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ABSTRACT
H-Groupmagic Labelingef GraphsunderAbelian Groups

In this thesis, we find th&z-groupmagic total labeling of unicycli€AS,, under
abelian groupZ, x Zin+1m forallm>3 and 1< j <mandnj =n> 1. we also
prove that if a graplis(v,e) has super edge magic total labeling, then we can extend
this labeling toK,-groupmagic total labeling under abelian grafipx Z,. We also
extendCs-supermagic labelings 103-groupmagic total labeling under abelian group
73 x Zy. At the end, we also fin@3-groupmagic total labeling of Anti prism graphs

under abelian groufz x Zy.
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Chapter 1

Introduction



"The graph theory started its journey from Konigsberg oitiRussia around 1736. The
people were interested to find the solution of the famougjerfmroblem of Pregel river
which was stated that whether there is a possible way to thesseven bridges over
the river exactly for once and finally reach at the startingpfioSwiss mathematician
Leonard Euler solved this mystery after a long time and gavk to graph theory.

In the following section, we explain some notations, temwloagies and basic defini-

tions that will be helpful to understand our studies.

1.1 Elementary Definitions

"A graph G(V, E) consists of a set of vertices or nodé&s) and set of edges or arcs
E(G).” Order for a graphG is defined as total number of vertices®f "The graphs
with order 1 is arivial graphs”. Thesizeof a graph is number of edges in it. An edge
from a vertexu to itself is aloopin a graphG. "If the end points for two or more than
two edges are same, these edges are calldtd-edge/parallel edgesA graph free of
loops and multi-edge issimple graph. These definition is taken from [27]

“The number of edges around some vertex is callegieeof that vertex. The vertex is
called even or odd if number of edges around that vertex ame evodd respectively.”
"The sum of degrees of all vertices in any graph is always anewmber and is
double the number of edges, since each edge contributelyexaot degrees to the
sum. This statement is calléthnd-shaking lemnia

These definition is taken from [27]. A graphwhose nodes and edges both are subsets
of nodes and edges respectively, of parent g@pis a subgraph.

Graph coloring is an assignment to color nodes of a graph atoathy two adjacent
nodes receive different color. This particular graph dolgis calledvertex coloring
Similarly, an edge colorings an assignment to color edges so that any two adjacent
edges receive the different color.

Two graphs having same number of elements (edges and nadksjractural simi-

larities are called isomorphic.ISomorphismbetween graph& andH is a bijection



f:V(G) — V(H) in such a way that andy share an edge i6 so is f(x) and f (y)
inH.”

’ 4 5 2 6
2 5 1 3
3 6 4

Figure 1.1: Isomorphic graphs

1.1.1 Unicyclic Graph

LetCnis acycle has verticeg, v, ..., vmandS,;, j =1,2,3,...,n, is a star has central
vertexw;j and Ieaveszv},l <k<n;.

"If the star$,; be adjacent to each vertex j = 1,2,3,...,n by describingyj andw;,
for j=1,2,3,...,n.e attained a unicyclic graph denoted@yAS,,.

LetV(ChAS,) ={v;j:1<j < m}u{wlj( :1<j<m1<k<nj}lis avertex set and
E(ChASy,) = {VjVj11:1<j<m— l}U{VmV]_}U{VJ'le(;l <j<mil<k<nj}lisa
edge set”.

These definition is taken from [4]

Figure 1.2: Unicyclic grapR4AS,,



1.1.2 Generalized Antiprism

” A generalized antiprism\ﬁ’ is a graph obtained by completing the prism gr@ahx

P, by adding the edges j+1vi11jfor1<i<mand 1< j<n-1".

Q

Figure 1.3: Antiprisnf?)

1.2 Application of Graph Theory

Graph theory has application in other fields of mathemasiceence and technology.
Graphs are used as graph data bases in data base desighir@ris representation
with nodes, edges and properties are used in graph databdsepitt and stock data.
The graph anatomy is a vital part in scheming databaseshas itapid execution us-
ing different functions and characteristics of graph amgtdn Physics [26] real-world

structures are modeled into networks and algorithms areatkfo compress the infor-
mation in a network to more simple values (e.g. statistioalysis). Image Analysis
[26] is the derivation of information from images. Image lgses is largely executed
on digital image processing methods. Graph theoretic @gbramproves the image
processing techniques. For image processing graph sdgaoittams in segmentation
help to find edge boundaries. It helps calculate the pictligaraent. The concept
of vertex coloring is applied to color map coloring and adliban of frequencies in
GSM mobile phone networks. Minimum vertex covers are usefNA sequenc-

ing and CNS(computer network security) [25]. To determime $ynchronization of

4



some network, subgraphs and their complementary subgcaphse employed. Such
graphs especially are chains, cycles, bipartite and ptagtaphs. These can be used
to represent network and then synchronization of the nétwan be characterized by
few clear bounds that can be attained for the eigen ratioeo$thuctural matrix of the
underlying graph. BIM software is a fantastic tool that cafphouilders and design-
ers to go through a process of decision making effectivelyiasaccumulation of the
knowledge of mathematical values from the graph theoryh\wsthelp the conceptual
graph replaces the actual layout of the building and therbeaanalyzed mathemati-

cally. Alternative solution for the designs can be easieased.

