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ABSTRACT

Convergence Analysis of Hybrid Projection Method for Split
Equilibrium Problems in Hilbert Spaces

This work is devoted to establish the strong convergence results of an
iterative algorithm generated by the shrinking projection method in Hilbert
spaces. The proposed approximation sequence is used to find a common
element in the set of solutions of a finite family of split equilibrium
problems and the set of common fixed points of a finite family of total
asymptotically strict pseudo contractions in such setting.
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Chapter 1

Introduction and Basic Definition



This chapter is focused on the presentation of fixed point theory (FPT), split
equilibrium theory (SET) and shrinking projection method in the domain of
Hilbert spaces. The class of Hilbert spaces has essential geometrical structures
crucial for the analysis of problems related to metric fixed point theory (MFPT)
and equilibrium problem theory (EPT). In the continuation, different fundamen-

tal ideas of FPT and EPT are characterized in such settings.

1.1 Fixed Point Theory

The majority of the phenomena occurring in daily life are generally nonlinear in
nature. Subsequently, mathematicians and researchers are constantly in quest
for discovering new techniques to handle the nonlinear problems. The most ef-
fective techniques to handle with a nonlinear problem is to frame it as an equiv-
alent FPP. The FPT is one of the most amazing system of modern mathematical
sciences. It has joined analysis, topology and geometry together. In particu-
lar, it has been connected in such areas as arithmetic, economics , game theory,
biology, chemistry and physics etc.

FPT is a branch of nonlinear analysis though which the fixed points of any

function G can b approximated. i.e,
there exists ¢ € Y such that G¢ = &,

where Y # () is the domain set and G is a self nonlinear map .

FPT has proved itself a useful tool for the analysis of different nonlinear real
world problems. The usage of FPT has been expanded widely with the ad-
vancement of scientific procedures to construct the fixed points. The notion
G¢ = ¢ can be simplified into the form (I — G)¢ = 0 which relates the FPP to
corresponding problems in theories of nonlinear differential equations and inte-

gral equations rising in various fields of study, for example, biology, chemistry,



physics, designing, accounting, game theory, software engineering and arith-
metic related fields.

In general, FPT is designed for the analysis of the existence or interpolation
of associated fixed points for the nonlinear maps under consideration. The ex-
istence and/or interpretation of associated fixed points for the nonlinear maps
can be utilized to solve problems in different branches of mathematical sciences.
We remark that the iterative computation of fixed points has inherent impor-
tance in various branches of applied mathematics and suitable for analysis of
fixed points in such cases where the derivation of constrains is necessary and it
is tough to extract those preconditions for existence.

FPT is classified in following parts
(i) Topological FPT
(74) Discrete FPT
(7i1) Metric FPT

One of the main motivation for the study of MFPT is to analyze the existence
as well as uniqueness of the solution associated with the differential equations.
Famous mathematicians of nineteenth century to be specific, Picard, Liouville,
Peano, Lipschitz, and particularly, Cauchy contributed significantly to the the-
ory of diffeential equations via MFPT. MFPT believes to be originated from the
well-known Banach Constriction Principle (BCP) essentially due to Stephan Ba-
nach [2].

Theorem 1.1.1 (BCP). Consider a complete metric space Y and aselfmap G : Y — Y

satisfying
d(GE,Gn) <1 d(&n), forall &ney,

while 1 > | > 0. Then 3 a unique fixed point t for G such that the sequence x,, =

G(x,—1) converges to that unique fixed point t.

BCP has a significant function in approximation of nonlinear equations. BCP
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is a bond for the presence of fixed point as well as the uniqueness which can be
estimated by utilizing progressive estimation.

The theory of nonexpansive maps was initiated autonomously by F. E. Brow-
der [4], D. Gohde [29] and W. A. Kirk [39] in 1965. In nonlinear functional anal-
ysis the MFPT is an operational and considerational field of research. The the-
ory of nonexpansive maps has crucial applications. Likewise, we can estimate
the solutions of monotone operators, convex minimization problem and varia-
tional inequality problem (VIP) of a functions utilizing nonexpansive maps. For
a comprehensive discussion of the FPT of nonexpansive maps, see [25, 40, 41].

A class of nonexpansive maps known as asymptotically nonexpansive maps
is considered generally in several spaces. In any case, the analysis of approxi-
mating the fixed points utilizing the iterative algorithms for asymptotically non-
expansive maps and its distinctive suppositions have been ultimately improv-
ing in the general configurations of Hilbert spaces. The iterative algorithms can
be used as a fundamental instruments for solving FPP of asymptotically nonex-

pansive maps and its particular theories.

1.2 Some Concepts Related to MFPT

This part of thesis is concentrated to describe some central thoughts and ideas

related to MFPT required in the continuation:

Definition 1.2.1. “Suppose an arbitrary space H and an arbitrary sequence {y,} € H.
if {y.} € H is cauchy then the space H is known as a complete space. The cauchy

criterion is defined as, given €, > 0 there exists M such that if a,b > M then:

Yo — Us| < €ap i Yar U € H. (1.1)

Any arbitrary sequence is said to be Cauchy if the terms of the sequence in the long run

7)

all turn out to be relatively near. ”



Let H to be a Hilbert space (real) and ) # Y C H to be a closed as well
as convex subset. The set containing fixed points is demonstrated as F(G) :
{z € Y : Gz = 2} under the action of a map G.

We now characterize a few mappings defined below:

Let ) #Y C Hbe a convex as well as closed subset. Leta,b €Y. andG:Y — Y

be a mapping:
Definition 1.2.2 ([2]). Contraction is a mapping G : Y — Y such that:
|Ga = Gl < Blla—0]| ; 5 €(0,1) (1.2)

Definition 1.2.3 ([4, 29, 39]). The nonexpansive map is defined as the mapping G :
Y — Y such that
[Ga — Gbl| < Blla—0l ; pe(0,1)

5= 1
|Ga - G|l < fla 1] (13)

Definition 1.2.4 ([25]). The asymptotically nonexpansive map is the mapping G :
Y — Y if: Jasequence {y} C [1,00) with klim yr = 1 such that

|G*a — G*|| < yilla—0||, V> 1. (1.4)

Definition 1.2.5 ([57]). The generalized asymptotically non-expansive map is the map-
ping G : Y — Y the nonnegative real sequences { .}, {u e, be given provided
that

|G*a — G*b|| < |la—b]| + Axlla — bl + p, V ke > 1. (1.5)

Definition 1.2.6 ([8]). “The mapping G : Y — Y satisfying:

lim sup sup (HGka — Gka —Jla—0b]|) <0. (1.6)
k—oo a,beG

where G is uniformly continuous. Then the mapping is known as asymptotically non-

expansive mapping in the intermediate sense. ”



Definition 1.2.7 ([1]). “A total asymptotically nonexpansive is a mapping G : Y =Y
and the nonnegative real sequences { A}, {1tk } ey be given with limy_oo A, = 0 =
limy, o0 i and

Y :RYTU{0} - RTU{0}

with
¥(0) =0

satisfying that
IG*a — G*b]| < lla = bl + Axtp(lla — BII) + p- (1.7)
where 1) is a strictly increasing continuous function.”

Remark 1.2.8. e If v is identity function then total asymptotically nonexpansive

mapping becomes generalized asymptotically nonexpansive mappings.

o If 1) is identity function and i, = 0 then total asymptotically nonexpansive map-

ping becomes asymptotically nonexpansive mappings.
o If yu, = 0 = \j, then we have nonexpansive mappings.

A nonexpansive map acquires a fixed point for a convex subset of a Banach
space (uniformly convex) which is closed as well as bounded. This result was
unveild by Browder [4] and Gohde [29] in 1965, autonomously. As a conse-
quence this conclusion was showed by Kirk [39] with marginally weaker con-
ditions. In 1969 Goebel [24] gave another verification which is more elemen-
tary geometric in nature. For nonliner mappings, in accordance with the clas-
sifications of nonexpansive maps, Goebel and Kirk [26] initiated the class of
asymptotically nonexpansive maps in 1972, after this in 2006 the class of total
asymptotically nonexpansive maps was initiated by Alber et al. [1]. This class
of nonexpansive maps is much broader and had brought together a wide range

of definitions of mappings related to asymptotically nonexpansive mappings,
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Afterwards, in 2007, Shahzad and Zegeye [57] unveiled another class namely
generalized asymptotically nonexpansive mapping.

