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Abstract

In this work, we aim to devise an implicit proximal algorithm to find an
approximate common solution associated with the convex optimization
problem and the fixed point problem of non-expansive mappings in
Hadamard spaces. The convergence analysis of the proposed algorithm
guarantees the strong convergence characteristics as well as
A —convergence characteristics under suitable set of control conditions.
Moreover, we extended our results from the case of single mapping to the
case of family of mappings.
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Chapter 1
Introduction and Basic
Concepts



1.1 Convex Optimization and Algorithms

Optimization can be regarded as one of the basic tools in all areas of applied
mathematics having applications in the field of engineering, medicine, economics,
management, industry and other related areas of sciences. Moreover, optimiza-
tion is considered as a major motivation and driving force for the development
of differential and integral calculus. Consequently, this subject is getting atten-
tion of researchers and it is not only expanding in all directions of sciences but
also serving as an interdisciplinary bridge between various related areas of sci-
ences. Iterative methods or optimization algorithms are ubiquitous in the theory
of optimization which can be used to solve problems in optimization for their
feasible solution. A general optimization problem is stated as follows: suppose
that we are given with a non-empty subset C' of R and ¢ : C' — R as a given
function. Recall that the optimization problem for g is to compute a feasible

solution zy € C such that:

e g(xg) < g(z) for all z € C defines the minimization problem

o g(zg) > g(z) for all z € C defines the maximization problem

Generally, it is difficult to locate the exact solution of the above mentioned op-
timization problems. As a result, the research community is trying their level
best to formulate algorithms and their consequent convergence analysis for the
solution of an approximate optimization problem.

The most accurate and effective tool to resolve or approximating the general op-
timization problem is a PPP, which is prominent in convex optimization theory.
In 1970, Martinet [36] proposed and analyzed the PPA as a tool to resolve the
convex optimization issue argminzcc)h(Z), where G satisfies the axioms of be-
ing CCS of HS H and h is R U co-valued PC as well as LSC function defined on
G.



Later on, Rockafellar [40] generalized the results of PPA to MMOQ'’s, which
is the present form of PPA today and studied the convergence analysis of the
PPA in HS. Rockafellar generalized the algorithm proposed by Martinet in the

following manner:
Yor1 = (I +qoB) 'yg +ep, VO >0,

for general MMO B : D(B) C H — H, where the sequence {gy}> 0, {es} is
sequence of computing errors and z, € H is initial point. Rockafellar called
above algorithm PPA as Moreau called in his paper p = (I + ¢B)~! the proximal
mapping related with cB.

This PPA is defined as

, _ |
o1 = argminges |9(9) + 5= = 5o %], (1.1)

where Ay > 0 for all # € N. The above definitions can also be written by using

the resolvent J; of f :
Yo+1 = JAnfﬂg, forall € N,

where Jyy = argmingen{f(y) + 3y — vl

The PPA does not have SC characteristics in general; see for example [7, 8, 23].
Since the introduction of PPA, numerous papers have been appeared to study
the convergence analysis of PPA in linear setting of different spaces, such as HS
as well as Banach space (BS), see for example [17, 25, 26, 35, 38, 39, 20]. It is
worth revealing that the classical PPA can be modified in numerous behaviors.

In 2013 [3], PPA proposed in Hadamard space (X, d) :

. B |
Yor1 = argmingen | g(7) + Q—Aed(y,ye)2 , (1.2)

where Ay > 0 forall # € N. Furthermore, Chang et al. [13] introduced mod-
ification of PPA in Hadamard spaces, explaining minimization issues. They
demonstrated the sequence produced by algorithm, SC to minimizer of convex

detached functions.



1.2 Fixed Point Theory

Most of the phenomena happening in day by day life are commonly nonlinear
in nature. Accordingly, mathematicians and scientists are continually in journey
for finding new strategies to deal with the nonlinear problems. One of the ap-
propriate way to deal with nonlinear problem is consider as to frame them and
study them within the setting of Fixed Point Theory (FPT). FPT is a standout
among most astonishing arrangement of present day mathematical sciences. In
particular, it has been associated in such regions as biology, arithmetic, game
theory, economics and physical sciences and so on. FPT is a part of nonlinear
branch of mathematics however which the FP of any function @ can b approxi-
mated. i.e,

Jx; € G such that w(z;) = z;,

where G is Domain set and w is a non-linear map. FPT has substantiated itself
a valuable apparatus for the investigation of various nonlinear Problems. The
use of FPT has been extended broadly day by day and research community is
trying to develop new methods to deal with non-linear problems as well as to
develop the FPT and investigating the further importance of FPT .

We can expressed w(z;) into (I—w)z;, which relates the FPP to comparing issues
in analysis of nonlinear differential equations and integral equations ascending
in different fields of study, for instance, science, chemistry, physics, accounting,
game hypothesis and programming building related fields.

Generally, FPT is intended for the investigation of the presence of related FP for
the nonlinear maps under controlled conditions. The presence as well as un-
derstanding of related FP’s for the nonlinear maps can be used to take care of
issues in various parts of mathematical sciences. We comment that the iterative
calculation of FP’s has innate significance in different parts of applied sciences

and appropriate for investigation of FP in such situations where the determina-



tion of constrains is important and it is hard to deal with those preconditions

for presence.

FPT is arranged in following parts
(i)Topological FPT
(ii)Discrete FPT
(iii)Metric FPT (MFPT)

One of the principle inspiration for the investigation of MFPT is to find the
presence just as uniqueness of the arrangement related with the system of equa-
tions. MFPT is a subdivision of FP theory which gives a schematic domain to
the development of FP of different nonlinear mapping in various spaces. It is
observed that the iterative domain of FP is the main tool to study such gener-
alized classes of nonlinear mappings. There are many motivations to translate
and generalize the linear version of the results concerning PPA to the corre-
sponding nonlinear version in CAT(0). One of the main motivations is that a lot
of non-convex optimization problems become convex through the introduction

of an adequate metric defined on the CAT(0).

MEFPT accepts to be started from the understood Banach Constriction Princi-
ple. In 1922, Stefan Banach [4] set up an amazing FP hypothesis called "Banach
Contraction Principle" (BCP). It is the most broadly connected FP result in nu-
merous parts of arithmetic since it needs format of complete MS with contrac-

tion condition.

Theorem 1.2.1 (BCP). “Assume T is a complete MS and itself map f : T — T

satisfying
d(Tx;,Tz) < h d(x;z), forall x;,z €T,

while 1 > h > 0. Then there exists a unique FP t for n such that x,, = n(x,_1) is the

5



sequence convergent to particular FP t. ”

BCP has a significant function in estimate of nonlinear conditions. It is a bond
for the nearness of FP just as the uniqueness which can be assessed by using
significant progressive calculation.

