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ABSTRACT

New Solitary Wave Solutions for Nonlinear

Schrodinger Equation

A nonsingular and localized wave which propagates without change of velocity and
shape is called a solitary wave. A soliton is a solution of NLPDE which has a per-
manent form and is localized. A solitary traveling wave does not obey superposition
principle; it does not disperse. Solitary waves retain its permanent structure even when
it collides with other soliton [25]. Soliton has many applications in other fields like
engineering and biology. Soliton solutions can be calculated with the help of differ-
ent nonlinearities. These nonlinearities are Kerr law, power law, parabolic law, dual
power law, exponential law etc. In this thesis we will study, the soliton solutions of
Lakshmanan-Porsezian-Danial (LPD) model. In order to obtain exact soliton solutions
several powerful methods have been proposed. We will use modified trail equation
method with Kerr and parabolic law to obtain some hyperbolic and rational function
solutions to LPD model. We also find new and more general exact traveling wave
solution by using improve®’ /G-expansion method with Kerr and parabolic laws of

nonlinearities.
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Chapter 1

Introduction



Partial differential equation (PDE) is such a kind of diéfetial equation which contain
unknown multivariable functions and their derivatives.BPa&ften model multidimen-
sional systems. It relates the partial derivatives of ationof two or more indepen-
dent variable together. It can be used to describe phenamenuxh as, heat, sound,
fluid dynamics and quantum mechanics etc. We also definerIPe&’s as equation
for which the dependent variable and its derivatives apjpe@rm with degree at most
one. Some common examples of linear PDE’s include heat iequataplace equa-
tion, wave equation, poisson equation, Klein-Gordon d@quoadtc.

A NLPDE is a equation with nonlinear terms. Thermodynamiektivity, neurology,
elasticity, fluid mechanics, ecology, gas dynamics and nmaose are often modeled
by NLPDE. There have been a lot of research work in this fieldnhduast 30 years.
Some well known nonlinear evolution equations are nonhr&srodinger equation
(NLSE), Burgers equation, Korteweg and de vries (Kdv) eguaSasa-Satsuma equa-
tion, Manakov model, Chen-Lee-Liu equation, Complex GurgkLandau equation

and several others.

1.1 Solitons

John Scott Russell witnessed a soliton in 1834, while ridimg horse near a Edinburgh-
Glasgow canal [32]. He observed some solitary waves in waleen he came to
know about some solitary wave which propagates withoutgbaffvelocity and shape
termed as soliton later on. During their travel through eratiese waves do not scat-
tered energy behind them, they have well defined energy aedtitin. Soliton also
appear in the formation of tidal waves. It is nonlinear PDEraveling wave solution.
Solitons is a universal mechanism, it is not limited to wataeves only it also appears
in many system which are nonlinear and also in support wajes [

Soliton is a solitary wave packet that unchanged their ideahd shape during prop-
agation. It exists in plasma waves, fluids, temporal solitomechanical spring and

mass system, particle physics and DNA chains [2]. A wave whdimes not have any



temporal evolution in size or shape and propagate with asigwvelocity is called a
solitary wave. The solitary wave has balance between nealiand dispersive effects.
Solitary waves arises in several cases like light inteneign optical fiber and on the
surface of water there exist solitary waves. Soliton is @isph&ind of nonlinear soli-
tary wave, because it does not obey superposition prinaipdet does not disperse. It
retains its structure even when collides with other solitdhus if two solitary waves
are propagating in opposite directions they will pass tgloaach other without any

disturbance or breakage.

1.2 Optical Solitons

In nonlinear optics, optical solitons is an emerging fielt.has brought revolution
in the field of optical telecommunication system. Opticdlteas are light pulses in
space or time, that are localized and during their travebmes host medium they do
not diffract or disperse. Optical solitons are of great img@ce in present as well as
in future telecommunications system like in internet indyugfacebook, twitter etc).
In optics there are so many types of solitons like discretgéoss, spatio temporal

solitons and bragg soliton.

1.2.1 Spatial soliton

If there is no diffraction in the optical beam when it propgagan a nonlinear medium,
then spatial solitons are formed. During propagation tlanditer of the beam re-
mains unchanged. Spatial solitons represents the exatdembetween self-lensing
and diffraction induced by or self-focusing effects. Whée tight throw on con-
vex lens, optical field approaches the lens. The non-unifomase change the effect
of lens, Since the field is optical, refractive index creatd ahange focusing effect.
When two effect balance each other, we get perfect field whviabe move in fiber.
This type of soliton is based on the Kerr law, it create a skdge modulation. Ac-

cording to the intensity self modulation changes the réifracndex.



1.2.2 Temporal solitons

Optical temporal solitons are formed when the group vejodispersion is totally
counteracted by nonlinear self-phase modulation effedisese are non-spreading
optical pulses. Temporal solitons hold their temporal Wwidt fibers even if they
travel distances of several hundred of kilometers. In @pfibers temporal solitons
are formed. When there is group velocity dispersion, it tgeampulses having non
zero bound width and the wire wave move through refractigexnthat depends on

frequency.

1.3 Literature Review

In multiply-core couplers Alshaery et al. [1] found the aati solitons. Biswas et al.
[7] obtained 1-soliton solution of the NLSE. The generahiaof the NLSE was ob-
served by Biswas et al. [8]. Biswas et al. [9] studied the liteo solution of NLSE
by using log law nonlinearity. By using Kerr law of nonlinggy Biswas et al. [10]
obtained the 1-soliton solution of birefringent fiber. Witte help of inter model dis-
persion they also studied perturbation term. By using par@ataw of nonlinearity
Biswas et al. [11] used ansatz method to NLSE. They foundhbagd dark soli-
ton solutions. For the study of dynamics of dark opticalteols, Biswas et al. [12]
used theG' /G expansion method. With the help of power law, Mirzazadelj {s&d
G’ /G expansion to obtained the dark optical solitons. In powentedium Biswas et
al. [14] obtained dispersive dark optical soliton with Satinger-Hirota equation by
G’ /G-expansion approach. Biswas et al. [15] obtained 1-sofitdation of the (1+2)-
dimensions NLSE by using power law of nonlinearity. Biswasle [16] obtained
the dark solitons for a generalized NLSE by using parabaidt dual power law. In
[17] H. Bulut, Y. Pandir used modified trial equation methodbtained single kink
solution, rational function solution and periodic solutsoto the nonlinear fractional

Sharma-Tasso-Olever equation. Eslami et al. [18] foundtalpsolitons for the res-



onant NLSE by using first integral method. Fermi et al. [19jd#d some nonlinear
problems. Girgis et al. [20] studied DWDM systems and opgeaissian in birefrin-
gent fibers. In [24] Kaplan et al. used improv@étf G-expansion method for finding
exact solutions of NLPDE. Liu et al. [28] used same methocetcsgme solitary wave
solutions. Rizvi et al. [29] observed the propagation ofagltsolitons . They obtained
the exact solitons by using parabolic law nonlinearity &G expansion scheme. In
dual core fiber Rizvi et al. [30] explained the optical 1-swii solution with the help
of inter modal dispersion. By using ansatz approach theg ssme nonlinearities like
Kerr and power law. By usin@’ /G expansion scheme. Rizvi et al. [31] achieved the
dark and singular 1-solitons in dual core fiber. They alsedighe existence of soli-
ton solution. With spatial-temporal dispersion Savesail.€33] obtained the optical
solitons in magneto-optic wave guides. Savescu et al. [B4] discussed the opti-
cal solitons with spatio-temporal dispersion in nonlingiaectional couplers. Savescu
[35] found optical solitons with spatio-temporal dispersand coupled Hirota equa-
tion. For finding the optical solitons in birefringent, thE86] also used four wave
mixing for Kerr law nonlinearity. In [37] Y. A. Tandogan, N.ilBik found dark optical
soliton by using modified trial equation method to the Timadtonal Fisher equa-
tion. Triki et al. [38] found the dark optical solitons in (2*dimensions. Topkara et
al. [39] obtained optical solitons with inter model dispers with non-kerr law non-
linearity they fond the optical solitons for NLSE with timegpendent coefficients by
using solitary wave ansatz method. Younis et al. [40] exdianalytical solutions of
different types of solitons which had been explained by gisionlinear model named
nano-bioelectronics transmission lines with some comgtcanditions. Younis et al.
[41] usedG'/G expansion with dual power law non-linearity and gave sonselte
on dispersive dark optical soliton in (2+1) dimensions.48][Younis et al. obtained
optical solitons for ultrashort pulses in nano fibers. Zhbale [43] found birefrin-
gent fibers containing thirring solitons that can be ex@diby vector coupled NLSE
by using Kerr law nonlinearity. Zhou et al. [45] gave the aiahl study of thirring

optical solitons by utilizing spatio-temporal dispersemmd parabolic law nonlinearity.
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Chapter 2

Basic Concepts



In this chapter, we present some basic definitions, thath&ilb in understanding our

results.