Leta,be Y. and G : Y — Y be a mapping:
Definition 1.2.9. Lipschitzian is the mapping G : Y — Y if
|G*a — G*b|| < ©||a — b]| for some © > 0. (1.8)

Definition 1.2.10. A firmly nonexpansive mapping is G : Y — Y if

IGa = Go|l* + || = G)a — (T= G)b||* < [la — bIJ*. (1.9)
where 1 is an identity map.
Definition 1.2.11 ([5]). “The mapping G : Y — Y such that:

IGa = Gb|I* < fla—0f* + (T~ G)a — (T - G)b||*. (1.10)
is called pseudo-contraction. ”
Definition 1.2.12 ([5]). “The mapping G : Y — Y if there exists m € [0, 1) such that

IGa = GBI* < [la = blJ* + m| (L - G)a — (L— G)b||*. (1.11)
is called strict pseudo contraction.”

Definition 1.2.13 ([61]). “The mapping G : Y — Y if there exist a constant m € [0, 1)

and a sequence {\} -, such that
|GFa — G*b||* < Alla = b||* +m||(I — G*)a — (I — G*)b)|°. (1.12)
is called asymptotically strict pseudo contraction.”

Definition 1.2.14 ([63]). “The mapping G : Y — Y if there exist a constant m € [0, 1)
and nonnegative real sequences {\y}r i, {1tk } ey With limy_ oo Ay = 0 = limy_ o0
and

¥ RYU{0} — R U {0}
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with
»(0) =0 (1.13)

satisfying:
1GFa—G*b|* < [la—b]> +m|[(I—G*)a— (T—G")b)|1> + Mo (|la— b)) + e (1.14)

forall a,b € G. Where 1) is a strictly increasing continuous function. Then the mapping

is called total asymptotically strictly pseudo contraction.”

Remark 1.2.15. It can be seen from above definition that the nonexpansive maps are in-
fact quasi nonexpansive similarly asymptotically nonexpansive maps are infact asymp-
totically semi quasi nonexpansive. In addition, an asymptotically nonexpansive map-

ping is consistently ©-Lipschitzian. In general the reverse formulation is not verified.

1.3 Equilibrium Problem Theory

In this section, we characterize some essential ideas and thoughts of Equilib-

rium Problem Theory required in the continuation:

Definition 1.3.1. “If any vector space D(G) is the domain and R(G) the range is a
subset of a vector space over the same field, provided that for a scalar X\ and for all

§,n e D(G)

GE+n) = GE+Gy
G(\) = AG¢

then an operator G is called linear.”
Definition 1.3.2. “Let any arbitrary space Y and a linear operator G defined as

G:D(G)—Y



where D(Q) is a subset of Y. If there is a real number L such that for all x € D(T).
|G| < L] (1.15)
Then the operator G is said to be BLO.”

Definition 1.3.3. “A Hilbert space H and a closed as well as convex subset Y # ().
Let the set of real numbers R and a functional O defined as U : Y xY — R. The
equilibrium problem (EP) is the evaluation of £ € Y such that:

U(E,€) >0, VECY, (1.16)
The solutions set of EP is elaborated as EP(U).”

Definition 1.3.4 ([48]). “Let the arbitrary sets Y # O Z # () which is a subset of H;,
and H respectively. Let a BLO A : Hy — H, be given and two bifunctions O and 0
defined as

U:YxY =R
and
9:Z%x 7R
Then the SEP is to find:
E€Y suchthat G(€,€)>0,VEeY. (1.17)
and
n=Af € Z suchthatd (é, n) >0, (1.18)

forall n € Z. while the solution set of SEP is defined as:
Q0 = {é € EP(V); A¢ € EP(d)}

Recently in 2011, Moudafi [48] initiated the split equilibrium problem.”



Remark 1.3.5. It can be easily seen that inequality (1.16) represents the classical EP
[18] and the set of solution is described as E'P( f). Moreover, the inequalities (1.17) and
(1.18) consisted of a couple of EPs and are focused to evaluate the solution of (1.17) i.e
€ such that its image ) = A€ also solves further (1.18) under action of a bounded linear

operator (BLO).

EPT characterize a extensive area research in mathematical sciences as various
problems in operational research, game theory, physics, financial mathemat-
ics, optimization, economics and mechanics can be expressed as an equilibrium
problem (EP). EP involves variational inequalities problem (VIP), optimization
problems and FPP. The evolution of fruitful and executable iterative schemes
are fascinating and significant in the theory of variational inequalities and EPs.
In past years, some iterative schemes have been investigated to approximate the

EP and VIP in Banach spaces and Hilbert spaces. See, for example [9, 13, 22, 23].

1.4 Iterative Algorithms for Nonlinear Maps

Since the nature of FPT is arithmetic. So one can easily characterize the iterative
algorithms to estimate the fixed points of different nonlinear problems. One
can locate an extensive variety of iterative algorithms in the current writing. We

now characterize some iterative plans in the accompanying continuation:

Definition 1.4.1. “Let G : Y — Y be a mapping and a sequence {x} € Y. Suppose
an initial guess is vy € Y then:

Tpy1 = GFa (1.19)

is called Picard’s Iterative scheme.”

This iterative scheme is quite straightforward and frequently implemented
for the approximation of desired solution in various problems from different

areas of mathematics especially in fixed point theory. In 1955, Krasnoselskii [42]
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showed that if G is a nonexpansive mapping and has a unique fixed point then

the Picard’s iterative scheme is not convergent to the unique fixed point of G.

Definition 1.4.2 ([43]). “A mapping G : Y — Y. Then a sequence {yj41} defined by

Yrr1 = Bryr + (1 — Br) Gyg. (1.20)

is said to be Mann’s Iterative scheme.”

Mann’s iterative scheme [43] has been widely utilized and explored in docu-
mentation for instance observe [51, 12, 17]. In [10], D. Borwein and J. M. Bor-
wein showed that Mann iteration is not convergent for a £-Lipschitz map (not
pseudo contractive), and posses a unique fixed point. While Hicks and Kubicek
[32], studied another case for the Mann iteration is not convegent under the

action of a discontinuous pseudo constriction having a unique fixed point.

Definition 1.4.3 ([34]). “In 1974 Ishikawa introduced this scheme. A mapping G :
Y — Y. A sequence {z,} defined by

Ty = (L—7) Grg + 2k

Zr = (1 — A/k) GSEk + YeLf - (121)
is said to be Ishikawa’s Iterative scheme.”

Remark 1.4.4. From above definitions, it is clear that if in Ishikawa iteration, yo = 2,
and v, = 0,V n > 0, then we have the Mann iteration and if 5, = 1,V n > 0, and
Yo = Zo,then we have Picard iteration. The relation between the convergence of these

iterative scheme had been dicussed by many authors.

Definition 1.4.5 ([52]). “In 1991 Schu studied the Mann iteration and inintiated the
modified Mann iterative scheme. A mapping G : Y — Y. A sequence {xy1} defined

by
Tri1 = (1= B)zy + BuGray. (1.22)

is said to be Ishikawa’s Iterative scheme.”

11



By this iterative scheme, he proved many theorems for convergence of asymp-
totically non-expansive mappings in a Hilbert space when 0 <7 < 5, <1—-7 <

1 forsomen € (0,1) and ) 65 < +o0.
k=0

Definition 1.4.6. “Let Y be a nonempty closed convex subset of a Hilbert space H. A
mapping Py : H — Y. If for each v € H,, there exists a unique nearest point of Y,
denoted by Py, such that

|z — Pyz|| < ||z — vyl forally €Y.
is known as a metric projection of H onto Y.”

Moreover, Py satisfies the characteristics of nonexpansive maps in a Hilbert

space and

(= Pyz, Pyr —y) > 0forallz,y €Y.

Remark 1.4.7. It is remarked that Py is firmly nonexpansive mapping from H, onto
Y, ie,
|Pyx — Pyyl|* < (x =y, Pra— Pyy) . forall z,y €Y.

