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Abstract

The quadrotor unmanned aerial vehicle (UAV) has been a part of scientific studies

owing to its applications in military, agriculture, infrastructure and construction, and

environmental monitoring and conservation. However, its control design is challenging

due to its nonlinear underactuated dynamics, external disturbances, parametric

uncertainties, and the aerodynamic variations encountered during flight operations.

Sliding mode control (SMC) is the most widely used control technique for handling

nonlinear dynamics in the presence of external disturbances and modeling uncertainties.

However, conventional SMC requires a priori knowledge of the upper bound on the

overall disturbance at all times. Usually, these upper bounds on disturbances are

derived from past data, environmental conditions, and empirical modeling; therefore, a

conservative bound is used in SMC design, leading to high control effort and draining

more energy from the system. To address this issue, adaptive sliding mode control

(ASMC) strategies based on a neural network (NN) are presented in this dissertation.

Neural networks are recognized as the leading approach to intelligent computation

and are highly effective in handling nonlinearity, fault tolerance, adaptation, and

continuous online learning. In this research, NN-based ASMC strategies are presented

for a quadrotor UAV to improve flight performance by online estimation of adaptive

modulation gain in response to variations in disturbance magnitude. Different neural

network schemes are employed, including feed-forward neural networks (FNNs) using

backpropagation (BP) and Levenberg-Marquardt (LM) algorithms for optimization,

and a radial basis function neural network (RBFNN) with a Gaussian activation

function, to adaptively estimate the modulation gains. Furthermore, the stability

analysis of the proposed controllers is proven using Lyapunov theory.

Numerical simulations in MATLAB are conducted to validate the tracking

performance and disturbance-rejection capabilities of the presented controllers for a

quadrotor UAV. Finally, a comprehensive comparative analysis between the NN-based

schemes outlined in this thesis and classical SMC is presented, highlighting the

effectiveness of the proposed control schemes in enhancing flight performance in the

presence of perturbations while minimizing energy consumption.
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Chapter 1

Introduction

1.1 Background and Motivation

Research on UAVs has gained significant attention in recent years due to the

advancements in nonlinear control techniques and their integration with machine

learning algorithms. The need for a stable and reliable UAV is gaining importance due

to its diverse applications, particularly in military and rescue operations, agriculture,

surveillance, logistics, and industrial inspections. However, controlling quadrotor

UAVs faces several challenges due to their underactuated structure, nonlinear

dynamics, unmodeled uncertainties, and vulnerability to external disturbances, such

as wind gusts. These factors significantly affect the reliability of quadrotor UAV flight

operations; therefore, an adaptive and robust controller is required to overcome these

challenges and ensure smooth flight.

Numerous control strategies for quadrotor UAVs have evolved significantly, spanning

from classical linear controllers to modern robust and adaptive controllers. In nonlinear

control schemes, SMC has emerged as a prominent controller due to its robustness

to external disturbances. However, SMC faces several challenges, including the

requirement of prior knowledge of disturbance bounds, high-frequency chattering, and

sensitivity during the reaching phase. Therefore, to address these shortcomings, a

viable solution is to utilize adaptive gain tuning and integrate SMC with intelligent

control algorithms, such as neural networks.

Neural networks can learn and adapt the dynamics of nonlinear systems in

real-world scenarios. By estimating uncertain disturbances and dynamically tuning

control parameters, NNs enhance robustness and overcome the limitations of classical

SMC. Motivated by these developments, this research proposes the design of an

NN-based adaptive and intelligent control framework that can estimate and adjust the

modulation gain online to ensure stability, accurate tracking, and robustness against

1



uncertain disturbances, while minimizing control effort and energy consumption.

1.2 Problem Statement

Conventional SMC offers robustness but relies on prior knowledge of disturbance

bounds. These bounds are not known at all times or may be time-varying, which

necessitates overly conservative gains. This results in high control effort, increased

energy consumption, and high chattering in the actuator, thereby accelerating actuator

wear and degradation. Therefore, an adaptive and intelligent control framework is

required to estimate and adjust the modulation gain online, to ensure stability, accurate

tracking, and robustness against uncertain disturbances, while minimizing control

effort and energy consumption.

1.3 Research Objectives

The main objectives of this research work are:

• Design of a robust nonlinear controller for the UAV system.

• Approximation of an adaptive nonlinear gain to deal with uncertain disturbances

using different NN-based algorithms and their comparison.

• Comparison of the proposed methodology with the classical or fixed-gain

nonlinear controller.

1.4 Research Methodology

This research outlines a systematic process for determining the optimal adaptive

gain by leveraging feedforward neural networks (FNNs) and radial basis function

neural networks (RBFNNs) to significantly improve SMC performance. The proposed

approach aims to enhance tracking performance and disturbance rejection for UAVs

during flight operations while minimizing control effort. The NN-based adaptive

weights effectively counteract the adverse effects of noise, wind gusts, and system
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parameter variations, ensuring robust performance in dynamic flight conditions. The

block diagram of the proposed scheme is shown in Figure 1.1.

Figure 1.1: Block Diagram of NN-based SMC for Quadrotor UAV

Figure 1.1 illustrates the working of the proposed NN-based SMC for a quadrotor

UAV. The reference trajectory provides the desired positions and orientations, which

are compared with the UAV’s actual states to compute the tracking error. This

error is processed by the SMC, which includes a position controller and a block that

computes the desired Euler angles, generating the necessary roll, pitch, yaw, and

altitude commands. The state errors are also fed to the NN block, which adaptively

estimates the modulation gain, enabling the controller to handle disturbances and

modeling uncertainties without relying on conservative fixed bounds. The attitude

controller converts the desired Euler angles into motor-control signals for the UAV,

enabling it to execute the commanded motions despite external disturbances, such

as wind gusts. The UAV’s actual states are continuously fed back to the controller,

thereby closing the loop and ensuring accurate trajectory tracking with improved

robustness.

To assess the algorithm’s reliability, performance metrics such as mean squared error

(MSE) and root mean squared error (RMSE) are computed. Moreover, if errors exceed

a predefined threshold, the NN can be fine-tuned iteratively, often by increasing the

number of hidden layers or optimizing other hyperparameters. Finally, the improved

algorithm is validated through simulations. The proposed approach demonstrates its

3



efficacy, offering robust control, accurate tracking, and effective disturbance rejection.

Ultimately, it improves UAV performance in challenging terrains. Figure 1.2 illustrates

the overall NN training framework and highlights the sequential phases of this approach.

Figure 1.2: Flow chart of NN Training Framework

In Figure 1.2, the flow chart represents the procedure for training and evaluating

a neural network (NN)-based algorithm for adaptive gain approximation. The process

begins by selecting a suitable NN-based algorithm, then loading the training and test

data into the model. The algorithm is then trained and tested to approximate the

controller’s required adaptive gain. Once training is complete, the gains are evaluated

to determine whether they have reached the desired optimal level. If the gains are

not optimal, the process loops back to retraining the algorithm until satisfactory

performance is achieved. If the gains reach the optimal level, the results are recorded,

and then performance metrics are compared and reported. This ensures that the

NN-based approach provides an adaptive and accurate gain approximation suitable

for the control framework.

4



1.5 Dissertation Outline

The subsequent chapters of this dissertation are organized as follows:

• The detailed literature review related to adaptive control of UAVs is provided in

Chapter 2.

• Chapter 3 presents the mathematical modeling of the quadrotor UAV.

• Chapter 4 starts with the introduction of the conventional sliding surface and

the SMC. The design of the sliding surface and the stability analysis of SMC are

provided. Then, the adaptive sliding mode control (ASMC) and its Lyapunov

analysis are presented for a class of nonlinear systems. Finally, the SMC and

ASMC are designed for six DOF control of a quadrotor UAV. The simulation

results are presented and discussed.

• Chapter 5 presents the improvements achieved in sliding mode control (SMC)

through the integration of adaptive neural network–based techniques. A detailed

theoretical background of neural networks is provided, covering artificial neural

networks (ANNs), feedforward neural networks (FNNs), the backpropagation

(BP) algorithm, the Levenberg–Marquardt (LM) algorithm, and radial basis

function neural networks (RBFNNs). Throughout this thesis, SMC frameworks

enhanced using FNNs and RBFNNs are referred to as follows:

1. SMC improved using FNN with the BP algorithm for optimization, will be

called adaptive back propagation sliding mode control (ABPSMC).

2. SMC improved using FNN with the LM algorithm for optimization, will be

called adaptive Levenberg-Marquardt sliding mode control (ALMSMC).

3. SMC improved using RBFNN, will be called adaptive radial basis function

sliding model control (ARBFSMC).

Simulation results for the three proposed controllers, ABPSMC, ALMSMC, and

ARBFSMC, are presented and discussed.
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• Chapter 6 provides a comprehensive performance comparison between classical

SMC and the NN-enhanced SMC schemes, namely ABPSMC, ALMSMC, and

ARBFSMC.

• Chapter 7 concludes the thesis and also outlines potential directions for future

research.

Summary

This chapter presents an overview of UAV control and highlights the challenges

associated with their control due to under-actuation, nonlinear dynamics, strong

coupling, external disturbances, and parameter uncertainties. The limitations of

classical linear and nonlinear control strategies are discussed, which motivates the

need for robust and adaptive control approaches. NN-based ASMC is proposed as a

promising solution. The research objectives, contribution, and the overall structure of

the thesis are also provided.
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Chapter 2

Literature Review

In recent years, UAVs have been widely used in military operations of search and rescue

during disastrous situations [2], intelligent surveillance [3], smart agriculture [4–7],

aerial photography [8], aerial mapping [9], industry inspection [10], logistics [11, 12],

and environmental inspection, particularly through remote monitoring of coastal areas

to assess and manage the health and sustainability of coastal ecosystems [13]. An

example of a UAV is the quadrotor, which exhibits characteristics such as vertical

takeoff and landing (VTOL), stable hovering, convenient carrying, small size, and a

payload capacity comparable to that of fixed-wing aircraft [14, 15]. However, quadrotor

UAVs face several challenges during flight operations, including external disturbances,

aerodynamic drag, and wind gusts. Therefore, to achieve smooth and reliable

flight operations, the attitude and altitude control of quadrotor UAVs is becoming

increasingly important [16]. The attitude controller of a quadrotor is usually designed

to be an under-actuated subsystem owing to the highly nonlinear characteristics

associated with the inherent unmodeled dynamics, parameter perturbation, and

external disturbance [17, 18]. A quadrotor is a special example of an under-actuated

system with 6 degrees of freedom (DOF) and four control inputs. This leads to the

design of a control law that comprises two loops: an outer loop for position control

and an inner loop for attitude control [13].

To date, various control techniques in the literature have been proposed to effectively

manage the flight operations of quadrotor UAVs, including nonlinear, robust, and

adaptive control [18]. However, SMC is one of the most promising techniques to handle

quadrotors efficiently, owing to the attributes of fast response and strong robustness to

deal with system uncertainties and external disturbances with known bounds [19]. A

comparison of different control schemes with SMC is presented in [20] to demonstrate

its robustness and accuracy.

Despite the strong above-mentioned abilities of a classical SMC, a few challenges

7



faced by the SMC that need to be resolved are: chattering of high-frequency control

signals, non-convergence in finite time, application of large control signal to overcome

the parametric uncertainties, the requirement of exact and accurate knowledge of

the plant dynamics for the development of equivalent control, prior knowledge of the

magnitude of the disturbance and uncertainty. To address the challenges associated

with SMC, particularly gain tuning and chattering reduction, various advanced methods

have been proposed in the literature to enhance the classical SMC framework. These

methods aim to improve the robustness, adaptability, and precision of SMC by

introducing modifications that address specific limitations [21, 22].

In view of the above discussion, ASMC is proposed to stabilize and mitigate

parametric uncertainties in finite time. A second-order SMC is deployed in [23, 24] to

handle the attitude and position control of a small-sized quadrotor. Likewise, in [17], a

fast dynamic terminal SMC is proposed for finite time tracking of attitude and position

control in the presence of external disturbances for a small quadrotor UAV. In [23],

an adaptive fuzzy-gain scheduling SMC is proposed to control the quadrotor attitude

in the presence of external disturbances like wind gusts and parametric uncertainties.

Similarly, in [25], a novel robust terminal SMC is deployed in conjunction with

SMC to handle actuated and under-actuated quadrotor UAVs, respectively. The

authors of [26] proposed an adaptive integral SMC to avoid chattering and stabilize

multiple-input multiple-Output (MIMO) systems, addressing both matched and

unmatched uncertainties. The effectiveness of the proposed controller is demonstrated

by its ability to stabilize the VTOL of the aircraft. In [27], second-order super twisting

SMC, along with certain modifications, is employed in real-time to track the altitude

in outdoor environments.

The main challenge associated with the SMC is tuning the gains of the sliding

surfaces. Generally, the SMC is described in two phases: the reaching phase, in

which trajectories can be initiated from any given initial point and move towards the

fixed sliding surface. During the reaching phase, the system’s response is sensitive to

disturbances and parameter variations, making direct control difficult. The second

phase is the sliding phase, where the trajectories are insensitive to disturbances and

8



parameter uncertainties. In other words, the reaching phase of SMC is not robust.

Therefore, various methods have been proposed to shorten or eliminate the reaching

phase. To accomplish the above task, a time-varying sliding surface is chosen as an

efficient alternative to a constant sliding surface. However, these methods rely on

knowledge of system models that are not readily available. One viable solution to

address this effect is to use NN-based techniques to enhance the controller’s robustness.

The conventional SMC assumes that the disturbance bound is known for all time, a

stringent condition for controller design that necessitates unnecessary maintenance of

higher cumulative controller effort. This can also be handled using neural networks

trained on the available data.

In this regard, the authors in [28] employ a global SMC combined with fuzzy

logic for trajectory control in the presence of uncertainties and disturbances. In the

said method, chattering, disturbances, and the reaching phase are eliminated using

an adaptive law and fuzzy rules. In [29], the authors proposed an adaptive-fuzzy

SMC based on a radial basis function (RBF) neural network. RBFNN is used to

approximate actuator faults, uncertainties, and disturbances, whereas the chattering

problem is controlled using fuzzy logic. Motivated by further improvement, the authors

in [30] suggested a backstepping control in conjunction with neural networks to control

the attitude and altitude of the quadrotor. Furthermore, in the field of aircraft

control, a robust ASMC method enhanced by neural networks is proposed in [31]. To

estimate model uncertainties and disturbances using neural networks, the authors

in [32] employed a minimum learning parameter (MLP)-based neural network scheme

for an underactuated unmanned surface vehicle (USV). Radial basis function neural

networks (RBFNNs) are used within an adaptive disturbance observer to estimate the

total disturbance, including unknown nonlinearities and external disturbances [33].

Authors in [34] used evidential neural networks (ENNs) to estimate disturbance/

uncertainty by modeling outputs as Dirichlet distributions.

In today’s technologically advanced era, neural networks are recognized as among

the most intelligent and powerful tools for learning unknown parameters, particularly

due to their online learning capabilities. This enables them to adapt in real time,

9



making them well-suited for applications that require continuous updates based on

changing inputs. Neural networks also have the unique ability to handle system

nonlinearity and maintain fault tolerance, making them well-suited to complex,

dynamic environments where conventional methods may struggle to adapt effectively

[35]. Given these advantages, the present study aims to design and develop a NN-based

ASMC controller tailored explicitly for quadrotor UAVs. By integrating this approach,

the controller can handle external disturbances and model uncertainties, thereby

enhancing the quadrotor’s ability to perform stable, precise flight maneuvers. This

neural network-enhanced SMC framework is expected to enable the UAV to achieve

satisfactory maneuverability, even in challenging or unpredictable conditions. Table

2.1 given below represents the summary of work done in recent years by using different

variants of SMC along with NN.

