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ABSTRACT

Jacobi Elliptic Solition Solutions for

Lakshmanan-Porsezian Daniel (LPD) Model

A wave which propagates without changing its shape and sigdatbwn as soliton.
Whenever two of these waves collide they do not change thapesand speed. Soli-
tons have many applications other fields like, fluid, biolegyl engineering. With the
help of different non-linearities the soliton solutionsdae calculated, some of the
non-linearities are Kerr law, Power law, Parabolic law, Dp@awer law, exponential

law and logarithmic law.

This dissertation find out the exact Jacobi elliptic peraaid solitary wave solutions
which includes triangular periodic solutions, solitonig@ns, traveling wave solu-
tions, bell and kink shape solitons using the extenBezkpansion method with kerr

law, parabolic law and anti cubic law for LakshmanBorsezian Danighodel.
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Chapter 1

Introduction and Basic Concepts

Many mathematical models illustrate as a differential ¢igua. The equations involv-
ing the derivatives are known as differential equationseseare further classified into
linear/nonlinear (ordinanWlifferential equations and linear/ nonlingzartial differen-
tial equations. Linear and nonlinear partial differential éoures play the pivotal roles
in almost every field of sciences like quantum physics, piphysics, optical fibers,
astrophysics, cosmology, and fluid dynamics etc. Lineaiglalifferential equations
are equations for which the dependent variable and itsalares appear in terms with
degree at most one. Anything else is called nonlinear. Thst generakxample of

1% orderlinear PDE will be,
a(x, t)u + b(x, t)ux+c(x,t)u = d(x,t) (1.0.2)
Similarly the example of nonlinear PDE is,
Uy -+ Sy -+ Uy + UZ — U= &Y (1.0.2)

It is extremely important to distinguished between thedim@nd nonlinear PDEs.
The linear PDE problems can be solved using different teghes and different meth-

ods such as variables separation, homogenous, reducibtariogenous, Fourier se-



ries and Fourier transform, superposition, and Laplacestcamation.

Some of the most important and famous PDEs including heatteuny

u_ o
ot 0xX2

(1.0.3)
where,u(x,t) is the temperature of a metal bar, anés a constant.

Now the another example is wave equation, in whi¢k t) is the displacement of a

string, and is the time,

P oot

2= (1.0.4)

One of the famous nonlinear partial differential equatiNbPDE) is Korteweg-de
Vries equation (KdV) equation. The KdV equation is a (NLPDE:}wo rea’variables,

spacex and timet.

AP+ 00— 6¢xp =0 (1.0.5)

The most popular PDE in quantum physics is Schrodingerteaqual he Schrodinger
equation describes the state and evolution of quantum mesiaystems. Schrodinger
equation is dependent on tpaysical situation The most common exampig time
dependent Schrodingeguation (TDSE). This equatiagives abrief detai’of a system
develop graduallyvith time.

iﬁ%|¢(r,t)> = H|W(r,1)) (1.0.6)



1.1 Solitons

A wave which travels long distances with little loss of eryeng structure is called soli-
tary wave. Solitons are solitary wave pulse solution of ma@dr Schrodinger equation.
Soliton maintain its shape when it moves at constant spegdha&y conserve the en-
ergy and shape if two of the soliton waves interact with edblro For most dispersive
equations these solitary waves go in various random dmestand lose energy due to
the radiation. The solitary waves keep their identitieshvéiame speed and shape.
Soliton was first discovered by John Scott Russell in 1834, [Russell observed the
motion of the boat which was moving in the narrow canal and theldenly the boat
was stopped. That time no mass put in water, there he saw stahevave. He moved
back to his laboratory and did some experiments; finally meecto know about some
solitary waves which do not change their characteristlkes $hape, speed during the
propagation, termed as soliton. Solitons are not limitati@water wave, the principle

of the universal, solitons are appearing in the many noatisgstem.

1.2 Optical Solitons

The term soliton is used in the fiber optics [25]. Solitonsypdavital role in opti-

cal Communication system. Optical solitons are light psildet are localized and
during their travel in some host medium they do not dispersdiffract. Optical
solitons are of remarkable importance in telecommunicagigstems. There are so
many types of solitons in optics. One of these forms istdmaporal solitonsin
fibers that even in case of distances of several hundred$oohéiers hold their tem-
poral width. When thgroup velocitydispersion idotally counteractetby nonlin-
earself-phasaodulation effects, optical temporal solitons are fornteese are the
non-spreading optical pulses. Whenever, themgroupvelocity dispersiotemporal
solitonsare formed in the opticdlbers. It creates impulses having non zero band

width and the wire, wave move through refractive index thegiehds on frequency.



Another form of solitons is thepatial solitonsthat propagate several diffrac-
tion lengths but not broadening. If optical beam do not ddfrwhen it propagates
in a nonlinear medium, then we get spatial solitons. The dtamof the beam re-
mains unchanged during propagation. Optical soliton ptaydal rolein thefield of
fiber optics and telecommunication [16]. A lot of work has beenalfor last two
decades. A special kind of equatiknown asthe non-lineaiSchrodinger'®quation
(NLSE) was analyzed deeply and its integrability was diseds With the help of
NLSE the dynamics of optical solitons through an opticalrfivere studied [6, 7, 10,
11, 25] and [32, 33].

1.3 Literature Review

In [3] Bakodah et al. explained bright and dark thirring eptisolitons by using im-
proved adomian decomposition method with some constraimditons. Banaja et
al. [4] investigate optical solitons using different noarities in cascaded system.
They used improved adomian decomposition scheme to findtieab solitons for
NLSE. Biswas et al. [5] used Kerr law nonlinearity to find Timg soliton. Biswas
et al. gavesome exciting results of the generalized form of the noalitgehrodinger
equation. Biswas et al. [7] studied log law nonlinearity g@usson soliton. Biswas et
al. [8] used parabolic law nonlinearity for bright and dadkiten. In [9], Biswas et al.
apply parabolic and dual power law to originate the darkigns for generalized non-
linear Schrodinger equation. With the helpKdrr law and power lawnonlinearity,
Biswas et al. [13] also achieved the cubic-quartic opticdit@ns solution of the
non-linear Schrodinger’'s equation. Using first integrathod, Eslami et al. [20],
found optical solitonFor the resonant NLSAvith time-dependeintoefficients. By us-
ing dual-power law nonlinearity, Bouzida et al. [14] obssihchirped optical soliton
in nano optical fibers. EKici et al. [18] observed the optialitons defined in the
DWDM system. They found out the exact solitons through edgentrial equation
method. In [19], they found optical soliton with DWDM tecHogy and four-wave



mixing solitons. Fermi et al. [21], studied some nonlineariyems. In [23], Jawad
et al. found the optical solitons with anti-cubic nonlingausing three integration
schemes. Mirzazadeh et al. settle up analytical study absslin the fiber waveg-
uide using power law nonlinearity [30]. They also exposefoingent fibers in optical
solitons using nonlinearity of Kerr law applying exp-fuioet method [17]. Rizvi et
al. [32] construct the optical 1-soliton solution in duatediber with the help of inter
modal dispersion. They used some nonlinearities like Ked Bower law with the
help of ansatz approach.