Definition 1.4.8 ([53]). “Let Hj, and W, be two half-spaces of a Hilbert space H. Then

the Iterative Scheme:

vp € Ay,
e = Ukt (Y — T3):

lexll < o max{|lvkll, pn [lyn — x|} 5
H, = {ze€eMH(z—ypvp) <0};

Wi = {zeH;(zx— 2,20 —v) <0}

Trp1 =  Puow,To- (1.23)
is called Solodov and Svaiter [53] Hybrid Projection Method scheme.”

12



Haugazeau[31] added the hybrid projection method scheme in the field of
mathematical analysis in 1968. Later on, Solodov and Svaiter [53] used maxi-
mal monotone operators approximant and initiated a strong convergence result
in 2000. Indeed, Solodov and Svaiter utilized projection method and classical
proximal point scheme and initiated strong convergence in the settings of inter-

section of two half-spaces Hj, and W, containing the solution set.

Definition 1.4.9 ([49]). “Let Hj, and Wy, be two half-spaces of a Hilbert space H. Then

the following Iterative Scheme:

chose arbitrarily,xy € Y

ye = [Brxk+ (1= Br)Gag,

Ce = {z€Y |y — 2l < llzw — 21},
Qr = z€Z:(x),—z,x—xp) >0,
Thy1 — P(ck_n@k$0. (124)

is said to be CQ-Hybrid Method Iterative scheme.”

Nakajo and Takahashi [49] presented the CQ-Hybrid method using nonex-
pansive maps motivated by the fundamental work of half spaces by Solodov
and Svaiter [53] in Hilbert spaces. They demonstrated that CQ-Hybrid method
is strongly convergent to Pr)z under few suitable conditions. CQ-Hybrid
Method Iterative scheme (1.26) is additionally recognized as the Mann CQ-
method in light of the fact that, at each progression, the Mann conspire is uti-
lized to assemble the set C;, and Q; which are in turm used to set up the next

iteration of x;,; and henceforth the name.

Definition 1.4.10 ([20]). “Let {Yx11} be a closed and convex subset of H, then the

13



following iterative scheme:

xo € Y chosen arbitrarily where Y, =Y,
e = Brar+ (1 - B)Gay,
Vi = {zeYp:llz—ul <llz—all},

Th41 = Pyk+1l‘0. (125)

is called often called Shrinking Projection Method or Relaxed CQ-Hybrid Method It-

erative scheme by shrinking effect.”

Later on, Takahashi et al. [50] initiated the hybrid scheme to establish a strong
convergence result utilizing the shrinking effect in 2008, and in 2011 Dong et
al.[20], introduced a shrinking projection method like (1.25) under the action
of nonexpansive mappings in a Hilbert space. Indeed, they initiated a strong
convergence result by using shrinking effect of one of the half-spaces as charac-

terized by (1.24), in particular Qy, see too [36].

1.5 Motivation and Problem Statement

In this section, we’ll discuss the Motivation of our work and in the end we’ll
eleborate the statement of our Problem.
Motivation:
In the literature, results on split equilibrium problems are commonly in Hilbert
spaces and are depended on a premier facts of the operator norm. Consequently
, It will be crucial to establish the iterative schemes for solving split equilibrium
problems which do not require premier facts of operator norm. Furthermore,
there is also the need to obtain iterative approximation of split equilibrium prob-
lem or any of its generalizations in Hilbert spaces.

Motivated by the previously mentioned outcomes and the continuing research

towards this path, we aim to utilize a hybrid shrinking projection algorithm to
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locate a common component in the set of solutions of a finite family of SEP with
the set of common fixed points of a finite family of total asymptotically strict
pseudo contractions in Hilbert spaces. These outcomes can be seen as a gener-
alization of different existing outcomes in the present writing.

Problem Statement:

The main motive of this thesis is focused to initiate the study of iterative algo-
rithms to approximate the collective element in the set of solutions for the class
of FP together with the fixed points of a family of a nonlinear mapping using
hybrid shrinking projection in Hilbert spaces. Our conclusions can be seen as
the generalization and advancement of particular current conclusions in the lit-
erature. The main motive behind this work is enhancement in the field of MFPT
of nonlinear maps, for example, the class of nonexpansive maps, the class of
asymptotically nonexpansive maps as well as the class of total asymptotically
nonexpansive maps by means of numerous levels of the iterative calculations in

the settings of uniformly convex Hilbert spaces.

1.6 Obijectives of the Study

The fundamental motive of this study is to state and prove an iterative algo-
rithm approximant to initiate a strong convergence results for a common solu-
tion of a FPP, SEP the settings of real Hilbert spaces utilizing Hybrid projection
method scheme and the Cesaro Mean Iterative scheme. and to broaden ongoing

research on SEP in the settings of Hilbert spaces.

1.7 Arrangements of the Thesis

Rest of the thesis is sorted out as following:

In Chapter 2, we will exhibit the strong convergence results using iterative

15



algorithms formulated by the shrinking projection method for the SEP and FPP
in Hilbert spaces.

In Chapter 3, we will exhibit the strong convergence results using iterative
algorithms formulated by the shrinking projection method utilizing the Cesdro

mean algorithm for the SEP and FPP in Hilbert spaces.
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Chapter 2

Convergence Analysis of Shrinking

Projection Method
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This chapter is focused to initiate the strong convergence results of an iterative
algorithm generated by the shrinking projection method in Hilbert spaces. The
proposed approximant sequence is used to find a common element in the set of
solutions of a finite family of SEP and the set of common fixed points of a finite
family of total asymptotically strict pseudo contractions in such setting.

EPT gives a broader way to deal with the variety of scientific issues. The
theory of the class of split variational inequality problems (SVIP) was iniatiated
by Censor et al. [16] in 2012, whereas Moudafi [48] generalized the concept
of SVIP to that of split monotone variational inclusions (SMVIP). The SEP is a
special case of SMVIP. The SMVIP have now been considered and effectively
utilized in medical field, for example [14, 15].

In 2013, Chang et al. [21] studied the split feasibility problem for a total
asymptotically strict pseudo contraction in Hilbert spaces. In 2015, Ma and
Wang [44] solved the the split common FPP under the action of a total asymptot-
ically strict pseudo contractions to initiate the strong convergence results Hilbert
space. Quite recently, numerous methods have been proposed and analyzed in
[37, 38, 56] for the SEP.

Inspired and motivated by the on going research in this field described above,
we aim to study SEP under the action of shrinking projection method in the

settings of Hilbert spaces.

2.1 Preliminaries

In this section, we recall some lemmas and conditions required in the sequel.
The following lemmas are the collection of some well-known equations in the

settings of a real Hilbert space.

18



Lemma 2.1.1. “Let H; be a real Hilbert space, then:

(@) 1€ = nl* = llgx(* — lInl* — 2 (& —n,n) for all &, € Hy

(@) €+ nl* < €I +2(& —n.n) forall &, € Hy

(i) 1€ + (1 = O)nl* = S [|€]1* + (1 = &) [In))* — 6(1 = 8) [|€ —n]|*
forall ¢,m € Hyand o € R.”

Condition 2.1.2 ([9, 18]). “Let U : Y xY — R be a bifunction satisfying the following
conditions:

AL O ¢&) =0forallE €Y

A2. U is monotone, that is, 5(§,n) + O(n, &) < 0forall{,n e Y:

A3. U is upper hemicontinuous, that is, for each £, 1, € Y,

lim S(a¢ + (1 — )¢, n) < Bz, y);
A4. for each & € Y, the function n — (&, n) is convex and lower semi-continuous.”

