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ABSTRACT 

Dynamical Properties of Specific Black Holes 
  

The present thesis comprises the study of three dynamical phenomenon such as thermal 

fluctuations, accretion and tidal forces of black holes/regular black holes. 

We consider the logarithmic corrected entropy in order to analyze the thermal 

fluctuations. We examine the effects of thermal fluctuations on a regular black hole of 

the non-minimal Einstein-Yang-Mill theory with gauge field of magnetic Wu-Yang 

type and a cosmological constant. We investigate the first law of thermodynamics in 

the presence of logarithmic corrected entropy and non-minimal regular black hole. 

Furthermore, we discuss the thermal fluctuation problem by utilizing the higher order 

corrected entropy. We examine the thermodynamical behavior of two well-known 

black holes such as Reissner-Nordström Anti de Sitter black hole with global monopole 

and f(R) black hole in the presence of higher order corrected entropy. 

We also discuss the accretion problem in two phases. In first phase, we analyze the 

accretion onto static spherically symmetric regular black holes for specific choices of 

the equation of state parameter. The underlying regular black holes are charged regular 

black holes using the Fermi-Dirac distribution, logistic distribution, non-linear 

electrodynamics, respectively, and Kehagias-Sftesos asymptotically flat regular black 

holes. In second phase, we develop the Hamiltonian dynamical system to tackle the 

accretion problem. We investigate the accretion of test fluids onto regular black holes 

such as Kehagias-Sftesos black hole and regular black holes with Dagum distribution 

function. We analyze the accretion process when different test fluids are falling onto 

these regular black holes. The behavior of fluid flow and the existence of sonic points 

is being checked for these regular black holes. 

Finally, we investigate the tidal forces occurring in a Kiselev black hole surrounded by 

radiation and dust fluids. We also solve the geodesic deviation equation for radially 

free-falling bodies toward Kiselev black hole. We explain the geodesic deviation vector 

graphically and point out the location of the event and Cauchy horizons for specific 

values of the radiation and dust parameters.   
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Introduction
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When a massive star exhausts the nuclear fuel whose burning keeps it hot, the stars

internal pressure plunges. In this way, gravity overwhelms the pressure and pulls the

star inward upon itself. The star implodes, shrinking smaller and smaller, and the

gravity on its shrinking surface becomes stronger and stronger (because of Newtons

inverse square law). Ultimately, when the star has shrunk to a few tens of kilometers

size, its gravity grows so enormous that nothing, not even light, can escape its grip

which leads to the formation of black hole (BH) [1]. Many scientist believe that BHs

are widespread in the Universe, many BHs formed in the early Universe and it might

be the result of massive star evolution. Supermassive BHs are located in the center of

many types of galaxies including active galactic nuclei, quasars and our own Milky

Way Galaxy.

In 1915, Einstein succeeded in formulating a theory of gravity obeying the general

principle of relativity, i.e., physical laws are the same in all reference frames. Ein-

stein’s basic concept was to drop Newton’s idea of a force that is responsible for the

attraction of masses. By using the mathematical instrument of differential geometry,

in which gravitation and motion of both matter and light result from the geometric

properties of space-time. In turn the geometry of space-time, the matter and light in

particular, determine its varying curvature [2]. The simplest solution that describes a

spherically symmetric, static, uncharged BH is the Schwarzschild (SH) metric which

is developed by Schwarzschild in 1916 with radius of its event horizon is named as SH

radius. In 1918, Reissner and Nordström proposed an electrically charged vacuum BH

solution referred as the Reissner-Nordström (RN) BH. In 1963, Kerr derived the new

type of uncharged rotating BH solution which is known as Kerr BH which leads to the

discovery of many charged rotating BH solutions with mass, angular momentum and

charge.

In addition, one of the major challenges in general relativity (GR) is the existence

of essential singularities (which leads to various BHs) and it looks like the common

property in most of the solutions of the Einstein field equations (EFEs). In order to

resolve this problem, regular black holes (RBHs) have been constructed. Since its
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metric is regular everywhere, essential singularities can be avoided in the solution of

EFEs. The weak energy condition (WEC) is satisfied by these RBHs while some of

these violate the strong energy condition (SEC) somewhere in space-time [3, 4]. Since

the Penrose cosmic censorship conjecture claims that singularities predicted by GR

occur, they can only form behind an event horizon, from within which no information

may reach observers outside that surface [5, 6]. Bardeen [7] made a pioneer work

who obtained a solution of EFEs without any essential singularity at origin enclosed

by an event horizon, known as Bardeen BH which satisfies WEC. Later on, Borde [8]

proved that in a large class of space-times that satisfy the WEC the existence of a RBH

requires topology change. The coupling of GR to non-linear electromagnetic theory

has brought about new sets of charged BHs, which came into the range of RBHs solu-

tion. Ayon-Beato and Garcia [9] also found such a RBH solution. Hayward [10] found

RBH solution whose static region is Bardeen-like and dynamic regions are Vadiya-

like. Berej et al. [11] constructed the first-order correction of the perturbative solution

of the coupled equations of the quadratic gravity and nonlinear electrodynamics with

the zeroth-order solution coinciding with the ones given by Ayon-Beato and Garcia.

Leonardo et al. [12] used many distribution functions (such as the logistic, Fermi-

Dirac, Dagum functions etc.) in order to obtain charged RBHs. Kehagias-Sftesos

(KS) found an asymptotically flat RBH which usually behaves like a SH-BH in Ho-

rava theory [13].

There is an interesting non-minimal coupling theory that couples the gravitational

field to other fields using cross terms of the curvature tensor, having arisen a long

time ago as alternative theories of gravity. Within these non-minimal theories, exact

solutions of stars [14, 15], wormholes [16, 17], BHs [18, 19] and regular magnetic BHs

[20] with the Wu-Yang ansatz [21, 22] have been constructed. A family of regular exact

spherically symmetric solutions of a non-minimal Einstein-Yang-Mills theory with a

gauge field of magnetic Wu-Yang and cosmological constant are presented by Balakin

et al. [23, 24]. They have suggested that these solutions and corresponding curvature

are invariant being regular everywhere.
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In the Universe, BHs are considered like thermal entities which are characterized

by macroscopic parameters, such as mass, charge and angular momentum. Thermal

properties of BHs are based on the behavior of their macroscopic quantities. Since

quantum theories have proved to be the foundation in describing all the fundamental in-

teractions in particle physics, it is natural to expect a quantum theory of gravity. How-

ever, due to the smallness of Newton’s gravitational constant, the effect of quantum

gravity will be very difficult to detect. The discovery of BH thermodynamics opened

up a test ground where quantum gravity effects could be important. Pioneer idea about

BH temperature and entropy was presented by Bekenstein [25], in which he proposed

that BH has an entropy equal to its horizon area with some finite multiple ϖ ≈ ln2
8π

for Planck units equal to unity (G = c = h̄ = kB = 1, where G, c, h̄ and kB are New-

ton’s gravitational constant, speed of light, reduced Planck constant and Boltzmann

constant, respectively). Thus, the first law of BH mechanics implies that S = ϖA and

T = ēκ with 8πϖ ē = 1 which leads to ē = 1/(ln2) and hence T = κ/(ln2). Moreover,

Bekenstein proposed the ”first law of mechanics and thermodynamics” which implies

that the term T dS is analogous to κ
8π dA, i.e., BH area and temperature are analogous to

entropy and surface gravity, respectively. But his theory was proved inconsistent with

given ϖ [26].

In addition, Hawking had a completely independent approach which is known as

Hawking Temperature [27]. He proposed that BH emits thermal radiation at tempera-

ture proportional to its surface gravity i.e.

T =
κ h̄

2πckB
,

which involves gravity, quantum mechanics and thermodynamics. Later on, he real-

ized that the idea of Bekenstein is consistent with his idea and presented BH tempera-

ture

T =
κ
2π

,

4



by finding ē = 1/2 and ϖ = 1/4. Using this value the Bekenstein entropy area rela-

tionship is given by

S = SBH =
A
4
.

This surprising result was obtained by using the approximation that the matter field

behaves quantum mechanically, while the gravitational field (metric) satisfies the EFEs

which holds good for energies below the Planck scale [27].

The concept of entropy allows us to describe the combinatorial problems in pow-

erful language of statistical mechanics. The example of computer algorithm to test

a hypothesis in lattice combinatorics is illustrated by Dethridge and Guttmann [28].

A major application of entropy occurred in information theory, likewise, Grimm [29]

applies entropy to coding theory using lattice combinatorics. Moreover, the concept

of entropy is used to find the structures of magnetohydrodynamic flow fields, which

is developed by Dewar [30]. The scope of entropy as a diagnostic tool in higher or-

der partial differential equations is constructed by [31]. Furthermore, the important

problem of max-entropy distributions over discrete set of object with observe margins

are studied by [32], which leads to the broad application in areas such as economics,

information theory, statistical physics, combinatorics, machine learning and very re-

cently, approximation algorithms. They show that how algorithms for counting can be

translated into efficient algorithms using max-entropy distributions.

Thermodynamics of BH enables us to study various important thermodynamical

quantities of solutions. One of the most important thermodynamical quantities is the

thermal stability of BH. They should be stable in dynamical and thermodynamical

frameworks due to their physical nature. The instability of BHs means that we may

ask whether it may have a phase transition or if it is completely unphysical. BHs have

higher entropy than any other object of the same volume [27, 33]. The event horizon

only allows us to explore the information about mass, charge and angular momentum

(no hair theorem) [34]. So, various BHs have same charge, mass and angular momen-

tum which is formed by different configuration of in-falling matter. These variables
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are similar to the thermodynamical variables of pressure and energy. There are many

possible configurations of a system leading to the same overall behavior. This leads

to the concept of maximum entropy of BHs [35] which needs corrections because of

quantum fluctuations and paved the way of holographic principle [36, 37]. As BH re-

duces its size due to Hawking radiation, these fluctuations become very important and

are expected to modify the standard relation between entropy and area [38].

There exists several approaches in order to evaluate such corrections. Using non-

pertubative quantum gravity, one can calculate the density of microstates for asymptot-

ically flat BHs, which leads to the construction of logarithmic corrections to standard

Bekenstein entropy-area relation [37]. In this work, the author has obtained such loga-

rithmic corrections for Banados-Teitelboim-Zanelli (BTZ) BH by calculating the exact

partition function. Cardy formula can be applied to generate logarithmic correction

terms for all BHs whose microscopic degrees of freedom are explained by conformal

field theory [39, 40]. Matter fields analysis in the presence of BHs is used to generate

logarithmic corrections for the Bekenstein entropy-area formula [41, 42]. In fact, the

corrections to the entropy of dilaton BHs are obtained, which turns out to be logarith-

mic corrections [43]. The Rademacher expansion of the partition function can also

generate such correction terms [44]. However, it is also possible to evaluate higher

order correction to BH entropy for analyzing the thermal fluctuations around the equi-

librium [35]. It is argued that the results of higher order corrections are applicable

to all classical BHs at thermodynamics equilibrium. Moreover, these corrections has

been utilized on Schwarzschild-Beltrami-de Sitter BH. It is noted that these corrections

are valid and can be applied on small fluctuations near equilibrium [45]. The effects

of thermal fluctuations have also been investigated on charged anti de sitter BHs and

modified Hayward BHs [38, 46].

A very interesting physical phenomenon in astrophysics is the accretion of fluids

onto a BH in the presence of repulsive force called dark energy (DE) which is respon-

sible for current cosmic expansion [47, 48, 49, 50]. When massive condensed objects

(e.g. black holes, neutron stars, stars etc.) try to capture a particle of the fluid from
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its surroundings, then the mass of condensed object has been effected. This process is

known as accretion of fluid by condensed object. Due to accretion, the planets and star

form inhomogeneous regions of dust and gas. Supermassive BHs exist at the center

of giant galaxies, which suggests that they could have formed through an accretion

process. It is not necessary that the mass of BH increases due to the accretion process,

sometimes in-falling matter is thrown away like cosmic rays [51]. The problem of

accretion onto a compact object was firstly investigated by Bondi using the Newtonian

theory of gravity [52]. In this extension, Michel [53] proposed its general relativistic

version by considering the steady state flow of a perfect fluid onto BH along the ra-

dial direction. The stability of Michel type accretion in the subsonic region has been

analyzed by Moncrief [54].

Further, it was suggested by Babichev et al. [55] that BH loses mass during the

accretion of phantom DE onto it. Furthermore, many authors have worked on radial

flows such as accretion of dark matter onto BHs [56] and radial accretion onto cos-

mological BHs [57, 58], for self-gravitating [59] and perturbation theories [60]. The

accretion onto an Einstein-Maxwell-Gauss-Bonnet BH has been presented in [61, 62].

The nonlinear study of a phantom scalar field accreted onto a BH was done by Gon-

zalez and Guzman [63] with the help of numerical methods. In this direction, some

works have also been done by various authors [51, 64, 65] and showed that when

phantom-like fluids accrete onto BHs, then mass of BHs decreases, respectively. Kim

and Kang [66] and Jimenez Madrid and Gonzalez-Diaz [67] studied accretion of DE

on a static BH and a Kerr-Newman BH. Sharif and Abbas [68, 69] discussed the ac-

cretion on SH de Sitter and stringy charged BHs due to phantom energy. Radiative

models of thin accretion disks for both SH and Kerr BHs in f (R) gravity are investi-

gated by Perez [70]. Cyclic, semi cyclic and heteroclinic flows near f (R), f (T ) and

general static spherically symmetric BHs are discussed in detail by [71, 72, 73]. The

framework of accretion on general static spherical symmetric BHs has been presented

by Bahamonde and Jamil [51].

With the passage of time, BH phenomena have become most fascinating in illus-
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trating the significant physical properties. For example, there exists a well-known

phenomenon in which a body experiences compression in the angular direction and

stretching in radial direction when it falls toward the event horizon of uncharged static

BHs [74]-[76]. However, for a RN-BH, a body may experience stretching in the radial

direction and compression in the angular direction, depending upon two phenomena:

(1) the location of the body, and (2) the charge to mass ratio of BH. Tidal forces change

sign in the radial or the angular direction at certain points of the RN-BH, unlike the

SH-BH [77]. Geodesic deviations of SH and RN space-times were studied in detail by

[74, 78, 79, 80, 81]. However, several BHs of GR in the non-vacuum case have also

been presented [82, 83, 84, 85], which need more physical examination. One of them

is the Kiselev BH, which shows a new set of phenomena unlike the SH-BH because

of the important complex properties [85] and this BH has been surrounded by various

types of matter depending on the equation of state (EoS) parameter ω . The Kise-

lev BH has been investigated through various phenomena, i.e., accretion [86], strong

gravitational lensing [87], thermodynamics and phase transitions [88].

In this thesis, we discuss the thermal fluctuations, accretion and tidal forces for

several BHs. We analyze the effects of thermal fluctuations on RBH of non-minimal

Einstein-Yang-Mill theory with gauge field of magnetic Wu-Yang type and a cosmo-

logical constant. We use logarithmic correction terms to discuss various thermody-

namical quantities such as pressure, entropy, specific heats, Gibb’s free energy and

Helmothz free energy of non-minimal RBH. We also utilize the higher order corrected

entropy in order to evaluate various thermodynamical properties for RN Anti de Sit-

ter (AdS) with GM and f (R) BHs. Moreover, we extend the framework of accretion

on general static spherical symmetric RBHs. We analyze the effect of mass of RBH

by choosing different values of EoS parameter. Furthermore, we use the Hamilto-

nian approach in order to discuss the accretion onto well-known RBHs. We discuss

the tidal forces in Kiselev space-time and consider its two cases which leads to Kise-

lev space-time surrounded by dust (ω = 0) and radiation (ω = 1/3). We solve the

geodesic deviation equations to observe the variation of test body in-falling radially
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toward the Kiselev BH for specific choices of dust and radiation parameter. The thesis

is organized as follows:

• In chapter two, we discuss RBH of non-minimal Einstein-Yang-Mill theory with

gauge field of magnetic Wu-Yang type and a cosmological constant, further-

more, we find logarithmic correction terms which produces various thermody-

namical quantities. We investigate the stability of non-minimal RBH using cor-

rected value of specific heat to analyze the phase transition. We also demonstrate

the grand canonical and canonical ensembles.

• Chapter three discuss the thermal fluctuations by utilizing the higher order cor-

rection terms. We analyze the thermodynamical quantities as well as stability

globally and locally for two well-known BHs, respectively.

• Chapter four, we derive general formalism for spherically static accretion pro-

cess. We discuss the critical radius, critical points (CPs), speed of sound, radial

velocities profile, energy density and rate of change of mass for RBHs.

• Chapter five provides the accretion process using Hamiltonian dynamical system

and study the system at sonic points. We discuss two RBHs: KS RBH and

RBH using Dagum Distribution Function (DDF RBH). We find the solutions for

isothermal test fluids of each RBH for different kind of fluids. We investigate

the accretion phenomena for polytropic fluid.

• In Chapter six, we discuss Kiselev BHs and its two special cases. We find the

solutions of the geodesic equations in Kiselev space-time. We derive the tidal

forces in Kiselev space-time on a neutral body in radial free fall.

• Concluding remarks are given in chapter seven.
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Chapter 2

Basic Concepts
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In this chapter, we provide some basic background require to understand the present

thesis.

2.1 Black Hole

A BH is a region in spacetime where the gravitational field are immensely strong that

no matter or light rays leave this region and escape to infinity [89]. BHs are intrin-

sically relativistic objects presenting two basic properties of Einstein’s theory: space-

time singularities and casual horizons. It is believed that it is a region where curvature

blows up or other pathological behavior of metric takes place [90]. Singularities occur

in Einstein’s theory as discussed in the theorems of Penrose and Hawking [5]. The

physical significance of classical GR depends upon the protection mechanism from

singularities known as Penrose Cosmic Censorship [91]. It states that no naked (essen-

tial) singularities exist, i.e., singularities occurring from realistic matter can only form

behind the surface known as event horizon, which is defined as the region of spacetime

that cannot communicate with the observers outside the surface. A BH is the region

contained inside the event horizon which acts like a one way membrane.

According to GR, the relationship between the geometry of space-time and matter

contents can be modeled by EFEs. These tensorial equations are related to the cur-

vature of four dimensional (one temporal and three spatial components) manifold and

the matter content inside it. These equations can be defined as

Rαβ − 1
2

Rgαβ =
8πG
c4 Tαβ , (2.1.1)

here, gαβ , R, Rαβ and Tαβ represent the metric tensor, Ricci scalar, Ricci tensor and

energy-momentum tensor. By using above mathematical expression of EFEs, various

well-known solutions have been developed.
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2.1.1 Schwarzschild Black Hole

In 1915, Karl Schwarzschild found the static solution by considering the vacuum in

EFEs, i.e, (Tαβ = 0). He showed that there is a spherical symmetric BH solution

describing empty space outside a concentration of mass located in a point [92]. The

line element of spherically symmetric SH-BH solution is given by

ds2 = X(r)dt2 − (X(r))−1dr2 − r2(dθ 2 + sinθdϕ 2), (2.1.2)

where the metric function is defined by

X(r) = 1− 2M
r
. (2.1.3)

The horizon of SH-BH lies at the radius r = r+, i.e.,

r+ = 2M. (2.1.4)

From SH metric, it can be seen that ds2 (by setting dr = dθ = dϕ = 0) behaves time-

like, lightlike, or spacelike depending on whether the radius is greater than, equal to,

or less than r+:

ds2 = (1− r+
r
). (2.1.5)

Since the world-line of a massive observer must be timelike which follows that a mas-

sive observer can remain on rest only outside the horizon, r > r+. An object at rest at

the horizon, r = r+, follows a null geodesic, which is to say it is a possible world-line

of a massless particle, a photon. Inside the horizon, r < r+, neither massive nor mass-

less objects can remain at rest. To remain at rest, a particle inside the horizon would

have to go faster than speed of light [93].
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2.1.2 Reissner-Nordström Black Hole

This is the first charged BH which was developed by Hans Reissner (1916), Hermann

Weyl (1917) and Gunnar Nordström (1918). The metric function of RN-BH is

X(r) = 1− 2M
r

+
q2

r2 , (2.1.6)

where q is the electric charge of the BH. However, this BH reduces to SH-BH by

setting q = 0. It can be seen from above metric function that this BH possesses two

horizons which can be obtained through the vanishing of X(r), i.e., X(r) = 0 which

leads to

r± = M±
√

M2 −q2, (2.1.7)

here r+ and r− are the outer and inner horizons, respectively. It is straightforward to

check that RN time coordinate t is timelike outside the outer horizon, r > r+, spacelike

between the horizons r− < r < r+, and again timelike inside the inner horizon r <

r−. Conversely, the radial coordinate r is spacelike outside the outer horizon, r > r+,

timelike between the horizons r− < r < r+, and spacelike inside the inner horizon

r < r− [93].