Table 2.1: Overview of the Recent Studies Relevant to Present Research

Ref. Year Methodology Purpose Findings

[21] 2018 ASMC Position control of

quadrotor with finite

time convergence

achieved

Dynamic control is used

for disturbance bound

estimation;

Finite time stability is

illustrated when an initial

bound on disturbance is

known

[22] 2019 ASMC, NN Sliding surface gain is

adopted using NN to

achieve robustness in

reaching phase;

ASMC handled

external disturbance

Improved transient

behavior of closed loop

system is shown using

proposed method;

The reaching phase

robustness is shown using

known upper bound of

disturbances
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Ref Year Methodology Purpose Findings

[36] 2020 Conventional

SMC, NN,

EKF

Position and attitude

control of quadrotor;

EKF is used to

counter the sensor

noise;

NN is used to

estimate unknown

state-dependent

uncertainties

Small cumulative tracking

error and improved

stability is achieved;

The noise cancellation is

achieved using EKF

[37] 2021 ISMC,

FCRNN

Position and attitude

control of quadrotor;

Quadrotor

parameters are

assumed to be

unknown, and

FCRNN is used

for estimation

of parametric

uncertainties

The superiority of FCRNN

is shown by comparison

with RNN and RBFNN;

The robustness under

bounded disturbances is

illustrated

[38] 2021 RBFNN,

Discrete time

SMC

Discrete time control

used for position and

attitude control of

Qball-X4;

RBFNN is used to

approximate the

model uncertainty

Satisfactory tracking

performance of the position

and attitude is achieved;

Decoupling problem to

handle under-actuation is

mitigated by using discrete

control
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Ref Year Methodology Purpose Findings

[39] 2022 STSMC,

RBFNN, DO

DO is used to

estimate the

mismatched

disturbance;

RBFNN estimates

the unmodeled

dynamics and

refines the STSMC

performance

Effectively reduced

chattering effect due to

use of DO and RBFNN;

Improved robustness to

both mismatched and

matched disturbances

while bound for matched

disturbance is known a

priori

[40] 2023 FCRNN,

TSMC

Unknown system

parameters are

estimated using

FCRNN;

The actuator fault

compensation is also

achieved

Comparison of

FCRNN-based TSMC

is provided with

RBFNN-based piecewise

TSMC;

The computational

efficiency of FCRNN-based

controller is validated in

Gazebo

[41] 2024 RBFNN,

SMC

Linearized model

is used for position

tracking;

RBFNN provides

adaptation to SMC

It is shown that the

increase in required control

input due to RBFNN is

negligible compared to its

impact;

Theoretically, it is shown

that blade malfunction

can also be catered using

RBFNN along with SMC
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From the literature perspective, very limited work exists on the use of different

neural network techniques and their comparison for under-actuated UAVs, especially for

estimating the modulation gain of robust ASMC. Existing studies have demonstrated

the effectiveness of neural network algorithms for estimating controller gains in some

cases. This study aims to bridge this gap by fine-tuning several neural network models

and comparing them to achieve an optimized solution for designing a robust nonlinear

UAV controller that outperforms classical fixed-gain nonlinear controllers.

13



Chapter 3

Mathematical Modeling of Quadrotor UAV

3.1 Nonlinear Mathematical Modeling of Quadrotor UAV [1]

The quadrotor UAV has four propellers for aerial maneuvering and control. Each

rotor has a propeller and a motor. These propellers are mounted on each of the four

arms so that two spin clockwise and the other two counterclockwise, balancing torque

and providing upward thrust. The structure of a typical quadrotor UAV is shown in

Figure 3.1.

Figure 3.1: Quadrotor UAV Structure

In literature, the following are the generic assumptions being considered for

mathematical modeling of quadrotor UAV [1];

• The quadrotor has a symmetric and rigid structure, with the gravitational center

positioned at the origin of the structure.

14



• The structure of the rotors is also rigid.

• The upward-thrust/lift as well as drag force provided by rotors are quadratically

proportional to the speed of the rotors.

• The diagonal inertial matrix is applied here.

• The North-East-Down (NED) convention is followed to represent the inertial

frame of reference.

• The inductance and resistance of the motors are neglected, implying that the

motor dynamics are considerably faster than the quadrotor’s.

These stated assumptions substantially reduce the complexity of mathematical

modeling for a quadrotor UAV. Nevertheless, the modeling and control of this system

remain challenging because a quadrotor UAV is underactuated. It has four governing

inputs to control six degrees of freedom (DOF). These DOF include three translational

motions and three rotational motions as depicted in Figure 3.1. x, y, and z denote

the translational motions along the x-axis, y-axis, and z-axis, respectively. The

rotational motions of roll, pitch, and yaw are represented by ϕ, θ, and ψ, respectively.

The associated angular velocities are denoted by p, q, and r. The rotational speed of

the i-th rotor is denoted by Ωi, (where i = 1, 2, 3, 4). The four control inputs that

govern the quadrotor include upward-thrust (U1), rolling torque (U2), pitching torque

(U3), and yawing torque (U4). Twelve state variables define the complete model of a

quadrotor UAV:

• Translational states: Three translational positions x, y, z defined in the

Earth-fixed (inertial) frame along with their associated linear velocities ẋ, ẏ, ż.

• Rotational states: Three orientation angles ϕ, θ, ψ defined in inertial frame

along with their associated angular rates ϕ̇, θ̇, ψ̇.

The orientation of the quadrotor UAV in two different frames of reference is related

through the rotation matrix R, derived from Euler angles: roll, pitch, and yaw. The
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overall rotation matrix is obtained by successively multiplying different matrices and

is defined as follows:

R =










cos θ cosψ sinϕ sin θ cosψ + cosϕ sinψ cosϕ sin θ cosψ − sinϕ sinψ

− cos θ sinψ − sinϕ sin θ sinψ + cosϕ cosψ − cosϕ sin θ sinψ − sinϕ cosψ

− sin θ sinϕ cos θ cosϕ cos θ










(3.1)

Once this matrix is known, it becomes straightforward to transform the velocities (u, v,

and w) defined to be the velocities along the x-axis, y-axis, and z-axis, respectively in

body-frame into the inertial-frame velocities ẋ, ẏ and ż. The relation is as follows:










ẋ

ẏ

ż










= R










u

v

w










(3.2)

The attitude vector in the inertial frame is represented as AE =
[

ϕ, θ, ψ

]T

, while the

angular velocity in the body frame is given by ΩB =
[

p, q, r

]T

. To relate these two,

transfer matrix T is used as: ȦE = TΩB










ϕ̇

θ̇

ψ̇










= T










p

q

r










(3.3)

where,

T =










1 sin(ϕ) tan(θ) cos(ϕ) tan(θ)

0 cos(ϕ) − sin(ϕ)

0 sin(ϕ) sec(θ) cos(ϕ) sec(θ)










(3.4)

External Forces and Moments:

Resultant Force: The motion of a quadrotor is affected by the forces acting on

it [42, 43]. According to Newton’s second law, the total force applied can be written
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as:
∑

F = Fth + Fgrav = ma⃗ (3.5)

In the body-fixed frame, translational motion is mainly affected by two forces:

Thrust Force: This is the upward force generated by all rotors together to uplift the

quadrotor. The thrust from each rotor depends on the square of its angular speed:

F⃗i = bΩ⃗2
i

FB
th = F1 + F2 + F3 + F4 = bΩ⃗2

1 + bΩ⃗2
2 + bΩ⃗2

3 + bΩ⃗2
4 (3.6)

Gravitational Force: The gravitational force affects the UAV along the z-axis. Euler

angles can be used to express this force in the body-fixed frame; using the Earth’s

inertial frame provides a more accurate expression [43].

FB
grav =

(
E
BR

)
−1

FE
grav, where:

(
E
BR

)
−1

=
(
E
BR

)T
, and (3.7)

FE
grav =










0

0

−mg










(3.8)

The translational forces are described in the Earth’s inertial reference frame, and the

rotation matrix can be applied to express the thrust force.

FB
grav = mg ·










sin(θ)

− cos(θ) sin(ϕ)

− cos(θ) cos(ϕ)










(3.9)

Applying the Newton-Euler formalism for force balance in the body frame:

∑

FB =










Fx

Fy

Fz










= m ·










u̇+ (qw − vr)

v̇ + (ru− pw)

ẇ + (pv − uq)










(3.10)

The total force
∑

FB in the body frame is the combination of thrust and gravitational
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forces:

FB
total = FB

th + FB
grav = m · a (3.11)

The thrust vector in the body frame typically acts along the body Z-axis (assuming a

multi-rotor UAV):

FB
th =










0

0

F1 + F2 + F3 + F4










(3.12)

Combining the thrust and gravity contributions, the equation of motion in the body

frame becomes:










0

0

F1 + F2 + F3 + F4










+mg ·










sin(θ)

− cos(θ) sin(ϕ)

− cos(θ) cos(ϕ)










= m ·










u̇+ (qw − vr)

v̇ + (ru− pw)

ẇ + (pv − uq)










(3.13)

From this, we isolate the linear accelerations:







u̇ = g sin(θ) − (qw − vr)

v̇ = −g sin(ϕ) cos(θ) − (ru− pw)

ẇ = −g cos(ϕ) cos(θ) − (pv − uq) +
FB

th

m

(3.14)

To interpret the body-frame thrust in the Earth-fixed (inertial) frame, a rotation

matrix is used:

FE
th =

(
E
BR

)

· FB
th (3.15)

This transformation results in the following components in the Earth frame:
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FE
th = FB

th ·










cos(ϕ) sin(θ) cos(ψ) + sin(ϕ) sin(ψ)

cos(ϕ) sin(θ) sin(ψ) − sin(ϕ) cos(ψ)

cos(ϕ) cos(θ)










(3.16)

The gravitational force in the Earth-fixed inertial reference frame is directed vertically

downward and is represented as:

FE
grav =










0

0

−mg










(3.17)

In this frame, the net force is the sum of the thrust and gravitational forces acting on

the object. According to Newton’s second law, this total force is equal to the mass

times the acceleration vector:

FE
net = FE

th + FE
grav = m · a (3.18)

To describe the thrust force generated by the vehicle’s rotors, we express it as the

total force generated from all four rotors:

U1 = FB
th = b ·

(

Ω2
1 + Ω2

2 + Ω2
3 + Ω2

4

)

(3.19)

Substituting this thrust into the equation for total force, the translational acceleration

components along the global X, Y, and Z directions are derived as follows:







ẍ =
U1

m
(cos(ϕ) sin(θ) cos(ψ) + sin(ϕ) sin(ψ))

ÿ =
U1

m
(cos(ϕ) sin(θ) sin(ψ) − sin(ϕ) cos(ψ))

z̈ =
U1

m
(cos(ϕ) cos(θ)) − g

(3.20)

Similar to linear dynamics, the rotational dynamics can be expressed by considering

net torque and reaction forces:

∑

τ = Mthrust + Fgyro (3.21)
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The quadrotor’s rotational dynamics can be derived using both reference frames. In

the body-fixed frame, the moments from thrust forces (Mthrust) can be expressed as:

Mthrust =
∑

(ri × Fi) (3.22)

Considering clockwise propeller rotation as negative, while counter-clockwise as

positive, we get:






τBx =
l√
2

(−F1 + F2 + F3 − F4)

τBy =
l√
2

(F1 + F2 − F3 − F4)

τBz = −M1 +M2 −M3 +M4

(3.23)

From Equation (3.23), let:

τBx = U2, τBy = U3, τBz = U4

The equilibrium is achieved when the combined speeds of all rotors produce no net

yaw torque. This condition is met when the torques produced by the rotors cancel

each other to nullify the net yaw torque. If this balance is disrupted, it can lead to

instability, potentially introducing gyroscopic effects that impact the roll and pitch

dynamics. The following equation can express the collective speed of the propellers:

FB
gyro = −

4∑

k=1

Jr



















p

q

r










×










0

0

1



















(−1)kΩk (3.24)

FB
gyro = Jr



















q(Ωr)

p(−Ωr)

0



















(3.25)

The time rate of change of angular momentum (L) is equal to the sum of all external

torques applied to the quadrotor. This principle is known as Euler’s second law, also
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called the method of torque balancing in this context.

(

dL

dt

)

E

=
d

dt
(IBΩ) (3.26)

where IB is the inertia and Ω is angular velocity. Owing to geometric symmetry, the

quadrotor’s rigid-body inertia is given by:

J =










Ixx 0 0

0 Iyy 0

0 0 Izz










(3.27)

Angular momentum

(LE) = IΩ =










IxxΩ1

IyyΩ2

IzzΩ3










E

(3.28)

LE =










Ixxp

Iyyq

Izzr










E

(3.29)

For Body frame,

(

dL

dt

)

B-frame

=

(

dL

dt

)

E-frame

+ Ω × L (3.30)

τB = L̇+ Ω × L (3.31)

This is referred to as the Euler Equation.

τB =










Ixxṗ

Iyy q̇

Izz ṙ










+










p

q

r










×










Ixxp

Iyyq

Izzr










(3.32)
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








τx

τy

τz










=










Ixxṗ

Iyy q̇

Izz ṙ










+










rqIzz − rqIyy

rpIxx − rpIzz

pqIyy − pqIxx










(3.33)

The motion generated with respect to the Body Frame, along with the total torque τ

exerted in the Body Frame of Reference, is described by Equation 3.34

∑

M⃗B = M⃗B
th + F⃗B

gyro =
˙⃗
L+ Ω⃗ × L⃗ (3.34)










Ixxṗ+ rq(Ixx − Iyy)

Iyy q̇ + rp(Izz − Ixx)

Izz ṙ + pq(Iyy − Ixx)










︸ ︷︷ ︸

˙⃗
L+Ω⃗×L⃗

=










U2

U3

U4










︸ ︷︷ ︸

M⃗B
Thrust

+Jr


























qΩr

−pΩr

0










︸ ︷︷ ︸

F⃗B
gyro

















(3.35)

Angular acceleration expressed in Body Frame of Reference:







ṗ = U2

Ixx
− qr(Ixx−Iyy)

Ixx
+ JrΩrq

Ixx

q̇ = U3

Iyy
− rp(Izz−Ixx)

Iyy
− JrΩrp

Iyy

ṙ = U4

Izz
− pq(Iyy−Ixx)

Izz

(3.36)

Equating equations (3.20),(3.35), (3.36) and considering the small-angle

approximations for roll (ϕ), pitch (θ), and yaw (ψ) angles provides the nonlinear
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dynamical equations of the quadrotor as also derived by author in [1]:







ẍ = (cosϕ sin θ cosψ + sinϕ sinψ)
U1

m

ÿ = (cosϕ sin θ sinψ − sinϕ cosψ)
U1

m

z̈ = −g + (cosϕ cos θ)
U1

m

ϕ̈ = θ̇ψ̇

(
Iy − Iz

Ix

)

− Ir

Ix
θ̇Ω +

U2

Ix

θ̈ = ϕ̇ψ̇

(

Iz − Ix

Iy

)

− Ir

Iy
ϕ̇Ω +

U3

Iy

ψ̈ = ϕ̇θ̇

(
Ix − Iy

Iz

)

+
U4

Iz

(3.37)

where U1, U2, U3, and U4 are the control inputs, which will be defined later in the

controller design chapter. The quadrotor UAV has the following states:

[

x ẋ y ẏ z ż ϕ ϕ̇ θ θ̇ ψ ψ̇
]

= [x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12] (3.38)

The state-space representation of the UAV’s dynamic model, as given in Equation
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3.38, is shown below:







ẋ1 = ẋ = x2

ẋ2 = ẍ = (cosx7 sin x9 cos x11 + sin x7 sin x11)
U1

m

ẋ3 = ẏ = x4

ẋ4 = ÿ = (cosx7 sin x9 sin x11 − sin x7 cos x11)
U1

m

ẋ5 = ż = x6

ẋ6 = z̈ = −g + (cosx7 cos x9)
U1

m

ẋ7 = ϕ̇ = x8

ẋ8 = ϕ̈ = x10x12

(
Iy − Iz

Ix

)

− Ir

Ix
x10Ω +

U2

Ix

ẋ9 = θ̇ = x10

ẋ10 = θ̈ = x8x12

(

Iz − Ix

Iy

)

− Ir

Iy
x8Ω +

U3

Iy

ẋ11 = ψ̇ = x12

ẋ12 = ψ̈ = x8x10

(
Ix − Iy

Iz

)

+
U4

Iz

(3.39)

3.2 External Disturbances and Uncertainties

In real-world scenarios, quadrotor UAVs are subject to external disturbances and model

uncertainties. These effects are associated with atmospheric conditions, aerodynamic

interactions, actuator imperfections, and unmodeled dynamics. These disturbances

significantly affect translational and rotational motion, particularly in low-speed flight

and hover [44, 45]. To evaluate the performance of the proposed control strategy, the

external disturbances are directly applied to the quadrotor dynamic model.

Instead of explicitly modeling these disturbances and uncertainties, all external

perturbations can be represented as a lumped disturbance. This approach aggregates

multiple disturbance sources into a unified set of disturbance terms, thereby simplifying

the system representation while preserving the dominant effects governing its behavior.
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Lumped disturbance modeling is widely used in the nonlinear and robust control

literature and is particularly suitable for sliding-mode control frameworks [46, 47].

The lumped disturbance considered in this work includes, but is not limited to:

• Wind gusts and atmospheric turbulence.

• Unmodeled aerodynamic drag and lift effects.

• Rotor–wake interactions and airflow asymmetries.

• Parametric uncertainties and unmodeled nonlinearities.

The translational dynamics of the quadrotor, as described by the equation (3.5) in

the quadrotor modeling section, will now take the following form in the presence of

external disturbances and model uncertainties.

