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ABSTRACT 

 

Computing Metric Dimension of Certain Families of Toeplitz 

Graphs 

 
Let 𝑄 =  {𝑞1, 𝑞2, … 𝑞𝑘} be an ordered set of vertices of a graph 𝐺 and 𝑎 is any vertex 

in 𝐺, then 𝑎 has representation w.r.t 𝑄, denoted by 𝑟(𝑎|𝑄) is the 𝑘 −tuple which is 

(𝑟(𝑎, 𝑞1), 𝑟(𝑎, 𝑞2) … 𝑟(𝑎, 𝑞𝑘)). If the different vertices of 𝐺 have the different 

representation w.r.t 𝑄, then 𝑄 is known as a resolving set/locating set. A 

resolving/locating set having the least count of vertices is basis of 𝐺 and count of 

vertices in this basis is called metric dimension of 𝐺 which is represented as 𝑑𝑖𝑚(𝐺). 

In our work, we study the metric dimension of certain Toeplitz graphs and find out 

their metric dimension. Firstly, we find the metric dimension of Toeplitz graph 

𝑇𝑛〈1, 𝑡〉  where 𝑡 ≥ 2, which is constant. Secondly, we find the metric dimension of 

Toeplitz graph 𝑇𝑛〈1, 𝑠, 𝑡〉, where 𝑡 =  3, 4, 5, 6 and 𝑠 =  2, which is also constant. 
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Chapter 1
Introduction and Preliminaries



1 Introduction and Preliminaries
This section is related about the history and some primary concepts related to graphs. Also
some basic notations, definitions and terminologies that will be used throughout in this
thesis.

1.1 Historical Background of Graph Theory
In 1736, The Königsberg Bridge Problem laid the foundation of graph theory. There are
seven bridges that connected two sides of Pregel river at Konigsberg, the city in Russia.
Euler find out that there is no path that covered each bridge only once. Each land mass is

Figure 1: Map of Königsberg

represented by vertex/node, and each bridge is represented by an edge. The resulting graph
from this problem is shown in Fig. 2:

Figure 2: Graph of Königsberg

Graph theory is very useful theory in Mathematics. It is used in the field of Computer Sci-
ence (Website, Networks, Database and Links), Linguistics (Tree based structures), Chem-
istry (Crystallography), Physics (Circuit design, Radar, X-Rays), Biology (DNA Struc-
tures), Sociology and Economics.

1.2 Basic Definitions
1.2.1 Graph

A Graph G is the graphical representation which consists of vertices ( nodes or points)
which may or may not be connected by the edges (arcs or lines) in different ways. We
represent a graph as an ordered pair G = (V,E), where E is the set of edges and V is the set
of vertices.
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v1

v2
v3

e1

e2

e3

Figure 3: Graph having V (G) = {v1,v2,v3} and E(G) = {e1,e2,e3}

1.2.2 Order of a Graph

The count of vertices of a graph G is said to be the order of a graph G and it is denoted by
|V (G)|.

Figure 4: |V (G)|= 5

1.2.3 Size of a Graph

The count of edges of a graph G is said to be the size of a graph G and it is denoted by
|E(G)|. In Fig. 4 |E(G)|= 7.

1.2.4 Trivial Graph

Graph having a single vertex is known as trivial graph, so we can say that minimum vertices
of nontrivial graph is 2.

Figure 5: Trivial graph

1.2.5 Parallel Edges

When two or more than two edges are joined with same vertices, such edges are known as
parallel edges.

2



e1

e2

e3

e4

v1

v2 v3

Figure 6: Edge e1 is parallel to e2

1.2.6 Loop

When an edge is joined with one vertex, such edge is known as a loop.

e1

e2

e3

Figure 7: Edge e2 is a loop

1.2.7 Neighboring Vertices

Two adjacent vertices of a graph G are called the neighboring vertices of each other. The
set of all neighboring vertices of a graph G with respect to c ∈ G is denoted by NG(c).

v1

v2

v3

v4

v5

v6

Figure 8: NG(v1) = {v2,v3,v6}
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1.2.8 Degree of a Vertex

The count of edges adjacent with a vertex is called the degree of that vertex.

e1

e2

e3

e4

v1

v2 v3

Figure 9: Degree of vertices v1 and v2 is 3

The smallest degree of a vertex in a graph G is denoted by δ (G). In Fig. 9 δ (G) = 2. The
greatest degree of a vertex in a graph G is denoted by ∆(G). In Fig. 9 ∆(G) = 3. The

average degree of a graph G is denoted by d(G) that is d(G) =
∑

n
j=1 d(v j)

n , where n is the
total number of vertices of a graph G.
We have the following relation for the degree of graph and its order:

0≤ δ (G)≤ d(t)≤ ∆(G)≤ n−1

where t is any vertex of a graph.

1.2.9 Even and Odd Degree

An isolated vertex has 0 degree and end vertex has 1 degree. A vertex is called an even
when its degree is even and a vertex is called an odd when its degree is odd.

v1
v2

v3v4

Figure 10: v1 is odd and v2 is even

1.2.10 Simple Graph

A graph G is known as simple graph if it contains no parallel edges and loops.
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Figure 11: Simple graph

Throughout our work we deal only with simple, connected and undirected graphs.

1.2.11 Walk

A finite alternating sequence of vertices and edges of a graph G in which vertices and edges
are repeated is known as a walk.

1.2.12 Trail

A walk has no repetition of edges is known as trail.

1.2.13 Path

A finite alternating sequence of vertices and edges of a graph G in which no vertices and
edges are repeated is known as a path, v0e1v1e2v2 · · ·vn−1envn is a path, where v0 and vn
represents starting and ending vertex respectively.

