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ABSTRACT

Metric Dimension of Different Chemical Structures

Let G = (V, E) be a connected graph and distance between any two vertices m and
n in G is (m — n) geodesic and is denoted by d(m,n). A set of vertices S resolves a
graph G if each vertex is uniquely determined by its vector of distances to the vertices
in S. A metric dimension of G is the minimum cardinality of a resolving set of G. In
this thesis line graph of honeycomb network ; azteic diamond,polycyclic aromatic hy-
drocarbon,triangualr benzenoid,honeycomb cup network has been derived and than
calculate the metric dimension on line graph of Honeycomb network, azteic diamond

,polycyclic aromatic hydrocarbon, triangualr benzenoid and honeycomb cup network .
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Chapter 1

Introduction



The graph theory was originated from the problem of Konigsberg bridge [31]. Konigs-
berg town was located on both sides of the River Pregel and based on two large islands
connected by 7 bridges to each other or to the town. A question arose in the mind of
Konigsberg residents, whether how they could travel around the city, crossing each of
the seven bridges once and once. In 1736, Leonhard Euler(1707 — 1783) was attracted
by Konigsberg Bridge problem and he found that it was not possible to do so, however,
how much a man was walking around the earth or exactly where bridges were. Thus,
the concept of the Eulerian graph was brought about. In order to solve this problem
Euler introduced the new mathematical branch, the graphic theory [31].

A.F. Mobius,in 1940, introduced the idea of a bipartite graph and a complete k,, graph.
The concept of the tree was introduced by Gustav Kirchov, In 1845, to calculate elec-
tricity currents using the concept of a tree. In 1852 the well-known four-color problem
was introduced by Thomas Gutherie. In the year 1856, Kirkman. P and R. Hamilton
studied polyhydral cycles and discover the Hamilton graph concept.

Regardless the four color problem had been discover but it hadnt been solved at that
time. After about a century in 1976, Kenneth Appel and Wolfgang Haken [22] resolved
this problem. It was the first major computer theorem to be proven. In 1878, Sylvester
found the term Graph.This was a brief history about the evolution of graph theory.
The ideas and notions of graph theory are already have been used in various fields of
science. In general, these are also used in day-to-day life without noticing the graphic
concepts. For example, if we have to reach to a certain place which connects with our
point of departure by different ways, then we will follow the shortest road to get to the
desired location soon.In the graph theory point of view, however, the two places can
be considered as vertices and the roads as edges [31].

Now-a-days Google Map is a useful tool in order to go around the world for a cou-
ple of days. By using Google map, we can find all the possible routes connecting the
point of departure to the point of destination. Hence, the shortest route between the
two locations can be found easily. In the case of the Google Map, the places can be

considered as vertices and the paths as edges. Then Google map software searches
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out all the possible edges between these two places or vertices when it finds the routes
between two places and also indicates the shortest edge as the shortest path.

The operation of traffic lights, for instance, turning Green or Red and timing between
them, uses the technique of coloring vertex in order to solve time and space conflicts
by identifying the chromatic numbers for the required cycles.

Graph theory, for operational research, is a very useful tool. With the help of graphs
some OR problems can be solved. In the case of transport problems, the graphic-
theoretical approach is useful when we have to minimize costs of transport or maxi-
mize profit. It is also used for various tasks, such as assignment of various people to
different jobs, administration of school time table, assignment of offices etc.

Graph theory is used in chemistry to model chemical phenomena in mathematics. By
using graph theory we can make a molecule’s natural model in which vertices repre-
sent atoms while edges represent bond. Chemical Graph Theory(CGT),a mathematical
chemistry branch, deals with non-trivial graph theory applications to solve molecular
problems. Balaban Alexander, Ante Graovac,Milan Randic, Ivan Gutman, Nenad Tri-
najstic Haruo Hosoya, among others, are pioneers in the chemical graph theory. Graph
theory is also used for biochemistry computational [31]. Graph theory has its unparal-
lel and idiomatic sway in various fields of life, which is on its way to grow with every

passing day.

1.1 Metric Dimension

In graph theory, the metric dimension has many applications in the real world. It has
been applied to the problems of optimization in complex networks, analyzing electri-
cal networks; showing the business relationships, robotics, control of production pro-
cesses, etc . A graph-structured framework can be used to study navigation in which
the navigating agent (which we assume is a point robot) moves from node to node of

a “graph space.” The presence of “landmark™ nodes that are clearly labeled helps the



robot to locate itself in the graph space.[18]

Visual detection of a distinctive landmark informs the robot that navigates in Euclidean
space about the orientation of the landmark and allows the robot to define its position
by triangulation. However, the concept of direction as well as the concept of visibility
do not exist on a graph. Rather, it is assumed that the distances to a set of landmarks
can be sensed by a robot navigating a graph. Indeed, the position of the robot on the
graph is uniquely determined if it knows its distance from an adequate set of land-
marks.

In the graph, how many landmarks are necessary and where should they be located so
that the distances between the landmark positions are determined in a unique way by
the robot on the graph? The following problem is suggested by this: In fact, it is a
classic problem of metric space. A minimal set of points determining the position of
the robot in a unique way is known as the “metric basis” and the the minimum no of

landmarks is known as metric dimension.



Chapter 2

Basic Concepts and Terminologies



In running chapter, there are basic definitions of graph theory and chemical Graphs.

Their importance to give clear concept that is based on the present study.

2.1 Basic Definitions

2.1.1 Graphs

“ Let G be a Graph which consist of an ordered pair (V,E), where V is the set of
vertices of G and E is the set of edges in G 1.e

V(G) ={p1,p2,:P3;--,Pn}

E(G)={p1p2,P2P3,P3P4,---, Pu—1Pn } s known as finite graph when its set of vertices
and set of edges are finite.”

“If the cardinality of vertex set and edge set become infinite i.e

V(G) ={p1,p2,v3,...}

E(G) = {p1p2,p2p3,P3P4; -}

then the graph(G) is known as Infinite graph.”

“The vertices having degree one are called Pendant vertices.

An edge of a graph is known as Pendant edge if one of its vertices is a pendant vertex.”

“ The cardinality set of vertices in a graph G is called the order of g. It is labeled by

2

P-
“ The cardinality set of edges in a graph G is known as the size of a graph.it is labeled

by ¢.” For example the order and size of C4is 4i.e p =g =41in fig 2.1.

2.1.2 Line Graphs

“The line graph denoted by L(G) of a graph G is the graph whose vertices are the
edges of existing graph G; two vertices f and g are incident if and only if they have a

common end vertex in graph G.”



a,

Figure 2.1: Cy4

2.1.3 Simple and Multiple Graph

“ A graph in which no loop, no parallel edges or no multiple edges is known as
simple graph.” fig 2.2 shows the simple graph where V(G) is represented by ver-
tex set i.e V(G) = {ay,a2,a3,a4} and E(G) is represented by edge set i.e E(G) =
{a1ay,ara3,a3a4,a2a4,a1a4,a1a3}.

“If there is more than one edges among the two adjacent vertices then that graph is

p.
1 IO2

Figure 2.2: Simple Graph



called Multiple graph.” as shown in fig 2.3

Figure 2.3: Multiple Graph

2.1.4 Complete Graph

“ Complete graph on n vertices where every two vertices are joining each other exactly
one time, as shown in fig 2.4 and it is denoted by K,,.”

Remark 1:

“Every complete graph is necessary to simple.”

Figure 2.4: Complete Graph

2.1.5 Regular Graph

“ A graph will be regular if its all vertices carry equal degree, as show in fig 2.5.”

Remark 2:



Figure 2.5: Regular Graph

“ Ky, is (n— 1) regular graph.”

2.1.6 Bipartite and Complete bipartite graphs

“ A graph G will be a bipartite graph if its vertex set is split into two vertex set i.e
V = AUB and there is no edges between vertices of A and vertices of B and vertices
of A are bordering to some vertices of B.”

“ A graph G will be a complete bipartite graph if its vertex set is split into two vertex
set i.e V = AUB and there is no edges between vertices of A and vertices of B and

vertices of A are bordering to all vertices of B.” as shown in following fig 2.6 and 2.7.

Figure 2.6: B4,3 Bipartite Graph



Figure 2.7: K3,3 Complete Bipartite Graph

2.1.7 Operations on graphs

“ Assume that G1(p1,q1) and Ga(p2,q2) be two graphs then G = G| UGy is the union
of graphs G| and G, with,

V(G)=V(G)UV(Gy)

E(G) = E(G)UE(G,)”

“ Suppose that G1(p1,q1), G2(p2,g2) be two graphs then Product of G| and G is
denoted by G = G| X G»,

V(G) ={(u,v);ueV(G) and veV(G3)}

E(G) = {(u,v)(u,v') such that u = i’ and w'eE(G,), v =" and uu €E(G;)”

“Let G1(p1,91) » G2(p2,q2) be two graphs then their Corona of G| and G is denoted
by G| oGy = G, as shown in fig 2.8 and is defined as the following in three steps,

1. Take one copy of Gj.

2. Take p; times copies of G.

10
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3. join i’ copies of G, with i’ vertex of Gj.

