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ABSTRACT

Jacobi Elliptic Solition Solutions for

Lakshmanan-Porsezian Daniel (LPD) Model

A wave which propagates without changing its shape and speedis known as soliton.

Whenever two of these waves collide they do not change their shape and speed. Soli-

tons have many applications other fields like, fluid, biologyand engineering. With the

help of different non-linearities the soliton solutions can be calculated, some of the

non-linearities are Kerr law, Power law, Parabolic law, Dual-power law, exponential

law and logarithmic law.

This dissertation find out the exact Jacobi elliptic periodic and solitary wave solutions

which includes triangular periodic solutions, soliton solutions, traveling wave solu-

tions, bell and kink shape solitons using the extendedF-expansion method with kerr

law, parabolic law and anti cubic law for LakshmananiPorsezian Danielimodel.

ix



Contents

1 Introduction and Basic Concepts 1
1.1 Solitons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Optical Solitons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Dispersion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.5 Group Velocity Dispersion . . . . . . . . . . . . . . . . . . . . . . . 7
1.6 Non-LineariSchrödinger’siEquation . . . . . . . . . . . . . . . . . . 8
1.7 Schrödinger-iHirotaiequation . . . . . . . . . . . . . . . . . . . . . . 9
1.8 Biswas-iMilovic iequation . . . . . . . . . . . . . . . . . . . . . . . . 9
1.9 Ginzburg-Landau equation . . . . . . . . . . . . . . . . . . . . . . . 10
1.10 Sasa-Satsuma equation . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.11 Types of Solitons . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.12 JacobiiElliptic Function . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.13 Non-Linearities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.13.1 Kerr LawF(s) = s . . . . . . . . . . . . . . . . . . . . . . . 15
1.13.2 Power LawF(s) = sp . . . . . . . . . . . . . . . . . . . . . . 15
1.13.3 Parabolic LawF(s) = s+νs2 . . . . . . . . . . . . . . . . . 15
1.13.4 Dual-iPower LawF(s) = sp +ξ s2p . . . . . . . . . . . . . . 15
1.13.5 SaturationiLaw F(s) = λ s

1+λ s . . . . . . . . . . . . . . . . . . 16

1.13.6 ExponentialiLaw F(s) = 1
2λ (1− e−2λ s) . . . . . . . . . . . . 16

1.13.7 Log LawF(s) = a ln(b2s) . . . . . . . . . . . . . . . . . . . 16
1.13.8 HigheriOrder PolynomialiLaw F(s) = s+νs2+ γs3 . . . . . 16
1.13.9 Triple-PoweriLaw F(s) = sp+νs2p + γs3p . . . . . . . . . . 16

1.14 The extendedF-iExpansion Method . . . . . . . . . . . . . . . . . . 17

2 JacobiiElliptic Soliton Solutions for LakshmananiPorsezian Danielimodel 18
2.1 Mathematical Model . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.2 Kerr Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.3 Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.4 Parabolic Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.5 Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.6 Anti Cubic law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

x



2.7 Case 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.8 Case 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.9 Case 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.10 Case 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3 OpticaliSolitons iniDual-CoreiFibers withiInter-Modal Dispersion 37
3.1 The Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.2 Kerr Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.3 Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.4 Anti Cubic Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.5 Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.6 Gausson soliton in dual-core fibers with inter-modal dispersion . . . . 53
3.7 The Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.8 Log law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4 Conclusions 59
4.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

xi



Chapter 1

Introduction and Basic Concepts

Many mathematical models illustrate as a differential equations. The equations involv-

ing the derivatives are known as differential equations. These are further classified into

linear/nonlinear (ordinary)idifferential equations and linear/ nonlinearipartial differen-

tialiequations. Linear and nonlinear partial differential equations play the pivotal roles

in almost every field of sciences like quantum physics, plasma physics, optical fibers,

astrophysics, cosmology, and fluid dynamics etc. Linear partial differential equations

are equations for which the dependent variable and its derivatives appear in terms with

degree at most one. Anything else is called nonlinear. The most generaliexample of

1st orderilinear PDE will be,

a(x, t)ut +b(x, t)ux+ c(x, t)u = d(x, t) (1.0.1)

Similarly the example of nonlinear PDE is,

uxx +3uxy +uyy +u2
x −u = ex−y (1.0.2)

It is extremely important to distinguished between the linear and nonlinear PDEs.

The linear PDE problems can be solved using different techniques and different meth-

ods such as variables separation, homogenous, reducible tohomogenous, Fourier se-
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ries and Fourier transform, superposition, and Laplace transformation.

Some of the most important and famous PDEs including heat equation,

∂u
∂ t

= κ
∂ 2u
∂x2 (1.0.3)

where,u(x, t) is the temperature of a metal bar, andκ is a constant.

Now the another example is wave equation, in whichu(x, t) is the displacement of a

string, andt is the time,

∂ 2u
∂ t2 = a2∂ 2u

∂x2 (1.0.4)

One of the famous nonlinear partial differential equation (NLPDE) is Korteweg-de

Vries equation (KdV) equation. The KdV equation is a (NLPDE)ofitwo realivariables,

spaceix and timeit.

∂tφ +∂ 3
x φ −6φ∂xφ = 0 (1.0.5)

The most popular PDE in quantum physics is Schrödinger equation. The Schrödinger

equation describes the state and evolution of quantum mechanical systems. Schrödinger

equation is dependent on theiphysical situationi. The most common exampleiis time

dependent Schrödingeriequation (TDSE). This equationigives aibrief detailiof aisystem

develop graduallyiwith time.

ih̄
∂
∂ t

|Ψ(r , t)〉= Ĥ|Ψ(r , t)〉 (1.0.6)
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1.1 Solitons

A wave which travels long distances with little loss of energy or structure is called soli-

tary wave. Solitons are solitary wave pulse solution of nonlinear Schrödinger equation.

Soliton maintain its shape when it moves at constant speed and they conserve the en-

ergy and shape if two of the soliton waves interact with each other. For most dispersive

equations these solitary waves go in various random directions and lose energy due to

the radiation. The solitary waves keep their identities with same speed and shape.

Soliton was first discovered by John Scott Russell in 1834, [34]. Russell observed the

motion of the boat which was moving in the narrow canal and then suddenly the boat

was stopped. That time no mass put in water, there he saw some tidal wave. He moved

back to his laboratory and did some experiments; finally he came to know about some

solitary waves which do not change their characteristics like shape, speed during the

propagation, termed as soliton. Solitons are not limited inthe water wave, the principle

of the universal, solitons are appearing in the many nonlinear system.

1.2 Optical Solitons

The term soliton is used in the fiber optics [25]. Solitons play a vital role in opti-

cal Communication system. Optical solitons are light pulses that are localized and

during their travel in some host medium they do not disperse or diffract. Optical

solitons are of remarkable importance in telecommunication systems. There are so

many types of solitons in optics. One of these forms is thetemporal solitons in

fibers that even in case of distances of several hundreds of kilometers hold their tem-

poral width. When theigroup velocityidispersion isitotally counteractediby nonlin-

eariself-phaseimodulation effects, optical temporal solitons are formed,these are the

non-spreading optical pulses. Whenever, thereiis groupivelocity dispersionitemporal

solitonsiare formed in the opticalifibers. It creates impulses having non zero band

width and the wire, wave move through refractive index that depends on frequency.
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Another form of solitons is thespatial solitons that propagate several diffrac-

tion lengths but not broadening. If optical beam do not diffract when it propagates

in a nonlinear medium, then we get spatial solitons. The diameter of the beam re-

mains unchanged during propagation. Optical soliton playsa vital roleiin theifield of

fiberioptics and telecommunication [16]. A lot of work has been done for last two

decades. A special kind of equationiknown asithe non-lineariSchrödinger’siequation

(NLSE) was analyzed deeply and its integrability was discussed. With the help of

NLSE the dynamics of optical solitons through an optical fiber were studied [6, 7, 10,

11, 25] and [32, 33].

1.3 Literature Review

In [3] Bakodah et al. explained bright and dark thirring optical solitons by using im-

proved adomian decomposition method with some constraint conditions. Banaja et

al. [4] investigate optical solitons using different nonlinearities in cascaded system.

They used improved adomian decomposition scheme to find the optical solitons for

NLSE. Biswas et al. [5] used Kerr law nonlinearity to find Thirring soliton. Biswas

et al. gaveisome exciting results of the generalized form of the nonlineariSchrödinger

equation. Biswas et al. [7] studied log law nonlinearity forgausson soliton. Biswas et

al. [8] used parabolic law nonlinearity for bright and dark soliton. In [9], Biswas et al.

apply parabolic and dual power law to originate the dark solitons for generalized non-

linear Schrödinger equation. With the help ofiKerr lawiand power lawinonlinearity,

Biswas et al. [13] also achieved the cubic-quartic optical solitons solution of the

non-linear Schrödinger’s equation. Using first integral method, Eslami et al. [20],

foundioptical solitonsifor theiresonant NLSEiwith time-dependenticoefficients. By us-

ing dual-power law nonlinearity, Bouzida et al. [14] observed chirped optical soliton

in nano optical fibers. Ekici et al. [18] observed the opticalsolitons defined in the

DWDM system. They found out the exact solitons through extended trial equation

method. In [19], they found optical soliton with DWDM technology and four-wave

4



mixing solitons. Fermi et al. [21], studied some nonlinear problems. In [23], Jawad

et al. found the optical solitons with anti-cubic nonlinearity using three integration

schemes. Mirzazadeh et al. settle up analytical study of solitons in the fiber waveg-

uide using power law nonlinearity [30]. They also expose birefringent fibers in optical

solitons using nonlinearity of Kerr law applying exp-function method [17]. Rizvi et

al. [32] construct the optical 1-soliton solution in dual core fiber with the help of inter

modal dispersion. They used some nonlinearities like Kerr and Power law with the

help of ansatz approach.

