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Abstract

In this thesis, we reconstruct various solutions for the accelerated universe
in the Einstein-Aether theory of gravity. For this purpose, we obtain the
effective density and pressure for Einstein-Aether theory. We reconstruct
the Einstein-Aether model parameter by comparing its energy density with
various holographic dark energy models such as Tsallis, Rényi and Sharma-
Mittal holographic dark energy models. For this reconstruction, we use two
forms of scale factor, power-law and exponential forms. The cosmological
analysis of underlying scenario has been done by exploring different cos-
mological parameters. This includes equation of state parameter, squared
speed of sound and evolutionary equation of state parameter via graphical
representation. We obtain some favorable results for some model parametric

values.
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Chapter 1

Introduction



The branch of astronomy that includes the study of whole of the uni-
verse structure is classified as cosmology. More precisely, cosmology is an
approach towards the origin, nature, physical features as well as ultimate
fate of the universe. Moreover, different laws of physics regarding to the
advancement in universe are studied in cosmology. As Kepler gave the pro-
posals about the motion of planets in his laws of planetary motion, but
Newton offered the actual mechanism for Kepler’s law. So, he gave the law
of universe gravitation which resolved the irregularities between the planets
occurred due to gravitational interaction.

In modern cosmology, Einstein adopted a new approach in 1917, in
which he used cosmological constant in his field equations and gave the
idea of static universe. After the era of Einstein, many scientists took
interest in cosmology in which de Sitter, Karl Schwarzschild and Eddington
are well known. The static idea of universe proposed by Einstein was no
longer accepted and new idea of accelerating universe in 1922 was given by
Friedmannn by rejecting the Einstein’s theory. Difference between these
two ideas causes long term debates among the scientists. At last these two
different ideas end up when Hubble discover the novae in andromeda galaxy
in 1923. The distance of this novae shown by the Hubble was far away even
from the Milky Way’s boundaries. The amazing results were found when the
two searching teams high-7Z Supernova and Supernova cosmology project
were sent separately into the space. These results showed the universe as
the expending universe with acceleration.

The current status of our universe has been obtained under the study
of various observations and these observations involve study of luminos-

ity type la Supernova (SNla) [1]-[4] and cosmic Microwave Background



(CMB)[5]-[9]. Through their observations, it came to know that our uni-
verse is accelerating at present time. The source which is responsible for
the accelerating universe is known as dark energy (DE), which is one of the
unsolved mysteries [10]-[13]. Although there are many prospects through
which the expansion of the universe has been discussed. But one of the
major candidate which is responsible for the accelerating universe is the
DE, whose abundance can be seen clearly that this candidate contains 68.3
percent of the total energy of the universe and other helping hand is of the
dark matter (DM) which is about 26.8 percent. We can also confirm that
our universe is accelerating through the analysis of WMAP data [14, 15].
Despite of prolonged discussion on this great persona and interesting mat-
ter of today’s cosmology, still we have got limited knowledge regarding to
DE. Although there are different types of DE, but one of the attractive and
simple candidate for DE is the cosmological constant A.

Another idea to understand the DE is the equation of state (EoS). Dif-
ferent types of DE eras can be obtained from values of EoS parameter. If its
value is in between —% and —1, then it is classified as quintessence type of
DE and for the value less than —1, then DE is known as phantom type and
if value of EoS parameter is —1 then DE is given the name as vacuum type
DE. Instantly major interest has been turned on for analyzing the DE by
holographic DE (HDE) model [16]-[18]. The way to the issue of DE occurs
from the holographic principle [19].

There are also many theories of gravity in the modified form, which
make our access to examine the accelerated scenario of the universe. For
this situation, enormous acceleration would emerge not from the DE as

a substance but quite from the elements of modified gravity [20]. The



modified theory DGP brane-world model [21] is one of the simplest theory.
The f(R) theory with the Ricci scalar curvature is also one of the modified
theory explaining the acceleration scenario of the universe [22]-[24]. Other
helping hands which include f(G), f(T), f(R,T) and f(R,G) modified
theories [25]-[31] etc.

Here we talk about another important theory proposed by Jacobson et
al. [32, 33|, said to be Einstein-Aether theory. Under this theory many
solutions regarding to the accelerating nature of universe have been exam-
ined [34]. The generalization of this theory has developed by Zlosnik et al.
[35, 36]. Now a days, this theory is under consideration and lot of work is
being done in generalized Einstein-Aether theory [37]-[43]. By considering
the special type of Lagrangian density of Aether field in the Einstein-Aether
theories, the possibility of Aether theory to be act like a DE model is stud-
ied in detail. For this special Aether field which is chosen as candidate for
DE, has been discovered the limitations from observational information. It
has been shown by Meng et al. [44, 45] that DE may be generated by only
Einstein-Aether theory.