Remark 3:

Figure 2.8: G1 oGy

“G10Gy # GroGy”

“Assume that G be a graph then Complement of G is labeled by G and defined as
uve E(G) iff uv does not belongs to E(G).”

Remark 4:

“if G = G then G is known as Self Complement e.g Cs is self complement.”

2.1.8 Sub-graphs

“ Suppose that G and K be two graphs the vertex set and the edge set of G and K are
V(G), E(G) and V(K), E(K) respectively,then K will be subgraph of G if the vertex
set of K is the subset of the vertex set of G and the edge set of K are also subset of the
edge setof G. ”

“ Consider G and K be two graphs the vertex set and the edge set of G and K are
V(G), E(G) and V(K), E(K) respectively,then K will be Spanning sub-graph of G if
cardinality of vertex set of G and the vertex set of K is equal but the edge set of K is

the subset of edge set of G.”

2.1.9 Cyclic graph

“ A graph G is said to be cyclic graph if first vertex of G is connected to last its vertex,

in other words we can say all vertices are connected in a closed chain. A cyclic graph

11



G with n vertices then graph G is known as C,,. cyclic graph is shown in fig.2.9.”
Remarks 5:
“ The order and the size of a graph G will be same if it is cycle, which is labeled by

C,. The degree of each vertex is 2 i.e two edges are incident with every vertex.”

Figure 2.9: Cyclic Graph

2.1.10 Degree of a vertex

“In any graph G the number of edges which are incident to a vertex is known as degree
of a vertex and labeled by deg (V). If there is any loop on the vertex then the degree of

that vertex will be 2. loop as shown in fig.2.10.”

2.1.11 Sum of degree of vertex

“Assume that G be a graph, u € V(G) is any vertex of graph G, v,v2,v3,...,v, are the
neighbouring vertices of u. The sum of degree of vertex u is obtained by adding the

degrees of all neighbouring vertices v; which is denoted by S, and defined as:

Su = Z d(vi)

V[GNg(M)

where,

Ng(u) =v e V(G)|uv € E(G)

12



Figure 2.10: Degree of Graph

“Suppose that G be a finite Graph, e is any vertex of G,then the Sum of degree of
vertex e is sum of degree of all vertices bordering to vertex e. Vertices a ,b, ¢ and d
are bordering to e , as we know that if two vertices have an edge among them, we call

them adjacent vertices. Sum of degree of vertex e is 12 which is shown in fig 2.11.”

b

c d

Figure 2.11: Sum of Degree of Graph
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2.1.12 Chemical Compounds

“ The Chemical Compound that contain at least one oxygen atom and one other atom
in its chemical formula is known as oxide. An oxide is an ion of oxygen i.e 0>~
where -2 is the oxidation state. The compound that contain anionic silicon compound
is known as silicate. Most of the silicates are oxides. SiO4 contain 4 oxygen ions and
1 silicon ion. These compound consist of silicate anions that is balanced by various

cations and minerals are also included in it.”

2.1.13 Sub-divided Graphs

“Let G be a Graph then by inserting a new vertex of degree 2 in each edge of the graph
G we get a new graph and that Graph is called subdivided graphs.”

following fig2.12 shows the subdivided graph. By subdivision of graphs or networks
we can get different types of new graphs. For example from the subdivision of honey-

comb network we can get Domination oxide network.

Figure 2.12: Honeycomb and Subdivided Honeycomb Network

2.1.14 Molecular or Chemical Graphs

“ Cheminformatics is a new subject that combines chemistry, mathematics, and sci-
ence of information. A lot of research has been done in this area in the last decades.
Graph theory has provided a variety of useful tools to theoretical chemists, such as
topology matrices, topology polynomials, and topology indices. In terms of graph the-

ory, a structural formula of a chemical compound is repre-sent by a molecular graph.

14



Molecular graphs ’ vertices and edges correspond to the compound atoms and chemi-

cal bonds, respectively.”
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Chapter 3

Metric Dimension of Different

Chemical Structures



3.1 Introduction

Metric dimension is one of the most significant field of graph theory. It various ap-
plications in numerous field of life, for instance coin weighting , network theory, pat-
tern recognition, optimization, robot navigation,Network discovery and verification
[4],geometrical routing protocols,join in graphs [21] and coin weighting problems [27]
accentuate its significant. A point move along a graph might be traced by calculating
the distance from a point to a conglomeration of sonar stations positioned clearly in the
graph. Throughout consider G as connected graph and d(m,n) denote m-n geodesic.
Assume set P = {py, p2, ..., p: } is being an ordered, subset of V (G).Representation of
r(m|P) of am w.r.t Pis the t —tuple (d(m, p1),d(m, ps),d(m,p3)

,...,d(m, p;)} where P is called a resolving or locating set [5],[26], if each graph vertex
is uniquely identify by its distances from the vertices of B. The minimum set of ver-
tices in a resolving set is commonly known as the basis of graph G and cardinality of
set of basis element is considered as the metric dimension of G, which is represented
as dim(G) [19]. A fairish literature related to metric basis is discussed in [1, 12, 20].
We have an ordered set of vertices P = {py, p2,...,p:} for a graph G. The d(m,p;)
is zero iff u = m;. If r(s|P) # r(z|P) of every pair of unique vertices s,/ belongs to
V(G)|P then P is known as a resolving set. For the first time slater, a mathemati-
cian gave the metric dimension concept in [26]. Later on the same concept was also
studied by Melter et al. also investigated the same concept independently in [12]. F.
Simon Raj et al. studied metric dimensions of various chemical networks as well as
star of David network SD(n) in [23, 24] . The metric dimension of a connected graph
changes when the number of vertices is altered in the graph and turns infinite when
numbers of vertices are infinite and is known as unbounded metric dimension. like-
wise metric dimension remains finite when altering in number of vertices is finite and
is called bounded metric dimension. Finally,if the metric dimension stick around same
for all number of vertices connected in a graph G, then it is called a constant metric

dimension [26]. path graph has 1 metric dimension in [7] for every n > 3 cycle have
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metric dimension 2.Baca calculated the metric dimension of regular bipartile graphs
in [19]. After getting the notion of Manuel,metric dimension of line graph of hon-
eycomb,aztec diamond, honeycomb cup , triangular benzenoid, polycyclic aromatic

hydrocarbon networks would be determined in this thesis.

3.1.1 Honeycomb Network

Number of designs in which hexagons offer to build HC network. If HC| is a hexago-
nic honeycomb network, we will add 6 hexagons to the exterior edges of HC in order
to obtain the honeycomb network HC,. Consequently, when we add a layer of hexagon
on the boundary of HC,,—, we get honeycomb network HC,,. The hexagons between
the centre and boundary of HC,, decides the parameter n of HC,. Honeycomb network
is very useful network. This network is useful in navigation, computer graphics, image

processing and cell phone.
Theorem 3.1.1. For G = [LHC,|; n = 1 then G has metric dimension 2.

Proof: L[HC(1)]is acycle with 6 vertices as it is not path so its metric dimension

is not 1 [4] and as it is Cg so have metric dimension 2.
Theorem 3.1.2. For G = [LHC,]; n > 2 then G has metric dimension greater than 2.

Proof:
Here, we have to show that,there doesn’t exist any set L with two vertices 1.e a resolv-
ing set of G. Let on contrary G has metric dimension equal to 2

Let L = {cmu+1, daf 1} be aresolving set then

r(viIL) = r(uf s|L)

L is not resolving set for the graph.

18



Let L = {ufpié, ?jﬁ} a resolving set then

2 1
r(uf5|L) = r(ufiSIL)

L is not resolving set.

Let L= {cpnio, u?’”} a resolving set then

r(uftiy|L) = (W3 |L)

L is not resolving set.

Let L = {vjif| ,u}f2} aresolving set then

F(F,5|L) = r(B}4|L)

L is not resolving set.

Let L = {b7},5, fjlz} a resolving set then

r(bf,,lL) = r(u} L)

L is not resolving set.

Let L = {a7} 4,V 7} aresolving set then

rdfiolL) = r(ViZIL)

L is not resolving set.

Let L= {v;’ig, ?if} a resolving set then

19



(Vi3 IL) = r(vVESIL)

L is not resolving set.

Let L = {d'}, b 3} aresolving set then

r(ViiisIL) = r(ufolL)

so L is not resolving set.

Let L= {a?jfé, ?153 } aresolving set then

r(Violl) = r(vsys|L)

L is not resolving set.

Let L = {cy47,b} ¢} aresolving set then

r(uf1alL) = r(uf,o|L)

so L is not resolving set.