Lemma 2.1.3. [19]. “Let Y be a closed convex subset of a real Hilbert space H, and let
U :Y xY — R be a bifunction satisfying Condition 2.1.2 For r > 0 and £ € Hy, there
exists ( € Y such that

B + T G.C—€) 20, forall y € Y

Moreover, define a mapping 7.0 : Hy; — Y by

T(€) = {CEY:6<<,n>+ 1<n—c,<—£> >0, forallneY},

-
forall ¢ € H. Then, the following hold:
(i) T, is single-valued;
(ii) T is firmly nonexpansive, i.e., for every £, € H,
175 = T00||" < (7% — 7%, € — n)
(iii) B(TO) = EP(V);

(iv) EP(U) is closed and convex.”
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Remark 2.1.4. “It is remarked that if 0 : Y x Y — R is a bifunction satisfying
Condition 2.1.2, then for s > 0 and 3 € H, we can define a mapping:

T(B) = {OZGY3CV)(C¥,€)+§<6—OZ,C¥—6> >0, foralleeY}7

which is, nonempty, single-valued and firmly nonexpansive. Moreover, EP(0) is closed

and convex, and F(T?) = EP(0).”

Lemma 2.1.5. [47].“Let G : Y — Y be a mapping. If F(G) # 0, then for each
p € F(G) and for each = € Y, the following equivalent inequalities hold:

IGRe —p||” < Il€ —p|\2 +1Ile - G’%HQ + MEAIE =Pl + e (21)
e-cree—p)z oo - Xee-n) -2 @2

(6~ Ghep— i) < %” e~ coel + 7’“50!5 o)+ e

V4

where G is a (K, { i}, {}, §)-total asymptotically strictly pseudo contraction.

Lemma 2.1.6. [47]. “Let Y be a nonempty subset of a real Hilbert space H; and let
G :Y — Y be a uniformly L-Lipschitzian and ()C,{\¢}, {}, &)-total asymptotically
strictly pseudo contraction, then G is demiclosed at origin. That is, if for any sequence

{&}inY with & — & and || — G& || — 0, we have { = GE.”

2.2 Main Result

We now prove our main result of this section.

Theorem 2.2.1. Let H,; and H, be two real Hilbert spaces and let Y C H; and Z C H,
be nonempty closed convex subsets of Hilbert spaces H; and H,, respectively. Let
G,: Y XY - Rand 0; : Z x Z — R be two finite families of bifunctions satisfying
Condition 2.1.2 such that O, be upper semicontinuous for each i € {1,2,3,--- | K}. Let
G, 1Y —= Y bea finite family of uniformly L-Lipschitzian and continuous total asymp-
totically strict pseudo contractions and let A; : H; — Hj be a finite family of bounded
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linear operators foreachi € {1,2,3,--- , K'}. Suppose that F := {ﬂfil F(Gi)] NQ # 0,
where ) = {z c:zeNE,EP(U;) and Az € EP(3;) for 1 <i < K} . Let {x} be

a sequence generated by:

T € le = Y7
U = 7:(13k <xk - rVA)(kk mod K) (]I - 7;(?) A(k mod K)xn) 5
Uk = apug + (1 — o) G?k mod K) Wk (2.4)

Vier = {2 € Hy: |lyx — 2] 2 < oy, — 2|° + 6, },

xk}-‘rl - PCk_'.l‘rE].? k Z ]-7

where 0, = (1—ay) {\e&k (M) + Ne M Dy, + pui. } with Dy, = sup {||z, — p|| : p € F}.
Let {ry},{sx} be two positive real sequences and let {cay} be in (0,1). Assume that if
the following set of conditions holds:

(C1): 0 <K < ay <land~v € (0,7) where L = max{L;}}<, and L; denotes the
spectral radius of A A; such that A} is the adjoint of A, for eachi € {1,2,3,--- ,K};
(C2): lig(ijr‘}f r, > 0and ligg}f sp > 0;

(C3):§ A, < 00 and i i < 00;

(C4):kt:hlere exist constzjzlts M;, M} > 0such that & (N\;) < M}, forall \; > M;,i =
1,2,3,--- , K, then the sequence {x}} generated by (2.4) converges strongly to Pyx;.

Proof : For the sake of simplicity, we define A, = Ag moa k) and Gy =
Gk mod k) for all k > 1. We start our proof to establish that the sequence {x}
defined in (2.4) is well defined. In order to prove this assertion, we first show

by mathematical induction that F C Y}, for all £ > 1. Obviously, F C ¥; =Y.
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Now, assume that F C Y; for some i > 1. Then it follows from (2.4) that

lu: = pl* = [T (2 — A7 (1= T2) Aga) — T|
< o —yA; (1= T72) A = p|*
<l —plP + 97|47 (1= T2) A’ + 29 (p — 20 A7 (1 - T2) Asws)
< o= pl® + 92 (A — T A, A AT (T— T2) Agay)
+2y(p — i, A7 (I=T.)) Aszy)
< s = pl* + Ly (A — T2 Ay, Ay — T2 Ay

+2y (p — i, A7 (I = T*) Aiz;)
= s = pl* 4+ L2 | Airs = T2 A|* + 29 (p — i, AT (1= T) A
(2.5)

Now letting A = 2y (p — x;, A} (I — T2) A;z,,) . we have

A = 2y(p—mz;, AF (I - T2) Aiz;)
= 2v(A; (p— =), Ay — T Ay
= 29 (A4 (p— ;) + (Aay — TO Agy) — (Aiwi — T Ais) | Ay — T Ay
=?%MWJ@&%&%—ﬁ%W%W&%—@%mW}

< 2y {% HAz‘l’i - 7;?5471%”2 — || Aszi — 7;?’A73€7H2}

= —7v HAm - 7;?114“3@”2 )

Using the above simplification of A in (2.5), we get

2
Hm—pWSH%—MV+7@7—U‘&%—T%AW¢ (2.6)
Since v € (0, 1) by condition (2.1.2) (C1), the above estimate then yields
lui = pl|* < [l = pII*- (2.7)
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Making use of (2.7), we have the following estimate:
ly =pl* = [lasws + (1 = ;) Gju; = p||*
= o ||lu — p||2 + (1 — ) Hquz —pH2 —a; (1 — o) HuZ — Gﬁui”z
ai flui —pl* + (1 — o) {||Uz' —p*+ K ||lus — GiquQ + Aii([Jug — pl]) + Mz}

—Qy (1 — O(Z') Hul — G:’LLZHQ

IN

< s = pl* + (1 — ) {’C i = Glug]|* + N& (M) + XM s — pl*) + Mz}
o (1= ) [fus — Gl

< i =plP = (1= o) (@i = K) [Jus — Gl ||”
(1= i) {N& (My) + NM |2 — p|) + i (2.8)

Since o, — K > 0 by condition 2.1.2 (C1), so (2.8) implies that

lys = pl* < s = pl* + 6, (2.9)

where 0; = (1 — a;) {\&(M;) + \iM; D; + p1;} and D; = sup {||z; —p|* : p € F}.
It now follows from the estimate (2.9) thatp € Y;.;. Hence, F C Y}, forall k > 1.

Next, we show that the set Y}, is closed and convex for all k¥ > 1. Since
{z €M llye — 2l|” < llowe — 2)1*} = {z € Hy |yl > — llawl]® < 2 (g — @, 2) +64 }

it is closed and convex; hence the sequence {z;} defined in (2.4) is well-defined.

Next, from z;, = Py, z1, we get
0 < (zp—a1,2" —xy),
for all 2* € Y. Since IF # (), then for any p € F, we get

0

IN

(Tp — 21,0 — 24)
= (rp — 2, p+ 2 — 21 — Tp)
= (xp — a1, 01 —xp) + (X — T1,p — X1)

= —lar =21’ + ok — 21l Ip — 21 -
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That is,
|z, — z1|| < |[p— 21]|, forallp € Fand k > 1.

Hence, the sequence {z;} is bounded, so are {u;} and {y;}. Moreover, from

T, = Py,ryand 24 = Py, 21 € Yy C Yy, we have
0 < (2p — 21, Thy1 — ) -
Similarly, we get the following relation:
ek — 21| < ||wke1r — ]|, forall & > 1.

From the above assertions, we conclude that the sequence {||z;, — z1||} is bounded

and nondecreasing, therefore, we have

lim ||z — 1| exists. (2.10)
k—oo
Further observe that
ke — zell® = ke — 21+ 21 — )

= aerr — 21lP + llox — 21l* = 2 (2 — 21, T — 21)
= Norsr — 2+ llon — 211 = 2 (2x — 21, @p1 — 30+ 2 — 1)
= lzrer — a1l® = llax — @1]® = 2 (an — 21, 001 — 1)

< Nawer = 2l|* = flaw — 2.