∑

F = Fth + Fgrav + Fd = ma⃗ (3.40)

where, Fd denotes forced applied to the quadrotor by the lumped disturbance [45].

Similar to translational dynamics, rotational dynamics can be described by the

following equation in the presence of external disturbances and model uncertainties.

∑

τ = Mthrust + Fgyro + τd (3.41)

where, τd denotes the lumped disturbance moment vector. The combined effects of the

lumped disturbance acting on both translational and rotational dynamics are denoted

by ∆ for controller design purposes, hereafter throughout this thesis. In accordance

with standard assumptions in SMC theory, the external disturbance force and moment

vectors are assumed to be unknown but bounded, such that

∥Fd(t)∥ ≤ F̄d, ∥τd(t)∥ ≤ τ̄d, (3.42)

where F̄d and τ̄d are positive constants representing the maximum disturbance bounds.

For controller design, the combined effects of external disturbances, unmodeled
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dynamics, and parametric uncertainties acting on both the translational and rotational

dynamics are lumped into a single equivalent disturbance term, denoted by ∆. This

lumped disturbance is assumed to be unknown but bounded, satisfying

♣∆♣ ≤ γ, (3.43)

where γ is a positive constant representing the upper bound of the lumped

disturbance. This assumption is physically justified by finite aerodynamic loading,

actuator limitations, and structural constraints inherent to small-scale quadrotor

UAVs [46, 47]. Notably, the exact values of these bounds are not required for

controller implementation, provided that the control gains are selected to dominate

the worst-case disturbances [48]. The external disturbances considered in this work

exhibit the following characteristics:

• Time varying behavior due to changing atmospheric conditions.

• Continuous and slowly varying profiles representative of wind-induced effects.

• Matched disturbances entering the system through the same channels as the

control inputs.

These characteristics are consistent with practical quadrotor operating environments

and satisfy the theoretical requirements for SMC design [47].

Summary

This chapter presents the nonlinear mathematical model of the quadrotor UAV, derived

using the Newton–Euler formulation. The translational and rotational dynamics

corresponding to six degrees of freedom and twelve state variables are developed. The

relationship between the rotor thrusts and the control input has been established.

This model forms the basis for controller design and simulation analysis. Details of

external disturbances and model uncertainties are also discussed.
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Chapter 4

Adaptive Sliding Mode Control

4.1 Sliding Mode Control (SMC)

SMC is derived from the framework of variable-structure systems (VSS), in which

multiple control laws are defined over distinct regions of the system’s state space.

Instead of employing a fixed control strategy, the system transitions between these laws

based on predetermined switching conditions, thereby ensuring robust performance in

a closed-loop configuration.

SMC is a nonlinear strategy that alters system dynamics via a discontinuous control

input, compelling the system state to move along a designated manifold, known as the

sliding surface. The core concept of SMC is that regulating the lower-order (first-order)

dynamics, even in the presence of nonlinearity or uncertainty, is more tractable than

directly handling higher-order terms. SMC is developed using a two-phase method.

Initially, a specific sliding surface is formulated to define the desired system behavior.

Subsequently, a discontinuous control law is constructed to ensure that the system

trajectory reaches and remains on this surface. Once the system’s states are constrained

to this surface, the resulting behavior is called sliding motion. For elaborating the

mathematical essence of SMC, let us consider a nonlinear system, defined by the

equation 4.1 below:

ẋ1 = x2

ẋ2 = f(x1, x2) + g(x1, x2)u+ ∆

y = x1

(4.1)

where ∆ is a matched disturbance, which includes modeling uncertainties, external

disturbances, and parametric variations. Moreover, x ≡ [x1, x2]T ∈ R
2 represents the

state vector, u ∈ R is the input, y ∈ R represents the plant output. It is considered

that f(x) ≡ f(x1, x2) and g(x) ≡ g(x1, x2) are known and smooth.
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4.1.1 Sliding Surface Design

The sliding surface is a stable manifold constructed from the desired system output.

Appropriate control actions are required to keep the system state on this surface.

When the condition is maintained, and state trajectories reach the sliding manifold,

the control objective is achieved. Furthermore, once the system state reaches and

remains on the sliding surface, its behavior is governed not by the original system

dynamics, but by the properties of the sliding surface itself. [49]

There is no single, fixed method for designing the sliding surface. Its structure can

vary depending on the control objectives and specific system requirements. Several

commonly used forms of sliding surfaces exist in the literature. One general approach

to defining a sliding surface is as follows:

s = s(x, t),

i.e., the surface is a function of system states and time. To establish sliding mode, the

condition s(x, t) = 0 must be satisfied.

Figure 4.1: Sliding Surface

Conventionally, a linear sliding surface is used for addressing the tracking problem,

and its design is given as:

s = ė+ βe (4.2)
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where e = x1 − r is the error while tracking a reference r and β is a positive real

constant. The phase portrait of a typical closed-loop second-order system with sliding

mode is provided in Figure 4.1.

4.1.2 Stability of a Sliding Mode

Before addressing the stability proof, it is essential to recall that the primary goal

of SMC is to ensure that the system’s state trajectories converge to a pre-defined

sliding surface. Once the trajectories reach this surface, they must stay on it for all

future time. To demonstrate the stability of the sliding surface, a Lyapunov candidate

function V must be selected. To show the stability of the system, V should satisfy

the following conditions:

• V must be a positive definite and radially unbounded function.

• Its time derivative should be negative definite, indicating that the function

consistently decreases over time, which confirms system stability.

There is no universally defined method for selecting a Lyapunov candidate function.

However, for single-input single-output (SISO) systems, a commonly used and effective

choice is:

V =
1

2
s2 (4.3)

This function is clearly positive definite, as it produces positive values for all non-zero

values of the sliding variable s, and is zero only when s = 0. If the time derivative V̇

satisfies the condition:

V̇ = sṡ < 0 (4.4)

Then, the system’s state trajectories will converge to and remain on the sliding surface.

The illustration of SMC for different initial conditions can be found in Figure 4.2.
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Figure 4.2: Phase Portrait under SMC

The most vibrant feature of SMC is its ability to suppress the effect of matched

external disturbances. Typically, in system 4.1, the impact of ∆ can be compensated

by using SMC, if it is bounded by a positive real constant γ, i.e., ♣∆♣ ≤ γ. The

constant γ should be known a priori.

4.1.3 SMC Control Law Design

Consider the non-linear system defined by Equation 4.1 and the sliding surface defined

in Equation 4.2. Taking the time derivative of the Lyapunov function 4.3,

V̇ = sṡ (4.5)

Substituting the expressions for s and ṡ, we obtain:

V̇ = s(ë+ βė) (4.6)

Since e = x1 − r, we get:

V̇ = s(ẍ1 − r̈ + βẋ1 − βṙ) (4.7)

Using the system dynamics 4.1

V̇ = s
(

f(x1, x2) + g(x1, x2)u+ ∆ − r̈ + βx2 − βṙ
)

(4.8)
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In SMC, the control input is given by

u = ul + un (4.9)

where ul is the equivalent or nominal control defined by:

ul = − 1

g(x1, x2)
(f(x1, x2) − r̈ + βx2 − βṙ + µ1s) (4.10)

While un is the disturbance compensation control, which is given as:

un = − 1

g(x1, x2)

(

k
s

∥s∥

)

(4.11)

where k > γ.

By substituting the value of u into the equation 4.8, we get:

V̇ = s



f(x1, x2) + g(x1, x2)

[

−1

g(x1, x2)

(

f(x1, x2) − r̈ + βx2 − βṙ + µ1s− k
s

∥s∥

)]

+ ∆ − r̈ + βx2 − βṙ





(4.12)

The rearrangement of terms leads to

V̇ = s

(

(f(x1, x2) − f(x1, x2)) + (r̈ − r̈) + (βx2 − βx2) + ∆ − µ1s− k
s

∥s∥

)

(4.13)

Since, it is known that ♣∆♣ ≤ γ

V̇ ≤ s

(

γ − µ1s− k
s

∥s∥

)

(4.14)

By employing the condition that k > γ

V̇ < −µ1s
2 (4.15)
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Finally,

V̇ < 0 (4.16)

Thus, the stability of the system 4.1 is guaranteed by using control input 4.9.

4.1.4 SMC Shortcomings

• In the reaching phase, the system remains sensitive to matched uncertainties,

which may lead to undesirable behavior and potentially disturb the desired

trajectory.

• SMC assumes prior knowledge of the bounds on system uncertainties, allowing

the controller gains to be set slightly above these limits. However, if these

bounds are unknown or cannot be estimated, it becomes challenging to ensure

the existence of sliding motion.

4.2 Sliding Mode Control for Quadrotor UAV

A quadrotor UAV is an underactuated system with six degrees of freedom (DOF) and

four control inputs. This under-actuation requires a control law with two loops: an

outer loop for position control and an inner loop for attitude control [13]. The six

degrees of freedom are as follows:

The longitudinal dynamics of quadrotor UAV are represented by the following

state-space model (4.17):






ẋ = x2

ẍ = (cosx7 sin x9 cos x11 + sin x7 sin x11)
U1

m
+ ∆x

(4.17)
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The lateral position of the quadrotor UAV is represented through the following

dynamical equations (4.18):






ẏ = x4

ÿ = (cosx7 sin x9 sin x11 − sin x7 cos x11)
U1

m
+ ∆y

(4.18)

The dynamics of height of quadrotor UAV are given by (4.19):






ż = x6

z̈ = −g + (cosx7 cos x9)
U1

m
+ ∆z

(4.19)

The roll dynamics are given as by (4.20):






ϕ̇ = x8

ϕ̈ = x10x12

(
Iy − Iz

Ix

)

− Ir

Ix
x10Ω +

U2

Ix
+ ∆ϕ

(4.20)

The pitch orientation of quadrotor UAV are represented by (4.21):






θ̇ = x10

θ̈ = x8x12

(

Iz − Ix

Iy

)

− Ir

Iy
x8Ω +

U3

Iy
+ ∆θ

(4.21)

Finally, the state-space of the yaw dynamics is represented by (4.22):






ψ̇ = x12

ψ̈ = x8x10

(
Ix − Iy

Iz

)

+
U4

Iz
+ ∆ψ

(4.22)

Each equation from (4.17) to (4.22), representing a system dynamic, resembles

the nonlinear system, already defined by equation 4.1 for which we had already

implemented SMC.

The states x and y cannot be controlled directly. In order to achieve desired x − y

translation, the control variables τxx and τyy can be considered as virtual commands,

where:

τxx = cosϕ sin θ cosψ + sinϕ sinψ (4.23)

τyy = cosϕ sin θ sinψ − sinϕ cosψ (4.24)

The desired expressions for ϕd and θd can be obtained from these virtual commands

specifically:
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ϕd = sin−1(sinψ τxx − cosψ τyy) (4.25)

θd = sin−1

(

cosψ τxx + sinψ τyy
cosϕd

)

(4.26)

The block diagram of SMC is shown in the following diagram;

Figure 4.3: SMC Block Diagram

Figure 4.3 illustrates the working of the SMC for a quadrotor UAV. The reference

trajectory provides the desired positions and orientations, which are compared with

the UAV’s actual states to generate tracking errors. The respective sliding mode

controller blocks process these errors. Controllers generate the motor control signals

required by the UAV, enabling it to execute commanded motions despite external

disturbances, such as wind gusts. The disturbance bound is known in this case, so

fixed gains are embedded in the controllers. Values of these gains are shown in table

4.2. The UAV’s actual states are continuously fed back to the controller, thereby

closing the loop and ensuring accurate trajectory tracking with improved robustness.

34



4.2.1 Longitude Control

The following differential equation can describe the x-position of the quadrotor UAV:

The modified x-axis dynamics equation with the new control input relationship:







ẋ = x2

ẍ = τx
U4

m
+ ∆x

(4.27)

The tracking error e1 between the state x and desired state xd is defined as:

e1 = x− xd (4.28)

The sliding surface s1 is defined as:

s1 = ė1 + β1e1, β1 > 0 (4.29)

Since,Equation (4.27) resembles the nonlinear system defined by Equation (4.1), thus

the corresponding control input is

τx = τx,l + τx,n (4.30)

where τx,l is the equivalent control:

τx,l =
m

U1

(ẍd − β1ė1 − µ1s1) (4.31)

and τx,n is the switching control:

τx,n = −m

U1

(

k1
s1

∥s1∥

)

(4.32)

with k1 > ∥∆x∥, where ∆x represents the combined effects of system uncertainties

and external disturbances in x-dynamics.

35



4.2.2 Lateral Control

The following differential equation can describe the y-position of the quadrotor UAV:

The modified y-axis dynamics equation with the new control input relationship:







ẏ = x4

ÿ = τy
U1

m
+ ∆y

(4.33)

The tracking error e2 between the state y and desired state yd is defined as:

e2 = y − yd (4.34)

The sliding surface s2 is defined as:

s2 = ė2 + β2e2, β2 > 0 (4.35)

Since, Equation (4.33) resembles the nonlinear system defined by Equation (4.1), thus

the corresponding control input is

τy = τy,l + τy,n (4.36)

where τy,l is the equivalent control:

τy,l =
m

U1

(ÿd − β2ė2 − µ2s2) (4.37)

and τy,n is the switching control:

τy,n = −m

U1

(

k2
s2

∥s2∥

)

(4.38)

with k2 > ∥∆y∥, where ∆y represents the combined effects of system uncertainties

and external disturbances in y-dynamics.
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4.2.3 Altitude Control

The z-dynamics of quadrotor from Equation (4.19) are:







ẋ5 = x6

ẍ5 = −g + (cosx7 cos x9)
U1

m
+ ∆z

(4.39)

The altitude error e3 between the state z and desired state zd is defined as:

e3 = z − zd (4.40)

Which is equal to:

e3 = x5 − zd (4.41)

The sliding surface s3 is defined as:

s3 = ė3 + β3e3, β3 > 0 (4.42)

Since Equation (4.39) resembles the nonlinear system defined by Equation (4.1). Thus,

the corresponding control law for total thrust (U1) is as follows:

U1 = U1l + U1n (4.43)

Where U1l is the equivalent or nominal control of z-dynamics, which is defined as:

U1l =
m

cosϕ cos θ
(g + z̈d − β3ė3) (4.44)

While U1n is the disturbance compensation control for altitude dynamics, which is

given by the following expression:

U1n =
m

cosϕ cos θ

(

−k3sat
(
s3

ϵ

))

(4.45)
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Combining both nominal and disturbance compensation law, we get the complete

Control law for total thrust (U1), which is as follows:

U1 =
m

cos x7 cos x9

(

g + z̈d − β3ė3 − k3sat
(
s3

ϵ

))

(4.46)

with k3 > ∥∆z∥, where ∆z represents the combined effects of system uncertainties and

external disturbances in z-dynamics.

4.2.4 Roll Control

From Equation (4.20) the roll dynamics are as following:







ẋ7 = x8

ẍ7 = x10x12

(
Iy−Iz

Ix

)

− Ir

Ix
x10Ω + U2

Ix
+ ∆phi

(4.47)

The roll error e4 between the state ϕ and desired state ϕd is defined as:

e4 = ϕ− ϕd (4.48)

Which is equal to

e4 = x7 − ϕd (4.49)

The sliding surface s4 is defined as:

s4 = ė4 + β4e4, β4 > 0 (4.50)

Since, Equation (4.47) resembles the nonlinear system defined by Equation (4.1), thus

the corresponding Control Law for roll control (U2) is as following:

U2 = U2l + U2n (4.51)
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Where U2l is the equivalent or nominal control of roll-dynamics, which is defined as:

U2l = Ix

(

ϕ̈d − x10x12

(
Iy − Iz

Ix

)

+
Ir

Ix
x10Ω − β4(x8 − ϕ̇d)

)

(4.52)

While U2n is the disturbance compensation control for roll dynamics, which is given

by the following expression:

U2n = −Ix
(

k4sat
(
s4

ϵ

))

(4.53)

Combining both nominal and disturbance compensation law, we get the complete

control law for roll dynamics (U2), which is as follows:

U2 = Ix

(

ϕ̈d − x10x12

(
Iy − Iz

Ix

)

+
Ir

Ix
x10Ω − β4(x8 − ϕ̇d) − k4sat

(
s4

ϵ

))

(4.54)

with k4 > ∥∆ϕ∥, where ∆ϕ represents the combined effects of system uncertainties

and external disturbances in roll dynamics.