1.3 Graph Labelings

Graph Labeling has its roots in late 1960s. "Labeling is acfiom that allocates the

elements of a graph to real numbers, usually positive imggge

1.3.1 H-Covering

"If each edge of grapl® belongs to at least one subgraghof G, then graphG will

possessi-covering”.[4]

1.3.2 H-Magic Labeling

"An H-magic labeling is a total bijective assigning (mapping)pokitive numbers
from 1 tov+ e, to the vertex and edge sets of graplsuch that for every subgraih

isomorphic to H” has a constant weightwhere the weight of subgraphis defined
asfollows:yD= Y A(V)+ S A(€)=].Inliterature, weight is also called

veV(D) ¢cE(D)
the magic constant. These definition is taken from [27]



1.3.3 Results orH-Magic Labelings of Connected Graphs

Every edge magic graph I8-magic as it isK,-magic as well. Gutierréz and Llad6
after definingH-magic labeling, formulated such labeling for complete bipartite graph
Kmn and complete grapK,. In these caseld was considered star or path [15].
They have proven thati“regular graph is nd{; p-magic for any 1< h < d; complete
bipartite grapKn n is Ky n-magic for alln; Ky, is notKy n-supermagic fon > 1; for
any integer I< r <, K, sis Ki p-supermagic ifh = s

Authors in [18] have also shown that “path graphs B,-supermagic for all Z h <n;
Kn is not B-magic for any 2< h < n; C, is B,-magic for any 2< h < n such that
gcd(n,h(h—1)) = 1.” LIado et al. [19] have concentrated oyclemagicness of dif-
ferent connected graph. They have also sh@an -magicness of subdivision of
wheel graph®\,(r, k) for any oddn % andCy 1 1-supermagicness ¥, (r, k) with

k = 1. Theyhaveproventhat“the graphwhich is obtainedby joining the endpoints
of any numberof internally disjoint pathof lengthP > 2 is C;,-supermagic.’Mary-
ati et al. [20] haveformulatedR,-supermagidabeling of the graphsobtainedafter
subdivisionof star,bananareesandshrubs.Ngurahetal. [22] haveconstructedll
possibleC,-magiclabelingsof fansandladdergraphs.Ngurahetal. in [22] discussed
the C3-supermagidabelingof fans,Ky n + Ky; C4-supermagidabelingof bookgraph,
Ch-supermagidabeling of chaingraphsin which identical blocks are isomorphicto
Ch. Their resultsalsoincludethat cyclesare Pi-supermagicRoswithaet al. [3] have
provenresultson generalizelahangimgraphJy s to be Cs, >-supermagi@ndK; , to be
Cy-supermagi@andW, to be Cs-supermagidor n > 4 andeven. Roswithaet al. [24]
provedthatcaterpillar,doublestars banandreesandfirecrackersarestar-supermagic.
GutierrézandLlado afterdefiningH-magiclabelinghaveshownH-magicnessf few

connectedyraphs.



1.3.4 Results orH-Groupmagic Labelings of Graphs

Edelman and Saks [10] discussed the groupmagic labelingaphgn 1979. Gimbel
studied vertex,edge labelings of graphs, relationshiwéen vertex and edge labeling
of graph over abelian group[14]. Lee et al. [18] examidechagic graph in whictA
take as Klei four group. The magic labeling over finite grougrevstudied by Comb
[8]. He proved that the star graph have differen edge magdabeling. He also proved
that any stak1,n) for n > 4 is a vertexA-magic graph, wherd is an abelian group
of proper order. Recently, Razzaq et al. [23] found thgroupmagic labelings for
fan graphF, under abelian groufs x Zn by consideringH asK, and cycleCs. For

further details on graph labelings, we refer readers to tgadsurvey by Gallian [13].

1.3.5 Application of Graph Labelings

A patrticular type of graph labeling called radio labelingused to assign radio chan-
nels to radio transmitters. Channels are assigned in a wayoid disruption of close

transmitters. In such labeling locations of the transmsteae being represented by
vertices and the labels on the vertices corresponds to theneh or frequencies as-

signed to stations [6].

Some applications of such graphs in different fields areistuth [21]. In field of
electronics ladder networks of resistors are economicdbtoonversions from digital
to analog . One of such devices is weighted ladder and the otteeis R/2R ladder.
Better choice is R/2R. The reason is its superiority in a@cyiand that it is easily man-
ufactured. The function of both devices is conversions fdagital voltage information
in to analog. In telecommunication systems, a network catetieed by some struc-
ture specifically called graph topology. It can be a cyclar, stheel, fan and moreover
a friendship graph. The underlying communication netwbgk ts described by some
graph consists of nodes and links. In such systems, magatirigbcan help detect-

ing route. A magic constant will be defined which is public &twork, then router



can move along a path that fits the magic constant. This typeuiing is usually
automatic. For security purposes, reduction of the sizeaokets and application of
labeling scheme help transferring the small informatiocke#s quickly and securely
as information will be in incomplete chunks. To find a solataf a problem where a
system analyst must link its distinct communication ends whnique addresses, edge
magic labeling helps creating unique addresses by distuhgeé weights. The graph
type complete, star, mesh cycle and bus are depicted to demusemputer network

system.