2.1 Dispersion

It is a process in which the phase velocity of a wave dependeeguency. Rainbow
is one of the most familiar example of dispersion in which teHight is dispersed
into different colors (wavelengths). There are two mairnrses of dispersion, material
dispersion and waveguide dispersion. For the construcfiespectrometers and spec-
toradiometers, the dispersion of light by the glass prismsisd. Dispersion causes
chromatic aberration in lenses. The phase velosijyof wave is defined as,

C
V=-—

wherec is speed of light and is refractive index.

2.2 Group-Velocity Dispersion

Group-Velocity(GV) produces as a result of rate of change of inverse group veloc-
ity. In this casel GV depends on angular frequency. In a transparent medsyi
depends on wavelength.

01 9 ok, 0%
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wherek is the frequency dependent wave number. The basic unite girtup velocity
dispersion are';r%. GVD can have different important effects, depending on sibuati
e.g, itis responsible for ultrashort pulses. The effectarflimearities strongly depends

on theGVD in optical fibers.



2.3 Self Phase Modulation (SPM)

It is nonlinear optical effect, it leads to spectral broadgrof optical pulses. It was

first observed by Stolen and Lin in (1978). SPM causes a nealiphase delay which

has same temporal shape as the optical intensity. It alsoedasithe nonlinear change
in refractive index:

An = nol

whereny is nonlinear index and is optical intensity. Refractive index depends on
optical intensity as Kerr effect. Optical fibers modifiesatsn phase (SPM). During
the propagation of pulse along fiber its spectrum changeausecof SPM. SPM is
useful for many devices and system applications solitomé&bion, optical switching,

waelength conversion, demultiplexing, all optical regatien etc.

2.4 Non-Linear Schrodinger Equation

Nonlinear Schrodinger equation (NLSE) is special kindMif PDE) that has been de-
rived in many areas of physics and analyzed mathematicedlylast four decades. In
nonlinear optical system NLSE’s supporting solitons sohg. NLSE’s is the central
themes in nonlinear optics for finding the exact solutione Tmensionless form of

NLSE is given below:
. 1
it + 50+ G(|q*)a =0.

wherep is complex and depend on independent variaklk@sdt, it usually represents
the wave profile and is spatial variable while is temporal variable.G represents

nonlinearity

2.5 Nonlinearities

Optical solitons is the most significant field of study in rinabr optical fiber. If the

process response is proportional to the stimulus given, tihén this process is lin-

8



ear. The linear model are simple mathematical models andeayestraight forward

they can be solved without the aid of computers. A processhvisi opposite to the

linear process is known as nonlinear process. In case oinsamlprocess nonlinear-
ities occur. The nonlinear effects arise in optical fibermgitransmission because of
an increase in data rates, transmission lengths, numbeawadlengths and in optical
power levels. Another nonlinearity is fiber nonlinearityiath arises because of two
mechanisms one is refractive index and second is scattefimgre are many distinct

forms of nonlinearities of the functioB.

2.5.1 KerrLaw:G(p)=p

Most of the optical fiber obeys the Kerr law of nonlinearity.id simplest form of
nonlinearity. Kerr law is also called cubic nonlinearityy Berr law the NLSE can be

integrated by the inverse scattering transformation teglan

2.5.2 Power Law G(p) = p®

This nonlinearity occur in nonlinear plasmas. It appearsami-conductors and in
optics. In power law, to avoid the wave collapse it is necgssatakesin the interval

0 <s< 2. Similarly it is compulsory thas 2.

2.5.3 Parabolic Law G(p) = p+ vp?

Whenever there is interaction between electrons and Lamgmawes then parabolic

law holds.

2.5.4 Dual Power Law G(p) = p>+ & p*

Using this form of nonlinearity many organic materials cannbodeled. This model
describes the saturation of the nonlinear refractive indetany optical nonlineari-
ties are formed by using this form of nonlinearity. Solitdrecomes unstable in this

interval 1< s< 2. If we takes > 2, then these solitons would collapse with each other.



2.5.5 Saturation Law G(p) = ﬁf\)p

ForA > 0, this nonlinearity law is used to describe the variatiodieglectrics constant
present in the gas vapors, the laser beam is propagated [4].

In case of semi-conductors doped fibers the saturationmemanitty is used for model-
ing the soliton propagation inspite of Kerr law of nonlingar

2.5.6 Exponential Law G(p) = 5+ (1— e 2AP)

Exponential law of nonlinearity is observed for un magreddizand laser induced plas-
mas. Saturable law of nonlinearity is obtained if the cauplequation is combined

with plasmas motion of low frequency.

2.5.7 Log Law G(p) = aln(b’p)

This form of nonlinearity occurs in many different fields dfysics. The advantage
of this model is that the absence of radiation from periodlit@n because of discrete

spectrum only.

2.5.8 Higher order polynomial Law :G(p) = p+ vp?+ yp°

Higher order polynomial law is extension of parabolic lawyvérious physical systems

this law is observed [5].

2.5.9 Triple power Law :G(p) = p*+ vp®+ yp*

Triple power law is an extension of dual power law and higheeo polynomial law.

Hamiltonian diagrams are studied in this case.

2.6 Bright solitons

The bright solitons are on a zero background in the form o$gal When frequency

increase the refractive index decreases in dispersion ta@éemporal bright solitons

10



occur in this region.GVD has two different signs, it is associated with the bright
and dark solitons. In optical fiber, wave has constant aogitand group velocity
dispersion is irregular. The wave is unstable due to instgbit break down into a
sequence of pulses. These pulses are bright solitons. ttanas its shape and speed,
during propagation even after colliding with other wave acdl dispersion. These

waves are also called solitary waves and non-topologice¢wdts is given as,

u(x,t) = A;sed’t where T=M(X—W) (2.6.1)

In above equations) andM are known as unconstrained parameters and where
represents the amplitud#,is said to be the inverse width of the soliton ands

basically the velocity of the solitary wave.

2.7 Dark solitons

Dark solitons are intensity dips that exist on the backgdoointhe continuous-wave.
The spatial bright solitons exist in case of self-focussiigle the dark solitons do
occur in case of self-defocussing nonlinearities. Darkt@oltravels with constant
amplitude and that carries energy and propagate througméaeums such as solid,
liquid, gas and plasma. It travels at a much higher speedrapa@d to an ordinary
waves, the generation of dark soliton is less straight fodwhan the bright soliton,
because the dark solitons have both two requirement likeisirocal change and
second requirement is amplitude change. Dark solitonest#s phase twice than the
bright soliton phase, so that's why there was no method tenthe dark soliton. It

solitary wave form is represented as,

11



u(x,t) =Atant’ t where 7= pB(x—w)
(2.7.1)

In above equationg, andf are called unconstrained parameters arrédpresents the
amplitude, wheré8 is said to be the inverse width of the soliton.
2.8 Singular Soliton

The dependence of singular wave on function of distarao@d timet only and is given

by,

u(x,t)=9dcsch’é  where & =k(x—W) (2.8.1)

2.9 Description of Methods

2.9.1 The Modified Trial equation method

This method was first introduced by Liu [26, 27]. We consithese steps for applying
this method:

Step 1:Suppose that we have a fractional PDE.