4.2.5 Pitch Control

From Equation (4.21) the pitch dynamics are as following:







ẋ9 = x10

ẍ9 = x8x12

(
Iz−Ix

Iy

)

− Ir

Iy
x8Ω + U3

Iy
+ ∆θ

(4.55)

The pitch error e5 between the state θ and desired state θd is defined as:

e5 = θ − θd (4.56)

Which is equal to

e5 = x9 − θd (4.57)
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The sliding surface s5 is defined as:

s5 = ė5 + β5e5, β5 > 0 (4.58)

Since, Equation (4.55) resembles the nonlinear system defined by Equation (4.1), thus

the corresponding control law for pitch control (U3) is as following:

U3 = U3l + U3n (4.59)

Where U3l is the equivalent or nominal control of pitch dynamics, which is defined as:

U3l = Iy

(

θ̈d − x8x12

(

Iz − Ix

Iy

)

+
Ir

Iy
x8Ω − β5(x10 − θ̇d)

)

(4.60)

While U3n is the disturbance compensation control for pitch dynamics, which is given

by the following expression:

U3n = −Iyk5sat
(
s5

ϵ

)

(4.61)

Combining both nominal and disturbance compensation law, we get the complete

Control Law for pitch dynamics (U3), which is as follows:

U3 = Iy

(

θ̈d − x8x12

(

Iz − Ix

Iy

)

+
Ir

Iy
x8Ω − β5(x10 − θ̇d) − k5sat

(
s5

ϵ

))

(4.62)

with k5 > ∥∆θ∥, where ∆θ represents the combined effects of system uncertainties

and external disturbances in pitch dynamics.

4.2.6 Yaw Control

From Equation (4.22) the yaw dynamics are as following:







ẋ11 = x12

ẍ11 = x8x10

(
Ix−Iy

Iz

)

+ U4

Iz
+ ∆ψ

(4.63)
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The yaw error e6 between the state ψ and desired state ψd is defined as:

e6 = ψ − ψd (4.64)

Which is equal to:

e6 = x11 − ψd (4.65)

The sliding surface s6 is defined as:

s6 = ė6 + β6e6, β6 > 0 (4.66)

Since, Equation (4.63) resembles the nonlinear system defined by Equation (4.1), thus

the corresponding control law for yaw control (U4) is as following:

U4 = U4l + U4n (4.67)

Where U4l is the equivalent or nominal control of yaw-dynamics, which is defined as:

U4l = Iz

(

ψ̈d − x8x10

(
Ix − Iy

Iz

)

− β6(x12 − ψ̇d)
)

(4.68)

While U4n is the disturbance compensation control for yaw dynamics, which is given

by the following expression:

U4n = −Iz
(

k6sat
(
s6

ϵ

))

(4.69)

Combining both nominal and disturbance compensation law, we get the complete

control law for yaw dynamics (U4), which is as follows:

U4 = Iz

(

ψ̈d − x8x10

(
Ix − Iy

Iz

)

− β6(x12 − ψ̇d) − k6sat
(
s6

ϵ

))

(4.70)

with k6 > ∥∆ψ∥, where ∆ψ represents the combined effects of system uncertainties

and external disturbances in yaw dynamics.
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4.2.7 Numerical Simulations

Once the sliding mode control is designed, the closed-loop system is simulated.

Simulations are performed in Simulink/MATLAB. The ODE4 solver with a fixed step

time of 0.0001s is used. The quadrotor UAV is assumed to be at rest at the origin

in the NED frame at t = 0. In addition, the orientation of the quadrotor UAV is

assumed to be ϕ = θ = ψ = 0 in the body frame. The system parameters used for the

simulation are summarized in Table 4.1, which are consistent with [1].

Table 4.1: Parameters of the quadrotor

Parameters Values Explanation

Ix (kg ·m2) 7.5 × 10−3 Inertia of X-axis

Iy (kg ·m2) 7.5 × 10−3 Inertia of Y-axis

Iz (kg ·m2) 1.3 × 10−2 Inertia of Z-axis

Ir (kg ·m2) 6 × 10−5 Inertia of Rotor

b (N · s2) 3.13 × 10−5 Coefficient of Thrust

d (m · s2) 7.15 × 10−7 Drag Coefficient

m (kg) 1.1 Mass

l (m) 0.26 Arm length

The design parameters for SMC are presented in Table 4.2

Table 4.2: Design Parameters for SMC

Parameter Value Parameter Value
β1 2.5 k1 2
β2 2.5 k2 2
β3 6.5 k3 10
β4 5.5 k4 363
β5 5.5 k5 363
β6 4.5 k6 212
ε0 0.003
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4.2.8 Simulation Results of SMC

Figure 4.4: Longitudinal Position Control Using SMC

The graph in Figure 4.4 shows the performance of SMC for longitudinal position

tracking for a quadrotor UAV over a 100-second time frame window. The solid red

line represents the desired longitudinal position, while the dotted black line represents

the actual position achieved by the quadrotor UAV. The UAV follows the desired

longitudinal trajectory with high accuracy, indicating that the SMC implemented

here can track arbitrary paths. However, the actual trajectory exhibits a slight

overshoot at the positive and negative peaks of the sinusoidal input, with a slightly

larger amplitude than desired and a consistent phase lag throughout. This overshoot

represents the aggressive control action. It is due to large value of k1 as the requirement

is k1 > ∥∆x∥, to compensate the disturbances. Overall, the system remains stable,

with no divergence, oscillation buildup, or drift observed.
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Figure 4.5: Lateral Position Control Using SMC

The graph in Figure 4.5 shows the performance of SMC for lateral position tracking

of a quadrotor UAV over a 100-second time frame window. The solid red line represents

the desired lateral position, while the dotted black line represents the actual position

achieved by the quadrotor. The UAV accurately follows the desired lateral trajectory,

indicating that the SMC implemented here can track arbitrary paths. However, the

actual trajectory exhibits a slight overshoot at the positive and negative peaks of the

sinusoidal input, with a slightly larger amplitude than desired and a consistent phase

lag throughout. This represents the aggressive control action. It is due to large value

of k2 as the requirement is k2 > ∥∆y∥, to compensate the disturbances. Overall, the

system remains stable, with no divergence, oscillation buildup, or drift observed.

The graph in Figure 4.6 shows the performance of SMC for altitude tracking of a

quadrotor UAV over a 100-second time frame window. The solid red line represents the

desired altitude trajectory, while the dotted black line represents the actual altitude

attained by the quadrotor. The actual altitude trajectory perfectly overlaps with the

desired trajectory throughout the simulation. No delay, overshoot, oscillation buildup,

or drift is observed at any point in the simulation.
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Figure 4.6: Altitude Control Using SMC

Figure 4.7: Yaw Angle Control Using SMC

The plot in Figure 4.7 represents the performance of yaw angle reference tracking

for a quadrotor UAV. The solid red line represents the desired yaw angle, while the

dotted black line represents the actual yaw angle attained by the quadrotor. The yaw

angle is tracked perfectly by SMC. No delay, overshoot, oscillation buildup, or drift is

observed at any point in the simulation.
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Figure 4.8: 3D Maneuvering of Quadrotor UAV using SMC

The 3D trajectory plot in Figure 4.8 depicts the performance of quadrotor UAV

trajectory tracking in helical/spiral path in the x,y,z (3D) space. The solid red line

shows the desired trajectory, while the dotted black line illustrates the actual trajectory

followed by the UAV. From the plot in Figure 4.8, it is evident that the quadrotor has

followed the desired 3D trajectory with minor and bounded error. Moreover, there

exists a minor lag and overshoot. This overshoot is due to the controller’s aggressive

behavior, driven by high fixed gains. These high fixed gains are unavoidable because

the controller must overcome external disturbances and uncertainties.
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Figure 4.9: SMC Control Input: U1

Plot in Figure 4.9 represents the control input U1, which is the total trust generated

by the rotors to counteract gravity and control vertical motion (altitude). As shown

in Figure, initial spike of approximately 10.9N is required to counteract gravity

(m = 1.1 kg x g = 9.81 m/s2 = 10.79N) and initiate vertical motion. In the current

scenario, the quadrotor is not only ascending vertically but also moving along a circular

x-y path, resulting in an overall 3D helical trajectory. Furthermore, a quadrotor is a

coupled system, exhibiting a strong coupling between the x, y, roll, and pitch states.

At time t = 20 sec the desired longitudinal position xd(t) raises from 0 to a positive

value as depicted in Figure 4.4, while, lateral position yd(t) drops from 0 to a negative

value at the same time as can be seen in Figure 4.5. To generate the motions in x & y

directions, the quadrotor tilts. As a result of this tilt, the thrust vector is no longer

purely vertical. Therefore, more thrust is required to maintain upward acceleration.

Once this phase is over, the control input U1 settles into a periodic oscillation pattern

around the nominal thrust level (approximately 10.8 Nm).
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Figure 4.10: SMC Control Input: U2

Figure 4.10 shows the evolution of control effort U2 ( N.m) with respect to time t

(in seconds) for a quadrotor UAV. In a quadrotor UAV U2, typically represents rolling

torque, which adjusts its orientation about its longitudinal axis. Plot depicts that from

t = 0 to t ≈ 20 seconds, the control input U2 remains 0. It implies that no corrective

roll torque is required around the longitudinal axis, as cross verifies from Figure 4.4.

At t = 20 seconds, there is a sharp negative spike in U2. This indicates the need for

immediate torque correction, as the desired longitudinal position rapidly changes at

that instant. From t > 20 to t = 100 seconds, damped oscillations can be observed,

settling into a more periodic manner. These oscillations indicate the tracking of a

sinusoidal trajectory. The rapid damping indicates effective control and stabilization.

The zoomed view shows periodic oscillations. The smooth, regular waveform indicates

a stable controller response. The waveform’s constant amplitude over time in this

region suggests that the system is neither drifting nor diverging.
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Figure 4.11: SMC Control Input: U3

Figure 4.11 shows the evolution of control effort U3 ( N.m) with respect to time t

(in seconds) for a quadrotor UAV. In a quadrotor UAV U3, typically represents pitch

torque, which adjusts its orientation about its lateral axis. Plot depicts that from

t = 0 to t ≈ 20 seconds, the control input U2 remains 0. It implies that no corrective

pitch torque is required around the lateral axis, as cross-verification from Figure 4.5.

At t = 20 seconds, there is a sharp positive spike in U3. This indicates the need for

immediate torque correction, as the desired lateral position rapidly changes at that

instant. From t > 20 to t = 100 seconds, damped oscillations can be observed, settling

into a more periodic manner. These oscillations indicate the tracking of a sinusoidal

trajectory. The rapid damping indicates effective control and stabilization.
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Figure 4.12: SMC Control Input: U4

Figure 4.12 shows the evolution of control effort U4 ( N.m) with respect to time t (in

seconds) for a quadrotor UAV. In the quadrotor UAV U4, responsible for yaw control,

which adjusts its orientation about the vertical z axis. This affects the UAV’s heading.

As shown in the Figure, the initial two positive and negative spikes, each approximately

11 N · m in magnitude, within the first 20 seconds, represent a sudden change in the

yaw setpoint. This rapid change in yaw angle control can be counterchecked from

Figure 4.7. It can be seen that the desired yaw angle abruptly changes from 0 to 1

radian and back to 0 radian over the first 20 seconds. To meet the high yaw-angle

target, the control input U4 responds aggressively. Time t ≈ 20 to t = 40 seconds,

the yaw torque U4 exhibits decaying sinusoidal oscillations for stabilizing. From time

t = 40 s onward, the control input U4 remains stable with small periodic oscillations

centered around 0 N · m. These small yaw corrections indicate that the UAV maintains

a stable heading while exhibiting only minor periodic motions, possibly due to coupled

roll or pitch motions.
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4.3 Adaptive SMC (ASMC)

The preceding discussion focused on SMC, a well-known method for controlling

systems in the presence of disturbances. However, a key challenge in designing an

SMC controller is its dependence on prior knowledge of an upper bound γ on the

lumped disturbance ∆. In real-world applications, accurately determining these upper

bounds can be challenging. Especially, the flight conditions of a quadrotor UAV may

vary significantly between indoor and outdoor environments, ranging from negligible

to very high wind gusts. In such circumstances, if these bounds are estimated a priori,

then their values are often too conservative, resulting in unnecessarily high control

effort due to the high values of gain k, in equation 4.11.

To address this limitation, a more robust control strategy is required that does

not rely on prior knowledge of uncertainty/disturbance bounds. For this purpose, we

propose an ASMC approach that offers strong robustness by dynamically adjusting

the controller gain in response to the system’s behavior. This eliminates the need

for predefined knowledge of uncertainty or disturbance. Instead, knowledge of the

initial disturbance at (t = 0) bound will be sufficient to establish the robustness of

the controller for all time. Thus, the objective is to design an adaptive mechanism

capable of counteracting system uncertainties and external disturbances in real time

with knowledge of a bound on ∆ at time t = 0, i.e., η > ∆(0), where η is a positive

real constant.

Similar to SMC, the ASMC structure is also composed of two components: u = ul

(equivalent or nominal control) + un (adaptive disturbance compensator). The first

governs the nominal system behavior, while the second compensates for parameter

variations and external perturbations. A block diagram of a typical ASMC scheme is

shown in Figure 4.13 below:
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Figure 4.13: ASMC Scheme

4.3.1 ASMC Control Law Design

Consider the nonlinear system defined by Equation 4.1 with a less stringent condition

of disturbance bound ∆(0) < η. Moreover, let us define a self evolving parameter k̄

such that,

˙̄k(t, x) = −ζ1k̄(t, x) + ζ2ϵ0∥ul∥∥s∥ (4.71)

To design ASMC, we choose the same sliding surface 4.2. The Lyapunov candidate

function considered here is

V =
1

2
s2 +

1

2
k̄2 (4.72)

which is, by construction, a positive definite function. Taking the derivative

V̇ = sṡ+ k̄ ˙̄k (4.73)

Substituting the expressions for ˙̄k and ṡ, we obtain:

V̇ = s(ë+ βė) + k̄1

(

−ζ1k̄ + ζ2ϵ0∥ul∥∥s∥
)

(4.74)
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By substituting the error, e = x1 − r into above equation we get:

V̇ = s(ẍ1 − r̈ + βẋ1 − βṙ) − ζ1k̄
2
1 + ζ2ϵ0k̄∥ul∥∥s∥ (4.75)

Using the system dynamics 4.1

V̇ = s (f(x1, x2) + g(x1, x2)u+ ∆ − r̈ + βx2 − βṙ) − ζ1k̄
2 + ζ2ϵ0k̄∥ul∥∥s∥ (4.76)

In ASMC, the control input is given by u = ul + un, where ul is the equivalent or

nominal control input and un is the adaptive disturbance compensator.

ul = − 1

g(x1, x2)
(f(x1, x2) − r̈ + βx2 − βṙ + µ1s) (4.77)

un = − 1

g(x1, x2)

(

k(t, x)
s

∥s∥

)

(4.78)

where, k1 is adaptive gain that relates to η and k̄ by following expression:

k(t, x) = ∥ul∥k̄(t, x) + η (4.79)

By substituting the u into the above equation, we get:

V̇ = s



f(x1, x2) + g(x1, x2)




−1

g(x1, x2)

(

f(x1, x2) − r̈ + βx2 − βṙ + µ1s+ k(t, x)
s

∥s∥

)




+ ∆ − r̈ + βx2 − βṙ



− ζ1k̄
2 + ζ2ϵ0k̄∥ul∥∥s∥

(4.80)

By simplifying the above expression, we get:

V̇ = s

(

∆ − µ1s− k(t, x)
s

∥s∥

)

− ζ1k̄
2 + ζ2ϵ0k̄∥ul∥∥s∥ (4.81)

V̇ = ∆s− µ1s
2 − k(t, x)∥s∥ − ζ1k̄

2 + ζ2ϵ0k̄∥ul∥∥s∥ (4.82)
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This yields:

V̇ = ∆s− µ1s
2 −

(

∥ul∥k̄(t, x) + η
)

∥s∥ − ζ1k̄
2 + ζ2ϵ0k̄∥ul∥∥s∥ (4.83)

V̇ = ∆s− µ1s
2 − k̄(t, x)∥ul∥∥s∥ − η∥s∥ − ζ1k̄

2 + ζ2ϵ0k̄∥ul∥∥s∥ (4.84)

By reducing the above expression, we get:

V̇ = −µ1s
2 − ζ1k̄

2 − (1 − ζ2ϵ0)k̄∥ul∥∥s∥ − η∥s∥ + ∆s (4.85)

Taking ∥s♣♣ common, the above expression take the following form:

V̇ = −µ1s
2 − ζ1k̄

2 −
(

(1 − ζ2ϵ0) k̄∥ul∥ + η
)

∥s∥ + ∆s (4.86)

Negative definiteness of V̇ is ensured only if

(

(1 − ζ2ϵ0)k̄∥ul∥ + η
)

> ∆,

and, it is known that η > ∆x(0) and

˙̄k(t, x) = −ζ1k̄(t, x) + ζ2ϵ0∥ul∥∥s∥.