Rizvi et al. [33] achieved the dark and singular 1- solitons in dual core fiber by the

help of G′/G expansion scheme. They also listed the existence of solitonsolution.

Savescu et al. [36] found the optical solitons in magneto-optic wave guides with

spatial-temporal dispersion. Savescu et al. [37] also discussed theioptical solitonsiin

nonlinear directionalicouplers withispatio-temporalidispersion. Opticalisolitons with

spatio-temporal dispersion and coupled Hirota equation were found in [38] by Savescu

et al. Taghizadeh et al. [39] found the soliton solutions in a-helix proteins. They have

studied the nonlinearities in detail and gave a critical analysis for Davydov solitons.

Topkara et al. [40] found optical solitons with non-kerr lawnonlinearity with inter

model dispersion, they used solitary wave ansatz method, was used to find the optical

solitons for NLSE with time dependent coefficients. Triki etal. [41] found very excit-

ing new envelope solitons solutions in nonlinear fiber optics which had been explained

by using nonlinear model named Gerdjikov-Ivanov model withsome constraint condi-

tions. In [42], Younis et al. found optical solitons for ultrashort pulses in nano fibers.

Birefringent fibers containing thirring solitons found by Zhou et al [43], that can be

explained by vector coupled nonlinear Schrödinger equation with the help of kerr law

nonlinearity. Zhou [44] studied nonlinear medium having higher order dispersion to

find analytical soliton with different nonlinearities. Zhou also done a great work in

magnet-electro-elastic circular rod as a consequences of analytical study of solitons

[45]. Zhou at el. [46] presents Bright dark and singular solitons in optical fibers that

leads to a new understanding of the complex structure of spatio-temporal dispersion
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and properties of such systems. They calculate the spatially dependent coefficients of

the optical fibers. They [48] also established Biswas-Milovic model in nonlinear optics

with analytical study of solitons. In [47] they start up withBiswas-Milovic equation

and gave some exciting results in the field of optical solitons.
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1.4 Dispersion

Theidispersion isithe changeiof the refractiveiindex with theiwavelength. Dispersioniis

the phenomenonithat givesiyou the separationiof colorsiin a prism. It also gives the

chromaticiaberration in theilenses.

The most common example of dispersion is rainbow, where dispersion causes the

white light to be spatially separated into different parts of wavelengths (different col-

ors). Although,idispersion can alsoihave anieffect inimany other situations: for exam-

ple, Group Velocity Dispersion (GVD) can cause pulses to propagate through the fiber,

resulting in long-range signal attenuation; in addition, cancelationibetween GVD and

non-linearieffects leadsito Solitoniwaves.

1.5 Group Velocity Dispersion

The groupivelocity dispersioniis the phenomenonithat the groupivelocity ofilight in

a transparentimedium dependsion the opticalifrequency oriwavelength. The term can

also be used as a defined quantity, i.e. theiderivative of theivelocity of the inverseigroup

with respectito the angularifrequency.

GVD(ω0)≡
∂

∂ω

(

1
vg(ω)

)

ω=ω0

, (1.5.1)

whereω andω0 are angular frequencies, and the group velocityvg(ω) is defined

as

vg(ω)≡ ∂ω/∂k (1.5.2)

The units of group velocity dispersion are[time]2/[distance], often expressed inf s2/mm.

For opticalifibers (e.g. in the contextiof optical fibericommunications), the group ve-
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locityidispersion is usually defined as a derivativeiwith respect toiwavelength (rather

than angular frequency). This can be obtained from the GVD parameter mentioned

above.

GVD(ω0)≡
(

∂ 2k
∂ω2

)

ω=ω0

(1.5.3)

or in terms of the refractive indexn(ω)

GVD(ω0)≡
2
c

(

∂n
∂ω

)

ω=ω0

+
ω0

c

(

∂ 2n
∂ω2

)

ω=ω0

(1.5.4)

1.6 Non-LineariSchrödinger’siEquation

IniNon-linear Fiber Optics [10], optical solitons is the most emerging and significant

field of study. During last 3 decades, the research work of this field have brought

a revolutionary success. There is an equation of special kind and have great im-

portance, known as theinon-lineariSchrödinger’s equationi(NLSE) was analyzediand

deeplyistudied by mathematicians and physicists and its integrability was discussed.

The mathematical model of the NLSE is given as:

ipt +apxx +bF(|p|2)p = 0.

where p is complex and dependents on the variablesx and t, it serve as the wave

profile. The variablesx and t represent spatialiand temporalivariables respectively.

The constanta is the coefficient of dispersion andb is the coefficient of non-linear

term.

Some of theifamous modelsiofinonlinear Schrödinger’siequation are:
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1.7 Schr̈odinger-iHirota iequation

TheiSchrödingeriHirota equationileads theipropagation ofioptical solitonsiin a disper-

siveioptical fiber. The mathematical form of Schrödinger-Hirota equation is,

iut +
1
2

uxx + |u|2u = iλuxxx (1.7.1)

Whereu is the waveiprofile, λ is theidispersion coefficientiof third order . The first

term of the left hand side shows theievolutioniterm, the 2nd term is iGVD), and the

third term represents theiKerr law ofinonlinearity that originate when it is dependent

theiintensity ofilight on theirefractive indexiof the material [12].

1.8 Biswas-iMilovic iequation

BiswasiMilovic equation is one famous model of this era. A lot of workhas been done

on it. The mathematical model of BiswasiMilovic equation is given as,

i(rm)t + ia(rm)xx + ibF(|r|2)rm = 0, (1.8.1)

The firstiterm define theievolution of theisolitonipulses, while the second term

shows groupivelocity dispersioni(GVD) , and the third termiis theinon KerriLaw me-

dia. The parameterim is theigeneralization ofiNLSE to BME. i.e, ifm = 1, then the

BME equation condensesito NLSE. We can say thatithe parameterm showsithe er-

roriof the modelifaces withiGVD andinonlinearity [7, 11].
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1.9 Ginzburg-Landau equation

Ginzburg-iLandauiequations haveibeen used toimodel a wideivariety of physical sys-

tems. The Ginzburg-iLandau equation wasifirst derivedias long-waveiamplitude equa-

tion in binaryimixtures nearithe onsetiofiinstability. The complex Ginzburg-iLandau

equationiwas first derivediin the studies of Poiseuilleiflow and reactionidiffusion sys-

tems.

∂T A = A+ i(1+ iα)∇2A− i(1+ iiβ )|A|2A (1.9.1)

GLE is one of the most fascinating equations in physics and applied mathematics.

This equation give the qualitative results, and often quantitative. This equation gives

the interesting results about the evolution of amplitudes of unstable modes [15].

1.10 Sasa-Satsuma equation

The Sasa-Satsumaiequation is an integrableiperturbation of the nonlineariSchrödinger

equation which models the effectsiof third-orderidispersion, self-isteepening and stim-

ulated Ramaniscattering in the propagationiof ultra-ifast pulsesiin opticalifiber trans-

mission systems.

ipt − pxx −2σ p|p|2+ iiα̂(|p|2p)x + iiβ̂ (|p|2)xp+ iiγ̂ pxxx = 0, (1.10.1)

α̂ β̂ γ̂ areireal parameters.σ = ±1 isithe parameterithat describeithe difference

between theifocusing(σ = 1) andithe de-focusingi(σ = −1) casesiof the nonlinear

Schrödinger equation.
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1.11 Types of Solitons

There are numerous types of solitons, some are discussed bellow:

One of the most popular type of soliton isbright soliton . The bright solitons are in

the form of pulses and they are on a zero background. The refractive index depends on

the dispersion area it decreases when frequency increase. The temporal bright solitons

occur in this region. While in the normal dispersion region do the dark solitons ap-

pear. In optical fiber, nonlinear effects responsible for the formation of soliton. Group

velocity dispersion has two different signs it is associated with the bright and dark soli-

tons. In optical fiber, the group velocity dispersion is irregular and a wave has constant

amplitude. Due to instability, the wave is unstable and breakdown into a sequence of

pulses. These pulses are bright solitons. It has the property of maintaining its shape

and speed, even after colliding with other such waves duringpropagation in local dis-

persion. These waves are also known as solitary waves and sometimes non-topological

waves.

P(x, t) = A1sechρς , where ς = M(x− vt) (1.11.1)

In above equations,M andA1 are known as unconstrained parameters, whereA1 repre-

sentsithe amplitudei(which is maximum atx = 0 andt = 0) M is said to be theiinverse

width ofithe soliton andv is basically the velocity of theisolitary wave.

Another famous type of soliton isdark soliton. Dark solitons are the intensity dips

that exist on the background of the continuous-wave. In caseof self-focussing the spa-

tial bright solitons exist while the dark solitons do occur in case of self de-focussing

non-linearities. Bright solitons do not exist in normal group velocity dispersion in

fibers. In this case, waves have constant amplitude. These waves have no variation,

stable and localized pulses. These Waves has continuous background and pulses ap-

pear only as holes. The waves of these kind are known as dark solitons.

AiDark solitoniis a waveipacket, carriesienergy and propagateithrough theimediums
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such asisolid, liquid,igas andiplasma. Darkiwaves solitonitravels atia much higher

speed as compareito an ordinaryiwaves, the energyiof these wavesidisappear rela-

tively rapidly with distance. Dark solitonigeneration is lessistraight forwardithan the

brightisoliton, because the darkisolitons have both twoirequirement like localichange

in phaseiand amplitudeichange of the back ground wave. It was suggested that con-

tinuous darkisoliton pulseitrain could be generatediby electro-opticimodulators. For

a long time, there was no method to inventithe darkisoliton trainito form a data type,

because the darkisoliton rotatesihis phase twiceithan the brightisoliton phase. Also,

on colliding with such wavesiit merges oripartially cancelieach other’sieffect. These

waves are also named asishock wavesiand topologicaliwaves. The darkiwave formiis

given by the functioniof distancex and timet only.