From (2.10), we obtain that [|z;.1 — 21|]° — ||z — z1]|* — 0 as k — oo, hence the

sequence { ||z — z||} is Cauchy. That is
k—o0

Since 2441 € Yii1, which implies that ||y, — zx+1|| < |2k — Zt1|| + Ok From

(2.11), we conclude that
klim |y — k41|l = 0, forall & > 1. (2.12)
—00
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Now using (2.11), (2.12) and the following triangular inequality, we get
1y — ekl < llye = @rgall + lwna — 2l =0 (2.13)

as k — oo.

Consider from (2.4), (2.6) and (2.9), we get

v (1= 7L) || Asan — T2 Agai||” < Jlw = pl* = [lus — p||?

N

< Naw—pl* = llye = plI” + 6
< (lzk =2l + llye = 2D llzx — yill + Ok
Utilizing the fact that v (1 — vL) > 0 and the estimate (2.13), we have
lim [z = T Ay ||* = 0 forall k > 1. (2.14)
For any p € F and firm nonexpansiveness of 7,/+, we have
s = pll* = 1T (o =8y (1= T) Aui) = T30
(u, — p,p — A}, (I — T2¥) Apzy, — p)
= 5 e = pl + [lox — A7 (1= T2) Aur
(s = = AR (1= T) A}
< g Ll ol + Wl — I — e — i — A (T T2) Av |}
= Sl P = I = (e =l 77 45 (1= T2) A
—2y (uy — wy, AL (1= T Agae))}

lze = plI* = llwe — zil® + 29 | A (ur — 20) || || Ak — T2 Aga|| -

IN

IN

(2.15)
Using the following estimate:
g = pI* < llae = plI* + (1= ) [l — pl* + s
in (2.15) and re-arranging the terms, we get
(1= a) flux = all* < (law = pll + llye = 2l llox = yal
+29 1A (ur, — ) [ Awzr — T3 Aw || + 0.
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Letting k£ — oo and utilizing (2.13) and (2.14), we have

klim lug — xg]| = 0 forall k > 1. (2.16)
—00

Moreover, from (2.13) and (2.16), we obtain
e — well < llye — @ill + [Jor — ugl] =0 (2.17)

when k — oo. Observe that |y, — ui/| = (1 — ay) ||Gfuy, — ux|| . Then it follows

from condition (C1) and (2.17) that
klim ||G§uk — Uk” =0forall k> 1. (2.18)

Since

|G — || < || Gl — wre]| + llw — | -

Therefore from (2.16) and (2.18), we get
lim ||GRur — 2| = 0 forall k > 1. (2.19)
k—o00
On a similar reasoning, we also obtain
lim HGiuk — ka =0forall k> 1.
k—o0

Observe that each G, is uniformly £-Lipschitzian, therefore, we have

IN

1GEz, — ]| < | Grow — G| + (| Gruw — |

< E ||£Ck — Uk” + HGZuk — Z,UkH .

Now, using (2.16), (2.19) and the above estimate, we get
lim ||Grar — 2] = 0 forall k > 1. (2.20)
k—o00

Moreover, utilizing the uniform continuity of G and (2.20) the following esti-
mate:

Hl’k — GkﬁkH < H.’L’k — Gllz.’l;’kH + HGil’k — kak”
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implies that
klim |z — Grxy|| = 0 forall k£ > 1. (2.21)
de ]

Similarly, we also have that
s—r OO0

Now, we show that w(z;) C F, where w(zy) is the set of all weak w-limits of
{zx}. Since {x\} is bounded, therefore w(xzy) # 0. Let ¢ € w(x), then there
exists a subsequence {zky+;} of {z;} such that zx;y;, — ¢. Using the fact that
Skr+i = G; for all K > 1 and the semiclosed principle (Lemma 2.1.3) for each
G;, we have that © € F(G;) for each 1 < i < K. Next, we show that ¢ € ), i.e,,
q € ﬂfil EP(U;) and A;q € EP(9;) for each 1 < i < K. In order to show that
q €N, EP(U,), thatis, ¢ € EP(U;) for each 1 < i < K, we define subsequence
{k;} of index {k} such that k; = Kj + i for alln > 1. As a consequence, we can
write Uy, = U; for 1 <4 < K. From w, = 7f§f7 (]I — 74, (]I - 7}?:’) Ak]) xy, for
all £ > 1, we have

Oi(ug, . y) + ri <y — Upy, Uy — Th; — VAL, (]I — 7}2?) Akj:ckj> >0, forally e Y.

J

This implies that

1 1 . B
Oi(ug,,y) + - (y =k, u, — p;) — - <3/ — Uk, VAL, (I[ - 7§ij> Aijk]-> >0

J k;j

From (A2), we have

1 1 . O,
T_kj <y - ukj?“kj - :l/'kj> - r_kj <y - uk/‘]#fyAk] (H - 7-;ij) Ak:jxkj> Z Ul(y) ukj)?

for all y € Y. Since liminf; ,, 7, > 0 (by (C2)), therefore it follows from (2.14)
and (2.16) that

Ui(y,q) <0, forally € Yandforl <i < K.

Lety, =ty+(1—t)gforsome0 <t < landy € Y. Since ¢ € Y, this implies that
y; € Y. Using (Al) and (A4) from Condition 2.1.2, the following estimate:

0 =0y, ye) <tCily,y) + (1 = )Ui(ye, @) < t6(ye, ),
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implies that
Gi(y,y) >0, for1 <i < K.

Letting t — 0, we have U;(¢q,y) > Oforally € Y. Thus, ¢ € EP(U;) for1 <i < K.
That is, ¢ € N, EP(F;). Reasoning as above, we show that A;q € EP(d;) for
each 1 <1 < K. Since x;, — ¢ and Ay, is a bounded linear operator, therefore

Ay, i, — Ay, q. Hence, it follows from (2.14) that
ﬁiflAkll'k, — Aqu as [ — oo.
Now, from Lemma 2.1.5, we have

1

62' (7;?;1'1416[.%]@“ Z) + 8_ <Z — ﬁzlekzxkzvﬁilekzxkz — Aklmkl> > 0, for all z e Z.
ky

Since 0; is upper hemicontinuous in the first argument for each 1 < i < K, there-

fore taking lim sup on both sides of the above estimate as | — oo and utilizing

(C2) and (2.14), we get
0; (Ay,z,2) >0, forall z € Zand foreach1 < i < K.

Hence A;q € EP(0;) for each 1 < i < K and consequently ¢ € F. It remains
to show that z, — ¢ = Przy. Let © = Pyay, then from ||z — 21| < ||z — 24|,

therefore, we have

||SU — SL’1|| < ||q - Il”
< liminf Hsckj — 331”
J]—00
< limsup HTkJ — T1H
j—o0
< lz— a1
This implies that
lim kaj - 961” = |lg — =] .
j—00

Hence z;;, — q = Prx;. From the arbitrariness of the subsequence {xkj} of {x},

we conclude that z;, — z as k — oo. It is easy to see that y;.;, — = and u;; — .
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This completes the proof. O

Corollary 2.2.2. Let H; and H, be two real Hilbert spaces and let Y C H, and Z C H,
be nonempty closed convex subsets of Hilbert spaces H, and H,, respectively. Let
U,: Y XY - Rand 9, : Z x Z — R be two finite families of bifunctions satisfying
Condition 2.1.2 such that 8, be upper semicontinuous for eachi € {1,2,3,--- ,K}. Let
Gi 1 Y — Y be a finite family nonexpansive mappings and let A; : H; — Hy be a fi-
nite family of bounded linear operators for each i € {1.2,3,--- , K'}. Suppose that F :=
[mfi X IF(G,-)] NQ # 0, where Q = {z ey :zeNX, EPU,) and Az € EP(3,) for 1

Let {x}} be a sequence generated by:

z €Y =Y,
U = 7;],2’“ <ﬂ7k - “/Afk mod K) (H - 7'52’“) A(k: mod K)J?k) )
Y = Uy -+ (1 — ak) G](Ck mod K)Uk, (223)

Vi = {2 € Hu: [|yg — 2[| % < |lag — 2||° + Lk},

Tpy1 = PYkHSL’l, k 2 1,

where 0, = (1—ag) { M\ (My) + N M Dy, + g } with Dy, = sup {||xx — p|| : p € F}.
Let {ry}, {si} be two positive real sequences and let {cy,} be in (0,1). Assume that if
the following set of conditions holds:

(C1:0<K<a<a,<b<land~y € (0,1) where L = max{Ly, Ly, ,Li}
and L; is the spectral radius of the operator A} A; and A} is the adjoint of A, for each
ie{l1,2,3,--- K}

(C2): liminf ry, > 0 and liminf s, > 0;
k—o00 k—o00

(C3): Y. A <oocand ) g < oo;
k=1 k=1
(C4): there exist constants M;, M} > 0 such that & (N\;) < M}, forall \; > M;,1 =

1,2,3,--- , K, then the sequence {x} generated by (2.23) converges strongly to Prx;.