Chapter 2

H-groupmagic Labeling over a Finite

Abelian Group



In this section we define the vertex and edge set of unicyetipliCnAS,, as follows

V(CmASnj) :{Vj;le(:lg j<mil<k<n}
E(CmASnj) = {vijl;ijlj( 1<j<ml<k<n}

2.0.6 Ky-Groupmagic Labeling of Unicyclic Graph C,AS,, for Even Cy-
cle.

Theorem 2.0.1.For all even m> 3, the G,AS,, is Ko-groupmagic graph over a finite

abelian group A= Z, x Zpy with groupmagic constant ¢ £1,3m—1).
Proof.
Letm> 3. We define a labeling : V(CyAS,,) — (0,0),(0,1),(0,2),...,(0,2m—

1) as folllows:
Case 1:m=0(mod)

(

(0,m—j), if 1<j<% and j—odd

(0,2m— j), if1<j<% and j—even
(0O,m—1—j), if 3+1<j<mand j—odd
(0,2m—1-j), f14+5<j<m-1land j —even

(0,2m—1), if j=m

10



(0,1), if j=1

(0,m—j), if2<j<3 and j —even

(0,2m— j), if2<j<%+1and j—even

(0,2m+1—j), f24+5<j<m-1and j —odd

(0,m+1—j), if 5+1<j<m-2and j —even

(0,m), if j=m

\

Case2:m=6,10,14, ...

;

0,—1+m), if j=1
(0,j—1+m), if 2<j<m and j—even
A= (0,j—3), if 3<j<7and j—odd
0,j—1), if 5+1<j<mand j—odd
A(wi) = (0,1)
A (W) = (0,m)

11



((O,j—l), if2<j<% and j —even
(O,%—l), if jz%ﬂ-l
(0,—1+j), if J+2<j<m-1and j —even

(0,j—14+4m), if3<j<mand j—odd

We can see that the weights of edges @en), (0,m+1),(0,m+2),...,(0,3m—1)
underAs. Now, by using lemma 1, we hae-groupmagic total labeling over a finite
abelian grouf¥, x Zom with weight of every edge is = (1,3m— 1), which completes

the proof.

Figure 2.1.C4AS,

12



Figure 2.2:CsAS,

Theorem 2.0.2.For all even m> 3, the G,AS,, is Ko-groupmagic graph over a finite

abelian group A= Z, x Zpy with groupmagic constant ¢ £0,3m—1).

Proof.

Letm> 3. We define a labeling : V(CyAS,,) — (1,0),(1,1),(1,2),...,(1,2m—

1) as follows:

13



Case 1:m=0(mo)

(

(L,m—j),
(1,2m—j),
(L,m—1-j),
(1,2m—1—j),

(1,2m—1),

([ (L),
(1,m—j),
(1,2m—j),
(1,2m+1—j),
(L,—j+1+m),

(L,m),

\

Case2:m=6,10,14,...

if 1<j<% and j—odd

if 2>j>1and j—even

if 3+1<j<mand j—odd

if J+1<j<m-1and j —even

if j=m

if j=1

if2<j< 3 and j —even

if2<j<%+1and j—even

if 2+5<j<m-1and j —odd

if 3+1<j<m-2and j —even

if j=m

14



(1,m—1), if j=1
(I,m—1+j), if 2<j<m and j—even
Avj) = . . - .

(1,j-3), if 3<j<% and j—odd
(1,j-1), if 5+1<j<mand j—odd

(
(1,1), if j=1
(1,j—1), if 2<j<% and j —even
(1,3-1), if j=5+1

A(wy) = | . | .

(1,j—-1), if 5+2<j<m-—1and j —even
(1,m), if j=m
(1,j+m-1), if3<j<mand j—odd

\

We can see that set of weights of edges has elenf@ntg, (0,m+1), (0,m+2),...,(0,3m—
1) underA ,. Now, by using lemma 1, we ha¥&-groupmagic total labeling over a fi-
nite abelian grou, x Zoy, with weight of every edge is = (0,3m—1). Which

completes the proof.

15



Figure 2.4:CsAS

2.0.7 Kz-Groupmagic Labeling of Unicyclic Graph CnAS,; for all Even m
andnj=n> 2.

Theorem 2.0.3.For alleven m>3and1<j<mandn=n2> 2, the C;nASnj is

K>-groupmagic graph over a finite abelian groupAZ, x Zinj+1)m:

16



Proof:
Letm> 3. We define alabeling : V(CnAS,,) — (0,0),(0,1),(0,2),...,(0,(nj + 1)m—

1]) as follows:Case 1:m= 0 (mod4)

(O,(n+1)(lé)—1), if1<j<%9-1and j —even
(0,(n+1)(3)), if D<j<mand j—even

Alvy) = nj+nm-n j+m . C o m :
O,(Z=Z—)+ 151, if 1<j<% and j—odd
(0, (Mm=Iniy L rHEm gy jf M4 1< j<m and j—odd

Fori odd
[ On(ih+[%H1-2), if1<j<Pi<k<n
(0,n(15%) + [H2)), if j=1+F k=1
Awy) =

On(A) +1EH1-1), if j=0+1,2<k<n

(0,(UM) 4 &) 1), if P42<j<mi<k<n

17



Fori even

4

(0,(N+2)(15™) +k—n),

(0, (n+1)( )+1)

Nl—-

\

We can see that under labeling the weights of edges af@, 6m+8

1),(0,%m8) .