Motivated by the work of Pasqua et al. [46], We discuss the Einstein-
Aether theory through the remodeling of Einstein-Hilbert action. For this
theory, we briefly talk about the modified Friedmannn equations and hence
from these equations we obtain the effective density and pressure for Einstein-
Aether theory. Our present goal is to reconstruct the Einstein-Aether theory
by using some DE models. We check the viability of our constructed models.
In the presence of free function F'(K) with some restrictions on it, we treat
the affective density and pressure as DE. Taking into account some modified

HDE models which are Tsallis (THDE), Rényi (RHDE) and Sharma-Mittal



(SMHDE) HDE models, we have formed the unknown function F'(K) in the
background of Einstein-Aether theory (where K is proportional to (H?) by
considering the some scale factor forms). We organize the thesis in the

following format:

e In chapter 2, we provide the basic definitions and formalism to un-

derstand the thesis work.

e Chapter 3 is devoted to reconstruction of some HDE models in t
Einstein-Aether theory of gravity. We construct some cosmological

parameters taking two scale factors.

e In the last chapter, we summarize the results.



Chapter 2

Preliminaries



This chapter has the basic concepts for understanding the thesis work. The

basic definitions are very useful for the calculations.

2.1 Cosmology

It is a human nature that makes him always curious about the unexpected
results in the universe. A view of universe always wonders a human, when he
observes different planets including stars, moon and the sun. His observa-
tions are not confined only at large scale of the universe, but also at a small
scale of the universe. A human classified himself into the different groups
of biologists, chemists and astrologist. Biologists observe our universe at
microscopic level. More precisely, they study about plants, humans and an-
imals along with the variations produced by different organisms. Chemists
study the physical characteristics of substance. Hence they study nano
particles while astronomers study heavenly bodies like stars, planets and
galaxies. They observe the universe at macroscopic level. This implies the
cosmology deals our universe on both, microscopic and macroscopic level.
Thus, "the branch of astronomy that includes the study of whole of the
universe structure is classified as cosmology”. Generally speaking, cosmol-
ogy is an approach towards the origin, nature, physical feature as well as

ultimate fate of the universe.

2.2 Cosmic Acceleration

Although, cosmology is being considered an interesting subject among the
scientists for a long time. But modern cosmology started in 1917, when

Einstein gave an idea of static universe. But on the other hand, Friedmann



gave an idea of accelerated universe by rejecting an idea of Einstein. Finally,
two individual teams high-Z Supernova and Supernova cosmology project
were directed into the space with the goal to gain a knowledge about the
universe. Their collected data surprised the cosmologist by showing that
universe is expanding. After a lot of effort it was one of the great success.
Hence a noble prize was given to three of the members of this mission for
their unexpected achievement. The current status of our universe has been
obtained under the study of various observations and these observations
involve study of SNIa, CMB, large scale structure, Sloan Digital Sky Survey,
the integrated Sachs Wolfe effect and gravitational lensing. Through their
study, it came to know that our universe is accelerating at present time.
The source which is responsible for the accelerating universe is known as
DE. Despite of a prolonged discussion on a DE; still our knowledge is limited

about it.

2.3 Dark Matter and Dark Energy

Matter as we know it, atoms, stars and the galaxies, planets and trees, rocks
and dust. This matter accounts 4.9 percent of the known universe. About
26.8 percent is DM and 68.3 percent is the DE, both of which are invisible.
This is kind of strange because it suggests that every thing we experience
is really only a tiny fraction of reality. We really have no clue, what DM
and DE are, or how they work. But we are pretty sure they exist though.
Dark matter is the stuff that makes it possible for galaxies to exist.
When we calculated why the universe is structured the way it is, it quickly

became clear that there’s only just not enough matter. It is made up of a



complicated exotic particles that do not interact with light and matter in a
way we expect. There are two categories of DM. One is baryonic DM and
second is non-baryonic DM. As stars release the electromagnetic radiations,
which cause the photons to spread in every direction, hence through this
emission, astronomers can identify some DM. This is said to be baryonic
matter. But it holds only 4.2 percent of the total DM. Another helping
hand is of non-baryonic matter, which contributes 22.6 percent. As no any
type of light with any wavelength is scattered or absorbed by this matter
so, it is impossible to identify it directly.

Dark energy is even more strange and mysterious. We can not detect it
and we can not taste it. But its effect can be seen very clearly. This DE acts
like a force which pushes the things instead of pulling them which shows
that expansion of the universe is accelerating. Although many observations
have been made, but our knowledge about the DE is limited. The only fact
which we know about the DE is that it is a repulsive force having negative

pressure.

2.4 Cosmological Parameters

To understand the geometry of the universe, following are some basic cos-

mological parameters.

2.4.1 Scale Factor

The modern cosmology came into existence when Hubble discovered the
novae in andromeda galaxy and showed its distance far away even from the

Milky Way’s boundaries, then it came to know that universe is not static



and it is expanding with time. Hence, scale factor is the measure that
how much the universe has expanded since given time. It is represented
by a(t). Since, the latest cosmic observations have shown that universe is

accelerating so a(t) > 0.