P(x, t) = α tanhρ ς , where ς = β (x− vt), f orρ > 0

Here, α and β are called unconstrained parameters andα representsithe amplitude

(which is maximumiatx = 0 andt = 0) β is said to beithe inverse widthiof theisoliton.

The dark solitons have fundamental as well as technologicalimportance. Optical dark

solitons are stable during the propagation. When temporal solitons are present in the

optical fibers, nonlinearieffects areiweak and mostiof the case is valid for the cubic

NLS equation. Solitons are alwaysistable. Spatialisolitons iniwaveguide or bulkimedia

use theihigher power. The nonlinear refractiveiindex shows the nonikerr change in

real opticalimaterials with theiincrease of theilight power. Darkisolitary wavesican

become unstableiin the nonikerr materials. A black darkisoliton isialways stable. A

dark solitonihas zeroipower at itsicenter.

1.12 JacobiiElliptic Function

The Jacobiielliptic functions are of basicielliptic functions, and auxiliary theta func-

tions. These are doubly periodic meromorphic functions on the complex plane. Jacobi
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elliptic functions are of great and historical importance.Jacobi elliptic function is

analogous of the trigonometry functions because they are represented by the similar

notation like sn for sin. Some of these functions have directrelevance to some applica-

tions like the equation of a pendulum. Jacobi elliptic functions were first introduced by

Carl Gustav Jakob Jacobi in 1829. These functions are the standard forms of elliptic

functions. These are functions of two variables denoted by cn(u ,k),dn(u ,k) and sn(u

,k). The first variable is given in terms of the amplitude which is written in terms ofu

and the second variable is the parameter which is the elliptic modulus [?].

1.13 Non-Linearities

A linear process can be defined as a process in which the response to the process and

the stimulus given to the process are proportional. For example if a worker works

twenty percent longer hours, he will expect to cover twenty percent more work. The

linear models are very straight forward and simple mathematical models mostly they

can be solved without the aid of computers. Before the era of computers the non-linear

processes were also attempted by the aid of linear processes.

A process which is opposite to the linear process is known as nonlinear process. Thus

a process which is not linear is called a non-linear process.There are many examples

of a linear and non linear process. If a worker increases his working hours and works

twice hours as compared to his daily routine work hours. There will remain doubts

about his working efficiency and there will be more doubts that he will not cover

double tasks as compared to his daily routine work tasks. This is an example of a

non-linear process. Likewise, there is a common observation that income tax increases

rapidly as compared to respective increase in one’s income.To control the non-linear

effects, simulation approach is used. With this approach the non-linear approach can

be modeled effectively as easy as the linear process.

The non-linear effects arise in optical fiber while transmission because of an increase

in the data rates, number of wavelengths, transmission lengths and in optical power
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levels. A new phase of obstacles has been opened because of the fiber non-linearity.

The amount of data which is transmitted on an optical fiber hassome limitations on

being transmitted by these fiber non-linearities. The designers of the system must take

some steps for minimizing the restricting (detrimental) effects of these non-linearities

and this is possible only when they have knowledge of these limitations.

Another non-linearity is fiber non-linearity which arises because of two mechanisms.

Refractive index present in the glass is the first factor. This factor is dependent on

the optical energy going through the material. The second factor is the phenomena

known as scattering. Among these two the refractive index isthe most detrimental

mechanism. The refractive index in an optical fiber has the general equation:

n = n0+n2.P/Ae f f (1.13.1)

wheren0 is the refractive index of the fiber core at an optical power oflow levels,n2

is the coefficient of the non-linear refractive index(2.35×10−20m2/W f orsilica), P is

the power of the optical fiber in Watts, andAe f f represent area in square meters of the

fiber core.

From the above equation this is to be noted that the non-linearities produced by the

power of the refractive index can be eliminated by maximizing the effective area of

the fiberAe f f and by minimizing the quantity (amount) of the powerP. The distorting

(detrimental) effects are eliminated by minimizing the power; whereas in the latest

(modern) designs of the fibers the maximization of the effective area is the approach

which is the most common.

The propagation of the solitons is governed by the famous non-linear Schrödinger’s

equation (NLSE) through the optical fibers. The NLSE is givenby:

iqt +aqxx +bF(|q|2)q = 0 (1.13.2)

whereF is an algebraic function of real values,q is the variable which depends upon
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x andt, qt is the partial derivative ofq with respect tot, andqxx is the second partial

derivative ofq with respect tox. Here in(2.7.2) the first term represents the time

evolution term, the second term represents the group velocity dispersion and the third

term is the reason (cause) of non-linearity. Such equationsare sometimes termed as

the non-linear evolution equations.

There are many distinct forms of non-linearities of the function F. In this thesis, the

main emphasis will be on the distinct forms of the functionF(s) during the propagation

of the solitons through an optical fiber. The non-linearities are given as follows:

1.13.1 Kerr Law F(s) = s

This is the simplest form of non-linearity. This non-linearity is also known as the

cubic non-linearity. Through the Inverse Scattering Transform technique the NLSE

can be integrated in case of Kerr Law. Most of the optical fibers obey the kerr law of

non-Linearity.

1.13.2 Power LawF(s) = sp

In power law, it is necessary takep in the the interval 0< p < 2 to avoid the wave

collapse. Similarly, to avoid self-focussing singularityit is compulsory thatp 6= 2.

This is the non-linearity that occurs in non-linear plasmas. This non-linearity appears

in optics and semiconductors.

1.13.3 Parabolic LawF(s) = s+νs2

In case of non-linear interaction between Langmuir waves and electrons, there exists

the parabolic law non-linearity. This non-linearity is also known as the cubic-quintic

non-linearity.

1.13.4 Dual-iPower Law F(s) = sp +ξ s2p

This model describes the saturation of the non-linear refractive index. Using this form

of non-linearity many optical non-linearities are formed.When1< p < 2, the solitons
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of this model become unstable. If we takep ≥ 2, then these solitons collapse with each

other.

1.13.5 SaturationiLaw F(s) = λ s
1+λ s

For λ > 0 this law is used to describe the variation of the dielectrics constant present

in the gas vapors, the laser beam is propagated [27]. In case of semiconductor-doped

fibers in-spite of the Kerr law, the saturation non-linearity is used for modeling the

soliton propagation.

1.13.6 ExponentialiLaw F(s) = 1
2λ (1− e−2λ s)

Exponential law non-linearity arises in case of unmagnetized, homogenous plasmas

and laser-produced plasmas. The coupling equation depictsthe slowly varying com-

plex amplitude. If the coupling equation is combined with the plasma motion of low

frequency, the saturable law of non-linearity is obtained.

1.13.7 Log LawF(s) = a ln(b2s)

This is an important non-linearity which occurs in many different fields of physics. In

case of this model there is an advantage which is the absence of the radiation from the

periodic soliton; this because of the discrete spectrum of the linearized problem.

1.13.8 HigheriOrder PolynomialiLaw F(s) = s+νs2+ γs3

This law of non-linearity is an extended form of the parabolic law, which we explained

earlier.

1.13.9 Triple-PoweriLaw F(s) = sp +νs2p + γs3p

This non-linearity is an extension of the dual-power law andthe generalized form of

the higher order polynomial law of non-linearity.

In the following section, we will explain theF-expansion Method.
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1.14 The extendedF-iExpansion Method

This method is very useful tool used in optical soliton to findthe exact solutions of the

nonlinear evolution equation. ByF-expansion method various Jacobi-elliptic solutions

are obtained. This method is very short, straightforward and hence it is a powerful

method.

We consider a nonlinear partial deferential equation withx andt as independent vari-

ables ofu:

N(u,ut,ux,uxx, ...) = 0 (1.14.1)

WhereN is a polynomial in its arguments. Hereu(x, t) = u(ρ), whereρ is the

wave variable and given asρ = x− ct, c represents the velocity of the wave. Using

these PDE is converted to the ordinary differential equation:

N(u,−cu
′
,u

′
,−cu

′′
,u

′′
, ...) = 0 (1.14.2)

the solutions ofu can be expressed as a finite series in the form

u(ρ) = ao +
n

∑
i=1

(aiF
i +

bi

F i ) (1.14.3)

whereai ,(i = 0,1,2, ...,n), n is the positive integer which can be evaluated by the

homogeneous balance method, andF(ρ) satisfies

(F ′(ρ))2 = PF4+QF2+R (1.14.4)

WhereP, Q, andR are the constants Substituting the above two relations intothe

ordinary differential equation we get a set of equations upon solving the equations si-

multaneously we have different solutions like exact, jacobi-elliptic and trigonometric-

function solution.
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Chapter 2

JacobiiElliptic Soliton Solutions for

LakshmananiPorsezian Danielimodel
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2.1 Mathematical Model

The mathematical model of LPD is given as,

iqt +aqxx +bqxt + cF(|q|2)q

= σqxxxx +α(qx)
2q∗+β |qx|2q+ γ|q|2qxx +λq2q∗xx +δ |q|4q (2.1.1)

In the following modelq(x, t) shows the complex valued wave function, whilex is

the space andt is the time. The terms on the left hand side of the LPD model represents

the temporal evolution of the nonlinear wave,a represents the GVD,b is the STD, and

the functionalF is a real-valued algebraic function.