(0, (1+n)(T‘)+k n—1),

(0,(1+n)(4M) 4 k—n-1),

2) (O 6I’TH—8

(0, 9m—2+2 —2). Now, by using lemma 1, we ha¥&-groupmagic total

labeling over a finite abelian groufy, x Zin;+1)m with weight of every edge is =

(l, Im+2
Case 22m=2(moi4)

;

(0,(1+n)($) - 1),
(0, (1+n)(d)),
(0, (Mgt 4 [ M),

(0, (Mgt 4 [ M 1),

18

5= —2). Which completes the proof.

if1<j<% and j —even
if 7+1<j<mand j—even
ifl1<j<?—

>—Lland j —odd

if 2<j<mand j—odd



For j odd

On(zh)+11-2+k, f1<j<P-11<k<n

A(w) = i o
O0,(F55) +Iz1+k=1), if F<j<ml<k<n
For j even
/ .
0,(n+1)(Z) 4+ k—n), ifl1<j<P-21<k<n
2 2
(0,(n+1)(&™) +k—n), if j=0-11<k<n-1
0,(n+1)(™) 4 k+1-n), if j=2—1k=n
AV = |
(0,(n+1)(132)), if j=0+1k=1
O0,(1+n)(TH) +k-n-1), if j=0+1,2<k<n
0,(14+n)()y1k—n-1), if "r2<j<ml<k<n
2 2

We can see that set of the weights of edges@ma), (0,m+1), (0,m+2),...,(0,3m—
1)} underA. Now, by using lemma 1, we haw&-groupmagic total labeling over a fi-
nite abelian grouf; x Zn, +1)m With weight of every edge is = (1,2mn; +2).

Which completes the proofl

19



(0.1) (0.14)

(0,19) ©8)

Figure 2.6:CsAS,

Theorem 2.0.4.For alleven m>3and1 < j<mandn=n2> 2, the G.nASnj is

K2-groupmagic graph over a finite abelian groupsAZy x Z,, ; 1)m.

20



Proof:

Letm> 3. We define alabeling :V(CAS,,) — (1,0),(1,1),(1,2),...,(1,(nj + 1)m—

1]), as follows:
Case 1:m=0(mod)

(1,(n+1)(lé)—1), f1<j<P-1land j—even
(1,(n+1)(3)), if 7<j<mand j —even
Avy) = nm-n+nj j+m -
(1, (M=) 4 5T, if 1<j<Tand j—odd
(1,(MM=IENy o (M) if Tp1<j<m and j-odd
\
Fori odd
( nj—n 2k+]j
(17<T)+(T—|_2)7 |f1<J_27 <k§n
(1,n(553) + [k+47), if j=04+1k=1
Awy) =

(L) —1+ 25, if j=F+1,2<k<n

(1, () 14 [ZH]), if Dy2<j<ml<k<n

21



Fori even

4

(1, (n+1)(71) —n+Kk),

(1, (n+1)( )+1)

Nl—-

\

We can see that under labeling the weights of edges af@, 6m+8

1),(0,9mE8) .., (0, Amt2

c= (O, InH-2

Case 22m=2(moi4)

4

(1,(n+1)() - 1),
(1.(n+1)(})),

(1, (Amgtn) - ),

(1,(L”+”J)

2 1+ ),

22

(1, (n+1)(T‘)+k n—1),

(L,(n+1)(TH) +k—n-1),

2) (O 6I’TH—8

—2). Now, by using lemma 1, we haw&,-groupmagic to-
tal labeling over a finite abelian growy, x Zn;+1)m with weight of every edge is

5= —2). Which completes the proof.

if1<j<3and j —even
if 7+1<j<mand j—even

<

if1<j<%-1land j —odd

if 2<j<mand j—odd



For j odd

if1<j<T-1,1<k<n

if 2<j<ml<k<n

For j even
(L,(n+2)("H) +k—n), if 1<j<D2-21<k<n
(L, (n+21)(™) +k—n), if j=0-11<k<n-1
(L,(n+1)(™) 4 k+1-n), if j=2-1k=n
A (vﬂ;

(1,(n+1)(552)),

DH4k—1-n),

?

(L, (n+2)(

N‘

if j=T4+1k=1

if j=2+1,2<k<n

(L(n+1)(TH) +k—1-n), if T+2<j<ml<k<n

We can see that set of the weights of edges has elerf@mts, (0,m+ 1), (0,m+
2),...,(0,3m—1)}. Now, by using lemma 1, we haw-groupmagic total labeling
over a finite abelian groug, x Zn;+1)m with weight of every edge is= (0,2mn;j +2).

Which completes the proofl

23



Figure 2.8:CsAS,

2.0.8 Kz-Groupmagic Labeling of Unicyclic Graph CrAS,; for all Odd m
andnj=n> 2.

Theorem 2.0.5.For all odd m> 3 and1 < j <m, the QnAqu is Ky-groupmagic
graph over a finite abelian group & Z, x Zinj+1m with groupmagic constant &
(1,3m—2).