The physical meaning of this strange behavior is akin to that of SH-BH. As in SH-

BH, outside the outer horizon, space is falling at less than the speed of light; at the

outer horizon space hits the speed of light; and inside the outer horizon space is falling

faster than speed of light. But a new ingredient appears such as charge (q) whose

gravitational repulsion caused by the negative pressure of the electric field reduces the

flow of space, which results the reduction of speed of light at the inner horizon. Inside

the inner horizon, space is falling at less than the speed of light [93].
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2.2 Regular Black holes

One of the major challenge in BH physics and GR is the existence of curvature singu-

larities (which leads to many BHs) beyond the event horizon and it looks like the most

natural physical conditions in BH solutions. Singularities are the regions where GR

does not work since those regions do not belong to the Riemannian space-time. Many

scientists have made numerous attempts in the hope that the singularities will be cured

by the effects of quantum gravity [94]. In order to elaborate this issue, we consider the

line element of asymptotically flat static, spherical symmetric metric as follows

ds2 = X(ρ̄)dt2 +
dr2

X(ρ̄)
− r2(ρ̄)(dθ 2 + sinθdϕ 2), (2.2.1)

where ρ̄ is the quasi global coordinate which is particularly convenient for dealing

with Killing horizons. At ρ̄ → ∞ (asymptotically flat), we have X(ρ̄)→ 1 and r ≡ ρ̄

[94].

Bardeen [7] was the first who put forward the very idea of singularity free RBH

solution, as an example, a particular metric function

X(ρ̄) = 1− Mρ̄2(
ρ̄2 +q2

)3/2 r ≡ ρ̄ , (2.2.2)

where M is the mass, q is the electric charge. For q2 < 16M
27 , there exist two horizons

r± where r− and r+ are Cauchy (inner) and event (outer) horizons, respectively [95].

The range r− < r < r+ corresponds to the trapped surfaces such that the ingoing and

outgoing light rays bounded by the surfaces r = r− and r = r+ converge towards the

singularity. In gravitational collapse such trapped surfaces produce the singularity.

For r → 0, Bardeen solution behaves like a de Sitter while for large r, it corresponds

to SH-BH asymptotically [96].

However, one can set r ≡ ρ̄ in RBH solutions [97, 98]. This exists by virtue of

EFEs which implies that energy-momentum tensor of the matter configuration satisfies
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the condition,

T 0
0 = T 1

1 ,

which can also be written in the form of pr =−ε where pr and ε are the radial pressure

and energy density, respectively. The aforementioned condition is invariant under the

radial boosts, making it possible to describe the vacuum matter [98]. One can construct

RBHs by replacing BH interior by its core (which is regular) [99, 100]. The singularity

of BH is connected with de Sitter core by a thin boundary [101]. A general class of

BH solutions satisfying the WEC but violates the SEC which are regular at center and

everywhere else.

2.3 Black hole Thermodynamics

The first hints of a fundamental relationship between gravitation, thermodynamics, and

quantum theory came from studying BHs. It is shown that the laws of BH mechanics

are equivalent to the ordinary laws of thermodynamics applied to a system containing

a BH. The subject inextricably blends both classical thermodynamics and quantum

physics, yielding deep insights into both the nature of quantum phenomena occurring

in strong gravitational fields and some of the most baffling paradoxes in physics [102].

2.3.1 Laws of Black Hole Mechanics

The laws of BH mechanics are as follows [103]:

• Zeroth Law can be defined as the surface gravity κ of a stationary BH which does

not change throughout its event horizon. The surface gravity is, by definition,

the value of the free-fall acceleration, calculated at the event horizon in terms of

the particle acceleration.

• The first Law of BH thermodynamics read to be

dM =
κ
8π

dA+ΩdJ, (2.3.1)
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where A and Ω are horizon area and angular velocity, respectively. Also the

last term of above equation is known as the work done over BH by adding the

angular momentum dJ.

• Second Law can be defined as the horizon area of a BH could never be decreased

by any physical process, i.e.,

δA ≥ 0. (2.3.2)

The second law is also known as area law.

• Third Law is known as there is no procedure able to bring the surface gravity of

a BH to zero through arbitrary finite sequence of operations.

2.3.2 Laws of Black Hole Thermodynamics

Four laws of BH thermodynamics are given as follows [104]:

• Zeroth Law can be defined by the temperature does not change throughout the

system in thermal equilibrium.

• First Law describes the small variations between equilibrium configuration of a

system [103]

dE = T dS+work terms, (2.3.3)

where E is the energy, T is the temperature and S is the entropy of BH.

• Second Law is the entropy S of a BH always increases in any physical process

for a closed system, i.e.,

dS ≥ 0. (2.3.4)

• Third Law is defined by BH temperature could never be decreased to absolute

zero by a finite sequence of operations.
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2.4 Thermal Fluctuations

In statistical mechanics, thermal fluctuations are the random variations (deviations)

of a system from its average state, which occur in a system at equilibrium. As the

temperature rises, all thermal fluctuations become rapidly increase, otherwise it de-

creases as the temperature become absolute zero. All the degree of freedom of any

system is affected by the thermal fluctuations. There may be a random rotations, ran-

dom variations an so forth. Thermodynamical variables such as entropy, pressure and

temperature undergo the thermal fluctuations [105]. In BH thermodynamics, the quan-

tum fluctuations give rise to many important problems and thermal fluctuations in the

geometry of BH is one of them. To solve this problem, it is necessary to contribute

the correction terms of entropy when the size of BH is reduced due to the Hawking

radiation and its temperature is increased. One can neglect the correction terms for

large BHs, as the thermal fluctuations may not occur in it. Hence, the thermodynam-

ics of BH is modified by the thermal fluctuations and becomes more important for

smaller size BHs with sufficiently high temperature [106]. The effect of thermal fluc-

tuations on the entropy of general spherical symmetric metric can be done by utilizing

the Euclidean quantum gravity formalism whose partition function can be defined as

[107, 108, 109, 110, 111]

Y=
∫

DgDAe−I,

where the Euclidean action is represented by I → −iI for this system. The partition

function can be related to statistical mechanical terms as follows [112, 113]

Y=
∫ ∞

0
DEξ (E)e(−ϑE),

where ϑ = T−1.

Moreover, the density of states can be obtained with the help of partition functions
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together with Laplace inverse as

ξ (E) =
1

2πi

∫ ϑ0+i∞

ϑ0−i∞
dϑeS(ϑ),

where S = ϑE + lnY. This entropy can be calculated by neglecting all thermal fluc-

tuations around the equilibrium temperature ϑ0. However, by utilizing the thermal

fluctuations along with Taylor series expansion around ϑ0, S(ϑ) can be written as

[106, 114]

S = S0 +
1
2!
(
ϑ −ϑ0

)2
(∂ 2S(ϑ)

∂ϑ 2

)
ϑ=ϑ0

+
1
3!
(
ϑ −ϑ0

)3
(∂ 3S(ϑ)

∂ϑ 3

)
ϑ=ϑ0

+ ....

As we know that the first derivative will vanish and hence, density of states turn out to

be

ξ (E) =
eS0

2πi

∫ ϑ0+i∞

ϑ0−i∞
dϑe

1
2!

(
ϑ−ϑ0

)2
(

∂2S(ϑ)

∂ϑ2

)
ϑ=ϑ0

+ 1
3!

(
ϑ−ϑ0

)3
(

∂3S(ϑ)

∂ϑ3

)
ϑ=ϑ0

+...

. (2.4.1)

For simplicity, we assume the first term in the exponential, so one can write it as

ξ (E) =
eS0

2πi

∫ ϑ0+i∞

ϑ0−i∞
dϑe

1
2

(
ϑ−ϑ0

)2
(

∂2S(ϑ)

∂ϑ2

)
ϑ=ϑ0 ,

here, we consider the second derivative is positive and defined as

δ1 =
(∂ 2S(ϑ)

∂ϑ 2

)
ϑ=ϑ0

.

By changing variable (ϑ −ϑ0) to iZ, we get

ξ (E) =
eS0

2πi

∫ i∞

−i∞
dZe−

1
2 δ1Z2

.
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Using standard integral and re-substituting, we can obtain

ξ (E) =
eS0

√
2π
(

∂ 2S(ϑ)
∂ϑ 2

)1/2

ϑ=ϑ0

.

Note that the density function ξ (E) and
(

∂ 2S(ϑ)
∂ϑ 2

)
ϑ=ϑ0

have dimensions of inverse

energy and energy squared, respectively. Henceforth, the logarithm of density of states

ξ (E) is then the microcanonical entropy,

S := lnξ (E) = S0 −
1
2

ln
(∂ 2S(ϑ)

∂ϑ 2

) 1
2

ϑ=ϑ0
.

It is possible to simplify this expression by using the relation between the conformal

field theory and the microscopic degrees of freedom of a BH . Thus, we can consider

the entropy of the form S = m1ϑ n1 +m2ϑ−n2 , where m1,m2,n1,n2 are all positive

constants [35]. This has an extremum at ϑ0 =
(

m2n2
m1n1

) 1
n1+n2 = T−1 and expanding

entropy around this extremum is

S(ϑ) =
[(n2

n1

) n1
n1+n2 +

(n1

n2

) n2
n1+n2

](
mn2

1 mn1
2

) 1
n1+n2

+
1
2

[(
n1 +n2

)
n

n2+2
n1+n2
1 n

n2−2
n1+n2
2

](
mn2+2

1 mn1−2
2

) 1
n1+n2 (ϑ −ϑ0)

2.

Here, we can write

S0 =
((n2

n1

) n1
n1+n2 +

(n1

n2

) n2
n1+n2

)(
mn2

1 mn1
2

) 1
n1+n2

(∂ 2S(ϑ)

∂ϑ 2

)
ϑ=ϑ0

=
1
2

[(
n1 +n2

)
n

n2+2
n1+n2
1 n

n2−2
n1+n2
2

](
mn2+2

1 mn1−2
2

) 1
n1+n2

One can solve the above equation for m1, m2 and express the entropy as

(∂ 2S(ϑ)

∂ϑ 2

)
ϑ=ϑ0

= ℑS0T 2
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where

ℑ =

(
n1 +n2

)
n

n2+2
n1+n2
1 n

n2−2
n1+n2
2(n2

n1

) n1
n1+n2 +

(n1
n2

) n2
n1+n2

×
(n2

n1

) 2
n1+n2 ,

which can be absorbed using a redefinition, as it does not depend upon BH parameter

[46]. By using T = 1
ϑ0

, we can get

(∂ 2S(ϑ)

∂ϑ 2

)
ϑ=ϑ0

= S0ϑ−2
0

Hence, the logarithmic corrected entropy can be written in generalized form as follows

S = S0 −
b1

2
lnS0T 2. (2.4.2)

Now consider the higher order terms in Eq.(2.4.1) and using the similar technique

which is also discussed in [35], one can obtain the higher order corrected entropy as

S = S0 −
b1

2
lnS0T 2 +

b2

S0
, (2.4.3)

where b1 and b2 are introduced as constant parameters.

• The original results can be obtained by setting b1,b2 → 0, i.e., the entropy with-

out any correction terms. One can consider this case for large BHs where tem-

perature is very small.

• The usual logarithmic corrections can be recovered by setting b1 → 1 and b2 → 0

which leads to Eq.(2.4.2).

• The second order correction term can be obtained by setting b1 → 0 and b2 → 1

which represents the inverse proportionality of original entropy.

• Finally, higher order corrections can be found by setting b1 → 1 and b2 → 1.

Hence, the first order correction term represent the logarithmic correction but the sec-

ond order correction term represents the inverse proportionality of original entropy.
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So, quantum correction can be considered by these correction terms. As mentioned

above, one can avoid these correction terms for larger BHs. However, these correc-

tion terms can be considered for BHs whose size decreases due to Hawking radiation,

while temperature increases and also thermal fluctuation in the geometry of BH in-

creases [106].

2.5 Heat Capacities

The heat capacity (C) of a system is the amount of heat required to increase the tem-

perature of system by 1c◦ (= 1K), i.e.

C =
dq
dT

,

where q is the heat.

• Constant Volume:

qV = ∆E, and ∂qV = dE

CV =
∂qV

∂T
=

(
∂E
∂T

)
V
.

Using the well known relation internal energy (E)

E =
∫

T dS, (2.5.1)

we can obtain

CV =

(
T

∂S
∂T

)
V
.

• Constant Pressure:

qP = ∆H, and ∂qP = ∂H

CP =
∂qP

∂T
=

(
∂H
∂T

)
P
.
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Using the relation of enthalpy H

H = E +PV,

CP =

(
T

∂ (E +PV )

∂T

)
V
.

2.6 Accretion

When massive condensed objects (e.g. BHs, neutron stars, stars etc.) try to capture

a particle of the fluid from its surroundings, then the mass of condensed object has

been effected. This process is known as accretion of fluid by condensed object. Due

to accretion the planets and star form inhomogeneous regions of dust and gas. Super-

massive BHs exist at the center of giant galaxies, which suggests that they could have

formed through an accretion process. Accretion is the process that allows BH sources

to emit electromagnetic radiation and other forms of energy, because BHs are so small

in size compared to the spatial scale of their sources of fueling. Accretion is gener-

ally believed to be a process involving rotationally supported flows. Matter in such a

flow must lose angular momentum in order to move inward and release gravitational

binding energy.

2.6.1 Role of Dark Energy in Accretion

At present, the type 1a supernova [115], cosmic microwave background radiation

[116], and the large scale structure [117] have shown that our universe is currently

in an accelerating expansion period. This acceleration is caused by some unknown

matter which the property that negative pressure and positive energy density satisfy

ρ + 3p < 0; it is known as ’dark energy’. It is well-known observation that DE is

responsible for current acceleration of Universe which violates the null energy con-

dition (NEC) and WEC [118, 119], and produces strong repulsive gravitational ef-

fects. Recent observations suggest that approximately 74% of our universe is occu-

pied by DE and the rest 22% and 4% is of dark matter and ordinary matter, respec-
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tively. Nowadays, DE is the most challenging problem in astrophysics. The math-

ematical description of DE can be acquired through the relationship between energy

density and pressure by a perfect fluid with EoS p = ωε . One can characterize dif-

ferent accelerated eras of the universe through EoS parameter (ω) such as phantom-

like era (ω < −1), quintessence (−1 < ω < −1/3) and the cosmological constant

(ω = −1) [120]. In order to explain DE phenomenon, various DE models have been

proposed such as k-essence, DBI-essence, H-essence, dilaton, tachyon, Chaplygin gas,

etc [121, 122, 123, 124, 125, 126, 127, 128]. The presence of an event horizon is a

distinctive feature of a BH, which act as one way membrane through which accreting

fluid or gas disappears and leads to several important issues. For instance, radiation

emitted near BH undergoes the effect of strong gravitational lensing and appears as

the image of BHs shadow surrounded by sharp light ring. However, no inner boundary

conditions are necessary for the equation of motion in case of BH accretion [129].

2.6.2 General Formalism for Accretion

The generalized static spherical symmetry is characterized by the following line ele-

ment

ds2 =−X(r)dt2 +
1

Y (r)
dr2 +Z(r)(dθ 2 + sinθ 2dϕ 2), (2.6.1)

where X(r) > 0, Y (r) > 0 and Z(r) > 0 are the functions of r only. The energy-

momentum tensor is considered as perfect fluid which is isotropic and inhomogeneous

and defined as follows

Tµν = (ε + p)uµuν + pgµν , (2.6.2)

where p is pressure, ε is energy density and uµ is the four velocity which is given by

uµ =
dxµ

dτ
= (ut ,ur,0,0), (2.6.3)

where τ is the proper time. We have uθ and uϕ both equal to zero due to spherical

symmetry restrictions. Here pressure, energy density and four velocity components

23



are only the functions of r. The normalization condition of four velocity must satisfy

uµuµ =−1, we get

ut :=
dt
dτ

=

√
u2 +Y

XY
, (2.6.4)

where u= dr/dτ = ur[51] while ut can be negative or positive due to square root which

represents the backward or forward in time conditions. However, u < 0 is required for

accretion process otherwise for any outward flows u > 0. Both inward and outward

flows are very important in astrophysics. One can assume that the fluid is DE or any

kind of dark matter. In generalized Michel’s theory, the formalism of accretion process

onto a spherical symmetric BH have been developed in the presence of DE. In DE

accretion, Babichev et al. [55] have introduced the above generalization on SH-BH.

Similarly, some authors [51, 64] have extended this procedure for generalized static

spherically symmetric BH. In these works, energy momentum conservation law plays

an important role which turns out to be

(ε + p)u
X(r)
Y (r)

√
u2 +Y (r)Z(r) = A0, (2.6.5)

where A0 is the constant of integration. Using uµT µν
µ = 0, we obtain continuity (or

relativistic energy flux) equation

uµε,µ +(ε + p)uµ
;µ = 0, (2.6.6)

here p= p(ε) which may be a certain EoS. After some calculations, the above equation

becomes
ε ′

ε + p
+

u
′

u
+

X
′

2X
+

Y
′

2Y
+

Z
′

Z
= 0, (2.6.7)

here prime represents the derivative with respect to r. By integrating the last equation,

we obtain

uZ(r)

√
X(r)
Y (r)

e
∫ dε

ε+p(ε) =−A1, (2.6.8)
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where A1 is a constant of integration. By equating Eqs.(2.6.5) and (2.6.8), we get

(ε + p)

√
X(r)
Y (r)

√
u2 +Y e−

∫ dε
ε+p(ε) =−A0

A1
= A3. (2.6.9)

Moreover, the equation of mass flux yields

εu

√
X(r)
Y (r)

Z(r) = A2, (2.6.10)

where A2 is the constant of integration. By using Eqs.(2.6.5) and (2.6.10), we obtain

the following important relation

(ε + p)
ε

√
X(r)
Y (r)

√
u2 +Y =

A1

A2
≡ A4. (2.6.11)

Differentiation of Eqs.(2.6.10) and (2.6.11) and some manipulation leads to

(
V2 − u2

u2 +Y

)
du
u

+

((
V2 −1

)(X
′

X
− Y

′

Y

)
+

Z
′

Z
V2 − Y

′

2(u2 +Y )

)
dr = 0.

(2.6.12)

In addition, we have introduced the variable

V2 ≡ d lnε + p
d lnε

−1. (2.6.13)

If the bracketed terms in Eq.(2.6.12) vanishes, we obtain the CP (where speed of sound

equal to speed of flow) which is located at r = rc. Hence at CP, we get

V2
c =

u2
c

u2
c +Y (rc)

, (2.6.14)

and Eq.(2.6.12) turns out to be

(
V2

c −1
)(X

′
(rc)

X(rc)
− Y

′
(rc)

Y (rc)

)
+

Z
′
(rc)

Z(rc)
V2

c =
Y

′
(rc)

2(u2
c +Y (rc))

. (2.6.15)
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Also, uc is the critical speed of flow evaluated at critical value r = rc. We can obtain

the following relations by using the above two expressions

u2
c =

Y (rc)Z(rc)X
′
(rc)

2X(rc)Z
′
(rc)

, V2
c =

Z(rc)X
′
(rc)

2X(rc)Z
′
(rc)+Z(rc)X

′
(rc)

. (2.6.16)

The speed of sound is evaluated at r = rc as follows

c2
s =

d p
dε

|r=rc = A4

√
Y (rc)

X(rc)(u2
c +Y (rc))

−1, (2.6.17)

Obviously, u2
c and V2

c can never be negative which leads to

X
′
(rc)

Z ′
(rc)

> 0, (2.6.18)

Moreover, the rate of change of BH mass can be defined as follows [64]

Ṁacc = 4πA3M2(ε + p), (2.6.19)

Here dot is derivative with respect to time. We can observe that the mass of BH will

increase for the fluid ε + p > 0 and hence the accretion occurs outside the BH. Other-

wise, for ε + p < 0 like fluid, the mass of BH will decrease. The mass of BH cannot

remain fixed because it will decrease due to Hawking radiations while it will increase

in accretion [51].

2.7 Tidal Forces in a Black Hole

Consider the spherical symmetric distribution of non-interacting particles falling freely

towards the Earth in Newtonian theory. Each particle moves toward the center of Earth

on a straight line, but due to the gravitational pull near the Earth is stronger so those

particles closer to Earth fall faster. Hence, the spherical particles no longer remain in

spherical shape but is distorted into ellipsoid with same volume. Thus, the gravitation
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produces a tidal force on the spherical particles. Now, the tidal force effected the

particle in two ways, firstly, an elongation of the distribution in the direction of motion

and secondly, a compression of distribution in transverse direction. The same results

happen in particles falling freely towards the spherical object in GR, but if the object

is a BH then the effect of tidal forces becomes infinite as the particles reached towards

the singularity. We can gain some idea of this by considering the equation of geodesics

deviation as discussed in the following subsection, in which the spacelike components

of orthogonal connecting vector ζ α connecting two neighboring particles in free fall

[74].