The hypothesis of non-expansive maps was started self-sufficiently in 1965
[11, 22, 27]. In nonlinear useful investigation the MFPT is an operational and
considerational field of research. The hypothesis of non-expansive maps has
pivotal applications. In like manner, we can evaluate the arrangements of mono-
tone operators, raised minimizational problems and variational inequality of a
function using non-expansive maps. For a far reaching talk of the FPT of non-
expansive maps, see [21, 31, 29]. A class of non-linear maps known as asymp-
totically non-linear maps is considered for the most part in a few spaces. Re-
gardless, the investigation of approximating the fixed focuses using the iterative
calculations for asymptotically non-expansive maps and its particular supposi-
tions have been eventually improving in the general arrangements of HS’s. The
iterative calculations can be utilized as a crucial instruments for understanding

FPP of asymptotically non-expansive maps and its specific speculations.

1.3 Definitions

Definition 1.3.1. [5]“If a graph of monotone operator S(T') ={(z,2) € H* H : x €
T'(z)} is not properly contained in a graph of other monotone operator then it is said to

be MMO.”

Definition 1.3.2. [46]“The resolvent J; of f is described as:

Jpy = argmingepf f(2) + 2400 forallz € H

if f be a proper LSC convex function of HS H into | — oo, oc]. The generalized resolvent
Jy in a Hadamard space X is described by

Jry = argminge gl f(z) + M} forallz € H.”

6



Definition 1.3.3. “Let a function f : S — W is said to be proper function if the
inverse image of every compact set in W' is compact in S and (S, 7s) (W, 7w ) are two

topological spaces.”

Definition 1.3.4. [16]”A FP or invariant point is a component of the function’s domain
which is self mapped by the function.
Let T be a self mapping of Z then an element z € Z is said to be FP of T if T'(z) = 2.”

As an example, let a function g is a self mapping of real numbers R and de-

fined as g(p) = ¢* — 3p + 4, then the FP of function g is ¢ = 2 as we have
9(2) =2.

Definition 1.3.5. [44]”A self mapping T of HS H is said to be non-expansive if”
| Tm —Tn ||<||m—n| foreachm,n € H.

Definition 1.3.6. [41]“Let a MS (X, d), a geodesic is a mapping g of [0, (] into X where
[ = d(x,y) such that:

d(g(k), g(k)) = |k — &| forall k, % € [0,1]

and

7

the images y, z of g is the set |y, z], called the geodesic segment between y and z.

Definition 1.3.7. [43]“Let X be a complete C' AT (0) space and {x,,} a bounded sequence
in X. For x € X, write
r(x,{z,}) = limsupd(zx, z,).
n—oo

The asymptotic radius r({x,}) is given by

r({z,}) = inf{r(z,{z,}) : x € X},



and the asymptotic center A({x,,}) of {x,,} is defined as:

A{zn}) ={z € X or(e, {za}) = r({za})}.
It is known that in a C AT (0) space, A({x,,1) consists of exactly one point. ”

Definition 1.3.8. [41]"In a geodesic space (GS) (X, d) a geodesic triangle /\(y1, y2, y3)
consists of the vertices of triangle in X and a geodesic segment between the edges of

triangle.”

Definition 1.3.9. [41]“In Euclidean plane (R?) a comparison triangle for A\ (y1, 2, y3)
ina MS (X, d) is a triangle (31, U2, §3) such that:

dg2 (gmv y_n> - d(ym7 yn)
form,n €{1,2,3}”

Definition 1.3.10. “If the values of a function f near c are close to f(c) or greater than
f(c), then f is said to be LSC at ¢ € Dom f. Ceiling function is a LSC function which
is defined by h(a) = Ja].

Let a function & of real numbers R into R is LSC function which is described by £(z) =

0, zisrational and {(z) =1, zis irrational, forall z € Q.”

Definition 1.3.11. [48]“In a norm space Y a sequence {y,,} is said to be SC if a compo-
nent y € Y such that:

lim [y, —y[|=0
n—oo
For example, a sequence {+} SC to zero.”

Definition 1.3.12. [6]“If an asymptotic centre A {y, }={q} for every subsequence {y,,, |

of {yn 1, then a sequence {y,} is said to be A—convergent (AC) to an element g € Y. ”

Definition 1.3.13. [10]”If d(z,,,p) < d(xy—1,p) forall p € C and for all n > 1, then

a sequence {x,,} in a GS (X, d) is said to be Fejer monotone regarding C C X.”

8



Definition 1.3.14. [12] “T is said to be semi-compact, if for any bounded sequence
xn in D such that || z, — Tz, || — 0(n — o0), then there exists a subsequence

T, C Ty such that x,,, - x* € D.”

Definition 1.3.15. [12] “T is said to be asymptotically non-expansive , if there exists

a sequence {h, }C [1, co)withlim,_, h, = 1 such that,”

[T () =T" (W) S b |z =y || V2,y e D, n=1.

1.4 Motivation and Problem Statement

The primary thought process of this thesis is engaged to start the investigation
of iterative algorithm to surmised the familiar component in solution set for FP
class along with the FP of a group of nonlinear mappings utilizing PPA joined
with Maan iteration in Hadamard spaces. Our outcomes is the generalization of
some specific current conclusions in the theory of non-linear mapping in GS’s.
The primary motive behind this work is to contributing in this area of research
through establishing the convergence results for non-expansive mapping, finite
as well as countable infinite family of non-expansive mapping in Hadamard

spaces.

1.5 Objectives of the Study

The essential thought process of this examination is to state and demonstrate
an iterative calculation approximation to established a SC and also AC for a

proposed implicate iterative scheme in Complete C'AT'(0) spaces.



1.6 Thesis Arrangement

We arrange rest of the thesis as following:

In Chapter 2, we show convergence analysis of proposed algorithmic plan de-
fine implicitly for non-expansive mapping in complete GS’s.

In chapeter 3, we discuss further results related to SC as well as AC for two
different types of non-expansive mapping which is Finite Family and Infinite
Family in the setting of Hadmarad spaces for the Implicit type Mann iteration

collaborate with PPA.

10



Chapter 2
Convergence Analysis of
a Non-expansive Mapping
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In this chapter, we are describing convergence analysis(CA) of our proposed
implicit iterative algorithm for the non-expansive mapping and we successively
obtained results related to SC as well as AC for our proposed algorithm, under

some appropriate controlled conditions within C'AT'(0) space.

It is of prominent concern to interpreting the linear form of a familiar prob-
lem to its corresponding nonlinear form. In different methods of science mostly
problems are nonlinear in description. Without linear system, analysis of var-
ious problems in spaces has its own significance in applied and pure sciences.
To propose an convex arrangement on MS, numerous experiments have been
formed Takahashi [42] studied the properties of convex MS and introduced view
of convexity. For non-expansive mapping they defined FP theorems and exam-
ined in certain MS. Corresponding convex structures feasible in C'AT'(0) spaces.
We deal with C'AT(0) spaces throughout this article. Some of the interesting
established results exist in C AT'(0) can be studied from [15, 18, 33].