1.2.14 Circuit

A closed walk has no repetition of edges is called a circuit.

1.2.15 Cycle

A closed walk has no repetition of vertices is known as a cycle. A cycle is represented by
Cn.

5



Figure 12: Cycle C5

1.2.16 Path Graph

A path graph, denoted by Pn, is defined as a graph consisting of vertex set V = {1,2, ...,n}
and edge set E = {vi,vi+1} where i = 1,2, ...,n−1.

Figure 13: Path graph P6

1.3 Tree
A connected graph G, which contains no cycle is known as tree. If the spanning subgraph
is a tree then it is known as spanning tree.

Figure 14: Tree

Theorem 1.1. [6] “The following statements are equivalent for a graph G of order n.

(i) G is a tree.

(ii) There is a unique path between every pair of distinct vertices in G.

(iii) G is connected and every edge in G is a bridge.

(iv) G is connected, and has n−1 edges.

(v) G is acyclic, and has n−1 edges.

(vi) G is acyclic, and whenever any two arbitrary nonadjacent vertices in G are joined by
an edge, the resulting enlarged graph has a unique cycle”.

6



Theorem 1.2. [6] “A graph is connected if and only if it has a spanning tree”.

Theorem 1.3. [3] “Every nontrivial tree has at least two end-vertices”.

1.4 Connectivity
In this section we will discuss the connectivity of graphs, definitions, some basic termi-
nologies and results.

1.4.1 Connected Graph

A graph G is connected graph when it contains a path between any pair of vertices. A
connected graph has only one component.

Figure 15: Connected graph

1.4.2 Disconnected Graph

A graph G is disconnected graph when it is not connected. A disconnected graph has more
than one components.

Figure 16: Disconnected graph

1.4.3 Bridge

A single edge which disconnects the graph G into its components is known as bridge.

Theorem 1.4. [3] “An edge e of a graph G is a bridge if and only if e lies on no cycle of
G”.

7



1.4.4 Edge Connectivity

The smallest count of edges in a set, whose elements disconnected the graph is said to be
edge connectivity number of the graph G and is represented by λ (G). This set is cut set if
it has no proper subset.

v1

v2

v3

v5

v4

Figure 17: λ (G) = 1

1.4.5 Separating Set

A set contains those vertices due to which the graph is disconnected is known as separating
set. In Fig. 17 separating set is {v3}.

1.4.6 Connectivity Number

The separating set of smallest size is the connectivity number which is denoted κ(G) of a
graph G. In Fig. 17 κ(G) = 1

1.4.7 Cut Vertex

A separating set contains a single vertex v is called a cut vertex. In Fig. 17 cut vertex is v3.

Theorem 1.5. [3] “For any graph G,

κ(G)≤ λ (G)≤ δ (G).”

Theorem 1.6. [3] “Let u be a vertex incident with a bridge in a connected graph G. Then
u is a cut-vertex of G if and only if d(u)≥ 2.”

Theorem 1.7. [3] “A graph of order at least 3 is nonseparable if and only if every two
vertices lie on a common cycle”.

Theorem 1.8. [3] “If G is a cubic graph, then λ (G) = k(G).”

8



Theorem 1.9. [3] “Let G be a graph of order n and size m≥ n−1, then

κ(G)≤ b2m
n c.”

1.5 Distances in Graphs
In this section we deal with the concept of distance in graphs, basic results and terminolo-
gies which are very helpful in computing our main results.

1.5.1 Distance

The length of the shortest path between any two vertices such as c and t, where c, t ∈V (G)
is known as the distance in a connected graph G and denoted by d(c, t).
The term distance should satisfy the following conditions in G:

1. “d(c, t)≥ 0 for all c, t ∈V (G).

2. d(c, t) = 0 iff c = t.

3. d(c, t) = d(t,c) ∀ c, t ∈V (G).

4. d(c,z)≤ d(c, t)+d(t,z) ∀ c, t,z ∈V (G).”

1.5.2 Eccentricity

The maximum distance from v, to any vertex of G is known as eccentricity of v. Thus
e(v) = max{d(v,c) : c ∈V (G)}.

v1

v2

v3

v5

v4

Figure 18: Eccentricities e(v1) = 2, e(v2) = 2, e(v3) = 1, e(v4) = 2, e(v5) = 2

1.5.3 Radius

Any vertex of a graph G has the smallest eccentricity is known as radius of graph G. In
Fig. 18 radius is 1.

9



1.5.4 Diameter

Any vertex of a graph G has the greatest eccentricity is known as diameter of graph G. In
Fig. 18 diameter is 2.

1.5.5 Center

The center has all vertices of G having smallest eccentricity. In Fig. 18 C(G) = {v3}.
The following theorem is about the radius, eccentricity and center of a graph G.

Theorem 1.10. [3] “If G be a nontrivial connected graph, then

rad(G)≤ diam(G)≤ 2rad(G).”

1.5.6 Eccentric Graph

A graph G contains all eccentric vertices is known as eccentric graph.

Theorem 1.11. [3] “A nontrivial graph G is an eccentric subgraph of some graph if and
only if every vertex of G has eccentricity 1 or no vertex of G has eccentricity 1.”

Theorem 1.12. [3] “A unique eccentric vertex graph is self-centered if and only if each
vertex of G is eccentric”.

1.6 Matrix Representations of Graph
A graph is usually represented by a diagram of points joined by lines. This representation
is not suitable if we want to store a large graph in a computer. It can be done by using
matrices.

1.6.1 Adjacency Matrix of a Graph

“For a graph G with m vertices labelled as {1,2,3, ...,m} its adjacency matrix A is m×m
matrix whose i jth entry is the number of edges joining vertex i and vertex j and 0 other-
wise”.