Rizvi et al. [33] achieved the dark and singular 1- solitamslual core fiber by the
help of G’ /G expansion scheme. They also listed the existence of saiaurtion.
Savescu et al. [36] found the optical solitons in magnetibcopave guides with
spatial-temporal dispersion. Savescu et al. [37] alsaudised th@ptical solitondn
nonlinear directionatouplers withspatio-temporatlispersion. Opticadolitons with
spatio-temporal dispersion and coupled Hirota equatiaiefeaind in [38] by Savescu
et al. Taghizadeh et al. [39] found the soliton solutions-hmetix proteins. They have
studied the nonlinearities in detail and gave a criticallgsia for Davydov solitons.
Topkara et al. [40] found optical solitons with non-kerr lamnlinearity with inter
model dispersion, they used solitary wave ansatz methoslpsed to find the optical
solitons for NLSE with time dependent coefficients. Trikaét[41] found very excit-
ing new envelope solitons solutions in nonlinear fiber gpivbich had been explained
by using nonlinear model named Gerdjikov-lvanov model witine constraint condi-
tions. In [42], Younis et al. found optical solitons for @short pulses in nano fibers.
Birefringent fibers containing thirring solitons found byhal et al [43], that can be
explained by vector coupled nonlinear Schrodinger equatiith the help of kerr law
nonlinearity. Zhou [44] studied nonlinear medium havingHh@r order dispersion to
find analytical soliton with different nonlinearities. Zihh@lso done a great work in
magnet-electro-elastic circular rod as a consequencesabytecal study of solitons
[45]. Zhou at el. [46] presents Bright dark and singulartsols in optical fibers that

leads to a new understanding of the complex structure ofcsparhporal dispersion
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and properties of such systems. They calculate the spyatiegfiendent coefficients of
the optical fibers. They [48] also established Biswas-Mdawodel in nonlinear optics
with analytical study of solitons. In [47] they start up wiBiswas-Milovic equation

and gave some exciting results in the field of optical soston



1.4 Dispersion

The dispersion izhe chang®f the refractivandex with thewavelength. Dispersiois
the phenomenothat givesyou the separatioof colorsin a prism. It also gives the
chromaticaberration in théenses.

The most common example of dispersion is rainbow, wheresdsspn causes the
white light to be spatially separated into different partsvavelengths (different col-
ors). Althoughdispersion can alsbave areffect inmany other situations: for exam-
ple, Group Velocity Dispersion (GVD) can cause pulses tpagate through the fiber,
resulting in long-range signal attenuation; in additicemaelatiorbetween GVD and

non-linea-effects lead$o Solitor waves.

1.5 Group Velocity Dispersion

The groupvelocity dispersiois the phenomenothat the grouyelocity of light in
a transparentnedium dependsn the opticefrequency owavelength. The term can
also be used as a defined quantity, i.e dbavative of thevelocity of the inversgroup

with respecto the angulefrequency.

VAN
GVD(wp) = 5 (Vg(@)w:%, (1.5.1)

wherew andwy are angular frequencies, and the group velogjty) is defined

as

Vg(w) = dw/dk (1.5.2)

The units of group velocity dispersion dtame]%/[distance], often expressed fi8?/mm.

For opticalfibers (e.g. in the contexif optical fibercommunications), the group ve-

7



locity dispersion is usually defined as a derivativith respect tawavelength (rather
than angular frequency). This can be obtained from the GViamater mentioned

above.

2
GVD(wp) = (%) (1.5.3)
W=y

or in terms of the refractive index w)

2
(ﬂ) + & (0—2) (1.5.4)
0W) oy € \OW" /) op

1.6 Non-Linear Schrodinger’s Equation

In Non-linear Fiber Optics [10], optical solitons is the mostezging and significant
field of study. During last 3 decades, the research work «f fikid have brought
a revolutionary success. There is an equation of specia &rd have great im-
portance, known as theon-linea'Schrodinger’s equatiofNLSE) was analyzednd

deeplystudied by mathematicians and physicists and its intelifsalias discussed.

The mathematical model of the NLSE is given as:

i bt + apex+ bF (| p|2)p = 0.

where p is complex and dependents on the variablemndt, it serve as the wave
profile. The variablex andt represent spatiand temporalariables respectively.
The constant is the coefficient of dispersion arlalis the coefficient of non-linear
term.

Some of thdamous model®f nonlinear Schrodinger’'squation are:



1.7 Schidinger- Hirota equation

The SchrodingeHirota equatiorieads thpropagation cbptical solitonsn a disper-

sive optical fiber. The mathematical form of Schrodinger-Haretjuation is,

) 1 )
|ut+§u>o<-|—|u|2u:|)\um< (1.7.1)

Whereu is the waveprofile, A is thedispersion coefficiendf third order . The first
term of the left hand side shows tkeolutior term, the 24 term is GVD), and the
third term represents theerr law of nonlinearity that originate when it is dependent

the intensity oflight on therefractive inde:of the material [12].

1.8 Biswas-Milovic equation

BiswasiMilovic equation is one famous model of this era. A lot of whiks been done

on it. The mathematical model of Biswa&ilovic equation is given as,

i(r™)+ a(r™)u+ bF(|r|>)rMm=0, (1.8.1)

The firstterm define theevolution of thesoliton pulses, while the second term
shows grouyelocity dispersio{GVD) , and the third ternis thenon KerrLaw me-
dia. The parametan is thegeneralization oNLSE to BME. i.e, ifm= 1, then the
BME equation condensgs NLSE. We can say thdhe parametem showsthe er-

ror of the modelfaces withGVD anc nonlinearity [7, 11].



1.9 Ginzburg-Landau equation

Ginzburg-Landauequations haveeen used ionodel a widevariety of physical sys-
tems. The Ginzburgeandau equation wdirst derivedas long-wavamplitude equa-
tion in binarymixtures neethe onsedf instability. The complex Ginzburj-andau
equationwas first derivedn the studies of Poiseuilldow and reactiodiffusion sys-

tems.

A=A+ (1+ia)0%A— (1+ iB)|APA (1.9.1)

GLE is one of the most fascinating equations in physics aptieppmathematics.
This equation give the qualitative results, and often gtetivte. This equation gives

the interesting results about the evolution of amplitudasstable modes [15].

1.10 Sasa-Satsuma equation

The Sasa-Satsurmajuation is an integraklgerturbation of the nonlinegchrodinger
equation which models the effe atthird-orderdispersion, sel‘steepening and stim-
ulated Ramarscattering in the propagati®of ultra- fast pulsesn optical fiber trans-

mission systems.

ip— P —20p|p2 + ia(|pl?p)x+ iB(PA)xP+ iPPex =0,  (1.10.1)

a [§ y arereal parameterso = +1 isthe parametethat describeghe difference
between thdocusing(o = 1) ancthe de-focusingo = —1) casef the nonlinear

Schrodinger equation.
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1.11 Types of Solitons

There are numerous types of solitons, some are discusdedbel

One of the most popular type of solitonbsight soliton. The bright solitons are in
the form of pulses and they are on a zero background. Thectiggandex depends on
the dispersion area it decreases when frequency increasdemporal bright solitons
occur in this region. While in the normal dispersion regiantde dark solitons ap-
pear. In optical fiber, nonlinear effects responsible ferfttrmation of soliton. Group
velocity dispersion has two different signs it is assodatéh the bright and dark soli-
tons. In optical fiber, the group velocity dispersion isgukar and a wave has constant
amplitude. Due to instability, the wave is unstable and kdewan into a sequence of
pulses. These pulses are bright solitons. It has the psopérhaintaining its shape
and speed, even after colliding with other such waves dyiogagation in local dis-
persion. These waves are also known as solitary waves aretisoes non-topological

waves.

P(x,t) = A;sed’¢, where ¢=M(x—w) (1.11.1)

In above equationd/ andA; are known as unconstrained parameters, wAgrepre-
sentsthe amplitudgwhich is maximum ak = 0 andt = 0) M is said to be thénverse
width of the soliton and/ is basically the velocity of theolitary wave.

Another famous type of soliton gark soliton. Dark solitons are the intensity dips
that exist on the background of the continuous-wave. In oaself-focussing the spa-
tial bright solitons exist while the dark solitons do occarcase of self de-focussing
non-linearities. Bright solitons do not exist in normal gpovelocity dispersion in
fibers. In this case, waves have constant amplitude. Thegeswsave no variation,
stable and localized pulses. These Waves has continuokgrbaad and pulses ap-
pear only as holes. The waves of these kind are known as ditidnso

A Dark solitonis a wavepacket, carriegnergy and propagetberough themediums
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such asolid, liquid,gas andlasma. Darkvaves solitortravels ata much higher
speed as compete an ordinarywaves, the energgf these wavesisappear rela-
tively rapidly with distance. Dark solitogeneration is lesstraight forwarcthan the
bright soliton, because the dagolitons have both tweequirement like locathange

in phaseand amplitudxhange of the back ground wave. It was suggested that con-
tinuous darlsoliton pulsérain could be generatday electro-optiomodulators. For

a long time, there was no method to invéim¢ darksoliton trainto form a data type,
because the daroliton rotatesis phase twiceéhan the brighsoliton phase. Also,

on colliding with such wave:g merges opartially cancekach other'sffect. These
waves are also named slsock wavesind topologiceaivaves. The darkvave formiis

given by the functio of distancex and timet only.
P(x,t) = atan ¢, where ¢=B(x—w),forp>0

Here,a and 3 are called unconstrained parameters antepresenishe amplitude
(which is maximunatx = 0 andt = 0) 8 is said to bahe inverse widtof the soliton.
The dark solitons have fundamental as well as technologigabrtance. Optical dark
solitons are stable during the propagation. When tempotabas are present in the
optical fibers, nonlineaeffects araveak and mosof the case is valid for the cubic
NLS equation. Solitons are alwegtable. Spatiasolitons inwaveguide or bulknedia
use theéhigher power. The nonlinear refractiuedex shows the nokerr change in
real opticalmaterials with thancrease of théight power. Darksolitary wavexan
become unstablim the nonkerr materials. A black darkoliton isalways stable. A

dark solitonhas zergpower at itscenter.