2.7.1 Equation of Geodesic Deviation

For elaborating this phenomenon, we consider a free test particles move on time-like

geodesics in GR. Therefore, we assume two-surface S ruled by congruence of timelike

geodesics. It means that exactly one curve moves through every point of S in a family

of geodesics. The parametric equation of S is defined by

xα = xα(τ,v), (2.7.1)

where τ and v is the proper time along geodesics and distinct geodesics, respectively.

Two vectors field of S are defined by

να =
dxα

dτ
, ζ α =

dxα

dν
, (2.7.2)

where να and ζ α are the tangent vector and connecting vector, respectively. The

commutator of να and ζ α satisfy the following conditions[74]

[ν ,ζ ]α = 0. (2.7.3)
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Now we replace the partial derivative by covariant derivative in Lie derivative as fol-

lows

Lνζ α = 0

νβ ∂β ζ α −ζ β ∂β να = 0

νβ ∇β ζ α −ζ β ∇β να = 0

∇νζ α −∇ζ να = 0. (2.7.4)

Applying covariant derivative on Eq.(2.7.4) w. r. t να , we have

∇ν∇ζ να = ∇ν∇νζ α . (2.7.5)

Using the following identity

∇X̄(∇Ȳ Z̄α)−∇Ȳ (∇X̄ Z̄α)−∇[X̄ ,Ȳ ]Z̄
α = Rα

βγδ Z̄β X̄ γȲ δ . (2.7.6)

If we replace να = Z̄α = X̄α and Ȳ α = ζ α , then second term on right side vanishes

and third term vanishes by using Eq.(2.7.4) and finally, we get

Rα
βγδ Z̄β X̄ γȲ δ = ∇ν∇ζ να . (2.7.7)

Using (2.7.5) and the definition D2ζ α

Dτ2 = ∇ν∇νζ α , Eq.(2.7.7) becomes the equation of

geodesics deviation [74]

D2ζ α

Dτ2 −Rα
βγδ νβ νγζ δ = 0. (2.7.8)
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Chapter 3

Effects of Thermal Fluctuations on

Non-minimal Regular Magnetic Black

Hole
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In this chapter, we analyze the effects of thermal fluctuations on a RBH of the

non-minimal Einstein-Yang-Mill theory with gauge field of magnetic Wu-Yang type

and a cosmological constant. We consider the logarithmic corrected entropy in order to

analyze the thermal fluctuations corresponding to non-minimal RBH thermodynamics.

In this scenario, we develop various important thermodynamical quantities, such as

entropy, pressure, specific heats, Gibbs free energy and Helmholtz free energy. We

investigate the first law of thermodynamics in the presence of logarithmic corrected

entropy and non-minimal RBH. We also discuss the stability of this RBH using various

frameworks such as the γ factor (the ratio of heat capacities), phase transition, grand

canonical ensemble and canonical ensemble.

3.1 Non-minimal Regular Black Hole

New exact regular spherically symmetric solution of non-minimal Einstein-Yang-Mills

theory with magnetic charge of Wu-Yang gauge field and the cosmological constant is

presented by Balakin et al. [23]. The metric function corresponding to static spheri-

cally symmetric space-time in the line element (2.1.2) is

X(r) = 1+
(

r4

r4 +2Q2
mq

)(
−2M

r
+

Q2
m

r2 − Λr2

3

)
. (3.1.1)

This contains four important parameters such as Λ, q, Qm and M which represent

the cosmological constant, non-minimal parameter of the theory, magnetic charge of

gauge field Wu-Yang type and mass of the object, respectively. It is assumed that

q > 0, Λ > 0, Λ ≤ 0, Q2
m > 0 and M ≥ 0. The limiting case q = 0 gives the magnetic

RN solution with cosmological constant,

X(r) = 1+
2M
r

− Q2
m

r2 − Λr2

3
. (3.1.2)

At r = 0, we find the curvature singularities. For q< 0 with finite positive r, we have

space-time curvature singularities.
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One can obtain no singularities for q> 0 i.e. X(r) near the center behaves

X(r) = 1+
r2

2q2 −
Mr3

Q2
mq

+ .... (3.1.3)

One can see X(0) = 1, X ′(0) = 0 and X ′′(0) = 1
q2 . Hence r = 0 is the minimum of the

regular function X(r) which is independent of cosmological constant and the mass of

BH. Since X(0) = 1 and R(0) = 6
q shows the curvature scalar is regular at center. For

q > 0, other curvatures invariants and quadratic scalar RµνRµν = 9
q2 are also finite at

center [23]. Thus, due to non-minimality of the model, space-time is truly regular in

center.

The metric function (3.1.1) is described by four parameters with different units:

Λ, M, Qm and q. We can rewrite the metric function (3.1.1) in dimensionless form by

introducing the following dimensionless quantities [24]

χΛ =

√
3
|Λ|

, χg = 2M, χq =
(
2Q2

mq
) 1

4 , χQm = Qm

σa =
χg

χΛ
, ηa =

(χQm

χΛ

)2
, ζa =

( χq

χΛ

)4
, ρa =

( r
χΛ

)2
. (3.1.4)

In terms of these variables, the metric function X(r) in (3.1.1) can be rewritten in X(ρa)

as follows

X(ρa) = 1+
(ρ2

a
(
−ρ4

a −σaρa +ηa
)

ρ4
a +ζa

)
. (3.1.5)

The most important feature of metric function (3.1.1) is horizons radius which are

depending upon different values of parameters. The horizon radius of non-minimal

RBH could be obtained by considering real roots of the following equation

−
Λr6

+

3
+ r4

+−2Mr3
++Q2

mr2
++2Q2

mq= 0. (3.1.6)

For Λ > 0, the non-minimal RBH solution can have three horizons depending upon

different values of parameters, the cosmological horizon, Cauchy horizon and event

31



horizon. On the other hand, for Λ ≤ 0, it can have two horizons depending upon dif-

ferent values of parameters, i.e, Cauchy and event horizons. There is no cosmological

horizon in this case [12]. We want to discuss the thermal quantities on the outer hori-

zon and we refer to it by r+.

One can obtain the mass of the non-minimal RBH in horizon radius and other

parameters as follows

M =
−Λr6

++3Q2
mr2

++3r4
++6Q2

mq

6r3
+

, (3.1.7)

which implies that r+ ̸= 0. The entropy of non-minimal RBH which is related to area

of BH horizon is

S0 = πr2
+, (3.1.8)

and volume is

V =
4
3

πr3
+. (3.1.9)

The temperature of non-minimal RBH can be written as

T =
X ′(r)

4π

=
−Λr9

++3Mr6
++6Q4

mqr2
+−18MQ2

mqr2
+− (6qΛ+3)Q2

mr5

6π
(
r4
++2Q2q

)2 , (3.1.10)

where the mass M is given in Eq.(3.1.7). One can examine the thermodynamics of

non-minimal RBH in terms of mass M, horizon radius r+, non-minimal parameter q,

cosmological constant Λ and magnetic charge Qm. By utilizing Eq.(3.1.7) in above

expression, the temperature reduces to

T =
r4
+−Λr6

+−Q2
mr2

+−6Q2
mq

4πr+
(
r4
++2Q2

mq
) . (3.1.11)

For modeling of metric function (3.1.1) and of the thermodynamic quantities, the di-

mensionless parameters (3.1.4) are used, but for visibility of the graph presentation,
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we use the following explicit values of the different parameters.

For real positive temperature, the following three conditions can be obtained

• Case 1: For Λ = 0.01 (positive), Qm = 1, q= 0.1, we have 1.2 ≤ r+ ≤ 9.95.

• Case 2: For Λ = 0, Qm = 2, q= 0.1, we have r+ ≥ 2.1283.

• Case 3: For Λ =−0.01 (negative), Qm = 3, q= 0.1, we have r+ ≥ 2.9713.

If we variate the values of Λ then the range of horizon also change for real positive

temperature. For simplicity, we discuss above three special cases.

The first law of thermodynamics can be defined as [107, 130],

dM = T dS+V dP+ .... (3.1.12)

One can easily check the above relation is violated. For obtaining the thermodynamic

quantities which have to satisfy the above relation, we will use the logarithmic correc-

tions in the following subsections.

3.1.1 Logarithmic Correction and Thermodynamical Relations

In this section, we examine the effect of thermal fluctuations on non-minimal RBH

thermodynamics. Using general expression for entropy (2.4.2) by neglecting higher

order correction terms

S = S0 −
b1

2
lnS0T 2, (3.1.13)

where b1 is added as constant parameter to handle the logarithmic correction terms

coming from thermal fluctuations. One can recover the entropy without any correction

terms by setting b1 = 0. As mention before, one can take b1 → 0, for large BHs

which temperature is very small and one can consider b1 → 1, for small BHs which

temperature is sufficiently large. By using Eqs.(3.1.11) and (2.4.2), we can obtain the

33



Figure 3.1: Plot of pressure verses horizon radius.

following corrected entropy:

S = πr2
+− b1

2
ln

((
r6
+Λ+Q2

mr2
+− r4

++6Q2
mq
)2

16π(r4
++2Q2

mq)
2

)
. (3.1.14)

It is suggested that the presence of logarithmic correction causes the reduction of

entropy of BH. We can calculate the pressure using Eqs.(3.1.9), (3.1.11), (3.1.14), and

the following relation:

P = T
(

∂S
∂V

)
V
. (3.1.15)

which turns out to be

P =
1

8π2r2
+

(
r4
++2qQ2

m)
2

(
Q2

mr4
+(b1qΛ−4πq−b1)+2qQ4

m(b1 −6πq)−πr10
+ Λ

− πQ2
mr6

+(2qΛ+1)+(b1Λ+π)r8
+−2r2

+qQ2
m(πQ2

m +8b1)). (3.1.16)

In Fig.3.1, we discuss the behavior of pressure for three cases of Λ. If we compare

b1 = 0 and b1 = 1, we see that the pressure decreases due to logarithmic correction.

Further, from Fig.3.1, we observe that pressure is maximum for positive cosmological

constant but it becomes negative when r ≥ 9.945, which is evident in case 1. It means
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that when we increase the cosmological constant then the pressure also increases but

the range of horizon for positive pressure decreases. Same behavior could be observed

for temperature. We observe that the pressure is high for Λ = 0 as compare to nega-

tive cosmological constant. Hence we conclude that the pressure will decrease due to

logarithmic correction and the lower values of cosmological constant.

Moreover, we can investigate the first law of thermodynamics by rewriting Eq.(3.1.12)

as follows

dM−T dS−V dP = 0, (3.1.17)

We construct the table for special three cases and find the horizon at which the first

law of thermodynamics is satisfied. We also compare our results with respect to b = 0

and b = 1. From Table 3.1, we observe that the location of horizon on which first law

Λ
Lograthmic
correction

term
r+

0.01
b1 = 0
b1 = 1

0.4034,0.9053,5.53679
5.4261,9.4958,10.3665

0
b1 = 0
b1 = 1

0.527,4.5474
2.3×10−5,2.4×10−5,0.256,0.329,1.034,1.581,3.343,4.018

-0.01
b1 = 0
b1 = 1

0.53269,5.5951
0.2279,2.5257,3.6834,5.45336

Table 3.1: Location of horizons where first law of thermodynamics is satisfied.

of thermodynamics satisfied is more for b1 = 1 as compare to b1 = 0. For positive

cosmological constant, location of horizons are equal on b1 = 0 and 1 but for nega-

tive cosmological constant the location of horizons increase for b1 = 1 as compare to

b1 = 0. We obtain higher number of location of horizons on which first law of thermo-

dynamics is satisfied in the absence of cosmological constant for b1 = 1 as compare to

b1 = 0. Hence, we can conclude that logarithmic correction term increases the chance

of first law of thermodynamics to satisfy.
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3.2 Stability of non-minimal Regular Black Hole

In this section, we analyze the thermodynamical stability of non-minimal RBH due to

the effect of thermal fluctuations. An important measurable physical quantity in BH

thermodynamics is thermal capacity or heat capacity. It identifies the amount of heat

required to change the temperature of a BH. The nature of heat capacity (positivity or

negativity) represents the stability or instability of a BH. There are two different heat

capacities associated with a system. CP: measures the specific heat when the heat is

added at constant pressure and CV : measures the specific heat when the heat is added to

the system by keeping the volume constant. We obtain the specific heat with constant

volume by using the T and S as follows

CV = T
(

∂S
∂T

)
V
. (3.2.1)

Using Eqs.(3.1.9), (3.1.11) and (3.1.14), we have

CV =
(

2πr12
+ Λ+4πQ2

mqr8
+Λ−2b1r10

+ Λ+2πQ2
mr8

+−12Q2
mb1qr6

+Λ−2πr10
+

+ 4πQ4
mqr4

++8πQ2
mqr6

++24πQ4
mq

2r2
++2Q2

mb1r6
+−4Q4

mb1qr2
+

+ 32Q2
mb1qr4

+

)(
r10
+ Λ+10Q2

mqr6
+Λ−3Q2

mr6
++ r8

++2Q4
mqr2

+

− 36Q2
mqr4

+−12Q4
mq

2
)−1

. (3.2.2)

Moreover, the specific heat at constant pressure can be obtained using the relation of

E, P and V as follows

CP =

(
∂ (E +PV )

∂T

)
P
. (3.2.3)
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Figure 3.2: γ verses horizon radius.

Using Eqs.(3.1.9), (3.1.11), (3.1.16) and (2.5.1), we have

CP =
(

64r12
+ πQ2

mqΛ+80r8
+πQ4

mq
2Λ+4r12

+ πQ2
m −48r10

+ Q2
mb1qΛ+32r8

+πQ4
mq

− 48πQ2
mqr10

+ −192r6
+Q4

mb1q
2Λ+48r4

+πQ6
mq

2 +32πQ4
mq

2r6
++48r6

+Q4
mb1q

+ 192r2
+πQ6

mq
3 −64Q2

mb1qr8
+−32r2

+Q6
mb1q

2 +384Q4
mb1q

2r4
+−8r14

+ b1Λ

+ 12r16
+ πΛ−8πr14

+

)(
(r10

+ Λ+10Q2
mqr6

+Λ−3Q2
mr6

+−36Q2
mqr4

++2Q4
mqr2

+

+ r8
+−12Q4

mq
2)(r4

++2Q2
mq)
)−1

. (3.2.4)

The above two specific heat relations can be comprises into a ratio that is denoted by

γ = CP/CV and its plot is given in Fig.3.2 for three special cases. We observe that

due to logarithmic correction the value of γ increases. We obtain the maximum value

of γ for negative cosmological constant and γ → 1.7 for a large horizon. Further,

we observe that γ → 1.4 when Λ = 0 for a large horizon. It is interesting to note
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Figure 3.3: Specific heat at constant volume verses horizon radius.

that the value of γ decreases drastically and becomes zero at r+ = 9.92 and the value

of γ becomes negative for a large horizon. We can say that the value of γ shows

stable behavior for negative and zero values of cosmological constant but represents

unstable behavior for positive cosmological constant. Hence, we can conclude that if

the value of cosmological constant decreases then the value of γ is higher and exhibits

the more stable behavior but it experiences an unstable behavior for higher values of

cosmological constant.

3.2.1 Phase Transition

Another way to find the thermodynamical stability of BH locally is to investigate the

sign of specific heat given in Eq.(3.2.2). The BH is locally stable for CV > 0, one can

find the point of phase transition at CV = 0 and BH is locally unstable for CV < 0. We

can find the range of horizon radius of BH stability for three specific cases in Fig.3.3.
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We discuss the range of BH horizon of locally thermodynamical stability for each

case. We observe that when Λ = 0.01 (positive) the horizon radius for local stability

1.3047 < r+ < 1.9 and r+ > 9.965, when Λ = 0 the horizon radius for local stability

is 2.1972 < r+ < 3.6 and the horizon radius is r+ > 3.0232 for negative cosmological

constant. Hence we can conclude that for negative cosmological constant the range

of horizon radius for local stability of BH is higher than compare to positive and zero

cosmological constant, respectively. Furthermore, we find the CP of horizon for phase

transition in each case. We obtain two CPs of phase transition at r+ = 1.3047 and

9.965 for positive cosmological constant, the CP for Λ = 0 is r+ = 2.1972 and the CP

is r+ = 3.0232 for negative cosmological constant. We notice that the phase transi-

tion for positive cosmological constant is near to BH as compare to zero and negative

cosmological constant. Hence we can conclude that if we increase the value of cosmo-

logical constant the phase transition shifted towards BH and vice versa. Furthermore,

we also notice the singularity at r+ = 1.9 and 3.6 for positive and zero value of cos-

mological constant, respectively, on the other hand, we find no singularity for negative

value of cosmological constant.

3.2.2 Grand Canonical Ensemble

We may treat BH as a thermodynamical object by considering it as a grand canoni-

cal ensemble system where µ1 = Qm
r+

is a fix chemical potential. The corresponding

temperature and entropy with logarithmic corrected term are

Tg =
1

4πr+

(
r2
+− r4

+Λ−µ2
1 r2

+−6µ2
1q

r2
++2µ2

1q

)
, (3.2.5)

S = πr2
+− b1

2
ln
(
(r6

+Λ+µ2
1 r4

++6µ2
1qr2

+− r4
+)

2

16π(r4
++2µ2

1qr2
+)

2

)
. (3.2.6)
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Figure 3.4: Gibb’s free energy in terms of horizon radius with µ1 = 0.5.

The effect of chemical potential (µ1) decreases the temperature. The free energy in the

grand canonical ensemble, also called Gibbs free energy can be defined as

G = M−T S−µ1Qm, (3.2.7)

which turns out to be

G =
−Λr6

++3µ2
1 r4

++3r4
++6µ2

1 r2
+q

6r3
+

+

(
r2
+− r4

+Λ−µ2
1 r2

+−6µ2
1q

r2
++2µ2

1q

)
×

(
r+
4
− b1

8πr+
ln
(
(r6

+Λ+µ2
1 r4

++6µ2
1qr2

+− r4
+)

2

16π(r4
++2µ2

1qr2
+)

2

))
−µ2

1 r+. (3.2.8)

The effect of chemical potential reduces the free energy as we can see from the

last term in Eq.(3.2.8). Fig.3.4 represents the behavior of Gibbs free energy for special

three cases. We observe that the Gibbs free energy is minimum at r+ ≃ 0.8 due to
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Figure 3.5: Helmhotz free energy in terms of horizon radius.

the contribution of logarithmic correction term. It means logarithmic correction term

also reduces the Gibbs free energy. From the figure, we notice that free energy is

higher for positive cosmological constant as compare zero and negative cosmological

constant, respectively. It is interesting that free energy becomes negative at r+ ≃ 15 for

negative cosmological constant. It means free energy is globally thermodynamically

unstable for negative cosmological constant. Hence, we can conclude that if the value

of cosmological constant is higher, then free energy becomes globally more stable.

Moreover, thermodynamical stability does not only depend on Λ and q but also on

chemical potential µ1.

3.2.3 Canonical ensemble

On the other hand, BH could be considered as a closed system (canonical ensemble)

if charge transfer is prohibited. The mass and temperature is given by Eqs.(3.1.7) and
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(3.1.11), respectively, and the corresponding entropy with logarithmic corrected term

is given in Eq.(3.1.14). The free energy in canonical ensemble is known as Helmhotz

free energy if the charge is fixed, which is

F = M−T S, (3.2.9)

which turns out to be

F =
−Λr6

++3Q2
mr2

++3r4
++6Q2

mq

6r3
+

−
r4
+−Λr6

+−6Q2
mq−6Q2

mq

4πr+
(
r4
++2Q2q

)
×

(
πr2

+− b1

2
ln

((
r6
+Λ+Q2

mr2
+− r4

++6Q2
mq
)2

16π(r4
++2Q2

mq)
2

))
. (3.2.10)

Fig.3.5 represents the behavior of Helmhotz free energy for specific values of param-

eters. We observe that the logarithmic corrected term reduces the free energy in every

case, which is evident. Initially, the free energy for negative cosmological constant is

high till r+ = 7 as compare to zero and positive cosmological constant, but for a large

horizon, free energy is decreasing further, at r+ = 18 it becomes negative. The free

energy is highest for positive cosmological constant as compare to Λ = 0 and −0.01

for a large horizon. Hence, we can conclude that BH is more thermodynamically sta-

ble if the value of cosmological constant increases in large horizon and it becomes

thermodynamically unstable for lower values of cosmological constant. Moreover,

thermodynamical stability do not depend only on Λ and q but also on magnetic charge

Qm rather than chemical potential.
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Chapter 4

Thermodynamics of Higher Order

Corrected Entropy on some well

known Black holes
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In this chapter, we investigate the thermodynamical behavior of two well-known

BHs such as RN-AdS BH with global monopole (GM) and f (R) BH by considering the

higher order corrected entropy. We develop various thermodynamical properties such

as, entropy, specific heats, pressure, Gibb’s and Helmhotz free energies for both BHs

in the presence of higher order corrected entropy. The versatile study on the stability

of BHs is being made by using various frameworks such as the ratio of heat capacities

(γ), grand canonical and canonical ensembles, and phase transition in view of higher

order corrected entropy.