In FPT it follow that for different classes of maps in various spaces the iterative
development of FP’s is vigorously investigated and proposed. By utilizing dis-
tinctive iterative procedures on various spaces by estimating FP’s of nonlinear
mappings has stayed at the core of FPT [32]. The improved estimate of FP’s is

present in implicit algorithm than explicit algorithm.

2.1 Preliminaries

We review a few lemmas and some basic concepts in this section which will be
utilized in the main result.
Let (X, d) fulfills the axioms of MS and z,y € X such that d(z,y) = [. A

mapping ¢ : [0,/] — X defines a geodesic path between these two points in

12



such a way that ((0) = z, ((I) = y and
d(¢(a),C(b) =la—0b| Va,be|0,]]

. This also means that the mapping ( is an isometry. We denote the geodesic
segment between z,y € X by [z,y]. Suppose we have geodesic space triangle
A(x1, 19, 73) and its comparison Euclidean space triangle A (7, 7, 73), then the
following expression

d(y, ) < dg2(y,7)
is called the CAT'(0) space inequality. Geometrically, it implies that the geodesic
space triangle is as thin as its comparison Euclidean space triangle. Moreover, a

GS becomes the C'AT'(0) space if it satisfies the following inequality:
(1 —a)a® ab,c) < (1 —a)d*(a,c) + ad*(b,c) — a(l — a)d*(a,b), (2.1)
forall a,b,c € X and « € [0, 1]. Also note that
d((1 = a)a® ab,c) < (1 —a)d(a,c) + ad(b,c). (2.2)

Some example of CAT(0) are:
(i) Hyperbolic spaces

(ii) HS’s

(iii) Euclidean spaces R",

(iv) R—Trees

In a MS Lim [34] studied the AC technique and Panyanak and Dhompongsa
[19] proposed the analogue of AC in Hadamard spaces. In this paper, for gen-
eral Hadamard spaces we explored the AC. To follow this, we have the follow-

ing approaches.

Remark: "The uniformaly convex BS’s and also C'AT'(0) spaces appreciate

the property which is, bounded sequences have particular asymptotic centers

13



regarding to CCS."

Lemma 2.1.1. [24]”“The resolvent Jy of f is non-expansive for any A\ > 0, if f : X —
(—o0, 00] is LSC and PC function of a complete C' AT'(0) space (X, d).”

Lemma 2.1.2. [1]“Following statement hold for A > 0 and for all z,y € X,

1 1 1
> -2 e L o»
f(y)—Q)\d (J/\Z,y) 2)\(1 (Z,y)+2)\d (Z7J)\Z>+f<J)\Z)7
where function f : X — (—o0, oo] be LCS and PC map in Hadamard spaces.”

Lemma 2.1.3. [28]“If >~ | oy, < oo and let two non-negative sequences {3,} and

{cu, 1, which satisfy the successive condition:
Bn+1 < (14 ay,) B, ¥V 1 > ng for some ng > 1,
then lim,,_, (3, exists.”

Lemma 2.1.4 (Resolvent Identity). [24, 37]“The following statement hold

Iz = Jy()\ LAy NS f)

A A
forall x € X and A > v > 0, in Hadamard spaces where f : X — (—o0, oo| satisfy the

axioms of PC and also LSC function.”

Lemma 2.1.5. [30]“In Hadamard spaces, always has a AC subsequences for every

bounded sequence.”

Lemma 2.1.6. [19]”A sequence {x,} has the asymptotic center with in C, if it is a
bounded sequence itself, where C' be a CCS of Hadamard spaces.”

Lemma 2.1.7. [13]“Let a nonempty CCS C of a complete MS (X,d) and the se-
quence {z,} be a Fejer monotone w.r.t. C. Then {x,} converges to some point p € C

if and only if lim,_, d(X,,C) =0."

14



Lemma 2.1.8. [2]”Let family of non-expansive mapping {T,,} satisfies AKTT condi-

tion. Then, for every z € C, T,z SC to point in C, where T is expressed as

Tz= lim T,z Vz € C.

n—0o0

Then for every bounded subset B of C, lim,_,sup,cp || T2 — T,z ||=0.”

2.2 Main Result

We demonstrate the fundamental results for this section below as.

Lemma 2.2.1. Let C be a non-empty CCS in a complete CAT(0) space (X, d) and let
f X — (—o00,00] be PC and LSC function and let non-expansive mapping T on C
such that Q = F(T)Nargmin.cc f(z) # 0. Suppose sequence \g such that \g > X\ > 0
for some X and for all § € N. Assume that y, € C chosen arbitrarily and yy is generated

in the following manner:

) 1
29 = argmin.ec|f(z) + ——d*(2,ye41)]
20

Yor1 = Yoyo D (1 —v0)T 2. (2.3)
for each 6 € N, where v, C [6,1 — 6] for some 6 € (0, 3), then
lim d(ye, Tyg) = 0.

Proof. Firstly, we show that {y,} generated by (2.3) is well-defined for every

¢ > 1. Let us describe a map
Gg X=X s
such that

Go(y) = voye © (1 —70)T(JIr,y),

15



we have
d(Go(y),Go(2)) = d(veye ® (1 —9)T(r,y),v92%0 D (1 — 79)T(JIx,2)
< (1 _70)(‘]>\9y7 JAez)a

as J), is non-expansive

d(Go(y), Go(2)) < (1= 70)d(y, 2),

where 75 C [0,1 — ] for some § € (0, 3) also G is well-defined. Now we show

{yo} is the bounded. Since

N

1 —p)d(Tz9,79)

( )d(
(1 —0)d(20,7)
( )d(
( )d(

d(y9+lag) = ’)/Od

1 — 6 d Jkeye-‘rla )

VAN
)
)
QL
~—~ —~ — —
<
>
S
SN— S~— S~— S~—

1 —79)d(yo41,7)

IN
2
e)
QL
<
>
NS4

< d(ys, y)- (2.4)
By applying Induction, we examine
d(yo+1,7) < d(y1,79), forall 6 > 1

which implies sequence {y,} is bounded and so {T'yy)}, {z¢}, {126}

Now, we prove d(yp, T'yg) = 0 as § — oo, so therefore

d(ye, Tye) < d(yo,yo+1) + d(Tz9, Tys) + d(yos1, T 2p)

< d(yg, Yo+1) + Y0d(ye, Tz9) + (1 — v9)d(T'z9, T'yp). (2.5)

Using (2.1)