1.12 JacobiElliptic Function

The Jacobelliptic functions are of basielliptic functions, and auxiliary theta func-

tions. These are doubly periodic meromorphic functionshecomplex plane. Jacobi

12



elliptic functions are of great and historical importancgacobi elliptic function is
analogous of the trigonometry functions because they gmesented by the similar
notation like sn for sin. Some of these functions have dieletvance to some applica-
tions like the equation of a pendulum. Jacobi elliptic fumes were first introduced by
Carl Gustav Jakob Jacobi in 1829. These functions are theata forms of elliptic
functions. These are functions of two variables denotedngy ¢),dn(u ,k) and sn(u
,K). The first variable is given in terms of the amplitude whis written in terms ot

and the second variable is the parameter which is the eliptidulus ?].

1.13 Non-Linearities

A linear process can be defined as a process in which the respothe process and
the stimulus given to the process are proportional. For @@ a worker works
twenty percent longer hours, he will expect to cover twerdggcpnt more work. The
linear models are very straight forward and simple mathe@lanodels mostly they
can be solved without the aid of computers. Before the eramiputers the non-linear
processes were also attempted by the aid of linear processes

A process which is opposite to the linear process is knowroasnear process. Thus
a process which is not linear is called a non-linear procéssre are many examples
of a linear and non linear process. If a worker increases brkiwg hours and works
twice hours as compared to his daily routine work hours. @heitl remain doubts
about his working efficiency and there will be more doubtd the will not cover
double tasks as compared to his daily routine work taskss iEhan example of a
non-linear process. Likewise, there is a common obsenvé#tiat income tax increases
rapidly as compared to respective increase in one’s incdmeontrol the non-linear
effects, simulation approach is used. With this approaemtim-linear approach can
be modeled effectively as easy as the linear process.

The non-linear effects arise in optical fiber while transsiua because of an increase

in the data rates, number of wavelengths, transmissiortHerand in optical power

13



levels. A new phase of obstacles has been opened becausefifahnon-linearity.
The amount of data which is transmitted on an optical fiberdwamse limitations on
being transmitted by these fiber non-linearities. The desigof the system must take
some steps for minimizing the restricting (detrimental¢ets of these non-linearities
and this is possible only when they have knowledge of thesksiions.

Another non-linearity is fiber non-linearity which arisesclause of two mechanisms.
Refractive index present in the glass is the first factor.sTactor is dependent on
the optical energy going through the material. The secontbffdas the phenomena
known as scattering. Among these two the refractive indekaesmost detrimental

mechanism. The refractive index in an optical fiber has timegd equation:
n=ng+n2.P/Acff (1.13.1)

whereng is the refractive index of the fiber core at an optical poweloof levels,n;

is the coefficient of the non-linear refractive indéx35 x 10-2%? /W forsilica), P is
the power of the optical fiber in Watts, ald; ¢ represent area in square meters of the
fiber core.

From the above equation this is to be noted that the non+iiresaproduced by the
power of the refractive index can be eliminated by maxingzie effective area of
the fiberAe ¢ and by minimizing the quantity (amount) of the povirerThe distorting
(detrimental) effects are eliminated by minimizing the poywwhereas in the latest
(modern) designs of the fibers the maximization of the effecirea is the approach
which is the most common.

The propagation of the solitons is governed by the famouslinear Schrodinger’s
equation (NLSE) through the optical fibers. The NLSE is gilsgn

igr + ao + bF (|g|?)g =0 (1.13.2)

whereF is an algebraic function of real valuasis the variable which depends upon

14



X andt, q; is the partial derivative off with respect td, andgyy is the second partial
derivative ofg with respect tox. Here in(2.7.2) the first term represents the time
evolution term, the second term represents the group \tgldispersion and the third
term is the reason (cause) of non-linearity. Such equatoasometimes termed as
the non-linear evolution equations.

There are many distinct forms of non-linearities of the tistF. In this thesis, the
main emphasis will be on the distinct forms of the functitis) during the propagation

of the solitons through an optical fiber. The non-lineasitiee given as follows:

1.13.1 KerrLawF(s)=s

This is the simplest form of non-linearity. This non-lingsaris also known as the
cubic non-linearity. Through the Inverse Scattering Tfams technique the NLSE
can be integrated in case of Kerr Law. Most of the optical 8hwyey the kerr law of

non-Linearity.

1.13.2 Power LawF (s) = sP

In power law, it is necessary takein the the interval < p < 2 to avoid the wave
collapse. Similarly, to avoid self-focussing singularitys compulsory thatp # 2.
This is the non-linearity that occurs in non-linear plasnmigss non-linearity appears

in optics and semiconductors.

1.13.3 Parabolic LawF(s) = s+ v&

In case of non-linear interaction between Langmuir wavesedectrons, there exists
the parabolic law non-linearity. This non-linearity is@lsnown as the cubic-quintic
non-linearity.

1.13.4 Dual-Power Law F(s) = sP + Es?P

This model describes the saturation of the non-linear cafrmindex. Using this form

of non-linearity many optical non-linearities are form&dhenl< p < 2, the solitons
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of this model become unstable. If we tae> 2, then these solitons collapse with each

other.

1.13.5 SaturatioriLaw F(s) = ﬁ

For A > 0 this law is used to describe the variation of the dielestcienstant present
in the gas vapors, the laser beam is propagated [27]. In dassaroconductor-doped
fibers in-spite of the Kerr law, the saturation non-lingarg used for modeling the

soliton propagation.

1.13.6 ExponentialLaw F(s) = 5 (1—e ')

Exponential law non-linearity arises in case of unmageetihiomogenous plasmas
and laser-produced plasmas. The coupling equation ddpietslowly varying com-
plex amplitude. If the coupling equation is combined witk fflasma motion of low

frequency, the saturable law of non-linearity is obtained.

1.13.7 Log LawF(s) = aln(b?s)

This is an important non-linearity which occurs in many eliéint fields of physics. In
case of this model there is an advantage which is the absétive i@diation from the

periodic soliton; this because of the discrete spectrurhefihearized problem.

1.13.8 HigherOrder Polynomial Law F(s) = s+ Vs’ + ys°

This law of non-linearity is an extended form of the parab@iv, which we explained

earlier.

1.13.9 Triple-PowerLaw F(s) = sP 4 vs?P + ys3P

This non-linearity is an extension of the dual-power law #melgeneralized form of

the higher order polynomial law of non-linearity.

In the following section, we will explain thE-expansion Method.
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1.14 The extended-- Expansion Method

This method is very useful tool used in optical soliton to fihd exact solutions of the
nonlinear evolution equation. By-expansion method various Jacobi-elliptic solutions
are obtained. This method is very short, straightforward l@nce it is a powerful
method.