Let L = {cfys, v;t”;fgl} a resolving set then

r(VifsIL) = r(vViTlL)

L is not resolving set.
Similarly,

therefore there no set L with two vertices be a resolving set for L[HC,| network so its

20



metric dimension is greater than 2.
Theorem 3.1.3. For G = L[HC(n)|; n > 1 then G has metric dimension greater than 2.

Proof: The L[HC(n)] with one vertex between every two vertices has vertex set,
VIL(HC(n))| ={vy: 1<m<n;1 <q<kk=4n—2m}

U{ag’: 1<m<n—1;1<q<kk=2n—m}
U{ug: 1Smgn;lgqgk,k:4n—2m}u{b;”: 1<m<n—1;1<q<k,k=2n—m}
U{cg: 1 <g<2n}

Now let L = {ay’, 14,0}, 14,¢q} be the resolving set for the above graph.

21



qg,4n—m—gqg,4dn—m—q—1

for

m<1,1<g=4n—-6

2m+q—2,4n—q—1,4n—q—3

for

2<m<n1<g<4n—-2m—-2

2m+q—2,4n—q,4n—q—3

for

2<m<n,g<4n—2m—1

2m+q—2,4n—q+1,4n—q—3

for

2<m<n,g<4n—2m

q,4n—q,4n—q—2

for

q<4n—-2m—1,1<m<2,

qg,4n—q—1,4n—q—?2

for

mg 1,CI§471—2,

g,4n—qg+1,4n—q—2

for

mg 1561§4n—47
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.
2q,4n—2q,4n—2q—m

for m<1,1<g<2n-2,

2m+2q—2,4n—2q,4n—2q+?2
for 2<m<n—1,1<qg<2n—m+1,

2m+2g—2,4n—2qg+2,4n—2q -2

for I<m<n—1,g<2n—m+2,
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qg,4n—m—q—1,4n—m—gq

for m<1,1<g<4n—6,

2m+q—2,4n—q—3,4n—qg—1
for 2<m<n1<qg<4n—-2m—2,

2m+q—2,4n—q—3,4n—q

for 2<m<n,g<4n—2m—1,

2m+q—2,4n—q—3,4n—qg+1

for 2<m<n,qg<4n—2m,

q,4n—q—2,4n—q

for q<4n—-2m—1,1<m <2,

g,4n—q—2,4n—q—1

for m<l,g<4n-—2,

qg,4n—m—1,4n—qg+1

for m<1l,q<4n—4,
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.
2q,4n—2q —m,4n —2q
for m<1,1<g<2n-2,

2m+2q—2,4n—2g+2,4n—2q
Aby) =< for 2<m<n—1,1<q<2n—m+1,

2m—+2qg—2,4n—2g—2,4n—2q+?2
for 1<m<n—1,g<2n—m+2,

(

q—1,4n—2q,4n—2q
for qg<1

2g—1,4n—2qg—2,4n—2g+?2

for g <2n,
2qg—1,4n—2q,4n—2q

for 2<g<2n—1,

\

Let v{" and v are two distinct vertices from V(L(HC(n)) then

r(vi'|L) = r(vV¥IL)

= (2m+s—2,4n—s—1,4n—s—-3)=2m+f—-2,4n—f—1,4n— f —3)

=s=f, s=f, s=f whichis contradiction.
Let v{" and v/}’ are two distinct vertices from V(L(HC(n)) then

r(vi'|L) = r(vV¥IL)
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= (s,d4n—m—s,dn—m—s—1)=(f,dn—m—f,dn—m— f— 1)

=s=f, s=f, s=f whichis contradiction.
Let v{" and v}’ are two distinct vertices from V(L(HC(n)) then

r(IL) = r(pIL)

= (2m+s—2,4n—s,4n—s—3)= 2+ f—2,4n— f,4n— f —3)

=s=f, s=f, s=f whichis contradiction.
Let v{" and v are two distinct vertices from V(L(HC(n)) then

r(vi'|L) = r(vV¥IL)

= (2m+s—2,4n—s+1,4n—s—3) = 2m+t—2,4n—1t+1,4n—1t —3)

=s=f, s=f, s=f whichis contradiction.
Let v{" and v}’ are two distinct vertices from V(L(HC(n)) then

r(vif|L) = r(vf|L)

= (s, 4n—s,4n—s—2) = (f,4n— f,4n— f —2)

=s=f, s=/f, s=f whichis contradiction.

Let ay' and a7 are two distinct vertices from V(L(HC(n)) then
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r(ag'|L) = r(df|L)

= (2m+2s—2,4n—2s,4n—2s+2) = 2m+2f —2,4n—2f,4n—2f +2)

=s=t, s=t, s=t whichis contradiction.
Let af' and a'f are two distinct vertices from V(L(HC(n)) then

r(ag'|L) = r(df|L)

= (2s,4n—2s,4n—2s —2m) = (2f,4n—2f,4n—2f —2m)

=s=f, s=f, s=f whichis contradiction.
Let af' and a7’ are two distinct vertices from V (L(HC(n)) then

r(ag'|L) = r(df|L)

= (2m+2s—2,4n—254+2,4n—25s—2) = 2m+2t —2,4n— 2t +2,4n— 2t —2)

=s=f, s=f, s=f whichis contradiction.
Let v{" and @}’ are two distinct vertices from V(L(HC(n)) then

r(vi'|L) = r(df|L)

= (2m+s—2,4n—s—1,4n—s—4) = (2i+2f —2,4n—2f 4n—2f —3)

=s=2f, s=2f, s=2f whichis contradiction.
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Let v{" and @}’ are two distinct vertices from V (L(HC(n)) then

r(vi'|L) = r(df|L)

= 2m+2s—2,4n—2s5,4n—2s—m) = (f,dn—m—f,dn—m—f — 1)

== {22 g A o= IH22 which is contradiction.

Let v{" and d'f are two distinct vertices from V (L(HC(n)) then

r(vi'|L) = r(af|L)

= 2m+s—2,4n—s,4n—s—3) = (2i+2f —2,4n—2f,4n—2f +2)

=s=2f, s=2f, s=2f—5 which is contradiction.
Let v{" and d'f are two distinct vertices from V(L(HC(n)) then

r(vi'|L) = r(df|L)

= (2m+s—2,4n—s+1,4n—s—3) = 2m+2f —2,4n—2f +2,4n—-2f —2)

=s=2f, s=2f—-2, s=2f—1 which is contradiction.
Let v{" and ¢, are two distinct vertices from V (L(HC(n)) then

r(vi'lL) = r(cq|L)

= (2i+s—2,4n—s—1,4n—s—4)= (2f — 1,4n—2f,4n—2f)
=s=2f-2i+1, s=2f—1, s=2f—4 which is contradiction.
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So every vertex has unique representation w.r.t L, so L be a resolving set for

LIHC(n)],n> 2.
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Figure 3.1: Line graph of honeycomb network

3.1.2 Poly Cyclic Aromatic Hydrocarbon

PAH (n) is a family of hydrocarbon , therefore its structure contains cycles of length 6
(Benzene). The free valences of PAH H-saturated bonds may be considered as small
pieces of graphene plate parts. Vice versa, an infinite PAH molecule can be interpreted
as graphene. Benzene with 6 carbon (C) and hydrogen (H) 6 atoms is the success-
ful use of polycyclic aromatic hydrocarbon molecules in modeling graphite surfaces

PAH,. PAH, is Coronene with 24 carbon atoms and 12 hydrogen atoms.

Theorem 3.1.4. For G = L[PAH (n)]; n > 1
2.

Proof:

Here, we have to show that there doesn’t exist any set A with two vertices i.e resolving

then G has metric dimension greater than

set of G. Let on contrary G has metric dimension equal to 2
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Let A = {m;y1,2,} be aresolving set then

r(x|A) = r(vh43l4)

so A is not resolving set for the graph.

Let A = {y;t%,¥/t%} be a resolving set then

j+2 i+1
r()’?__q_z |A) = r()’;,j_s A)

so A is not resolving set.
LetA = {s,_,, y;ﬁ} be a resolving set then
i+3 _ i+3
O3 14) = OGS 1)

so A is not resolving set.

Let A = {mj», y2+2} be a resolving set then

r(v514) = r(v5514)

so A is not resolving set.

LetA = {x;;_fl , nyS} be a resolving set then

r(Whs3lA) = r(wh4lA)
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so A is not resolving set.
LetA = {t] . 4,x2fr34} be a resolving set then

r(z,14) = r(3,1514)

so A is not resolving set.

Let A = {w}_5,y,t3} be a resolving set then

r(whiald) = (33 514)

so A is not resolving set.

LetA = {z, +3,x§;21} be a resolving set then

r(zsald) = r(x3514)

so A is not resolving set.

Let A = {xj;*%,x*%} be a resolving set then

r(xié |A) = r(xf;zs |A)

s0 A is not resolving set.

Let A ={z}  |,w} 4} be aresolving set then

r(x2+5 |A) = r(y2+2]A)
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so A is not resolving set.