On the other sideσ is the fourth order dispersion, andδ is the two-photon absorp-

tion. The starting hypothesis is the traveling wave argument given by,

q(x, t) = u(ρ)eιφ (2.1.2)

ρ(x, t) is the waveiprofile given as,

ρ = x−νt (2.1.3)

while φ(x, t) isithe phaseicomponent given as,

φ =−κx+ωt +θ (2.1.4)

By putting Eq. (2.1.2) and its derivatives along with Eq. (2.1.3) and Eq. (2.1.4)

into Eq. (2.1.1), we get real and imaginary parts given below,
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σ(κ4u−6κ2u′′+u′′′′)+α(uu′2−κ2u3)+β (uu′2−κ2u3)+ γ(−κ2u3+u2u′′)+

λ (−κ2u3+u2u′′)+δ (u5)+uw−a(−κ2u+u′′)−b(kwu−u′′ν)− cF(u3) = 0

(2.1.5)

and

νu′(1−bκ)+u′(4σκ3+2aκ −bw)+2κu2u′(−α − γ +λ )−4σκu′′′ = 0 (2.1.6)

The linearlyiindependent functionsiis zero in Eq. (2.1.6), so it gives the constrainticonditions,

σ = 0 (2.1.7)

λ = α + γ (2.1.8)

and consequently the soliton speed,

ν =
bω −2aκ

1−bκ
(2.1.9)

whenever 16= bk

Consequently Eq. (2.1.5) reduces to

u2u′′(γ +λ )+uu′2(α +β )− cF(u3)+δ (u5)+κ2u3(−α −β − γ −λ )+

u(ω +aκ2−bκω)+bu′′ν −au′′ = 0 (2.1.10)
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2.2 Kerr Law

The Kerr law defined onu is given as,

F(u) = u (2.2.1)

We will apply the extendedF−expansionimethod to the LPD model along with Kerr

law nonlinearity,

iqt +aqxx +bqxt + c|q|2q =

σqxxxx +α(qx)
2q∗+β |qx|2q+ γ|q|2qxx +λq2q∗xx +δ |q|4q (2.2.2)

In this scenario the Eq. (2.1.10) becomes

u2u′′(γ +λ )+uu′2(α +β )− c(u3)+δ (u5)+κ2u3(−α −β − γ −λ )+

u(ω +aκ2−bκω)+bu′′ν −au′′ = 0 (2.2.3)

By extendedF−expansionimethod our starting hypothesis is,

u = ao +
n

∑
i=1

[aiF
i +

bi

F i ] (2.2.4)

and,

F ′2 = PF4+QF2+R (2.2.5)

In Eq. (2.2.3) balancingitheu′′ with u3, and find n = 1, so we assume the solution

of the Eq. (2.2.4) as,

u = ao +a1F +
b1

F
(2.2.6)
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So the equation (2.2.3) takes the form,

−au′′+bνu′′+u(ω +ak2−bκw)+ k2u3(−2λ −β )+δu5− cu3+

uu′2(α +β )+u2u′′(γ +λ ) = 0 (2.2.7)

After solving the above equation we get the set of algebraic equations given below,

a3
1Pβ +2a3

1Pλ +δa5
1+2a3

1Pγ +a3
1Pα = 0 (2.2.8)

4aoa2
1Pλ +aoa2

1Pα +aoa2
1Pβ +5δaoa4

1+4aoa2
1Pγ = 0 (2.2.9)

2a2
oa1Pλ +4a2

1b1Pλ +a3
1Qα +a3

1Qβ +a3
1Qλ −κ2a3

1β +a3
1Qγ − ca3

1−a2
1b1Pα−

a2
1b1Pβ −2κ2a3

1λ +5δa4
1b1+10δa2

oa3
1−2aa1P+4a2

1b1Pγ+2a2
oa1Pγ+2bνa1P=0

(2.2.10)

2aoa2
1Qλ +4aoa1b1Pλ −3κ2aoa2

1β −6κ2aoa2
1λ +aoa2

1Qβ −2aoa1b1Pα−

2aoa1b1Pβ +10δa3
oa2

1−3caoa2
1+4aoa1b1Pγ+2aoa2

1Qγ+aoa2
1Qα+20δaoa3

1b1=0

(2.2.11)

−a1b2
1Pα +a1ω +a3

1Rβ +30δa2
oa2

1b1+5δa4
oa1−a2

1b1Qα −a2
1b1Qβ +2a1b2

1Pγ−

3ca2
1b1+a1aκ2+3a2

1b1Qγ +a2
oa1Qλ −3ca2

oa1+10δa3
1b2

1+a3
1Rα −aa1Q+

bνa1Q−6κ2a2
oa1λ +a2

oa1Qλ +3a2
1b1Qλ −a1b2

1Pβ −a1bκω+

2a1b2
1Pλ −3κ2a2

oa1β −6κ2a2
1b1λ −3κ2a2

1b1β = 0 (2.2.12)
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4aoa1b1Qλ +aob2
1Pα+aob2

1Pβ +aoa2
1Rα+aoa2

1Rβ −κ2a3
oβ −2κ2a3

oλ +aoω+δa5
o−

ca3
o −aobκω −2aoa1b1Qα −2aoa1b1Qβ +aoaκ2+4aoa1b1Qγ −12κ2aoa1b1λ−

6κ2aoa1b1β +30δaoa2
1b2

1+20δa3
oa1b1−6caoa1b1 = 0 (2.2.13)

10δa2
1b3

1−3ca1b2
1−ab1Q+b3

1Pα +a2
ob1Qλ −a1b2

1Qβ −a1b2
1Qα +b1aκ2+

5δa4
ob1−a2

1b1Rβ +b1ω +a2
ob1Qγ −3κ2a1b2

1β −3ca2
ob1+b3

1Pβ −6κ2a1b2
1λ−

3κ2a2
ob1β −b1bκω −a2

1b1Rα +2a2
1b1Rλ −6κ2a2

ob1λ +3a1b2
1Qλ +3a1b2

1Qγ+

30δa2
oa1b2

1+2a2
1b1Rγ +bνb1Q = 0 (2.2.14)

2aob2
1Qλ +20δaoa1b3

1−3caob2
1+2aob2

1Qγ +4aoa1b1Rγ −6κ2aob2
1λ−

3κ2aob2
1β +aob2

1Qα+10δa3
ob2

1−2aoa1b1Rα−2aoa1b1Rβ +aob2
1Qβ +4aoa1b1Rλ =0

(2.2.15)

− cb3
1−κ2b3

1β −2ab1R+b3
1Qα +10δa2

ob3
1+5δa1b4

1+2bνb1R+

b3
1Qγ +4a1b2

1Rγ +b3
1Qβ +2a2

ob1Rγ +2a2
ob1Rλ +b3

1Qλ −a1b2
1Rα−

a1b2
1Rβ +4a1b2

1Rλ −2κ2b3
1λ = 0 (2.2.16)

4aob2
1Rλ +5δaob4

1+4aob2
1Rγ +aob2

1Rα +aob2
1Rβ = 0 (2.2.17)

2b3
1Rλ +δb5

1+b3
1Rβ +b3

1Rα +2b3
1Rγ = 0 (2.2.18)

Now solving the above equations, we get the following results,

ao = 0 (2.2.19)
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a1 =

√

2Pγ +Pα +2Pλ +Pβ
−δ

;δ < 0 (2.2.20)

b1 =

√

Rβ +2Rγ +Rα +2Rλ
−δ

;δ < 0 (2.2.21)

Hence Eq. (2.2.6) becomes

u =

√

α +β +2γ +2λ
−δ

[
√

PF +

√
R

F
];δ < 0 (2.2.22)

Thus Eq. (2.1.2) becomes

q(x, t) =

√

α +β +2γ +2λ
−δ

[
√

PF +

√
R

F
]eiφ (2.2.23)

This equation has many solution which are determined as under,

2.3 Cases

For sine function

1)P = m2;R = 1;F = snξ

q1 =

√

α +β +2γ +2λ
−δ

[msnξ +
1

snξ
]eiφ (2.3.1)

For cosine function,

2)P =−m2;R = 1−m2;F = cnξ

q2 =

√

α +β +2γ +2λ
−δ

[
√

−m2(cnξ )+
√

1−m2

cnξ
]eiφ (2.3.2)

For different elliptic functions,
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3)P =−1;R = m2−1;F = dnξ

q3 =

√

α +β +2γ +2λ
−δ

[
√
−1(dnξ )+

√
m2−1
dnξ

]eiφ (2.3.3)

4)P = 1−m2;R =−m2;F = ncξ

q4 =

√

α +β +2γ +2λ
−δ

[
√

1−m2(ncξ )+
√
−m2

ncξ
]eiφ (2.3.4)

5)P = m2−1;R =−1;F = ndξ

q5 =

√

α +β +2γ +2λ
−δ

[
√

m2−1(ndξ )+
√
−1

ndξ
]eiφ (2.3.5)

6)P =−m2(1−m2);R = 2m2−1;F = sdξ

q6 =

√

α +β +2γ +2λ
−δ

[
√

−m2(1−m2)(sdξ )+
√

2m2−1
sdξ

]eiφ (2.3.6)

7)P = 1;R = 1−m2;F = csξ

q7 =

√

α +β +2γ +2λ
−δ

[
√

1(csξ )+
√

1−m2

csξ
]eiφ (2.3.7)

8)P = 1;R =−m2(1−m2);F = dsξ

q8 =

√

α +β +2γ +2λ
−δ

[
√

1(dsξ )+
√

−m2(1−m2)

dsξ
]eiφ (2.3.8)

We can compute manyitriangular and periodicisolutions if we take modulusm → 0, if

the modulusm → 1 belliand kink type soliton solutions can be found, because if we

takem → 0 , Jacobianielliptic functions degenerate to

snξ → sinξ , cnξ → cosξ , dnξ → 1

if m → 1, The jacobiani-elliptic functions degenerate to the hyperbolic functions

snξ → tanhξ , dnξ → sechξ , cnξ → sechξ ,
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here sech and tanh are hyperbolicisecant and hyperbolicitangent function, respectively.