Theorem 2.2.3. Let H; and H, be two real Hilbert spaces and let Y C H,y and Z C Hj,

be nonempty closed convex subsets of Hilbert spaces H, and H,, respectively. Let
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U,: Y XY - Rand 0; : Z x Z — R be two finite families of bifunctions satisfying
Condition 2.1.2 such that 0, be upper semicontinuous for eachi € {1,2,3,--- ,K}. Let
G, 1Y = Y bea finite family of uniformly L-Lipschitzian and continuous total asymp-
totically strict pseudo contractions and let A; : Hy — Hb, be a finite family of bounded
linear operators foreachi € {1,2,3,--- , K}. Suppose that F := [ﬂl F(G ]HQ #0,
where Q) = {z €Y :2eNE,EP(U;) and Az € EP(D;) for 1 <i < K} . Let {x}}

be a sequence generated by:

rLeY, =Y,
Uk = 7—6 (xk - VA(k mod K) (]I - 7—szk) A(k mod K)‘Tk) )
Yo = Qi + (1 B ak) G(k mod K)uk7 (224)

Virr = {2z € Hy: |lye — 2|2 < ||low — 2)* + Li}

Ty = Py w1, kK21,

where 0, = (1—ou,) {\&ie(My) + MM Dy + i} with Dy = sup {||z, — p|| : p € F}.
Let {7y}, {sx} be two positive real sequences and let {cy} be in (0,1). Assume that if
the following set of conditions holds:

(C1:0<K<a<a,<b<land~ e (0,1) where L = max{Ly, Ly, --- , Lx}
and L; is the spectral radius of the operator A} A; and A} is the adjoint of A, for each
i€{1,2,3,-- K}

(C2): hm mf ri > 0 and lim inf s;, > 0;

k—o00

(C3): Z)\k<ooand Zﬂk < 00;
(C4): there exist constants M;, M; > 0such that & (\;) < M7\, forall \; > M;,i =
1,2,3,---, K, then the sequence {x} generated by (2.24) converges strongly to Prx;.

Proof: Set H, = H,, ¥ = Z and A = I(the identity mapping) then the desired

result then follows from Theorem 2.2.1 immediately.
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Chapter 3

Convergence Analysis of Cesdro

Mean Algorithm
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In this chapter, we study the convergence characteristics of an iterative al-
gorithm, which is a combination of the shrinking projection method and the
Cesdro means method, in Hilbert spaces. The proposed algorithm provides an
optimal solution in the intersection of the solutions sets of the split equilibrium
problem, the variational inequality problem and the fixed point problem asso-
ciated with the class of total asymptotically nonexpansive mappings in such
setting. We aim to establish strong convergence results of the proposed algo-
rithm by employing suitable conditions on the control sequences of parameters.
As a consequence, these results can be considered as an improvement and gen-

eralization of various results in this field of study.

Theorem 3.0.4. In 1975, Baillon [3] established the first result of nonlinear ergodic
theorem in Hilbert spaces. In fact, he proved that for a nonexpansive self-mapping T
defined on a bounded closed convex subset Y of a Hilbert space H, then for every x € Y,

the Cesdro means
s+ T+ +Tre
k-+1

converges weakly to a fixed point of T provided that F(T) is nonempty.

In 1979, Bruck [6] explained the attributes of the famous iterative scheme
namely Cesdro mean using non-expansive mapping in the settings of uniformly
convex Banach space, see also [7].

Shimizu and Takahashi [58] studied Cesaro mean iteration and initiated a
strong convergence result under the action of asymptotically nonexpansive map-
pings in Hilbert spaces. Hirano-Takahashi [33] continued Baillon’s result using
asymptotically non-expansive mappings. A few writers have scrutinizeed dif-
ferent techniques using cesaro mean approximant for nonlinear mappings. For
instance, [45, 46, 54, 55, 58, 59, 60, 62] and the references cited therein. It is
remarked that the nonlinear averages = Zf:o T'xz exhibit only weak conver-

gence characteristics. In many situations, the strong convergence of an iterative
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algorithm involving a nonlinear mapping is much more desirable than the weak
convergence. In 1967, Halpern [30] introduced the following strongly conver-

gent iterative algorithm:
Fyr =z, Pl v=apar+ (1 —ap) TR,

where o = {ay};~, is a sequence in [0, 1]. Note that if 7 is positively homo-
geneous (i.e., T(tz) = tTxforany ¢t > 0Oand z € Y) and oy, = k+r1 then, we
have, Pi'x = %Hka, where Gox = x and Gi.1x = = + T (Ggz). Thus, for this
special choice of {ay },;—, , P2z is a nonlinear generalization of the Cesdro means
method. In 1968, Haugazeau [31] introduced the idea of hybrid projection algo-
rithm or outer-approximation methods in Hilbert spaces. The hybrid projection
method has been modified in different ways to ensure the strong convergence
of an algorithm.

The main motive of this work is to establish convergence results of the pro-
posed algorithm by employing suitable conditions on the control sequences of
parameters. The proposed algorithm strongly converges to a common element
of the set of solutions of the SEP, and the set of common fixed points of a finite
family of total asymptotically nonexpansive mappings. As a consequence, these
results can be considered as an improvement and generalization of various re-

sults in this field of study.

3.1 Main Result

We now prove our main result of this section.

Theorem 3.1.1. Let Y, Z be two nonempty closed convex subsets of two real Hilbert
spaces H, and Hy, respectively. Let {U;}, Y xY — Rand {8}, : Zx Z — Rbe
two finite families of bifunctions satisfying Condition (2.1.2) such that each 9; is upper
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semicontinuous for eachi € {1,2,3,--- , K}. Let {A;}X | : H, — H, be a finite family
of bounded linear operators and let {G;}~ | : Y — Y be a finite family of uniformly
L-Lipschitzian and continuous total asymptotically nonexpansive mappings satisfying

the condition that
lim sup HGfHJ; — Gfl” =0,1<:<K
k=00 ey
for any bounded subset Y of Y. Assume that the solution set F := [ﬂfi 1 F(Gi)] N

Q # 0, where Q = {zEY:zeﬂfilEP(U,;)andA,;zeEP(fﬁy;)forlgigK}.

Let {x}} be a sequence generated by:

r1 € Yi == Y,

U = 7;2’“ <xk - ’YA?]C mod K) (]1 - ﬁik) A(k mod K)xk) )
K

Y = QU + (1 — Oék)% Z Gfuk, (31)
i=1

Virr = {z € Hu: [lyx — 2|2 < ||log — 2| +6: ),

Tppr = Py w1, kK21,

where 0, = (1—ay) {\e&k (M) + Ne M Dy, + g} with Dy, = sup {||zx — p|| : p € F}.
Let {ry.}, {sr} be two positive real sequences and let {c } be in (0, 1) such that oy, < a.
Assume that if the following set of conditions holds:

(C1): v € (0, 1) where L = max {Ly, Ly, -+ , L} and L; is the spectral radius of the
operator Af A; where Aj is the adjoint of A; for eachi € {1,2,3,--- , K};

(C2): liminf ry, > 0 and liminf s, > 0;
n—r00 k—o0

(C3): Y. M < ocand Y. pp < oo;

k=1 k=1
(C4): there exist constants M;, M} > 0 such that & (N\;) < M N; forall \; > M;,i =
1,2,3,---, K, then the sequence {x}} generated by (3.1) converges strongly to Pyx;.