LetA = {ZZT@ z;:%} be a resolving set then

r(xf301A) = r(xp413]4)

so A is not resolving set.

Let A = {mj,7,w} ¢} be aresolving set then

r(y2+14|A) = ’”(YZ+10|A)

so A is not resolving set.

LetA = {mi+5,x?jrl9} be a resolving set then

41 i1
r(xﬁirs |A) = r(yZiloM)

so A isn’t be a resolving set.
Similarly,
here no set A with two vertices be a resolving set for L[PHA(n)] network so it has

metric dimension is greater than 2.
Theorem 3.1.5. For G = L[PAH,|; n > 1 then G has metric dimension greater than 2.

Proof: The L[PAH,] with one vertex between every two vertices has vertex set,
VILIPAH(n)]] = {x}: 1 <i<n1<b<kk=4n—2i}

U{z): 1<i<n—1,1 <b<kk=2n—i}
U{yZ: 1<i<nm,1 §b§k,kz4n—2i}u{w2: 1<i<n—1,1<b<kk=2n—i}
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U{ci: 1 <i<2n}
U{rl - 1<i<n}
U{st s 1<i<n}
Now let A = {a} 145 wi +14-Cp ) be the resolving set for the above graph.

;

b,dn—i—b,4n—i—b—1
for i<1,1<bhb<4n—-6

2i+b—2,4n—b—1,4n—b—3
for 2<i<n1<b<4n—-2i—-2

2i+b—2,4n—b,4n—b -3

for 2<i<mnb<4n-—-2i—1

2i+b—2,4n—b+1,4n—b—3
AX) =1 for 2<i<nb<4n—2i

b,An—b,4n—b—2
for b<4n—-2m—1,1<m<?2

b,dn—b—1,4n—b—2
for i<1,b<4n-2

b,dAn—b+1,4n—b—2
for i<1,b<4n—-4
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( 2b.4n—2b.4n—2b—i

for i<1,1<b<2n-2

2i4+2b—2,4n—2b,4n—2b+2
for 2<i<n—1,1<b<2n—i+1

2014+2b—2,4n—2b+2,4n—2b —2
for 1<i<n—-1,b<2n—i+2
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bdn—i—b—1,4n—i—b

for i<1,1<bhb<4n-6

2i+b—2,4n—b—3,4n—b—1
for 2<i<n,1<b<4n—-2i-2

2i+b—2,4n—b—-3,4n—>b
for 2<i<n,b<4n-2i—1

2i4+b—2,4n—b—-3,4n—b+1

for 2<i<n,b<4n-—2i

bdn—b—2,4n—b

for b<d4n—-2m—-1,1<m<?2

b,4n—b—2,4n— jb—1
for i<1,b<4n-2

bdn—i—1,4n—b+1
for i<1,b<4n—4

36



( 2b.4n—2b—i dn—2b

for i<1,1<bhb<2n-2

2i4+2b—2,4n—2b+2,4n—2b
for 2<i<n—1,1<b<2n—i+1

2i4+2b—2,4n—2b—2,4n—2b+?2
for 1<i<n—-1,b<2n—i+2

\

(

b—1,4n—2b,4n—2b

for i <1

2b—1,4n—2b—2,4n—2b+2

for i <2n
2b—1,4n—2b,4n—2b

for 2<bhb<2n—-1
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[ 2i—1.4n—b.4n—2

for i<1,b<1

2i—1,4n—b,4n—3

for i<1,1<b<n

2i—2,4n—2b,4n—2b—2

for 1<i<n,b<n+i

dn—1,4n—i—b+11,4n—i—b+7
for i<2n+8,b<n+1

dn—1,4n—i—b+11,4n—i—b+10
for 2n+2<i<3n,10<b<2n
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2i—1,4n—2,4n—b

for i<1,b<1

2i—1,4n—3,4n—b
for i<1,1<bhb<n

2i—2,4n—2b—2,4n—2b

A(sh) =< for 1<i<nb<n+i

dn—bAn—i—b+7,4n—i—b+11
for i<2n+8,b<n-+1

dn—b,An—i—b+10,4n—i—b+11
for 2n+2<i<3n,10<bhb<2n

\

Let x!, and x} are two distinct vertices from V[L(PAH (n)] then

r(xglA) = r(x,|A)

= (e,dn—i—udn—i—e—1)=vdn—i—vdn—i—v—1)

=e=v, e=v, e=v whichis contradiction.

Let x!, and x}, are two distinct vertices from V[L(PAH (n)] then

r(xglA) = r(x}|A)

= (2i—2+4ed4n—1—edn—e—3)=2i+v—-2,4n—v—1,4n—v—3)
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=e=v, e=v, e=v whichis contradiction.

Let x, and x! are two distinct vertices from V[L(PAH (n)] then

r(xglA) = r(x}|A)

= (2i—24e,dn—edn—e—3)=(2i—2+v,4n—v,dn—v—3)

=e¢=v, e=v, e=v whichis contradiction.

Let x, and x, are two distinct vertices from V [L(PAH (n))] then

r(xglA) = r(x}|A)

= 2i—2+edn+1—edn—e—3)=2i—2+v4n+1—vdn—v—3)

=v=¢, v=e¢, v=ce¢ whichiscontradiction.

Let x!, and x} are two distinct vertices from V[L(PAH (n)] then

r(xglA) = r(x,/A)

= (e,4n—e,dn—2—e) = (v,4n—v,4n—2—v)

=e=v, e=v, e=v whichis contradiction.

Let x!, and x!, are two distinct vertices from V[L(PAH (n)] then

r(xglA) = r(x}|A)
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= (e,dn—1—edn—2—e)=(vdn—1—v,4n—2—v)

=e=v, e=v, e=v whichis contradiction.

Let x!, and x! are two distinct vertices from V[L(PAH (n] then

r(xglA) = r(x}|A)

= (e, dn+1—edn—i—1)=(vdn—j+1,4n—j—1)

=e=v, e=v, e=v whichis contradiction.

Let x!, and x} are two distinct vertices from V[L(PAH (n)] then

r(xglA) = r(x|A)

= (e,dn—i—edn—i—e—1)=2i+v—-2,4n—v—1,4n—v—3)

=e=2i+j—2, e=v—i+1, e=v—i+4 whichis contradiction.

Let x!, and x! are two distinct vertices from V [L(PAH (n)] then

r(xglA) = r(x}|A)

= (2i—2+edn—1—edn—e—3)=(2i—2+v,4n—v,4n—v—3)

=e=v, e=v+1, e=v whichis contradiction.

Let x!, and x} are two distinct vertices from V[L(PAH (n)] then

r(xelA) = r(x,|A)
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= (2i—24ed4n+1—edn—e—3) = (v,dn—v,dn—v —2)

=e=v—2i+2, e=v+1, e=v—1 whichis contradiction.

Let x, and x, are two distinct vertices from V [L(PAH (n)] then

r(xglA) = r(x}|A)

= (e,dn—e—1,4n—e—2)=(vydn—v+1,4n—v—1)

=e=v, e=v—2, e—v—1 whichis contradiction.

Let x, and 7/, are two distinct vertices from V[L(PAH (n)] then

r(xelA) = r(z,|A)

= (e,4n—1—e,4n—e—2) = (2i,4n—2v,4n—2v —i)

=e=2i, e=2v—1, e=2v+i—2 whichis contradiction.

Let x, and x, are two distinct vertices from V [L(PAH (n)] then

r(xglA) = r(x}|A)

= (e,dn—1—e,dn—2—e¢)=(v4n—v+1,4dn—v—1)

=e=v, e=v—2, e=v—1 which is contradiction.

Let 7, and Z/, are two distinct vertices from V[L(PAH (n)] then
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r(z4|A) = r(z}/A)

= (2i,4n—2e,4n —2e —i) = (2i,4n —2v,4n —2v —1i)

=2i=2i, e=v, e=v whichis contradiction.

Let 7/ and Z}, are two distinct vertices from V[L(PAH (n)] then

r(ze|A) = r(zi]A)

= (2i+2e—2,4n—2e,4n—2e+2) = (2i+2v—2,4n—2v,4n—2v+2)

=e—=v, e—v, e—v whichis contradiction.

Let 7, and 7, are two distinct vertices from V ([L(PAH (n)] then

r(z4|A) = r(z}|A)

= (2i+2e—2,4n—2e+2,4n—2¢—2) = (2i+2v—2,4n—2v+2,4n—2v—2)

=e=v, e=v, e—=v whichis contradiction.

Let 7, and Z}, are two distinct vertices from V[L(PAH (n)] then

r(ze|A) = r(z}|A)

= (2i+2¢—2,4n+2—2e,4n—2 —2¢) = (2i+2v—2,4n—2v,4n—2v+2)

=e=v, e=v+1, e=v—2 whichis contradiction.
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Let x!, and 7/, are two distinct vertices from V[L(PAH (n)] then

r(xelA) = r(z,/A)

= (2i+2e—2,4n—1—e,4n—e—3) = (2i+2v—2,4n—2v,4n—2v+2)

=e= %, e=2v—1, e=2v—5 which is contradiction.