IN

Yod® (Yo, ) + (1 — 9)d*(T2, ) — Yo(1 — va)d* (v, T2p)
Yod® (ya, ) + (1 — v9)d* (20, §) — vo(1 — ~9)d*(yg, T'2p)

Yod*(ye, 7)) + (1 — vo)d*(Yos1,9) — Yo(1 — Yo)d*(ve, T2p),

d2 (y9+1 ; g)

IN

IN

16



now by utilizing (2.4), we get

& (Yos1,7) < d*(ya, §) — v0(1 — v0)d* (yo, T20),

assume that oy = d(yg, T'z9), which implies

26303 S d2(y9) g) - d2<y9+17 g)?

for some m > 1

253209 < P(y,7) — Py™,9) < (Yo, 7),
=1

when m — oo
oo
2
§ o5 < 00,
0=1
which means

lim oy = elim d(yg, Tz9) = 0.
—00

f— 00

As we have

d(Yo+1,Y0) < (1 —9)d(T'z9,y9) + Yod(yo, yo),

when 0 — oo, we have d(T'z, yp) = 0, implies d(yg+1, yg) = 0.
By Lemma 2.1.2

d (20,9) + —d (Yo, z9) — N d (Yo, 9) < f(2) — f(Day),

2N 2Xp

such as f(2) < f(J,\y), it follows that

d*(ze,5) < d*(ye, Y) — d*(ye, 20).

As we know that

d*(Yos1,7) = d*(voye D (1 — V)T 29, 7).
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By (2.1)

A

P (yos1,9) < Yd* (Yo, ) + (1 —70)d*(Tz0,5) — Yo(1 — ~0)d” (vo, T'z0)

< Yod*(yo, y) + (1 —70)d*(20, ) — Y6 (1 = 70)d* (Y9, T29)

< (1= %) (Yo, §) — d*(yo, 20)] + 0ld* (Y0, 7) — (1 — 70)d* (o, T29)]

< (1 =)d* (o, 9) + (vo — 1)d*(ya: z6) + 70d” (Yo, §) — Yo (1 — v0)d*(yo, T 2)
< d*(yo, §) — (1 —70)d*(ys, 20) — Yo (1 — 70)d* (o, T29),

from above estimate, we calculate that

(1= 70)d*(yo,z0) < d(yor1.ve)d(ye,7) + d(yos1,9)] — v6(1 — v6)d* (yo, T9),

which implies (1 — 79)d?*(vg, z9) = 0, when 6 — oo.
Now from (2.5)

d(ye, Tye) < d(ye, Yo+1) + Yed(ye, T29) + (1 — v9)d(2, yp),

we have d(vo, Yot+1), d(ye, T29) and d(yg, z¢) = 0, as 8 — oo, implies limg_, o d(yg, Typ) =
0.

Lemma 2.2.2. Let T, C, Q2 and ~y be as given in Lemma 2.2.1. Starting fromy, € C an
arbitrary point, the sequence {y,} defined in (2.3) is Fejer monotone w.r.t ). Moreover,

{yo} SC to an element in Q if and only if limg_, - d(y,2) = 0.

Proof. We show that regarding to €2, {ys} is a Fejer monotone and let p € €.
From (2.3)

d(Yo4+1,0) = d(Veyo—1 B (1 — )T 2p)

< %d(Ys, ) + (1 = 70)d(Yo+1, D)
which also implies
d(yo11,€) < d(ys, ). (2.7)
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From (2.6) and (2.7) we conclude that {ys} is Fejer monotone. Next we establish

{yo} SC to an element in Q2 if and only if limgy_, d(yg, 2) = 0.

limg_,oo d(ys, p) = 0ifyg — p € Q, since 0 < d(yp, 2) < d(yp, p) implies liminfy . d(yp, 2) =
0.

Contrary, assume limy_,o, d(yg,p) = 0, after implementing Lemma 2.1.4 and

2.1.5, limg_,o d(yp, 2) = 0. By supposition liminfy .. d(ys,2) = 0, we observe

limy_,oo d(yo, 2) = 0. Next we show the sequence {y,} is Cauchy.

Since from (2.6)

d(y9+17]§) S d(ye,ﬁ),

from (2.4), we have

d<y9+17ﬁ) S d(yhﬁ)a

for m € N, we have

d(Yorm, D) < d(ye, D), (2.8)

as limg_, d(yp, 2) = 0, forany ¢ > 0 3 6, € N such that d(yy,2) < 5, we can find
that p € (2 such that d(yy,p) < 5.

A(Yo+m»Yo) < d(Yo+m, D) + d(ye,p) foralld > 6,, m >1

from (3.7)

IN

d(ye, p) + d(ys, )
2d(yg, p)

Qd(yemﬁ)

g, (2.9)

VAN VAN

A\
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which ensure that the sequence {yy} is Cauchy, assume limy_, yo = 2. As C'is

closed, implies z € C. Now we show z € (). The following two inequalities

d(=.p) < d(zyo) +d(ys,p) forallpeQ, 6<1 (2.10)

d(z,y9) < d(z,p) +d(ye,p) forallpeQ, 6<1

given that
|d(z,€2) — d(ye, )| < d(z,yp), 0 >1

as limg_, o, yg = z and limy_,, d(ys, ) = 0, we conclude z € ().

From above Lemmas, we can conclude the following results.

This completes the proof.

Theorem 2.2.3. Let 7', C,Q2 and 7y be as given in Lemma 2.2.1 and suppose
the sequence {yy} defined in (2.3) SC to an element in (2 if and only if there exist

a subsequence {yy,} of {ys} which converges to p € 2.

Theorem 2.2.4. Let 7', C' and (2 be as given in Lemma 2.2.1 and let a sequence
{yo} is defined implicity in (2.3) is Fejer monotone and SC to an element in (2.

Proof. By following Lemma 2.2.1, limy_, d(yg, Typ) = 0, furthermore from
Lemma 2.2.2, we observe that, limy_,, d(yg, 2) = 0. Therefore, {yy} SC to p € Q.
This completes the proof.

Theorem 2.2.5. Let T, C' and Q) be as given in Lemma 2.2.1. Then the sequence
{yo} defined implicity in (2.3), AC to an element in (2.

Proof. From Lemma 2.2.1, {ys} is a bounded sequence and also from Lemma
2.1.5 and 2.1.6 and also recalling the definition of AC we observe that the se-
quence {yg} has a unique asymptotic center, which is A({ys})={ye}.

For a sequence {y,} suppose there exist any subsequence {7y} such that A({7s})={y}.