We consider a nonlinear partial deferential equation wiimdt as independent vari-

ables ofu:
N (U, U, Uy, Uxy, ...) = 0 (12.14.1)

WhereN is a polynomial in its arguments. Hetéx;t) = u(p), wherep is the
wave variable and given gs= X — ct, c represents the velocity of the wave. Using

these PDE is converted to the ordinary differential equatio

" "

N(u,—cu’,u/,—cu ,u,...)=0 (1.14.2)
the solutions ofi can be expressed as a finite series in the form
n i bi
u(p) =ao+ Z(aF + E) (1.14.3)
i=

whereg; ,(i =0,1,2,...,n), nis the positive integer which can be evaluated by the

homogeneous balance method, &) satisfies
(F'(p))?>=PF*+QF?+R (1.14.4)

WhereP, Q, andR are the constants Substituting the above two relationstheo
ordinary differential equation we get a set of equationsugmlving the equations si-
multaneously we have different solutions like exact, jaegliptic and trigonometric-

function solution.
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Chapter 2

Jacobi Elliptic Soliton Solutions for

Lakshmanan Porsezian Danielmodel

18



2.1 Mathematical Model

The mathematical model of LPD is given as,

i -+ A+ bae + cF (|al?)g
— TGoox + O () 20" + Bax| 2+ V]|t + A 0Pt + 3]a|* (2.1.1)

In the following modely(x,t) shows the complex valued wave function, whilis
the space antdis the time. The terms on the left hand side of the LPD modebssmnts
the temporal evolution of the nonlinear waeagepresents the GV is the STD, and
the functionaF is a real-valued algebraic function.

On the other side is the fourth order dispersion, ardds the two-photon absorp-

tion. The starting hypothesis is the traveling wave argurgarmn by,

q(x,t) =u(p)e'? (2.1.2)
p(x,t) is the waveprofile given as,
p=Xx—vt (2.1.3)
while @(x,t) is the phas@omponent given as,
P=—KXx+wt+6 (2.1.4)

By putting Eq. (2.1.2) and its derivatives along with Eq.1(3) and Eq. (2.1.4)

into Eqg. (2.1.1), we get real and imaginary parts given below
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2

G(K4U—6K2u”+u””) —I—G(UUIZ—KZU?’) +B(uu’2—K2u3) + V(—KZUS-l—U U”)-i—

A (=2 + VAU 4 (W) + uw—a(—k2u+u") — b(kwu—u"v) —cF (u3) = 0
(2.1.5)

and

VU (1—bk) + U (4ok® + 2aKk — bw) + 2k UPU (—a — y+A) —4oku” =0 (2.1.6)
The linearlyindependent functionis zero in Eq. (2.1.6), so it gives the constrgonditions,

o=0 (2.1.7)

A=a+ty (2.1.8)

and consequently the soliton speed,

B bw — 2ak

T (2.1.9)

whenever £ bk
Consequently Eq. (2.1.5) reduces to

WU (y+A) +ud?(a+B) —cF (U®) + (W°) + k2w (—a —B—y—A) +

u(w+ ak?—bkw) +bu’v —au” = 0(2.1.10)
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2.2 Kerr Law

The Kerr law defined on is given as,
F(u)=u (2.2.1)

We will apply the extende& —expansiomethod to the LPD model along with Kerr

law nonlinearity,

i + a0 + b -+ ¢|q|%g =
O 0hooo+ 0 (0) 0" + B0/ + V10l 2Choc + A G20 + 610 g (2.2.2)

In this scenario the Eq. (2.1.10) becomes

WU’ (y+A) +ud?(a+B) —c(u®) + 5(W°) + K23 (—a —B—y—A) +

u(w+ak?—bkw)+bu'v—au’ =0 (2.2.3)

By extended~ —expansiomethod our starting hypothesis is,

n
by
U=ao+ ) [aF' + =] (2.2.4)
2
and,
F?=PF*4+ QF2+R (2.2.5)

In Eq. (2.2.3) balancintheu” with u?, and find n = 1, so we assume the solution

of the Eq. (2.2.4) as,

U=ao+aF + —= (2.2.6)
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So the equation (2.2.3) takes the form,

—au” 4 bvu” 4 u(w+ ak? — bkw) + k?u3(—2A — B) 4 du° —cu® +
w?(a+B)+uw(y+A)=0 (2.2.7)

After solving the above equation we get the set of algebmimgons given below,

a5PB + 2a3PA + a3 + 2a3Py +a3Pa = 0 (2.2.8)

4aga2PA + 80a2Pa + a,aiPP + 588081 + 4a085Py = 0 (2.2.9)

2a2a1PA +4ajbiPA +a3Qa +a3QpB +alQA — k%a3B + alQy — caj — ash;Pa —
abPB — 2k a3\ +53aib; +100aas — 2aa; P+ 4a2h; Py -+ 2a2a; Py + 2bva; P =0
(2.2.10)

28025QA +4a,a101PA — 3k2a,a2 3 — 6k2apazA + a,a-Qp — 2a.a1biPa—

2a0a1b1PB +105a3a3 — 3canaZ + 4apar by Py -+ 2a,25Qy + a,a5Qa + 205apash; = 0
(2.2.11)

— ayb?Pa + a;w+ aSRB + 305a2azb; + 5daga; — agby Qo — a2h QB + 2a;b3Py—
3caZhy + ajak? + 3a2b; Qy + aZa1QA — 3caza; 4+ 10da5b? + aRa — aa1Q+
bva;Q — 6k%aZaiA +a2a1QA + 3a2b; QA — a; 2P — atbk w+
2a102PA — 3k%aZaif — 6k%a2biA —3k%aibif =0 (2.2.12)
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Aaparb1 QA +agb?Pa +ab?PB +apa2Ra + 2,85 RB — k2asB — 2k 2aiA +agw+ das—
cas — aghk w — 2a0a1b1Qa — 2aya1b1 QB + avak + 4aga; by Qy — 12k 2apag A —
6k %apaibi B + 300a,a2h? + 205a3arb; — 6cagatb; =0 (2.2.13)

105a2b3 — 3carb? — abyQ+ b3Pa + a2b1 QA — a1b?QB — a1b3Qa + byax+

55a(b1 — aZbiRB + byw -+ aZbyQy — 3k%a1b? B — 3caZby + b3PB — 6ka h?A —

3k2%aZby B — bibk w— a2b;Ra + 2a2b;RA — 6k%a2biA + 3a;b3QA + 3a1b2Qy+
300a2a1b? + 2afb Ry +bvb;Q=0 (2.2.14)

28,b2QA + 200a,a1b3 — 3cagh? + 2a,b?Qy + 4aga1biRy — 6k%ahiA —

3k2agb? B+ a.b?Qa +105a3b? — 2a0a; by Rar — 28,2301 RB +a,b?QB +4a0a;biRA =0
(2.2.15)

— cb} — k?b3B — 2ab;R+ b3Qa + 105a2b3 + 55a;b7 + 2bvby R+
b3Qy + 4a;b?Ry + b3QPB + 2a2by Ry + 2a2bRA +b3QA — ajb?Ra —
a1b?RB +4a1b?RA — 2k2b3A =0 (2.2.16)

4agb?RA + 55a0b] + 4asb?Ry + agb?Ra + agb?RB = 0 (2.2.17)

2b3RA + 8b3 + b3RB + bSRa + 2b3Ry = 0 (2.2.18)
Now solving the above equations, we get the following result

=0 (2.2.19)



al:\/ZPy+Pa+2P/\+P;3 5<0
-0
by — RB+2Ry_+5Ra+2R/\ 5<0

Hence Eq. (2.2.6) becomes

0<0

u:\/a+Bt§y+Z)\[\/ﬁF \I/Zﬁ]

Thus Eq. (2.1.2) becomes

q(x,t) = \/G+Bt§y+2)\ [VPF + \/ﬁ]

This equation has many solution which are determined asrunde

2.3 Cases

For sine function
1)P=n?;R=1;F =sné

= J‘”Bfﬁ”” [rrm€+sn%]e""’

For cosine function,

2P=-—m%;R=1—n%F =cné

qF\/‘”B*ZV*”[m(mszé

-0

For different elliptic functions,
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(2.2.20)

(2.2.21)

(2.2.22)

(2.2.23)

(2.3.1)

(2.3.2)