Let y. and y!, are two distinct vertices from V[L(PAH (n)] then

r(vi|A) = r(y}|A)

= (e, dn—i—1—edn—i—e)=v,dn—i—v—1,4n—i—v)

=e=v, e=v, e=v whichis contradiction.

Let y. and y!, are two distinct vertices from V[L(PAH (n)] then

r(yilA) = r(y}|A)

= (2i+e—2,4n—e—3,4n—e—1)=(2i+v—2,4n—v—-3,4n—v—1)

=e=v, e=v, e=v whichis contradiction.

Let y. and y!, are two distinct vertices from V[L(PAH (n)] then

r(Yi|A) = r(y}|A)

= (2i+e—2,4n—e—3,4n—e) = (2i+v—2,4n—v—3,4n—v)

=e=v, e=v, e=v whichis contradiction.
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Let y. and y!, are two distinct vertices from V[L(PAH (n)] then

r(vi|A) = r(y}/A)

= (2i+e—2,4n—e—3,4n—e+1)=(2i+v—2,4n—v—-3,4n—v+1)

=e=v, e=v, e=v whichis contradiction.

Let y, and y', are two distinct vertices from V [L(PAH (n)] then

r(yilA) = r(y}|A)

= (e,dn—e—2,4n—e) = (v,4n—v—2,4n—v)

=e=v, e=v, e=v whichis contradiction.

Let y. and y! are two distinct vertices from V[L(PAH (n)] then

r(yi|A) = r(y}/A)

= (e,dn—2—edn—1—e)=vdn—v—-2,4n—v—1)

=e=v, e=v, e=v whichis contradiction.

Let y, and y', are two distinct vertices from V [L(PAH (n)] then

r(yilA) = r(y}|A)

= (e,dn—1—edn—e+1)=vdn—j—1,4n—j+1)
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=e=t, e=1t, e=t whichis contradiction.

Let w!, and wi, are two distinct vertices from V[L(PAH (n)] then

r(welA) = r(wi|A)

= (2i+2e—2,4n—2e,4n—2e+2) = (2i+2v—2,4n—2v,4n—2v+2)

=e=v, e=v, e—=v whichis contradiction.

Let w’, and w' are two distinct vertices from V[L(PAH (n)] then

r(welA) = r(wi|A)

= (2i+2¢—2,4n—2—2e,4n—2e+2) = (2i+2v—2,4n—2v—2,4n—2v+2)

=e=v, e=v, e=v whichiscontradiction.

Let wi, and wi are two distinct vertices from V[L(PAH (n))] then

r(welA) = r(wy|A)

= (2i+2e—2,4n—2—2e,4n—2e+2) = (2i+2v—2,4n—2v+2,4n—2v)

=e¢e=v, e=v—2, e=v—1 whichis contradiction.

Let ¢, and c, are two distinct vertices from V[L(PAH (n))] then

r(celA) =r(ci|A)
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= (2e—1,4n—2e,4n—2¢) = (2v—1,4n—2v,4n —2v)

=e=v, e=v, e=v whichis contradiction.

Let #. and ¢/ are two distinct vertices from V[L(PAH (n)] then

r(te|A) = r(t|A)

= (4n—edn—i—e+11,4n—i—e+10)=(4n—v,dn—i—v+11,4n—i—v+10)

=e=v, e=v, e=v whichis contradiction.

Let ¢, and ¢/ are two distinct vertices from V[L(PAH (n)] then

r(telA) = r(1i]A)

= dn—edn—i+1l—edn+T—e—i)=@n—vdn—i—v+11,4n+7—v—i)

=e=v, e=v, e=v whichis contradiction.

Let ¢! and s', are two distinct vertices from V [L(PAH (n)] then

r(teA) = r(s}|A)

= (4n—edn—i+1l—edn—i—e+10)=@4n—vdn—i—v+10,4n—i—v+11)

=e=v, e=v+1, e=v—1 which is contradiction.

Let s, and s, are two distinct vertices from V[L(PAH (n)] then

r(selA) = r(s,/A)

47



= (4n—edn—i—e+10,dn—i—e+11)=(4n—v,dn—i—v+10,4n—i—v+11)

=e¢=v, e=v, e=v whichis contradiction.

Let #. and ¢/ are two distinct vertices from V[L(PAH (n)] then

r(te|A) = r(t|A)

= (2i—2,4n—2e,4n—2e¢ —2) = (2i —2,4n —2u,4n —2v —2)

=2i—2=2i—2, e=v, e—v whichis contradiction.

Let s, and s', are two distinct vertices from V [L(PAH (n)] then

r(selA) = r(s}|A)

= (4n—edn+T—e—idn—i+1l—e)=(4n—vdn+7—v—idn—i—v+11)

=e¢=v, e=v, e=v whichis contradiction.

So every vertex has unique representation w.r.t A, this be a resolving set for L[PAH,;],

n>2.
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Figure 3.2: Line graph of polycyclic aromatic hydrocarbon

3.1.3 Aztec Diamond Network

The area derived from the staircase forms a height of n when it is known as the aztec
diamond of 7 by a straight edges. We can define it as a combination of unit(1) squares
on the plane with edges lying on the square grid lines and justifying its center (a, b)

3[[2x— 1|+ [2y — 1]]. Az(n) is a common symbol of this network.
Theorem 3.1.6. For G = AZ(p); p > 1 then dim(G) > 2.

Proof: Suppose on contrary L[AZ(n)] has E as its resolving set with cardinality

is 2. Let E = {a;,v¢*!} be a resolving set.

r(ag2|E) = r(vi*|E)
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= which is contradiction.
Let E = {v¢ ,,v*T111 be a resolving set.

c+3? c+3

rOESIE) = S IE)

= which is contradiction.
Let E={b V4131 be a resolving set
d+105 V16 g .

riBIE) = r(vIEIE)

= which is contradiction.
Let E = {a;,a.4+8} be aresolving set.

d+9 d+10
r(vVii3IE) = r(viSOIE)

= which is contradiction.
Let E = {v"],v1} be a resolving set.

c+9> c+8

d+5 d
(ci7‘E) (cth’E)

= which is contradiction.
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Let E = {gg43,v! 47} be aresolving set.

1 d+1
r(vc+5|E) =r(v cis E)

= which is contradiction.
Let E = {q.+5,my13} be a resolving set.

d+7 d+38
( c——:-_4‘E)_r( cj—_4yE)

= which is contradiction.

Let E = {q413,a4:+10} be aresolving set.

d+10 d+11
( ciS ‘E)_r< CIS ‘E)

= which is contradiction.
Let E = {my,a,4,} be aresolving set.

r(mas2|E) = r(v¢|E)

= which is contradiction.

Let E = {v/12,v712} be a resolving set.

d+4 d+3
r(viels|E) = r(ve{g|E)
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= which is contradiction.

_ d—+4
Let E = {qq49,V:

1o} be aresolving set.

d+5 d+5
r(vi 0 |E) = r(vii3||E)

= which is contradiction.

Similarly,
there is no resolving set with two basis elements. Hence dim(G) > 2 for p > 2.
Theorem 3.1.7. For G = L|AZ(p)]; p > 1 then G has metric dimension 3.

Proof: The L|AZ(n)] has vertex set

V(L(AZ(p) ={kl: 2p>d >12p>c>1}U{gs: 2p<d <1}
Wag: 2p>d<12p>c>1}U{my: 2p>d <1}
Uf{ga: 2p>d <1}

Now let E = {g1,g1,v*'} be the resolving set for the above graph.
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2p—d,c—1,2p—d
for 1<d<3+1,j<2p—-d+1

c—1,d2p—c+1
for I+1<d<2p2p—d+2<;<2d—(p+1)

2—d,d2l—j+1
for 1<d<lLk—4<c<k—3

2l —d,c,2l —c+2
for 1<d<I[2<c<p+1

c—1,c—1,2p—d
for 2<d<2p—12p+2—-d<c<2p

c—l,c,2p—c+2
for p+2<c<2p

d2p—d+1,2p+1
for 1<d<2

d—12p—d+12p+1
for 3<d<2p
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d2p+12p—d+1
for 1<d<?2

d—12p+12p—d+1
for 3<d<2p

(
2p,d—1.2p+1
for d=1

2p,d—1,2p
for 2<d<2p

\

2p,2p+1,d—1
for d=1

2p72p7d_1
for 2<d<2p

\

Let k% and k¢ are two distinct vertices from L[V (AZ(p))] then

r(ki|E) = r(k|E)

= (2p—dw—12p—d)=2p—d,z—1,2p—d)
=2p—d=2p—d, w=z, 2p—d=2p—d

which is contradiction.
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Let k% and k¢ are two distinct vertices from L[V (AZ(p))] then

r(ky|E) = r(k|E)

= w—-1,d2p—w+1)=(z—1,d2p—z+1)
=w=z d=d, w=z
which is contradiction.