From Lemma 2.2.1 we conclude that d(ys, Tpys) = 0, as limy_,, for every 6 > N.
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Lety € 2 and by Lemma 2.2.1, we observe that limy_,, d(ys, y) exists. Assume

that y # y. By particular asymptotic center

limsup d(ys,y) < limsupd(ys,y)
f—00 6—00
< lim supd(yp, y)
60— 00
< lim supd(yg, y)
0—00
= lim Supd(gjg, g)a
06— o0
which shows contradiction. Thus, y = y, (¥p) is any randomly chosen subse-
quence of {ys}, so A({ye})={y} for all subsequences {ys} of {ys}. This proves the
sequence {yy} is AC to y € Q0.
This completes the proof.
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Chapter 3
Convergence Analysis for
Family of Non-expansive

Mapping
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This chapter is focused on CA of finite family of non-expansive mapping and
countable infinite family, the purpose of this work is to established the results

related to SC as well as AC.

3.1 Finite Family

Xu and Ori [45] proved in HS, an implicit iteration procedure converges to a
common FP of finite family of non-expansive mapping. They established suc-
cessive procedure for finite family {7 : 0 € I}, I={1,2, ..., ©}, taking a sequence
{70} in interval (0, 1) and y, € C'is an initial point:

yi = myo+ (1 —m)hiy,

Y2 = 7Y+ (1 —2)Tays,

Yo = 7YeYo-1+ (1 —e)leye,

Yor1 = "Yot+1Ye + (1 —vor1)T1Yo+1,

and its compact structure can be written as

Yo = YnYo—1 + (1 — vo)Thys, (3.1)

forall @ > 1, Ty = Ty( mod ©) and mod O takes values in I
Zhou and Chang [47] presented work in BS’s, they discussed implicit itera-
tion method for weak convergence as well as SC to common FP for asymptoti-

cally and finite family of non-expansive mapping. Below given the result they
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proved:

Theorem.[45]“Let a uniformly convex BS E, anonempty CCSC C E, {11, T5, ...

C — C be © semi-compact non-expansive mappings with F' = N§_, F(Ty) # 0
and {ay} in interval [0, 1] satisfying b < ay < ¢, where b, ¢ are constants b, ¢ €
(0,1). Then implicit iterative sequence {z,} described by (3.1), weakly converges

4

to a common FP {1, Ts, ..., Te}

Motivated by the work which is described above, we obtain convergence re-
sults of the prepared schematic algorithm under some suitable control condition
on control sequences of parameters. The proposed algorithm SC to common
component of solution set of the minimizer and familiar set of FP’s of Finite fam-
ily of non-expansive mapping. As a consequence, we contributed in this area of
research as a modification and generalization of convergence results suited to

our proposed implicit type algorithm.

3.2 Main Result

In this section we are dealing with finite family of non-expansive mapping in a
complete C'AT'(0) space for the generalized proposed implicit iterative scheme

(3.2) describe below and we establish SC as well as AC.

Lemma 3.2.1. Let C' be a nonempty CCS of a complete C AT (0) space (X,d). Let
{Ty}$_, be a finite family of non-expansive mappings of C into itself and let { fo}§_, be a
finite family of PC and LSC functions of C' into (—oo, 00| in a complete C' AT (0) spaces
(X, d). Assume that Q = NS_, arg min,ec fo(v) NS, F(Tp) is nonempty. For y, € C,
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let a sequence {yy} in C defined as follows:

. 1 )
2 = argmin f0<7/)+)\_0d(”73/9+1) ,

Yor1 = Ynlo ® (1 —9)Tn2o- (3.2)
Let vp C [0,1 — §] for some § € (0, %), then limg_, d(yy, ¢*) exists for each ¢* € ).

Proof. Suppose for each ¢* € (2 and suppose ¢* = T,,¢* forall§ =1,2,...,0
and fy(q*) < fo(z) forall z € C. Therefore
(¢, q*)* d(z,q*)?

20 29
Hence we have ¢* = J,,¢* forall § > 1. As zg = Jy,yp41 forall 8 > 1, 6 =
1,2,...,0. We have

< fo(z) + forallze C, #=1,2,...,0.

fo(q") +

d(z0,q") = d(r,¥o+1, Jr,a") < d(Yo11,47). (3.3)
It follows from convexity
d(ye+1,4") = d(veye ® (1 —70)Tvzp,q")
< Yd(ye, ¢") + (1 = 9)d(Toz0, ¢).

By utilizing (3.2)

d(Wor1,q0") < vd(ye,q") + d(20,q") — ved(29,q")
< d(ys,q"). (3.4)

Now, from (3.4) limg_, d(ys, ¢*) exists.

This completes the proof

Lemma 3.2.2. Let {Tpf§ |, { fo)§_,, C and {ye} be as given in Lemma 3.2.1. Assume

that Q = N_, argmin,co fo(v) NS, F(Ty) is nonempty, then
(¢) lim d(ya, Tyys) = 0. I <N
0—0

(ZZ) ehrn Cl(yg, J)\eyg) =0. fOT" alld € 1
—00
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Proof. Firstly, we show {ys} generated by (3.2) is well-define for each 6 > 1.

Let define a map

such that

Ty : X = X,

Ty(y) = agye © (1 — 79)Ty(JIx,Y),

d(To(y), To(2)) = d(veye © (1 —vo)Te(JIny) V06 © (1 — v9)Ty(JIx,2))

<

(]‘ - 79)(J)\9y7 J)\GZ)7

as we know d(Jy,y, Jy,z) < d(y, z), so therefore

d(To(y), To(2)) < (1 —)d(y, 2),

where 79 C [§,1— 6] for some d € (0, 3) and Ty is well-define. Next we show that

{ys} is bounded.

Suppose ¢* € Qand Jy,yp+1 = 29, we have

d<y9+17 q*)

utilizing (3.3)

IN

IN

By applying Induction

S ’yed(yea q*) + (1 - ’}/Q)d(TQZQ, q*)7
< Yd(ye,q") + (1 — v9)d(20,q),

< Yd(ye,q") + (1 — v9)d( I Yo+1,4"),

Yod(ye,q") + (1 — v0)d(Yo+1,4"),
d(ys, q"). (3.5)

d(y9+17 q*) < d(yla q*)a forall 0 € N7
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which ensure us that {y,} is bounded and also {Tyys}, {20}, {Thzs}.
Now we prove that d(ys, Tyyg) = 0 as § — .

we have,

IN

d(ye, Toye) d(Yo+1, Thze) + d(Toze, Toye) + d(yo+1, Yo)

IN

d(voye ® (1 —v0)Toz0, Toze) + d(yos1,ye) + d(Thze, Toys)

d(Ye, Yo+1) + ved(ve, Toye) + (1 — v9)d(Thze, Toys)- (3.6)

IN

Using (2.1)

Yod* (Yo, ¢*) + (1 — v9)d*(Tyz9, ¢*) — vo(1 — 75)d* (e, Tpze)

Yod* (yo, ¢*) + (1 — v0)d* (20, ¢*) — Yo (1 — v0)d* (v, Tyzp)