1.6.2 Toeplitz Matrices

A m×m matrix B= bi j is known as Toeplitz Matrix if bi j = bi+1, j+1 for each i, j = 1, ...,m−
1. Toeplitz adjacency matrix is symmetric.
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
0 0 1 0 0 1
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
1 0 0 1 0 0


Figure 19: Toeplitz Matrix

1.6.3 Toeplitz Graph

A simple undirected graph Tm is Toeplitz graph if matrix m×m which is B = bi j is the
symmetric Toeplitz matrix and for all i, j = 1, ...,m satisfied the following: edge {i, j} is in
E(G) iff bi j = b ji = 1. An m×m matrix B will be labelled 0,1,2, ...,m− 1 which has m
distinct diagonals. The main diagonal has bii = 0 for all i= 1, ...,m, so Toeplitz graph has no
loop. The diagonals x1,x2, ...,xp containing ones 0 < x1 < x2 < ... < xp < m. The Toeplitz
graph Tm < x1,x2, ...,xp > with vertex set 1,2,3, ...,m has edge {i, j}, 1≤ i≤ j≤m, occurs
if and only if j− i = tq for some q, 1≤ q≤ p.
Toeplitz graph of the above Toeplitz matrix is given in Fig. 20

1
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3

4

5

6

v
v

v

v
v

v

Figure 20: Toeplitz graph T6 〈2,5〉

Important properties of Toeplitz graph are as follows:

Theorem 1.13. [7] “Tn 〈t1, ..., tk〉 has at least gcd(t1, ..., tk) components”.

Theorem 1.14. [7] “If gcd(t1, ..., tk)> 1, then Tn 〈t1, ..., tk〉 is disconnected”.

1.6.4 Circulant Graph

The circulant graph was firstly introduced by Wong and Coppersmith [23]. Circulant
graphs are the special class of Toeplitz graphs and every circulant graph is Toeplitz graph
but the converse is not true. “An undirected circulant graph, denoted by C(n,±{1,2, ..., j}),

11



1≤ j ≤ bn
2c, n≥ 3 is defined as a graph consisting of vertex set V = {0,1,2, ...,n−1} and

edge set E = {(i, j) : | j− i| ≡ s(mod n)}, s ∈ {1,2, ..., j}.”

1

2

3

4

5

6

7

8

9v
v

v

v

v
v

v

v

v

Figure 21: Circulant graph C (9,±{1,2,3})

1.6.5 Harary Graph

“Harary Graph Hr,n is an r-regular graph of order n with V (Hr,n) = {v1,v2, ...,vn}. If r is
even then r = 2p≤ n−1 for some nonnegative integer p≤ n−1

2 . If r is odd then n = 2l is
even and r = 2p+1≤ n−1 for some nonnegative integer p≤ n−2

2 .”

Figure 22: Harary graphs H4,10 and H5,12
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2 Literature Review

2.1 Applications of Metric Dimension
The word metric dimension was first time introduced by Slater [22] and Harary [9] inde-
pendently. There are many applications of resolubility in graph theory, for example pattern
recognition in pharmaceutical Chemistry [4], in processing of image, in networks, combi-
natorial optimization, tricky games and tasks on coin-weighing, robot navigation [16], fa-
cility location problems and many more. Solutions of many other practical applications are
found by the dimension and basis of the graph. For more details see [17, 20, 21, 24, 29, 30].

2.2 Resolving Set
Let Q = {q1,q2, . . . ,qk} be an ordered set of vertices of a graph G and a is any ver-
tex in G, then a has representation w.r.t Q, denoted by r(a|Q) is the k-tuple which is
(r(a,q1),r(a,q2), . . . ,r(a,qk)). If the different vertices of G have the different represen-
tation w.r.t Q, then Q is known as a resolving set/locating set.

2.3 Metric Dimension
A resolving/locating set having the least count of vertices is basis of G and count of vertices
in this basis is called metric dimension of G which is represented as dim(G).

q1 q4

q2q3

(1,2)

(1,1)

(0,1)

(1,0)

Figure 23: Graph with metric dimension 2

Dimension of graph is 1 if and only if G = Pn, by Theorem 2.2. So, dimension of given
graph G is not 1 and its dimension is greater than 1. For Q1 = {q1,q2}, r(q3|Q1) =
r(q4|Q1) = (1,1). So, Q1 is not a resolving set. For Q2 = {q1,q3}, r(q2|Q2) = (1,1)
and r(q4|Q2) = (1,2). So, Q2 is the resolving set. Hence dim(G) = 2.
For more concepts see [1, 2, 4, 11, 18, 25, 26].

Lemma 2.1. [28] “Let Q be a resolving set for a connected graph G and u,v ∈ V (G). If
d(u,w) = d(v,w) for all vertices w ∈V (G)\{u,v}, then {u,v}∩Q 6= /0”.

14



2.4 Nature of Metric Dimension
Let E be a family of connected graphs defined as Gm : E = (Gm)m≥1 which depends on
m the order |V (G)| = ϕ(m) and lim

m→∞
ϕ(m) = ∞. Let K, K > 0 be any constant, such that

dim(Gm)≤K for each m≥ 1, then we say that E has bounded metric dimension; otherwise
E has unbounded metric dimension.
If all graphs in E having the same metric dimension (which is not depending on m), then E
has constant metric dimension. The families of graphs having constant metric dimension
were discussed in [12, 13, 14, 15].

2.5 Fundamental Results of Metric Dimension
Following are some basic results of dimension of different graphs which will be helpful in
generalization of our main results.