Let k% and k¢ are two distinct vertices from L[V (AZ(p))] then

r(ky|E) = r(k|E)

=2p—d=2p—d, d=d, w=z
which is contradiction.

Let k% and k¢ are two distinct vertices from L[V (AZ(p))] then

rky|E) = r(k|E)

= 2p—d,w2p—w+2)=(2p—d,z,2p—2z+2)
=2p—d=2p—d, w=z, w=z
which is contradiction.

Let k% and k¢ are two distinct vertices from L[V (AZ(p))] then

r(ki|E) = r(k|E)
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= w—1,w—12p—d)=(z—1,z—1,2p—d)
>w=z w=z 2p—d=2p—d
which is contradiction.

Let k% and k¢ are two distinct vertices from L[V (AZ(p))] then

r(ki|E) = r(k|E)

= w—1,w—12p—d)=(z—1,z—1,2p—d)
w=z Ww=z 2p—d=2p—d
which is contradiction.

Let k% and k¢ are two distinct vertices from L[V (AZ(p))] then

r(ky|E) = r(k|E)

= w—-1Lw2p—w+2)=(z—1,z,2p—2z+2)
=>WwW=z W=, W=Z
which is contradiction.

Let k% and k¢ are two distinct vertices from L[V (AZ(p))] then

r(ki,|E) = r(k|E)

= w—-1lw—12p—d)=(z—1,z,2p—2+2)

>w=z w=z—1, z=d-+2
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which is contradiction.
Let k% and k¢ are two distinct vertices from L[V (AZ(p))] then

rky|E) = r(k|E)

= w—1,w2p—w+2)=2p—d,z,2p—27+2)
=>w=z w=2n—d+1, w=z
which is contradiction.

Let k¢ and ¢, are two distinct vertices from L[V (AZ(p))] then

r(ky|E) = r(c:|E)

=w—-1w—12p—d)=(z—1,2p—z+1,2p+1)
=>w=z w=2l—2z+2, d=1
which is contradiction.

Let ¢,, and c, are two distinct vertices from L[V (AZ(p))] then

r(ew|E) = r(c|E)

= w—12p—w+12p+1)=(z—12p—z+1,2p+1)
>w=z w=z 1=1
which is contradiction.

Let c,, and c; are two distinct vertices from L[V (AZ(p))] then
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r(ewlE) = r(c;|E)

= (w—12p—w+1,2p+1)=(z,2p—z+1,2p+1)
>w=z+1, w=z 1=1
which is contradiction.

Let k¢ and m; are two distinct vertices from L[V (AZ(p))] then

r(ki,|E) = r(m|E)

= (W_ 1,W,2p—W+2) = (ZP,Z— 172p)
=>w=2p+1, w=z—-1, w=2
which is contradiction.

Let k¢ and ¢, are two distinct vertices from L[V (AZ(p))] then

r(ky,|E) = r(q:|E)

= (w—l,w,2p—w+2): (2P,2P,Z—1)
=w=2p+1, w=2p, w=2p—z+3

which is contradiction.

Every vertex has unique representation w.r.t E, so E is a resolving set for L[AZ(p)];

p=2
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Figure 3.3: Line graph of aztec diamond

3.1.4 Triangular Benzenoid

Theorem 3.1.8. For G = L[T,]; n = 1 then G has metric dimension 2.

Proof: L[T(1)] is a cycle with 6 vertices as it is not path so its metric dimension

is not 1 [4] and as it is Cg so have metric dimension 2.
Theorem 3.1.9. For G = L[T;]; n > 2 then G has metric dimension greater than 2.

Proof:
Here, we have to show that, there doesn’t exist any set P with two vertices that is a

resolving set of G. Let on contrary G has metric dimension equal to 2
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Let P = {q +9,d+s} be aresolving set then

r(gj+s|P) = r(ef}s|P)

therefore P be not a resolving set for the graph.

_ [ i+2 i3
Let P ={e' 5, €} s} be aresolving set then

2 3
r(e 1117|P) =r(e 1114|P)

therefore P be not a resolving set for the graph.

Let P = {d;i‘;, ’;57} be a resolving set then

4 4
r(e6|P) = r(e}{5|P)

therefore P be not a resolving set for the graph.

Let P = {d’fﬁ, d"t1} be a resolving set then

4 4
r(e5|P) = r(ef3olP)

therefore P be not a resolving set for the graph.

Let P = {eﬁ%, ’;73} be a resolving set then

5
r(€F3|P) = r(eit5|P)
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therefore P be not a resolving set for the graph.

Let P = {e;+10,qj+5} be a resolving set then

r(ef olP) = r(e’, 1o|P)

so P be not a resolving set for the graph.

here,no set P with 2 vertices is a resolving set for L[T,] network so its metric di-
mension is greater than 2.

Theorem 3.1.10. For G =2 L[T,]; n > 2 then G has metric dimension greater than 2.

Proof: The L[T,] with one vertex between every two vertices has vertex set,
VILIT(n)] ={e,: 1 <i<n,1 <w<kk=2n—2i+2}

U{fli<lw<2n+1-m1<m<2}
U{d,: 1<i<n—1,1<w<kk=n—i+1}U{q}, :w<2n}

Now let P = {c1,ul,, 9,a!,, 4} be the resolving set for the above graph.
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w2n—w,2n+1—w

for i<1,1<w<2n-2,

2i+w—22n—1—-w,2n—w+1
for 2<i<n—1,1<w<2n-2i,

w,i,2n—w+2
for i<lw<2n+1-m1<m<2

2i-24+w2n—1—w2n+2—w
for 2<i<n-—1

w<2n—-2i+1,j=o0dd,w <2n—2i+2,j=even

.
w22n+1—w2n—w

for i<n1<w<2n-2,

w2n—w+2,i

for i=1lw<2n—m+1,1<m<?2
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2w,2n —2w,2n+2 — 2w

for i<1L,1<w<n-—i

2042w —2,2n—2w,2n+2 — 2w

l(dfv): for 2<i<n—1lw=n—i

242w —2,2n—2w,2n — 2w+ 3

for n—12>i>2w=n—i+1,

\

2w—1,2n—2w+2.2n—2w+?2

for 2<w<n-—1,

2w—1,2n—-2w+4,2n—2w+3
Agy) = for w=n+1,

2w—1,2n—-2w+4,2n—2w+3

for w=1,

\

Let ¢!, and €', are two distinct vertices from V[L(T (n)] then

r(e,,|P) = r(ec|P)

= w2n—w2n—w+1)=(c,2n—c,2n—c+1)

=>w=c¢, w=c¢, w=c which is contradiction.

Let ¢!, and €', are two distinct vertices from V[L(T (n)] then
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r(e,,|P) = r(ec|P)

= 2i-24w2n—1—-w2n—w+1)=_2i+c—2,2n—c—1,2n—c+1)

=w=c¢, w=c, w=c whichis contradiction.
Let ¢!, and ¢’. are two distinct vertices from V[L(T (n)] then

r(ey|P) = r(ec|P)

= 2i+w—-22n—w—12n—w+2)=2i+c—2,2n—c—1,2n—c+2)

=w=c¢, w=c¢, w=c whichis contradiction.
Let ¢, and ¢.. are two distinct vertices from V[L(T (n)] then

r(e,,|P) = r(ec|P)

= (w,i,2n—w+2)=(c,i,2n—c+2)

=w=c¢, [I=1, w=c whichis contradiction.
Let ¢!, and ¢’. are two distinct vertices from V[L(T (n)] then

r(e,,|P) = r(ec|P)

= 2i+w—-22n—w—12n—w+1)=2i+c—2,2n—c—1,2n—c+2)

=w=c¢, w=c¢, w=c+1 whichis contradiction.
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Let ¢!, and €', are two distinct vertices from V[L(T (n)] then

r(e,,|P) =r(ec|P)

= (w,2n—w2n—w+1) = (c,i,2n—c+2)

=>w=c¢, w=2n—i, w=c—1 which is contradiction.

Let £ and f! are two distinct vertices from V[L(T (n)] then

r(e,|P) = r(ec|P)

= w2n—w+1,2n—w) = (¢,2n—c+1,2n—c)

=w=c¢, w=c¢, w=c—1 which is contradiction.

Let f and f! are two distinct vertices from V[L(T (n)] then

r(e,,|P) =r(ec|P)

= (w,2n—w+2,i) = (¢,2n—c+2,i)

=w=c¢, w=c¢, (=1 whichis contradiction.