3P=—-1R=mP—1;F =dné

03 = \/‘Hﬁfg” 2 [v—=1(dn&) + Jfgl]éq’ (2.3.3)
4P =1—n?,R= —n?;F =ncé
G = J arp f?m [v/1-m2(ncé) + “nf]é"’ (2.3.4)
5P=m?—1;R=—1;F =nd&
05 = \/O’JFBJ:?”FZ)‘ [v/m? — 1(ndé) +%}é‘l’ (2.3.5)
6)P = —mP(1—n?);R=2n?—1;F = sdé
o = \/ bl A, —n?(l—n?)(sdm%{l]éw (2.3.6)
7P=1R=1-m’F =csé
= | T EEZ R sy YL e 237)
8P =1;R= —m?(1—nP);F = dsé
Os = \/‘Hﬁf?’”’\ [VI(dsE) + _m;(;_mz)]éq’ (2.3.8)

We can compute maityiangular and period solutions if we take modulus — 0, if

the modulusm — 1 bell and kink type soliton solutions can be found, because if we
takem — 0, Jacobiarelliptic functions degenerate to

sné — siné ,cné — cosé ,dné — 1

if m— 1, The jacobianelliptic functions degenerate to the hyperbolic function

sné — tanhé , dné — seché, cné — seché,
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here sech and tanh are hyperbderant and hyperbo’tangent function, respectively.
2.4 Parabolic Law
For parabolic law nonlinearity the functionalis given as,

F(u) = u+nu? (2.4.1)

Now again we will apply the extended F-expansion method @o.fAD model along

with parabolic law nonlinearity,

ik + acwe + baye -+ ¢(|g%+ nja|)g
= 000+ 0 (Ax) 20" + Bl oA+ V|02 + AP+ 8ld g (2.4.2)

After solving the above equation, and using the paraboliciteEq. (2.1.10), the Eq.
(2.1.10) reduces to,

VAU (y+A) +uu?(a + B) — c(uP + nu’) + 5(u°) + k?ud(—2A — B) +

u(w+ak?—bkw)+bu'v—au’ =0 (2.4.3)

By homogenou$alancing method, we get n = 1, so we assume the solution &ghe
(2.2.4) as,

b
U=ao+aF +El (2.4.4)

After solving the Eq. (2.4.3) we get the set of algebraic ¢éiqua,

aSPB + 2a3PA + daj + 2a5Py+ aiPa —cnaj = 0 (2.4.5)
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AagacP) + agaPa + aasPB + 5da0a; + 4a,a2Py — Scetaaa; =0 (2.4.6)

2a2a1PA +4ajbiPA +a3Qa +a3QB +alQA — k%a3B +alQy — caj — ash;Pa —
a2hPB — 2k2a3A + 58alby + 105838 — 2aa; P+ 4a2by Py + 2a2a; Py + 2bva; P—
5cnafh; —10cna2a =0 (2.4.7)

28,82QA +4apa1biPA —3k%ayat B — 6k %agaiA +a0azQp — 2a0a1 b1 Pa — 2aya1b;PB+
105a3a2 — 3cagas +4apaibi Py + 2a,a2Qy -+ a,a2Qa + 205a,a5b; — 20cn agasb; — 10cnasas = 0
(2.4.8)

— a1b?Pa + ajw+ aSRB + 305a2ab; + 5daga; — a2 Qa — a2h QB + 2a;b2Py—
3ca3by + ajak? + 3a2b; Qy + a2a;QA — 3calay + 105a5b? 4+ asRa — aa Q-+
bva;Q — 6k%aZar A + a2a1QA + 3a2b,QA — a1b?PB — arbk w+ 2a;b7PA —
3k%aZa1 B — 6k%asbiA — 3k2a3by B — 30cnaaiby — 10cnash? — 5cnaga; = 0
(2.4.9)

Aagaibi QA +aoh?Pa +aoh?PB +apa2Ra +a,a2RB — k2a3B — 2k 2a3) +apw-+ da3—
cas — aghk w— 2apa;b1Qa — 28,8101 QB +agak? +4agai by Qy — 12k agarbi A — 6k %agaibi S+
300a,a3b? + 205a3a; by — 6cagarb; — 20cnaSasb; — 30cnagazh? — cnag = 0
(2.4.10)
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105asb3 — 3ca;b? — aby Q+ bSPa + a2 QA — a1h?QB — a1biQa + brak®+
55aab; — a2y RB + by w+ a2b; Qy — 3k %a1b? B — 3cab; + bSPB — 6k2ab?A —
3k2%aZby B — bibk w— a2b;Ra + 2a2b1RA — 6k2a2biA + 3a1b3QA + 3a1b?Qy+

305a3a;b? 4 2a3b; Ry + bvbyQ — 10cna3b? — 5cnagby — 30cnadaih? =0 (2.4.11)

2a,h2QA + 205808103 — 3cagh? + 2a0b?Qy + 4anar by Ry — 6k 2apb?A — 3k 2a0h? B +axb?Qa +
105a3b? — 2aya1b; Ra — 28,2101 RB +a,b?Qp + 4asa by RA —20cn agarbs — 10cnash? =0
(2.4.12)

— b} — k%b3B — 2ab R+ b3Qa + 105a3b3 + 5dayb] + 2bvby R+
b}Qy+ 4a1biRy + bQB + 2a3b1Ry + 2a3b1RA +bQA — aybRa—
a1biRB +4a1biRA — 2k*bjA — Benagbf — 10cnagh? = 0 (2.4.13)

4agb3RA + 58a0bf + 4aob?Ry + apb?Ra + apb?RB — 5cnachi =0 (2.4.14)

203RA -+ Jb3 + bSRB + b3Ra + 2b3Ry — cnb; = 0 (2.4.15)
After solving the above equations, we get the solutions,

a =0 (2.4.16)

ag — \/ 2Py+ P:ntzg ATPB. o5 (2.4.17)
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n=o

RB + 2Ry + Ra + 2RA |
b1: Cr]—5 ,C

puttingag , a1, andbs in Eq. (2.4.4), we get,

u:\/a+B+2y+2/\ wrr+ Rion =
cn—290 F

Thus Eq. (2.1.2) becomes,

q(xt) = \/a Hz';r_Z? 2 [VPF + ?]eﬁ‘”

This equation has many solution which are determined asrunde

2.5 Cases

For sine function
1)P=n?;R=1;F =sné

=[S s e

_\/a+B+2y+2)\ L g
sn§

For cosine function

2P=—mR=1—n?F =cné

_|a+B+2y+2A Vi-nZ
QZ—\/ T [V —m?(cné) + one Je?

For different elliptic functions,
3P=—-1:R=mP—1;F =dné

vVm—1
dné

[v/=1(dn&) + |e®

_ja+B+2y+2A
g3 = cn—6
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(2.4.18)

(2.4.19)

(2.4.20)

(2.5.1)

(2.5.2)

(2.5.3)



4P =1—nm?;R= —n?;F =ncé

_|a+B+2y+2A V-
q4_\/ oo [V 1—m?(ncé)+ noE 1e? (2.5.4)

BP=m?—1;R=—1;F =nd&

22 1 .
q5:\/a+lz';r_2’;+ [\/mz—l(nd€)+%]e"" (2.5.5)

6)P = —m?(1—n?);R=2m° — 1;F = sdé

06 = \/Hiﬁ?% [/ —mR(1— m?)(sdé) +%{1]é¢ (2.5.6)
7)P=1R=1-n?F =csf
o = \/ “i; 22 et + t;zmz]éq’ (25.7)
8)P=1;R= —n?(1—nP);F =ds&
08 = \/”‘z:_z‘(’; 2 1 V/I(dsE) + _m;(;_ ™) o (2.5.8)

We can compute martyiangular and period solutions if we take modulus — 0, if

the modulusm — 1 bell and kink type soliton solutions can be found, because if we
takem — 0, Jacobiarelliptic functions degenerate to

sné — siné ,cné — cosé ,dné — 1

if m— 1, The jacobianelliptic functions degenerate to the hyperbolic function

sné — tanhé , dné — seché, cné — seché,

here sech and tanh are hyperbderant and hyperbo’tangent function, respectively.
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2.6 Anti Cubic law
The anti cubic nonlinearity is defined as,
F(u) = pu 2+ pou+ psu? (2.6.1)

We use extende& —expansion method to solve LPD model along with anti cubic

nonlinearity,

it + agex + bax + ¢/q|?q =

O 0hooo+ 0 (0) 0" + B0/ + V10l 2Choc + A G20 + 610 g (2.6.2)