Theorem 2.2. [19] “Let G be a simple connected graph of order n≥ 2. Then

(a) dim(G) = 1 if and only if G = Pn.
(b) dim(G) = n−1 if and only if G = Kn.
(c) dim(G) = n−2 if and only if G = Kr,s, where r,s≥ 1 and n≥ 4”

Theorem 2.3. [27] “Let G be a simple connected graph with metric dimension 2 and let
{v1,v2} ⊆V (G) be a metric basis in G, then the degree of both v1 and v2 is at most 3 and
there exists a unique shortest path between v1 and v2.”

Theorem 2.4. [19] “A simple connected graph G with dim(G) = 2 can not have following:
• K5 as a subgraph.
• K5− e as a subgraph, where e is an edge.
• K3,3 as a subgraph.
• The Peterson graph as a subgraph”.

Theorem 2.5. [4] “For every pair n,k of integers with 1 ≤ k ≤ n− 1, there exists a k-
dimensional connected graph of order n.”

Theorem 2.6. [10] “For generalized Peterson graph P(n,3) we have
• dim(P(n,3))≤ 3 for n≡ 1(mod 6) and n≥ 13;
• dim(P(n,3))≤ 4 for n≡ 0,3,4,5(mod 6) and n≥ 17;
• dim(P(n,3))≤ 5 for n≡ 2(mod 6) and n≥ 8.”

Theorem 2.7. [10] “For generalized Peterson graph P(n,3) we have dim(P(n,3)) = 3 for
n = 6k+1 and n≥ 25.”

An unbounded metric dimension of wheel graph Wn, fan graph fn and Jahangir graph J2n
is given in the following theorem.

15



Theorem 2.8. [14] “Let wheel graph Wn , fan graph fn and Jahangir graph j2n, then
• dim(Wn) = b2n+2

5 c for n≥ 7;
• dim( fn) = b2n+2

5 c for n≥ 7;
• dim(J2n) = b2n

3 c for n≥ 4.”

Theorem 2.9. [14] “For every odd positive integer n, n≥ 5 then dim(Jn) = 3.”

2.5.1 Metric Dimension of Circulant Graph

We study metric dimensions of some graphs such as circulant graph, Harary graph and
some results on infinite classes for generalization. Circulant graphs are the special class of
Toeplitz graph and every circulant graph is Toeplitz graph but the converse is not true. We
also discuss about the nature of metric dimensions of these graphs i.e either it is bounded,
unbounded or constant. To find the metric dimension of Toeplitz graphs, some important
results which are very useful in our task are metric dimension of circulant graphs which
was studied in [8] and some harary graph which was studied in [8].
The following theorem shows that circulant graph has constant and bounded metric dimen-
sion.

Theorem 2.10. [8] “Let G =C(n,±{1,2}), then dim(G) = 3 when n≡ 0,2,3(mod 4) and
dim(G)≤ 4 when n≡ 1(mod 4).”

Later the result was extended which is given below.

Theorem 2.11. [8] “Let G =C(n,±{1,2,3}), then dim(G) = 4 when n≡ 2,3,4,5(mod 6),
dim(G)≤ 5 when n≡ 0(mod 6) and dim(G)≤ 6 when n≡ 1(mod 6).”

The general result of the circulant graph is given :

Theorem 2.12. [8] “Let G=C(n,±{1,2, ..., j}), 1< j < bn
2c, n≥ 3, then dim(G)≥ j+1.”

Theorem 2.13. [8] “Let G=C(n,±{1,2, ..., j}), then dim(G) = j+1 when n≡ i(mod 2 j),
2≤ i≤ j+2 and dim(G)≤ i−1 when n≡ i(mod 2 j), 2+ j ≤ i≤ 2 j+1.”

Theorem 2.14. [8] “Let G = C(n,±{1,2, ..., j, n
2}), then dim(G) = j+ 2 when n ≡ 2 j+

2i(mod 4 j), 2≤ i≤ j+1 and dim(G)≤ i−1 when n≡ 2 j+2i(mod 4 j), 2+ j≤ i≤ 2 j+1.”

2.5.2 Metric Dimension of Harary Graph H(r,n)

The following theorem shows that Harary graph has constant and bounded metric dimen-
sion.

Theorem 2.15. [15] “Let H4,n be a 4-ragular Harary graph with n≥ 5, then dim(H4,n) = 3
when n≡ 0,2,3(mod 4) and dim(H4,n)≤ 4 other wise.”

Theorem 2.16. [8] “Let G be a Harary graph Hr,n, such that r is odd, n is even and n ≡
2 j+2i(mod 4 j), 2≤ i≤ j+1. Then dim(G) = j+2, where j = r−1

2 .”
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Theorem 2.17. [8] “Let G be a Harary graph Hr,n, such that r is odd, n is even and n ≡
2 j+2i(mod 4 j), j+2≤ i≤ 2 j+1. Then dim(G) = i−1, where j = r−1

2 .”

For the detail study of metric dimension of different well known classes of Harary graph
and Circulant graph see [5, 8, 12]
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3 Metric Dimension of Certain Toeplitz Graph
In this chapter, we discuss about the certain Toeplitz graphs and find out their metric di-
mension. Firstly, we find the metric dimension of Toeplitz graph Tn 〈1, t〉, where t ≥ 2,
which is constant. Secondly, we find the metric dimension of Toeplitz graph Tn 〈1,s, t〉,
where t = 3,4,5,6 and s = 2, which is also constant.

3.1 Metric Dimension of Toeplitz Graphs Tn 〈1, t〉
In this section we study the Toeplitz graph Tn 〈1, t〉, where 1 and t are its generators. We
classify the dimension of this graph on the bases of the value of t. If t is even, then dimen-
sion is 2. If t is odd, then dimension is 3.