Proof. For the sake of simplicity, we divide the proof into five steps and set
Ap = Ak mod k) forall k > 1.
Step 1. The sequence {z;} is well defined.
Proof of Step 1. We first show by mathematical induction that[F C Y}, forall £ > 1.
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It is obvious from the assumption that F C ¥; = Y. Let F C Y for some ¢ > 1.
We show that F C Y}, for some i > 1. It follows from (3.1) that

lus=plI* = T2 (@ =7 A7 (1= T) Ar) = T
<l = AT (U= T0) A =]
<l = plIP + A2 A7 (1= T2) Al + 29 (p — @i, A7 (1= T2) Az
<l = pl* + 47 (A — T Ay, A AT (1= T2) Ay
+2v {p — 2y, A7 (I - T%) Aiy)
< lwi = pl® + L2 Ay — T2 Ay, Ay — T2 Ay

+2y (p— mi, A7 (T— T2 Aiai)
= s — pl? + L || Agas — T Asas || + 29 (p — s, A7 (1= T) Ay
(32)
Denote A = 27 (p — z;, A7 (I — T") A;zy,) , we have
A = 29 (p—a;, AF (T—TY) A;)

= 29 (A (p— i), Ay — T Agz;)
= 29(A; (p— x) + (Aiz; — TD Aimy) — (A — T Agy) , Ay — T Ay
= 2 {(Aip — TP A, Ay — TO Agars) — || Agas — 7;?"142-957“2}
< 2y {% || Ay — T Az ||* — || Ajei — ﬂgiAimi\\Q}
= || A — TE A ||

Substituting the above simplified value of A in (3.2), we have

2

s = plI* < lloi = I+ (27 = 1) [ A = T2, Asa (3.3)
From the definition of v and conditions (C1), we obtain
lui = plI* < flzs = pl* (3.4)
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Let G* = L "1 G¥, it then follows that
1 < 1 &
k k
=2 Glo——> Gly
i=1 i=1

K
< =3 e =yl + Mallle = o) + )

=1
<l =yl + M&(llz = yll) + e, forallz,y €Y. (3.5)

l6*z =Gty =

Now, for any p € F, we have G*p = £ S°F  G¥p = p. It follows from (3.2) and
(3.5), that

ly: —pll = H%’Ui + (1 — o) Gy —pH

a; l|u; — pl| + (1 — ) HG’% - pH

< ailui = pll+ (1 = oa) {[Jui — pll + Ni&i(llwi — pll) + 4}
< lws = pll 4 (1= aq) {N& (M3) + XM [u; — pll) + it
<l —pll + (1= ) {N& (M) + XM |2 — p|)* + s}
<l = pll + 6, (3.6)

The estimate (3.6) implies that p € Y;;; and hence F C Y}, for all £ > 1. Since

{z€Hy:flys = 201* < o — 21" + 6} = {2 € Hy : [lyull® = |zl < 2(ye — w, 2) + 64},

it is closed and convex, therefore, the sequence {x;} is well-defined.
Step 2. The sequence {||z; — z1||} is Cauchy.
Proof of Step 2. As proved in Theorem 2.2.1, the sequence {||z), — 21|} isbounded

and nondecreasing, therefore, we have
lim ||z, — 21| exists. (3.7)
k—oo

Moreover, it now follows from the estimate (3.7) that the sequence {||z; — z1]| }
is Cauchy. That is

lim |21 — 2kl = 0. (3.8)
k—o00
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Step 3. Show that:
(1) limgooo Yk — T || = limyyoo |lyr — 2| = 0,
(if): limy o0 ||Jux — z,|| = 0,
(iii): limpeo Iy — url| =0,
(iv): limg o0 [|Grug — ugl] = 0.
Proof of Step 3. By w41 € Yii1. we have ||yx — 2| < |2k — Zpsa|| + Ok. Using
(3.8), we have
l}g{)lo lyr — k41|l = 0, forall & > 1. (3.9

Since ||yx — 2|l < llyx — Tr4all + [|zr+1 — @], therefore using (3.8)-(3.9), we ob-
tain

klim lyx — xx|| =0, forall & > 1. (3.10)
—00

as k — o0.

Altogether, we deduce from (3.1), (3.3) and (3.6) that

2
v (1= ~L) ||Akzr — T2 Agaere||” < o — ol = [l — pl?
< loe = pl* = llye — plI* + 6
< (lzk = pll + llve — pl) ll2x — el + Ok

From (1 — Ly) > 0 and (3.10), we obtain

lim || Agzy — T2 Agay||* = 0 for all k > 1. (3.11)
k—r00
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Next, we show that ||uy — x| — 0 as k — oc. Since p € F, we have

lue = ol = [T (an — 77 (1 - T2) Axar) — 70
< (we = pyax = A (T=T9F) Awr = p)
= el + [lrn — 47 (1 T2) A — ]
— || = e+ AL (1= T2 Apae||*}
< % {||Uk —pl* + o = pll* = [Jux — 2 + AL (= TF) Ak«”ﬂkHz}
= s = oI+ = I = (s — 2l 22| A7 (1= T2%) A
2 Vg — s A (T— T) A )}

< e = pl® = e — zell* + 29 | A (ur — )| | Arzr — T Agri3.12)
Consider the following variant of (3.6) together with (3.4):
lye = plI* < an flax = pl* + (1 — ) flwe — p[|* + O (3.13)
Altogether, it follows from (3.12) and (3.13) that

2
(1 — o) luw — @ill” < (lzw = pll + lye — pID) llze — vl
+2"}/ ”A (uk — JSk)” ||Ak:L‘k — 7:2"14;993;9” -+ Hk

From (3.10) and (3.11), the above estimate implies that

klim |luk — x| = 0 forall k > 1. (3.14)
s— 00

Utilizing (3.10) and (3.13), we get

e —wll <l — el + i — ]
— 0Oask — oo. (3.15)
Since [|lyx — ugll = (1 — ) [|G*uy, — wi || and oy, < a < 1, then from (3.15) that
lim ||G*up — ui| = 0 forall k > 1. (3.16)
k—o00
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From (3.14) and (3.16), we obtain

HG’kuk - ZL’kH < HGkuk - UkH + ||33k - uk||

— 0Oask — o0. (3.17)
Reasoning as above, we obtain
Jlim {|GPuy, — | = 0 forall k > 1. (3.18)
—00

Now utilizing the uniform £-Lipschitz property of G*, together with the esti-
mates (3.14) and (3.17), we get

|Gt —

IN

|G*ar — GFui|| + || GFur, — |
< L ka — ukH + HGkuk — ka

— 0ask — . (3.19)

Note that + ||Gfuk — ukﬂz < + Zfil HGfuk — ukHQ, therefore using (3.16), we
have

lim ||Glup — ug|| = 0 foreachi =1,2,--- K.
k—o0

Similarly, we also have that
lim HGka — ka =0foreachi=1,2,--- , K.
k—oo

Moreover, utilizing the uniform continuity of G; and (3.20), we get

— Oask — 0.
Similarly, we also have that
k—o0

As proved earlier in Theorem 2.2.1, the set w(x)) C F, where w(zy) is the set of

all weak w-limits of {z}}. One can use the fact that Gxy; = G; forall £ > 1is
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demiclosed so that z € F(G;) for each 1 < i < K. Similarly, we can also show
that ¢ € ,ie., q € ﬂfil EP(U;) and A;q € EP(0;) for each 1 < ¢ < K. Finally,
we conclude that z;, — 2, yx;, — v and u;; — 2 as k — oo. This completes the

proof. O

3.2 Consequently Results

In this section, we deduce some results from Theorem (3.1.1). An immediate
consequence of Theorem 3.1.1 is to establish the same result for a class of non-

expansive mappings.