In this scenario the Eq. (2.1.10) becomes

AU (y+A) +ud?(a + B) — c(pu 3 + 20+ pgu®) + 5(W%) + k2 (—a — B—y—A )+

u(w+ak? —bkw)+bu'v—au’ =0 (2.6.3)
Since

n b
i=

Again we get n = 1 by homogencibslancing method on Eg. (2.6.3), SO we assume

the solution of the Eq. (2.6.4) as,

b
u:ao+a1F+E1 (2.6.5)

After solving the equation (2.6.3) we get the set of algaebegiuations which yield

the solutions
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2.7 Casel

a():o,blzo

Cuz > O

. _ [2Py+Pa+2PA+PB

Hence Eq. (2.6.5) takes the form,

;CU3 > 0,

\/P(2y+2)\ +a+p)
u:
CuUz— O

Thus Eq. (2.1.2) becomes,

e

2.8 Case?2

a1:0,b1:b1

and,

B bv —a
%= 3a +3B +10y+ 10A
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(2.7.1)

(2.7.2)

(2.7.3)

(2.7.4)

(2.8.1)

(2.8.2)



Hence Eq. (2.6.5) takes the form,

bv—-a b1
_ it 2.8.3
u \/30{+SB+1OV+10)\+F (2.8.3)

Thus Eq. (2.1.2) becomes,

(et)=( Dt
A=W 3ar3gr1oy+100  F

)e? (2.8.4)
Eq. (2.7.4)and Eq. (2.8.4) have many solutions which arerdenhed as under,

29 Casel

For sine function

1)P = m?;F = sné
B (2y+2A +a+B) i
qL= m[\/ T J]snée? (2.9.1)
For cosine function,
2)P = —m%F =cné
B (2y+2A +a +B) ;
02 = m[\/ Ry Jenge? (2.9.2)

for different elliptic functions,
3)P=—-1;F =dné

s = [\/ (2”5”_;: P iengeio (2.9.3)
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4)P =1—n?;F = ncé

5)P =n? — 1;F = ndé

L (mP=1)(2y+2A +a +B) i
05 = [\/ T |nd&e?

6)P = —m?(1—n?);F = sdé

—MR(1—nR)(2y+2) +a +B)

i
Oe = | ST Jndéé
7P =1;F =cs&
 [@Qy+22+a+B) i
CI7—\/ T cséée
8)P = 1;F =ds&
_ [@y+22+a+B) i
CIS—\/ T dséé
2.10 Case?

For sine function
1)F =sné

( bv —a i b1 )é
=W 3a 1310y 100 =€

For cosine function,
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(2.9.4)

(2.9.5)

(2.9.6)

(2.9.7)

(2.9.8)

(2.10.1)



2)F =cné

B bv—-a b1 i
2= (\/30+SB+1Oy+ 1on " ong)®
for different elliptic functions,
3)F = dné
o bv—-a b1 io
%= (\/301 3B 10y 10h T ang)S
4)F =ncé
- bv—-a b1 io
4= (\/30+SB+1OV+ 0%+ ee©
5)F = ndé&
B bv —-a b1 i
G5 = (\/3a+3[3+10y+ 1on " nag)®
6)F = sdé
_( bv —a b1 ) i
%=\ 3a 33110y + 100  «dE
7)F =csé
o bv—-a bl ip
o= (\/Sa+3[3+10y+102\ +f)®
8)F — ds&
o bv—-a b1 io
% = (\/30+SB+1OV+ 1on T dsg)®
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(2.10.2)

(2.10.3)

(2.10.4)

(2.10.5)

(2.10.6)

(2.10.7)

(2.10.8)



We can compute martyiangular and period solutions if we take modulus — 0, if

the modulusm — 1 bell and kink type soliton solutions can be found, because if we
takem — 0, Jacobiarelliptic functions degenerate to

sné — siné ,cné — cosé ,dné — 1

if m— 1, The jacobianelliptic functions degenerate to the hyperbolic functon

sné — tanhé , dné — seché, cné — seché,

here sech and tanh are hyperbderant and hyperbo’tangent function, respectively.
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Chapter 3

Optical Solitons in Dual-Core Fibers

with Inter-Modal Dispersion
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3.1 The Model

The mathematical illustration for decoupled NLSE of ogtisalitons in dual core

fibers with inter modal dispersion is given as,

oY Oyp 1 ) -
(g T )by~ Fagg TRtk =0 E.1.0)
A oYn Yy % 2 _

(5 tae5, ) +be % +Cog s+ P ([Wa ) +legn =0 (3.1.2)

In the above coupled modgh andy» represents the fieldnvelopesxis the propaga-
tion co-ordinatega; are groupvelocities , andb; are group velocitispersion. While
cj andk; represents spatio-temporal dispersaom linear couplingoefficients respec-

tively, for j = 1,2. The functioneF is real-valuecalgebraicfunction.

Wi (x,t) = uj(p)€?, wherej = 1,2 (3.1.3)
wherep(x,t) represenishe shap®f the waveprofile,
p=X— vt (3.1.4)
and the phaseomponentp(x,t) is defined as
Q= —KX+wt+ 0 (3.1.5)

with k representinghe solitonfrequency, andw the wavenumber, whilef is the
phase constant.

Now we will find all the derivatives and terms involving Eq-13L) and Eq. (3.1.2).
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First we will find the derivative ofy with respect ot,
% = (iwuy — vu))e® (3.1.6)

then the derivative oy with respect ok,

% = (—ikup +Uy)e? (3.1.7)
Then,
02L[11 2 / 1N Al @
v = (—K“up — 21KUy + U7 )€ (3.1.8)
ayn B / / 1\l @ 3.1.9
Sxar — (K@UL+ 10U + KUY — U V)e (3.1.9)

After putting all the derivatives into Eq. (3.1.1) and Eqg.1(2), we get

— Uy — iUV +agKuz +iaguh — by k?ug — 2ibkuy +byuf +

C1K WUy + iC1 U] +iC1KULV — ciUf v 4 di F (U1?)ug + Kap = 0 (3.1.10)
and

— WUy — iUV + apK Uy + iaoU — bak?up — 2ibok U + boul +

CoK (WU + iCotwUy +1CoK ULV — CoUsV 4 Ao F (Up?)Up + Koug = 0 (3.1.11)

By decomposing into real and imaginary parts, The real pguagons for the two

components are,

— U1 4 a1KUz — bik?uy + buf + cikwuy — Ui v + diF (u?)ug + Kalp = 0
(3.1.12)
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and

— WUy + agKuy — b2K2U2 + bzulzl + CoKwUp — CzUIZ/V + sz(Uzz)Uz + Koup = 0
(3.1.13)

The imaginary parequations for the tweomponents leeitb the velocityof the

solitons,
_ A1+ we — 2Ky (3.1.14)
1-ckK
and
_ B2+ WC — 2Ky (3.1.15)

1-cK

whenever £ ci1k and 1#£ coK
We will apply extendedr —expansion methodlong witk Kerr law nonlinearity in

Eq. (3.1.12) and Eq. (3.1.13) respectively,

3.2 Kerr Law

For Kerr law nonlinearitythe functionalF is given by,
F(u)=u (3.2.1)

which transform the Eq. (3.1.12) and Eq. (3.1.13) into,

— Uy +a1KUz — by k?ug 4+ biuf + ¢ kwug — U v +diu® + ki =0 (3.2.2)
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and
— WUy + axK Uy — bok2Up + bol + Cok Wy — ColyV 4+ dal® + Koup =0 (3.2.3)

By extended- —expansion method the starting hypothesis is,

n ) bi
u=ap+ Y [aF' + =] (3.2.4)
2,
and,
F?=PF*+QF2+R (3.2.5)

In Eq. (3.2.2) and (3.2.3) balancitige u” with u3, we get n = 1, so we assume as,

i

up = a0+alF+E (3.2.6)
and
N Y2
UZ—BO+BlF+E (3.2.7)

After solving the Eq. (3.2.2) we get the set of algebraic ¢qua,

—diad - 2bya1P+2civaiP =0 (3.2.8)