Q(P: D' P, Pxs Pxxs Proccs -++-+) (2.9.1)

and take the wave transformation,

Atd
p(x,t)=p(¢),  where & =kx— Fita) (2.9.2)

12



whereA # 0. Substituting Eq. (2.9.2) into Eq. (2.9.1) yields a noeéin ODE, and

take the transformation,

M(p,p,p", 0", ....... )=0 (2.9.3)

Step 2 Take Trail equation as follow:

p = — 1=0 (2.9.4)

o = RPR(P)T(P) ~R(p)T'(p))
T3(p)

(2.9.5)

whereR(P) and T (P) are polynomials. By putting above relation into Eq. (2.9.3)
yields an equation of polynomiaf3(p) of p:

Q(p) = psUs+ ...+ pru+po=0 (2.9.6)

By using balance principle, we can get a relatiomaindl.

Step 3 Let the coefficients of2(p) all be zero will yield an algebraic equation system:
u =0, i=0,....... S

Solving this system, we will specify the valuesayf ....a, andb, .....b1

Step 4 Now by reducing Eq. (2.9.4) to elementary integral form \aedy

=) = [ 5P (2.9.7)

Using a complete discrimination system for polynomial tassify the roots oR(p),

we solve Eq. (2.9.7) with the aid of Maple and classify thecesalutions to the Eq.

13



(2.9.3). In addition, we can write the exact traveling wawkigons to the Eq. (2.9.1),

respectively.

2.9.2 ImprovedG'/G expansion method

Consider a general PDE.

H(t, 1, Ts, Tit, Tss, -..) = O, (2.9.8)

wherex andt represents independent variables,&hi$ representing a polynomial in
T7(s,t) and respective derivatives, then our concern is only wighést order deriva-

tives and nonlinear terms. We utilize the conversion ofdliaig wave
(s,t)=1(§), &=s—vt (2.9.9)

wherev denotes the wave velocity. Reduce equation (2.9.8) invatg ordinary

differential equation(ODE)
Q(r, 7,7, 1"1",...) =0 (2.9.10)

wherev is representing the constant. He@represent a polynomial in(¢) and its
all derivatives, whereas dashes denote the derivativésrespect t&

Secondly, We suppose that equation (2.9.10) has the swlutio

7¢) z_iaa

whereg; = (i =0,...,1) are representing the constants will resolute afterwardrevhe

G'(§)
G(¢)

(2.9.11)

n is a balancing number, determined by homogeneous balanuspbe, alsoG({)

14



satisfies the given ODE in the form:
GG’ =KG?+LGG +M(G)?, (2.9.12)
whereK, L andM are the real parameters. Now Eq. (2.9.12) reduces into:

TERC RS

Now by using Eq. (2.9.13), we have the following differensest
Case 1 If L#0andA=L2+4K —4KM < 0

G/(E) L L\/——A (iC]_COi@E)_CZSin(@>E

G(E)  21-M) 21-M) iclsin(@,f)—czcos(@ﬁ) (2.9.14)

Case 2 If L # 0 andA = L2 +4K —4KM >0

G L LvA (iclexp(@f)—t:zexp(%ﬁ)f

G(E)  21-M) ' 2(1-M) iclexp(@gf)—czexp(Tﬂ)g) (2.9.15)

Case3IfL=0andA=K(1-M)<O0

G(&) VA ( icp coshy/—A& — cosinhy/—AE )
B —c; sinhy/—A& — cycoshy/—AE&

G(E) _ 20-M) (2.9.16)
Case4lIf L=0andA=K(1-M)>0

G'(§) VA (iclcos\/ﬁf +czsin\/&‘)

a c1SinvVAE — cocosv/AE

GE) = T (2.9.17)

whereé = s— vt andK,L,M,cy,andc, are constants.
Now by putting Eq. (2.9.11) into Eqg. (2.9.12) along with EQ.9.10) we have co-

15



[
efficients of (%) where(i = 0,1,.....) then we get a set of algebraic equations

by setting each coefficients to zero, id§tL,M andc. After solving these algebraic

equations and then by putting into Eq. (2.9.11) we get géseration.
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Chapter 3

New Solitary Wave Solutions
for LPD Model



3.1 Governing Equation:

One of the famous NLSE is Lakshmanan-Porsezian-Daniel {itRadel [21]. It was
first observed in 1988, studied in a variety of context instgdiiber optics. The di-

mensionless form of LPD model with higher order dimensiogiven as [23]:

G + a0k + b0t -+ CF (01%) g = TChooex + & () %0 % + B0 2 +
V1a/2a + A 0Py + Sla[*g =0 (3.1.1)

whereq(x,t) represents the complex valued wave function. The tgrrapresents the
temporal evolution of the nonlinear wave, the coefficergpresents GVD, coefficient

b represents STD anl is the real-valued algebraic function which is the source of
nonlinearity. Fourth order dispersion is representeatsnd two photon absorption
by 9.

We start with the assumption:

q(x,t) = p(&)e® (3.1.2)

where p(&) represents the shape of wave profile, and the phase congpanj is

defined as

& =x—ut

P(X,t) = —KX+ wt + 6 (3.1.3)

with k represents the soliton frequenayjs wave number ané is the phase constant.

Now,

o= (—ikp+p)e@ (3.1.4)

18



(iwp—vp)e@

Gt

Gox = (—Kk2p+p” —2ikp)é?

Ohook = (p/// . 3iKp” B 3K2p/—|— iK3p>ei(q0)

Ohooox = (p//// —4iKp’” B 6K2p”+4iK3p' B K4p>ei(q0)

0 = (ikup —up’ +kwp+iwp)e?

Now,

where

Qix = (ikp+p) +e'@

Qe = (—KZp-+-2ikp + p")e @

|q%q = p3¢®

19

(3.1.5)

(3.1.6)

(3.1.7)

(3.1.8)

(3.1.9)

(3.1.10)

(3.1.11)

(3.1.12)

(3.1.13)



(0)? = (—K2p?+ p?—2ikpp )2 (@) (3.1.14)

a2 = (—Kk2p® — 2ik p?p’ + p?p”)e (@ (3.1.15)
|ox/%a = (pp” + k?p?) €@ (3.1.16)
PP = (—K2p3+2ik p'p? + p?p)e @) (3.1.17)
lo*q = p°¢? (3.1.18)

Using Eq.(3.1.2)- Eq.(3.1.8) into Eg. (3.1.1), we get rewl anaginary parts,

By equating real part,we get

op" — (a+60k?)p’ —bup’ — (bkw—w—ak?—ak*)p (3.1.19)

—(a+y+A - B)k*p>+8p° —cF (p?)p+ (a +B)pp?+ (A +y)p?p’ =0

By equating imaginary parts, we have

4okp" +2(a+y—A)kp?p — (2ak +4k30 — bw)p' + (—1+bk)up’ = ©3.1.20)

20



By taking,

Eq. (3.1.20) reduces to,

(bw—2ak)

T Y (3.1.21)

Eqg. (3.1.19) reduces to,

—ap’ —bup’ — (bkw— w—ak?)p—(2A — B)k?p> +
8p°—cF(p?)p+(a+B)pp?+ (A +y)p°p’ =0 (3.1.22)

3.2 Application of the Modified Trial Equation to the LPD model

by using Kerr law of nonlinearity

We will apply modified trial equation method to LPD model agomith Kerr law.

For Kerr law we have
G(p)=p
By applying Kerr law Eq. (3.1.1) becomes,

ik + Al + b + (1020 = TGhoo+ 0 (ax)%q* +Bax|%q +
vid[®t+ A GPgs, + Slq[*g = 0, (3.2.1)

21



Eqg. (3.1.2) becomes,

—ap’ —bup’ — (bkw—w—ak?)p—(c+ (2A — B)k?)p° +
5p°+ (a+B)pp?+ (A +y)p*p’ =0 (3.2.2)

We will use modified trial equation method to Eq. (3.2.2) toggditary wave solutions.