1 3 5 7 9

2 4 6 8 10v

v v

v

v v v

v v v(1,0) (2,1) (3,2) (4,3) (5,4)

(0,1) (1,1) (2,2) (3,3) (4,4)

Figure 24: dim(T10 〈1,2〉) = 2

Theorem 3.1. Let Tn 〈1,2〉 be the Toeplitz graph. Then dim(Tn 〈1,2〉) = 2, where n≥ 4.

Proof. We will show that only two elements in basis set suffice to resolve all the vertices in
V (Tn 〈1,2〉). Let Q = {v1,v2} resolve the vertices of Tn 〈1,2〉. Then we have the following
two cases:
Case 1: If i is odd, then we have the following representation of vi where i≥ 3 with respect
to Q;

r(vi|Q) =

(
i−1

2
,
i−1

2

)
As, all the representation of different vertices are distinct. So, this shows that Q = {v1,v2}
resolve the vertices of Tn 〈1,2〉 which means

dim(Tn 〈1,2〉)≤ 2

Case 2: If i is even, then we have the following representation of vi where i≥ 3 with respect
to Q;

r(vi|Q) =

(
i
2
,

i
2
−1
)

As, all the representation of different vertices are distinct. So, this shows that Q = {v1,v2}
resolve the vertices of Tn 〈1,2〉 which means

dim(Tn 〈1,2〉)≤ 2 (1)
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Conversely:
Now, we show that dim(Tn 〈1,2〉)≥ 2. Suppose on contrary that dim(Tn 〈1,2〉) = 1.
As, we know that dim(G) = 1 if and only if G = Pn by Theorem 2.2. This is not possible
for our graph which is Toeplitz graph.
So,

dim(Tn 〈1,2〉)≥ 2 (2)

Hence from Eq. (1) and (2) we have

dim(Tn 〈1,2〉) = 2

Next theorem is about the metric dimension of Toeplitz graph Tn 〈1, t〉 where even t ≥ 4.

v1

v2

v3

v4

v5

v6 v7

v8

v9

v10

v11

v12v13
(0,3)

(1,2)

(2,1)

(3,0)

(3,1)
(2,2)

(1,3)

(2,3)

(3,2)

(4,1)

(4,2)

(3,3)(2,4)

Figure 25: dim(T13 〈1,6〉) = 2

Theorem 3.2. Let Tn 〈1, t〉 be the Toeplitz graph with even t ≥ 4. Then dim(Tn 〈1, t〉) = 2,
where n≥ t +2.

Proof. We will show that only two elements in basis set suffice to resolve all the vertices in
V (Tn 〈1, t〉). Let Q = {v1,v t+2

2
} resolve the vertices of Tn 〈1, t〉. Then we have the following

three cases:
Case 1: If k≡ 2,3, ..., t

2(mod t), then vk has the following representation with respect to Q;

r(vk|Q) =

(
k− pt + p−1,

(2p+1)t−2k
2

+ p+1
)

where p = bk
t c. As, all the representation of different vertices are distinct. So, this shows

that Q =
{

v1,v t+2
2

}
resolve the vertices of Tn 〈1, t〉 which means

dim(Tn 〈1, t〉)≤ 2
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Case 2: If k ≡ t
2 +1(mod t), then vk has the following representation with respect to Q;

r(vk|Q) =

(
k− pt + p−1,

2k− (2p+1)t
2

+ p−1
)

where p = bk
t c. As, all the representation of different vertices are distinct. So, this shows

that Q =
{

v1,v t+2
2

}
resolve the vertices of Tn 〈1, t〉 which means

dim(Tn 〈1, t〉)≤ 2

Case 3: If k ≡ t
2 + 2, t

2 + 3, ..., t + 1(mod t) then vk has the following representation with
respect to Q;

r(vk|Q) =

(
pt− k+ p+1,

2k− (2p−1)t
2

+ p−2
)

where p= b2k+t
2t c. As, all the representation of different vertices are distinct. So, this shows

that Q =
{

v1,v t+2
2

}
resolve the vertices of Tn 〈1, t〉 which means

dim(Tn 〈1, t〉)≤ 2 (3)

Conversely:
Now, we show that dim(Tn 〈1, t〉)≥ 2. Suppose on contrary that dim(Tn 〈1, t〉) = 1.
As, we know that dim(G) = 1 if and only if G = Pn by Theorem 2.2. This is not possible
for our graph which is Toeplitz graph.
So,

dim(Tn 〈1, t〉)≥ 2 (4)

Hence from Eq. (3) and (4) we have

dim(Tn 〈1, t〉) = 2

Next theorem is about the metric dimension of Toeplitz graph Tn 〈1, t〉 when t = 3.

V1

V2

V3

V4

V5

V6

V7

V8

V9

V10

V11

V12
(0,1,2)

(1,0,1)

(2,1,0)

(1,2,1)

(2,1,2)

(3,2,1)(2,3,2)

(3,2,3)

(4,3,2)

(3,4,3)

(4,3,4)

(5,4,3)

Figure 26: dim(T12 〈1,3〉) = 3
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Theorem 3.3. Let Tn 〈1,3〉 be the Toeplitz graph. Then dim(Tn 〈1,3〉) = 3, where n≥ 5.