—3di1a,a? =0 (3.2.9)

—b1a1Q+ b1k2a1 — 3d1C¥gC¥1 — 3d1C¥fV1 — Ka1 31 — crkway +

c1va1Q+ way — (—dias — 2bja P+ 2civai P)By = 0 (3.2.10)
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wao+ bik?ao — kay By — d1ad — crk wa — 601 apa Y

—(—dla:l3 —2bja1P+ 201VC¥1P)BO =0

—b101Q — C1K WY1 + Wy1 — Kag Yo + bik?y1 — 3diadys —

3cha1yf +c1va1Q— (—diaf — 2bya1P + 2c1vasP)y, =0

—3d1ae)F =0

dlyf —2bia1R+2civa;R=0

Now solving the above equations simultaneously we get,

ao:O
2P(b1 —cv

3 20{1R(b1 — C]_V)
= a

Thus Eg. (3.2.6) takes the form,

- ZP(bl—C]_V) 3 20{1R(b1—clv) 1
Uy = \/d—]_l: + d]_ =

Following the same procedure we fingwhich is,
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(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)



- 2P(b2—C2V) 3 2B1R(b2—CgV) 1

By using Eqg. (3.2.18) and Eq. (3.2.19) into Eq. (3.1.3), we ge

Y= (

b1—C1V \/ZChR (bh—cv) 1 )e' (3.2.20)

and

Yr = (

b2—C2V \/2,31R (bp—cpv) 1 ) (3.2.21)

Eq. (3.2.20) and Eq. (3.2.21) have many solutions which aterchined as under,

3.3 Cases

For sine function,
1)P=m?R=1;F =sné

bl—clv s/2a1(by—cv) 1 io
,/ ™ snE)el (3.3.1)
b2—02V 3 2B1 b2—CzV) 1 io
Yp=m(y| ——— % snE)el (3.3.2)

For cosine function,

2P=—m’;R=1—n?F =cné

wlz(\/sz(ca—\lz—bl)(méH§/2a1<1—m;>1<b1—clv) C;'f)ej(p (333

and
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and

¢2:<\/W<Cé_z—bz>(cné)+ \3/231<1—mz>2<b2—c2v> e

For different elliptic functions,
3P=—-1R=nmP—1;F =dné

Y1 = (Fm%:w(dnf) + \3/20’1(”‘2— i)l(bl—cm dif)eicp
wz:(W(dnEHi/zm(l_n?z(bz_cw)drlms)éw

4P =1-n?;R=—n?F = ncé

W = (\/2(1—mz)d(lb1—clv) (ncf)+\3/201n12(§iv—bl) ni-g>ei(p

wzz(\/Z(l—mzij(zbz—CzV) (nC€)+\3/2[31mz(;zv—b2) ni,ﬁej(p

5P=n?—1;R=—1;F =nd&

Wy = (\/Z(mz—l)d(lbl—clv) (ndé) + ¢ 2a1(c;\:—b1) n;-E)ei(p

44

(3.3.4)

(3.3.5)

(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)



wzz(\/z(n?—lij(zbz—cw) (ndé) 1 ¢ zﬁl(cz\;—bz) njf>é¢ (3.3.10)

6)P = —m?(1—n?);R=2m? — 1;F = sd

(3.3.11)

v - (\/Zrnz(l—nii(cw—bz)(sda N \3/231(2”‘2—;2)@2—02@8;6)(9@
(3.3.12)

7P =1R=1-m’F =csf

:(‘/Z(bld;lcl")( \/2"11 ?)(by — Cl")cif)eiw (3.3.13)

dn— ( 2“’2%202")((&:”f/zﬁi(l_nﬁl(bz‘cw)&)éw (3.3.14)

8)P=1;R=— );F = dsé

F R
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o /Z(bzd;zcz\/)(dsa_‘_\3/231mz(1—r;122)(02V—b2) d;r)é-(p (3.3.16)

We can compute maityiangular and period solutions if we take modulus — 0, if

the modulusm — 1 bell and kink type soliton solutions can be found, because if we
takem — 0, Jacobiarelliptic functions degenerate to

sné — siné ,cné — cosé ,dné — 1

if m— 1, The jacobianelliptic functions degenerate to the hyperbolic function

sné — tanhé , dné — seché, cné — seché,

here sech and tanh are hyperbderant and hyperbo’tangent function, respectively.
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3.4 Anti Cubic Law

For anti cubic law the function# is given by,
F(u) = pu 2+ pou+ psu? (3.4.1)

which transform the Eq. (3.1.12) and Eq. (3.1.13) into,

— WUy 4a1KUp — by k2ug +byu] +crk wug — e U v +dyug 3+ diu P +diu® + kiup =0

(3.4.2)
and
— WU +apKuy — b2K2U2+ b2U/2/+CzKO)U2 — CgU/ZIV +d2U2_3+d2U23+d2U25+ Koup =0
(3.4.3)
In Eq. (3.4.2) and Eq. (3.4.3) balancing tifewith u3, we get n = 1, so we assume
the solution,
- i
Up = 0o+ a1F + E (3.4.4)
and
_ Y2

After solving the Eq. (3.4.2) we get the set of algebraic ¢qua,

dinza{ =0 (3.4.6)
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7dinayiad + 21adin3a2 — 2adc uP + addin; +2a5bP = 0 (3.4.7)

42d1n3a0y103 4 35a7d1nsa3 4 5a7dinaao — 4aic uPay +4a2b Pap =0 (3.4.8)

— 4011 URA Y1 + 420101 N33 o 4 40101 Raoy: + 35d1n3alyf + 5d1n2a0yf = 0
(3.4.9)

dlnzyf + 7a1d1r73yf + ZalblRyf — 201c1uRyf + 21d1n3a§yf =0 (3.4.10)

7din3y?a, =0 (3.4.11)

dinayf =0 (3.4.12)

Now solving the above equations simultaneously we get,

yi=0 (3.4.13)

2P(c1v —by) n2
= — 3.4.14
" \/ 21a7dins 2103 S419

4P(c1v —by)
a, = 3.4.15
' \/5d1(f72+7f7305) ( :

Hence Eq. (3.4.4) takes the form,
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ZP(C]_V — b]_) n2 4P(C]_V — b]_)
U B F 3.4.16
! \/ 2lazdins  21ns |\ 5di(n2+7n3ag) ( )

Following the same procedure we fing, which is,

2P(cov —by) N2 4P(cpv — bp)
Us — — + F 3.4.17
2 \/ 21B2dn3 2103 50(N2 + 7Nn3P3) ( )

Eq. (3.4.16) and Eq. (3.4.17) leads the solution of the E4..83which is,

ZP(C;LV — bl) na 4P(01V — bl) i
_ . 4 F)e® 3.4.18
v (\/ 21azdins  21ns  \/ 5dy(n2+7n3ad) ) ( )

and

2P(02V — bz) na 4P(02V — bz) i
= — F)e? 3.4.19
v (\/ 21B2dons  21n3 " \/5d2('72+ nsBZ) ) ( :

These equation has many solution which are determined as,und

3.5 Cases

For sine function
1)P = F =sné

2(ctv—by) N2 4(c1v —by) i
= — e? 351
Lm m(\/ 21a2dins 2103 - m\/5d1(’72 +7n305) ¢) 354

2(cv—Dh2) 2 4(cv —byp) '
= — e® 3.5.2
V2 m(\/ 21B%dons 2103 " m\/5d2(l72 +7n3pg) ) (352
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For cosine function,
2P = —m?;F =cné

ZmZ(b]_—C]_V) n2 4mz(b1—C]_V) ;
= — e? 3.5.3
. (\/ 2lafdins 213 ’ \/5d1(’72 +7n305) e 359

and

_|2mP(ba—cpv) 2 42 (baCav) \
e (\/ 205200 2ns \/5d2(n2+7,73ﬁoz> cné )e (3.5.4)

For different elliptic functions,
3)P=—-1;F =dné

2(b1—C1V) n2 4(b1—C1V) i
= — dné)e? 3.5.5
£ (\/ 2la?dins 2103 " \/5d1(l72 +7n3af) ") (359)