Proof.

Letm> 3. We define a labeling : V(CnAS,) — {(0,0),(0,1),(0,2),...,(0,(nj +
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1)m—1|)}, wherej =1,2,3,...,r as follows:

Label the vertices as follows.

(

(0, U=DLEN)y if j—odd

© (m—1+1)(1+nj))

: 5 if j—even

Label the leaves verrtices as follows.
(0,2 Ly if j—odd

(O,%‘Fk), if j—even

\

We can see that under labeling the weights of edges afg0,m— 1), (0,m), (0,m+
1),(0,m+2),...,(0,3m—2)}. Now, by using lemma 1, we ha¥&-groupmagic total

labeling over a finite abelian grouf, x Zn;+1)m with weight of every edge is =
(1,3m—2).

Which completes the proof.

Figure 2.9:C;AS,
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Theorem 2.0.6.For all odd m> 3 and1 < j < m, the GAS,, is Ky-groupmagic
graph over a finite abelian group & Z, x Zn;+1)m with groupmagic constant &
(0,3m—2).

Proof.
LetCrnAS;; be the unicyclic with/ vertex set and edge set.
Letm> 3. We define a labeling : V(ChAS,) — {(1,0),(1,1),(1,2),...,(1,(nj +

1)m—1|)}, wherej =1,2,3,...,r as follows: Label the vertices as follows.

;

(1, U=ty if j—odd

(1 (m71+j)(l+r) ),

, > if j—even

\
Label the leaves verrtices as follows.

p

(1, M200A0 Ly i j—odd

(1, U=240 4 ), if j—even

\

We can see that under labeling the weights of edges afg0,m—1), (0,m), (0,m+
1),(0,m+2),...,(0,3m—2)}. Now, by using lemma 1, we haw&-groupmagic to-
tal labeling over a finite abelian grow, x Zn;+1)m with weight of every edge is
c=(0,3m-2).

2.0.9 Lemma

A graphG(v, e) is Kz-groupmagic over finite abelian grodp x Z, if and only if there
exists a bijective map :V(G) — {(a,0),(a,1),(a,2),...,(a,v—1)} under which the
set
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Z={AX)+A(y)|xye E} ={(0,2),(0,z+1),(0,z+2),...,(0,z+e—1)} consists of
e order pairs, whera € {0,1}. If this setZ exits thenA becomes Ky-groupmagic
total labeling ofG” over a finite abelian group with valencec = (a+ 1,v+z—1),

wherez=min(Z) and
Z={c—(a+1,0),c—(a+1,1),c—(a+1,2),....c—(a+1,v—1)}.

Proof.

First suppose that such a functidnexists and leky € E(G), so thatz=min(Z) =
A(X)+A(y). ThenA extends to the domawi(G) UE(G) in the following manner. Let
A(xy) =c—A(X) —A(y) for any edgexy of G. Then

A(E(G)) ={(a+1,0),(a+1,1),(a+1,2),...,(a+1,v—-1)}.

Conversely, ifG is Ko-groupmagic over a finite abelian grodpwith Ko-groupmagic

labelingA over a finite abelian group of constant. Then

Z = {c—A(xy)}
= {c—(a+1,0),c—(a+11),....c—(a+1Lv—1)}.

2.0.10 K»-Groupmagic Total Labeling over a Finite Abelian Group A =
Zp X Zy with |A| =v+e.

Theorem 2.0.7.Let G(v,e) be a super edge magic total graph. Then G has;a K

groupmagic total labeling over a finite abelian groupAZ, x Zy with |A| = v+e.

Proof:

SinceG(v, e) is a super edge magic total graph. Therefore, there exisjisciive map-
pingF :V(G)UE(G) —{1,2,...,v+e} such that weight of every edgg underf is
a constant, wherec = £ (X) + F (y) + F (xy).
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Now, we extend this labeling for Ko-groupmagic total labeling under finite abelian

groupA = 7, x Zy as follows,

avi) = (aF(v)—1),1<i<w

ole) = (a+LlF(g)—v—1),1<j<e

where,a € [0,1]. We can see that the sgtis of the form{(0,z),(0,z+1),(0,z+

2),...,(0,z+e—1)} because is a super edge magic total labeling.

Now, by using lemma 2, we have twdKo-groupmagic total labeling over a finite
abelian grouf, x Z, by finding the weight of every edge sayunder labelingg as

follow:

¢ = g(x)+g(y)+a(xy)
= (@r¥-D+@ry-+@+Lrxy)-(v+1)
= Ba+LFX)+F(y)+F(Xy)—(v+3))
= (3a+1,c—v-3)

We canseethatC’ is aconstanbecausét is dependingpn constarnd, c andv, therefore
G is aKy-groupmagigraph. O
It hasbeenprovedthatall oddcycles[11] aresuperedgemagictotal graphs By using

abovelabelingwe havefollowing corollary.

