് 1, ߚ ∈ ܱቔఉିଶସ ቕ ൅ ሺସ௡ିଵሻሺఈିଶሻସ ൅ 1																																									if	ߙ ൌ ݏ4 െ 2, ߚ ∈ 2݊														ܧ ൅ ሺସ௡ିଵሻሺఈିଷሻସ ൅ 1																																													if	ߙ ൌ ݏ4 െ 1	, ߚ ൌ 1													ቔఉା଼௡ିଷସ ቕ ൅ ሺସ௡ିଵሻሺఈିଷሻସ ൅ 1																																		if	ߙ ൌ ݏ4 െ 1	, ߚ ് 1													ቔఉା଼௡ିଵସ ቕ ൅ ሺସ௡ିଵሻሺఈିସሻସ ൅ 1																																		if	ߙ ൌ ,ݏ4 ߚ ് 1																						2݊ ൅ ሺସ௡ିଵሻሺఈିଵሻସ 																																																				if	ߙ ൌ ,ݏ4 ߚ ൌ 1																							

� 

                                      

After labelling the vertices we can find the weight of every C4 denoted by wt(C4) is, 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	,4݉; ߜ	 ൌ 1,2,3, …	 ,4݊	 
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This shows that  

ସ,ఋఊܥ൫ݓ ൯ ൌ ߜ ൅ ሺ4݊ െ 1ሻሺߛ െ 1ሻ ൅ 7 

ߛ ൌ 1,2,3, …	 ,4݉ െ 1; ߜ	 ൌ 1,2,3, …	 ,4݊ െ 1 

Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 4݉ െ 1	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 

admits C4 irregular labelling with   ܿ ൌ 4݉݊ െ ݉ െ ݊ ൅ 1. 

Case 6: If ݍ ൌ 4݉ െ 3, ݎ ൌ 4݊ െ 3		∀	݉ ൒ 1, ݊ ൒ 1 admits total C4 irregular labelling 

with c. Which is given below 

ܿ ൌ 4݉݊ െ 3݉ ൅ ݊ 

Now a mapping is defined as 

߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ and ߛ: ሻܩሺܧ → ሼ1ሽ 
And we define the labelling of vertices as 

߮ሺݑఉఈሻ ൌ
ەۖ
ۖۖ
۔
ۖۖۖ
ቔఉିଵସۓ ቕ ൅ ሺସ௡ିଷሻሺఈିଵሻସ ൅ 1																																												if	ߙ ൌ ݏ4 െ 3,																							ቔఉାଵସ ቕ ൅ ሺସ௡ିଷሻሺఈିଶሻସ ൅ 1																																												if	ߙ ൌ ݏ4 െ 2,																							ቔఉା଼௡ି଼ସ ቕ ൅ ሺସ௡ିଷሻሺఈିଷሻସ ൅ 1																																					if	ߙ ൌ ݏ4 െ 1	, ߚ ് ݐ4 െ 2ఉା଼௡ି଺ସ ൅ ሺସ௡ିଷሻሺఈିଷሻସ ൅ 1																																									if	ߙ ൌ ݏ4 െ 1	, ߚ ൌ ݐ4 െ 2ቔఉା଼௡ି଺ସ ቕ ൅ ሺସ௡ିଷሻሺఈିସሻସ ൅ 1																																					if	ߙ ൌ ,ݏ4 ߚ ് ఉା଼௡ିସସ																	ݐ4 ൅ ሺସ௡ିଷሻሺఈିସሻସ ൅ 1																																									if	ߙ ൌ ݏ4 െ 3, ߚ ൌ 									ݐ4

� 

                                      

After labelling the vertices we can find the weight of every C4 denoted by wt(C4) is, 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	 ,4݉ െ 3; ߜ	 ൌ 1,2,3, …	 ,4݊ െ 1	 

This shows that  

ସ,ఋఊܥ൫ݓ ൯ ൌ ߜ ൅ 7 ൅ ሺ4݊ െ 3ሻሺߛ െ 1ሻ 

ߛ ൌ 1,2,3, …	 ,4݉ െ 3; ߜ	 ൌ 1,2,3, …	 ,4݊ െ 1 

Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 4݉ െ 3	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 

admits C4 irregular labelling with   ܿ ൌ 4݉݊ െ 3݉ ൅ ݊ 
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Case 7 : If ݍ ൌ 4݉ െ 2	, ݎ ൌ 4݊		∀	݉ ൒ 1, ݊ ൒ 1 admits C4 irregular labelling with c. 