Let d! and d'. are two distinct vertices from V [L(T (n)] then

r(dy|P) = r(d.|P)

= 2w,2n—2w,2n —2w+2) = (2¢,2n—2¢,2n—2c+2)

=b=c, b=c, b=c whichis contradiction.
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Let di, and d'. are two distinct vertices from V[L(T (n)] then

r(dy,|P) = r(d|P)

= (2w,2n—2w,2n —2w+2) = (2¢,2n—2¢,2n—2c+2)

=w=c¢, w=c¢, w=c Wwhichis contradiction.

Let d!, and d' are two distinct vertices from V[L(T (n)] then

(di,|P) = r(di|P)

= (2i4+2w—2,2n—2w,2n —2w+3) = (2i+2c—2,2n—2¢,2n —2c+3)

=>w=c¢, w=c¢, w=c whichis contradiction.

Let ¢!, and ¢'. are two distinct vertices from V[L(T (n)] then

r(qy,|P) = r(qL|P)

= 2w—-1,2n—2w+2,2n—-2w+2) = (2j—1,2n—2¢c+2,2n—2c +2)

=w=c¢, w=c¢, w=c Wwhichis contradiction.

Let ¢!, and ¢_. are two distinct vertices from V[L(T (n)] then

r(q;,|P) = r(qL|P)

= 2w—1,2n—-2w+42n—-2w+3) = (2c—1,2n—2¢c+4,2n—2c+3)

66



=>w=c¢, w=c¢, w=c which is contradiction.

Let ¢!, and d'. are two distinct vertices from V[L(T (n)] then

r(qy|P) = r(de|P)

= 2w—1,2n—2w+2.2n—-2w+2) = (2¢,2n—2¢,2n—2c+2)

=>w= %, w=c+1, w=c whichis contradiction.

Let ¢!, and d'. are two distinct vertices from V[L(T (n)] then

r(qy|P) = r(de|P)

= 2w—1,2n—2w+4,2n—-2w+3) = (2¢,2n—2¢,2n—2c+2)

= = WTC*{ w=c—2, w= ZCZH which is contradiction.

Let di, and €. are two distinct vertices from V[L(T (n)] then

r(dy|P) = r(ec|P)

= 2w,2n—2w,2n—2w+2) = (¢,2n—c,2n—c+1)

=>w= %, w=¢, w=2c—1 which is contradiction.

Let di, and ¢!, are two distinct vertices from V[L(T (n)] then

r(dy|P) = r(ec|P)
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= (2i4+2w—2.2n—2w.2n+2—-2w) = 2i+c—2,2n—1—¢,2n+1—c)

=>w= %, w= % w= % which is contradiction.

Let d!, and €', are two distinct vertices from V [L(T (n)] then

r(dy|P) = r(ec|P)

= (2i+2w—2,2n—2w,2n+3 —-2w) = 2i+c—2,2n—1—c¢,2n+2—c)

c+1 c+1

=w=35, w=5, w=5" whichis contradiction.

\S]1

So every vertex has been unique representation w.r.t to P, so P be a resolving set

for L[T,], n > 2.
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Figure 3.4: Line graph of triangular benezoid

3.1.5 Honeycomb cup network

Theorem 3.1.11. For G = L[HCC,|; n > 1 then G has metric dimension greater than
2.

Proof:
Here, we have to show that, there doesn’t exist any set Q with two vertices that is a
resolving set of G. Let on contrary G has metric dimension equal to 2

Let OQ{cy+1,ay,} be aresolving set then

r(vw|Q) = r(vy431Q)
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so Q is not resolving set for the graph.

Let Q = {v' +3, ii} be a resolving set then

r(v1310) = r(v510)

so Q is not resolving set.

Let Q= {u;ié, ’y‘ﬁ} be a resolving set then

r(n1310) = r(1,15]0)

so Q is not resolving set.

Let O = {c¢y42, u’y‘“} be a resolving set then
r(uy1510) = r(,13/0)

so Q is not resolving set.

Let Q = {v;ﬂ, ;ﬁ} be a resolving set then

r(b;+3\Q) = ”(b§+4|Q)

so Q is not resolving set.

Let Q = {b* 43 ;ﬁ} be a resolving set then

r(b}12]Q) = r(u,730)
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so Q is not resolving set.

Let 0 = {aj ;. vy +1} be a resolving set then

y+3?

r(a},,|0) = r(vii310)

so Q is not resolving set.

Let 0 = {v"'!

V43 ii} be a resolving set then

r(vi310) = r(vit3|0)

so Q is not resolving set.

Let Q ={a} } be a resolving set then

y+1 y+3

”(V§+5|Q) = ”(”)yc+2|Q)

so Q is not resolving set.

Let Q = {a)ycié, ;‘ig} be a resolving set then

r(vii3ol0) = r(vy1131Q)

so Q is not resolving set.

Let Q = {cy+7,by, 4} be aresolving set then

r(uy14|1Q) = (g1 10/Q)

so Q is not resolving set.
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Let Q = {cyys, v)ycjté} be a resolving set then

r(vy1510) = r(v11,0)

so Q is not resolving set.

Similarly
there is no set Q with two vertices is a resolving set for L{[HCC(n)] network so its

metric dimension is greater than 2.
Theorem 3.1.12. For G = L[HCC(n)]; n > 1 then G has metric dimension 3.

Proof:

The L[HCC(n)] with one vertex between every two vertices has vertex set,
V(L(HCC(n))) = {vi: 1 <x<n+1,1 < j<kk=4n—2x+2}

U{a;: 1<x<n1<y<k,j=2n—x+1}
U{uy: 1<x<n+1,1<y<kk=4n—2x+2}U{by: 1 <x<n—1,1<y<k,j=2n—x+1}
Ufcy: 1<x<2n+1}

Now let Q = {c1,d’;, 5,b" , |5} be the resolving set for the above graph.
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( v4n—y+1,4n—y
for x<1,1<y<4n-2

2x+y—24n—y+1,4n—y—1

for 2<x<n+1,1<y<4n—2x

2x—2+y,4n+2—y,dn—y—1
for 2<x<n+1,y<4n—2x-+1

2i+y—2,4n—y+3,4n—y—1
for 2<x<n+1,y<4n—2x+2

vdn—y+2,4n—y

Jor x<1l,y<4n—x

v4dn—y+3,4n—y+1

for x<1,y<4n—2x

2y, 4n—2y+2.4n—2y+1

for x<n1<y<2n—1

2x+2y—2,4n—2y+2,4n—2y
for 2<x<nl1<y<2n—x

2x+2y—2,4n—2y+4,4n—2y

for 1 <x<n1<y<2n—x+1
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( v4n—ydn—y—+1
for x<1,1<y<4n-2

2x+y—2,4n—y—1,4n—y+1

for 2<x<n+1,1<y<4n—2x

2x—24+y,4n—y—1,4n—y+2
for 2<x<n+1,j<4n—2x+1

2i—2+y4n—1—y,4n—y—+3
for 2<x<n—+1,y<4n—2x+2

v4n—ydn—y—+2
for x<1l,y<4n—x

v4n—y+1,4n—y+3

for x<1,y<4n—2x

\

p
2y, 4n—2y+1,4n—2y+2

for x<n1<y<2n-—1

2x+2y—2,4n—2y,4n—2y+2
for 2<x<m1<y<2n—x

2x+2y—2,4n—2y,4n—2y+4

for 2<x<m1<y<2n—x—+1
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(

y—1,4n—2y+2,4n—2y+?2
for y<1

2y—1,4n—2y+2,4n—2y+2
Aley) = for 2<y<2n

2y—1,4n—-2y+4,4n—2y+4
for y<2n+1

\

Let v} and vy are two distinct vertices from V(L(HCC(n)) then

= (2x+s—24n—s+1,4n—s—1) = (2x+2t —2,4n+1—t,4n—1—1)

=s=1t, s=t, s=t whichis contradiction.

Let v{ and v} are two distinct vertices from V (L(HCC(n)) then

= (2x+s5s—24n—s+2,4n—s—1)=(2x+2t—2,4n—t+2,4n—1t— 1)

=s—t, s—=t, s—=t whichis contradiction.

Let v} and vy are two distinct vertices from V(L(HCC(n)) then
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= (2x+s—2,4n—s5+3,4n—s—1) = (2x+2t —2,4n—1t+3,4n—1—1)

=s=1t, s=t, s=t whichis contradiction.

Let v} and vy are two distinct vertices from V(L(HCC(n)) then

= (s,4n—s+2,4n—s) = (t,4n—t+2,4n—1)

=s—t, s—=t, s=t whichis contradiction.

Let v} and vy are two distinct vertices from V(L(HCC(n)) then

= (s,4n—s+3,4n—s+1)=(t,4n—1+3,4n—1+1)

=s=t, s=t, s=t whichis contradiction.

Let v} and vy are two distinct vertices from V(L(HCC(n)) then

= (s, 4n—s+1,4n—s) = (t,4n—t+1,4n—1)

=s=1t, s=t, s=t whichis contradiction.