IA

d2 (y9+1 ) q*)

IN

Yod* (Y9, ¢*) + (1 — ~9)d*(yo11, ") — Yo (1 — ~9)d* (e, To2s),

IN

now utilizing (3.5)
d*(yor1,4%) < d*(yo, ¢") — 70 (1 — 70)d* (yo, To2p),
assume that oy = d(yp, Tpzp), which implies that
20°0y < d*(yo.q") — d*(Yo-1,47),
for some m > 1

26° > " 07 < d* (Yo, q°) — d*(Yms1.0") < d*(Yor 0°),
0=1

when m — oo
D
2
E oy < 00,
9—=1
which means

lim oy = elim d(yg, Tyzg) = 0, (3.7)
—00

60— 00

27



We know that

d(Yo+1,Y0) < Yod(ye, yo) + (1 — vo)d(Th20, yo),

when 0 — oo, d(Tyzg,ys) =0, as

d(yos1,Y9) = 0, (3.8)
which also implies
lim sup d(yg11,ys) = 0. (3.9)
0—o0

Clearly, we know

d(Yo+1,Y0) < d(Yo+1,Y0) + d(Yos1, Yot2) + - + d(Yori-1, Yo11),

from (3.9)
lim sup d(ye+1, ys) = 0, (3.10)
60— o0
forl < ©.
By Lemma 2.2
L (z0,07) — P 4") + =0, ) < S(2) — F(Try)
2/\0 26,4 2)\6 Yo, q 2A9 Yo, 20) > z \Y),

such as f(z) < f(Jyy), it follows that

d*(20,q%) < d*(yg,q*) — d*(ya, 20)-

We have
d*(yos1. ") = d*(voye ® (1 — 70)Tyzo, ")
By (2.1)
P(yos1.0") < d*(yo,q*) + (1 —79)d*(Tyzo, ¢") — vo(1 — vo)d*(yo, Tyzo)
< Y0d*(yo, ¢") + (1 — 70)d*(20,4") — 70(1 — 70)d*(yo, Tz0)
< (1= 70)[d*(vo, 4°) — d*(yo, 20)] + v0[d* (yo, 4°) — (1 — 70)d* (yo, Ty 0)]
< (Yo, q") — (1= 70)d* (Yo, z0) — vo(1 = 70)d*(yo, Tozp)-
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From above estimate, we have
(1= 0)d*(yo, 20) < d(yo+1,0)[d(Ys, a") + d(yo+1,0")] — v6(1 — 76)d" (Yo, Tozo)-
By utilizing (3.7) and (3.8)
(1 — ~9)d*(yo, z0) = 0, when 6 — oc. (3.11)
Now from (3.6)
d(Yo, Toye) < d(Yo, Yo+1) + Yed(ve, Toze) + (1 — v0)d(20, Yo),
as 6 — oo, from (3.8) and (3.12)
d(ye, Tpze) = 0,
= 91i—>r£lo d(ye, Tyye) = 0.
Further more for every [ €

d(ye, Torye) < d(e, Yo+1) + d(Wort, Toriyo+r) + d(Tor1yo+1, To+1Yo)

< 2d(Yo11,Y0) + d(Yor1, Tor1Yo+1),

from above estimation we observe that d(ys, Ty, 1y9) = 0,as 0 — oo foreach!l € I,
{d(ye, Tyye)} is subsequence of U2, {d(ve, Tp11ys)} and limg_.o. d(ys, Tp11ye) = O for
everyl € ]

Jim d(ye, Tiye) = 0.
This completes the proof of part (i).

(i1) As A\p > A > 0, by Lemma 2.4 and non-expensivety of .J,, we have
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d(ye, aye) < d(ye, 2z0) + d(29, Jrys)

= d(ye, z0) + d(Jrye, JrYs))
g — A Ao
= d| yg, z9) +d| J» " I\yp © )Y ) Jr\yo

< d(y, 29) + (1 - /%) (Yo, Jrys))

= (2 - %9) d(ye, o),

as above we already calculate limy_,, d(ys, 20) = 0. So therefore

lim d(yg,J/\ZL'g) = 0.
6—00

Finally we obtain our desire results. This completes the proof of part (ii) and of

Lemma 3.2.2.

Theorem 3.2.3. Let {Tp}5_,, {fo}5-,, C and {ys} be as given in Lemma 3.2.1,
then sequence {y,} defined in (3.2), AC to an element in (2.

Proof. From Lemma 3.2.1, {yy} is a bounded sequence and also from Lemma
2.1.5 and 2.1.6 and also recalling the definition of AC we observe that, there is
unique asymptotic center of {yy}, that is A({ye})={ys}.

Let {1} be subsequence of a sequence {y,} such that A({y¢})={y}. From above
Lemma 3.2.2, we conclude d(ug, Tijtg) = 0 limy_,, for every ! € I.

Let 1 € Q and from Lemma 3.2.1, limy_,, d(yp, ) exists. Suppose y # p, from

the asymptotic centre uniqueness

limsup d(pg, 1) < limsup d(pe,

)
60— 00 0—00
< lim supd(ys, y)
0—00
t)
)

= lim 8upd<:“97ﬂ )
0—o0

< lim supd(yy,
0—o00
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which shows contradiction. Thus, y = p, since (j9) is an arbitrary subsequence
of {yg}, therefore A({po}) = {1} for every subsequences {1y} of {yp}. This proves
that {yg} AC to a point 1 € 2. This completes the proof.

Theorem 3.2.4. Let {T3}5_,, {fo}§_,, C and {ys} be as given in Lemma 3.2.1,
then the sequence {y,} defined in (3.2) SC to an element in p € 2 if and only if
liminfy_,o d(yg, ©2) = 0, where d(yp, Q) = inf{d(ys, 2) : z € Q}.

Proof. The sequence {yy} is Fejer monotone W.r.t. ¢ € Q follows from (3.4)
and also by Lemma 3.2.1 we observe that, limy_, d(ys, ¢*) exists. By applying
Lemma 2.1.3 to (3.4), limg_, d(ys, 2) exists. Conversely, lim infy_, ., d(yg, 2) = 0.

Let for ¢ > 0 3 mg € N such that

d(ys, Q) < Z Forall 6> my.

In particular inf{d(ym,,p) : ¢° € Q}< %, therefore there must be ¢* € (2 exists
such that

d(q*7 ymo) <

)

DO ™

for all m, 8 > mgy, we have that

IN

d(y9+m7 q*) + d(q*7 y@)

2d(Yme, 47,

g.

d(y9+m7 ye)

IN

A

Thus, the sequence {yy} is Cauchy in C. Since C' is assumed to be closed subset
of a complete CAT(0) space, therefore we conclude that the sequence {yy} con-
verges to some ¢* in C. Since (2 is closed and limy_,, d(ys, 2) = 0. This completes

the proof.