By considering,

=z = = (3.2.3)

v _ RIPR(P)T(P) —RP)T'(P)

3.24
P T3(p) (3:24)
Reduce Eqg. (3.2.3) to the elementary integral form:
R(p)
+(u— :/—d 3.25

whereR(p) andT (p) are polynomials. Now by using balance principle yields,

n=1+42

Case 1:

If we takel = 0 thenn =2, Eq. (3.2.3) and Eq. (3.2.4) takes the form,

o — ot aptap’

0 (3.2.6)
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and

2
o — (al+Zazp)(a;2+alp+azp ) (3.2.7)
(0]

wherea, # 0,b, # 0. By putting values off andp” in Eq. (3.2.2) we get,

(ag + 2a2p) (80 + a1 p+azp?)
b3

(—a—bu + (A +y)p*)( )+

8o+ a1 p+ axp?
bo

12p— (bkw — w—ak?)p

—(c+ (24 = B)k?)p’+ 5p°

(a+B)(

Let,

(A+y)=A (a+B)=B, (—a—bv)=C,

(2A —B)k?>+c¢c) =D, (bkw—w—ak?) =E

8ody + 82 P+ &g @ PP + 2880 P + 2818 p? + 283 p°

(C+ AR e )
gy 21 847 +85p* + 2a0a p + 28185p° + 2a082p’
+Bp( b2 )

—Ep-Dp®+dp° (3.2.8)

After simplifying Eq. (3.2.8), we get different powers pf

2Aa3 Ba3
b5 b3

+6=0 (3.2.9)

3Aqgay, 2Bajar
=0 3.2.10

23



2Cas Aa? 2Aa,a, Ba? 2Baya
2+ 1 aoZ+ 1+ a-02_

e o Pame By B g (3.2.11)
3c§§a2 N Ai%al n ZBsgal —0 (3.2.12)

c;%% . zciogazu N Bbag% _E—o0 (3.2.13)

C?)C:Z)al ~0 (3.2.14)

After solving Eq. (3.2.9) - Eqg. (3.2.14), we get followingstions: a, = 0,by = by,

a; = +ho (bK(a_);ﬁ)l;ua)KZ), V= bg(bK‘*’_wa—%usHaa%’
ap = i\/ (A —B>K2+c><—a—bu>£(<bxwgc§—a;<2)(u +v)(a+B)) (bo)
—a—nbu

After putting coefficients in Eq. (3.2.5) we get,

b
axp?+aip

ko) = [ dp (3.2.15)

Integrating Eq. (3.2.15), we have solution of Eqg. (3.2.2) as

ap

b2(bk w—w—ak?2)+ 2
expl g (X+ B(bKe (:%baK FER) &) 2]

d(@) (3.2.16)

q(th) =

b3 (bk w—w—ak?)+aa?
—agb

then solution (3.2.16) can reduce to hyperbolic functidotsan.

2 oy a2 2 )
q(x.t) = <%—%tanh<8<x+ (bO(wa a;%bak )+aa1t))>e'(<") (3.2.17)

Whereé = x— vt wherev =

. Ifwe takeéy =0,a1 =1,ap = —1

WhereB = Z—tl)o. HereB is inverse widths of the soliton.

24



Case No.2.1:
If we takel = 1 thenn = 3, by using Eqg. (3.2.3) and Eq. (3.2.4) we get valueg/of

andp” as follows:

o = 8 +a1p+a2p” + agp’
bo"—b]_p

(3.2.18)

o (Botaip app” +agp®)((a1+2a2p+ 3asp?) (bo +b1p)) —bi(ao+a1p+axp® +asp?), 19)
—_— \\J.L-

(bo+b1p)3

Whereas # 0, by # 0. By putting values off andp” in Eq. (3.2.2) we have,

—(c+ (24 = B)Kk?)p*+ (—a—bu + (A +y)p?)

(a0 +a1p+azp?® +agp?) (a1 + 2azp+ 3agp?) (0o + b1 p) — b1 (8 + a1 p+ axp? +azp?))

+op°
(bo+b1p)3 P
2 3
b0+b1p
Let
A+y)=A (a+B)=B, (—a—bv)=C,
((2A —=B)k?+¢) =F, (bkw—w—ak?) =E
(C+Ap?) (ap+arp+ ap® +azp®)((ay + 2axp+ 3azp?) (b + by p) —bl(ao+a1p+a2p2+a3p(?é)}2

(bo+byp)3
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o+ a1 p+ axp? +agp’
bo+b1p

B( )’p—Ep-Fp*+dp°

After simplifying Eq. (3.2.21), we get different powers jof

5b3 + 3Aa3h; +Badb; =0 (3.2.22)
Ba3b, -+ 3Aa3b, + 5Aazaghy + 2Bazaghy = 0 (3.2.23)
36b2by + 38h,b? — F b3 + Bagby + 3Cajb; + 5Aazash, (3.2.24)

+2Aa§b1 +4Aagazby + 2Basagb, + 2Bajazb;

3b3 + 2Aa3h, + Badb, + 4Aa; ash, + 3Cadb, + 2Bajasb; + 5Cazagh;  (3.2.25)

+3Aajash; — Abyag + 2Bagaghy + 2Bajagh + 3Aagazb; — 3Fbob? = 0

—3Fb2b; — 3Fb?b, — EbS + Bazb; + 3Aasash, 4+ 2Aa,a2b;1 + 3Aarazh, (3.2.26)

+2Bajapb,+ 2Casby 4 5Capagh, — Abyap +Aasby +2Bagagh; +2Basash, +4Cajagby = 0

—Fb3 + Ba?b, + Aagas by + 3Cagash; + Aash, 4 2Ca3h, — Abja; — Chyax(3.2.27)

+2Bapazh, + 2Bagaiby + 3Capazby + 4Cajazb; + 2Aa0asb, — 3Eboh? = 0

—3EbZb; + Ba2b; + 2Cagazh; + CaZb; — Cbiay (3.2.28)
o a5
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+3Cajazhb, + 3Cagaghg + 2Bagai by + Aagaibg — Abiag = 0

—EDb3 + Bagbo — Cbyay + 2Cagaghs + Cagarby +CaZb, = 0 (3.2.29)

—Cbya, + Caoaihe = 0 (3.2.30)

After solving Eq. (3.2.22) - Eq. (3.2.30), we get followingjgtions:ay = &g,

by by (3(bk w—w—ak?)b3—(—a—bv)a?) - —ob? - .
a1 = p, &2 = (—a—bu)(3a.bo—by) » 83 =\ sy +(atp)r Po = Pobr =1
v — b3 (bk w—w—ak?)-+aaby+aay by

albbo albbl

Now by putting coefficients in Eq. (3.2.5),we have

o bo+b1p
iw_Mﬁ_/%&+wﬁ+MMa£p (3230)

After integrating Eg. (3.2.31), we get,

bo —b1a1+2b1p

i(l-l—llo):_ Z(p—aj_)Z

(3.2.32)

(bo+byaz)In ‘ p— 012 _ (botbiaz)(a1—ap)

(M — o) = (al o) P (3.2.33)

(- )zz(b04_blalﬂn|p“al|__(bo4‘b102ﬂn|p“az| (bo+bras)In|p— gl
> (a1—az) (01— as) (a1 —az)(az—az) (a1—az) (a2 —a3)

34)

whereas, a,, andas are the roots of the polynomial equation

do
+ 2. 85, % g
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By putting Eqg. (3.2.32) into Eq. (3.2.5), we obtain

by +2011(€ — &) + | /b — (2D62b1001)& +2(bo+ brarn) &

i
TEE) €?(3.2.35)

q(th) =

By consideringé, = 0 in EqQ. (3.2.35), we get rational function solutions:

b1 + 2a1(x— Et) + /b — (2by2bia) (X — Et)
1

t) = g’ 3.2.36
_ b3D+aa2b,—aab; B 2
whereE = W andD = bkw— w—ak
Case No.2.2:

Now consideringgy = 0 in Eq. (3.2.18) and Eg. (3.2.19), we have

,  aqp+agp?+agp®
o bo"—b]_p

(3.2.37)

v (a1p+azp? +agp®) (a1 + 2a2p + 3asp?) (o + b1p)) — br(arp+ azp? + agp’
p 38)
(bo+b1p)® e

Whereas # 0, by # 0. By putting values off andp” in Eq. (3.2.2) we have,

(—a—bvu+ (A +y)p?)