2(bp—cv) N2 4(b; —cpv) '
— — dné)e® 3.5.6
Ve <\/ 21B2dns 213 - \/5d2(f72 +7n3B8) ") ( )

4P =1—m?F =ncé

_asmiev-by  ne | [a0-m)ew by
%_(\/ 2lagduns 21’73+\/ 50 (N2 + 7n303) nef)e? (357

_ o J2(1-mP)(cv—bp) N2 4(1—m?)(cpv —by) v
e (\/ 21B7d2n3 21ns3 +\/ 5dy(N2+ 7N3B2) ncé)e? (3.5.8)
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5P =n? —1;F = ndé

ndé)e? (3.5.9)

o \/2<mZ—1><c1v—b1> e, \/4<mZ—1><clv—b1>

21a2d1ns  21n3 501 (N2 + 7N303)

nd&)e? (3.5.10)

w2:<\/2(mz—l)(czv—b2) N2 +\/4(mz—1>(sz—bz>

21B2don3 - 21ns 5da(n2+7n3F)

6)P = —mP(1—n?);R=2n? — 1;F = sdé

B 2m2(1—m?)(by —cyv) 2 4m2(1—m?)(by — cyv) ip
Y = (\/ 21a?dins 21n3 * \/ 501(N2+ 7N303) SiE)e
(3.5.11)
2mz(1—mz)(b2—02v) na 4mz(1—mZ)(b2—czv) i
= — sdé)e?
v (\/ 21B7dan3 2103 \/ 5c2(12+7n3B§) ¢
(3.5.12)

7)P = 1;F = cs&

2(c1v —by) N2 4(c1v —by) i
= — e’ 3.5.13
v (\/ 2la2dins 2103 " \/5d1('72+ 7n3af) =) ( )

2(cv—Dbp)  n2 4(cov —by) '
_ _ e? 3.5.14
Ve (\/ 21B2dns 21N N \/Sdz(nz +7n3B¢) =) ( :
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8)P = 1;F = dsé

2(ctv—b1) n2 4(crv —by) '
— — + dsé)e? 3.5.15
£ (\/ 2lazdins  21ns |\ 5di(n2+7nsag) %) ( )

2(cv—hp) o 4(cov —bp) '
_ _ dsé)e® 3.5.16
Ve <\/ 21B2dns 21N N \/Sdz(nz+7r73B§> %) ( :

We can compute martyiangular and period solutions if we take modulus — O, if

the modulusm — 1 bell and kink type soliton solutions can be found, because if we
takem — 0, Jacobiarelliptic functions degenerate to

sné — siné ,cné — cosé ,dné — 1

if m— 1, The jacobianelliptic functions degenerate to the hyperbolic functon

sné — tanhé , dné — seché, cné — seché,

here sech and tanh are hyperbderant and hyperbo’tangent function, respectively.
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3.6 Gausson soliton in dual-core fibers with inter-modal diper-
sion
3.7 The Model

The mathematical illustration for decoupled NLSE of ogdtisalitons in dual core

fibers with inter modal dispersion is given as,

.0 0 092 92
'(%H‘l%)”’l a;él*cl axlgtl+d1F(|¢1\2)w1+k1wz:0 (3.7.1)

2 2
(92,00 Y ;’fwd Y2 R ()Yt ket =0 (3.7.2)

ot 0X 0 oxot

In the above coupled modgl and y» represents the field envelopesis the prop-
agation co-ordinateq; are group velocities , and; are group velocity dispersion.
While cj andk; represents spatio-temporal dispersion and linear caypbefficients

respectively, forj = 1,2. The functionaF is real-valued algebraic function.
Wj(x,t) = Pje'?, wherej = 1,2 (3.7.3)
and the phase componep(tx,t) is defined as

Q= —KX+wt+0 (3.7.4)

By using Eg. (3.7.3) and its derivatives along with Eq. (8)and Eqg. (3.7.5) into
Eq. (4.7.1) and Eq. (4.7.2) and decomposing into real andjiimaay parts,The real
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part equations for two components are

9?P 0P
— P +KaiP>+ bl(ﬁ—le — K2P1) + C]_(KOL)P]_-i- 0x—[7't) + d]_F(P]_Z)P]_-i- kK1P>, =0
(3.7.5)
and
02P2 2 (92P2 2
— WP+ KapPy + D2( 5 — KP2) + Co(KwP2 + 5 —+) + toF (P°)P2 + KoPL = 0
X oxot
(3.7.6)

The imaginary part equations for the two components leati¢ovelocity of the

solitons as,
a1 + wecg — 2Kkby
= 3.7.7
v 1-ckK ( )
and
- a + wey — 2kby (3.7.8)
1-cK
whenever £ ci1k and 1+#£ cK
3.8 Loglaw
For log law nonlinearity the function& is given by,
F(P)=In(P) (3.8.1)

By using log law in Eq. (3.7.6) and Eq. (3.7.7), and obtairtezlfbllowing equa-

tions,
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2P]_ 2Pl

0 d
— P +KaiP+ bl(ﬁ — K2P1) + C1(K WPy + m) +d1In(P12)P1+ K1P =0

(3.8.2)

and

2 2

(9 P2 2 0 P2 2 o
—a)Pz-i-KazPl-l-bz(W—K P) + co(KwPo + m)-l—dzm(l:’z P2+ KkoPp =0
(3.8.3)

The starting hypothesis for log law nonlinearity is giventbg Gausson,

P(x,t) = Ae T (3.8.4)
And
T = B(X—vt) (3.8.5)

WhereA is the amplitude of the Gaussddjs inverse width of the Gausson, and
is the velocity of the Gausson.

Now
(P); = (2ABvT)e ™ (3.8.6)
Also,

(P)x= (—2ABT)e ™ (3.8.7)
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and

(P)xc = (4AB?T2 — 2AB2)e™ ™ (3.8.8)
we can also find,

(P)x = (2AB%V — 4AB2VT)e ™ (3.8.9)

Now substituting the values of Eqg. (3.8.6) to (3.8.9) inta E8.8.2) and (3.8.3),

we get the following equations,

— WA+ KagA+ 4b;AB?T? — 2b; AB? — b1 Ak + c1 AWK +

2¢1AB%V — 4¢1AB?VT + d1AlnA? — 2d1AT? + kA= 0 (3.8.10)

and

— WA+ KapA+ 4b,AB%T? — 20,AB? — boAK2 + CHAWK +

2CoAB?V — 4c,AB?V T + doAlNA? — 2d,AT? + koA = 0 (3.8.11)

Now linear independent function aré for j = 0,1,2,3,4, ..., By setting their re-

spective coefficients to zero we get,

wy = by (—2B2 — k%) + dyInA? (3.8.12)
and
dy
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Similarly for Eq. (3.8.11) we get the following results,

and,

c1=0

Wy = bp(—2B3 — k3) 4 dyl NA2

do
By= /=
2=\ 2,
—2B?
Ko = 2V
(V)
c;=0

Hence the Gausson solution is given as,

and

Y (x,t) = Ae BV d(—Ktart+6y)
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(3.8.14)

(3.8.15)

(3.8.16)

(3.8.17)

(3.8.18)

(3.8.19)

(3.8.20)



Yo(x,t) = Ag B2 V)*d(—Ktant+6,) (3.8.21)
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Chapter 4

Conclusions

4.1 Conclusions

In this dissertation, First we apply extendeeexpansion method to solve the LPD
model using three nonlinear medium, which are Kerr-lanapalic law and anti cubic
nonlinearity. Using extenddg-expansion method, we have derived many exact Jaco-
bian elliptic periodic solutions, which includes trianguperiodic solutions (when the
modulusm =— 0) and soliton solutions (when the modulus— 1). This method is
very useful and gives reliable soliton solutions than thistexg schemes.

Secondly we have used the extendredxpansion method to solve the dimensionless
form of the coupled NLSE with Kerr-Law and anti cubic nonknigy. We have ob-
tained many exact Jacobian elliptic periodic solutionduding bell and kink type
soliton solutions. Finally we used the log law nonlineatdyfind Gausson Soliton in
dual-core fibers with inter-modal dispersion. This schemeeiry helpful and gives
reliable and useful to find Gausson soliton and these reardtencouraging towards

future goals.
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