Which is given below 

ܿ ൌ 2݉݊ െ ݉ െ ݊ ൅ 1 

Now a mapping is defined as 

߮ ∶ ܸ → ሼ1,2,3, … , ܿሽ and ߛ: ሻܩሺܧ → ሼ1ሽ 
 

And we define the labelling of vertices as  

                                     

߮ሺݑఉఈሻ ൌ
ەۖۖ
۔ۖ
ۖۖۖ
ۓ ሺଶ௡ିଵሻሺఈିଵሻସ 																																													if	ߙ ൌ ݏ4 െ 3																																					ቔఉିଵସ ቕ ൅ ሺଶ௡ିଵሻሺఈିଶሻସ 																														if	ߙ ൌ ݏ4 െ 2																																						݊ െ 1 ൅ ሺଶ௡ିଵሻሺఈିଷሻସ 																													if	ߙ ൌ ݏ4 െ 1	, ߚ ∈ ܱ																								݊ ൅ ሺଶ௡ିଵሻሺఈିଷሻସ 																																					if	ߙ ൌ ݏ4 െ 1	, ߚ ∈ ቔఉାଶ௡ିଶସ																								ܧ ቕ ൅ ሺଶ௡ିଵሻሺఈିସሻସ 																							if	ߙ ൌ ݏ4 െ 3																																															

� 

After labelling the vertices we can find the weight of every C4 denoted by wt(C4) is, 

ସ,ఋఊܥ൫ݓ ൯ ൌ ߮൫ݑఋఊ൯ ൅ ߮൫ݑఋାଵఊ ൯ ൅ ߮൫ݑఋఊାଵ൯ ൅ ߮൫ݑఋାଵఊାଵ൯	 
ߛ ൌ 1,2,3, …	 ,4݉ െ 2; ߜ	 ൌ 1,2,3, …	 ,2݊ ൅ 1 

This shows that  

ସ,ఋఊܥ൫ݓ ൯ ൌ ߜ ൅ 7 ൅ ሺ2݊ െ 1ሻሺߛ െ 1ሻ 

ߛ ൌ 1,2,3, …	 ,4݉ െ 2; ߜ	 ൌ 1,2,3, …	 ,2݊ ൅ 1 

Thus for the grid graph  ܩ௤௥ ൌ ௤ܲݔ	 ௥ܲ  having ݍ ൌ 2݉	, ݎ ൌ 4݊ െ 1		∀	݉ ൒ 1, ݊ ൒ 1 

admits C4 irregular labelling with   ܿ ൌ 2݉݊ െ ݉ െ ݊ ൅ 1. 

Theorem: Let Qn  be a connected which is obrained by an edge amalgamtion of  ݊ ൒ 2 

C8-cycles. Then Qn admits total C8 irregular labelling with c. 

ܿ ൌ 	 ඄݊ ൅ 78 ඈ 
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Proof: let G a connected C8 graph. This graph has   6n+2   vertices. We denotes the first 

two vertices by ݑ଴ and ݑଵ which is equal to 1 and all other vertices is denoted by ݒ௔  

and	ܽ ൌ ሼ1,2,3, … ,6݊ሽ. 
Lets us define a new labelling for this such that                                 

ߚ ∶ 	 ௔ݒ 	→ ሼ	1	, 2	, 3	, … , 6݊	ሽ	and ߛ: ሻܩሺܧ → ሼ1ሽ 

௔ሻݒሺߚ ൌ
ەۖۖ
۔
ۓۖۖ

8ሺ݅																଺௝ାଵݒ	∀																									݅ െ 2ሻ ൅ 6	 ൑ ݆ ൑ 8ሺ݅ െ 1ሻ ൅ 8ሺ݅																	଺௝ାଶݒ	∀																									݅	5 െ 2ሻ ൅ 5	 ൑ ݆ ൑ 8ሺ݅ െ 1ሻ ൅ 8ሺ݅																	଺௝ାଷݒ	∀																									4݅ െ 2ሻ ൅ 1	 ൑ ݆ ൑ 8ሺ݅ െ 1ሻ								݅																										∀	ݒ଺௝ାସ																8ሺ݅ െ 2ሻ ൅ 3	 ൑ ݆ ൑ 8݅ ൅ 8ሺ݅																	଺௝ାହݒ	∀																									݅												2 െ 2ሻ ൅ 7	 ൑ ݆ ൑ 8ሺ݅ െ 1ሻ ൅ 8ሺ݅																	଺௝ା଺ݒ	∀																									6݅ െ 1ሻ 	൑ ݆ ൑ 8݅ െ 1																				
� 

And we know that  

After labelling the vertices we can find the weight of every C8 denoted by w(C8) is, 

௜ሻܥሺݓ ൌ ௜ሻݒሺߚ ൅ ௜ାଵሻݒሺߚ ൅ ௜ାଶሻݒሺߚ ൅ ௜ାଷݒሺߚ ൅ ௜ାସሻݒሺߚ ൅ ௜ାହሻݒሺߚ ൅ ௜ା଺ሻݒሺߚ ൅  ௜ା଻ሻݒሺߚ

 

This shows that  

௜ሻܥሺݓ ൌ ݅ ൅ 15			∀	݅ ൒ 1 

ܿ ൌ 	 ඄݊ െ 78 ඈ 
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Conclusion 

In this thesis we have calculated vertex H irregularity strength of triangular graph and 

wheel graph by taking C3 as a subgraph. We have determined vertex H irregularity 

strength of ladder and grid graph taking C4 as a subgraph. We also found vertex H 

irregularity strength of connected Qn graph taking C8 as a subgraph. 

 We have found only Cn irregular strength of some connected graph. We are 

unable to find these strengths for ܪ ≇  ௡. We therefore purpose following openܥ

problem for further study. 

 

Open Problem 1. 

 

Find vertex Tn irregular strengths of connected graphs, Tn is a tree graph on n-

vertices. 

 

Open Problem 2. 

 

Find total H irregular strengths of connected graphs, where H is not isomorphic to 

cycle graph. 
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