The block diagram of ASMC is shown in Figure 4.14. The reference trajectory specifies

the desired positions and orientations, which are compared with the UAV’s actual states

to compute tracking errors. These errors are processed by the six ASMCs, comprising

altitude, longitudinal, lateral, roll, pitch, and yaw controllers. The desired Euler angle

calculation block produces the required roll and pitch commands. The adaptive law

estimates the modulation gain, enabling the controller to handle disturbances and

modeling uncertainties without relying on conservative fixed bounds. These controllers

convert the desired angles into motor-control signals for the UAV, allowing it to

execute the commanded motions despite external disturbances, such as wind gusts.
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The UAV’s actual states are continuously fed back to the controller, thereby closing

the loop and ensuring accurate trajectory tracking with improved robustness.

Figure 4.14: ASMC Block Diagram

4.4 Adaptive SMC for Quadrotor UAV

4.4.1 Longitude Control

Considering the same sliding surface s1, as already defined by Equation 4.29, the

longitudinal dynamics of the quadrotor UAV represented by Equation 4.27 resembles

the nonlinear system model described by Equation 4.1. Hence, the control law for

x-position control is the same as defined in equation 4.30, that is:

τx = τx,l + τx,n (4.87)

where τx,l is the equivalent control:

τx,l =
m

U1

(ẍd − β1ė1 − µ1s1) (4.88)
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and τx,n is the switching control:

τx,n = −m

U1

(

k1
s1

∥s1∥

)

(4.89)

Here, k1 is the adaptive gain. k1 adapts itself to compensate for the disturbance faced

by the quadrotor, rather than a fixed value, as it is in SMC. The adaptive gain k1 is

defined by the following expression:

k1(t, x) = ∥ul∥k̄1(t, x) + η (4.90)

Such that,

˙̄k1(t, x) = −ζ1k̄1(t, x) + ζ2ϵ0∥ul∥∥s1∥ (4.91)

4.4.2 Lateral Control

Considering the same sliding surface s2, as already defined by Equation 4.35, the

longitudinal dynamics of the quadrotor UAV represented by Equation 4.33 resemble

the nonlinear system model described by Equation 4.1. Hence, the control law for

y-position control is the same as defined by Equation 4.36, that is:

τy = τy,l + τy,n (4.92)

where τy,l is the equivalent control:

τy,l =
m

U1

(ÿd − β2ė2 − µ2s2) (4.93)

and τy,n is the switching control:

τy,n = −m

U1

(

k2
s2

∥s2∥

)

(4.94)

The adaptive gain k2 is defined by the following expression:

k2(t, x) = ∥ul∥k̄2(t, x) + η (4.95)
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Such that,

˙̄k2(t, x) = −ζ1k̄2(t, x) + ζ2ϵ0∥ul∥∥s2∥ (4.96)

4.4.3 Altitude Control

Considering the same sliding surface s3, as already defined by Equation 4.42, altitude

dynamics of quadrotor UAV represented by Equation 4.19 resembles the nonlinear

system model represented by Equation 4.1. Thus, the corresponding control law for

upward thrust (U1) is as follows:

U1 = U1l + U1n (4.97)

Where U1l is the equivalent or nominal control of z-dynamics, which is defined as:

U1l =
m

cosϕ cos θ
(g + z̈d − β3ė3) (4.98)

While U1n is the disturbance compensation control for altitude dynamics, which is

given by the following expression:

U1n =
m

cosϕ cos θ

(

−k3sat
(
s3

ϵ

))

(4.99)

Combining both nominal and disturbance compensation law, we get the complete

control law for total thrust (U1), which is as follows:

U1 =
m

cos x7 cos x9

(

g + z̈d − β3ė3 − k3sat
(
s3

ϵ

))

(4.100)

Where, the adaptive gain k3 is defined by following expression:

k3(t, x) = ∥u1l∥k̄3(t, x) + η (4.101)

Such that,

˙̄k3(t, x) = −ζ1k̄3(t, x) + ζ2ϵ0∥u1l∥∥s3∥ (4.102)
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4.4.4 Roll Control

Considering the same sliding surface s4, as already defined by Equation 4.50, the roll

dynamics of the quadrotor UAV represented by Equation 4.47 resembles the nonlinear

system model described by Equation 4.1. Thus, the corresponding control law for roll

dynamics (U2) is as follows:

U2 = U2l + U2n (4.103)

Where U2l is the equivalent or nominal control of roll-dynamics, which is defined as:

U2l = Ix

(

ϕ̈d − x10x12

(
Iy − Iz

Ix

)

+
Ir

Ix
x10Ω − β4(x8 − ϕ̇d)

)

(4.104)

While U2n is the disturbance compensation control for roll dynamics, which is given

by the following expression:

U2n = −Ix
(

k4sat
(
s4

ϵ

))

(4.105)

Combining both nominal and disturbance compensation law, we get the complete

control law for roll dynamics (U2), which is as follows:

U2 = Ix

(

ϕ̈d − x10x12

(
Iy − Iz

Ix

)

+
Ir

Ix
x10Ω − β4(x8 − ϕ̇d) − k4sat

(
s4

ϵ

))

(4.106)

Where, the adaptive gain k4 is defined by following expression:

k4(t, x) = ∥u2l∥k̄4(t, x) + η (4.107)

Such that,

˙̄k4(t, x) = −ζ1k̄4(t, x) + ζ2ϵ0∥u2l∥∥s4∥ (4.108)

4.4.5 Pitch Control

Considering the same sliding surface s5, as already defined by Equation 4.58, the pitch

dynamics of the quadrotor UAV represented by Equation 4.55 resemble the nonlinear
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system model described by Equation 4.1. Thus, the corresponding control law for

pitch dynamics (U3) is as follows:

U3 = U3l + U3n (4.109)

Where U3l is the equivalent or nominal control of pitch-dynamics, which is defined as:

U3l = Iy

(

θ̈d − x8x12

(

Iz − Ix

Iy

)

+
Ir

Iy
x8Ω − β5(x10 − θ̇d)

)

(4.110)

While U3n is the disturbance compensation control for pitch dynamics, which is given

by the following expression:

U3n = −Iyk5sat
(
s5

ϵ

)

(4.111)

Combining both nominal and disturbance compensation law, we get the complete

control law for pitch dynamics (U3), which is as follows:

U3 = Iy

(

θ̈d − x8x12

(

Iz − Ix

Iy

)

+
Ir

Iy
x8Ω − β5(x10 − θ̇d) − k5sat

(
s5

ϵ

))

(4.112)

Where, the adaptive gain k5 is defined by following expression:

k5(t, x) = ∥u3l∥k̄5(t, x) + η (4.113)

Such that,

˙̄k5(t, x) = −ζ1k̄5(t, x) + ζ2ϵ0∥u3l∥∥s5∥ (4.114)

4.4.6 Yaw Control

Considering the same sliding surface s6, as already defined by Equation 4.66, the yaw

dynamics of the quadrotor UAV represented by Equation 4.63 resemble the nonlinear

system model represented by Equation 4.1. Thus the corresponding control law for
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yaw dynamics (U4) is as following:

U4 = U4l + U4n (4.115)

Where U4l is the equivalent or nominal control of yaw-dynamics, which is defined as:

U4l = Iz

(

ψ̈d − x8x10

(
Ix − Iy

Iz

)

− β6(x12 − ψ̇d)
)

(4.116)

While U4n is the disturbance compensation control for yaw dynamics, which is given

by the following expression:

U4n = −Iz
(

k6sat
(
s6

ϵ

))

(4.117)

Combining both nominal and disturbance compensation law, we get the complete

control law for yaw dynamics (U4), which is as follows:

U4 = Iz

(

ψ̈d − x8x10

(
Ix − Iy

Iz

)

− β6(x12 − ψ̇d) − k6sat
(
s6

ϵ

))

(4.118)

Where, the adaptive gain k6 is defined by following expression:

k6(t, x) = ∥u4l∥k̄6(t, x) + η (4.119)

Such that,

˙̄k6(t, x) = −ζ1k̄6(t, x) + ζ2ϵ0∥u4l∥∥s6♣ (4.120)

4.4.7 Numerical Simulations

Similar to SMC, the ASMC performance is also evaluated in Simulink/Matlab. The

same system parameters, initial conditions, and simulation settings are used. The

design parameters for ASMC are presented in Table 4.3

The graph in Figure 4.15 shows the performance of ASMC for longitudinal position

control of quadrotor UAV over a 100-second time frame window. The solid red line

represents the desired longitudinal position, while the dotted black line represents
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Table 4.3: Design Parameters for ASMC

Parameter Value Parameter Value
β1 2.5 µ3 0
β2 2.5 µ4 0.0025
β3 6.5 µ5 0.0025
β4 5.5 µ6 0.00025
β5 5.5 ζ1 200
β6 4.5 ζ2 100
µ1 8 η 0.9
µ2 0 ε0 0.003

Figure 4.15: Longitudinal Position Control Using ASMC

the actual longitudinal position achieved by the quadrotor. As depicted by the plot,

the error between the actual and desired trajectories is minimal. The actual position

trajectory is almost identical to the desired position throughout the entire time frame,

indicating the controller’s high accuracy and robustness. Furthermore, no phase lag is

found, and overshoot is nearly zero. Overall, the system remains stable, no divergence,

oscillation buildup, or drift is observed.
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Figure 4.16: Lateral Position Control Using ASMC

The graph in Figure 4.16 shows the performance of ASMC for lateral position

control of quadrotor UAV over a 100-second time frame window. The solid red line

represents the desired lateral position, while the dotted black line represents the actual

lateral position achieved by the quadrotor. As depicted by the plot, the error between

the actual and desired trajectories is minimal. The actual position trajectory is almost

identical to the desired position throughout the entire time frame, indicating the

controller’s high accuracy and robustness. Furthermore, no phase lag is found, and

overshoot is nearly zero. Overall, the system remains stable, no divergence, oscillation

buildup, or drift is observed.
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Figure 4.17: Altitude Control Using ASMC

The plot in Figure 4.17 represents the performance of altitude control for a

quadrotor UAV. The solid red line represents the desired altitude, while the dotted

black line represents the actual altitude attained by the quadrotor. ASMC achieves

the desired altitude perfectly. No delay, overshoot, oscillation buildup, or drift is

observed at any point in the simulation.

The plot in Figure 4.18 represents the performance of yaw angle control for a

quadrotor UAV. The solid red line represents the desired yaw angle, while the dotted

black line represents the actual yaw angle attained by the quadrotor. The yaw angle is

traced perfectly by ASMC. No delay, overshoot, oscillation buildup, or drift is observed

at any point in the simulation.

63



Figure 4.18: Yaw Angle Control Using ASMC

Figure 4.19: 3D Maneuvering of Quadrotor UAV using ASMC

The 3D trajectory plot in Figure 4.19 depicts the performance of quadrotor UAV

tracking in a helical/spiral path in the x,y,z (3D) space. The solid red line shows the
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desired trajectory, while the dotted black line illustrates the actual trajectory followed

by the UAV. From the plot in Figure 4.19, it is evident that the quadrotor has followed

the desired 3D trajectory accurately. No delay, overshoot, oscillation buildup, or drift

is observed at any point in the simulation.

Figure 4.20: ASMC Control Input: U1

Plot in Figure 4.20 represents the control input U1, which is the total trust generated

by the rotors to counteract gravity and control vertical motion (altitude). As shown

in Figure, initial spike of approximately 10.88N is required to counteract gravity

(m = 1.1 kg x g = 9.81 m/s2 = 10.79N) and initiate vertical motion. In the current

scenario, the quadrotor is not only ascending vertically but also moving along a circular

x-y path, resulting in an overall 3D helical trajectory. Furthermore, a quadrotor is a

coupled system, exhibiting a strong coupling between the x, y, roll, and pitch states.

At time t = 20 sec the desired longitudinal position xd(t) raises from 0 to a positive

value as depicted in Figure 4.15, while, lateral position yd(t) drops from 0 to a negative

value at the same time as can be seen in Figure 4.16. To generate the motions in x &
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y directions, the quadrotor tilts. As a result of this tilt, the thrust vector is no longer

purely vertical. Therefore, more thrust is required to maintain upward acceleration.

Once this phase is over, the control input U1 settles into a periodic oscillation pattern

around the nominal thrust level (approximately 10.79 Nm).

Figure 4.21: ASMC Control Input: U2

Figure 4.21 shows the evolution of control effort U2 ( N.m) with respect to time

t (in seconds) for a quadrotor UAV. In quadrotor UAV U2, typically represents roll

torque, which adjusts its orientation about its longitudinal axis. Plot depicts that

from t = 0 to t ≈ 20 seconds, the control input U2 remains 0. It implies that no

corrective roll torque is required around the longitudinal axis, as cross verifies from

Figure 4.15. At t = 20 seconds, there is a sharp negative spike in U2. This indicates

the need for immediate torque correction, as the desired longitudinal position rapidly

changes at that instant. From t > 25 to t = 100 seconds, oscillations can be observed

which settle into a more periodic manner. These oscillations indicate the tracking of a

sinusoidal trajectory. The periodic oscillations exhibit a smooth and regular waveform,
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indicating a stable controller response. The waveform’s constant amplitude over time

in this region suggests that the system is neither drifting nor diverging.

Figure 4.22 shows the evolution of control effort U3 ( N.m) with respect to time

t (in seconds) for a quadrotor UAV. In a quadrotor UAV U3, typically represents

pitch torque, which adjusts its orientation about its lateral axis. Plot depicts that

from t = 0 to t ≈ 20 seconds, the control input U3 remains 0. It implies that no

corrective pitch torque is required around the lateral axis, as cross-verification from

Figure 4.16. At t = 20 seconds, there is a sharp spike in U3. This indicates the need

for immediate torque correction, as the desired lateral position rapidly changes at

that instant. From t > 25 seconds onward, oscillations can be observed which settle

into a more periodic manner. These oscillations indicate the tracking of a sinusoidal

trajectory. The periodic oscillations exhibit a smooth and regular waveform, indicating

a stable controller response. The constant amplitude of the waveform over time in

this region suggests that the system is neither drifting nor diverging.

Figure 4.22: ASMC Control Input: U3
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Figure 4.23 shows the evolution of control effort U4 ( N.m) with respect to time

t (in seconds) for a quadrotor UAV. In the quadrotor UAV U4, responsible for yaw

control, which adjusts its orientation about the vertical z axis. This affects the UAV’s

heading. As shown in the Figure, the Initial two positive and negative spikes, each

approximately 0.25 N · m in magnitude, within the first 20 seconds, represent a

sudden change in the yaw setpoint. This rapid change in yaw angle control can be

counterchecked from Figure 4.18. It can be seen that the desired yaw angle abruptly

changes from 0 to 1 radian and back to 0 radian over the first 20 seconds. To meet

the yaw angle target, the control input U4 is applied. Time from t ≈ 20 to onward,

the control input U4 remains stable with small periodic oscillations centered around

0 N · m. These small yaw corrections suggest that the UAV maintains a stable heading

while exhibiting only minor periodic motions, possibly due to coupled roll or pitch

motions.

Figure 4.23: ASMC Control Input: U4
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Summary

The chapter presents the SMC and ASMC frameworks for quadrotor UAVs. Closed-loop

system stability and finite-time convergence of the system states are rigorously proven

using Lyapunov-based analysis under nonlinear dynamics with bounded disturbances.

Furthermore, an adaptive law is introduced to eliminate the requirement for prior

knowledge of disturbance bounds, thereby enhancing robustness. The proposed

SMC and ASMC schemes are designed for a six-degree-of-freedom quadrotor UAV.

Simulation results confirm accurate tracking performance, robustness against uncertain

disturbances, and stable control behavior. Therefore, providing a solid foundation for

the neural network–enhanced controllers presented in subsequent chapters.
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Chapter 5

Adaptive NN Techniques for Nonlinear Gain

Estimation

A neural network is a machine learning model designed to emulate the human

brain’s decision-making process. It operates using a network of interconnected nodes,

analogous to biological neurons, to identify patterns, analyze data, and make decisions

based on prior experience. While inspired by biology, neural networks are implemented

using mathematical models.

Figure 5.1 illustrates the commonly used mathematical representation of a neuron

in an ANN. Each neuron receives input signals denoted by x1, x2, x3, . . . , xn, collectively

represented as the vector x. These inputs typically originate from other neurons in

the network. Each input is associated with a weight wi, reflecting the strength or

effectiveness of the corresponding synapse. The weighted inputs are then passed to a

summation function, representing the cell body, where they are combined algebraically

to determine the excitability of the neuron:

yin =
n∑

i=1

xiwi (5.1)
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Figure 5.1: Mathematical Model of Neuron

By passing the excitement level through the function F(yin), also known as the

activation function as in Equation 5.2, one may determine the output signal of a

neuron.