Corollary 2.0.8. All odd cycles G are Ky-groupmagic over a finite abelian group
ZZ X Zn.
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1 (0,0)

10 9 (1,4) (1,3)
3 4 (0,2) (1.3
6 8 (1,0) 1.2)
5 7 2 (04) (1,1) (0,1)
1 (1,0)
10 9 (0,4) (0,3)
3 4 (1,2) (.3
6 8 (0,0) 0.2)
5 7 2 (1,4 (1) (12
Figure 2.10Cs

2.0.11 Cs-Groupmagic Total Labeling over a Finite Abelian Group A =
Z3 X Zy with |A| =v+e.

Theorem 2.0.9.Let G(v,e) be a G-supermagic total graph. Then G has six-C
groupmagic total labelings over a finite abelian group=AZ3 x Z, with |A| =v+e
and e= 2v.

Proof:
SinceG(v,e) is aCz-supermagic total graph. Therefore, there exists a bijectiap-
ping F :V(G)UE(G) — {1,2,...,v+e} such that weight of every subgraph isomor-
phic to cycleCz underf is a constank, wherek= S F(v)+ Y F(e).

veV(Cg) ecE(C3)
Now, we extend the labeling for Cs-groupmagic labeling. Leg be suclCs-groupmagic

labeling and we can define total six labelings under abelran@A = Z3 x Zy. We
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define such labelings as follows,

Vi) = (0,F(v)—1),1<i<wv
ai(ej)) = (L F(g)—v—1), v+
gi(e) = (2,F(e)—2v—1),2v+1

Now, we find the weight of every subgraph isomorphic to cy@esayk’, under

labelingg over a finite abelian group = Z3 x Zy as follow:

K= 5 av+ 5 (e
veV (Cg) ecE (Cg)

91(X) +01(Y) + 91(2) +91(Xy) +91(X2) + 91(y2)
O, F(X)—1)+ (0, F(Y)—1)+(0,F (20 —1)+(1,F (xy) — (v+1)
F(Xx2) = (v+1))+(2,F (Y2 — (2v+1))

(1,
(4 F )+ +F )+ @) +F (X)) + 1 (y2) — (4v+6))
(

1,k—4v—-06)

Where, 4= 1 (mod3).

and

g2v) = (0,F(v)—1),1<i<wv
g(e) = (2F(g)—v-1), v+
de) = (L,F(e)—2v—1),2v+1

Now, we find the weight of every subgraph isomorphic to cy&esayk’, under
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labelingg over a finite abelian group = Z3 x Zy as follow:

K= 5 W+ 5 e
veV (Cg) ecE (Cg)

= G2(X) +92(y) +92(2) + g2(xy) + 92(x2) + g2(y2)

= (0,FX)—1)+(0,F(y)—1)+(0,F (20 —1)+ (2,F (xy) — (2v+1)
(2.F(x2) = (v+1))+(1,F (y2 = (v+1))

B FX)+EW)+F(@+F(XY)+F (X2 +F (y2) — (4v+6))
(2,k—4v—6)

Where, 5= 2 (mod3). and

(Vi) = (L,F(v)—1),1<i<wv
gs(ej)) = (0,F(e)—v—1),v+1<F(g) <2v
ga(&) = (2,F (&) —2v—1), 2v4+1<[ (&) <3v

Now, we find the weight of every subgraph isomorphic to cy@ie say k”’, under

labelingg over a finite abelian group = Z3 x Zy as follow:

K" = 5 @W+ Y e
veV (Cg) ecE (Cg)

93(X) +g3(y) + 93(2) + 9g3(xy) + 93(x2) +g3(y2)

(LFX) -1+ (LFY)—D+(1,F(20—1)+(0,F (xy) — (2v+1)
(0.F (x2) = (v+1)) +(2,F (y2 — (v+1))

G FX)+F)+FXY)+F (@) +F (X2 +F (y2) - (4v+6))
(2,k—4v—6)
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Where, 5= 2 (mod3). and

Vi) = (LF(v)—1),1<i<w
g4(ej) = (Z,F(Ej)—v—].), V+
ga(e) = (0,F(e)—2v—1),2v+1

Now, we find the weight of every subgraph isomorphic to cy@ie say k””’, under

labelingg over a finite abelian group = Z3 x Zy as follow:

k//// — Z 92 (V) + Z gZ(e)
veV (Cg) ecE (Cg)

9a(X) +9a(y) + 94(2) + 9a(Xy) + 94(X2) + 9a(y2)

(LFX) =1+ (L) -1+ (1 F(2)—1)+(2,F (xy)— (2v+1)
(2,F (x2) = (v+1)) +(0,F (y2) — (v+1))

(T FX)+F)+FXY)+F (@) +F (X2 +F (y2) - (4v+6))
(1,k—4v—6)

Where, 7= 1 (mod3). .

and

os(Vi) = (2,F(v)—1),1<i<wv
g5(ej) = (O,F(ej)—v—l),v-i—
Os(&) = (LF(&)—2v—1), 2v+1<F (&) <3v

Now, we find the weight of every subgraph isomorphic to cy@esayk””, under
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labelingg over a finite abelian group = Z3 x Zy as follow:

K" — Z gz(v)+ Z gz(e)
veV(Ca) ecE(Cy)

ga(X) +9a(y) +93(2) +93(xy) + 93(x2) + ga(y2)