4.1 Thermodynamical Analysis of RN-AdS Black Hole with Global

Monopole

During the phase transitions, many topological defects are produced such as domain

walls, cosmic strings, monopoles, etc. Monopoles are the three-dimensional topolog-

ical defects that are formed when the spherical symmetry is broken during the phase

transition [131]. Barriola and Vilenkin [132] found the approximate solution of the

EFEs for the static spherically symmetric BH with a GM. Many authors have also

investigated different physical phenomena of BHs with GMs [133, 134].

We consider the spherical symmetric space-time with line element (2.1.2), in which

the metric function of RN-AdS BH with GM is given by

X(r) = 1+2
(
α̃ − M

r

)
+

q2

r2 − Λr2

3
. (4.1.1)

Here, α̃ = λ 2

2 is the GM charge, λ is the scale of gauge symmetric breaking λ ∼ 106

GeV [131] and M is the mass of BH. The metric function (4.1.1) reduces to RN-AdS

BH for α̃ = 0 while it becomes RN-BH for α̃ = Λ = 0. By setting X(r) = 0, which

leads to

r4
+− 3(1+2α̃)

Λ
r2
++

6Mr+
Λ

− 3q2

Λ
= 0, Λ ̸= 0, (4.1.2)
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and four roots are given by [131]

r1 =
1
2

(√
Ω+

√
−Ω− 12M

Λ
√

Ω

)
, (4.1.3)

r2 =
1
2

(√
Ω−

√
−Ω− 12M

Λ
√

Ω

)
, (4.1.4)

r3 =
1
2

(√
Ω+

√
−Ω+

12M
Λ
√

Ω

)
, (4.1.5)

r4 =
1
2

(√
Ω−

√
−Ω+

12M
Λ
√

Ω

)
. (4.1.6)

where Ω = x1 +
3(1+2α̃)

Λ and x1 >−3(1+2α̃)
Λ . The polynomial (4.1.2) has at most three

real roots, which are Cauchy, cosmological and event horizons.

The mass, entropy, volume and temperature of RN-AdS BH with GM in horizon

radius form can be written as

M =
−r4

++6α̃r2
++3q2 +3r2

+

6r+
, (4.1.7)

S0 = πr2
+, (4.1.8)

V =
4
3

πr2
+, (4.1.9)

T =
f ′(r)
4π

=
−r4

++3Mr+−3q2

6πr3
+

, (4.1.10)

where r+ ̸= 0. We can analyze the thermodynamics of RN-AdS BH with GM in terms

of mass M, horizon radius r+, cosmological constant Λ and charge q. Inserting the

mass M in above equation, the temperature reduces to

T =
−r4

+Λ+2α̃r2
+−q2 + r2

+

4πr3
+

. (4.1.11)

For real positive temperature, we have the following condition

r2
+ ≥ (2α̃ +1)±

√
(2α̃ +1)2 −4Λq2

2Λ
with (2α̃ +1)2 ≥ 4Λq2. (4.1.12)

The corrected entropy of RN-AdS BH with GM can be obtained by using Eqs.(2.4.3),
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Figure 4.1: The plot of pressure for RN-AdS BH with GM for α̃ = 0.075, q = 0.85
and Λ =−0.1 (left panel), Λ = 0.1 (right panel).

(4.1.8) and (4.1.11), which turns out to be

S = πr2
+− b1

2
ln
((−r4

+Λ+2α̃r2
+−q2 + r2

+)
2

16πr4
+

)
+

b2

πr2
+

. (4.1.13)

The pressure can also be calculated in view of Eqs. (4.1.9), (4.1.11), (4.1.13) as

P = T
( ∂S

∂V

)
V
=

1
8π3r8

+

(
−π2r8

+Λ+π(2πα̃ +b1Λ+π)r6
++(b2Λ−π2q2)r4

+

− (πb1q2 +2α̃b2 +b2)r2
++b2q2

)
. (4.1.14)

In Fig.4.1, we discuss the behavior of pressure for negative and positive values

of cosmological constant. In both panels, we observe that the pressure decreases due

to correction terms. For b1 = 1,b2 = 1, we observe the lowest trajectory of pressure

then above it we have the trajectory of pressure at b1 = 1,b2 = 0 which becomes

the logarithmic correction term. Furthermore, we see that the pressure increases for

b1 = 0,b2 = 1 which is the second order correction term. The pressure is maximum

if we avoid these correction terms. Also, we observe in both panels that the pressure
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increases for negative cosmological constant. However, the pressure becomes zero at

r+ = 3.3 for positive value of Λ and becomes negative for large horizon while remains

positive for negative value of Λ. Hence, we can conclude that the pressure decreases

due to higher order correction terms and positive values of Λ.

4.1.1 Stability of RN-AdS Black Hole with Global monopole

Here, we shall discuss the thermodynamical stability of RN-AdS BH with GM for

which we can define

E =
∫

T dS. (4.1.15)

In BH thermodynamics, an important measurable physical quantity is the heat capacity

or thermal capacity. The heat capacity of BH may be stable or unstable by observing

its sign (positive or negative), respectively. There are two types of heat capacities

corresponding to a system such as CV and CP which determine the specific heat with

constant volume and pressure, respectively. CV can be defined as

CV = T
(

∂S
∂T

)
V
. (4.1.16)

Equations (4.1.11) and (4.1.13) lead to

CV = − 2
πr2

+(r4
+Λ+2α̃r2

+−3q2 + r2
+)

(
−π2r8

+Λ+2π2α̃r6
++πb1r6

+Λ

− π2q2r4
++π2r6 −πb1q2r2

++b2r4
+Λ−2α̃b2r2

++b2q2 −b2r2
+

)
. (4.1.17)

Moreover, the CP can be evaluated as

CP =

(
∂ (E +PV )

∂T

)
P
, (4.1.18)

and its expression can be obtained with the help of Eqs.(4.1.9), (4.1.11), (4.1.14) and
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Figure 4.2: The plot of γ versus horizon radius for RN-AdS BH with GM for α̃ =
0.075, q = 0.85 and Λ =−0.1 (left panel), Λ = 0.1 (right panel).

(4.1.15) as

CP = − 4
πr2

+(r4
+Λ+2α̃r2

+−3q2 + r2
+)

(
−3π2r8

+Λ+4π2α̃r6
+

+ 2πb1r6
+Λ−π2q2r4

++2π2r6
+−b2r4

+Λ−b2q2
)
. (4.1.19)

The above two specific heat relations can be comprises into a ratio that is denoted by

γ =CP/CV and its plot is given in Fig.4.2. It can be noted that the value of γ increases

due to the correction terms. We find maximum value of γ as γ → 2.1 for positive value

of Λ and larger horizon, while for negative value of cosmological constant γ → 1.8.

Thus, one can observe that γ exhibits more stable behavior for lower value of Λ as

compare to positive value of Λ. Hence, it is pointed out that the value of γ becomes

higher due to correction terms and exhibits more stable behavior for lower values of

Λ.
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Figure 4.3: The plot of specific heat at constant volume for RN-AdS BH with GM for
α̃ = 0.075, q = 0.85 and Λ =−0.1 (left panel), Λ = 0.1 (right panel)

4.1.2 Phase Transition

The stability of BH can be analyzed through CV (Eq.(4.1.17)) because CV Q 0 corre-

sponds to local stability of BH, phase transition and local instability of the BH.

Λ correction
terms

range of
local stability

phase transition

−0.1

b1 = 1, b2 = 1
b1 = 0, b2 = 1
b1 = 1, b2 = 0
b1 = 0, b2 = 0

0 < r+ < 0.4,0.92 < r+ < 1.53,r+ > 3
0 < r+ < 0.55,0.76 < r+ < 1.53, r+ > 3

0.91 < r+ < 1.53, r+ > 3
0.77 < r+ < 1.53, r+ > 3

0.41, 0.93
0.56, 0.77

0.91
0.77

0.1

b1 = 1, b2 = 1
b1 = 0, b2 = 1
b1 = 1, b2 = 0
b1 = 0, b2 = 0

0 < r+ < 0.41, 0.95 < r+ < 1.27, r+ > 3.34
0 < r+ < 0.56, 0.81 < r+ < 1.27, r+ > 3.29

0.95 < r+ < 1.27, r+ > 3.34
0.81 < r+ < 1.27, r+ > 3.33

0.41, 0.96, 3.34
0.56, 0.82, 3.29

0.95, 3.34
0.82, 3.29

Table 4.1: Range of local stability and CPs of horizon radius of phase transition for
RN-AdS BH with GM due to the effect of higher order correction entropy.

We find the range of BH horizon of locally thermodynamical stability due to ther-

mal fluctuations for negative and positive values of cosmological constant in left and

right panels of Fig.4.3, respectively and in Table 4.1.2. We can observe from Ta-
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ble that the range of local stability is maximum for second order correction terms

(b1 = 0,b2 = 1) as well as for both correction terms (b1 = 1,b2 = 1) as compare to the

others in both cases of Λ. Moreover, we obtain the CPs of horizon of phase transition

for both case in Table 4.1.2. We observe that one can obtain more CPs of phase tran-

sition for b1 = 0,b2 = 1 and b1 = 1,b2 = 1 as compare to others in both cases. Also

we find more CPs for positive value of cosmological constant as compare to negative

value. Hence it can be concluded that if we increases the value of Λ and consider the

second order or both correction terms then we can find more CPs of phase transition

and the range of local stability is also increased.

4.1.3 Grand Canonical Ensemble

The BH can be considered as a thermodynamical object by treating it as grand canon-

ical ensemble system where fix chemical charge is represented by µ1 =
Qm
r+

. The tem-

perature increases due to effect of chemical potential. The grand canonical ensemble

is also known as Gibbs free energy, which can be defined as

G = M−T S−µ1Qm, (4.1.20)

and it turns out to be

G = −
−r4

+Λ+(2α̃ +1)r2
+−q2

8π2r5
+

(
−2π2r4

+−2b2

+ b1 ln
((−r4

+Λ+2α̃r2
+−q2 + r2

+)
2

16πr4
+

))
−µ1r+. (4.1.21)

Fig.4.4 indicates the view of Gibbs free energy for negative and positive cosmolog-

ical constant. It can be noted from both panels of this figure that the correction terms

reduce the Gibb’s free energy. For negative cosmological constant, Gibb’s free energy

is positive only for second order correction term (b1 = 0,b2 = 1) while it becomes

negative for large horizon in the case of other correction terms. Hence, it exhibits

stable behavior for second order correction term and unstable behavior for other cor-

50



Figure 4.4: The plot of Gibb’s free energy for RN-AdS BH with GM for α̃ = 0.075,
q = 0.85,µ1 = 0.5 and Λ =−0.1 (left panel), Λ = 0.1 (right panel)

rection terms. For positive cosmological constant case, the Gibb’s free energy remains

positive. It means that RN-AdS BH with GM is thermodynamically stable for posi-

tive cosmological constant while it is conditionally stable (b1 = 0,b2 = 1) for negative

value of Λ.

4.1.4 Canonical Ensemble

Here, we consider BH as a canonical ensemble (closed system) where transformation

of charge is prohibited. For fixed charge, the free energy in canonical ensemble form

termed as Helmhotz free energy and can be defined as

F = M−T S, (4.1.22)

which becomes

F = −
(
−2π2r4

+−2b2 +b1 ln
((−r4

+Λ+2α̃r2
+−q2 + r2

+)
2

16πr4
+

))
×

−r4
+Λ+(2α̃ +1)r2

+−q2

8π2r5
+

. (4.1.23)
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Figure 4.5: The plot of Helmhotz free energy versus horizon radius for RN-AdS BH
with GM for α̃ = 0.075, q = 0.85 and Λ =−0.1 (left panel), Λ = 0.1 (right panel.

The behavior of Helmhotz free energy for negative and positive cosmological constant

is plotted in Fig.4.5. In both panels, we observe that Helmhotz free energy decreases

due to correction terms. In left panel, it can be observed that free energy is positive till

r+ = 6 then it becomes negative for large horizon in the case of negative cosmological

constant. So it shows stable (positive) behavior till r+ = 6 and unstable (negative)

behavior for large horizon. On the other hand, for positive value of Λ, the free energy

remains positive which shows stable behavior. Hence, it is pointed here that RN-AdS

BH with GM exhibits stable behavior for positive values of Λ and indicated unstable

behavior for large horizon for negative cosmological constant case.

4.2 Thermodynamical Analysis of f (R) Black Hole

One of the modified theories is f (R) theory of gravity [135, 136, 137, 138], which

explains the accelerated expansion of the universe. There are a lot of valid reasons

because of which f (R) gravity has become one of the most interesting theories of this

era. It is important and interesting to study the astrophysical phenomenon in f (R)

gravity [139].
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We consider the spherical symmetric line element (2.1.2), in which the metric func-

tion of f (R) BH is given by [140]

X(r) = 1+
2M
r

+ β̃ r− Λr2

3
. (4.2.1)

Here, M is the mass of BH, β̃ = a4/d1 ≥ 0 is a constant with d1 is the scale factor and

a4 is the dimensionless parameter [140]. The horizon radius can be obtained through

metric function (4.2.1) as

r3
+Λ−3r2

+β̃ +6M−3r+ = 0. (4.2.2)

One can obtain the mass and temperature of f (R) BH at horizon radius as

M =
−r3

+Λ+3β̃ r2
++3r+

6
,T =

f ′(r)
4π

=
−2r3

+Λ+3β̃ r2
++6M

12πr2
+

. (4.2.3)

By utilizing the mass M in above equation, the temperature reduces to

T =
−r2

+Λ+2r+β̃ +1
4πr+

. (4.2.4)

For real and positivity of temperature, we have

r+ ≥
β̃ +

√
β̃ 2 +Λ

Λ
. (4.2.5)

The condition satisfied

β̃ 2 +Λ ≥ 0. (4.2.6)
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Figure 4.6: The plot of pressure for f (R) BH for β̃ = 1.5 and Λ = −0.1 (left panel),
Λ = 0.1 (right panel)

The higher order corrected entropy and pressure for this BH take the form

S = πr2
+− b1

2
ln(

(r2
+Λ−2β̃ r+−1)2

16π
)+

b2

πr2
+

, (4.2.7)

P =
1

8π3r6
+

(
−π2r6

+Λ+2π2r5
+β̃ +b1πr4

+Λ−b1πr3
+β̃ +π2r4

++b2r2
+Λ

− 2b2r+β̃ −b2
)
. (4.2.8)

In Fig.4.6, we analyze the trajectories of pressure for negative and positive values of

Λ. We can see pressure decreases due to correction terms. We obtain highest pressure

in the absence of correction terms and the lowest pressure in the presence of both

correction terms (b1 = 1,b2 = 1). Also, we observe that the pressure is lower for

second order correction term (b1 = 0,b2 = 1) as compare to logarithmic correction

term (b1 = 1,b2 = 0). Interestingly, we find no change in pressure with respect to

cosmological constant. Hence, it can be concluded that the pressure decreases due to

higher order correction terms only.

54



Figure 4.7: The plot of γ for f (R) BH for β̃ = 1.5 and Λ =−0.1 (left panel), Λ = 0.1
(right panel)

4.2.1 Stability of f (R) Black Hole

For stability of f (R) BH, we can obtain CV by using Eqs.(4.2.4) and (4.2.7) as follows

CV = − 2
πr2

+(r2
+Λ+1)

(
−π2r6

+Λ+2π2β̃ r5
++πb1r4

+Λ

− πr3
+β̃ +π2r4

++b1r2
+Λ−2β̃b2r+−b2

)
. (4.2.9)

Moreover, Cp can be obtained by using Eqs.(4.2.4) and (4.2.8), we have

CP = − 2
3πr+(r2

+Λ+1)

(
−6π2r5

+Λ+10π2β̃ r4
+

+ 4πb1r3
+Λ−3πb1β̃ r2

++4π2r3
++2b2r+Λ−2b2β̃

)
. (4.2.10)

For this BH, the plot of γ =CP/CV is shown in Fig.4.7. We observe that the value of γ

increases for larger horizon due to correction terms. Also, we find that the value of γ is

same for both cases (positive and negative values of Λ), i.e., γ → 0.6 for larger horizon.

Thus, we can say that γ shows similar stable behavior for both cases of cosmological

constant. It is realized that the value of γ becomes higher due to correction terms and
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exhibits similar stable behavior for both cases of Λ.

4.2.2 Phase Transition

Λ correction
terms

range of
local stability phase transition

−0.1

b1 = 1, b2 = 1
b1 = 0, b2 = 1
b1 = 1, b2 = 0
b1 = 0, b2 = 0

0 < r+ < 0.61, r+ > 3.2
0 < r+ < 0.27, r+ > 3.2

r+ < 0.56, r+ > 3.2
r+ > 3.2

0.61
0.27
0.56

ϕ

0.1

b1 = 1, b2 = 1
b1 = 0, b2 = 1
b1 = 1, b2 = 0
b1 = 0, b2 = 0

0 < r+ < 0.61, r+ > 30.33
0 < r+ < 0.26, r+ > 30.33

r+ < 0.56, r+ > 30.33
r+ > 30.33

0.61, 30.33
0.26, 30.33
0.56, 30.33

30.33

Table 4.2: Range of local stability and CPs of horizon radius of phase transition for
f (R) BH due to the effect of higher order correction entropy
.

We discuss the phase transition and range of local stability of BH horizon due to

thermal fluctuation for negative and positive values of Λ. In both panels of Fig.4.8, it

is observed that the range of local stability is maximum for both correction terms and

then the range of local stability is higher for second order correction term as compare

to first order logarithmic correction term. Furthermore, we also find the CPs of horizon

of phase transition for both cases in Table 4.2. We obtain more CPs of phase transition

in the presence of correction term as compare to its absence. Moreover, we have

more CPs for positive cosmological constant as compare to negative. Hence, we can

conclude that if we utilize the correction terms and increases the value of cosmological

constant then the range of local stability increases and we can obtain more CPs of phase

transition.
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Figure 4.8: The plot of specific heat at constant volume for f (R) BH for β̃ = 1.5 and
Λ =−0.1 (left panel), Λ = 0.1 (right panel)

4.2.3 Grand Canonical Ensemble

The free energy in grand canonical ensemble (Gibbs free energy) is given by

G = − 1
24π2r3

+

(
2r6

+π2Λ+6r4
+π2 +6b2r2

+Λ−12b2r+β̃ −6b2

− 3b1r2
+π(r2

+Λ−2r+β̃ −1) ln
((−r2

+Λ+2β̃ r+−1)2

16π
))

−µ1r+.(4.2.11)

Fig.4.9 represents the behavior of Gibbs free energy for negative and positive cos-

mological constant. In both panels, it is observed that the correction terms reduce the

Gibb’s free energy. For lower value of the cosmological constant, Gibb’s free energy is

negative for all correction terms. So it shows unstable behavior for all correction terms

in the case of negative value of Λ. In the case of positive cosmological constant, the

Gibb’s free energy remains positive. From right panel, we can see that Gibb’s free en-

ergy is higher for both correction terms and logarithmic correction term as compare to

others. Hence, we can conclude that f (R) BH is thermodynamically stable for positive

cosmological constant while it is unstable for negative cosmological constant.
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Figure 4.9: The plot of Gibb’s free energy for f (R) BH for β̃ = 1.5, µ1 = 0.5 and
Λ =−0.1 (left panel), Λ = 0.1 (right panel)

4.2.4 Canonical Ensemble

The free energy in canonical ensemble is known as Helmhotz free energy if the charge

is fixed, which is

F = − 1
24π2r3

+

(
2r6

+π2Λ+6r4
+π2 +6b2r2

+Λ−12b2r+β̃ −6b2

− 3b1r2
+π(r2

+Λ−2r+β̃ −1) ln
((−r2

+Λ+2β̃ r+−1)2

16π
))

(4.2.12)

The behavior of Helmhotz free energy for negative and positive cosmological constant

is plotted in Fig.4.10. In both panels, we observe that free energy decreases due to

correction terms. In left panel, one can see the free energy is positive till r+ = 6 then it

becomes negative for large horizon in the case of negative cosmological constant. So it

shows stable (positive) behavior till r+ = 6 and unstable (negative) behavior for large

horizon. On the other hand, for positive value of Λ, the free energy remains positive

which shows stable behavior. Hence, we can conclude that f (R) BH shows stable

behavior for positive values of cosmological constant and exhibits unstable behavior

for large horizon in the case of negative values of cosmological constant.
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Figure 4.10: The plot of Helmhotz free energy for f (R) BH for β̃ = 1.5 and Λ =−0.1
(left panel), Λ = 0.1 (right panel)
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Chapter 5

Accretion onto Some Well-Known

Regular Black Holes
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In this chapter, we discuss the accretion onto static spherically symmetric RBHs

for specific choices of the EoS parameter. The underlying RBHs are FDD RBH, logis-

tic distribution, non-linear electrodynamics, respectively, and KS asymptotically flat

RBHs. We obtain the critical radius, critical speed, and squared sound speed during

the accretion process near RBHs. We also study the behavior of radial velocity, energy

density, and the rate of change of the mass for each of RBHs.