Proof. We will show that only three elements in basis set suffice to resolve all the vertices
in V (Tn 〈1,3〉). Let Q = {v1,v2,v3} resolve the vertices of Tn 〈1,3〉. Then we have the
following two cases:
Case 1: If k ≡ 1,2(mod 3), then vk has the following representation with respect to Q;

r(vk|Q) = (k−2p−1,4p− k+2,k−2p−1)

where p = b k
3c. As, all the representation of different vertices are distinct. So, this shows

that Q = {v1,v2,v3} resolve the vertices of Tn 〈1,3〉 which means

dim(Tn 〈1,3〉)≤ 3

Case 2: If k ≡ 0(mod 3), then vk has the following representation with respect to Q;

r(vk|Q) = (p+1, p, p−1)

where p = k
3 . As, all the representation of vertices are distinct. So, this shows that Q =

{v1,v2,v3} resolve the vertices of Tn 〈1,3〉 which means

dim(Tn 〈1,3〉)≤ 3 (5)

Conversely:
Now, we show that dim(Tn 〈1,3〉)≥ 3. Suppose on contrary that dim(Tn 〈1,3〉) = 2.
There are two possible cases according to n which are given below:
Case 1: When n = 5,6
Following are two possible basis sets by Theorem 2.3.
If Q1 = {vi,vi+1} where 1≤ i≤ n−1, then the following vertices have the same represen-
tation;

r(vi+2|Q1) = r(vi+4|Q1) = (2,1)

If Q2 = {vi,va} where 1 ≤ i ≤ n− 1 and a ≡ p(mod 3) where p = 1,2, ...,n− 3 and k =
bn−p

3 c, then the following vertices have the same representation;

r(vi+2|Q2) = r(vi+4|Q2) = (2,1)

Our supposition is wrong, the dimension is not 2 because there exist the same representa-
tion.
So,

dim(Tn 〈1,3〉)≥ 3

Case 2: When n≥ 7
Following are two possible basis sets by Theorem 2.3.
If Q1 = {vi,vi+1} where i = 1,2 and i = n− 2,n− 1, then the following vertices have the
same representation;

r(vi+2|Q1) = r(vi+4|Q1) = (2,1)
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If Q2 = {vi,va} where i = 1,2,3 and a ≡ p(mod 3) where p = 0,1,2 and k = bn−p
3 c, then

the following vertices have the same representation;

r(vi+2|Q2) = r(vi+4|Q2) = (2,1)

Our supposition is wrong, the dimension is not 2 because there exist same representation.
So,

dim(Tn 〈1,3〉)≥ 3 (6)

Hence from Eq. (5) and (6) we have

dim(Tn 〈1,3〉) = 3

Next theorem is about the metric dimension of Toeplitz graph Tn 〈1, t〉 when odd t ≥ 5.
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Figure 27: dim(T16 〈1,7〉) = 3

Theorem 3.4. Let Tn 〈1, t〉 be the Toeplitz graph with odd t ≥ 5. Then dim(Tn 〈1, t〉) = 3,
where n≥ t +2.

Proof. We will show that only three elements in basis set suffice to resolve all the vertices
in V (Tn 〈1, t〉). Let Q = {v1,v2,v t+3

2
} resolve the vertices of Tn 〈1, t〉. Then we have the

following four cases:
Case 1: If k ≡ 3,4, ..., t+1

2 (mod t), then vk has the following representation with respect to
Q;

r(vk|Q) =

(
k− pt + p−1,k− pt + p−2,

(2p+1)t−2k+2p+3
2

)
where p = bk

t c. As, all the representation of different vertices are distinct. So, this shows

that Q =
{

v1,v t+3
2

}
resolve the vertices of Tn 〈1, t〉 which means

dim(Tn 〈1, t〉)≤ 3
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Case 2: If k ≡ t+3
2 (mod t), then vk has the following representation with respect to Q;

r(vk|Q) =

(
k− pt + p−1,k− pt + p−2,

2k− (2p+1)t +2p−3
2

)
where p = bk

t c. As, all the representation of different vertices are distinct. So, this shows

that Q =
{

v1,v t+3
2

}
resolve the vertices of Tn 〈1, t〉 which means

dim(Tn 〈1, t〉)≤ 3

Case 3: If k ≡ t+5
2 , t+7

2 , ..., t + 1(mod t), then vk has the following representation with
respect to Q;

r(vk|Q) =

(
pt− k+ p+1, pt− k+ p+2,

2k− (2p−1)t +2p−5
2

)
where p= b2k+t

2t c. As, all the representation of different vertices are distinct. So, this shows

that Q =
{

v1,v t+3
2

}
resolve the vertices of Tn 〈1, t〉 which means

dim(Tn 〈1, t〉)≤ 3

Case 4: If k ≡ 2(mod t), then vk has the following representation with respect to Q;

r(vk|Q) =

(
k− pt + p−1,k− pt + p−2,

2k− (2p−1)t +2p−5
2

)
where p = bk

t c. As, all the representation of different vertices are distinct. So, this shows

that Q =
{

v1,v t+3
2

}
resolve the vertices of Tn 〈1, t〉 which means

dim(Tn 〈1, t〉)≤ 3 (7)

Conversely:
Now, we show that dim(Tn 〈1, t〉) ≥ 3. Suppose on contrary that dim(Tn 〈1, t〉) = 2. There
are two possible cases according to n which are given below:
Case 1: When t +2≤ n≤ 2t
Following are three possible basis sets by Theorem 2.3.
If Q1 = {vi,vi+a} where 1 ≤ i ≤ n− a and 1 ≤ a ≤ b t

2c, then the following vertices have
the same representation;

r(vi+a+1|Q1) = r(vt+i+a|Q1) = (a+1,1)

If Q2 = {vi,vi+a}where i = 1 and i = n−a, and t+3
2 ≤ a≤ t−1, then the following vertices

have the same representation;

r(vi+a− t−1
2
|Q2) = r(vi+a+ t−1

2
|Q2) = (a− t−1

2
,
t−1

2
)
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If Q3 = {vi,va}where 1≤ i≤ n−t and a≡ p(mod t) where p= 1,2, ...,n−t and k= bn−p
t c,

then the following vertices have the same representation;

r(vi+ t+1
2
|Q3) = r(vi+ 3t−1

2
|Q3) = (

t +1
2

,k+
t−3

2
)