Lemma 3.2.3. [9]“Let C be as given in Lemma 3.2.1 and let the sequence {yy} be Fejer
monotone W.r.t. C'. Then {yy} converges to some ¢* € Q) if and only iflimg_, d(yg, C) =
0.”
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Theorem 3.2.5. Let {Tp}§_, {fo}5-,, C and {ys} be as given in Lemma 3.2.1.
Suppose that {Tj : 0 € I} is semi-compact then the sequence {yy} SC to an ele-
ment in ¢* € (2.

Proof. Using Lemma 3.2.2 and the action proof in Theorem 3.2.4. Assume
that for some 6§ € I we have T; which is semi-compact. From Lemma 3.2.2 it
follows that

lim d(T;z9,ys) = 0.
6—o00

From semi-compactness of mapping 7; there exist a subsequence {y,,} of the se-

quence {yg} such that
lim yp, = ¢* € C'and lim d(T}ys,, ye,) = 0.
j—o0 " —+00 3778

Now, by Lemma 3.2.3 we obtain that limg_, d(vs,, Tiys;) = 0 forall [ € J. This
implies d(¢*,T;¢*) =0 foralll € J.

Thus, ¢* € Q and also from Theorem 3.4, limg_,, d(ys,2) = 0 and by Lemma
3.2.3 {yp} SC to an element in ¢* € Q. This completes the proof.

Theorem 3.2.6. Let {T3}5_,, {fo}§-,, C and {ys} be as given in Lemma 3.2.1 and
suppose there exist a nondecreasing function ¢ : [0, c0] — [0, 00) with g(0) = 0

and ¢(r) > 0 for all » > 0, such that

g(d(y, ) < dly, Toy)

or
g(d(y, ) < dly, J\"y)

for some 0 € I and for all y € C, then the sequence {y,} defined in (3.2) SC to an
element in ¢* € ().

Proof. It follows from Lemma 3.2.1 that, limy_,, d(ys, (2) exists and Lemma 3.2.2
implies that, limy_,~, d(vs, T1ys) = 0 forall [ € I. Since g is nondecreasing with

g(0) = 0, it follows that limy_, d(ys, 2) = 0. Thus, Lemma 3.2.2 implies {y,} SC
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to an element in ¢* in 2. This completes the proof.

We acquire few outcomes from theorem 3.2.4, 3.2.5 and 3.2.6. An prompt
result of Theorem 3.2.4 and 3.2.6 is to set up a similar result for class of non-

expansive mappings.

Corollary 3.2.4. [45] “Let H be a HS and the sequence {yy} generated by (3.12) is SC to

an element in § if and only if {ye} is reqular asymptotic, i.e. limy_, || vo — Yo+1 ||= 0.
Yo = zou + (1 — z9) Tyys. (3.12)
where u € C, zg € (0,1).”

Corollary 3.2.5. [14] “Let E be a uniformly convex BS and C be a nonempty CCS of
E. Let {Ty : 0 € I} be 0 semi-compact non-expansive self mappings of C with F' =
Ng_F(Ty) = 0, (here F(Ty) denotes the set of FP’s of Ty). Suppose that z, € C
and {zg}C (b, c) for some b, c € (0,1). Then the sequence {xy} defined by the implicit

iteration process is given as
Yo = ogyp—1 + (1 — ag)Tyye, forall @ > 1,

where Ty = Ty(mode), (here the mod®© function takes the value in I), SC to an element

in Q. "

Corollary 3.2.6. [14] “Let E be a uniformly convex BS and C' be a nonempty CCS of
E.Let {Ty : 0 € I} be © non-expansive self mappings of C with F = N§_, F(Tp) = 0.
Suppose that one of the mappings in {Ty : 0 € I} is semi-compact and let {cplg>1 C
[0,1 — 4] for some 6 € (0, 1). From arbitrary z, € C, define the sequence {xy} by

Yo = agyg—1 + (1 — ag)Tpye, forall > 1,

where Ty = Ty(mode), (here the mod© function takes the value in I).

Then the sequence {xg} SC to a common FP of the mappings {1y : 6 € I1}. ”
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3.3 Infinite Family

The main motive of this work is to form convergence of proposed algorithm
by employing suitable conditions on control sequences of parameters. The pro-
posed algorithm strongly converges to common component of solution set of
minimizer and the common set of FP’s of a countable infinite family of total
non-expansive mapping. As a consequence, these results can be considered as

an improvement and generalization of various results in this field of study.

In 2007, Aoyama et al. [2] firstly proposed the successive condition: count-
ably infinite family of self mapping {7y} from C and C' is nonempty subset of
Hadamard space (X, d), then {1} satisties AKTT condition, where the alpha-
bets A, K, T, T represents Aoyama, Kimura, Takahashi and Toyoda, if

[e.9]

;ilelg{d(TgHz,ng)} < 00,
for every bounded subset D of C. We can define a self mapping 7' : C' — C' by
Ty = limg_.o, Tyy for all y € C, if {Ty} satisfies AKTT condition and C' is closed
subset of X. For this case, additionally we state ({73},T) fulfills the AKTT con-

dition.

3.4 Main Result

We discuss in this section infinite family of non-expansive mappings in a com-
plete CAT(0) spaces for the generalized proposed implicit iterative scheme (3.2)
and we establish SC as well as AC.

Theorem 3.4.1: Let f be a proper LSC convex function of C' into (—oo, 00| in

a Complete CAT(0) space (X, d) such that FF = N3°,F(Tp) # 0 and let C be a
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nonempty CCS of a Complete C'AT'(0) space and let {T3}52 ; be a family of non-
expansive self mapping of C. Assume that Q = argmin,cc f(p) N2, F(Ty) is
nonempty and for y; € C, let {yy} be a sequence in C' defined by

) 1
20 = argmin | f(u) + 5rd(yer)’ |
Yo+1 = YoYo D (1 — ’79)T929. for all 6 >1 (313)

where {7} is a subset of [§,1— 0] for some d € (0, 3) and if {Tp}32, satisfies AKTT-
condition then the following conditions hold:

(1) limg_, o d(ye, p*) exists for all p* € F and hence, the sequence {yy} is bounded.
(2limg—o0 d(Yo+1, To+190+1) = 0.

Proof.