5.1 Charged Regular Black Hole Using Fermi-Dirac Distribution

The said RBH solution has the following metric functions [12]

X(r) = 1− 2M
r

(
ξ (δ2r)

ξ∞

)δ2

= Y (r), (5.1.1)

where the FDD function is

ξ (x̄) =
1

ex̄ +1
. (5.1.2)

By replacing x̄ = q2

Mδ2r , we can obtain the distribution function as

ξ (δ2r) =
1

e
q2

Mδ2r +1
, (5.1.3)

with normalization factor is ξ∞ = 1
2 . Also the distribution function satisfies

ξ (r)
ξ∞

→ 1, (5.1.4)

where r → ∞. Hence the metric functions turn out to be

X(r) = Y (r) = 1− 2M
r

 2

e
q2

δ2Mr +1

δ2

,Z(r) = r2. (5.1.5)

61



Figure 5.1: Velocity profile against x= r
M for δ2 = 1, q= 1.055M, M = 1 and A4 = 0.45

of charged FDD RBH.

If we set δ2 → 0 and δ2 → ∞, we obtain

X(r) = Y (r) = 1− 2M
r

e
−q2
Mr , (5.1.6)

X(r) = Y (r) = 1− 2M
r

e
−q2
2Mr . (5.1.7)

In both equations, the difference of factor 2 must be noted [12].

It is possible to integrate the conversation laws and obtain analytical expressions

of the physical parameters. For simplicity, we will study the barotropic case where the

fluid has an equation p(r) = ωε(r). Using (2.6.5) and (2.6.11), we obtain

u(r) =

((
2M
(

1
2e

q2
δ2Mr + 1

2

)−δ2

− r

)
(ω +1)2 +A2

4r

)1/2

(ω +1)
√

r
, (5.1.8)

ε(r) =
A2(ω +1)

r3/2

√√√√(2M
(

1
2e

q2
δ2Mr + 1

2

)−δ2

− r

)
(ω +1)2 +A2

4r

. (5.1.9)
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Figure 5.2: Energy density against x = r
M for δ2 = 1, q = 1.055M, M = 1, A2 = 1 and

A4 = 0.45 of charged FDD RBH.

The velocity profile for different values of ω is shown in Fig.5.1. Here ω = 1, 0, −1

refer to stiff, dust, and cosmological constant, respectively, and −1 < ω < −1/3 and

ω <−1 refer to quintessence and phantom energy. It can be seen that for ω =−1.5, −

2 the radial velocity of the fluid is negative and it is positive for ω =−0.5, 0, 0.5, 1.

If the flow is outward then u < 0 is not allowed and vice versa. In the case of

ω = −1.5, − 0.5 the fluid is at rest at x = 10. Fig.5.2 represents the behavior of en-

ergy density of fluids in the surrounding area of RBH. Obviously the WEC and DEC

satisfied by dust, stiff, and quintessence fluids. When phantom fluid (ω =−1.5, −2)

moves towards RBH then energy density decreases and reverse will happen for dust,

stiff and quintessence fluids (ω =−0.5, 0, 0.5, 1). Asymptotically ε → 0 at infinity

for ω = −1.5, − 0.5, while it approaches to maximum at x = 1.2, 1.3, 1.8 and near

BH.

Using this metric, Eqs.(2.6.19) and (5.1.9), the rate of change of mass of RBH due
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Figure 5.3: Rate of change of mass against x = r
M for δ2 = 1, q = 1.055M, M = 1,

A2 = 1 and A4 = 0.45 of charged FDD RBH.

to accretion becomes

Ṁ =
4πA2

2A4(ω +1)

r3/2

√√√√(2M
(

1
2e

q2
δ2Mr + 1

2

)−δ2

− r

)
(ω +1)2 +A2

4r

. (5.1.10)

Fig.5.3 represents the change in RBH mass for different values of ω . The mass of the

RBH will increase near it and at x = 1.2, 1.3, 1.7 for ω = 1, 0.5, 0, respectively. On

the other hand, mass of RBH decrease near it and at x = 1.7 for ω = −2. Hence the

mass of RBH increases due to accretion of quintessence, dust, and stiff matter, while

it decreases due to accretion phantom like fluids.

The critical values, critical velocities and speed of sound are obtained for different

values of the EoS parameter in Table 5.1. Critical radius is shifting to left when ω ≥ 0

increases. Thus, the in-falling the fluid acquires supersonic speeds closer to RBH.

Same critical radius is obtained for ω =−2, 0 and ω =−1.5, −0.5 with same critical

velocities but in an opposite direction. We get negative speed of sound at x = 7.5044

and positive speed of sound for remaining critical radius. Also, the speed of sound
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ω rc u(rc) c2
s

-2 1.37495 0.3138832070 .0000002580
-1.5 7.5044 0.2382908936 -.4999997476
-0.5 7.5044 -0.2382908936 -.4999997476

0 1.3749 -0.3138832070 .0000002580
0.5 1.092 -0.2476468259 0.503110174
1 0.999 -.1998921298 1.002986469

Table 5.1: Charged FDD RBH.

increases near the RBH. For this metric, we find that

u2
c =

2δ2−1
((

Mr−q2)e
q2

δ2Mr +Mr
)

r2
(

e
q2

δ2Mr +1
)δ2+1 , (5.1.11)

V2
c =

2δ2

((
Mr−q2)e

q2
δ2Mr +Mr

)
2r2
(

e
q2

δ2Mr +1
)δ2+1

−2δ2

(
(3Mr+q2)e

q2
δ2Mr +3Mr

) . (5.1.12)

Also, the condition (2.6.18) yields

2δ2

((
Mr−q2)e

q2
δ2Mr +Mr

)
r4
(

e
q2

δ2Mr +1
)δ2+1 > 0. (5.1.13)

5.2 Charged Regular Black Hole Using Logistic Distribution

The logistic distribution function is [12]

ξ (x̄) =
e−x̄

(e−x̄ +1)2 , (5.2.1)
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in which replace x̄ = 2q2

Mδ3r then we obtain the distribution function

ξ (δ3r) =
e
−2q2
Mδ3r(

e
−2q2
Mδ3r +1

)2 , (5.2.2)

with normalization factor is ξ∞ = 1
4 . Also the distribution function satisfies

ξ (r)
ξ∞

→ 1, (5.2.3)

where r → ∞. The horizons can be obtained for δ3 = 1 where q = 1.055M. The metric

function can be written as

X(r) = Y (r) = 1−
2M
(

4e
−
√

2q2
δ3Mr
)δ3

r
(

e
−
√

2q2
δ3Mr +1

)2δ3

,Z(r) = r2. (5.2.4)

If we set δ3 → 0 then we obtain the SH-BH, and if we set δ3 → ∞, we get

X(r) = Y (r) = 1− 2M
r

e
−q2
2Mr . (5.2.5)

It is noteworthy that this metric function corresponds to an Ayon-Beato and Garcia BH

[12].

The radial velocity and energy density for the metric (5.2.4) using Eqs. (2.6.5) and

(2.6.10) are given by

u(r) =
1

(ω +1)
√

r


r−

2M
(

4e
−
√

2q2
δ3Mr
)δ3

(
e
−
√

2q2
δ3Mr +1

)2δ3

(ω +1
)2

−A2
4r


1/2

, (5.2.6)

66



Figure 5.4: Velocity profile against x = r
M for δ3 = 1, q = 1.055M, M = 1 and A4 = 0.4

of charged RBH using logistic distribution.

ε(r) =− A2(ω +1)

r3/2


−r+

2M
(

4e
−

√
2q2

δ3Mr
)δ3

(
e
−

√
2q2

δ3Mr
+1
)2δ3

(ω +1
)2

+A2
4r


1/2 . (5.2.7)

The velocity profile for different values of ω is shown in Fig.5.4. It can be observed

that for ω =−1.5, −2 the radial velocity of the fluid is negative and it is positive for

ω = −0.5, 0, 1. If the flow is inward then u > 0 is not allowed and vice versa. In

the case of ω = −2, 0 the fluid is at rest at x = 10. Fig.5.5 represents the behavior

of energy density of fluids in the surrounding area of RBH. Obviously the WEC and

DEC are satisfied by dust, stiff, and quintessence fluids. When phantom like fluid

(ω = −1.5, − 2) moves towards BH then energy density decreases and reverse will

happen for dust, stiff, and quintessence fluids (ω =−0.5, 0, 0.5, 1).
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Figure 5.5: Energy density against x = r
M for δ3 = 1, q = 1.055M, M = 1, A2 = 1 and

A4 = 0.4 of charged RBH using logistic distribution.

The Ṁ of RBH for distinct EoS parameters is obtained by using (2.6.19)

Ṁ =−
4πA2

2A4(ω +1)

r3/2


−r+

2M
(

4e
−

√
2q2

δ3Mr
)δ3

(
e
−

√
2q2

δ3Mr
+1
)2δ3

(ω +1
)2

+A2
4r


1/2 . (5.2.8)

Fig.5.6 represents the change in RBH mass against x. It is evident that the mass

of RBH increases due to quintessence, dust, and stiff fluids and it decreases due to

phantom fluids.

ω rc u(rc) c2
s

-2 1.36375 -0.3998729763 -0.1018620364
-1.5 3.777412 -0.3138895411 -0.5007414180
-0.5 3.77412 0.3138895411 -0.5007414180

0 1.36375 0.3998724197 -0.1018620364
0.5 1.1850 0.4018068205 0.116622918
1 1.12974 0.4014558621 0.231766770

Table 5.2: Charged RBH using logistics distribution.
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Figure 5.6: Rate of change of mass against x = r
M for δ3 = 1, q = 1.055M, M = 1,

A2 = 1 and A4 = 0.4 of charged RBH using logistic distribution.

The critical radius, critical velocity, and speed of sound are obtained for different

values of EoS parameter in Table 5.2. Critical radius is shifting to the right when ω ≥ 0

increases. Thus the in-falling fluid acquires supersonic speeds closer to RBH. For

phantom like fluid, quintessence, dust, and stiff matter the critical radius and critical

velocities are explained in Table 5.2. Same critical radius is obtained for ω = −2, 0

and ω = −1.5, − 0.5 with same critical velocities but differ in sign. We obtained

negative speed of sound at x = 1.36375, 3.777412 and positive speed of sound at

x = 1.12974, 1.1850. Near RBH speed of sound will increase. For this metric we find

that

u2
c =

2−2+2δ3
√

Me
√

2q2δ3
Mr

((√
2qδ3 +2

√
δ3Mr

)
+
(
−
√

2qδ3 +2
√

δ3Mr
)

e
√

2q2δ3
Mr

)
√

δ3r3/2
(

e
√

2q2δ3
Mr

) ,

(5.2.9)
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V 2
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(
2δ3Me

√
2q2δ3

Mr

((√
2qδ3 +2

√
δ3Mr

)
+
(
−
√

2qδ3 +2
√

δ3Mr
)

e
√

2q2δ3
Mr

))
(

4
√

δ3Mr3/2
(

e
√

2q2δ3
Mr

)
−2δ3e−

√
2δ3q2

Mr

((
−
√

2Mqδ3 +6
√

δ3rM3/2
)

e
−
√

2q2
δ3Mr +

√
2Mqδ3 +6

√
δ3rM3/2

−1

. (5.2.10)

Also, the condition (2.6.18) yields

2−1+2δ3
√

Me−
√

2q2δ3
Mr

((√
2qδ3 +2

√
δ3Mr

)
e−
√

2q2δ3
Mr +

(
−
√

2qδ3 +2
√

δ3Mr
))

√
δ3r7/2

(
e
√

2q2δ3
Mr

) > 0.

(5.2.11)

5.3 Charged Regular Black Hole from Nonlinear Electrodynamics

We use the line element

X(r) = Y (r) = 1− 2M(r)
r

, (5.3.1)

here the function

M(r) = M
(

1− tanh
(

q2

2Mr

))
. (5.3.2)

Its associated electric field source is

E =
q
r2

(
1− tanh2

(
q2

2Mr

))(
1− q2

4Mr
tanh

(
q2

2Mr

))
, (5.3.3)

where q and M represent electric charge and mass, respectively [141]. The solution

elaborate RBH and its global structure is like RN-BH. The asymptotic behavior of the

solution is

X(r) = 1− 2M
r

+
q2

r2 +O
(

1
r4

)
. (5.3.4)
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Figure 5.7: Velocity profile against x = r
M for q = 1.055M, M = 1 and A4 = 0.7 of

charged RBH from nonlinear electrodynamics.

So we have metric function

X(r) = Y (r) = 1− 2M
r

(
M
(

1− tanh(
q2

2Mr
)

))
,Z(r) = r2. (5.3.5)

The radial velocity and energy density for this metric are given by

u(r) =

√(
−2Mtanh

(
q2

2Mr

)
+2M− r

)
(ω +1)2 +A2

4r

(ω +1)
√

r
, (5.3.6)

ε(r) =
(ω +1)A2

r3/2

√(
−2Mtanh( q2

2Mr +2M− r)
)
(ω +1)2 +A2

4r
. (5.3.7)

The absolute value of the velocity profile for different values of ω is shown in Fig.5.7.

It can be observed that for ω = −2 the radial velocity of the fluid is negative and it

is positive for ω = 0.5, 0, 1. If the flow is inward then u > 0 is not allowed and

vice versa. In the case of ω = −2, 0 the fluid is at rest at x = 10. Fig.5.8 represents

the energy density of fluids in the region of RBH. It is apparent that WEC and DEC

is satisfied by phantom fluids. When phantom fluids move towards RBH the energy
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Figure 5.8: Energy density against x = r
M for q = 1.055M, M = 1, A2 = 1 and A4 = 0.7

of charged RBH from nonlinear electrodynamics.

density increases; on the other hand it decreases for dust and stiff matter.

The rate of change of mass is given by

Ṁ =−
4πA2

2A4(ω +1)

r3/2

√(
−2Mtanh( q2

2Mr +2M− r)
)
(ω +1)2 +A2

4r
. (5.3.8)

The rate of change of RBH mass against x is plotted in Fig.5.9. Due to accretion of

dust and stiff matter the mass of RBH will increase for small values of x and vice versa

for phantom fluids. It is also noted that the maximum rate of RBH mass increases

due to ω = 1 followed by ω = 0.5, 0, − 2. The critical values, critical velocities

ω rc u(rc) c2
s

-2 3.685523529 -0.2993097288 -0.125
0 3.685523529 0.2993097288 -0.125

0.5 1.506050868 0.2844719573 0.312500584
1 1.106971797 0.1633564212 0.750003072

Table 5.3: Charged RBH from nonlinear electrodynamics.

and speed of sound are obtained for different values of EoS parameter in Table 5.3.
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Figure 5.9: Rate of change of mass against x = r
M for q = 1.055M, M = 1, A2 = 1 and

A4 = 0.7 of charged RBH from nonlinear electrodynamics.

Critical radius is shifting to the right when ω ≥ 0 increases. Speed of sound is negative

at x = 3.685523529 and near RBH the speed of sound will increase. For this RBH, we

find that

u2
c =

q2
(

tanh2
(

q2

2Mr

)
−1
)
+2Mr

(
−tanh

(
q2

2Mr

)
+1
)

4r2 , (5.3.9)

V2
c =

q2
(

tanh2
(

q2

2Mr

)
−1
)
+2Mr

(
−tanh

(
q2

2Mr

)
+1
)

4r2 +q2
(

tanh2
(

q2

2Mr

)
−1
)
+6+Mr

(
tanh

(
q2

2Mr

)
−1
) . (5.3.10)

Also, the condition (2.6.18) yields(
tanh2

(
q2

2Mr

)
−1
)

q2 +2Mr
(
−tanh

(
q2

2Mr

)
+1
)

2r4 > 0. (5.3.11)

5.4 Kehagias - Sftesos Asymptotically flat Regular Black Hole

KS studied the following RBH metric

X(r) = Y (r) = 1+ b̃r2 −
√

b̃2r4 +4Mb̃r,Z(r) = r2. (5.4.1)
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Figure 5.10: Velocity profile against x = r
M for M = 1, b̃ = 0.9 and A4 = 0.9 of KS

RBH.

In the frame work of Horava theory, where m is the mass, b̃ is the positive constant

related to coupling constant of theory. The metric asymptotically behaves the usual

SH-BH [142]

X(r) = Y (r)≈ 1− 2M
r

+O
(

1
r4

)
, (5.4.2)

for r ≫ ( r
b̃
)1/3. The KS metric have two horizons at

r± = M

(
1±

√(
1− 1

2b̃M2

))
, (5.4.3)

with 2b̃M2 ≥ 1 [142]. For 2b̃M2 = 1, we have an extreme BH and for 2b̃M2 < 1, we

have naked singularity.

The radial velocity and energy density for this metric of different EoS parameters

are given by

u(r) =

(
A2

4 +
(√

b̃2r4 +4Mb̃r− b̃r2 −1
)
(ω +1)2

)1/2

ω +1
, (5.4.4)
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Figure 5.11: Energy density against x = r
M for M = 1, A2 = 1, b̃ = 0.9 and A4 = 0.9 of

KS RBH.

ε(r) =
A2(ω +1)

r2
(

A2
4 +
(√

b̃2r4 +4Mb̃r− b̃r2 −1
)
(ω +1)2

)1/2 . (5.4.5)

The radial velocity for different values of ω is shown in Fig.5.10. The radial velocity

is negative for phantom like fluid and positive for quintessence, dust, and stiff matter.

The evolution of energy density of fluids in the surrounding area of RBH is plotted in

Fig.5.11. The energy density for phantom fluids is negative, while the energy density

for stiff, dust, and quintessence fluids is positive.

Using this metric and Eq.(2.6.19) we obtained rate of change of RBH mass is given

by

Ṁ =
4πA2

2A4(ω +1)

r2
(

A2
4 +
(√

b̃2r4 +4Mb̃r− b̃r2 −1
)
(ω +1)2

)1/2 . (5.4.6)

Fig.5.12 represents the rate of change in RBH mass against x. We see that RBH mass

will increase for ω = −0.35, 0, 0.5, 1 and it will decrease for ω = −2. The critical

values, critical velocities and speed of sound for different values of ω is presented in

the Table 5.4. For quintessence matter we obtain very large critical radius. Similarly

as before we obtain the same critical radius for dust and phantom like fluids and same
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Figure 5.12: Rate of change of mass against x = r
M for M = 1, A2 = 1, b̃ = 0.9 and

A4 = 0.9 of KS RBH.

ω rc u(rc) c2
s

-2 7.8946 -0.2505321935 0.0000008330
-0.34 30267.74 0.6327458490 -0.0513167023

0 7.8946 0.2505321736 0.0000008330
0.5 2.3185 0.3961993774 0.500013404
1 1.8183 0.3888079314 0.500013404

Table 5.4: KS RBH.

critical velocities but differ in sign. If we increase the EoS parameter then the critical

radius is shifted near RBH. It is evident the critical velocity is negative for phantom

like fluid and positive for quintessence, dust, and stiff matter. The speed of sound is

negative at x = 30267.74 and positive for remaining critical radius. For this metric, we

find that

u2
c =

r
4

2b̃r− 2b̃2r3 +2Mb̃√
r
(
b̃2r3 +4Mb̃

)
 , (5.4.7)
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V2
c =

r2

(
2b̃r− 2b̃2r3+2Mb̃√

r(b̃2r3+4Mb̃)

)

r2

(
2b̃r− 2b̃2r3+2Mb̃√

r(b̃2r3+4Mb̃)

)
+4r

(
1+ b̃r2 −

√
r
(
b̃2r3 +4Mb̃

)) . (5.4.8)

The condition (2.6.18) yields(
2b̃r− 2b̃2r3+2Mb̃√

r(b̃2r3+4Mb̃)

)
2r

> 0. (5.4.9)
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Chapter 6

Accreting Fluids onto Regular Black

Holes Via Hamiltonian Approach
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In this chapter, we study the steady state spherically symmetric accretion onto

RBHs and develop the Hamiltonian dynamical system for the accretion problem. We

discuss the motion of isothermal relativistic, ultra-relativistic, radiation and sub rela-

tivistic test fluids in the frame work of Hamiltonian dynamical system around RBHs.