= (2FX)=1)+(2,F(Y)=1)+(2,F (2 —1)+ (0, F (xy) — (2v+1)
(0.F(x2) = (v+1)) +(L,F(yd — (v+1))

(T F)+F () +FXY) +F(2+F (X2 +F(y2) — (4v+6))
(1,k—4v—6)

Where, 7= 1 (mod3).and

gwVi) = (2,F(v)—1),1<i<wv
gs(€j) = (L F(g)—Vv—1),v+
Os(e) = (0,F (&) —2v—1),2v+1

Now, we find the weight of every subgraph isomorphic to cy@esayk”””, under

labelingg over a finite abelian group = Z3 x Zy as follow:

k////// — Z 92 (V) + Z 92 (e)
veV (Cg) BGE(C:;)

93(X) +93(Y) + 93(2) +ga(Xy) +93(X2) +93(y2)
FX)—1)+(2,F(Y)—1)+(2,F(2) 1)+ (1,F (xy) — (2v+1)
F(X2) = (v+1))+(0,F (y2 — (v+1))

FO)+HTY) +F ) +F @)+ F ) +F (X2 +F(y2) - (4v+6))

(2,
(1,
(8,
(2,k—4v—6)

Where, 8= 2 (mod3). We can see that all the above calculated edge weights are

depending on the constaktandv, therefore all the labelingg;, 1 <i < 6 areCs-
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groupmagic labelings.

O

Theorem 2.0.10.An antiprism graph §\is Cs-groupmagic labeling over a finite abelian

groupZs x Zq for all g > 3 and p= 2.

Proof.

"Let Af]’ be the antiprism grapW(E), V is vertex set and edge set denoted by E.
V={Vs;t:1<s5>q,1 <t < p}andE={VstVs;1t:1<5<0, 1<t < ppU{VstVstir:
1<s<q1<t<plU{Vst+1Vsr1t:1<s5<q,1<t < p}”. where the suffiXs' is

taken moduldq/.

Let Xst be the 3-cycle/s Vs, 1tVst+1 andxét be the 3-cyclest1Vsi1t+1Vsi1t-FOrL<

s<,1<t < p} . where the suffixs is taken moduldq.
Define a total labeling : VUE — {1, (4p—2)q} as follows:

Case 1:qis odd
Forl<s<g,1<t<p

(((0qt-1)+ %52 1), if s—oddt—odd
(0,q(t—1)+ 252 1) if s—event—odd

(0,q(t—1)+ St —1), if s—odd,t—even

0,q(t—1)+ %52 1), if s—event—even
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For1<s<qg,1<t<p

A(VstVsi1t) =

(

\

For1<s<qg,1<t<p

A (Vs,tVs,t+1) =

(17q(p_t_1)+2q;28+1_1)7

(17q(p_t_1)+ q_?_l _1>7

35

(2,q(p—t) + 5 - 1), if s—odd,t—odd

(2,q(p—t)+ %5 1) if s—event—odd

(2,q(p—-t)+ %> -1), if s—oddt—evens+q
(2,q(p—1)—1), if s=q,t—even
(2,q(p—t)+ 22 1), if s—event—even

if s—odd,t —odd

if s—event—odd

if s—odd,t —even

if s—event—even



For1<s<gqg,1<t<p

;

(Lg(2p—t—2)+ 231 1) if s—odd,t—odd

(Lg(2p—t—2)+ %521 1), if s—event—odd

A(Vst41Vsi1t) = s _
(La(2p—-t—-2)+ -5 —-1), if s—oddt—even

(La(2p—t—2)+35—1), if s—event —even

\

Where thesis taken modula
For1<s<q,1<t<p-1wheresisoddand is odd,

g—s+2

> (Bsy) =(0,qt—1)+ -1)+(0,q(t—1)+

20—s+1 s+1
+JL§i—%4A{Qm+—%——D+

1
+2.a(p—t)+ =~ 1)+ (La2p—t-2)+

D+ (Lalp—t—1)+ 3351

29—s+1
o T 2

2
> (Bst) = (1,4pq—49-3)

wheresis even and is odd,

3 (Bs) = (0.t~ 1)+ 272 1)+ (0.0t - 1)+

q+s+1

~s+1
.

-1
2 )+

—1)+(0,qt+

q+s+1

> —1)+(La2p—t-2)+

+(2,9(p—t) +
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q—s+1

T

S
~D+(La(p-t-1)+5-1)

> (Bst) = (1,4pq—4q—-3)
wheresis odd and is even,

(Bey) = (0.q(t— 1)+ 3T 1) 4 (0.t — 1)+
> 5

q+5+2
2

g—s+2

+ 2

—1)+(0,qt+ —1)+

9-s

+(2,9(p—t) + >

-1+ (L,9(2p—t—2)+

A1+ @wap-t-n+

2q—s-|—1_

2 1

> (Bst) = (1,4pq—4q—3)

wheresis even and is even,

+s+1
Y (Bqo) = (0.0(t 1)+ =~ 1)+ (0.q(t 1)+
2 20—s+2
+552 1 oqt+ ASTE gy
2 2
20—
H2.ap—t)+ o= -1+ (Lq2p—t-2)+
—s+1
A D (Lalp-t- 1+ 2 - 1)

> (Bgt) = (1,4pg— 29— 3)

Thus, it can be easily verified th@tBs;) = (4,4pg— 2q— 3) for the remaining cases

of sandt, where 1<s<q,1<t<p-—1.