(30 +21p+a2p° + agp”) (2 + 285p+ 3a3p°) (bo + b1 p) — ba (B0 + a1p+ 22p” +85p7)) 39)
(bo + b1p)? o
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8o+ a1 p+ axp? +agp’

20— (bKkw— w—ak?)p— (c+ (22 —B)k2) pd+ dp°
bg - byp )P )p—(Cc+(2A = B)Kk%)p°+0p

(a+B)(

Let,

A+y)=A (a+B)=B, (—a—bv)=C,

(2A —B)k?>+c)=F, (bkw—w—ak?)=E

(80+a1p+az2p?+ agp®) ((ay + 2a2p + 3a3p?) (bo + b1 p) — b1(80 + a1p+ a2p? + asp?) ), 40)

C+Ap? 39
(CAp) (b -+ b1p)? \

3o +a1p+ axp® + agp®
bo+b1p

B( )’p—Ep-Fp>+5p°

After simplifying Eq. (3.2.40), we get different powers jof

5b3 + 3Aa3h; +Badb; =0 (3.2.41)

5Aapagh; + Bab, + 3Aa3h, 4 2Bagagh; + 35bob? = 0 (3.2.42)

—Fb3 4 5Aayagh, + 4aiash; + 3Ca3b; + 2Aasb; + 30b2by + 2Bazasb, (3.2.43)
1 3 2 0

+2Bajazbi + Ba%b]_ =0

Sb3 + 2Aadb, + Badb, + 4Aajazb, + 3Cadb, + 2Bajasb; + 5Cazazb;  (3.2.44)
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+3Aa aob; — Abjas + 2Bajagh, — 3Fbeb? =0

—3Fb2b; — Eb3 + Ba2h; + 3Aaash, + 2Baah, + 2Casb; (3.2.45)

+5Cazagh, — Abjap + Aazb; +4Cajagb; = 0

—Fb3 + Ba?b, + 3Cajasb; + Aazh, + 2Casb, — Abya; — Chyaz (3.2.46)

+4Cajazh; — 3Ebob? = 0

—3Ebgb1 + Ca%bl —Cbjap +3Cajaghy, =0 (3.2.47)

—Chya; +Cafb, = 0 (3.2.48)

After solving Eq. (3.2.41) - Eq. (3.2.48), we get followingjgtions:

o b _ by(3(bkw—w—ak?)3—(—a-bv)ad) . —ob? o
8 =081 = (@ =" (o bu)Gabe by 2=\ 3miyaip) Po = Po

b3 (bk w—w—ak?)+aaZb+aay by
afbbo—albbl

Now by putting coefficients in Eq. (3.2.5),we have

by =by,v=

M=) = / <a3p3t‘):;2t;;:)‘alp) (3.249)
After integrating Eq. (3.2.49) we get solution of Eq. (3)2a2 follows:
2(agho — agby ) arctar{ 212%P) 4 hoMIn |W|
([ o) = P (3.2.50)
where,

M:\/4a1a3—a§
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Case No0.2.3:
Now takea, = ap =0, in Eq. (3.2.18) and Eqg. (3.2.19), we have

,_ aup+agp®

3.2.51
bo"—b]_p ( )

o (ap+asp’) (a1 +335p?) (Do + bap)) ~ba(@ip+asp®) 5, o
(bo+byp)? B

Whereas # 0, by # 0. By putting values off andp” in Eq. (3.2.2) we have,

3 2 o 3
(—a—bv + (A +7)p?) (a1p+agp”)((a1 + 3agp )(bo+k;1p) bl(a1p+a3p(\)3).2_53)
(bo+b1p)
aip+asp®
+Ha+B) (AP 2y (bkw— w—ak?)p— (c+(2) — B)k) p°+ 5p°

bo + b]_ p
Let,

A+y)=A (a+B)=B, (—a—bv)=C,

(2A —B)k?>+c)=F, (bkw—w—ak?)=E

(a1p+agp®)((a1+ 3agp?) (bo+ by p) — bi(arp+agp®))

C+Ap? 3.2.54
a1p+asp® ., 3 5
B(————)?p—Ep—Fp°+d
+(bo+b1p>p p—Fp°+3p
After simplifying Eq. (3.2.54), we get different powers jof
5b3 + 3Aa3h; +Badb; =0 (3.2.55)
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5Aaagb; 4 Badho + 3Aa3h, 4 2Bazaghs 4 38bpb? = 0 (3.2.56)

—F b} + 5Aazagh, + 4a1aghy + 3Cadby + 2Aa3b; + 36b3b, (3.2.57)

+2Baazb, + 2Bajazb; + Badby =0

b3 + 2Aa3h, + Badho + 4Aajagh, -+ 3Ca3b, + 2Bajasby 4+ 5Capagb;  (3.2.58)

+3Aa aob; — Abjas + 2Bajagh, — 3Fbeb? =0

—3Fb2b; — Eb3 + Ba2b; + 3Aaash, + 2Baash, + 2Casb; (3.2.59)

+5Cazazh, — Abjay + Aazb; +4Cajazb; = 0

—F b2+ BaZh, + 3Cajash; + Aa2h, + 2Casb, — Abja; — Chyas (3.2.60)

+4Cajazby — 3Eb0b% =0

—3Eb2b; +Ca2b; — Chyay + 3Cajazh, = 0 (3.2.61)

—Chya; +Ca2b, =0 (3.2.62)

After solving Eq. (3.2.55) - Eq. (3.2.62), we get followingjstions:

o _ by o —ob? . B b3 (bkw—w—ak?)+aabo+aag by
8 =80,31= b,:8 = \| 30 7y)+(a7p) Do = PobL=b1, V= a2, —ay by

Again by putting coefficients in Eq. (3.2.5) it becomes,
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bo+b1p

T(U—o) = | ——— 3.2.63
T (3.263)
After integrating Eq.(3.2.63), we get solution of Eq. (2)2as follows:
2by/a; arctarg g—i p) +boy/azIn |a1+;P:3p2‘
+(U— o) = (3.2.64)

2a;./a3

3.3 Application of the Modified Trial Equation to the LPD model

by using Parabolic law of nonlinearity

We consider the following nonlinearity as:

F(p) = p+vp?

Now in this section we will use parabolic law of nonlinearity7] in Eq. (3.1.24) to
obtain dark soliton solutions by using modified trail eqoatmethod.

Now we have,

F(p®) = p+vp*

By putting value in Eq. (3.1.24)it becomes,

—ap’ —bup” - (bkw— w—ak?)p— (2A — B)K*p*+ 5p° (3:3.1)

—c(p*+vp)p+(a+B)pp?+ (A +y)p?p’ =0

Now we will apply modified trial equation method in systen3(3).
Case No.1
After putting values ofy’ andp” from Eq. (3.2.6) and Eq. (3.2.7) in system (3.3.1).

33



we get,

((—a—bv) + (A +y)p?) (a1 + 285p) (0 + a1 p + app?)

02 (3.3.2)
ao+a1p+ axp?
—(bkow—w—ak®)p— (24 — B)k*p’+8p° —c(p’+vp°) +(a +B)p( 1;: )2
whereb, # 0.
Let,
(—a—bv)=A, (A+y)=B, (bkw—w-ak?) =D
(A =B)K*) =E, (a+B)=F
a1+ 2axp)(ap+a1p+ ayp?
(A+sz)( 1+282p)( bg 1P zp)_Dp (33.3)
ap+axp?
~Ep*+3p° —c(p?+vp) + F p( )2

whereb, # 0. Thus we have system of algebraic equations from the cieftec of
polynomial ofp.
After simplifying Eq. (3.3.3), we have different powersmof

2Ba3 Fa3

v 245-0 3.3.4
e e (3.3.4)

3Bajay, 2Fajar
=0 3.35
b2 b2 (3.3.5)
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2Aa3 N Ba2 N 2Baya, 2Faca, FaZ

—E-C+ — =0 (3.3.6)
by  bg  bG S
3Aaia Baja, 2Fasa;
=0 3.3.7
2 0 B2 (3:3.7)
paj ez, o, Fas (3.3.8)
b b3 b3 -
Aa,
2 0 (3.3.9)
After solving Eq.(3.3.4)- Eq. (3.3.9), we get following stibns:
- - _ bi(bkw—w-ak?)+aaZ . [ —2(—a—bv)a+bd(((2A—B)k?2)+c)
Qo = O1b0 - bOa V= —afb 1 ap = (;2—0—)/)(0!—0—[5) )
_ Cvid
2 =boy/ 73 W
Now by putting coefficients in Eq. (3.2.5) we get,
S )—/Ld (3.3.10)
H™Ho) = ap? +ap g o
By integrating Eg. (3.3.10) we get solution as follows:
qxt) = ety d@  (33.11)
expi i (x-+ (PG Y — &) — )

2 2
Whereé = x— vt wherey — B0 o J+aay
9

then solution (3.3.11) can reduce to hyperbolic functidotsan.