2.4 Parabolic Law

For parabolic law nonlinearity the functionalF is given as,

F(u) = u+ηu2 (2.4.1)

Now again we will apply the extended F-expansion method to the LPD model along

with parabolic law nonlinearity,

iqt +aqxx +bqxt + c(|q|2+η|q|4)q

= σqxxxx +α(qx)
2q∗+β |qx|2q+ γ|q|2qxx +λq2q∗xx +δ |q|4q (2.4.2)

After solving the above equation, and using the parabolic law in Eq. (2.1.10), the Eq.

(2.1.10) reduces to,

u2u′′(γ +λ )+uu′2(α +β )− c(u3+ηu5)+δ (u5)+κ2u3(−2λ −β )+

u(ω +aκ2−bκω)+bu′′ν −au′′ = 0 (2.4.3)

By homogenousibalancing method, we get n = 1, so we assume the solution of theEq.

(2.2.4) as,

u = ao +a1F +
b1

F
(2.4.4)

After solving the Eq. (2.4.3) we get the set of algebraic equations,

a3
1Pβ +2a3

1Pλ +δa5
1+2a3

1Pγ +a3
1Pα − cηa5

1 = 0 (2.4.5)

26



4aoa2
1Pλ +aoa2

1Pα +aoa2
1Pβ +5δaoa4

1+4aoa2
1Pγ −5cetaaoa4

1 = 0 (2.4.6)

2a2
oa1Pλ +4a2

1b1Pλ +a3
1Qα +a3

1Qβ +a3
1Qλ −κ2a3

1β +a3
1Qγ − ca3

1−a2
1b1Pα−

a2
1b1Pβ −2κ2a3

1λ +5δa4
1b1+10δa2

oa3
1−2aa1P+4a2

1b1Pγ +2a2
oa1Pγ +2bνa1P−

5cηa4
1b1−10cηa2

oa3
1 = 0 (2.4.7)

2aoa2
1Qλ +4aoa1b1Pλ −3κ2aoa2

1β −6κ2aoa2
1λ +aoa2

1Qβ −2aoa1b1Pα−2aoa1b1Pβ+

10δa3
oa2

1−3caoa2
1+4aoa1b1Pγ+2aoa2

1Qγ+aoa2
1Qα+20δaoa3

1b1−20cηaoa3
1b1−10cηa3

oa2
1=0

(2.4.8)

−a1b2
1Pα +a1ω +a3

1Rβ +30δa2
oa2

1b1+5δa4
oa1−a2

1b1Qα −a2
1b1Qβ +2a1b2

1Pγ−

3ca2
1b1+a1aκ2+3a2

1b1Qγ +a2
oa1Qλ −3ca2

oa1+10δa3
1b2

1+a3
1Rα −aa1Q+

bνa1Q−6κ2a2
oa1λ +a2

oa1Qλ +3a2
1b1Qλ −a1b2

1Pβ −a1bκω +2a1b2
1Pλ−

3κ2a2
oa1β −6κ2a2

1b1λ −3κ2a2
1b1β −30cηa2

oa2
1b1−10cηa3

1b2
1−5cηa4

oa1 = 0

(2.4.9)

4aoa1b1Qλ +aob2
1Pα+aob2

1Pβ +aoa2
1Rα+aoa2

1Rβ −κ2a3
oβ −2κ2a3

oλ +aoω+δa5
o−

ca3
o−aobκω−2aoa1b1Qα−2aoa1b1Qβ +aoaκ2+4aoa1b1Qγ−12κ2aoa1b1λ −6κ2aoa1b1β+

30δaoa2
1b2

1+20δa3
oa1b1−6caoa1b1−20cηa3

oa1b1−30cηaoa2
1b2

1− cηa5
o = 0

(2.4.10)
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10δa2
1b3

1−3ca1b2
1−ab1Q+b3

1Pα +a2
ob1Qλ −a1b2

1Qβ −a1b2
1Qα +b1aκ2+

5δa4
ob1−a2

1b1Rβ +b1ω +a2
ob1Qγ −3κ2a1b2

1β −3ca2
ob1+b3

1Pβ −6κ2a1b2
1λ−

3κ2a2
ob1β −b1bκω −a2

1b1Rα +2a2
1b1Rλ −6κ2a2

ob1λ +3a1b2
1Qλ +3a1b2

1Qγ+

30δa2
oa1b2

1+2a2
1b1Rγ +bνb1Q−10cηa2

1b3
1−5cηa4

ob1−30cηa2
oa1b2

1 = 0 (2.4.11)

2aob2
1Qλ +20δaoa1b3

1−3caob2
1+2aob2

1Qγ+4aoa1b1Rγ−6κ2aob2
1λ −3κ2aob2

1β +aob2
1Qα+

10δa3
ob2

1−2aoa1b1Rα−2aoa1b1Rβ +aob2
1Qβ +4aoa1b1Rλ −20cηaoa1b3

1−10cηa3
ob2

1=0

(2.4.12)

− cb3
1−κ2b3

1β −2ab1R+b3
1Qα +10δa2

ob3
1+5δa1b4

1+2bνb1R+

b3
1Qγ +4a1b2

1Rγ +b3
1Qβ +2a2

ob1Rγ +2a2
ob1Rλ +b3

1Qλ −a1b2
1Rα−

a1b2
1Rβ +4a1b2

1Rλ −2κ2b3
1λ −5cηa1b4

1−10cηa2
ob3

1 = 0 (2.4.13)

4aob2
1Rλ +5δaob4

1+4aob2
1Rγ +aob2

1Rα +aob2
1Rβ −5cηaob4

1 = 0 (2.4.14)

2b3
1Rλ +δb5

1+b3
1Rβ +b3

1Rα +2b3
1Rγ − cηb5

1 = 0 (2.4.15)

After solving the above equations, we get the solutions,

ao = 0 (2.4.16)

a1 =

√

2Pγ +Pα +2Pλ +Pβ
cη −δ

;cη ≥ δ (2.4.17)
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b1 =

√

Rβ +2Rγ +Rα +2Rλ
cη −δ

;cη ≥ δ (2.4.18)

puttinga0 , a1, andb1 in Eq. (2.4.4), we get,

u =

√

α +β +2γ +2λ
cη −δ

[
√

PF +

√
R

F
];cη ≥ δ (2.4.19)

Thus Eq. (2.1.2) becomes,

q(x, t) =

√

α +β +2γ +2λ
cη −δ

[
√

PF +

√
R

F
]eiφ (2.4.20)

This equation has many solution which are determined as under,

2.5 Cases

For sine function

1)P = m2;R = 1;F = snξ

q1 =

√

α +β +2γ +2λ
cη −δ

[msnξ +
1

snξ
]eiφ (2.5.1)

For cosine function

2)P =−m2;R = 1−m2;F = cnξ

q2 =

√

α +β +2γ +2λ
cη −δ

[
√

−m2(cnξ )+
√

1−m2

cnξ
]eiφ (2.5.2)

For different elliptic functions,

3)P =−1;R = m2−1;F = dnξ

q3 =

√

α +β +2γ +2λ
cη −δ

[
√
−1(dnξ )+

√
m2−1
dnξ

]eiφ (2.5.3)
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4)P = 1−m2;R =−m2;F = ncξ

q4 =

√

α +β +2γ +2λ
cη −δ

[
√

1−m2(ncξ )+
√
−m2

ncξ
]eiφ (2.5.4)

5)P = m2−1;R =−1;F = ndξ

q5 =

√

α +β +2γ +2λ
cη −δ

[
√

m2−1(ndξ )+
√
−1

ndξ
]eiφ (2.5.5)

6)P =−m2(1−m2);R = 2m2−1;F = sdξ

q6 =

√

α +β +2γ +2λ
cη −δ

[
√

−m2(1−m2)(sdξ )+
√

2m2−1
sdξ

]eiφ (2.5.6)

7)P = 1;R = 1−m2;F = csξ

q7 =

√

α +β +2γ +2λ
cη −δ

[
√

1(csξ )+
√

1−m2

csξ
]eiφ (2.5.7)

8)P = 1;R =−m2(1−m2);F = dsξ

q8 =

√

α +β +2γ +2λ
cη −δ

[
√

1(dsξ )+
√

−m2(1−m2)

dsξ
]eiφ (2.5.8)

We can compute manyitriangular and periodicisolutions if we take modulusm → 0, if

the modulusm → 1 belliand kink type soliton solutions can be found, because if we

takem → 0 , Jacobianielliptic functions degenerate to

snξ → sinξ , cnξ → cosξ , dnξ → 1

if m → 1, The jacobiani-elliptic functions degenerate to the hyperbolic functions

snξ → tanhξ , dnξ → sechξ , cnξ → sechξ ,

here sech and tanh are hyperbolicisecant and hyperbolicitangent function, respectively.
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2.6 Anti Cubic law

The anti cubic nonlinearity is defined as,

F(u) = µ1u−2+µ2u+µ3u2 (2.6.1)

We use extendedF−expansion method to solve LPD model along with anti cubic

nonlinearity,

iqt +aqxx +bqxt + c|q|2q =

σqxxxx +α(qx)
2q∗+β |qx|2q+ γ|q|2qxx +λq2q∗xx +δ |q|4q (2.6.2)

In this scenario the Eq. (2.1.10) becomes

u2u′′(γ+λ )+uu′2(α+β )−c(µ1u−3+µ22u3+µ3u5)+δ (u5)+κ2u3(−α−β −γ−λ )+

u(ω +aκ2−bκω)+bu′′ν −au′′ = 0 (2.6.3)

Since

u = ao +
n

∑
i=1

[aiF
i +

bi

F i ] (2.6.4)

Again we get n = 1 by homogenousibalancing method on Eq. (2.6.3), so we assume

the solution of the Eq. (2.6.4) as,

u = ao +a1F +
b1

F
(2.6.5)