The thermodynamical properties of fluids have been studied for different choices of

EoS parameter. Moreover, CPs and conserved quantities have been found for different

fluids. The behavior of an accreting fluid has been discussed as subsonic and super-

sonic according to EoS and RBHs.

6.1 General Description

Here, we will derive the governing equations and analyze the flow of perfect fluid and

accretion rate onto RBHs by utilizing the energy and particle conservation laws. In

this way, we consider general spherical symmetric set-up and stationary line element

is given in Eq.(2.1.2) in which X(r) > 0 is the function of r. The energy momentum

tensor for perfect fluid is given by

Tµν = (p+ ε)uµuν + pgµν , (6.1.1)

where p is the pressure, ε is the energy density and uµ is the four-velocity which is

given by

uµ =
dxµ

dτ
= (ut ,ur,0,0), (6.1.2)

where τ is the proper time. Here, uθ and uϕ become zero due to spherical symmetry

restrictions. We define the current density or particle flux by Jµ = nuµ . According to

law of particle conservation, the divergence of particle flux is zero for this system, i.e.,

∇µJµ = ∇µ(nuµ) = 0, (6.1.3)
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where ∇µ is covariant derivative. It is useful to mention here that all the flow variables

(p,ε,uµ ,n) are spherically symmetric and we have a steady state according to defini-

tion of Michel [57, 58]. Using Eq.(2.1.2) and normalization condition uµuµ =−1, we

have

ut =±
√

u2 +X(r), (6.1.4)

where u = dr/dτ = ur, ut can be negative or positive due to square root which rep-

resents the backward or forward in time conditions. However, u < 0 is required for

accretion process, otherwise for any outward flows u > 0. The equation of continuity

is

∇µ(nuµ) =
1
r2 ∂r(r2nu) = 0, (6.1.5)

which leads to

r2nu =Ca, (6.1.6)

where Ca is integration constant. The thermodynamics of perfect fluid is given by

[143]

d p = n(dh−T ds), dε = hdn+nT ds, (6.1.7)

where h = ε+p
n is the specific enthalpy, T is the temperature and s is the specific en-

tropy.

Furthermore, the theorem of relativistic hydrodynamics (which is only applicable

for smooth flows) states that the scalar quantities such as huµ η̃µ remain conserved

along the trajectories of the fluid [143], i.e.,

uν∂µ(huµ η̃µ) = 0, (6.1.8)

where η̃µ is a Killing vector of space-time. Considering η̃µ = (1,0,0,0) of metric

(2.1.2), we obtain

h
√

u2 +X(r) =Cb, (6.1.9)

where Cb is integration constant. It is also mention here that the specific entropy re-
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mains conserved along the fluid trajectories, i.e., uµ∇µs = 0. Hence, the stress energy

tensor Tµν can be written as [144, 145]

Tµν = nhuµuν +(nh− ε)gµν ,

and then projection of T µν onto uµ turns out to be

uν∇µT µν = uν∇µ [nhuµuν +(nh− ε)gµν ] =−nTuµ∇µs = 0. (6.1.10)

Since fluid is stationary (independent of time) and moving along radial direction only

in the present case, which leads to ∂rs = 0 and hence s becomes constant. In this

scenario, Eq.(6.1.7) reduces to

d p = ndh, dε = hdn. (6.1.11)

Next, we will use Eqs.(6.1.6), (6.1.9) and (6.1.11) to analyze the flow. Since s becomes

constant, and thus canonical form of EoS of simple fluid (ε = ε(n,s)) [144, 145] turns

out to be barotropic form and is given by

ε = F̃(n). (6.1.12)

In view of above relation Eq.(6.1.11) leads to

h =
dε
dn

=
dF̃(n)

dn
= F̃ ′(n), p′ = nF̃ ′′ =⇒ p = nF̃ ′− F̃ , (6.1.13)

which provides the relationship between F̃ and G̃ (p = G̃(n))as follows:

G̃(n) = nF̃ ′(n)− F̃(n). (6.1.14)

Further, the sound speed can be defined as a2 = (∂ p/∂ε)s, which reduces to a2 =
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d p/dε because s is constant. Using (6.1.11), we can find

dh
h

= a2 dn
n
. (6.1.15)

Using Eqs.(6.1.13) and (6.1.15), we obtain

a2 = n(ln F̃ ′)′. (6.1.16)

Since the motion is in radial direction, so the metric (2.1.2) reduces to

ds2 =−(
√

X(r)dt)2 +

(
dr√
X(r)

)2

. (6.1.17)

The ordinary three velocity of the fluid can be defined as v ≡ dr/
√

X(r)√
X(r)dt

and its expres-

sion can be obtained by using relations ut = dt/dτ , u = ur = dr/dτ , ut =−X(r)ut and

Eq.(6.1.4) as follows:

v2 =
u2

X(r)+u2 , (6.1.18)

which implies

u2 =
X(r)v2

1− v2 and (ut)
2 =

X2(r)
1− v2 . (6.1.19)

Utilizing above relations in (6.1.6), we obtain

C2
a =

r4n2X(r)v2

1− v2 . (6.1.20)

These results will be used in the following sections [144, 145].

6.2 Hamiltonian System

Here, we derive two integrals of motion (Ca,Cb) given in (6.1.6) and (6.1.9) by adopt-

ing Hamiltonian procedure. The idea of reformulating of the Michel flow problem as

a Hamiltonian system for global flow is analyzed in detail by [129, 146, 147, 148].
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The Hamiltonian H is a function of two variables (x,y) and its simplest form has one

degree of freedom. Let H be the square of right hand side of Eq.(6.1.9):

H = h2(X(r)+u2). (6.2.1)

Using Eq. (6.1.19) in above equation, we have

H(r,v) =
X(r)h2(r,v)

1− v2 , (6.2.2)

and this is derived in [144, 145]. Here, we fixed dynamical variables to be (r,v). For

the derivation of sonic points (CPs) are derived in following subsection.

6.2.1 Sonic Points

The dynamical system of Hamiltonian H given in (6.2.2) reads to be [144, 145]

v̇ =−H, r, ṙ = H, v, (6.2.3)

where dot represents the derivative with respect to t̄ which is new ”time” variable. The

”time” variable t̄ for the dynamical system is any variable on which Eq.(6.2.1) does

not depend explicitly so that the dynamical system is autonomous. For finding CPs,

we utilize Eq.(6.2.3) for which we require

d
dr

H(r,v) =
h2

1− v2

(
d
dr

(X(r))+2X(r)
d
dr

(lnh)
)
, (6.2.4)

d
dv

H(r,v) =
2X(r)h2v
(1− v2)2

(
1+

1− v2

v2
d
dv

(lnh)
)
. (6.2.5)

Moreover, Eq.(6.1.15) can be expressed as

d
dr

(lnh) = a2 d
dr

(lnn), (6.2.6)

d
dv

(lnh) = a2 d
dv

(lnn). (6.2.7)
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By keeping ’r’ as a constant in Eq.(6.1.20), we have nv√
1−v2 = constant, which under

differentiation with respect to ’v’ leads to

d
dv

(lnn) =− 1
v(1− v2)

⇒ d
dv

(lnh) =− a2

v(1− v2)
. (6.2.8)

Similarly,

d
dr

(lnn) =−
r d

dr (lnX(r))+4
2r

⇒ d
dr

(lnh) =−
a2(r d

dr (lnX(r))
)
+4

2r
. (6.2.9)

Finally, by using Eqs.(6.2.3)-(6.2.9), we obtain

v̇ = − h2

r(1− v2)

(
r
( d

dr
X(r)

)
(1−a2)−4X(r)a2

)
, (6.2.10)

ṙ = − 2X(r)h2

v(1− v2)2

(
v2 −a2) . (6.2.11)

By setting the above relations equal to zero, we can get CPs as follows

v2
c = a2

c and rc(1−a2
c)

d
drc

X(rc) = 4Xca2
c . (6.2.12)

Here Xc ≡ X(rc) and d
drc

Xc ≡ d
dr X(r) | r=rc . The second relation of Eq.(6.2.12) repre-

sents the sound speed at the CP, i.e., a2
c in terms of rc,

a2
c =

rc
d

drc
Xc

4Xc + rc
d

drc
Xc

. (6.2.13)

In this scenario, the constant C2
a (6.1.20) can be written as

C2
a = r4

cn2
cv2

c
Xc

1− v2
c
=

1
4

r5
cn2

c
d

drc
Xc, (6.2.14)
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where we have used (6.2.12). Using C2
a in Eq.(6.1.20), we have

(
n
nc

)2

=
r5

c
( d

drc
Xc
)
(1− v2)

4r4X(r)v2 . (6.2.15)

6.3 Regular Black Holes

In this section, we will discuss RBHs with fixed BH background, neglecting the self-

gravity of the fluid.

6.3.1 Regular Black Hole using Dagum Distribution Function

Consider the line element (2.1.2) for generally spherically symmetric metric with

X(r) = 1− 2M
r

ξ (r)
ξ (∞)

, (6.3.1)

where the DDF [149] is

ξ (x̄) =
a1 p1x̄a1 p1−1

aa1 p1
2

(
1+
( x̄

a2

)a1
)p1+1 , (6.3.2)

and a1,a2, p1 are positive parameters. By assuming a2 = 1 and p1 = 1/a1, we find

ξ (x̄) =
1(

1+ x̄a1

) a1+1
a1

. (6.3.3)

After replacing x̄ → q2

Mr and simplifications leads to

X(r) = 1− 2M
r

 1(
1+ r

( q2

Mr

)a1
) a1+1

a1

δ4

. (6.3.4)
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This RBH satisfies the WEC for δ4 =
3

a1+1 and hence we have

X(r) = 1− 2M
r

 1

1+ r
(

q2

Mr

)a1

3/a1

. (6.3.5)

Moreover, one can find the RBH metric by using DDF with a factor q/r2, which be-

haves asymptotically as RN metric and its metric function is

X(r) = 1− 2M
r

 1

1+ηa

(
q2

Mr

)a1

 3
a1

+
q2

r2

 1

1+ηa

(
q2

Mr

)a1

 4
a1

, (6.3.6)

where ηa > 0 is a constant and a1 ≥ 2 is an integer. It should be noted that the associ-

ated solution satisfies the weak energy condition if we have ηa ≥ (2/3)a as shown in

[12]. The associated electric field expression is given by

E =
q
r2

 3ηa(3+a1)
(

q2

Mr

)a1−1

2
(

1+ηa

(
q2

Mr

)a1
)2+ 3

a1

+
1−3ηa(3+a1)

(
q2

Mr

)a1

(
1+ηa

(
q2

Mr

)a1
)2(2+a1)/a1

 . (6.3.7)

The metric with function (6.3.6) behave-like de Sitter BH metric as

X(r)≈ 1− M4

η
4

a1
a q6

(2η
1

a1
a −1)r2. (6.3.8)

It can be noticed that the term proportional to r2 cannot become zero because ηa ≥

(2/3)a1 . The metric function (6.3.6) remains regular, if we set (1/2)a1 ≤ ηa < (2/3)a1

but they have de Sitter center without satisfying the WEC. Therefore, if BH metric is

regular and satisfies the WEC, then it has a de Sitter center. However, if the metric has

a de Sitter behavior when approaching to the center, it does not necessarily satisfies

the WEC. Furthermore, if we set ηa < (1/2)a1 , BH metric is not regular. Finally, there

is a known case which can be obtained as a particular case of Eq.(6.3.6) by choosing
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a1 = 2 and ηa =
M2

q2 , i.e,

X(r) = 1−
2M
(

r2

r2+q2

)3/2

r
+

q2

r2

(
r2

r2 +q2

)2

. (6.3.9)

This case corresponds to RBH metric given in [9] and we will discuss the accretion

onto this RBH in the following sections.

6.4 Isothermal Test Fluids

The fluid flowing at a constant temperature is known as isothermal fluids. In accretion

process, sound speed of the fluid flow remains constant. Moreover, the speed of sound

at sonic points is equal to the speed of sound of accretion flow at any radius [144].

Here, we follow [145] to find the general solution of isothermal EoS of the form p =

ωε , which leads to p = ωF̃(n) and G̃(n) = ωF̃(n) given in Eqs.(6.1.12) and (6.1.14),

respectively, where ω (0 < ω ≤ 1) is the state parameter. The differential equation

(6.1.14) becomes

nF̃ ′(n)− F̃(n) = ωF̃(n), (6.4.1)

using (6.1.12) and integrating above equation, we have

ε = F̃ =
εc

nω+1
c

nω+1, (6.4.2)

where εc
nω+1

c
appears as integration constant and hence Eq.(6.1.13) becomes

h =
(ω +1)εc

nc

(
n
nc

)ω
. (6.4.3)

Using Eq.(6.2.15), we have

h2 ∝
(

1− v2

v2r4X(r)

)ω

, (6.4.4)
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and

H(r,v) =
X1−ω(r)

(1− v2)
1−ω v2ωr4ω

, (6.4.5)

where all constants get absorb in the redefinition of Hamiltonian H and the time t̄.

Next, we need to discuss the pressure physically. Using EoS p = ωε and by substitut-

ing Eq.(6.2.15) in (6.4.2), we get

p ∝
( 1− v2

X(r)v2r4

)ω+1
2
. (6.4.6)

If this pressure approaches to the event horizon from the region where t is time like,

then X(r) → 0 and the speed v → 0 or 1. In this situation, Hamiltonian remains

constant on the solution curve. For v → 0, the solution curve approaches to horizon

and hence pressure diverges. For v → 1, Eq. (6.4.6) remains finite in the surrounding

of horizon [144, 145]. If X(r) = 0 has single root as r → rh then using (6.4.6), one can

observe the pressure diverges as

p ∼
(

r− rh

)−ω+1
2ω

. (6.4.7)

If X(r) = 0 has double root then

p ∼
(

r− rh

)−ω+1
ω
. (6.4.8)

The Hamiltonian (6.4.5) of the dynamical system is a constant along the solution

curve. A global flow solution that extends to spatial infinity is

v ≃ v1r−ς + v∞ as r → ∞, (6.4.9)

where (v1, |v∞| ≤ 1,ς > 0) are constants. Substituting Eq.(6.4.9) in Hamiltonian (6.4.5),

88



we obtain

H ≃ X1−ω(r)
r4ω

0 < |v∞|< 1, (6.4.10)

H ≃ X1−ω(r)
r(4−2ς)ω |v∞|= 0, (6.4.11)

H ≃ X1−ω(r)
r(4ω+ως−ς) |v∞|= 1. (6.4.12)

Now the behavior of the fluid is analyzed by considering different choices of state

parameter ω such as ω = 1/4 (sub-relativistic fluid), ω = 1/3 (radiation fluid), ω =

1/2 (ultra-relativistic fluid) and ω = 1 (ultra-stiff fluid), and these are discussed in

following subsections.

6.4.1 Solution for Ultra-Stiff Fluid (ω = 1)

We assume the fluids with EoS p = ε and these are ultra-stiff fluids. For instance, the

usual EoS for the ultra-stiff fluids is p=ωε , i.e., the value of state parameter is defined

as ω = 1. The Hamiltonian (6.4.5) reduces to

H =
1

v2r4 . (6.4.13)

In this case, the metric function X(r) does not involve and it is discussed in detail in

[129, 144, 145].

6.4.2 Solution for Ultra-Relativistic Fluid (ω = 1/2)

Here, we consider the fluids with EoS p = ε/2 and these fluids are ultra-relativistic.

The Hamiltonian takes the simple form

H =

√
X(r)

r2|v|
√

1− v2
. (6.4.14)
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One can observe that the point (r,v2) = (rh,1) is not a CP of the dynamical system.

Eq.(6.4.14) can be solved for some given value of H = Hc and find v2 as follows

v2 =
1±
√

1−4 f (r)
2

(6.4.15)

where f (r) ≡ X(r)
Hcr4 . We plot the above velocity of fluid (v) versus r for aforemen-

tioned two RBHs such as KS RBH and DDF RBH by inserting the corresponding

values of X(r) as shown in the left and right panels of Fig.6.1, respectively. The tra-

jectories in Fig.6.1 corresponds to values of H0 = {Hc,Hc ± 0.04,Hc ± 0.09} where

H = Hc = 0.170615 (for KS RBH) and H = Hc = 0.170615 (for DDF RBH). How-

ever the values of (rh,rc,vc) are approximately equal to (1.66, 2.1575, 0.707107) and

(1.32, 1.75626, 0.707107) for KS RBH and DDF RBH, respectively. For H = Hc =

0.170615 (KS RBH) and H = Hc = 0.232518 (DDF RBH), the solution curves pass

through the CPs (rc,−vc) and (rc,vc). It is observed that the heteroclinic orbit exists

in the range −vc < v < vc and also passes through two CPs (rc,−vc) and (rc,vc). It

can also be seen that the fluid flow is closer to DDF RBH instead of KS RBH. It is

mentioned here that the fluid experiences the particle emission or fluid flow-out when

v > 0, while fluid accretes for v < 0. Moreover, Fig.6.1 describes the following four

types of fluid.

• We observe the supersonic/subsonic flows out of the fluid in the ranges vc <

v < 1 and 0 < v < vc, while subsonic/supersonic accretion appear in the ranges

−vc < v < 0 and −1 < v <−vc, respectively.

• We have purely supersonic outflow for v > vc and purely supersonic accretion

for v <−vc.

• We have subsonic flow-out followed by subsonic accretion for vc > v >−vc.

• We have supersonic out flow followed by subsonic motion, (upper plot) and

subsonic accretion followed by supersonic accretion (lower plot).
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Figure 6.1: Case ω = 1/2. Left Panel: Plot of (6.4.15) for KS BH with M = 1, b̃ = 0.9.
Right Panel: Plot of (6.4.15) for DDF RBH with M = 1, q = 0.6.

According to above discussion, we can say that the fluid outflow starts at horizon be-

cause of its high pressure, which leads to divergence (can be seen from Eq.(6.4.7))

and the fluid under the effects of its own pressure flows back to spatial infinity [145].

From Fig.6.1, we observe that the supersonic accretion is followed by subsonic accre-

tion and vanishes inside the horizon which does not give support to the claim that “the

flow must be supersonic at the horizon” [150]. Thus, the flow of the fluid is neither

transonic nor supersonic near the horizon [151, 152]. These new solutions correspond

to fine tunning and instability problems in dynamical systems. The issue of stability

is related to the nature of saddle points (CPs (rc,vc) and (rc,−vc)) of the Hamiltonian

function. Further analysis of stability could be done by using Lyapunov’s theorem or

linearization of dynamical system [153, 154, 155] and their variations [156]. Another

stability issue is the outflow of the fluid which starts in the surrounding of horizon

under the effect of pressure divergent. This outflow is unstable because it follow a

subsonic path passing through the saddle point (rc,vc) and becomes supersonic with

speed approaches the speed of the light. The point (r = rh,v = 0) can be observed as

attractor as well as repeller where solution curves converge and diverge, respectively,
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Figure 6.2: Left panel: Case ω = 1/3. Red plot of (6.4.16) for DDF RBH with q = 0.6
and M = 1. The parameters are rh ≃ 1.33, rc1 = 2.2787 and vc = 1√

3
≃ 0.57736.

The solution curve passes through the saddle CPs (rc1,vc) and (rc1,−vc) for which
H = Hc ≃ 0.261266. Blue plot of (6.4.16) for KS RBH with b̃ = 0.9 and M = 1. The
parameters are rh ≃ 1.68, rc2 = 2.71329 and vc =

1√
3
≃ 0.57736. The solution curve

passes through the saddle CPs (rc2,vc) and (rc2,−vc) for which H = Hc ≃ 0.22373.
Right panel: Case ω ≤ 1/4. Red plot of (6.4.17) for DDF RBH with q= 0.6 and M = 1.
The parameters are rh ≃ 1.367, rc1 = 2.81368 and vc = 0.5. The solution curve passes
through the saddle CPs (rc1,vc) and (rc1,−vc) for which H = Hc ≃ 0.29985. Blue
plot of (6.4.17) for KS RBH with b̃ = 0.9 and M = 1. The parameters are rh ≃ 1.717,
rc2 = 3.2682 and vc = 0.5. The solution curve passes through the saddle CPs (rc2 ,vc)
and (rc2 ,−vc) for which H = Hc ≃ 0.273276.

from the cosmological point of view [145, 156].