Our supposition is wrong, the dimension is not 2 because there exist same representation.
So,

dim(Tn 〈1, t〉)≥ 3

Case 2: When n≥ 2t +1
Following are four possible basis sets by Theorem 2.3.
If Q1 = {vi,vi+a} where 1 ≤ i ≤ t− a and n− (t− a) ≤ i ≤ n− a, and 1 ≤ a ≤ b t

2c, then
the following vertices have the same representation;

r(vi+a+1|Q1) = r(vt+i+a|Q1) = (a+1,1)

If Q2 = {vi,vi+a} where i = t−c+1 with 1≤ c≤ a−1 and n = 2t +d with 1≤ d ≤ a−c,
and 2≤ a≤ b t

2c, then the following vertices have the same representation;

r(vi+a+1|Q2) = r(vt+i+a|Q2) = (a+1,1)

If Q3 = {vi,vi+a}where i = 1 and i = n−a, and t+3
2 ≤ a≤ t−1, then the following vertices

have the same representation;

r(vi+a− t−1
2
|Q3) = r(vi+a+ t−1

2
|Q3) = (a− t−1

2
,
t−1

2
)

If Q4 = {vi,va} where 1≤ i≤ t and a≡ p(mod t) with p = 0,1,2, ..., t−1 and k = bn−p
t c,

then the following vertices have the same representation;

r(vi+ t+1
2
|Q4) = r(vi+ 3t−1

2
|Q4) = (

t +1
2

,k+
t−3

2
)

Our supposition is wrong, the dimension is not 2 because there exist same representation.
So,

dim(Tn 〈1, t〉)≥ 3 (8)

Hence from Eq. (7) and (8) we have

dim(Tn 〈1, t〉) = 3

3.2 Metric Dimension of Toeplitz Graphs Tn 〈1,2, t〉
In this section we study the Toeplitz graph Tn 〈1,2, t〉, where 1, 2 and t are its generators.
We find the metric dimension of Toeplitz graph Tn 〈1,2, t〉, where t = 3,4,5,6, which is 3.
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Figure 28: dim(T11 〈1,2,3〉) = 3

Theorem 3.5. Let Tn 〈1,2,3〉 be the Toeplitz graph. Then dim(Tn 〈1,2,3〉)= 3, where n≥ 5.

Proof. We will show that only three elements in basis set suffice to resolve all the vertices
in V (Tn 〈1,2,3〉). Let Q = {v1,v2,v3} resolve the vertices of Tn 〈1,2,3〉. Then we have the
following two cases:
Case 1: If k ≡ 1,2(mod t), then vk has the following representation with respect to Q;

r(vk|Q) = (k− pt + p, p, p)

where p = bk
t c. As, all the representation of different vertices are distinct. So, this shows

that Q = {v1,v2,v3} resolve the vertices of Tn 〈1,2,3〉 which means

dim(Tn 〈1,2,3〉)≤ 3

Case 2: If k ≡ 0(mod t), then vk has the following representation with respect to Q;

r(vk|Q) = (k− pt + p,k− pt + p, p−1)

where p = bk
t c. As, all the representation of different vertices are distinct. So, this shows

that Q = {v1,v2,v3} resolve the vertices of Tn 〈1,2,3〉 which means

dim(Tn 〈1,2,3〉)≤ 3 (9)

Conversely:
Now, we show that dim(Tn 〈1,2,3〉) ≥ 3. Suppose on contrary that dim(Tn 〈1,2,3〉) = 2.
There are two possible cases according to n which are given below:
Case 1: For n ≡ 1(mod 3) and n = 3k+1 where k = bn

3c. In Tn 〈1,2,3〉 the only possible
basis set by Theorem 2.3 is given:
If Q = {v1,vn}, then the following vertices have the same representation;

r(v2|Q) = r(v3|Q) = (1,k)
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Our supposition is wrong, the dimension is not 2 because there exist same representation.
So,

dim(Tn 〈1,2,3〉)≥ 3

Case 2: For the remaining values of n in Tn 〈1,2,3〉 the only possible basis set by Theorem
2.3 is Q = {v1,vn}, but v1 and vn does not have the unique shortest path. Our supposition
is wrong, the dimension is not 2.
So,

dim(Tn 〈1,2,3〉)≥ 3 (10)

Hence from Eq. (9) and (10) we have

dim(Tn 〈1,2,3〉) = 3

Next theorem is about the metric dimension of Toeplitz graph Tn 〈1,s, t〉 when t = 4 and
s = 2.
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Figure 29: dim(T12 〈1,2,4〉) = 3

Theorem 3.6. Let Tn 〈1,2,4〉 be the Toeplitz graph. Then dim(Tn 〈1,2,4〉)= 3, where n≥ 6.

Proof. We will show that only three elements in basis set suffice to resolve all the vertices
in V (Tn 〈1,2,4〉). Let Q = {v1,v2,v3} resolve the vertices of Tn 〈1,2,4〉. Then we have the
following three cases:
Case 1: If k ≡ 3(mod 4), then vk has the following representation with respect to Q;

r(vk|Q) = (k−3p−3,k−3p−3, p)

where p = b k
4c. As, all the representation of different vertices are distinct. So, this shows

that Q = {v1,v2,v3} resolve the vertices of Tn 〈1,2,4〉 which means

dim(Tn 〈1,2,4〉)≤ 3
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Case 2: If k ≡ 0,1(mod 4), then vk has the following representation with respect to Q;

r(vk|Q) = (5p− k+1,k−3p, p)

where p= b2k+4
8 c. As, all the representation of different vertices are distinct. So, this shows

that Q = {v1,v2,v3} resolve the vertices of Tn 〈1,2,4〉 which means

dim(Tn 〈1,2,4〉)≤ 3

Case 3: If k ≡ 2(mod t), then vk has the following representation with respect to Q;

r(vk|Q) = (p+1, p, p+1)

where p = b k
4c. As, all the representation of different vertices are distinct. So, this shows

that Q = {v1,v2,v3} resolve the vertices of Tn 〈1,2,4〉 which means

dim(Tn 〈1,2,4〉)≤ 3 (11)