After solving the equation (2.6.3) we get the set of algebraic equations which yield

the solutions ,
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2.7 Case 1

ao = 0,b1 = 0 (2.7.1)

a1 =

√

2Pγ +Pα +2Pλ +Pβ
cµ3−δ

;cµ3 > δ (2.7.2)

Hence Eq. (2.6.5) takes the form,

u =

√

P(2γ +2λ +α +β )
cµ3−δ

;cµ3 > δ , (2.7.3)

Thus Eq. (2.1.2) becomes,

q(x, t) =

√

P(2γ +2λ +α +β )
cµ3−δ

eιφ (2.7.4)

2.8 Case 2

a1 = 0,b1 = b1 (2.8.1)

and,

a0 =

√

bν −a
3α +3β +10γ +10λ

(2.8.2)
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Hence Eq. (2.6.5) takes the form,

u =

√

bν −a
3α +3β +10γ +10λ

+
b1

F
(2.8.3)

Thus Eq. (2.1.2) becomes,

q(x, t) = (

√

bν −a
3α +3β +10γ +10λ

+
b1

F
)eiφ (2.8.4)

Eq. (2.7.4)and Eq. (2.8.4) have many solutions which are determined as under,

2.9 Case 1

For sine function

1)P = m2;F = snξ

q1 = m[

√

(2γ +2λ +α +β )
cµ3−δ

]snξ eiφ (2.9.1)

For cosine function,

2)P =−m2;F = cnξ

q2 = m[

√

(2γ +2λ +α +β )
δ − cµ3

]cnξ eiφ (2.9.2)

for different elliptic functions,

3)P =−1;F = dnξ

q3 = [

√

(2γ +2λ +α +β )
δ − cµ3

]cnξ eiφ (2.9.3)
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4)P = 1−m2;F = ncξ

q4 = [

√

(1−m2)(2γ +2λ +α +β )
cµ3−δ

]ncξ eiφ (2.9.4)

5)P = m2−1;F = ndξ

q5 = [

√

(m2−1)(2γ +2λ +α +β )
cµ3−δ

]ndξ eiφ (2.9.5)

6)P =−m2(1−m2);F = sdξ

q6 = [

√

−m2(1−m2)(2γ +2λ +α +β )
cµ3−δ

]ndξ eiφ (2.9.6)

7)P = 1;F = csξ

q7 =

√

(2γ +2λ +α +β )
cµ3−δ

csξ eiφ (2.9.7)

8)P = 1;F = dsξ

q8 =

√

(2γ +2λ +α +β )
cµ3−δ

dsξ eiφ (2.9.8)

2.10 Case 2

For sine function

1) F = snξ

q1 = (

√

bν −a
3α +3β +10γ +10λ

+
b1

snξ
)eiφ (2.10.1)

For cosine function,
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2)F = cnξ

q2 = (

√

bν −a
3α +3β +10γ +10λ

+
b1

cnξ
)eiφ (2.10.2)

for different elliptic functions,

3)F = dnξ

q3 = (

√

bν −a
3α +3β +10γ +10λ

+
b1

dnξ
)eiφ (2.10.3)

4)F = ncξ

q4 = (

√

bν −a
3α +3β +10γ +10λ

+
b1

ncξ
)eiφ (2.10.4)

5)F = ndξ

q5 = (

√

bν −a
3α +3β +10γ +10λ

+
b1

ndξ
)eiφ (2.10.5)

6)F = sdξ

q6 = (

√

bν −a
3α +3β +10γ +10λ

+
b1

sdξ
)eiφ (2.10.6)

7)F = csξ

q7 = (

√

bν −a
3α +3β +10γ +10λ

+
b1

csξ
)eiφ (2.10.7)

8)F = dsξ

q8 = (

√

bν −a
3α +3β +10γ +10λ

+
b1

dsξ
)eiφ (2.10.8)
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We can compute manyitriangular and periodicisolutions if we take modulusm → 0, if

the modulusm → 1 belliand kink type soliton solutions can be found, because if we

takem → 0 , Jacobianielliptic functions degenerate to

snξ → sinξ , cnξ → cosξ , dnξ → 1

if m → 1, The jacobiani-elliptic functions degenerate to the hyperbolic functions

snξ → tanhξ , dnξ → sechξ , cnξ → sechξ ,

here sech and tanh are hyperbolicisecant and hyperbolicitangent function, respectively.
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Chapter 3

OpticaliSolitons iniDual-CoreiFibers

with iInter-Modal Dispersion
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3.1 The Model

The mathematical illustration for decoupled NLSE of optical solitons in dual core

fibers with inter modal dispersion is given as,

i(
∂ψ1

∂ t
+a1

∂ψ2

∂x
)+b1

∂ 2ψ1

∂x2
+ c1

∂ 2ψ1

∂x∂ t
+d1F(|ψ1|2)ψ1+ k1ψ2 = 0 (3.1.1)

i(
∂ψ2

∂ t
+a2

∂ψ1

∂x
)+b2

∂ 2ψ2

∂x2
+ c2

∂ 2ψ2

∂x∂ t
+d2F(|ψ2|2)ψ2+ k2ψ1 = 0 (3.1.2)

In the above coupled modelψ1 andψ2 represents the fieldienvelopes,x is the propaga-

tionico-ordinate,a j are groupivelocities , andb j are group velocityidispersion. While

c j andk j represents spatio-temporal dispersioniand linear couplingicoefficients respec-

tively, for j = 1,2. The functionaliF is real-valuedialgebraicifunction.

ψ j(x, t) = u j(ρ)eiφ ,where j = 1,2 (3.1.3)

whereρ(x, t) representsithe shapeiof the waveiprofile,

ρ = x−νt (3.1.4)

and the phaseicomponentφ(x, t) is defined as

φ =−κx+ωt +θ (3.1.5)

with κ representingithe solitonifrequency, andω the waveinumber, whileθ is the

phase constant.

Now we will find all the derivatives and terms involving Eq. (3.1.1) and Eq. (3.1.2).
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First we will find the derivative ofψ with respect oft,

∂ψ1

∂ t
= (iωu1−νu′1)e

iφ (3.1.6)

then the derivative ofψ with respect ofx,

∂ψ1

∂x
= (−iκu1+u′1)e

iφ (3.1.7)

Then,

∂ 2ψ1

∂x2 = (−κ2u1−2ικu′1+u′′1)e
ιφ (3.1.8)

∂ψ1

∂x∂ t
= (κωu1+ ιωu′1+ ικu′1ν −u′′1ν)eιφ (3.1.9)

After putting all the derivatives into Eq. (3.1.1) and Eq. (3.1.2), we get

−ωu1− iu1ν +a1κu2+ ia1u′2−b1κ2u1−2ib1κu′1+b1u′′1+

c1κωu1+ ic1ωu′1+ ic1κu′1ν − c1u′′1ν +d1F(u1
2)u1+κ1u2 = 0 (3.1.10)

and

−ωu2− iu2ν +a2κu1+ ia2u′1−b2κ2u2−2ib2κu′2+b2u′′2+

c2κωu2+ ic2ωu′2+ ic2κu′2ν − c2u′′2ν +d2F(u2
2)u2+κ2u1 = 0 (3.1.11)

By decomposing into real and imaginary parts, The real part equations for the two

components are,

− ωu1 + a1κu2 − b1κ2u1 + b1u′′1 + c1κωu1 − c1u′′1ν + d1F(u1
2)u1 + κ1u2 = 0

(3.1.12)
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and

− ωu2 + a2κu1 − b2κ2u2 + b2u′′2 + c2κωu2 − c2u′′2ν + d2F(u2
2)u2 + κ2u1 = 0

(3.1.13)

The imaginary partiequations for the twoicomponents leadito the velocityiof the

solitons,

ν =
a1+ωc1−2κb1

1− c1κ
(3.1.14)

and

ν =
a2+ωc2−2κb2

1− c2κ
(3.1.15)

whenever 16= c1κ and 16= c2κ

We will applyi extendedF−expansion methodialong withiKerr lawinonlinearity in

Eq. (3.1.12) and Eq. (3.1.13) respectively,

3.2 Kerr Law

For Kerrilaw nonlinearityithe functionaliF is given by,

F(u) = u (3.2.1)

whichitransform the Eq. (3.1.12) and Eq. (3.1.13) into,

−ωu1+a1κu2−b1κ2u1+b1u′′1+ c1κωu1− c1u′′1ν +d1u1
3+κ1u2 = 0 (3.2.2)
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and

−ωu2+a2κu1−b2κ2u2+b2u′′2+ c2κωu2− c2u′′2ν +d2u2
3+κ2u1 = 0 (3.2.3)

By extendedF−expansion method the starting hypothesis is,

u = ao +
n

∑
i=1

[aiF
i +

bi

F i ] (3.2.4)

and,

F ′2 = PF4+QF2+R (3.2.5)

In Eq. (3.2.2) and (3.2.3) balancingitheu′′ with u3, we get n = 1, so we assume as,

u1 = αo +α1F +
γ1

F
(3.2.6)

and

u2 = β0+β1F +
γ2

F
(3.2.7)

After solving the Eq. (3.2.2) we get the set of algebraic equations,

−d1α3
1 −2b1α1P+2c1να1P = 0 (3.2.8)

−3d1αoα2
1 = 0 (3.2.9)

−b1α1Q+b1k2α1−3d1α2
o α1−3d1α2

1γ1−κa1β1− c1kωα1+

c1να1Q+ωα1− (−d1α3
1 −2b1α1P+2c1να1P)β1 = 0 (3.2.10)
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ωαo +b1k2αo −κa1β0−d1α3
o − c1κωαo −6d1αoα1γ1

−(−d1α3
1 −2b1α1P+2c1να1P)β0 = 0 (3.2.11)

−b1α1Q− c1κωγ1+ωγ1−κa1γ2+b1κ2γ1−3d1α2
o γ1−

3d1α1γ2
1 + c1να1Q− (−d1α3

1 −2b1α1P+2c1να1P)γ2 = 0 (3.2.12)