6.4.3 Solutions for (ω = 1/3) and (ω = 1/4): Separatrix Heteroclinic
Flows

The EoS with ω = 1/3 and ω = 1/4 describes the fluid such as photon gas and Sub-

relativistic fluids (those fluids whose energy density exceeds their isotropic pressure),

respectively. The Hamiltonian (6.4.5) for above mentioned fluids takes the following
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form

H =
X2/3(r)

r4/3|v|2/3(1− v2)2/3 , for ω = 1/3 (6.4.16)

H =
X3/4(r)

r|v|1/2(1− v2)3/4 . for ω = 1/4 (6.4.17)

It is clear from (6.4.16) and (6.4.17) that (r,v2) = (rh,1) are not CPs of dynamical sys-

tem. Fig.6.2 represents the contour plots of (6.4.16) and (6.4.17) in (r,v) for ω = 1/3

(left panel) and ω = 1/4 (right panel). We compare the fluid flow for DDF RBH (red

plot) and KS RBH (blue plot) in left panel (ω = 1/3) and right panel (ω = 1/4). For

the case ω = 1/3, there are two saddle points (rc1,−vc1) and (rc1,vc1) for DDF RBH

and two saddle points (rc2,−vc2) and (rc2,vc2) for KS RBH. It is observed that the sub-

sonic flow proceeds from upper branch in lower plot, passes through CPs (rc1,−vc1)

(DDF RBH) and (rc2,−vc2) (KS RBH), then crosses the horizon rh1 (DDF RBH) and

rh2 (KS RBH). On the other hand, supersonic flows proceeds from the lower branch

in lower plot again passes through the CPs (rc1,−vc1) and (rc2 ,−vc2); as the fluid ap-

proaches the horizon, then v vanishes. The supersonic accretion proceeds from the

upper branch of upper plot and passes through CPs (rc1 ,vc1) (DDF RBH) and (rc2,vc2)

(KS RBH) and so on. For subsonic accretion, fluid proceeds from the lower branch

of upper plot and passes through CPs and crosses the horizons. A similar behavior of

fluid could be observed for the case ω = 1/4 in the right panel of Fig.6.2.

The left panel of Fig.6.3 represents the comparison of (6.4.16) (ω = 1/3) and

(6.4.17) (ω = 1/4) for KS RBH. It can be seen that if the value of ω increases, then

the saddle points shifted towards the KS RBH. Also, the right Panel of Figure 6.3 rep-

resents the comparison of (6.4.16) (ω = 1/3) and (6.4.17) (ω = 1/4) for DDF RBH.

Similar behavior of CPs is observed for DDF RBH.

93



Figure 6.3: Case ω ≤ 1/3. Left panel: Red plot of (6.4.16) for KS RBH with b̃ = 0.9
and M = 1 (ω = 1/3). The parameters are rh ≃ 1.717, rc1 = 2.71329 and vc1 =

1√
3
≃

0.57736. Blue plot of (6.4.17) for KS RBH b̃ = 0.9 and M = 1 (ω = 1/4). The
parameters are rh ≃ 1.717, rc2 = 3.2682 and vc2 = 0.5. Right panel: Red plot of
(6.4.16) for DDF RBH with q = 0.6 and M = 1 (ω = 1/3). The parameters are rh ≃
1.33, rc1 = 2.2787 and vc1 =

1√
3
≃ 0.57736. Blue plot of (6.4.17) for KS RBH b̃ = 0.9

and M = 1 (ω = 1/4). The parameters are rh ≃ 1.33, rc2 = 2.2787 and vc2 = 0.5.
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6.5 Polytropic Test Fluids

The polytropic EoS is

p = G̃(n) = Knα1, (6.5.1)

where K and α1 are constants. One can apply the constraint α1 > 1 for ordinary mat-

ter. From Eqs.(6.1.14) and (6.5.1), one can easily construct the expression of specific

enthalpy:

h = m+
Kα1nα1−1

α1 −1
, (6.5.2)

where m is the baryonic mass. Using above equation and the three-dimensional speed

of sound (6.1.16), we have

a2 =
(α1 −1)U

m(α1 −1)+U
, (6.5.3)

where (U ≡ Kα1nα1−1). Eqs.(6.5.2) and (6.5.3) leads to

h = m
α1 −1

α1 −1−a2 . (6.5.4)

Furthermore, using (6.2.2) and (6.5.2), we have

h = m

(
1+Q

(
1− v2

r4X(r)v2

)(α1−1)/2
)
, (6.5.5)

where

Q ≡ Kα1nα1−1
c

m(α1 −1)

(
r5

cX(rc),rc

4

)(
α1−1

2 )

= constant. (6.5.6)

Inserting (6.5.5) into (6.2.2), the Hamiltonian system takes the following form

H =
X(r)

1− v2

1+Q
(

1− v2

r4X(r)v2

)(
α1−1

2 )
2

, (6.5.7)
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Figure 6.4: Left Panel: Contour plot of (6.5.7) for KS RBH with b̃ = 0.9, M = 1,
α1 = 0.5, Q = −1/8 and nc = 0.19. The parameters are rh ≃ 1.666666667, rc ≃
3.928297284 and vc ≃ 0.4377733181. The Solution curve passing the the CP (rc,vc)
for H = Hc ≃ 0.3173998409. Right Panel: Contour plot of (6.5.7) for DDF BH
with q = 0.5, M = 1, α1 = 0.5, Q = −1/8 and nc = 0.19. The parameters are
rh ≃ 1.614278177, rc ≃ 1.988815258 and vc ≃ 0.7359530796. The Solution curve
avoiding the CP (rc,vc) for H = Hc ≃ 0.2143193585.

where m2 has been absorbed into a redefinition of (t̄,H). It is observed that dX(r)
dr > 0

for all r which implies that Q > 0 with α1 > 1. Hence, the square term in Eq.(6.5.7) is

positive, while the coefficient X(r)
1−v2 diverges as r approaches to infinity (0≤ 1−v2 < 1).

Thus the Hamiltonian also diverges. Using the technique of authors [144, 145], we

finally come to the following system

(α1 −1− v2
c)

(
1− v2

c
r4

cX(rc)v2
c

)(α1−1)/2

=
nc

2Q

(
r5

cX(rc)rc

) 1
2

v2
c , (6.5.8)

v2
c =

rcX(rc)rc

rcX(rc)rc +4X(rc)
. (6.5.9)

By plugging Eq.(6.5.9) in (6.5.8), we find rc and then corresponding vc from (6.5.9).

It is observed from Eq.(6.5.8) that α1 < 1, v2
c > α1 − 1 as mentioned in [144]. The

left panel of Fig.6.4 represents the contour plot of (6.5.7) for KS RBH with b̃ = 0.9,

M = 1, α1 = 0.5095, Q = −1/8 and nc = 0.19. We find the new behavior of the
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Figure 6.5: Left Panel: Contour plot of (6.5.7) for KS RBH with b̃ = 0.9, M =
1, α1 = 1.9, Q = 1/8 and nc = 0.001. The parameters are rh ≃ 1.666666667 ,
rc1 ≃ 1.719016508, vc1 ≃ 0.9439334159, rc2 ≃ 25.49303509 and vc2 ≃ 0.1443387155.
Red plot is the solution curve passing through (rc2 ,vc2)and (rc2,−vc2) with H =
Hc2 = 0.9452241039. Blue plot is the solution curve passing through (rc1,vc1)and
(rc1 ,−vc1) with H = Hc2 = .2028972112. Right Panel: Contour plot of (6.5.7) for
DDF RBH with q = 0.5, M = 1, α1 = 1.8, Q = 1/8 and nc = 0.001.The parameters
are rh ≃ 1.614278177 , rc1 ≃ 1.724674282, vc1 ≃ 0.8893889966, rc2 ≃ 31.59490067
and vc2 ≃ 0.1283035425. Blue plot is the solution curve passing through (rc2,vc2)and
(rc2 ,−vc2) with H = Hc2 = 0.9576657920. Red plot is the solution curve passing
through (rc1 ,vc1)and (rc1 ,−vc1) with H = Hc2 = 0.2585395967.
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fluid by finding the exact CP rc ≃ 3.928297284, vc ≃ 0.4377733181 for which H =

Hc ≃ 0.3173998409. It can be observed that the accretion starts from subsonic flow

for r → ∞ then follow supersonic passing through the saddle point and ends into the

horizon. However, the supersonic flow out observed in the vicinity of horizon passing

through the saddle point and ends subsonically for r → ∞. The right panel of Fig.6.4

represents the contour plot of (6.5.7) for DDF RBH with q = 0.5, M = 1, α1 = 0.5,

Q =−1/8 and nc = 0.19. We find the CP at rc ≃ 1.988815258, vc ≃ 0.7359530796 for

which H = Hc ≃ 0.2143193585. We notice that the accretion starts from subsonic flow

for r → ∞ then follow supersonic avoiding the saddle point and ends into the horizon.

However, the supersonic flow out observed in the vicinity of horizon avoiding the

saddle point and ends subsonically for r → ∞. These features agrees with GR BHs

[144, 145].

In Fig.6.5, we assume α1 = 1.9,Q = 1/8,nc = 0.001 in left panel for KS RBH

and α1 = 1.8,Q = 1/8,nc = 0.001 in right panel for DDF RBH which lead to four

CPs for each RBH, but none of them is saddle point. There are three types of flow:

(1) non heteroclinic flow because the solution curves avoiding the CPs and accretion

starting from leftmost point until the horizon, (2) followed by non relativistic outflow

and (3) subsonic non-global. There are two other fluids flow: (1) partly subsonic

accretion and flow-out with source-sink at rightmost point of both graphs and (2) partly

supersonic accretion and flow-out with source-sink at rightmost point of both graphs.

Other solutions could also be found at α1 = 1.8 for KS RBH and at α1 = 5.5/3 for

DDF RBH. Since the fluid is considered as a test matter in geometry of BH, we observe

no homoclinic flow i.e. flow following closed path [144, 145].
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Chapter 7

Tidal Forces in Kiselev Black Hole
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In this chapter, we examine the tidal forces occurring in a Kiselev black hole sur-

rounded by radiation and dust fluids. It is noted that the radial and angular components

of the tidal force change the sign between event and Cauchy horizons. We solve the

geodesic deviation equation for radially free-falling bodies toward Kiselev black holes.

We explain the geodesic deviation vector graphically and point out the location of the

event and Cauchy horizons for specific values of the radiation and dust parameters.

7.1 Kiselev Black Holes and its Two Special Cases

The line element of static charged BH surrounded by energy-matter is given in Eq.(2.1.2)

with

X(r) = 1− 2M
r

+
q2

r2 − σ
r3ω+1 , (7.1.1)

where M and q are the mass and electric charge, σ and ω are normalization parameter

and state parameter of matter around BH, respectively [85]. We assume ω = 1/3 which

becomes Kiselev BH surrounded by radiation and ω = 0, for Kiselev BH surrounded

by dust. For Kiselev BH surrounded by radiation, the radial coordinated of horizons

are obtained by taking X(r) = 0, i.e.

r± = M+
√

M2 −q2 +σr, (7.1.2)

where σr is parameter of radiation. We will assume only the cases in which M2 −

q2 +σr ≥ 0 because naked singularities (M2 − q2 +σr < 0) do not occur in nature if

the cosmic conjecture is true. Eq.(7.1.2) give the location of event as well as Cauchy

horizon of BH, respectively.

Similarly, for Kiselev BH surrounded by dust (ω = 0), the radial coordinated of

horizons are

r± =
2M+σd ±

√
(2M+σd)2 −4q2

2
, (7.1.3)
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where σd is parameter of dust. We choose the case in which (2M+σd)
2 ≥ 4q2 because

naked singularities ((2M+σd)
2 < 4q2) do not occur in nature if the cosmic conjecture

is true [157]. Eq.(7.1.3) give the location of event as well as Cauchy horizon of the

BH, respectively [85].

7.1.1 Radial Geodesics

Radial geodesic motion for line element (2.1.2) in spherically symmetric spacetimes

is obtained by considering ds = dτ in Eq.(2.1.2), which is [157]

X(r)ṫ2 −X(r)−1ṙ2 = 1, (7.1.4)

where a dot represents the derivative with respect to proper time τ . Because of the

assumption of radial motion, we have θ̇ = ϕ̇ = 0. E = X(r)ṫ is well known conserved

energy. By putting this in Eq.(7.1.4), we have

ṙ2

2
=

E2 −X(r)
2

. (7.1.5)

For the radial infall of a test particle from rest at position b, we get E =
√

X(r = b)

from Eq.(7.1.5) [90]. Newtonian radial acceleration is defined by [158]

AR = r̈, (7.1.6)

Using Eqs.(7.1.5) and (7.1.6), we obtain

AR =−X ′(r)
2

, (7.1.7)

where prime represents the derivative with respect to r (radial coordinate). For Kiselev

BH surrounded by radiation and dust, we obtain

AR
r =−M

r2 +
q2

r3 − σr

r3 , AR
d =−M

r2 +
q2

r3 − σd

r2 . (7.1.8)
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The terms q2

r3 − σr
r3 and q2

r3 − σd
r2 in Eq.(7.1.8) represents the purely relativistic effect.

Eq.(7.1.8) explain the ”exertion” of Kiselev space-time surrounded by radiation and

dust on a neutral free falling of massive test body. Interestingly, in a free fall test

particle from rest at r = b (for q,σr,σd ̸= 0) would bounce back at radius Rstop. The

radius Rstop for Kiselev space-time surrounded by radiation (Rstop
r ) and dust (Rstop

d )

could be found as

Rstop
r =

b(q2 −σr)

2Mb−q2 +σr
, (7.1.9)

Rstop
d =

b q2

(2Mb+bσd −q2)
, (7.1.10)

where b is the initial position starting from rest of test particle. Rstop located inside the

Cauchy (internal) horizon. One can find in the limit b → ∞, Rstop
r → (q2 −σr)/2M for

radiation and Rstop
d → q2/(2M−σd) for dust. The particle in Kiselev BH surrounded

by radiation and dust would emerge in different asymptotically flat region in maximal

analytic extension. Thus, the particle is physically unstable in maximal analytic ex-

tension beyond the internal (Cauchy) horizons of Kiselev space-time surrounded by

radiation and dust.

7.2 Tidal forces in Kiselev Space-Time on a Neutral Body in Ra-

dial Free Fall

The equation for the space-like components of the geodesic deviation vector ζ α that

describes the distance between two infinitesimally close particles in free fall is given

by [74, 75]
D2ζ α

Dτ2 −Rα
βγδ vβ vγζ δ = 0, (7.2.1)
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where vγ is the unit vector tangent to the geodesic. We use the tetrad basis for radial

free fall reference frames [77]

êα
0̂ =

(
E

X(r)
,−
√

E2 −X(r),0,0
)
, (7.2.2)

êα
1̂ =

(
−
√

E2 −X(r)
X(r)

,E,0,0

)
, (7.2.3)

êα
2̂ = r−1(0,0,1,0), (7.2.4)

êα
3̂ = (r sin(θ)−1(0,0,0,1), (7.2.5)

where (x0,x1,x2,x3) = (t,r,θ ,ϕ). These unit vectors satisfy the following orthonoma-

lity condition:

êµ
α̂ êγ̂µ = ζα̂ γ̂ , (7.2.6)

where ζα̂ γ̂ is the Minkowski metric [74]. We have êα
0̂
= vα . The geodesic deviation

vector, also called Jacobi vector, can be written as

ζ α = êα
γ̂ ζ γ̂ . (7.2.7)

Here we note that ζ 0̂ = 0 [74] and êα
γ̂ are all parallelly transported vectors along the

geodesic.

The non-zero independent components of the Riemann tensor in spherically sym-

metric space-times are

R1
010 =

X(r)X ′′(r)
2

,R1
212 =−rX ′(r)

2
,R1

313 =−rX ′(r)
2

sin2 θ

R2
020 =

X(r)X ′(r)
2r

,R2
323 = (1−X(r))sin2 θ ,R3

030 =
X(r)X ′(r)

2r
.

Using above equations in Eq.(7.2.1), we find the following equations for radial free
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fall tidal forces [76]:

ζ̈ 1̂ = −X ′′

2
ζ 1̂, (7.2.8)

ζ̈ î = −X ′

2r
ζ î, (7.2.9)

where i = 2,3. For aforementioned cases of Kiselev BH, Eqs.(7.2.8) and (7.2.9) pro-

vided that the tidal forces depend on the mass and electric charge of a BH as well as

radiation and dust fluid. Tidal forces are identical to Newtonian tidal forces with the

force −X ′

2 in radial direction which can be observed in Eqs.(7.2.8) and (7.2.9). Further,

we will explore Eqs.(7.2.8) and (7.2.9) for Kiselev space-time in detail.

7.2.1 Radial Tidal Forces

Radial tidal forces vanishes at r = Rrt f
0 (for radiation) and r = Rrt f

1 (for dust) by using

Eqs.(7.2.8) and (7.2.9),

Rrt f
0 =

3(q2 −σr)

2M
, (7.2.10)

Rrt f
1 =

3q2

2M+σd
. (7.2.11)

The maximum value of radial tidal force is at Rrt f
0max for radiation and Rrt f

1max for dust

such that

Rrt f
0max =

2(q2 −σr)

M
, (7.2.12)

Rrt f
1max =

2q2

M+σd
. (7.2.13)

The maximum radial stretching for above equations are

ζ̈ 1|max =
M4

16(q2 −σr)4 , (7.2.14)

ζ̈ 1|max =
(M+σd)

4

16q6 . (7.2.15)
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Figure 7.1: Radial tidal force for Kiselev BH surrounded by radiation for chosen values
radiation parameter, also q = 0.6, M = 1 and b = 100.

The radial tidal force using Eqs.(7.2.10) and (7.2.11) for Kiselev BH surrounded by

radiation and dust for their different choices are shown in Figs.7.1 and 7.2. The local

maximum of radial tidal force for radiation is greater than for dust near the singularity.

7.2.2 Angular Tidal Forces

The angular tidal forces vanish at

Rat f
0 =

q2 −σr

M
, (7.2.16)

Rat f
1 =

2q2

(2M+σd)
, (7.2.17)

by using Eqs.(7.1.1) and (7.2.9) for Kiselev spacetime surrounded by radiation and

dust, respectively. Also one can find the following conditions from Eqs.(7.1.2), (7.1.3),

(7.2.16) and (7.2.17)

r− ≤ Rat f
0 ≤ r+, (7.2.18)

r− ≤ Rat f
1 ≤ r+. (7.2.19)
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Figure 7.2: Radial tidal force for Kiselev BH surrounded by dust for chosen values
dust parameter, also q = 0.6, M = 1 and b = 100.

On the basis of these relations, it is pointed out here that the angular tidal forces

becomes zero at some points between the event horizon and Cauchy horizon. The

angular tidal force for different choices of σr and σd for Kiselev BH surrounded by

radiation and dust is given in Figs.7.3 and 7.4. The local minimum of radial tidal

force for radiation is greater as compared to the dust near the singularity. Indeed, the

maximum value of angular tidal force for Kiselev BH surrounded by radiation and dust

parameter is infinite near the singularity.

7.3 Solutions of the Geodesic Equations for Kiselev Black Hole

We solve the geodesic deviation Eqs.(7.2.8) and (7.2.9) and find the geodesic deviation

vectors as functions of r for radially free-falling geodesics. Eqs.(7.2.8) and (7.2.9)

along with dr
dτ =−

√
E2 −X(r) lead to the following differential equations

(E2 −X(r))ζ 1̂′′− X ′(r)
2

ζ 1̂′+
X ′′(r)

2
ζ 1̂ = 0, (7.3.1)

(E2 −X(r))ζ î′′− X ′(r)
2

ζ î′+
X ′(r)

2r
ζ î = 0. (7.3.2)
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Figure 7.3: Angular tidal force for Kiselev BH surrounded by radiation for chosen
values radiation parameter, also q = 0.6, M = 1 and b = 100.