Conversely:
Now, we show that dim(Tn 〈1,2,4〉) ≥ 3. Suppose on contrary that dim(Tn 〈1,2,4〉) = 2.
There are two possible cases according to n which are given below:
Case 1: For n ≡ 1(mod 4) and n = 4k+1 where k = bn

4c. In Tn 〈1,2,4〉 the only possible
basis set by Theorem 2.3 is given:
If Q = {v1,vn}, then the following vertices have the same representation;

r(v4|Q) = r(v6|Q) = (2,k)

Our supposition is wrong, the dimension is not 2 because there exist same representation.
So,

dim(Tn 〈1,2,4〉)≥ 3

Case 2: For the remaining values of n in Tn 〈1,2,4〉 the only possible basis set by Theorem
2.3 is Q = {v1,vn}, but v1 and vn does not have the unique shortest path. Our supposition
is wrong, the dimension is not 2.
So,

dim(Tn 〈1,2,4〉)≥ 3 (12)

Hence from Eq. (11) and (12) we have

dim(Tn 〈1,2,4〉) = 3

Next theorem is about the metric dimension of Toeplitz graph Tn 〈1,s, t〉 when t = 5,6 and
s = 2.
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Figure 30: dim(T10 〈1,2,5〉) = 3

Theorem 3.7. Let Tn 〈1,2, t〉where t = 5,6 be the Toeplitz graph. Then dim(Tn 〈1,2, t〉)= 3,
where n≥ t +3.

Proof. We will show that only three elements in basis set suffice to resolve all the vertices
in V (Tn 〈1,2, t〉). Let Q = {v1,v2,vt−1} resolve the vertices of Tn 〈1,2, t〉. Then we have the
following four cases:
Case 1: If k ≡ 3, ..., t−2(mod t), then vk has the following representation with respect to
Q;

r(vk|Q) = (k− pt + p−2, p+1, p+1)

where p = bk
t c. As, all the representation of different vertices are distinct. So, this shows

that Q = {v1,v2,vt−1} resolve the vertices of Tn 〈1,2, t〉 which means

dim(Tn 〈1,2, t〉)≤ 3

Case 2: If k ≡ t−1(mod t), then vk has the following representation with respect to Q;

r(vk|Q) = (p+2,k− pt + p−3, p)

where p = bk
t c. As, all the representation of different vertices are distinct. So, this shows

that Q = {v1,v2,vt−1} resolve the vertices of Tn 〈1,2, t〉 which means

dim(Tn 〈1,2, t〉)≤ 3

Case 3: If k ≡ 0,1(mod t), then vk has the following representation with respect to Q;

r(vk|Q) = (pt− k+ p+1, p+1, p)

where p= b2k+t
2t c. As, all the representation of different vertices are distinct. So, this shows

that Q = {v1,v2,vt−1} resolve the vertices of Tn 〈1,2, t〉 which means

dim(Tn 〈1,2, t〉)≤ 3

Case 4: If k ≡ 2(mod t), then vk has the following representation with respect to Q;

r(vk|Q) = (p+1, p, p+1)
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where p = bk
t c. As, all the representation of different vertices are distinct. So, this shows

that Q = {v1,v2,vt−1} resolve the vertices of Tn 〈1,2, t〉 which means

dim(Tn 〈1,2, t〉)≤ 3 (13)

Conversely:
Now, we show that dim(Tn 〈1,2, t〉) ≥ 3. Suppose on contrary that dim(Tn 〈1,2, t〉) = 2
where t = 5,6. There are two possible cases according to n which are given below:
Case 1: For n ≡ 1(mod t) and n = tk+ 1 where k = bn

t c. In Tn 〈1,2, t〉 the only possible
basis set by Theorem 2.3 is given:
If Q = {v1,vn}, then the following vertices have the same representation;

r(v2|Q) = r(v3|Q) = (1,k+1)

Our supposition is wrong, the dimension is not 2 because there exist same representation.
So,

dim(Tn 〈1,2, t〉)≥ 3

Case 2: For the remaining values of n in Tn 〈1,2, t〉 the only possible basis set by Theorem
2.3 is Q = {v1,vn}, but v1 and vn does not have the unique shortest path. Our supposition
is wrong, the dimension is not 2.
So,

dim(Tn 〈1,2, t〉)≥ 3 (14)

Hence from Eq. (13) and (14) we have

dim(Tn 〈1,2, t〉) = 3
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Figure 31: dim(T11 〈1,2,6〉) = 3
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Chapter 4
Conclusions and Open Problems
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4 Conclusion and Open Problems
We studied the metric dimension of certain families of Toeplitz graphs, Tn 〈1, t〉 when t is
even and odd and Tn 〈1,2, t〉 when t = 3,4,5,6. We have also concluded that these graphs
have constant metric dimension.

4.1 Open Problems
1. Is dim(Tn 〈2, t〉) for t ≥ 3 odd constant, bounded or unbounded?

2. Is dim(Tn 〈1,2, t〉) for t ≥ 7 constant, bounded or unbounded?

3. Is dim(Tn 〈1,3, t〉) for t ≥ 4 constant, bounded or unbounded?

4. If anyone work on the General result for dim(Tn 〈t1, t2, t3, ..., tk〉), then it will be an
interesting result.
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