Y = F(yin) (5.2)

5.1 Architecture of Artificial Neural Network

Artificial neurons are connected to form neural networks that process multiple inputs

to generate a single output. An Artificial Neural Network’s primary purpose is to map

input to a desirable form in production [50]. The neural network has many layers.

Each layer served its specific function, and the deeper layers make the system more

complex. A neural network is also known as the multilayer perceptron. To build

neural networks, three types of layers are used: an input layer that accepts data from

external sources, a hidden layer that performs computations according to the specified

function, and an output layer that produces results based on the input. The input

layer passes data to the hidden layer. Each input is connected to the next layer via

links that assign random weights. These weights are multiplied individually by the

corresponding inputs, and a bias term is added afterwards. An activation function
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then processes the resulting weighted sum. This processed value is passed to the

output layer using an output function. To minimize the error, the model adjusts its

weights using backpropagation.

Artificial neural networks (ANNs) can be categorized into two main architectural

types: feedforward neural networks and recurrent neural networks (RNNs). In a

feedforward ANN, signals flow in a single direction—from the input layer, through any

hidden layers, and finally to the output layer. These networks, which may contain one

or more hidden layers, are commonly used for pattern recognition tasks. A popular

example of a feedforward architecture is the multilayer perceptron (MLP), which

consists of three types of layers: input, hidden, and output.

On the other hand, recurrent neural networks (RNNs) have a different structure that

incorporates internal memory. They include loops within the hidden layers, allowing

information to flow both forward and backward through the network. This design

enables RNNs to maintain context from previous inputs, making them well-suited

for tasks involving sequences or time-series data. By leveraging past outputs, RNNs

improve their predictive accuracy.

5.2 Levenberg-Marquardt Algorithm

The Levenberg-Marquardt (LM) algorithm, developed by Donald Marquardt and

Kenneth Levenberg, is a fast and stable mathematical method for minimizing nonlinear

functions. It is employed to train artificial neural networks to resolve problems

ranging from small to medium scale. Error backpropagation (EBP), also known as

steepest descent, is a significant breakthrough in neural network training. Although

it is well known for its slow convergence, there are two primary reasons: step sizes

must be appropriate to the gradients, whereas the curvature is not the same in all

directions on the error surface, culminating in the classic "error valley" problem. The

prescribed Gauss-Newton algorithm can improve the moderate convergence of the

steepest-descent method by using 2nd-order derivatives to estimate the curvature of

the error surface. This algorithm can achieve suitable step sizes in all directions and
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consequently converge rapidly, particularly for the quadratic error surface. However,

this enhancement occurs when the approximation to the quadratic error function is

valid; otherwise, the Gauss-Newton algorithm would be predominantly divergent. [51]

The Levenberg-Marquardt (LM) algorithm combines the Gauss-Newton algorithm

and the steepest-descent method, offering two-fold advantages: speed and stability. It

provides greater robustness than the Gauss-Newton algorithm, as it can converge swiftly

even in the presence of complex error surfaces. Furthermore, it converges faster than

the steepest descent method. The devised algorithm implements a combined training

process that alternates between the steepest-descent and Gauss-Newton algorithms

until the local curvature is sufficiently flat to warrant a quadratic approximation. This

approach significantly speeds up convergence. [51]

5.2.1 Derivation of Levenberg-Marquardt Algorithm

This section entails the derivation of the Levenberg-Marquardt algorithm that will be

described in the following four segments: (1) Newton’s method, (2) Gauss–Newton’s

algorithm, (3) Steepest descent algorithm, and (4) Levenberg–Marquardt algorithm.

Some commonly used indices are introduced ahead of the derivation:

• m is related to the index of outputs, ranging from 1 to M , where M represents

the number of outputs.

• p is related to the index of patterns, ranging from 1 to P , where P represents

the number of patterns.

• k is the index of iterations.

• i and j are the weight indices, from 1 to N , where N represents the aggregate

of weights.

The sum of squared error (SSE) is used to analyze the training process. It is quantified

for network outputs and training patterns as

E(x, θ) =
1

2

P∑

p=1

M∑

m=1

e2
p,m (5.3)
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where, x and θ are denoting the input vector and weight vector respectively, ep,m is

the training error at output m when applying pattern p and it is explained as

ep,m = dp,m − op,m (5.4)

where, d is expressing the vector of desired output, and, o is denoting the vector of

actual output

5.2.2 Steepest Descent Algorithm

The steepest-descent algorithm is a 1st-order algorithm because it uses the first-order

partial derivative of the total error function to find minima in the error space. The

gradient g is described as the first-order partial derivative of the total error function:

g =
∂E(x,θ)

∂θ
=

[

∂E

∂θ1

∂E

∂θ2

· · · ∂E

∂θN

]T

(5.5)

Keeping in view the above-mentioned definition of the gradient g, the rule of

updation for the steepest descent algorithm can be described as:

θk+1 = θk − αgk (5.6)

where α denotes the step size learning constant.

The entire training process ensures asymptotic convergence of the steepest-descent

algorithm. Approaching the vicinity of the solution, each element of the gradient

vector tends to become very minor, and there could be a minimal change in weight.
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5.2.3 Newton’s Method

Newton’s method presumes that the entirety of weights are linearly independent and

all the gradient elements g1, g2, . . . , gN are weight functions expressed as:







g1 = F1(θ1, θ2, · · · , θN)

g2 = F2(θ1, θ2, · · · , θN)

...

gN = FN(θ1, θ2, · · · , θN)

(5.7)

Where F1, F2, . . . , FN are nonlinear relationships among related gradient

components and weights. Simplifying each gi (i = 1, 2, . . . , N) in Equation 5.7 by the

Taylor series and assuming the approximation of first-order:







g1 ≈ g1,0 +
∂g1

∂θ1

∆θ1 +
∂g1

∂θ2

∆θ2 + · · · +
∂g1

∂θN
∆θN

g2 ≈ g2,0 +
∂g2

∂θ1

∆θ1 +
∂g2

∂θ2

∆θ2 + · · · +
∂g2

∂θN
∆θN

...

gN ≈ gN,0 +
∂gN

∂θ1

∆θ1 +
∂gN

∂θ2

∆θ2 + · · · +
∂gN

∂θN
∆θN

(5.8)

By synthesizing the description of the gradient vector g in Equation 5.5, the

following term can be established as:

∂gi

∂θj
=

∂

∂θj

(

∂E

∂θi

)

=
∂2E

∂θj∂θi
(5.9)

By inserting Equation 5.9 to 5.8:
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





g1 ≈ g1,0 +
∂2E

∂θ2
1

∆θ1 +
∂2E

∂θ1∂θ2

∆θ2 + · · · +
∂2E

∂θ1∂θN
∆θN

g2 ≈ g2,0 +
∂2E

∂θ2∂θ1

∆θ1 +
∂2E

∂θ2
2

∆θ2 + · · · +
∂2E

∂θ2∂θN
∆θN

...

gN ≈ gN,0 +
∂2E

∂θN∂θ1

∆θ1 +
∂2E

∂θN∂θ2

∆θ2 + · · · +
∂2E

∂θ2
N

∆θN

(5.10)

Compared with the steepest-descent method, the second-order derivatives of the

total error function are constrained to be estimated for all components of the gradient

vector. However, to obtain the minima for the total error function E, each element of

the gradient vector necessitates that it should be presumed as zero. Consequently, left

hand sides of the Equations (5.10) are all zero, then







0 = g1,0 +
∂2E

∂θ2
1

∆θ1 +
∂2E

∂θ1∂θ2

∆θ2 + · · · +
∂2E

∂θ1∂θN
∆θN

0 = g2,0 +
∂2E

∂θ2∂θ1

∆θ1 +
∂2E

∂θ2
2

∆θ2 + · · · +
∂2E

∂θ2∂θN
∆θN

...

0 = gN,0 +
∂2E

∂θN∂θ1

∆θ1 +
∂2E

∂θN∂θ2

∆θ2 + · · · +
∂2E

∂θ2
N

∆θN

(5.11)

By combining the Equations 5.5 and 5.11, we get:







−∂E

∂θ1

= −g1,0 ≈ ∂2E

∂θ2
1

∆θ1 +
∂2E

∂θ1∂θ2

∆θ2 + · · · +
∂2E

∂θ1∂θN
∆θN

−∂E

∂θ2

= −g2,0 ≈ ∂2E

∂θ2∂θ1

∆θ1 +
∂2E

∂θ2
2

∆θ2 + · · · +
∂2E

∂θ2∂θN
∆θN

...

− ∂E

∂θN
= −gN,0 ≈ ∂2E

∂θN∂θ1

∆θ1 +
∂2E

∂θN∂θ2

∆θ2 + · · · +
∂2E

∂θ2
N

∆θN

(5.12)

There are N parameters for defining N equations, so that each of the ∆wi can

be computed. Given the solutions, the weight space can be updated iteratively. The
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matrix form of Equation 5.12 is:













−g1

−g2

...

−gN













=













∂2E
∂θ2

1

∂2E
∂θ1∂θ2

· · · ∂2E
∂θ1∂θN

∂2E
∂θ2∂θ1

∂2E
∂θ2

2

· · · ∂2E
∂θ2∂θN

...
...

. . .
...

∂2E
∂θN∂θ1

∂2E
∂θN∂θ2

· · · ∂2E
∂θ2

N

























∆θ1

∆θ2

...

∆θN













(5.13)

The Hessian square matrix for second-order partial derivatives is defined as:

H =













∂2E
∂θ2

1

∂2E
∂θ1∂θ2

· · · ∂2E
∂θ1∂θN

∂2E
∂θ2∂θ1

∂2E
∂θ2

2

· · · ∂2E
∂θ2∂θN

...
...

. . .
...

∂2E
∂θN∂θ1

∂2E
∂θN∂θ2

· · · ∂2E
∂θ2

N













(5.14)

By combining the gradient equation with the Hessian matrix, we can write:

−g = H∆θ (5.15)

Solving for the update step:

∆θ = −H−1g (5.16)

Consequently, the update rule of Newton’s method is described as:

θk+1 = θk − H−1
k gk (5.17)

The total error function is composed of second-order derivatives, and the Hessian

matrix H provides an accurate assessment of the changes in the gradient. By comparing

the gradient descent rule with Newton’s update, one sees that optimal step sizes are

scaled upon obtaining the inverse of the Hessian matrix.
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5.2.4 Guass-Newton Algorithm

For weight updation, as long as Newton’s method is applied, to compute the Hessian

matrix H, the derivatives of the second-order need to be evaluated for the total error

function. However, this entire process can be very complex and computationally

expensive. The Jacobian matrix J is defined to simplify the calculation. The Jacobian

matrix consists of first-order derivatives of the error terms concerning the weights:













∂e1,1

∂θ1

∂e1,1

∂θ2
· · · ∂e1,1

∂θN

∂e1,2

∂θ1

∂e1,2

∂θ2
· · · ∂e1,2

∂θN

...
...

. . .
...

∂eP,M

∂θ1

∂eP,M

∂θ2
· · · ∂eP,M

∂θN













(5.18)

By integrating the Equations 5.3 and 5.5, the calculation of gradient vector elements

is performed as

gi =
∂E

∂θi
=

∂

∂θi




1

2

P∑

p=1

M∑

m=1

e2
p,m



 =
P∑

p=1

M∑

m=1

(

∂ep,m

∂θi
ep,m

)

(5.19)

By synthesizing Equations 5.18 and 5.19, the Jacobian matrix J relation with

gradient vector g is described as

g = Je (5.20)

where e is error vector.

By inserting Equation 5.3 into 5.14, the Hessian matrix entries at ith row and jth

column can be calculated as

hi,j =
∂2E

∂θi∂θj
=

∂2

∂θi∂θj




1

2

P∑

p=1

M∑

m=1

e2
p,m



 =
P∑

p=1

M∑

m=1

(

∂ep,m

∂θi

∂ep,m

∂θj

)

+ Si,j (5.21)

where Si,j is equivalent to

Si,j =
P∑

p=1

M∑

m=1

∂2ep,m

∂θi∂θj
ep,m (5.22)
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The Hessian matrix H relationship with the Jacobian matrix J is modified by

assuming that Si,j is nearly zero

H ≈ JTJ (5.23)

By synthesizing Equations 5.17, 5.20, and (5.23), the updating rule for the

Gauss–Newton algorithm can be expressed as

θk+1 = θk −
(

JTk Jk
)

−1
Jkek (5.24)

It is evident that the Gauss–Newton algorithm offers an advantage when compared

with standard Newton’s method (Equation 5.17) as it avoids the calculation of

derivatives of second-order for the total error function, and alternatively uses the

Jacobian matrix J. However, convergence issues arise in both the Gauss-Newton and

Newton algorithms when minimizing the error space. The problem mentioned above

can be mathematically interpreted as the matrix JTJ is not necessarily invertible.

5.2.5 Levenberg-Marquardt Algorithm

The Levenberg–Marquardt algorithm provides an alternative approximation to ensure

that the estimated Hessian matrix JTJ is invertible:

H ≈ JTJ + µI (5.25)

where

• µ is termed a combination coefficient, and it is always positive.

• I is the corresponding Identity operator

According to the Equation (5.25), it is evident that the entries corresponding to

the main diagonal of the estimated Hessian matrix will be nonzero. Hence, with the

said approximation, it can be guaranteed that the matrix H is always invertible.

By combining Equations (5.24) and (5.25), the update rule for the
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Levenberg–Marquardt algorithm can be expressed as

θk+1 = θk −
(

JTk Jk + µI
)

−1
JTk ek (5.26)

The Levenberg-Marquardt algorithm combines the steepest descent and Gauss-Newton

algorithms. During training, it alternates between the two algorithms mentioned

above. When the combination coefficient µ advances toward zero, Equation (5.26)

approaches Equation (5.24) and the Gauss–Newton algorithm is employed. On the

contrary, Equation (5.26) approximates Equation 5.6, when the combination coefficient

µ is very large, and the steepest descent technique is utilized accordingly.

Moreover, the combination coefficient µ in Equation (5.26) can be defined as the

learning coefficient:

α =
1

µ
(5.27)

Table 5.1: Technical Aspects of Different Algorithms

Algorithms Rules for Parameter Update Convergence Derivative

Information

Required

EBP

algorithm

θk+1 = θk − αgk Slow but

stable

Gradient

Newton

algorithm

θk+1 = θk − H−1
k gk Fast but

unstable

Hessian and

Gradient

Gauss

Newton

algorithm

θk+1 = θk − (JTk Jk)
−1Jkek Fast but

unstable

Jacobian

Levenberg

Marquardt

algorithm

θk+1 = θk − (JTk Jk + µI)−1Jkek Fast and

stable

Jacobian
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5.3 Simulation Results of Adaptive Back Propagation SMC

(ABPSMC)

The BP optimization scheme is implemented on a feedforward network. Similar to

SMC, the performance of the Feedforward NN using the BP optimization scheme is

also evaluated in Simulink/Matlab. The system parameters are the same as those

used in the SMC evaluation. The initial conditions, as well as the simulation settings,

are also the same as those used in the SMC evaluation.

The network has two hidden layers, each with 16 neurons. Learning rate α has the

value of 0.001, and the maximum number of epochs is 1000. Moreover, it could also

stop if the gradient fell below 1e-6. The total dataset comprises 1 million samples, with

two input features (error and error dot), and one output feature: Adaptive Modulation

Gain. The dataset was split into three portions: a 70 percent training set, a 15 percent

testing set, and a 15 percent validation set. A total of six neural networks are trained,

with one independent NN trained for each state (x, y, z, roll, pitch, yaw).

5.3.1 Simulation Results

Similar to SMC, the performance of the Feedforward NN using the LM optimization

scheme is also evaluated in Simulink/Matlab. The system parameters are the same as

those used in the SMC evaluation. The initial conditions and simulation settings are

identical to those used in the SMC evaluation.

The graph in Figure 5.2 shows the performance of the Feedforward NN, trained

using the BP optimization scheme for longitudinal position control of quadrotor UAV

over a 100-second time frame window. The solid red line represents the desired

longitudinal position, while the dotted black line represents the actual longitudinal

position achieved by the quadrotor. As depicted by the plot, the error between the

actual and desired trajectories is minimal. The actual position trajectory is almost

identical to the desired position throughout the entire time frame, indicating the

controller’s high accuracy and robustness. Furthermore, no phase lag is found, and

overshoot is nearly zero. Overall, the system remains stable, no divergence, oscillation
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buildup, or drift is observed.