Figure 7.4: Angular tidal force for Kiselev BH surrounded by dust for chosen values
dust parameter, also q = 0.6 and b = 100.
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The general solution of radial component using Eqs.(7.2.8) and (7.2.9) is given by

ζ 1̂(r) =
√

E2 −X(r)
(

C1 +C2

∫ dr
(E2 −X(r))3/2

)
, (7.3.3)

and similarly the angular component

ζ î(r) = r
(

C3 +C4

∫ dr
r2(E2 −X(r))1/2

)
, (7.3.4)

where C1, C2, C3 and C4 are integration constants [77]. Since we are considering two

cases of Kiselev space-time i.e. surrounded by radiation and dust. We consider the

geodesic corresponding to a body released from rest at r = b. Then the solution to the

geodesic deviation equations about the geodesic for the case of radiation is given by

ζ 1̂(r) =
b3

Mb−q2 +σr
ζ̇ 1̂(b)

√
−2M

b
+

q2

b2 −
σr

b2 +
2M
r

− q2

r2 +
σr

r2 +ζ 1̂(b)

×

[(
3Mb2

√
2Mrb(b− r)− (q2 −σr)(b2 − r2)(Mb−q2 +σr)

(2Mb−q2 +σr)5/2br

)

× arctan

(
(−2Mb+q2 −σr)r+Mb2√

2Mrb(b− r)− (q2 −σr)(b2 − r2)
√

2Mb−q2 +σr

)
+

1
(2Mb−q2 +σr)2(Mb−q2 +σr)br

(
M2(6Mr−3q2 +3σr)b4

− 2M3r2b3 +10M2rb3
1(q

2 −σr)−4Mb3(q2 −σr)
2 +
(
5M2r2

+ 5r(q2 −σr)M−2(q2 −σr)
2)(q2 −σr)b2 −4Mr2(q2 −σr)

2b

+ r2(q2 −σr)
3)] . (7.3.5)

The angular component turns out to be

ζ î(r) =

(
ζ î(b)

b
+

2b√
q2 −σr

ζ̇ î(b)tan−1

√
(q2 −σr)(b− r)

2Mbr− (q2 −σr)(b+ r)

)
r. (7.3.6)

Similarly, the solution to the geodesic deviation equations about the geodesic for
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the case of dust is given by

ζ 1̂(r) =
2b3

2Mb−2q2 +bσd
ζ̇ 1̂(b)

√
−2M

b
+

q2

b2 −
σd

b
+

2M
r

− q2

r2 +
σd

r
+ζ 1̂(b)

×

[(
3b
√
(b− r)((2M+σd)br−q2b−q2r)

((
M+ σd

2

)
b−q2)(

M+ σd
2

)−1
(2(Mb+σd)−q2)

5/2 r

)

× tan−1

( (
M+ σd

2

)
(b2 −2br)+ rq2√

(b− r)(((2M+σd)r−q2)b−q2r)(((2M+σd)b−q2)

)

+
1

(2(Mb+σd)−q2)
2 br
((

M+ σd
2

)
b−q2

) (3
(

M+
σd

2

)2
b4

×
(
2(Mb+σd)−q2)+4q4b3

(
M+

σd

2

)
−10q2rb3

(
M+

σd

2

)2

− 2r2b3
(

M+
σd

2

)3
− 2q4 +5rq2b2

(
M+

σd

2

)
+5r2q2b2

(
M+

σd

2

)2

− 4r2q4b
(

M+
σd

2

)
+q6r2

)]
. (7.3.7)

For Kiselev BH dust case, angular component becomes

ζ î(r) =

ζ î(b)
b

+
2b2

q
ζ̇ î(b)tan−1

√
q2(b− r)

2Mbr−bq2 −brσd −q2r

r. (7.3.8)

Here, ζ 1̂(b) and ζ î(b) are the radial and angular components of the initial geodesic

deviation vector at r = b and ζ̇ 1̂(b) and ζ̇ î(b) are the corresponding derivatives with

respect to the proper time τ . Figs.7.5-7.10 represent the radial and angular components

of the geodesic deviation vector of a body in-falling from rest at r = b towards BH for

different choices of the radiation and dust parameters. We choose the initial condition

(IC1) ζ 1̂(b)> 0, ζ̇ 1̂(b) = 0 and ζ î(b)> 0, ζ̇ î(b) = 0. It represents the releasing a body

at rest consisting of dust with no internal motion. On the other hand, we choose the

initial condition (IC2) ζ 1̂(b) = 0, ζ̇ 1̂(b)> 0 and ζ î(b) = 0, ζ̇ î(b)> 0. It corresponds

to letting such a body explode from a point at r = b. The behavior of the geodesic

deviation vector is almost identical for different values of radiation and dust parameter

until r becomes of the same order as the horizon radius.
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Figure 7.5: Radial components of geodesic deviation for Kiselev BH surrounded by
radiation with IC1 for different values radiation parameter with M = 1, q = 0.6 and
b = 100.

Figure 7.6: Radial components of geodesic deviation for Kiselev BH surrounded by
dust with IC1 for different values dust parameter with M = 1, q = 0.6 and b1 = 100.
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In Fig.7.5, the radial tidal force for Kiselev BH surrounded by radiation depends

upon the radiation parameter with IC1 i.e. it attains the highest maximum value at

σr = 0.3 while as the radiation parameter decrease the maximum value of radial tidal

force also decreases. Also the maximum value is shifting towards BH as the radiation

parameter increases. For σr > 0.3, it becomes unphysical. Fig.7.6 represents the radial

tidal force for Kiselev BH surrounded by dust for different choices of dust parameter

with IC1. It is clear from figure the maximum value of radial tidal force is increasing as

the value of dust parameter increases as well as it shifting towards BH. It is concluded

that the maxima of radial tidal force depends upon radiation and dust parameter; they

increase for large values of σr and σd . Figs.7.7 and 7.8 represent the radial tidal force

for Kiselev BH surrounded by radiation and dust parameter for its different choices

with IC2. In Fig.7.7, maxima of radial tidal force is increasing for higher values of

radiation parameter and attains the maximum value at σr = 0.3, and also it is shifted

towards BH as the radiation parameter increases. But in Fig.7.8, the maximum value

of radial tidal force is same for all chosen values of dust parameter. However, the radial

tidal force is shifting towards BH as the dust parameter increases.

The angular tidal force for Kiselev BH surrounded by radiation and dust parameter

with IC1 is similar as explained in [77], as it does not depend upon radiation and dust

parameter. However, the angular tidal force with IC2 are discussed in Figs.7.9 and

7.10 for Kiselev BH surrounded by radiation and dust, respectively. It can be seen in

Fig.7.9 that the angular tidal force is increasing from r = 100 and attains maximum

value at r = 50, then it starts to decrease, reflecting the compressing nature of angular

component. At some point near BH, angular tidal force start increasing as shown in

Fig.7.9. Also, it is shifting towards the singularity as radiation parameter increases. In

Fig.7.10, the angular tidal force have the maximum value for σd = 0, while it decreases

for large values of dust parameter.

Tables 7.1 - 7.4 represent the location of event horizon and Cauchy horizon for cho-

sen values of radiation and the dust parameter. Here, we find the location of event and

Cauchy horizons of radial tidal forces (Figs.7.1 and 7.2), angular tidal forces (Figs.7.3
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Figure 7.7: Radial components of geodesic deviation for Kiselev BH surrounded by
radiation with IC2 for different values radiation parameter with M = 1, q = 0.6 and
b = 100.

Figure 7.8: Radial components of geodesic deviation for Kiselev BH surrounded by
dust with IC2 for different values dust parameter with M = 1, q = 0.6 and b = 100.

σd r+ rtf atf Figure 7.6 Figure 7.8 Figure 7.10
0 1.8 0.2400 -0.1371 8.2543 9935.44 19160.04

0.1 1.9116 0.2197 -.1233 8.0509 9455.87 19221.57
0.2 2.0219 0.2015 -.1115 7.8615 9020.038 19271.458
0.3 2.1310 0.1852 -.1013 7.6845 8622.22 19312.18
0.4 2.2392 0.1707 -0.0925 7.5186 8257.65 19345.57
0.5 2.3465 0.1578 -0.0848 7.3627 7922.33 19373.02

Table 7.1: Location of event horizon for chosen values of dust parameter.

112



Figure 7.9: Angular components of geodesic deviation for Kiselev BH surrounded by
radiation with IC2 for different values radiation parameter with M = 1, q = 0.6 and
b = 100.

Figure 7.10: Angular components of geodesic deviation for Kiselev BH surrounded by
dust with IC2 for different values dust parameter with M = 1, q = 0.6 and b = 100.

σd r− rtf atf Figure 7.6 Figure 7.8 Figure 7.10
0 0.2 -425.00 100.00 8.2542 9935.44 8343.08

0.1 0.1883 -544.31 129.03 8.0508 9455.87 7966.709
0.2 0.1780 -684.94 163.34 7.8615 9020.03 7625.47
0.3 0.1689 -849.08 203.51 7.6845 8622.22 7314.24
0.4 0.1607 -1039.06 250.10 7.5186 8257.65 7028.92
0.5 0.1534 -1257.28 303.70 7.3627 7922.33 6766.19

Table 7.2: Location of Cauchy horizon for chosen values of dust parameter.
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σr r+ rtf atf Figure 7.6 Figure 7.8 Figure 7.10
0 1.8 0.24 -.1371 8.2542 9935.44 191.60

0.1 1.8602 0.2455 -.1336 8.2522 9925.43 193.59
0.2 1.9165 0.2485 -.1302 8.2501 9915.44 195.40
0.3 1.9695 0.2498 -.1269 8.2480 9905.47 197.05

Table 7.3: Location of event horizon for chosen values of radiation parameter.

σr r− rtf atf Figure 7.6 Figure 7.8 Figure 7.10
0 0.2 -425.00 100.00 8.2542 9935.44 83.4308

0.1 .1397 -1311.44 315.06 8.2521 9925.43 71.5674
0.2 0.08348 -6443.99 1575.13 8.2500 9915.44 57.0569
0.3 0.0304 -138248.39 34292.71 8.2479 9905.47 36.0236

Table 7.4: Location of Cauchy horizon for chosen values of radiation parameter.

and 7.4), the radial tidal force with IC1 (Figs.7.5 and 7.6) and IC2 (Figs.7.7 and 7.8),

respectively and angular tidal force with IC2 (Fig.7.9 and 7.10) for chosen values of

radiation and dust parameter, respectively. It is noted that the radial tidal force (in

Figs.7.1 and 7.2) and angular tidal force (in Figs.7.3 and 7.4) change their sign be-

tween event and Cauchy horizons. Event horizon is increasing (away from singularity)

and Cauchy horizon is decreasing (shifting towards singularity) as the radiation and

the dust parameter increase.
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Chapter 8

Conclusions and Open Problems
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In this thesis, we have made versatile study of well-known BHs/RBHs by using

various phenomena’s such as thermal fluctuations, accretion and tidal forces. The

summary and brief discussion of results are presented below.

Chapter TWO deals with the study of the new exact regular spherically symmetric

solution of the non-minimal Einstein-Yang- Mill theory with magnetic charge of Wu-

Yang gauge field and the cosmological constant. We have only considered the positive

non-minimal parameter q, as zero and negative values lead to space-time curvature

singularities. After calculating the mass, entropy and temperature, we have discussed

the effect of thermal fluctuation on non-minimal RBH. We have also utilized the log-

arithmic correction of the entropy and discussed the behavior of pressure and specific

heat. We assumed that a BH is a thermodynamic system in equilibrium at Hawking

temperature, and systematically analyzed its small statistical fluctuations around equi-

librium. These fluctuations give rise to a non-trivial multiplicative factor in front of

the expression for the density of states, whose logarithm gives the corrected entropy

formula. We have observed that the pressure reduces due to the logarithmic correction

when decreasing the value of the cosmological constant.

We have also investigated the ratio of the specific heat at constant pressure and

volume (γ); we observe that due to logarithmic correction the value of γ increases.

We have also noticed that the values of γ are higher and more stable for negative

values of the cosmological constant while it becomes unstable upon positive values

of the cosmological constant for a large horizon. We have observed that the first law

of thermodynamics is satisfied for non-minimal RBH even in the presence of thermal

fluctuations. It is mentioned here that the logarithmic correction term increases the

chance of the first law of thermodynamics to be satisfied. We have also investigated the

phase transition for the non-minimal RBH and found its CPs. We have observed that

the range of horizon radius for local stability of BH increases for negative cosmological

constant as compared to positive and zero cosmological constant, respectively.

We have noticed that if we increase the value of the cosmological constant, the

phase transition shifted towards BH and vice versa. We have also discussed the free
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energy in grand canonical (Gibbs free energy) and canonical (Helmholtz free energy)

ensembles. We have noticed that the free energy reduces in the presence of a loga-

rithmic correction. It is concluded that the non-minimal RBH becomes more stable

globally as well as locally if we increase the value of the cosmological constant and

vice versa. We have also noticed that the thermodynamics of the non-minimal RBH

gets modified because of the general uncertainty principle [159, 160]. Such correction

terms are non-trivial, which is evident from our results and they may lead to interesting

consequences like the existence of BH remnants.

In chapter THREE, we have considered RN-AdS BH with GM and f (R) BH, and

discussed the thermodynamics in the presence of higher order corrections of entropy.

We have utilized the results of corrected entropy by setting first order term is loga-

rithmic and second order term is inversely proportional to original entropy. In these

scenarios, we have studied the behavior of pressure and specific heat for both BHs.

• It is observed that the pressure reduces for second order correction term for both

BHs but the pressure of RN-AdS BH with GM also decreases by considering

higher values of cosmological constant while there is no change in pressure with

respect to cosmological constant in f (R) BH.

• We have also discussed the ratio of specific heat (γ) at constant pressure and

volume for both BHs. We have observed that the value of γ increases due to the

effect of higher order correction terms for both BHs. The value of γ for RN-AdS

BH with GM exhibits more stable behavior for lower values of cosmological

constant while f (R) BH shows similar behavior for both (negative and positive)

cases of Λ.

• We have also discussed the ratio of specific heat (γ) at constant pressure and

volume for both BHs. We have observed that the value of γ increases due to the

effect of higher order correction terms for both BHs. The value of γ for RN-AdS

BH with GM exhibits more stable behavior for lower values of cosmological
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constant while f (R) BH shows similar behavior for both (negative and positive)

cases of Λ.

• We have also studied the phase transition due to the effect of higher order correc-

tion terms for both BHs and obtained its critical points. We have noticed that the

range of local stability and the CPs of phase transition increases due to the effect

of second order correction term and the higher values of cosmological constant

for both BHs.

• We have investigated the free energy in canonical (Helmhotz free energy) and

and grand canonical (Gibb’s free energy) ensembles. We have observed that

the free energy reduces due to higher order correction terms. The Helmhotz

free energy shows stable behavior for both BHs in case of positive cosmolog-

ical constant while it shows unstable behavior for larger horizon for negative

cosmological constant.

• Similarly, we noticed that Gibb’s free energy exhibits stable behavior for both

BHs for positive cosmological constant while it shows conditionally stable be-

havior for RN-AdS BH with GM and unstable behavior for f (R) BH for negative

cosmological constant.

• Hence, it is concluded that both BHs exhibit more stability (locally as well as

globally) for growing values of cosmological constant and higher order correc-

tion terms, and vice versa which is agree with [44].

• Hence, we have shown that presence of the first and second order corrections of

the entropy yield to unstable/stable phase transition, and led to stability of black

hole at the allowed region of the event horizon.

In chapter FOUR, we have investigated the accretion onto various RBHs such as

RBH using the FDD, RBH using the logistic distribution, RBH using nonlinear elec-

trodynamics, and KS asymptotically flat RBH. These RBHs lead to SH and RN BHs
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asymptotically (most of them satisfy the WEC). We obtained the CPs, critical veloc-

ities, and the behavior of the speed of sound for the chosen RBHs. Moreover, we

have analyzed the behavior of the radial velocity, the energy density, and the rate of

change of mass for RBHs for various EoS parameters. For calculating these quan-

tities, we have assumed the barotropic EoS and found the relationship between the

conservation law and the barotropic EoS. We have found that the radial velocity (u)

of the fluid is positive for stiff, dust, and quintessence matter and it is negative for

phantom-like fluids. If the flow is inward then u < 0 is not allowed and u > 0 is not

allowed for outward flow. Also, we have seen that the energy density remains positive

for quintessence, dust, and stiff matter, while it becomes negative for a phantom-like

fluid near RBHs.

In addition, the rate of change of mass of BH is a dynamical quantity, so the analy-

sis of the nature of its mass in the presence of various dark energy models may become

very interesting in the present scenario. Also, the sensitivity (increasing or decreasing)

of BHs mass depends upon the nature of the fluids which accrete onto it. Therefore,

we have considered the various possibilities of accreting fluids, such as dust and stiff

matter, quintessence, and phantom. We have found that the rate of change of the mass

of all RBHs increases for dust and stiff matter, and quintessence-like fluids, since these

fluids do not have enough repulsive force. However, the mass of all RBHs decreases

in the presence of a phantom-like fluid (and the corresponding energy density and

radial velocity become negative) because it has a strong negative pressure. This re-

sult shows the consistency with several works [51, 64]. Also, this result favors the

phenomenon that the universe undergoes the big rip singularity, where all the gravita-

tionally bounded objects are dispersed due to the phantom DE.

In chapter FIVE, we have studied the steady state spherically symmetric accre-

tion onto RBHs. We have developed the Hamiltonian dynamical system, we tackle

the accretion problem. The pressure, baryon number density and other densities di-

verge on horizon, while the three-velocity has remained bounded by −1 and 1, and

hence it does not diverge on the horizon. We have studied the motion of isothermal

119



relativistic, ultra-relativistic, radiation and sub-relativistic test fluids in the frame work

of Hamiltonian dynamical system around RBHs. The thermodynamical properties of

fluids have been studied for different choices of EoS parameter. Moreover, CPs and

conserved quantities have been found for different fluids. The behavior of an accreting

fluid has been discussed as subsonic and supersonic according to EoS and RBHs. We

have compared the fluid flow for two different RBHs and observed that the fluid flow

and CPs are closer to DDF RBH instead of KS RBH (Fig.6.1). If CP is the saddle

point, then the solution curve divides the (r,v) plane into the regions where fluid flow

is physical for higher values of the Hamiltonian and unphysical in lower values of the

Hamiltonian.

It has been observed that the supersonic accretion followed by subsonic accretion

ends inside the horizon and it does not give support to the claim that the flow must

be supersonic at the horizon [150]. Hence the flow of the fluid is neither transonic nor

supersonic near the horizon [151, 152]. These new solutions correspond to fine tunning

and instability problems in dynamical systems. Furthermore, we have observed from

Fig.6.3 that if the value of EoS parameter (ω) increases, then the CPs shifted towards

both RBHs. Hence, it is concluded that the three-velocity depends on CPs and EoS

parameter on phase space. It is interesting to mention here that the results obtained in

Fig.6.1 agree with [144, 145]. We have also observed from the right panel of Fig.6.4

that accretion starts from the subsonic case and ends at the supersonic case into the

horizon, but avoiding the saddle points for the DDF RBH. Hence no saddle point

occurs in the solution of the DDF RBH. Furthermore, the subsonic flow appears to

be almost non-relativistic. These features agrees with GR BHs [144, 145]. On the

other hand, in the left panel of Fig.6.4, it has been seen that accretion starts from the

subsonic case and ends in the supersonic case into the horizon but passing through the

saddle points for KS RBH. Hence, the saddle point occurs in the solution of KS RBH.

These features are different from [144, 145].

In chapter SIX, we have investigated the tidal forces of the Kiselev BHs by assum-

ing its two special cases, i.e. Kiselev BHs surrounded by radiation and dust. We have
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observed that the radial tidal forces can change behavior from stretching to compress-

ing for specific choices of the radiation and the dust parameters and the angular tidal

forces can only be zero between the event and Cauchy horizons of BH. It is also men-

tioned here that the radial and angular tidal forces possesses the ability to change sign

between the event and Cauchy horizons. The event horizon is increasing (away from

the singularity) and the Cauchy horizon is decreasing (shifting towards singularity) as

the radiation and the dust parameters increase.

Furthermore, the geodesic deviation equations can be solved analytically about a

radially free-falling geodesic for a Kiselev BH. The behavior of the geodesic deviation

vector for such a geodesic under the influence of the tidal forces has been examined.

We choose the initial condition IC1, which represents releasing a body at rest consist-

ing of dust with no internal motion and IC2 corresponds to letting such a body explode

from a point at r = b. It is pointed out here that the radial tidal forces for a Kiselev BH

surrounded by radiation attains the maximum value at σr = 0.3, as shown in Fig.37,

and it becomes unphysical for σr > 0.3. Moreover, the maxima of the radial tidal

forces for a Kiselev BH surrounded by dust is increasing as well as shifting towards

BH as the dust parameter increases. These results are the agreement with [77]. Hence

it is concluded that the radial component of the geodesic deviation vector becomes

zero, while the angular component remains finite for certain initial conditions.

It would be worthwhile to examine the effects of thermal fluctuations onto rotat-

ing BHs and extend this analysis to explore Joule-Thomson expansion. One can also

explore the work in chapter FIVE and SIX for non-static fluids without assuming any

EoS which may give interesting results. It would be also interesting to examine the

tidal forces in non-commutative, regular or super massive BHs and solve the geodesic

equation for radially free-falling bodies towards these BHs. This is left for future con-

siderations.
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