−3d1αoγ2
1 = 0 (3.2.13)

d1γ3
1 −2b1α1R+2c1να1R = 0 (3.2.14)

Now solving the above equations simultaneously we get,

αo = 0 (3.2.15)

α1 =

√

2P(b1− c1ν)
d1

(3.2.16)

γ1 =
3

√

2α1R(b1− c1ν)
d1

(3.2.17)

Thus Eq. (3.2.6) takes the form,

u1 =

√

2P(b1− c1ν)
d1

F + 3

√

2α1R(b1− c1ν)
d1

1
F

(3.2.18)

Following the same procedure we findu2 which is,
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u2 =

√

2P(b2− c2ν)
d2

F + 3

√

2β1R(b2− c2ν)
d2

1
F

(3.2.19)

By using Eq. (3.2.18) and Eq. (3.2.19) into Eq. (3.1.3), we get

ψ1 = (

√

2P(b1− c1ν)
d1

F + 3

√

2α1R(b1− c1ν)
d1

1
F
)eiφ (3.2.20)

and

ψ2 = (

√

2P(b2− c2ν)
d2

F + 3

√

2β1R(b2− c2ν)
d2

1
F
)eiφ (3.2.21)

Eq. (3.2.20) and Eq. (3.2.21) have many solutions which are determined as under,

3.3 Cases

For sine function,

1)P = m2;R = 1;F = snξ

ψ1 = m(

√

2(b1− c1ν)
d1

(snξ )+ 3

√

2α1(b1− c1ν)
d1

1
snξ

)eiφ (3.3.1)

and

ψ2 = m(

√

2(b2− c2ν)
d2

(snξ )+ 3

√

2β1(b2− c2ν)
d2

1
snξ

)eiφ (3.3.2)

For cosine function,

2)P =−m2;R = 1−m2;F = cnξ

ψ1 = (

√

2m2(c1ν −b1)

d1
(cnξ )+ 3

√

2α1(1−m2)(b1− c1ν)
d1

1
cnξ

)eiφ (3.3.3)
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and

ψ2 = (

√

2m2(c2ν −b2)

d2
(cnξ )+ 3

√

2β1(1−m2)(b2− c2ν)
d2

1
cnξ

)eiφ (3.3.4)

For different elliptic functions,

3)P =−1;R = m2−1;F = dnξ

ψ1 = (

√

2(c1ν −b1)

d1
(dnξ )+ 3

√

2α1(m2−1)(b1− c1ν)
d1

1
dnξ

)eiφ (3.3.5)

ψ2 = (

√

2(c2ν −b2)

d2
(dnξ )+ 3

√

2β1(1−m2)(b2− c2ν)
d2

1
dnξ

)eiφ (3.3.6)

4)P = 1−m2;R =−m2;F = ncξ

ψ1 = (

√

2(1−m2)(b1− c1ν)
d1

(ncξ )+ 3

√

2α1m2(c1ν −b1)

d1

1
ncξ

)eiφ (3.3.7)

ψ2 = (

√

2(1−m2)(b2− c2ν)
d2

(ncξ )+ 3

√

2β1m2(c2ν −b2)

d2

1
ncξ

)eiφ (3.3.8)

5)P = m2−1;R =−1;F = ndξ

ψ1 = (

√

2(m2−1)(b1− c1ν)
d1

(ndξ )+ 3

√

2α1(c1ν −b1)

d1

1
ndξ

)eiφ (3.3.9)
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ψ2 = (

√

2(m2−1)(b2− c2ν)
d2

(ndξ )+ 3

√

2β1(c2ν −b2)

d2

1
ndξ

)eiφ (3.3.10)

6)P =−m2(1−m2);R = 2m2−1;F = sdξ

ψ1 = (

√

2m2(1−m2)(c1ν −b1)

d1
(sdξ ) +

3

√

2α1(2m2−1)(b1− c1ν)
d1

1
sdξ

)eiφ

(3.3.11)

ψ2 = (

√

2m2(1−m2)(c2ν −b2)

d2
(sdξ ) +

3

√

2β1(2m2−1)(b2− c2ν)
d2

1
sdξ

)eiφ

(3.3.12)

7)P = 1;R = 1−m2;F = csξ

ψ1 = (

√

2(b1− c1ν)
d1

(csξ )+ 3

√

2α1(1−m2)(b1− c1ν)
d1

1
csξ

)eiφ (3.3.13)

ψ2 = (

√

2(b2− c2ν)
d2

(csξ )+ 3

√

2β1(1−m2)(b2− c2ν)
d2

1
csξ

)eiφ (3.3.14)

8)P = 1;R =−m2(1−m2);F = dsξ

ψ1 = (

√

2(b1− c1ν)
d1

(ndξ )+ 3

√

2α1m2(1−m2)(c1ν −b1)

d1

1
dsξ

)eiφ (3.3.15)
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ψ2 = (

√

2(b2− c2ν)
d2

(dsξ )+ 3

√

2β1m2(1−m2)(c2ν −b2)

d2

1
dsξ

)eiφ (3.3.16)

We can compute manyitriangular and periodicisolutions if we take modulusm → 0, if

the modulusm → 1 belliand kink type soliton solutions can be found, because if we

takem → 0 , Jacobianielliptic functions degenerate to

snξ → sinξ , cnξ → cosξ , dnξ → 1

if m → 1, The jacobiani-elliptic functions degenerate to the hyperbolic functions

snξ → tanhξ , dnξ → sechξ , cnξ → sechξ ,

here sech and tanh are hyperbolicisecant and hyperbolicitangent function, respectively.
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3.4 Anti Cubic Law

For anti cubic law the functionalF is given by,

F(u) = µ1u−2+µ2u+µ3u2 (3.4.1)

which transform the Eq. (3.1.12) and Eq. (3.1.13) into,

−ωu1+a1κu2−b1κ2u1+b1u′′1+c1κωu1−c1u′′1ν+d1u1
−3+d1u1

3+d1u1
5+κ1u2=0

(3.4.2)

and

−ωu2+a2κu1−b2κ2u2+b2u′′2+c2κωu2−c2u′′2ν+d2u2
−3+d2u2

3+d2u2
5+κ2u1=0

(3.4.3)

In Eq. (3.4.2) and Eq. (3.4.3) balancing theu′′ with u3, we get n = 1, so we assume

the solution,

u1 = αo +α1F +
γ1

F
(3.4.4)

and

u2 = βo +β1F +
γ2

F
(3.4.5)

After solving the Eq. (3.4.2) we get the set of algebraic equations,

d1η3α7
1 = 0 (3.4.6)
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7d1η3γ1α6
1 +21α5

1d1η3α2
o −2α3

1c1υP+α5
1d1η2+2α3

1b1P = 0 (3.4.7)

42d1η3αoγ1α5
1+35α4

1d1η3α3
o +5α4

1d1η2αo−4α2
1c1υPαo+4α2

1b1Pαo =0 (3.4.8)

−4α1c1υRαoγ1+42α1d1η3γ5
1αo+4α1b1Rαoγ1+35d1η3α3

o γ4
1 +5d1η2αoγ4

1 = 0

(3.4.9)

d1η2γ5
1 +7α1d1η3γ6

1 +2α1b1Rγ2
1 −2α1c1υRγ2

1 +21d1η3α2
o γ5

1 = 0 (3.4.10)

7d1η3γ6
1αo = 0 (3.4.11)

d1η3γ7
1 = 0 (3.4.12)

Now solving the above equations simultaneously we get,

γ1 = 0 (3.4.13)

α0 =

√

2P(c1ν −b1)

21α2
1d1η3

− η2

21η3
(3.4.14)

α1 =

√

4P(c1ν −b1)

5d1(η2+7η3α2
0)

(3.4.15)

Hence Eq. (3.4.4) takes the form,
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u1 =

√

2P(c1ν −b1)

21α2
1d1η3

− η2

21η3
+

√

4P(c1ν −b1)

5d1(η2+7η3α2
0)

F (3.4.16)

Following the same procedure we find,u2, which is,

u2 =

√

2P(c2ν −b2)

21β 2
1 d2η3

− η2

21η3
+

√

4P(c2ν −b2)

5d2(η2+7η3β 2
0)

F (3.4.17)

Eq. (3.4.16) and Eq. (3.4.17) leads the solution of the Eq. (3.1.3) which is,

ψ1 = (

√

2P(c1ν −b1)

21α2
1d1η3

− η2

21η3
+

√

4P(c1ν −b1)

5d1(η2+7η3α2
0)

F)eiφ (3.4.18)

and

ψ2 = (

√

2P(c2ν −b2)

21β 2
1 d2η3

− η2

21η3
+

√

4P(c2ν −b2)

5d2(η2+7η3β 2
0)

F)eiφ (3.4.19)

These equation has many solution which are determined as under,

3.5 Cases

For sine function

1)P = m2;F = snξ

ψ1 = m(

√

2(c1ν −b1)

21α2
1d1η3

− η2

21η3
+m

√

4(c1ν −b1)

5d1(η2+7η3α2
0)

snξ )eiφ (3.5.1)

ψ2 = m(

√

2(c2ν −b2)

21β 2
1 d2η3

− η2

21η3
+m

√

4(c2ν −b2)

5d2(η2+7η3β 2
0)

snξ )eiφ (3.5.2)
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For cosine function,

2)P =−m2;F = cnξ

ψ1 = (

√

2m2(b1− c1ν)
21α2

1d1η3
− η2

21η3
+

√

4m2(b1− c1ν)
5d1(η2+7η3α2

0)
cnξ )eiφ (3.5.3)

and

ψ2 = (

√

2m2(b2− c2ν)
21β 2

1 d2η3
− η2

21η3
+

√

4m2(b2c2ν)
5d2(η2+7η3β 2

0)
cnξ )eiφ (3.5.4)