2 ) a2 2 .
q(x,t) = (% — %tanh(B(x+ (bO(wa (ZzbaK >+aa1t))e'(‘p> (3.3.12)
1

. Ifwe takeéy =0,a1 =1, ap = —1
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WhereB = 5.

Case No.2.1:

Now forl =1 andn=3

Now by putting values op’ andp” from Eq. (3.2.18) and Eq. (3.2.19) into Eq. (3.3.1).

((—a=bv)+(A +v))

(ao+a1p+a2p2+a3p3)((a1+2a2p+3a3p2)(bo+blp)) —bl(ao+a1p+a2p2+agg3;)

( (b + bup)? (3.3.13)
ao+a1p+axp? + agp®
—(bkw—w—ak?)p—(2A — B)k*p°+3p° —c(p*+vp°) p+(a +B) p( 1Eo+t2)fp )2

whereaz # 0,b; # 0, Now let,

(—a—bv)=A,(A+y) =B, (bkw— w—ak?) =D

(A =P)k*) =E, (a+p)=F

(A+BR) (a0 +a1p+ axp? +azp®)((a1+ 2a,p+ 3azp?) (bo+ b1p)) — bi(as+arp+ azp2+asp§_)3_14)
(bo+ blp)3
Qt+ap+ a2p2
bo+b1p

~Dp—Ep3+8p° —c(p*+vp°) +Fp( )2

whereas # 0,b1 # 0. Thus we have system of algebraic equations from the creeftec
of polynomial ofp.

After simplifying Eq. (3.3.14), we get different powers jof

2Fapagh; — 3Cvhob? + 38hob? 4 Fa3h, 4 3Ba3h; = 0 (3.3.15)
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—Eb3 + 2Fayagh, — 3Cvh2by + Fadby + 35b2b; (3.3.16)

+5Bayagh; + 2Fajazb; + 3Ba3b, + 3Aa3 —Ch; = 0

Sb3 + 4Bajagh; + 2Fagagh; + 2Fajash; + 5Bayagh, + 5Bagagb;  (3.3.17)

—Cvbg + Fa3b, — 3Cbob? — 3Ebob? + 2Fayagh, + 3Aa3h, + 2Bagby = 0

2Ba3h, + 2Fagazh, + 2Fasazhy + 2Fajash, — Db + FaZhy + 4Aajashy (3.3.18)
+5Aayazb, — Bbyaz — 3Ch2by — 3EbZb; + 3Bayashy + 3Basasby
—4Bajagh, + 2Aa3b; = 0
2Fagaiby — Ebg + 2Fagaxby + Fa%bo + 3Aagpasb; + 3Aaiasby + 4Aa1a3b(3.3.19)
—Bbyay + 2Bagash; — 3Dbob? + 3Baash, + 3Bagash, + Bazb,
+2Aa3b, — Abjaz —ChZ =0
2Fanagh, + Bapaiby + 3Aasashy 4+ 3Aagazh, + 2Aa0azh; — 3Db2b;  (3.3.20)

+Fa§b1 + Bafbo + Aaf + 2Bagasby — Abja; — Bbja; =0

Aayab; + Bagaih, — Db 4 2Aaazb, + FaZby (3.3.21)

—Bbia, — Abiag + Aafbo =0

Abjag + Aagaiby =0 (3.3.22)
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After solving Eqg. (3.3.15) - Eq. (3.3.22), we get followingjgtions:

8o = 8o,
_ b3(Cv+08)+(A+y)(5a2a3b0— 28301 ) +(—a—bv) (5apaghy —3adho) —a3he (a +B) +3bob (c+ (24 —B)k2)

a o 4(/\ +V)a3b1+2(cr+ﬁ)(a2b1+a3b0) ’
o 3(bkw — w— ak?)b2by + (A +y)(beaZ — byay) + (—a—bv)(a2by — byay)
2= 3(—a—bv)aib,
ag— (((2A —B)k?)+C)b3—(a+B)a2ho(A +Y) (brap—a2hy +-a182b0) — (—a—bv) (3ag 8y +2a3ho ) +3( bk w—w—ak ?) bob?

; L, [~a—bv){4asbo—by) ’
B B b3 (bkw—w—ak?)+aaZh,—aag by
bO - bO! bl - bl! V= a%bbo a]_bb]_

By putting coefficients in Eq. (3.2.5), we have

o bo+b1p
:M“_“&_T/aﬁﬁ+&mz+mp+aﬂp (3:3:23)

By integrating Eqg. (3.3.23) we get,

bo —b1a1+2b1p
2(p—a1)?

(1 — o) = — (3.3.24)

(bo 4+ b1a2) In\ - az (b°+blgi)(§fl_02) 3.3.95
(01—02)2 (3.3.25)

(M — Ho) =

): (bo+blal)ln|p—al| B (bo+b102)|n|p—az| (bo+blo{3 In|p A3
° (a1 —az)(aL—a3) (a1 —az) (a2 — a3) (01— ap)(02—a3)’

j:(u_ E 26)

Wherea, a», andas are the roots of the polynomial equation

a o, A Ao
e e —:O
D3+a3p +a3p+a3
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Substituting the Eq. (3.3.24) into Eq. (3.2.5), then we fimel $olution as,

by +2011(€ — &) + | /b — (2D6201011)& +2(bo + brarn) &
= 20 &)

(3.3.27)

b3 (bk w—w—ak?)+aazbo—aar by

Whereé = x—vt andv = 22Dbo—a0bby

If we take &, = 0 then the

Eq.(3.3.27) can reduces as,

by + 201 (X — E) & /b7 — (2b020101) (x— E)

X.t) = g 3.3.28
_ b3D-+aafbo—aaib; _ 2
whereE = W andD = bkw — w —akK
Case No.2.2:

Now consideringa, = 0 by putting values off and p” from Eqg. (3.2.37) and Eq.
(3.2.38) into Eq. (3.3.1), we have

(a1 p+axp?+a3p®)((a1+ 2a:p+ 3azp?) (bo + b1 p)) — by (a1 p+ axp? + azp?)

(—a=bv)+ (A +y)( B Bup )

2 3
APt P+ &3 Hg)

—(bkw— w—ak?)p— (2A — B)k?p>+3p° — c(p>+vp°®) p+ (a + B)p(
bo"—b]_p

Let
(—a—bv)=A,(A+y) =B, (bkw— w—ak?) =D

(A ~B)K?) =E. (a+B)=F

(a1p-+ azp®+ agp®)((a1 + 2a2p+ 3a3p?) (bo + b1p)) — ba(a1p+azp® + agp?
\\J

2
(A+Bp) by + byp)? .)3.30)
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a1 p+azp?