(1) Let p* € Q and by convexity and definition of {yy}, we have

d(Yo+1,0") = d(veye © (1 — v0)Thzp, p")
< Yd(ye, ") + (1 — 70)d(Tp20, p")
< d(ys, p*) + (1 — 70)d(z0, p")
< Yed(ye, p*) + (1 — v0)d(Yos1, D7)
< d(ye,p"). (3.14)

By induction we observe that

d(y9+17 p*) S d(ylu p*)u

from (3.14) we prove that {y} is bounded and so limg_,, d(yg, p*) exists. This
completes the proof of part (1).
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(2) Next we show limg_, o d(ya+1, To+1Ye+1) = 0, such that

IA

d(Yo+1, To+1Y0+1) d(Yo+1,Ye) + d(yo, Tos1Y0+1)

IN

d(Yo+1,Y0) + A(Tor1Y0+1, Toyo+1) + d(ve, Toyo+1),

as

d(ye, Toyo+1) < d(yo, Yo+1) + d(yo+1, Toyo+1),

and

d(Yo+1, Toyor1) < d(yos1,Y0) + d(ye, Ty, z0) + d(Ty20, Toys),

which implies

IN

3d(ye, Yo+1) + d(To11Yo+1, Toyes1) + d(ye, Ty, z0) + d(Tyze, Toye)

< 3d(ye, yo+1) + d(Th+1Yo+1, Tove+1) + d(ye, Toze) + d(z0,ys)(3.15)

d(y9+1, T9+1y9+1)

Using (2.1)

*(Yos1,0") < Y0d* (Yo, p*) + (1 — v0)d*(To20, p*) — Yo (1 — va)d* (ya, Ty 20)
< yed*(ye, p*) + (1 — 79)d* (26, p*) — Yo(1 — 78)d* (y, Tozp)

< 7d (Yo, ") + (1 = 70)d” (Yor1,0") — Yo(1 — 0)d" (o, To2o),
now by utilizing (3.14)
d*(Yo+1.p") < d*(yo, p") — vo(L — v0)d* (Yo, To2o),
assume that oy = d(yy, Ty2z), which implies that
20°05 < d*(y,p") — d*(Yo11, "),
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for some m > 1, we have

26" 0f < & (yosp") = (i1 1) < &y 1),
0=1

when m — oo

o
Z 05 < 00,
0=1

which means

lim oy = lim d(ys, Tyzg) = 0,
06— 00 0—o00

As we know that
d(Yo+1,Y0) < Yed(Ye, ve) + (1 — vo)d(Thz, ys),
when 0 — oo, we have d(Tjpzp, yg) = 0 and also d(yg1,ve) = 0,
therefore, which also implies that

lim sup d(yp1, ys) = 0.

60— 00
By Lemma 2.2
P, 07) — (o, 57) + (0, ) < F(2) — F(Irp)
Dy Dy O Dy )= ’

such as f(2) < f(Jyy), it follows that

d*(29,p") < d*(ye,p*) — d*(ve, 20)-

(3.16)

(3.17)

Since
d*(yo41, ") = d*(yoye & (1 — 70)Toze, p°)-
By (2.1)
P (yos1,0") < 70d (o, 0") + (1 = 70)d* (Tyze, ) — Y0 (1 — 70)d” (yo, Tyz0)
< Y9d* (Yo, ") + (1 —70)d* (20, 9") — 6 (1 — 70)d* (9, Tyz0)
< (1 =) [d* (Yo, ") — d* (Yo, 20)] + 6ld* (yo, p*) — (1 = v0)d*(yo, To2s)]
< (1 =) (Yo, ") + (v0 — 1)d* (0, 20) + 0d* (Y0, P*) — Y6 (1 = 70)d (o, To2p)
< d*(yo, p) — (1 — v0)d*(yo, 26) — Yo (1 — 70)d*(ya, Ty ),
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from above calculation, we say that

(L= 70)d*(yo,z0) < |d(ya,p") — d(yos1.0")|[d (Yo, ") + d(yos1. %) — Yo (1 — v0)d* (yo, Tozp)]
| — d(yas1,Y0)|[d(ye, p*) + d(Yor1,0") — (1 — v0)d*(ve, Tozp)]

d(Yos1,Y0)[d(ye, p*) + d(yor1, ")) — Yo (1 — 78)d*(ya, Tyzp),

IN

IN

asy € [0,1 — 4], so therefor when 6 — oo, then

dQ(yg,Zg) = 0. (318)

from (3.16), (3.18) and through AKTT condition, we observe that
d(Yo+1, Th+1Ye+1) = 0, as § — oo. This completes the proof of part (2) and of
Theorem 3.4.1.

Theorem 3.4.2. Let {Tj}52,, C and F' be as given in Theorem 3.4.1. Then the
sequence {yy} defined implicity in (3.13), AC to an element in (2.

Proof. It follows from theorem 3.4.1, the sequence {y,} is bounded and also
from Lemma 2.1.5 and 2.1.6 and also recalling the definition of AC, we observe
the sequence {yy} has a unique asymptotic center, that is A({ys})={ye}.

{1e} is subsequence of sequence {yy} such that A({xg})={x}. Then by theorem
3.4.1, limg o d(pg, Typg) =0

Let 1 € Q and from theorem 3.4.1, we have limg_, d(ys, it) exists. Suppose
y # p. By uniqueness of asymptotic center, we have

limsup d(pg, 1) < limsup d(pe,

Y)
60— 00 0—00
< lim supd(ys, y)
0—00
t)
)

= lim 8upd<:“97ﬂ )
0—o0

< lim supd(yy,
0— 00
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which shows contradiction. Hence, y = p, since (11¢) is an arbitrary subsequence
of the sequence {ys}, so A({1p})={1} for all subsequences {1y} of {ys}. This proves
{ye} AC to p € Q. This completes the proof.

Theorem 3.4.3: Let {Tp}52,, C and {ys} be as given in Theorem 3.4.1, then
the sequence {y} defined in (3.2) is Fejer monotone with respect to 2. More-
over, {yp} SC to an element in ¢* € Q if and only if limy_, d(ys, 2) = 0 where
d(yg, Q) = infld(y, 2) : z € Q).

Proof. From (3.15), the sequence {yy} is Fejer monotone W.r.t. p* € Q and also
from Theorem 3.4.1, we obtain limg_,, d(yg, p*) exists. By applying Lemma 2.3 to
(3.14), limg_, d(yp, 2) exists. The need is self-evident and then we just demon-
strate sufficiency. Suppose liminfy_. d(yp, 2) = 0, there exist mq € £ for any

¢ > 0 such that
d(ye, Q) < Z Forall 6 > my.

Specifically inf{d(ym,,q") : ¢* € Q< §, therefore there must be p* € ) exists
such that

DN ™

A(Ymg, ") <

Then for all m, 0 > mg, we have

A

d(Yorm>Yo) < d(Yo+m,P") +d(D", yp)
< 2d(Yme, D7),

E.

A\

Thus, the sequence {yy} in C be Cauchy, this implies the sequence {yy} converges
to some point ¢* in C. Since 2 is closed and limy_,~, d(ys, 2) = 0.

This completes the proof.
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