Next we provey (Cst) = (1,4pg—4q—3),for 1 <s<q,1 <t < p—1. wheret is odd
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andsis even and # q,

5o =0at+ TS -1 rat- D+

—s+1 S+2
.

—s+1
+20@p-t-2)+ T 1)+ (Lg(p-t- 1)+
1 29—
A @ap-t-1+ =2
> (Cst) = (1,4pg—29-3)
wheret is odd ands = q,
q+1 q+1
2 (Cat) = (0.9t+—=—1)+(0.q(t = 1) + —=—1)+(0,qt) +
+1 +1
H(LA2p—t-2)+ =~ 1)+ (La(p—t-1)+ =~ 1)+ 2.a(p-t) - 1
> (Cqt) = (1,4pg—4q—3)
wheresis odd and is odd ands # q,
1 20—s+1 2
3 (Cs) = (00t+ 5= 1)+ (0,qt— 1)+ = 1) (0, qt+ TS 1)+
2q—s+1 q+1 q—s
+(1,Q(2p—t—2)+T—1)+(1,Q(p—t—1)+7—1)+(2,Q(p—t—1)+7—1)

> (Cst) = (1,4pg—4g-3)

Similarly for the other cases sfandt, ¥ (Bst) = 5 (Cst) = (1,4pg— 49— 3), where
1<s<q,1<t<p-—1 Thuswe get &3-groupmagic labeling 04\3 with groupmagic
constant = (1,4pq— 4q— 3). HenceAf is Cz-groupmagic.
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Case 2:g-even

Forl<s<g1<t<p

;

(0,qt—1)+s—1), if t—odd

)\ (Vs’t) - .
(0,qt—-s), if t—even

4

(2,q(2p—t—1)—s—1), ift—odds#q

(2,q(2p—t—1)-1), if t—odd,s=q
A(VstVsi1t) = _

(2,q(t—2)+9), if t—evens#q

(2,9(t—2)) if t—evens=q
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Forl<s<qg,1<t<p

Aswsern) = { (La(p—t) ),

For1<s<qg1<t<p

A(Vst+1Vsi1t) = { (L,9(p—t)+s—1),

Where thesis taken modula

For1<s<q,1<t<p-1,wheretisoddands=# qis odd,
> (Bst) =(0,q(t—1) +s—1)+(0,q(t — 1) +5) + (0,0t + 0 — )+

+(2,92p—-t—1)—s—1)+(L,q(p—t)+s—1)+(L,g(p—t)—s—1)

> (Bst) = (1,4pg—49-3)

wherej tis odd ands = q,

> (Bgt) = (0,q(t—1)+g—1)+(0,q(t— 1)) +(0,q(t +1) —q)
+(2,0(2p—-t-1)-1)+(L,q(p—t)+9-1)+(L,q(p—t)—q)
Z(Bq,t) = (1,4pq—4q—3)

Similarly for the remaining cases sfandt, it can be easily verified thgf (Bst) =

(1,4pg—4q—3))for1<s<qg,1<t<p-1

Next we provey (Cst) = (4,4pg—4q—3), where for 1<s<q,1<t<p-1
wheret is odd ands # q,

> (Cst) =(0,q(t+1) —9)+(0,q(t — 1) +8) +(0g(t +1) —s—1)+(1,q(p—t) +s—1)+
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+(1,9(p—t)—s)+(2,9g(2p—t—3)+s—1)
> (Cst) = (1,4pq—49-3)

wheret is odd ands = q,
> (Cq1) = (0,9(t+1)—q) +(0,q(t— 1)) +(0,q(t + 1) — 1)

+(Lq(p—-t)+a)+(Lq(p—t)—1)+(2,d(2p—t—-3) - 1)
> (Cqt) = (1,4pq—4q—3)

Similarly for the other cases afandt, $(Bst) = 5 (Cst) = (1,4pg— 4q— 3, where
1<s<q,1<t< p—1 Thuswe get &;-groupmagic labeling 04\8 with groupmagic
constant = (1,4pgq—4q— 3). HenceAg is Cz-groupmagic. O

(0,4) , (0,5)

(2,0) (2,2)
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Chapter 3

Conclusions and Open Problems



3.1 Conclusions

In this thesis we have discussed Kiegroupmagic labeling of unicyclic grapBgAS, )
over a finite abelian group = Z, x Zin+Hm: Secondly, we formulateld -groupmagic
total labelings of grapli(v, e) over finite abelian groug@; x Zy, by consideringd =
Ko, G ande= (t — 1)v. Moreover, we found th€s-groupmagic labeling for anti prism
graph. We are unable to find such labelings wheh(t — 1)v and propose following

open problems:

3.2 Open Problems

Open Problem:1

Find theH-groupmagic total labelings of graf(v, e) over finite abelian groug; x
Z,, by considerindd = Ky, C; ande # (t — 1)v.

Open Problem:2

Find theCs-groupmagic total labelings of antiprism? if p+# 2 over finite abelian
groupZs x Zy.
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