—Dp—Ep*+6p°—c(p*+vp°) +F 2
p—Ep P’ —c(p p’) p(b0+blp)

whereas # 0,b1 # 0. Thus we have system of algebraic equations from the creeftec
of polynomial ofp.
After simplifying Eq. (3.3.30), we get different powers jof

2Fapagh; — 3Cvhob? + 38hob? 4 Fa3h, 4 3Ba3h; = 0 (3.3.31)
—EDb$ + 2Fapagh, — 3CvbZby + Fadb; + 35b2b; + 5Bazagh; (3.3.32)
+2Fajaghy + 3Badb, 4+ 3Aa5 — Chy =0

db? + 4Bay agh; + 5Bayash, — CvbS + Fadb, — 3Chob? (3.3.33)

—3Ebgb? 4 2Fajazh, + 3Aa3h, + 2Ba3h; + 5Aazasby = 0

Basb, + 2Fajash, — Db + Fazhy + 4Aajasby + 5Aazash, + 2Aa3b;  (3.3.34)

—Bbiaz — 3Cbgb1 — 3Ebgbl + 3Bajapb; — 4Bajagbg + 3Aa2a1b2 =0

—EDb3 + Fa2h, + 3Aayasb; + 4Aajagh, — Bbyap — 3Dbob? (3.3.35)

+3Bayazh, + BaZb; + 2Aasb, — Abjaz — CbE =0

3Aajayh, — 3Db2b; + Bajh, 4+ Aagby — Abja; — Bbja; =0 (3.3.36)
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—Abja; — Db+ AaZb, = 0 (3.3.37)

After solving Eq. (3.3.31)- Eq. (3.3.37), we get followinglstions: ap = 0, a1 =
b3(cv+0)+(A+y)(5apagbo—2a3by ) +(—a—bv) (5a,a3b; —3a3bo) —agbo (' +B)+30obZ (c+(2A —B)k?)
(A+y)a3b1+2(cr+ﬁ)(a2b1+a3b0) :
3(bk w—w—ak?)bZby +(A+y) (boad—byag)+(—a—bv)(ah; —byay) bo=bg, by =b V_bg(wafwfaKZ)Jraafbofaalbl
3(—a—bv)aibo 0—ro, M1 =ML V= a,lbbo—albbl
((A—B)k?)+c)b3—(a+B)a2bo+(A +y) (b1a2—a2by +a1a2b0) —(—a—bv) (3agaphy +2a3bo ) +3(bk w—w—ak?)bob?
(—a—bv)(4a1bo—b1) ’

Again by putting coefficients in Eq. (3.2.5),we have

ap =

az =

bo+b1p
+(H=Ho) = / 3.3.38
(M — Ho) (@sp®+ap?taip) " ( )
After integrating Eq. (3.3.38) we get,
2(agho — agby ) arctar{ 212%P) 4 hNIn |%|
(M — o) = 2aiN (3.3.39)
where,
N = /48180 - a
Case N0.2.3:

Now for ag = ap = 0,by putting values off andp” from Eq. (3.2.51) and Eq. (3.2.52)
into Eqg. (3.3.1), we have

(a1p+agp®)((a1 + 3agp?) (bo + b1p)) — a1p+a3p,g
((—a=bv) + (A +y) b bop)? 340)
~(bre— - ak?)p— (24 — )PP+ Bp— o(pP +vpP)p-+ (a -+ B)p(BLE LB 2
bo +b1p

Let,
(—a—bv) =A,(A+y) =B, (bkw— w—ak?) =D
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(A =P)k*)=E, (a+p)=F

(aup+asp®)((a1 + 3agp?) (bo +b1p)) — b1 (arp+azp®)

—Dp(3.3.41
(Do 1 D1p)? P(3.3.41)

(A+Bp?)

a1p+agp’

—Ep®+6p°—c(p*+vp°) +Fp( b by )?

whereas # 0,b1 # 0. Thus we have system of algebraic equations from the cieeftec
of polynomial ofp.
After simplifying Eq. (3.3.41), we get different powers jof

—3Cvhbob? + 38bob? + Fadb, + 3Ba3by = 0 (3.3.42)

—Eb$ — 3Cvb2b; + 35b2b; + 2Fajagh; + 3Badb, +3Aa—Chy =0 (3.3.43)

5b3 + 4Bagaghy — Cvb? — 3Chob? — 3Ebob? 4 2Fajagh, + 3Aa3h, = 0 (3.3.44)

—Db3 4 Fa3b; + 4Aajagh; 4 Bbyag — 3Cb2b; — 3EbZb; — 4Bajagh, = 0 (3.3.45)

—EDbZ + Fa3b, + 4Aajagh, — 3Dbob? + BaZby — Abjag—Ch3 =0 (3.3.46)
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—3DbZb; + BaZb, + AaZb; — Bbja; = 0 (3.3.47)

—Abja; — Db3 4 AaZb, = 0 (3.3.48)

After solving Eq. (3.3.42)- Eq. (3.3.48), we get followingjstions:

8= 8y =0, ay = P(CV3)+(A-+Y)(5azasby—2a51)-+(—a—bv) (Sarabs—3elbo) —aBbo(a-+)+0ob(c+(2A ~)K?)
, 4(A+y)agb;+2(a+B)(azbs +agho) ’
ag = (PA=B)K)+ObS—(a+B)abo+ (A +y) (brap—afby-+ayasho) — (~a—bv)(3ayaghs + 225Mo) + 3(bk w—c—ak?)bobf
i o, (—a—bv)(4a;b,—by) ’
B B _ b3(bkw—w—ak?)+aaZb,—aa by
bo =, by = by, v = a2bbo—azbb;

Now Eq. (3.2.5) becomes,

bo"—b]_p
+(U—Up) = | ———d 3.3.49
T e (3:3.49)
After integrating Eq. (3.3.49) we get, solution as follow:
2by\/ajarctart, / 22p) +bo/asIn |Q+P;M|
(U — o) = (3.3.50)

2a1,/a3
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Chapter 4

New Traveling Wave Solutions for LPD Model



4.1 Application of Improved G'/G expansion method to the LPD

model by using Kerr law of nonlinearity

Now we will apply(%) -expansion method in system (3.2.2)to generate new and more

general exact traveling wave solutions [24].

As we have the transformation,

q(x,t) = p(&)e® (4.1.1)

& = x— ut. The solutionp(§) is considered as:

() —za( g5 ) 412)

By balancing Eq. (3.2.2), we get= 1. Now by using improve(c%) expansion
method, solution takes the form:
Eqg. (4.1.2) becomes,

_ G'(¢)
P(E) =20 as (g5 (419
Also from [46]
GG" = DG? +EGG' +F(G')? (4.1.4)

Now by putting Eqg. (4.1.3)and Eqg. (4.1.4) into Eq. (3.2.2)l @ollecting the coef-

G(§)
putting each coefficient to zero , Now let,

|
ficients of (%) wherdi = 0,1,2,3) then we get set of algebraic equations after

(—a—bu)=C,(A+y) =A, (bkw—w—ak?) =Z
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(c+(2A —B)k?) =1, (a+B)=B

(C+Ap?)p’ —zp—1p3+3p°+Bpp? =0 (4.1.5)

By solving these algebraic equations with the aid of Mappie get following equa-

tions.

2aAa; + 585 + Baj + 2Aa5F2 — 4Aa3 + BasF 2 — 2BajF = 0 (4.1.6)

2BaSEF + BasF 2 — 2BaFa, + 4Aapa: + 4AapasF 2 — (4.1.7)

8AayasF + 3AaSEF — 3AaSE — 2BaE + Bafa, + 50a0af = 0

2BaSDF + 2BajEFa, — 2BacEa, + 2Ca; — | a5 + AaSE? + 2AaZa; — 2Aa5D (4.1.8)
—4CagF + 2Aa2a;F? — 4Aa2a; F + 6AagacEF — 6AayasE — 2Ba; + BasE?
+105a2a3 + 2CayF2 + 2Aa3FD = 0
2Ba’DFa, — 2BasDa, + Ba?E?a, + 3Ca EF + 3Aa2a EF — 3Aa2a1E  (4.1.9)
+2Aa0a2E? + 4Aa,a3F D — 4Aa,a2D + AaSED — 3lagas

+105a0a2 + 2Ba;DE — 3CaE = 0

CayE? + 2CayF D — za; — 2AaZa1D + Aa2a  E2 + 2AaZa; F D + 2Aa,a2ED(4.1.10)
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+Ba3D? — 3laZa; + 56aja; + 2Ba?DEa, — 2Ca;D = 0

AaZaiED + CayED + Ba?D?a, — za, — laS+ da3 = 0 (4.1.112)

After solving Eq.(4.1.6)-Eq. (4.1.11), we get followingstons:
_ _ 3(—a—bu)E(1-F) _ - _ za;+BajD+C(2 D—a4 E?)
% =0a = \/((/\(+v)+2(a+ﬁ))DE’D =DE=EF==—+ 2C611D1 —
a?DE((A+y)+2(a+pB))+3aE(1-F)
3bE(F-1) :

If we put these values in Eq. (4.1.4), we find the followingesas
Case 1:whenE # 0 andA = E?+ 4D +4DF <0