For different elliptic functions,

3)P =−1;F = dnξ

ψ1 = (

√

2(b1− c1ν)
21α2

1d1η3
− η2

21η3
+

√

4(b1− c1ν)
5d1(η2+7η3α2

0)
dnξ )eiφ (3.5.5)

ψ2 = (

√

2(b2− c2ν)
21β 2

1 d2η3
− η2

21η3
+

√

4(b2− c2ν)
5d2(η2+7η3β 2

0)
dnξ )eiφ (3.5.6)

4)P = 1−m2;F = ncξ

ψ1 = (

√

2(1−m2)(c1ν −b1)

21α2
1d1η3

− η2

21η3
+

√

4(1−m2)(c1ν −b1)

5d1(η2+7η3α2
0)

ncξ )eiφ (3.5.7)

ψ2 = (

√

2(1−m2)(c2ν −b2)

21β 2
1 d2η3

− η2

21η3
+

√

4(1−m2)(c2ν −b2)

5d2(η2+7η3β 2
0)

ncξ )eiφ (3.5.8)
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5)P = m2−1;F = ndξ

ψ1 = (

√

2(m2−1)(c1ν −b1)

21α2
1d1η3

− η2

21η3
+

√

4(m2−1)(c1ν −b1)

5d1(η2+7η3α2
0)

ndξ )eiφ (3.5.9)

ψ2 = (

√

2(m2−1)(c2ν −b2)

21β 2
1 d2η3

− η2

21η3
+

√

4(m2−1)(c2ν −b2)

5d2(η2+7η3β 2
0 )

ndξ )eiφ (3.5.10)

6)P =−m2(1−m2);R = 2m2−1;F = sdξ

ψ1 = (

√

2m2(1−m2)(b1− c1ν)
21α2

1d1η3
− η2

21η3
+

√

4m2(1−m2)(b1− c1ν)
5d1(η2+7η3α2

0)
sdξ )eiφ

(3.5.11)

ψ2 = (

√

2m2(1−m2)(b2− c2ν)
21β 2

1 d2η3
− η2

21η3
+

√

4m2(1−m2)(b2− c2ν)
5d2(η2+7η3β 2

0 )
sdξ )eiφ

(3.5.12)

7)P = 1;F = csξ

ψ1 = (

√

2(c1ν −b1)

21α2
1d1η3

− η2

21η3
+

√

4(c1ν −b1)

5d1(η2+7η3α2
0)

csξ )eiφ (3.5.13)

ψ2 = (

√

2(c2ν −b2)

21β 2
1 d2η3

− η2

21η3
+

√

4(c2ν −b2)

5d2(η2+7η3β 2
0)

csξ )eiφ (3.5.14)
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8)P = 1;F = dsξ

ψ1 = (

√

2(c1ν −b1)

21α2
1d1η3

− η2

21η3
+

√

4(c1ν −b1)

5d1(η2+7η3α2
0)

dsξ )eiφ (3.5.15)

ψ2 = (

√

2(c2ν −b2)

21β 2
1 d2η3

− η2

21η3
+

√

4(c2ν −b2)

5d2(η2+7η3β 2
0 )

dsξ )eiφ (3.5.16)

We can compute manyitriangular and periodicisolutions if we take modulusm → 0, if

the modulusm → 1 belliand kink type soliton solutions can be found, because if we

takem → 0 , Jacobianielliptic functions degenerate to

snξ → sinξ , cnξ → cosξ , dnξ → 1

if m → 1, The jacobiani-elliptic functions degenerate to the hyperbolic functions

snξ → tanhξ , dnξ → sechξ , cnξ → sechξ ,

here sech and tanh are hyperbolicisecant and hyperbolicitangent function, respectively.
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3.6 Gausson soliton in dual-core fibers with inter-modal disper-

sion

3.7 The Model

The mathematical illustration for decoupled NLSE of optical solitons in dual core

fibers with inter modal dispersion is given as,

i(
∂ψ1

∂ t
+a1

∂ψ2

∂x
)+b1

∂ 2ψ1

∂x2
+ c1

∂ 2ψ1

∂x∂ t
+d1F(|ψ1|2)ψ1+ k1ψ2 = 0 (3.7.1)

i(
∂ψ2

∂ t
+a2

∂ψ1

∂x
)+b2

∂ 2ψ2

∂x2
+ c2

∂ 2ψ2

∂x∂ t
+d2F(|ψ2|2)ψ2+ k2ψ1 = 0 (3.7.2)

In the above coupled modelψ1 andψ2 represents the field envelopes,x is the prop-

agation co-ordinate,a j are group velocities , andb j are group velocity dispersion.

While c j andk j represents spatio-temporal dispersion and linear coupling coefficients

respectively, forj = 1,2. The functionalF is real-valued algebraic function.

ψ j(x, t) = Pje
ιφ ,where j = 1,2 (3.7.3)

and the phase componentφ(x, t) is defined as

φ =−κx+ωt +θ (3.7.4)

By using Eq. (3.7.3) and its derivatives along with Eq. (3.7.4) and Eq. (3.7.5) into

Eq. (4.7.1) and Eq. (4.7.2) and decomposing into real and imaginary parts,The real
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part equations for two components are

−ωP1+κa1P2+b1(
∂ 2P1

∂x2 −κ2P1)+ c1(κωP1+
∂ 2P1

∂x∂ t
)+d1F(P1

2)P1+κ1P2 = 0

(3.7.5)

and

−ωP2+κa2P1+b2(
∂ 2P2

∂x2 −κ2P2)+ c2(κωP2+
∂ 2P2

∂x∂ t
)+d2F(P2

2)P2+κ2P1 = 0

(3.7.6)

The imaginary part equations for the two components lead to the velocity of the

solitons as,

ν =
a1+ωc1−2κb1

1− c1κ
(3.7.7)

and

ν =
a2+ωc2−2κb2

1− c2κ
(3.7.8)

whenever 16= c1κ and 16= c2κ

3.8 Log law

For log law nonlinearity the functionalF is given by,

F(P) = ln(P) (3.8.1)

By using log law in Eq. (3.7.6) and Eq. (3.7.7), and obtained the following equa-

tions,
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−ωP1+κa1P2+b1(
∂ 2P1

∂x2 −κ2P1)+c1(κωP1+
∂ 2P1

∂x∂ t
)+d1ln(P1

2)P1+κ1P2 = 0

(3.8.2)

and

−ωP2+κa2P1+b2(
∂ 2P2

∂x2 −κ2P2)+c2(κωP2+
∂ 2P2

∂x∂ t
)+d2ln(P2

2)P2+κ2P1 = 0

(3.8.3)

The starting hypothesis for log law nonlinearity is given bythe Gausson,

P(x, t) = Ae−τ2
(3.8.4)

And

τ = B(x−νt) (3.8.5)

WhereA is the amplitude of the Gausson,B is inverse width of the Gausson, andν

is the velocity of the Gausson.

Now

(P)t = (2ABντ)e−τ2
(3.8.6)

Also,

(P)x = (−2ABτ)e−τ2
(3.8.7)
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and

(P)xx = (4AB2τ2−2AB2)e−τ2
(3.8.8)

we can also find,

(P)xt = (2AB2ν −4AB2ντ)e−τ2
(3.8.9)

Now substituting the values of Eq. (3.8.6) to (3.8.9) into Eq. (3.8.2) and (3.8.3),

we get the following equations,

−ωA+κa1A+4b1AB2τ2−2b1AB2−b1Aκ2+ c1Aωκ +

2c1AB2ν −4c1AB2ντ +d1AlnA2−2d1Aτ2+ k1A = 0 (3.8.10)

and

−ωA+κa2A+4b2AB2τ2−2b2AB2−b2Aκ2+ c2Aωκ +

2c2AB2ν −4c2AB2ντ +d2AlnA2−2d2Aτ2+ k2A = 0 (3.8.11)

Now linear independent function areτ j for j = 0,1,2,3,4, ..., By setting their re-

spective coefficients to zero we get,

ω1 = b1(−2B2
1−κ2

1)+d1lnA2 (3.8.12)

and

B1 =

√

d1

2b1
(3.8.13)
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κ1 =
−2B2

1ν
ω1

(3.8.14)

c1 = 0 (3.8.15)

Similarly for Eq. (3.8.11) we get the following results,

ω2 = b2(−2B2
2−κ2

2)+d2lnA2 (3.8.16)

and,

B2 =

√

d2

2b2
(3.8.17)

κ2 =
−2B2

2ν
ω2

(3.8.18)

c2 = 0 (3.8.19)

Hence the Gausson solution is given as,

ψ1(x, t) = Ae−B2
1(x−νt)2ei(−κ+ω1t+θ1) (3.8.20)

and
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ψ2(x, t) = Ae−B2
2(x−νt)2ei(−κ+ω2t+θ2) (3.8.21)
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Chapter 4

Conclusions

4.1 Conclusions

In this dissertation, First we apply extendedF-expansion method to solve the LPD

model using three nonlinear medium, which are Kerr-law, parabolic law and anti cubic

nonlinearity. Using extendedF-expansion method, we have derived many exact Jaco-

bian elliptic periodic solutions, which includes triangular periodic solutions (when the

modulusm =→ 0) and soliton solutions (when the modulusm → 1). This method is

very useful and gives reliable soliton solutions than the existing schemes.

Secondly we have used the extendedF-expansion method to solve the dimensionless

form of the coupled NLSE with Kerr-Law and anti cubic nonlinearity. We have ob-

tained many exact Jacobian elliptic periodic solutions including bell and kink type

soliton solutions. Finally we used the log law nonlinearityto find Gausson Soliton in

dual-core fibers with inter-modal dispersion. This scheme is very helpful and gives

reliable and useful to find Gausson soliton and these resultsare encouraging towards

future goals.
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