Figure 5.2: Longitudinal Position Control Using ABPSMC

The graph in Figure 5.3 shows the performance of the Feedforward NN, trained

using the BP optimization scheme for lateral position control of quadrotor UAV over

a 100-second time frame window. The solid red line represents the desired lateral

position, while the dotted black line represents the actual lateral position achieved

by the quadrotor. As depicted by the plot, the error between the actual and desired

trajectories is minimal. The actual position trajectory is almost identical to the

desired position throughout the entire time frame, indicating the controller’s high

accuracy and robustness. Furthermore, no phase lag is found, and overshoot is nearly

zero. Overall, the system remains stable, no divergence, oscillation buildup, or drift

is observed. The plot in Figure 5.4 represents the performance of altitude control

for a quadrotor UAV. The solid red line represents the desired altitude, while the

dotted black line represents the actual altitude attained by the quadrotor. The desired

result is achieved by FNN using the BP optimization scheme. No delay, overshoot,

oscillation buildup, or drift is observed at any point in the simulation.
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Figure 5.3: Lateral Position Control Using ABPSMC

Figure 5.4: Altitude Control Using ABPSMC
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The plot in Figure 5.5 represents the performance of yaw angle control for a

quadrotor UAV. The solid red line represents the desired yaw angle, while the dotted

black line represents the actual yaw angle attained by the quadrotor. The yaw angle

is traced perfectly by the Feedforward NN, trained using the BP optimization scheme.

No delay, overshoot, oscillation buildup, or drift is observed at any point in the

simulation.

Figure 5.5: Yaw Angle Control Using ABPSMC

The 3D trajectory plot in Figure 5.6 depicts the performance of quadrotor UAV

tracking in a helical/spiral path in the x,y,z (3D) space. The solid red line shows the

desired trajectory, while the dotted black line illustrates the actual trajectory followed

by the UAV. From the plot in Figure 5.6, it is evident that the quadrotor has followed

the desired 3D trajectory accurately. No delay, overshoot, oscillation buildup, or drift

is observed at any point in the simulation.

Plot in Figure 5.7 represents the control input U1(N), which is the total trust

generated by the rotors to counteract gravity and control vertical motion (altitude).

As shown in Figure, initial spike of approximately 10.88N is required to counteract
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Figure 5.6: 3D Maneuvering of Quadrotor UAV using ABPSMC

gravity (m = 1.1 kg x g = 9.81 m/s2 = 10.79N) and initiate vertical motion. In

the current scenario, the quadrotor is not only ascending vertically but also moving

along a circular x-y path, resulting in an overall 3D helical trajectory. Furthermore, a

quadrotor is a coupled system, exhibiting a strong coupling between the x, y, roll, and

pitch states. At time t = 20 sec the desired longitudinal position xd raises from 0 to a

positive value as depicted in Figure 5.2, while, lateral position yd drops from 0 to a

negative value at the same time as can be seen in Figure 5.3. To generate the motions

in x & y directions, the quadrotor tilts. As a result of this tilt, the thrust vector

is no longer purely vertical. Therefore, more thrust is required to maintain upward

acceleration. Once this phase is over, the control input U1 settles into a periodic

oscillation pattern around the nominal thrust level (approximately 10.79 Nm).

Figure 5.8 shows the evolution of control effort U2 ( N.m) with respect to time t (in

seconds) for a quadrotor UAV. In quadrotor UAV U2, typically represents roll torque,

which adjusts its orientation about its longitudinal axis. Plot depicts that from t = 0

to t ≈ 20 seconds, the control input U2 remains 0. It implies that no corrective roll

85



Figure 5.7: ABPSMC Control Input: U1

Figure 5.8: ABPSMC Control Input: U2
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torque is required around the longitudinal axis, as cross verifies from Figure 5.2. At

t = 20 seconds, sharp control action occurs as the desired longitudinal position rapidly

changes at that instant. This indicates the need for immediate torque correction.

From t > 25 to t = 100 seconds, damped oscillations can be observed which settle

into a more periodic manner. These oscillations indicate the tracking of a sinusoidal

trajectory. The rapid damping indicates effective control and stabilization. The

rapid damping indicates effective control and stabilization. The periodic oscillations

exhibit a smooth and regular waveform, indicating a stable controller response. The

waveform’s constant amplitude over time in this region suggests that the system is

neither drifting nor diverging.

Figure 5.9: ABPSMC Control Input: U3
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Figure 5.10: ABPSMC Control Input: U4

5.4 Simulation Results of Adaptive Levenberg-Marquardt

SMC (ALMSMC)

The LM optimization scheme is implemented on a feedforward network. The network

has one hidden layer with 16 neurons. Combination coefficient µ has the value of

0.01, and the maximum number of epochs is 1000. Moreover, it could also stop if

the gradient fell below 1e-6. The total dataset comprises 1 million samples, with two

input features (error and error dot), and one output feature: Adaptive Modulation

Gain. The dataset was split into three portions: a 70 percent training set, a 15 percent

testing set, and a 15 percent validation set. A total of six neural networks are trained,

with one independent NN trained for each state (x, y, z, roll, pitch, yaw). The output

dataset for each NN training is generated from the respective adaptive law equations,

defined by Equation 4.71. Similarly, the input dataset for each NN is tracking error of

state and its derivative, denoted by e and ė, respectively.
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5.4.1 Simulation Results

Similar to SMC, the performance of the Feedforward NN using the LM optimization

scheme is also evaluated in Simulink/Matlab. The system parameters are the same as

those used in the SMC evaluation. The initial conditions and simulation settings are

identical to those used in the SMC evaluation.

The graph in Figure 5.11 shows the performance of the Feedforward NN, trained

using the LM optimization scheme for longitudinal position control of quadrotor

UAV over a 100-second time frame window. The solid red line represents the desired

longitudinal position, while the dotted black line represents the actual longitudinal

position achieved by the quadrotor. As depicted by the plot, the error between the

actual and desired trajectories is minimal. The actual position trajectory is almost

identical to the desired position throughout the entire time frame, indicating the

controller’s high accuracy and robustness. Furthermore, no phase lag is found, and

overshoot is nearly zero. Overall, the system remains stable, no divergence, oscillation

buildup, or drift is observed.

The graph in Figure 5.12 shows the performance of the Feedforward NN, trained

using the LM optimization scheme for lateral position control of quadrotor UAV over

a 100-second time frame window. The solid red line represents the desired lateral

position, while the dotted black line represents the actual lateral position achieved

by the quadrotor. As depicted by the plot, the error between the actual and desired

trajectories is minimal. The actual position trajectory is almost identical to the

desired position throughout the entire time frame, indicating the controller’s high

accuracy and robustness. Furthermore, no phase lag is found, and overshoot is nearly

zero. Overall, the system remains stable, no divergence, oscillation buildup, or drift is

observed. The plot in Figure 5.13 represents the performance of yaw angle control

for a quadrotor UAV. The solid red line represents the desired yaw angle, while the

dotted black line represents the actual yaw angle attained by the quadrotor. The yaw

angle is traced perfectly by SMC. No delay, overshoot, oscillation buildup, or drift is

observed at any point in the simulation.
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Figure 5.11: Longitudinal Position Control Using ALMSMC

Figure 5.12: Lateral Position Control Using ALMSMC
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Figure 5.13: Altitude Control Using ALMSMC

The plot in Figure 5.14 represents the performance of yaw angle control for a

quadrotor UAV. The solid red line represents the desired yaw angle, while the dotted

black line represents the actual yaw angle attained by the quadrotor. The yaw angle is

traced perfectly by SMC. No delay, overshoot, oscillation buildup, or drift is observed

at any point in the simulation.

The 3D trajectory plot in Figure 5.15 depicts the performance of quadrotor UAV

tracking in a helical/spiral path in the x,y,z (3D) space. The solid red line shows the

desired trajectory, while the dotted black line illustrates the actual trajectory followed

by the UAV. From the plot in Figure 5.15, it is evident that the quadrotor has followed

the desired 3D trajectory accurately. No delay, overshoot, oscillation buildup, or drift

is observed at any point in the simulation.
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Figure 5.14: Yaw Angle Control Using ALMSMC

Figure 5.15: 3D Maneuvering of Quadrotor UAV using ALMSMC
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Figure 5.16: ALMSMC Control Input: U1

Plot in Figure 5.25 represents the control input U1, which is the total trust generated

by the rotors to counteract gravity and control vertical motion (altitude). As shown

in Figure, initial spike of approximately 10.88N is required to counteract gravity

(m = 1.1 kg x g = 9.81 m/s2 = 10.79N) and initiate vertical motion. In the current

scenario, the quadrotor is not only ascending vertically but also moving along a circular

x-y path, resulting in an overall 3D helical trajectory. Furthermore, a quadrotor is a

coupled system, exhibiting a strong coupling between the x, y, roll, and pitch states.

At time t = 20 sec the desired longitudinal position xd(t) raises from 0 to a positive

value as depicted in Figure 5.11, while, lateral position yd(t) drops from 0 to a negative

value at the same time as can be seen in Figure 5.12. To generate the motions in x &

y directions, the quadrotor tilts. As a result of this tilt, the thrust vector is no longer

purely vertical. Therefore, more thrust is required to maintain upward acceleration.

Once this phase is over, the control input U1 settles into a periodic oscillation pattern

around the nominal thrust level (approximately 10.79 Nm).
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Figure 5.17: ALMSMC Control Input: U2

Figure 5.26 shows the evolution of control effort U2 ( N.m) with respect to time

t (in seconds) for a quadrotor UAV. In quadrotor UAV U2, typically represents roll

torque, which adjusts its orientation about its longitudinal axis. Plot depicts that

from t = 0 to t ≈ 20 seconds, the control input U2 remains 0. It implies that no

corrective roll torque is required around the longitudinal axis, as cross verifies from

Figure 5.11. At t = 20 seconds, sharp control action occurs as the desired longitudinal

position rapidly changes at that instant. This indicates the need for immediate torque

correction. From t > 25 to t = 100 seconds, oscillations can be observed which

settle into a more periodic manner. These oscillations exhibit a smooth and regular

waveform, indicating that periodic oscillations reflect a stable controller response. The

waveform’s constant amplitude over time in this region suggests that the system is

neither drifting nor diverging.

Figure 5.27 shows the evolution of control effort U3 ( N.m) with respect to time

t (in seconds) for a quadrotor UAV. In a quadrotor UAV U3, typically represents

pitch torque, which adjusts its orientation about its lateral axis. Plot depicts that
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from t = 0 to t ≈ 20 seconds, the control input U3 remains 0. It implies that no

corrective pitch torque is required around the lateral axis, as cross-verified from Figure

5.12. At t = 20 seconds, there is a sharp spike in U3. This indicates the need for

immediate torque correction, as the desired lateral position rapidly changes at that

instant. From t > 25 seconds onward, oscillations can be observed which settle into

a more periodic manner. These oscillations indicate the tracking of a sinusoidal

trajectory. The periodic oscillations exhibit a smooth and regular waveform, indicating

a stable controller response. The waveform’s constant amplitude over time in this

region suggests that the system is neither drifting nor diverging.

Figure 5.28 shows the evolution of control effort U4 ( N.m) with respect to time

t (in seconds) for a quadrotor UAV. In the quadrotor UAV U4, responsible for yaw

control, which adjusts its orientation about the vertical z axis. This affects the UAV’s

heading. As shown in the Figure, the Initial two positive and negative spikes, each

approximately 0.25 N · m in magnitude, within the first 20 seconds, represent a

sudden change in the yaw setpoint. This rapid change in yaw angle control can be

counterchecked from Figure 5.14. It can be seen that the desired yaw angle abruptly

changes from 0 to 1 radian and back to 0 radian over the first 20 seconds. To meet

the yaw-angle target, the control input U4 is applied. Time from t ≈ 20 onward, the

control input U4 remains stable with small periodic oscillations centered around 0 N.m.

These minor yaw corrections indicate that the UAV maintains a stable heading while

exhibiting only minor periodic motions, possibly due to coupled roll or pitch motions.
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Figure 5.18: ALMSMC Control Input: U3

Figure 5.19: ALMSMC Control Input: U4
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5.5 Simulation Results of Adaptive Radial Basis Function

Sliding Model Control (ARBFSMC)

Similar to SMC, the performance of the ARBFSMC scheme is also evaluated in

Simulink/Matlab. The system parameters are the same as those used in the SMC

evaluation.

The graph in Figure 5.20 shows the performance of the RBFNN scheme for

longitudinal position control of quadrotor UAV over a 100-second time frame window.

The solid red line represents the desired longitudinal position, while the dotted black

line represents the actual longitudinal position achieved by the quadrotor.

Figure 5.20: Longitudinal Position Control Using ARBFSMC

As depicted by the plot, for the time interval from t = 0 to t = 20 seconds, the

desired trajectory remains constant at 0. From t > 20 seconds onward, as the desired

trajectory changes, the actual trajectory initially shows a slight lag. This is due

to system dynamics (response delay). After a short transient, the actual trajectory

97



closely matches the desired trajectory throughout the entire time frame, indicating

the controller’s high accuracy and robustness. Furthermore, no phase lag is found,

and overshoot is nearly zero. Overall, the system remains stable, with no divergence,

oscillation buildup, or drift observed.

The graph in Figure 5.21 shows the performance of the RBFNN scheme for lateral

position control of quadrotor UAV over a 100-second time frame window. As depicted

by the plot, the error between the actual and desired trajectories is minimal. The actual

position trajectory is almost identical to the desired position throughout the entire

time frame, indicating the controller’s high accuracy and robustness. Furthermore, no

phase lag is found, and overshoot is nearly zero. Overall, the system remains stable,

with no divergence, oscillation buildup, or drift observed.

Figure 5.21: Lateral Position Control Using ARBFSMC

The plot in Figure 5.22 represents the performance of the RBFNN scheme-based

altitude controller. The desired altitude is achieved perfectly. No delay, overshoot,

oscillation buildup, or drift is observed at any point in the simulation.
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Figure 5.22: Altitude Control Using ARBFSMC

The plot in Figure 5.23 represents the performance of yaw angle control for a

quadrotor UAV. The yaw angle is traced perfectly by SMC. No delay, overshoot,

oscillation buildup, or drift is observed at any point in the simulation.

The 3D trajectory plot in Figure 5.24 depicts the performance of quadrotor UAV

tracking in a helical/spiral path in the x,y,z (3D) space. The solid red line shows the

desired trajectory, while the dotted black line illustrates the actual trajectory followed

by the UAV. From the plot in Figure 5.24, it is evident that the quadrotor has followed

the desired 3D trajectory accurately. No delay, overshoot, oscillation buildup, or drift

is observed at any point in the simulation.
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Figure 5.23: Yaw Angle Control Using ARBFSMC

Figure 5.24: 3D Maneuvering of Quadrotor UAV Using ARBFSMC
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Figure 5.25: ARBFSMC Control Input: U1

Plot in Figure 5.25 represents the control input U1, which is the total trust

generated by the rotors to counteract gravity and control vertical motion (altitude).

As shown in Figure, initial spike of approximately 10.88N is required to counteract

gravity (m = 1.1 kg x g = 9.81 m/s2 = 10.79N) and initiate vertical motion. In the

current scenario, the quadrotor is not only ascending vertically but also moving along

a circular x-y path, resulting in an overall 3D helical trajectory. Furthermore, a

quadrotor is a coupled system, exhibiting a strong coupling between the x, y, roll, and

pitch states. At time t = 20 sec, the desired longitudinal position xd(t) changes from

0 to a positive value as depicted in Figure 5.20. Similarly, the lateral position yd(t)

drops from 0 to a negative value at t = 25 sec, the same can be seen in Figure 5.21.

To generate the motions in x & y directions, the quadrotor tilts. As a result of this

tilt, the thrust vector is no longer purely vertical. Therefore, more thrust is required

to maintain upward acceleration. Once this phase is over, the control input U1 settles

into a periodic oscillation pattern around the nominal thrust level (approximately

10.79 N).
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Figure 5.26: ARBFSMC Control Input: U2

Figure 5.26 shows the evolution of control input U2 ( N.m) with respect to time

t (in seconds) for a quadrotor UAV. In quadrotor UAV U2, typically represents roll

torque, which adjusts its orientation about its longitudinal axis. Plot depicts that

from t = 0 to t ≈ 20 seconds, the control input U2 remains 0. It implies that no

corrective roll torque is required around the longitudinal axis, as cross verifies from

Figure 5.11. At t = 20 seconds, there is a sharp spike in U2. This indicates the

need for immediate torque correction, as the desired longitudinal position rapidly

changes at that instant. From t > 25 to t = 100 seconds, oscillations can be observed

which settle into a more periodic manner. These oscillations indicate the tracking of a

sinusoidal trajectory. The periodic oscillations exhibit a smooth and regular waveform,

indicating a stable controller response. The waveform’s constant amplitude over time

in this region suggests that the system is neither drifting nor diverging.