B 3(—a—bu)E(1-F) E
p1(&) = \/(( < ) (4.1.12)

V =

A+y)+2(a+B))DE\2(1-F)

LEVA (iclcos(@(x— ut)) — cosin(2 (x— Ut)))
2 iclsin(@(x—Ut))+czcos(@(x—Ut))

Case 2:whenE # 0 andA = E2 + 4D + 4DF >0

pz(E):\/ 3(-a—bu)E1—F) ( E ) (4.1.13)

(A+y)+2(a+p))DE\2(1-F)

+E\/Z <ic1exp(§(x— ut)) + coexp( =2 (x— Ut)))
2 \icpexp(¥2 (x— ut)) — coexp( =42 (x— ut))
Case 3:whenE=0andA=D(1-F) <0

| 3(-a—bu)E(1-F)
P3(&) = \/((A +Yy)+2(a+pB))DE (4.1.14)

VA icycosh{(v/—A(x— ut)) — casinh(y/—A(x— ut)) )
<(1— F)) <—cl sinh(y/—A(x— ut)) — cacoshv/—A(x— ut))
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Case 4:whenE=0andA=D(1-F) >0

| 3(—a—bu)E(1-F) VA
Palé) = \/ (A 1)+ 2(a+B))DE ((1—F>) (*+-1.15)

(iclcos(\/ﬁ(x— Ut)) + Casin(v/A(x — ut)))
c1sin(vV/A(x— ut)) — cacog VA(X— ut))

Eqg. (4.1.12) can be rewritten et = —cp,as follow:

B 3(—a—bu)E(1-F) E
Pr(é)= \/ () +2(a+B)DE <2<1—F>) (4.1.16)

E\/Z—tanh\/z—(x— vt)

Again Eqg. (4.1.12) can be rewritten@t= c,as follow:

B 3(—a—bu)E(1-F) E
Piie) = \/ (A +y)+2(a+p))DE <2<1—F>) R

LEVB VB
> coth > (Xx—vt)

4.2 Application of Improved G'/G expansion method to the LPD
model by using Parabolic law of nonlinearity
Now we will apply(%) -expansion method in system (3.3.1) to generate new and more

general exact traveling wave solutions.

By balancing Eg. (3.3.1), we gat= 1. The solution for Eq. (4.1.3) can be written as,

G'(§)

=l (4.2.1)

p(§) =ao+ay
Now by putting Eq.(4.1.4) and Eq. (4.2.1) into Eq. (3.3.1)l @ollecting the coeffi-
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|
cients of( &) ,(i=0, 1, 2, 3,...), we get set of algebraic equations
G(¢)

(—a—bu)=,(A+y) =B, (bkw—w—ak?) =2

(2A —B)k?=K, (a+pB)=I

(A+Bp?)p’ —zp—Kp®+3p°—Cp®—Cvp’+1pp? =0 (4.2.2)
After solving above system (4.2.2) we get set of algebrai@égns as follows:

|a3 + daj + 2Baj + 2BaSF2 — 4BajF —Cva; +1ajF2 —2lajF =0  (4.2.3)

4BayaZ + 4BayasF 2 — 8BayasF + 3BaSEF — 3BaSE + 50a0a; + 1a3a,  (4.2.4)

—2la3E — 5Cvapaj + 1 a3F 2a, + 21 aSEF — 21 Fagas = 0

—BaSE2 + 2Aa; — Ka3 — Ca’ — 4Baa;F — 4Aa;F + 2BaZa;F2 + 6BayasEF (4.2.5)
6BayasE — 2BaiD + 10da2a; — 2l a?Ea, — 21 aD + 2BaSF D
—10Cva3as + | aSE% 4 21 a3DF + 21a3EFa, + 2Bada; + 2Aa1F2 =0
BaSED + 3Aa EF + 3Ba2a EF — 3Bala E + 2BayaiE2 + 4BagasFD  (4.2.6)

—4Ba,a2D — 3Kapa: 4 105a3as — 3Capas — 10Cvasas

+2la3DFa, + 21 aDE — 2| Daja, + | a2E2a, — 3Aa1E = 0
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—za; — 2Aa;D + Aa E2 4 2Aa; FD + Ba2a; E2 4 2Ba2a;FD — 2BaZaiD  (4.2.7)

+2BayasED — 3Ka2a; + 5daja; — 3CaZay + 1a3D? — 5Cvagda; + 21aEDay = 0

—Cva +BaZaiED — 78, + |8fD%a, — K& + a3 — Cal + AaeaED =0 (4.2.8)

After solving Eq.(4.2.3)-Eq. (4.2.8), we get following atbns:

N _ /[ (bkw—w—ak?)+(—a—bv)(2D—E?+2FD)
a =0 a= \/ (@1 p)D2

. . _ (bkw—w—ak?)ay+(—a—bv)(2a;D+aE?)+(a+p)aiD?
D=D,E=EF= 2(—a—bv)a;D .

v aaq E2+2aa; (D—FD)-+ay (bk w—w—ak?)—(a+B)aiD?
= 2a,bD(1—F D)—a;bE?Z

If we put these values in Eq. (4.4.1),we find the followingesas
Case 1:whenE # 0 andA = E?+ 4D +4DF < 0

~ [(bkw—w—ak?)+(—a—bv)(2D - E2+2FD)
p1(¢) —\/ CEYOD: (4.2.9)
( E ) LBV (iclcos(@(x— Vt)) — casin( L2 (x— vt)))
2(1-F) 2 \icgsin(¥2 (x— vt)) + cacog Y52 (x— vt))
Case 2whenE # 0 andA = E2+4D +4DF >0
~ [(bkw—w—ak?)+(—a—bv)(2D—E2+2FD)
P2(&) —\/ (a7 B)D? (4.2.10)
( E ) . EVA <ic1exp(§(x— Vt)) + Coexp( =2 (x— vt)))
2(1-F) 2 \icpexp(¥2(x—vt)) — coexp( =2 (x— vt))
Case 3whenE=0andA=D(1-F) <0
_ [(bkw—w—ak?)+(—a—bv)(2D —E2+2FD)
ps(<) —\/ CEYID: (4.2.11)
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V—A icycoshi{(v/—A(X— vt)) — cpsinh(y/—A(X— vt)) )
((1— F)) (—cl sinh(v/—A(Xx— vt)) — cpcosi(v/—A(X— vt))
Case4whenE=0andA=D(1-F)>0

_ [(bkw—w—ak?)+(—a—bv)(2D —E2+2FD)
Pa(¢) —\/ CEYID: (4.2.12)
< VA ) <iclcos(\/5(x— vt)) 4 Cosin(vA(X— vt)))
(1-F)/ \ cisin(v/A(x— vt)) — cacog vVA(X— vt))
Eq. (4.2.11)can be rewritten et = —c, as follow:
_ [(bkw—w—ak?)+(—a—bv)(2D —E2+2FD)
pa(¢) —\/ CEYID: (4.2.13)
E EV-A V=4
<2(1—F)) + 5 tanh > (Xx—vt)
Again Eq. (4.2.9) can be rewritten @t = c,as follow:
_ [(bkw—w—ak?)+(—a—bv)(2D—E2+2FD)
p1(§) = \/ (a+ B)D? (4.2.14)

(Xx—vt)

E EV-A VA
(2(1—F))+ 5 coth >

The results of the chapter 3 and 4 are published in [30].
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Chapter 5

Conclusions



5.1 Conclusions

In this thesis Lakshmanan-Porsezian-Daniel model is studiBy using Kerr and
parabolic nonlinearity we use modified trail equation mdthad improved %’) ex-
pansion method. By using modified trial equation method wiinobsome soliton
solutions, kink solutions, hyperbolic solutions and raéibfunction solutions to LPD
model. This method is very reliable and effective,it givesesal new solutions. For
obtaining traveling wave solutions improve%lexpansion method has been applied
to LPD model successfully. This method is very helpful fodfirg the exact solutions,
dark and singular soliton solution of NLPDE's. All resulteepented in this thesis are
new and will be beneficial in field of telecommunications. utuire we will solve many

nonlinear fractional PDE’s by this approach.
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