Corollary 3.2.1. Let H; and H, be two real Hilbert spaces and let Y C H, and Z C H,
be nonempty closed convex subsets of Hilbert spaces Hy and Hs, respectively. Let U, :
Y xY = Rand 0, : Z x Z — R be two finite families of bifunctions satisfying condi-
tions (A1)-(A4) such that each ©; is upper semicontinuous for each i € {1,2,3,--- , K }.
Let G : Y — Y be a nonexpansive mappings and let A; : Hy — H, be a finite family
of bounded linear operators for each i € {1,2,3,---,K}. Suppose that F := F(G) N
Q # 0, where Q = {z cY:ze ﬂfilEP(Ui)andAiz € EP(0;) for1 <i < K}

Let {x}} be a sequence generated by:

r1 €Y = Y7

U = 7—:1316 <mk - ryAzkk mod K) (]I - 7—52k) A(k mod K)mk) ’
K

Y = QU + (1 — O/k)I—l( Z G”"uk, (320)
i=1

Yirr = {2z € Hit |lye — 2|2 < v — 2)* + 01},

g1 = Py, w1, k2> 1,
where 0, = (1—ai) { & (My) + N M Dy + .} with Dy = sup{||z, — p|| : p € F}.
Let {ry},{si} be two positive real sequences and let {cy,} be in (0,1). Assume that if
the following set of conditions holds:
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(C1):0<K<a<a,<b<land~v € (0,7) where L = max{Ly, Ly, -, Lk}
and L; is the spectral radius of the operator A} A; and A} is the adjoint of A; for each
i€{1,2,3,--- ,K};

(C2): lim inf . > 0 and lim inf sk > 0;

(C3): Z)\k<ooand Euk<oo

(C4): there exist constants M;, M > 0such that & (N\;) < M\, forall A\; > M;,i =
1,2,3,---, K, then the sequence {x} } generated by (3.2.1) converges strongly to Ppx.

Corollary 3.2.2. Let H; and H, be two real Hilbert spaces and let Y C H; and Q C H,
be nonempty closed convex subsets of Hilbert spaces Hy and Hs, respectively. Let U; :
Y XY — Rand9; : ZxZ — R be two finite families of bifunctions satisfying condition
2.1.2 (A1)-(A4) such that each 0, is upper semicontinuous for eachi € {1,2,3,--- ,K}.
Let G : Y — Y be a nonexpansive mappings and let A; : H; — Hy be a finite family
of bounded linear operators for each i € {1,2,3,--- , K}. Suppose that F := F(G) N
O £ 0, where Q = {z €Y :zeNX, EPU,) and Aiz € EP(®;) for1 <i < K} .

Let {x}} be a sequence generated by:

€Y =y.
u, = T (mk — YA mod K) (T- Ts?f) Ak mod K)-Tk) ,
Y = agpug + (1 — ag)Guyg, (3.21)

Virr = {z € Hu: [lyx — 2|2 < |log — 2| +6:}

Thy1 = Pyk+1$1, k Z 1,

where 0y, = (1—ay,) {\e&n(My) + Ne M Dy + pu } with Dy, = sup {||z, — p|| : p € F}.
Let {7y}, {sx} be two positive real sequences and let {cy} be in (0,1). Assume that if
the following set of conditions holds:

(C1):0<K<a<a,<b<land~ € (0,1) where L = max{Ly, Ly, -+, Lk}
and L; is the spectral radius of the operator A} A; and A} is the adjoint of A; for each

i€{1,2,3,--- K},

’ L

(C2): hm mf r > 0 and lim inf s;, > 0;

k—o00
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(C3): Z)\k<ooand sz < 00;
(C4): there exist constants M;, M > 0such that & (\;) < M7\, forall \; > M;,i =
1,2,3,---, K. then the sequence {x,} generated by (3.2.1) converges strongly to Prx;.

Proof. Set G = G, then the desired result then follows from Corollary 3.2.1
immediately. O
The following result suggest an iterative construction for the common solu-

tion of classical equilibrium problem together with the fixed point problem.

Corollary 3.2.3. Let H; and H, be two real Hilbert spaces and let Y C H, and Z C H,
be nonempty closed convex subsets of Hilbert spaces H, and H,, respectively. Let
G, : Y xY = Rand 0; : Z x Z — R be two finite families of bifunctions sat-
isfying condition 2.1.2 (A1)-(A4) such that each O; is upper semicontinuous for each
ie{1,2,3,--- ,K}. Let G; : Y — Y bea finite family of uniformly L-Lipschitzian and
continuous total asymptotically strict pseudo contractions and let A, : Hy — Hy be a fi-
nite family of bounded linear operators for eachi € {1,2,3,--- , K'}. Suppose that F :=
[mfi X IF(G,-)] NQ # 0, where Q = {z €C:zeNE, EP(U;) and Az € EP(3,) for 1

Let {x}} be a sequence generated by:

T € }/1 = Y7

up = Tk (‘Ek = VAL wmoa 1) (L= T3) Ali moa K)i’fk) )
K

Y = UL -+ (1 — ()zk)% Z Gfuk, (322)
=1

Cupr = {z € Hutllye — 21> < Jlaw — 2II” + 6},

Tpp1 = Py w1, k21,
where 0, = (1—ag) { e (My) + N M Dy, + g } with Dy, = sup {||xx — p|| : p € F}.
Let {ry},{si} be two positive real sequences and let {cy,} be in (0,1). Assume that if
the following set of conditions holds:
(C1:0<K<a<a,<b<land~y € (0,1) where L = max{Ly, Ly, -, Li}
and L; is the spectral radius of the operator A} A; and A is the adjoint of A, for each
ie{l1,2,3,---  K};
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(C2): hm 1nf re > 0 and lim inf s;, > 0;

k—00

(C3): Z)\k<oozmd Zﬂk < 00;
(C4): there exist constants M;, M > 0such that & (\;) < M\, forall \; > M;,i =
1,2,3,--- , K, then the sequence {x} generated by (3.21) converges strongly to Prx;.

Proof. Set H; = H,, C' = @ and A = [(the identity mapping) then the desired

result then follows from Theorem (3.1.1) immediately.

Corollary 3.2.4. Let H, and H, be two real Hilbert spaces and let Y C H,; and
Z C Hy, be nonempty closed convex subsets of Hilbert spaces H; and H, respectively.
Let G, : Y xY — Rand 0, : Z x Z — R be two finite families of bifunctions
satisfying condition 2.1.2 (A1)-(A4) such that each O; is upper semicontinuous for each
ie{1,2,3,--- ,K}. Let G; : Y — Y beafinite family of uniformly L-Lipschitzian and
continuous total asymptotically strict pseudo contractions and let A, : Hy — Hy be a fi-
nite family of bounded linear operators for eachi € {1,2,3,--- , K'}. Suppose that F :=
[mfi X IF(G,-)] NQ # 0, where Q = {z ey :zeNX, EPU,) and Az € EP(3,) for 1

Let {x}} be a sequence generated by:

T S }/1 = Y,

U = ﬁ,fk (*T;k - ’}/Az(k mod K) (]I - 72?) A(k mod K)xk) ’
K .

Yr = aguy + (1 — ak)% > Gluy, (3.23)
i=1

Yirr = {2 € H: [lye — 2|1 * < Jlox — 2I” + 6},

Trp1 = Py, 11, kB> 1,
where 0, = (1—ag) { e (My) + N M Dy, + g } with Dy, = sup {||x — p|| : p € F}.
Let {ry}, {si} be two positive real sequences and let {cy,} be in (0,1). Assume that if
the following set of conditions holds:
(C1:0<K<a<a,<b<land~y € (0,1) where L = max{Ly, Ly, --- , L}
and L; is the spectral radius of the operator A} A; and A} is the adjoint of A, for each
ie{l1,2,3,---  K};
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(C2): hm 1nf re > 0 and lim inf s;, > 0;

k—00

(C3): Z)\k<oozmd Zﬂk < 00;

(C4): there exist constants M;, M > 0such that & (\;) < M\, forall \; > M;,i =
1,2,3,--- , K, then the sequence {x} generated by (3.21) converges strongly to Prx;.
Proof. Set G' = G, then the desired result then follows from Corollary (3.2.3) immedi-
ately. O
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