Figure 5.27 shows the evolution of control effort U3 ( N.m) with respect to time t

(in seconds) for a quadrotor UAV. In a quadrotor UAV U3, typically represents pitch

torque, which adjusts its orientation about its lateral axis. Plot depicts that from
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t = 0 to t ≈ 20 seconds, the control input U3 remains 0. It implies that no corrective

pitch torque is required around the lateral axis, as cross-verified from Figure 5.12. At

t = 20 seconds, there is a sharp spike in U3. This indicates the need for immediate

torque correction, as the desired lateral position rapidly changes at that instant.

From t > 25 seconds onward, oscillations can be observed which settle into a more

periodic manner. These oscillations indicate the tracking of a sinusoidal trajectory.

The periodic oscillations exhibit a smooth and regular waveform, indicating a stable

controller response. The constant amplitude of the waveform over time in this region

suggests that the system is neither drifting nor diverging.

Figure 5.28 shows the evolution of control effort U4 ( N.m) with respect to time

t (in seconds) for a quadrotor UAV. In the quadrotor UAV U4, responsible for yaw

control, which adjusts its orientation about the vertical z axis. This affects the UAV’s

heading. As shown in the Figure, the Initial two positive and negative spikes, each

approximately 0.25 N · m in magnitude, within the first 20 seconds, represent a

sudden change in the yaw setpoint. This rapid change in yaw angle control can be

counterchecked from Figure 5.14. It can be seen that the desired yaw angle abruptly

changes from 0 to 1 radian and back to 0 radian over the first 20 seconds. To meet

the yaw angle target, the control input U4 is applied. Time from t ≈ 20 onward, the

control input U4 remains stable with small periodic oscillations centered around 0 N.m.

These minor yaw corrections indicate that the UAV maintains a stable heading while

exhibiting only minor periodic motions, possibly due to coupled roll or pitch motions.
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Figure 5.27: ARBFSMC Control Input: U3

Figure 5.28: ARBFSMC Control Input: U4
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5.6 Adaptve Gains

The Figure 5.29 illustrates the time responses of the nonlinear adaptive gains obtained

from the ARBFSMC scheme to mitigate the effects of lumped disturbances. The

adaptive gains K1 and K2 regulate the longitudinal and lateral translational dynamics,

respectively, while K3 governs the altitude position. The rotational dynamics about

the roll, pitch, and yaw axes are controlled by the adaptive gains K4, K5, and K6,

respectively.

Figure 5.29: Adaptive Gains

Summary

This chapter presents adaptive NN–based control schemes for nonlinear gain estimation

within the SMC framework. Three NN-based controllers, ABPSMC, ALMSMC, and

ARBFSMC, are employed to estimate the adaptive nonlinear gains online. Extensive

simulations are conducted for each controller to evaluate its longitudinal, lateral,
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altitude, roll, pitch, and yaw control performance. The results demonstrate improved

tracking accuracy, smoother system response, reduced chattering amplitude, and

reduced control effort compared to conventional nonlinear control schemes.
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Chapter 6

SMC and NN-Based Controller Comparison

The Figure 6.1 represents the performance of longitudinal position control for four

different control schemes. One of them is the conventional SMC, which has fixed

gains, while the other three are NN-based schemes. Plots in the Figure confirm

the effectiveness of neural network–based controllers in improving adaptive SMC

modulation gain optimization. The SMC exhibits the most significant tracking

deviations/errors, particularly near the peaks of the sinusoidal input, due to the

high fixed gains used to address uncertain disturbances. In contrast, ABPSMC and

ALMSMC exhibit greater tracking precision than SMC. ALMSMC offers balanced,

stable performance. The ARBFSMC provides the closest approximation to the

reference trajectory, thereby validating its superior accuracy, though a slight overshoot

is observed in some instances. These results corroborate the quantitative error analysis

presented in Table 6.1.
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Figure 6.1: Longitudinal Position Control

The Figure 6.2 represents the performance of lateral position control for four

different control schemes. One of them is the conventional SMC, which has fixed

gains, while the other three are NN-based schemes. Plots in the Figure confirm

the effectiveness of neural network–based controllers in improving adaptive SMC

modulation gain optimization. The SMC exhibits the most significant tracking

deviations/errors, particularly near the peaks of the sinusoidal input, due to the

high fixed gains used to address uncertain disturbances. In contrast, ABPSMC and

ALMSMC exhibit greater tracking precision than SMC. ALMSMC offers balanced,

stable performance. The ARBFSMC provides the closest approximation to the

reference trajectory, thereby validating its superior accuracy, though a slight overshoot

is observed in some instances. These results validate the quantitative error analysis

presented in Table 6.1.
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Figure 6.2: Lateral Position Control

Figure 6.3 illustrates the altitude tracking performance of various control strategies,

including SMC, ABPSMC, ALMSMC, and ARBFSMC. Altitude tracking of these

control schemes is compared to the Reference trajectory. From the plot, it is evident

that all four controller schemes successfully achieved the desired altitude perfectly. No

delay, overshoot, oscillation buildup, or drift is observed at any point in the simulation.

The graph almost overlaps with the Reference.
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Figure 6.3: Altitude Control

Figure 6.4 shows the yaw angle response for various control strategies against

the Reference trajectory. All controllers accurately followed the reference command,

indicating effective tracking performance and robustness. Among these, SMC achieves

good accuracy but exhibits relatively sharper control action, while ABPSMC and

ALMSMC provides smoother responses with reduced fluctuations. The ARBFSMC

performed the best among all control schemes, maintaining the closest tracking to the

Reference with minimal error and superior smoothness.
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Figure 6.4: Yaw Angle Control

The Figure 6.5 presents the control input response U1 generated by SMC, ABPSMC,

ALMSMC, and ARBFSMC over a simulation time of 100 seconds. Initially, all

controllers exhibit an adjustment phase, stabilizing near the operating point of

approximately 10.8 N. The SMC response exhibits oscillatory behavior with relatively

high amplitude chattering, a well-known drawback of classical SMC. In contrast, three

NN-based controllers, ABPSMC, ALMSMC, and ARBFSMC, effectively reduced

chattering. Among these, ABPSMC and ALMSMC provide smoother control efforts

after the transient phase. However, ARBFSMC introduces some high spikes in the

early stage (around 20–30 seconds) before settling into an oscillatory pattern. Overall,

the results indicate that NN-based adaptive SMC strategies can mitigate the excessive

chattering typically associated with classical SMC, thereby achieving smoother control

inputs. However, ARBFSMC exhibits higher transient fluctuations compared to

ABPSMC and ALMSMC, suggesting a trade-off between learning capability and

transient robustness.
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Figure 6.5: Control Input: U1

The Figure 6.6 shows the control input U2 generated by classical SMC, and three

ASMC schemes, namely ABPSMC, ALMSMC, ARBFSMC, for adaptive modulation

gain optimization, over a simulation time of 100 seconds. The classical SMC exhibits

high-amplitude oscillations and persistent chattering throughout the simulation, with

the torque oscillating between 2.5 and 3 N·m after 20 seconds. This behavior is

due to fixed controller gains in SMC, which enforce a high control effort even when

the external disturbances disappear or when no significant correction in roll and

pitch is required, thereby reducing efficiency and increasing energy consumption. In

contrast, the neural network–based controllers produce smoother control signals with

significantly reduced amplitudes. Both ABPSMC and ALMSMC generate negligible

torque demand, remaining close to zero after the transient phase, highlighting their

efficiency and stability. The ARBFSMC, while maintaining a much smaller amplitude

than SMC, exhibits periodic oscillations and transient fluctuations between 20–30

seconds before stabilizing into a lower-amplitude pattern. These results demonstrate

that integrating neural networks with SMC effectively suppresses the chattering
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phenomenon and reduces control effort, thereby improving actuator efficiency. Among

the tested strategies, ABPSMC and ALMSMC yield the smoothest and most stable

control responses, whereas ARBFSMC achieves acceptable performance with some

additional oscillatory behavior.

Figure 6.6: Control Input: U2

This Figure 6.7 illustrates the control input response of U3 under different control

strategies. U3 corresponds to the pitch torque. At the moment time t = 25 seconds,

the classical SMC produces a very high control effort, resulting in a sharp spike in

U3. This indicates the need for immediate torque correction, as the desired lateral

position rapidly changes at that instant. From t > 25 seconds onward, oscillations

can be observed which settle into a more periodic manner. These oscillations indicate

the tracking of a sinusoidal trajectory. The periodic oscillations exhibit a smooth

and regular waveform, indicating a stable controller response. Moreover, due to

the fixed gains of SMC, the torque remains high and oscillatory even when the

disturbance vanishes or no further corrective yaw action is required. This results in
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unnecessary actuator activity and increased energy consumption. On the other hand,

the neural network–based approaches demonstrate significantly smoother control

responses. Both the ABPSMC and ALMSMC yields stable torque outputs with

negligible oscillations, ensuring efficient yaw regulation without imposing excessive

actuator demand. The ARBFSMC response also shows improved behavior compared

to SMC, though with small-amplitude fluctuations. Overall, these results confirm that

neural network–augmented controllers are more effective at reducing chattering and

maintaining control efficiency than conventional SMC.

Figure 6.7: Control Input: U3

The Figure 6.8 shows the control input U4, corresponding to the yaw torque,

generated by the classical SMC, and three NN-based ASMC schemes (ABPSMC,

ALMSMC, ARBFSMC) for adaptive modulation-gain optimization over a simulation

time of 100 seconds. The yaw reference signal is a step command lasting 5 to 15

seconds. To follow the reference, conventional SMC exhibits sharp and discontinuous

spikes in control effort. This behavior reflects the SMC’s inherent sensitivity to abrupt

114



reference transitions and its reliance on fixed gains; consequently, the classical SMC

produces high control input spikes even when minimal yaw correction is required or

when external disturbances are negligible. As a result, the actuator remains active

with an unnecessarily high torque demand, leading to increased energy consumption

and potential wear and tear. In contrast, NN-based controllers exhibit substantially

smoother, more adaptive control behavior. Both ABPSMC and ALMSMC effectively

attenuates the transient oscillations triggered by the step change in yaw reference and

exhibits rapid convergence, approximating zero control effort after the reference is

deactivated, indicating efficient disturbance rejection and minimal chattering. The

ARBFSMC also provides a significant reduction in oscillatory behavior compared to

SMC, although minor fluctuations persist during the initial transient. In general, the

neural network demonstrates clear superiority in regulating the yaw torque, effectively

mitigating chattering, reducing control effort, and enhancing robustness against both

reference and disturbance variations.

Figure 6.8: Control Input: U4
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The performance comparison of the SMC and the NN-based adaptive SMCs

(ABPSMC, ALMSMC, and ARBFSMC) is presented in Table 6.1. The evaluation is

performed across the four control axes (X, Y, Z, and Yaw) using four error metrics.

Integral Absolute Error (IAE), Integral Time Absolute Error (ITAE), and Root Mean

Square Error (RMSE).

Table 6.1: Comparison of SMC and NN–Based Controllers Using Error Indices

Axis Controller IAE ITAE RMSE

X

SMC 4.6284 277.4674 0.0577

ABPSMC 1.5166 89.4698 0.0193

ALMSMC 1.3525 80.2496 0.0170

ARBFSMC 1.2893 53.1388 0.0390

Y

SMC 4.2920 264.8235 0.0552

ABPSMC 1.8697 117.0607 0.0242

ALMSMC 1.7117 107.8144 0.0221

ARBFSMC 0.7324 38.6584 0.0101

Z

SMC 0.0315 0.1138 0.0015

ABPSMC 0.0392 0.1611 0.0015

ALMSMC 0.4137 10.7319 0.0056

ARBFSMC 0.0034 0.0256 0.0002

Yaw

SMC 0.0025 0.0518 0.0002

ABPSMC 0.1475 2.2409 0.0097

ALMSMC 0.1284 2.0285 0.0087

ARBFSMC 0.1812 2.3230 0.0122

For the longitudinal control, the conventional SMC exhibits the highest error values

across all metrics, indicating larger tracking deviations and less effective regulation
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during translational motion tracking. The integration of neural networks with the

adaptive SMC framework significantly improves performance, resulting in substantial

reductions in both IAE and ITAE. Among the neural network–based controllers, the

ARBFSMC achieves the lowest IAE (1.2893) and ITAE (53.1388), demonstrating its

strong nonlinear mapping capability and efficient learning of system dynamics. The

ALMSMC and ABPSMC exhibit notable improvements over the conventional SMC,

with the ALMSMC performing slightly better than the ABPSMC. Overall, ARBFSMC

shows superior tracking accuracy and faster error convergence.

For the lateral control, the conventional SMC again yields the highest error values

across all metrics, reflecting greater tracking deviations and slower convergence in

lateral motion. The incorporation of neural networks into the adaptive SMC framework

significantly improves performance, resulting in substantial reductions in both transient

and steady-state errors. Among the neural network–based controllers, the ARBFSMC

achieves the lowest IAE (0.7324) and ITAE (38.6584), indicating superior nonlinear

approximation capability and smoother control actions. The ALMSMC and ABPSMC

also show improved results compared to the conventional SMC, with the ALMSMC

performing slightly better than the ABPSMC. Overall, the ARBFSMC exhibits the

most precise and stable tracking performance along the Y-axis.

For altitude control, all controllers exhibit high precision due to the relatively

decoupled nature of vertical dynamics. However, the ARBFSMC achieves the lowest

error across all metrics, with IAE of 0.0034 and ITAE of 0.0256, and RMSE of

0.0002, demonstrating exceptional accuracy and fast convergence. The ALMSMC

and ABPSMC controllers perform satisfactorily but exhibit slightly higher ITAE

values, indicating a slower decay of residual errors. The conventional SMC maintains

acceptable performance but is comparatively less precise than the NN–based controllers

in handling vertical motion.

For the Yaw angle control, the conventional SMC exhibits the lowest errors across

all metrics, with an IAE of 0.0025 and RMSE of 0.0002, indicating superior precision

and effective orientation control. The neural network–based adaptive SMC controllers

also perform satisfactorily, maintaining low error magnitudes with minor variations.
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Among them, the ALMSMC exhibits slightly better accuracy than the ABPSMC

and ARBFSMC, reflecting its strong learning efficiency for rotational dynamics. The

marginal difference between the SMC and NN-based controllers suggests that the

conventional SMC is already well-tuned for yaw regulation, leaving limited scope for

further improvement through neural adaptation.

Summary

This chapter presents a comprehensive comparison between conventional SMC

and NN-based controllers, including ABPSMC, ALMSMC, and ARBFSMC. The

comparison is performed using quantitative performance indices for longitudinal,

lateral, altitude, and yaw dynamics. Error-based metrics show that NN-based

controllers consistently achieve improved tracking accuracy, with lower tracking errors

and reduced control effort compared to classical SMC. The comparative results show

that ARBFSMC yields the lowest error indices in most motion axes, reflecting its

superior nonlinear gain adaptation capability in the presence of external disturbances.

Overall, the results confirm the effectiveness of NN-based adaptive control schemes.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

This research presents the design & development of three NN-enhanced ASMC schemes,

namely ABPSMC, ALMSMC, and ARBFSMC. The three developed controllers are

evaluated in a performance comparison with one another and with the conventional

SMC. The comparative analysis demonstrated that integrating neural networks with

the adaptive framework significantly enhances control accuracy and robustness across

all control axes. The proposed adaptive architectures effectively minimized tracking

errors, improved transient performance, and mitigated chattering while maintaining

strong robustness against parameter uncertainties and external disturbances.

Among the evaluated models, the ARBFSMC demonstrated superior performance

in most cases. This highlights the efficacy of data-driven learning in adaptively

tuning the nonlinear controller gain, thereby enhancing the precision, adaptability, and

stability of the nonlinear UAV control system. Importantly, integrating ASMC with

NN-based intelligent mechanisms provides a robust approach to controlling complex

dynamic process plants subject to nonlinearities and time-varying perturbations.

7.2 Future Work

Although the proposed framework demonstrated significant improvements, several

promising research extensions can be envisioned. Future work may focus on integrating

advanced deep learning architectures, such as long short-term memory (LSTM)

networks and transformer-based models, to better capture temporal dependencies and

enhance the adaptive estimation of controller gains under rapidly varying dynamics.

In addition, the integration of reinforcement learning and hybrid data-driven strategies

could facilitate autonomous tuning of controller parameters, enabling real-time

self-optimization across diverse operational and environmental conditions.
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Another promising avenue is to extend the proposed methodology to cooperative

multi-agent UAV systems by utilizing data-driven ASMC for tasks such as formation

control, coordinated navigation, and fault-tolerant operations. Additionally, future

research may explore scaling the framework to larger and more complex aerial or

robotic platforms to demonstrate its robustness, computational efficiency, and practical

applicability in autonomous flight and intelligent control missions.
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