Let v} and u} are two distinct vertices from V (L(HCC(n)) then
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r(v;1Q) = r(u|Q)

= (s,4n—s+1,4n—s) = (t,4n—t,4n—1+1)

=s=t, s=t—1, s=t+1 which is contradiction.

Let a} and a} are two distinct vertices from V(L(HCC(n)) then

r(as|Q) = r(a;]Q)

= (2x+5—2,4n—25+2,4n—2s) = (2x+2t —2,4n—2t +2,4n—2t)

=s—=t, s—=t, s—=t whichis contradiction.

Let af and g} are two distinct vertices from V(L(HCC(n)) then

r(as|Q) = r(a|Q)

= (2x+s—2,4n—25+2,4n—2s) = (2x+2t —2,4n — 2t +4,4n —2t)

=s=t—2, s=t, s=t whichis contradiction.

Let ¢! and ¢ are two distinct vertices from V(L(HCC(n)) then

r(e;]Q) = r(¢]Q)

= (2s—1,4n—25+2,4n+2—2s) = (2t — 1,4n—2t +2,4n— 2t 4 2)

=s=t—2, s=t, s=t whichis contradiction.
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Let uf and u} are two distinct vertices from V(L(HCC(n)) then

r(us|Q) = r(u;|Q)

= (s, 4n—s,4n—s+1) = (t,4n—t,4n—1+1)

=s=1t, s=t, s=t whichis contradiction.

Let u} and u} are two distinct vertices from V(L(HCC(n)) then

r(us|Q) = r(u7]Q)

= (2x+s—24n—s—1,4n—s+2) = (2x+t—2,4n—1—1,4n—1+2)

=s=t, s=t, s=t whichis contradiction.

Let u} and u; are two distinct vertices from V (L(HCC(n)) then

r(us|Q) = r(u;|Q)

= (2x+s5s—24n—s—1,4n—s+3) = (2x+t—2,4n—1t—1,4n—1+3)

=s=1t, s=t, s=t whichis contradiction.

Let b} and b} are two distinct vertices from V(L(HCC(n)) then

r(bs|Q) = r(b;|Q)

= (2x+s—2,4n—2s,4n—25+2) = (2x+2t —2,4n —2t,4n — 2t +2)

=s=t—2, s=t, s=t whichis contradiction.
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Let b} and b} are two distinct vertices from V(L(HCC(n)) then

r(bs|Q) = r(b;|Q)

= (2x+s5—2,4n—2s,4n—2s5+4) = 2x+2t —2,4n—2t,4n+4 —2t)

=s=t—2, s=t, s=t whichis contradiction.
Let ¢ and b} are two distinct vertices from V(L(HCC(n)) then

r(es|@) = r(by1Q)

= (2s—1,4n—25+4,4n—2s+4) = (2x+2t —2,4n—2t,4n — 2t +4)

2x+2t—1
2

= 5= , s=t+2, s=t which is contradiction.

So every vertex has been unique representation w.r.t to A, so A be a resolving set

for LIHCC,], n > 2.
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Chapter 4

Conclusions



4.1 Conclusions

In the foregoing section we investigated the Honeycomb network HC(n) , Aztec di-
amond network, Poly cyclic Aromatic Hydrocarbon, triangular benzenoid and hon-
eycomb cup network then determined the metric dimension of line graph of honey-
comb,aztec diamond ,Poly cyclic Aromatic Hydrocarbon, triangular benzenoid and
honeycomb cup network and we have proved that dim[L(HC(n)] =3

dim[L(AZ(n)| =3

[
dim[L(PAH (n )] 3
dim[L(T (n)] =
dim[L(HCC(n)] =3

81



Chapter 5
References



[1] Baca, M., Baskoro, E.T., Salman, A.N.M., Saputro, S.W. and Suprijanto, D.,
2011. The metric dimension of regular bipartite graphs. Bulletin mathmatique

de la Socit des Sciences Mathmatiques de Roumanie, pp.15-28.

[2] Buczkowski, P., Chartrand, G., Poisson, C. and Zhang, P., 2003. On k-
dimensional graphs and their bases. Periodica Mathematica Hungarica, 46(1),

pp.9-15.

[3] Bermond, J.C., Comellas, F. and Hsu, D.F., 1995. Distributed loop computer-
networks: a survey. Journal of parallel and distributed computing. 24(1), pp.2-

10.

[4] Beerliova, Z., Eberhard, F., Erlebach, T., Hall, A., Hoffmann, M., Mihal’ak,
M. and Ram, L.S., 2006. Network discovery and verification. IEEE Journal on

selected areas in communications, 24(12), pp.2168-2181.

[5] Cameron, PJ., Van Lint, J.H., 1991. Designs, graphs, codes and their links.

London Mathematical Society, Student Texts, 22.

[6] Cameron, P.J., Van Lint, J.H. and Cameron, P.J., 1991. Designs, graphs, codes
and their links. (Vol. 3). Cambridge: Cambridge University Press.

[7] Chartrand, G., Eroh, L., Johnson, M.A. and Oellermann, O.R., 2000. Resolv-
ability in graphs and the metric dimension of a graph. Discrete Applied Mathe-
matics, 105(1-3), pp.99-113.

[8] Eu, S.P. and Fu, T.S., 2005. A simple proof of the Aztec diamond theorem. the

electronic journal of combinatorics, 12(1), p.18.

[9] Feng, T.Y., Wu, C.L., 1980. On a class of multistage interconnection networks.
IEEE transactions on Computers, 100(8), pp.694-702.

[10] Feng, T.Y., 1981. A survey of interconnection networks. Computer, 14(12),
pp-12-27.

83



[11] Godsil, C.D. and McKay, B.D., 1978. A new graph product and its spectrum.
Bulletin of the Australian Mathematical Society, 18(1), pp.21-28.

[12] Harary, F., Melter, R. A., 1971, On the metric dimesion of a graph. Ars Combin,
pp-191-195.

[13] Hwang, K. and Ghosh, J., 1987. Hypernet: A communication-efficient architec-
ture for constructing massively parallel computers. IEEE Transactions on Com-

puters, 100(12), pp.1450-1466.

[14] Imran, M., Baig, A.Q., Bokhary, S.A.U.H. and Javaid, 1., 2012. On the metric
dimension of circulant graphs. Applied Mathematics Letters, 25(3), pp.320-325.

[15] Javaid, I., Rahim, M.T. and Ali, K., 2008. Families of regular graphs with con-

stant metric dimension. Utilitas Mathematica, 75, pp.21-34.

[16] Johansson, K., Chhita, S., 2016. Domino statistics of the two-periodic Aztec

diamond. Advances in Mathematics, 294, pp.37-149.
[17] Khuller, S., Raghavachari, B. and Rosenfeld, A., 1998. Localization in graphs.

[18] Manjusha,R., (2015), metric diemsion and uncertainity of traversing robots in a

network.

[19] Manuel, P., Bharati, R. and Rajasingh, 1., 2008. On minimum metric dimension

of honeycomb networks. Journal of Discrete algorithms, 6(1), pp.20-27.

[20] Melter, R.A. and Tomescu, L., 1984. Metric bases in digital geometry. Computer
Vision, Graphics, and Image Processing, 25(1), pp.113-121.

[21] Seb, A. and Tannier, E., 2004. On metric generators of graphs. Mathematics of
Operations Research, 29(2), pp.383-393.

84



[22] Shirinivas, S.G., Vetrivel, S. and Elango, N.M., 2010. Applications of graph
theory in computer science an overview. International journal of engineering

science and technology, 2(9), pp.4610-4621.

[23] Simonraj, F. and George, A., 2012. Embedding of poly honeycomb networks
and the metric dimension of star of david network. International Journal on Ap-
plications of Graph Theory in Wireless Ad Hoc Networks and Sensor Networks,
4(4), p-11.

[24] Simonraj, F., George, A., 2015. On the metric Dimension of silicate stars. ARPN

Journal of Engineering and Applied Sciences, pp.2187-2192.

[25] Slater, P.J., 1987. Domination and location in acyclic graphs. Networks, 17(1),
pp-55-64.

[26] Slater, P.J., 1975. Leaves of trees, Congressus Numerantium, 14, pp. 549559.

[27] Sderberg, S. and Shapiro, H.S., 1963. A combinatory detection problem. The
American Mathematical Monthly, 70(10), pp.1066-1070.

[28] Tomescu, I. and Imran, M., 2011. Metric dimension and R-sets of connected

graphs. Graphs and Combinatorics, 27(4), pp.585-591.

[29] Tomescu, I. and Javaid, 1., 2007. On the metric dimension of the Jahangir graph.
Bulletin mathmatique de la Socit des Sciences Mathmatiques de Roumanie,

pp-371-376.

[30] Wilkov, R., 1972. Analysis and design of reliable computer networks. IEEE

Transactions on Communications, 20(3), pp.660-678.

[31] West, D.B., 1996. Introduction to graph theory (Vol. 2). Upper Saddle River,
NJ: Prentice hall.

85