2.4.2 Hubble Parameter

As our universe contains many of the astronomical objects and these objects
are moving with different velocities at a distance from each other. So, we
can evaluate the distance and velocity between these astronomical objects.
The parameter which helps us to do so is known as Hubble parameter.

Mathematically, it can be written as
v=H(t)r, (2.4.1)

here r and v indicate the radius and the recessional velocity respectively,
H(t) is Hubble parameter depends upon time. Hubble parameter is defined

by using scale factor as
1(t
= 40 (2.4.2)

where dot represents time derivative. If @(¢) > 0, then it indicates acceler-
ated expansion of the universe. If d(¢) < 0 then decelerated expansion of

the universe can be observed.

2.4.3 Equation of State Parameter

The EoS parameter is used to categorize the decelerated and accelerated
phases of the universe. This parameter is defined as w = % where p repre-
sents the pressure and p expresses the density of the universe. The deceler-

ated phase of the universe involve radiation era 0 < w < %, and cold dark

10



matter era w = 0. The DE dominated phase has following eras:
e w=—1 = cosmological constant
o —I<w< _?1 = quintessence

e w< -1 = phantom

2.4.4 Squared Speed of Sound

To examine the behavior of DE models, there is another parameter which
is known as squared speed of sound. It is denoted by v? and is calculated
by the following formula

v? ==, (2.4.3)

The stability of the model can be checked by it. If its graph is showing
negative values then we may say that model is unstable and in case of
non-negative values of the graph, it represents the stable behavior of the

model.

2.4.5 wy-w) Plane

There are different DE models which have different properties. To examine
their dynamical behavior, we use wy-w) plane, where prime denotes the
derivative with respect to Ina and subscript A indicates DE scenario. This
method was developed by Caldwell and Linder [47] and dividing wy-w
plane into two parts, thawing part (w) > 0,ws < 0) is the region where EoS
parameter nearly evolves from —1, increases with time while its evolution
parameter expresses positive behavior, and freezing part (w) < 0,wp < 0)

is the evolution parameter for EoS parameter remains negative.

11



2.5 FRW Geometry

The Friedmann-Robertson-Walker (FRW) metric is based on the assump-
tion of the homogeneity and isotropy of the universe which is approximately
true on the large scales. This homogeneous and isotropic cosmological

model is called the FRW geometry and is given by

dr?
1 —kr?

ds® = dt* — a(t)Q( + 7r*(d6” + sin® 9d¢2)>, (2.5.1)

where represents curvature which involves three cases as follow

e k= —1 represents the negative curvature (hyperboloid),
e k =0 corresponds to no curvature (flat surface),

e k=1 gives the positive curvature (for the 3-sphere).

2.6 Einstein-Aether Theory

As our universe is full with many of the natural occurring phenomenons.
One of them is transfer of light from one place to another and second is how
gravity acts. To explain these kinds of phenomenons, many of the physicists
were used the concept of Aether in many of the theories. In modern physics,
Aether indicates a physical medium that is spread homogeneously at each
point of the universe. Hence, it was considered that it is a medium in space
that helps light to travel in a vacuum. According to this concept, a particu-
lar static frame reference is provided by Aether and everything has absolute
relative velocity in this frame. That is suitable for Newtonian dynamics ex-
tremely well. But, when Einstein performed different experiments on optics
in his theory of relativity, then Einstein rejected this ambiguity. By say-

ing ” Aether” framework, we do not mean a mechanical medium naively,

12



but rather a locally preferred state resting for each point of the spacetime
in our physical evolutionary universe, determine by some hitherto unknown
physics or its physical state to be specified by some physical conditions with
its environment. When CMB was introduced, many of the people took it a
modern form of Aether. Gasperini has popularized Einstein-Aether theories
[48]. This theory is said to be covariant modification of general relativity in
which unit time like vector field (aether) breaks the Lorentz Invariance (LI)
to examine the gravitational and cosmological effects of dynamical preferred

frame [49]. Following is the action of Einstein-Aether theory [50, 51].

R
I
S_/d zy/ 9(47rG+LEA+Lm>’ (2.6.1)

where Lg,4 represents the Lagrangian density for the vector field and L,,
indicates Lagrangian density of matter field. Further, g, R and G indicate
determinant of the metric tensor g*”, Ricci scalar and gravitational constant

respectively. The Lagrangian density for vector field can be written as

M? 1
Lga = F(K A%A, +1 2.6.2
A = get W)+ g A D), (2.62)
K = M7K®V,AV,A% (2.6.3)

K% = ¢10%geq+ 20085 4 5058, a,b=0,1,2,3.  (2.6.4)

where ¢; is the dimensionless constants, M is a coupling constant parameter,
A is a Lagrangian multiplier and A® is a contravariant vector. The function
F(K) is any arbitrary function of K. From (2.6.1), we get the Einstein field

equations for this theory
Gaw = TEA +8nGTT, (2.6.5)

dF
v (ﬁ(}g) = 2)\A, (2.6.6)

13



where J¢ = 2KV A°¢, TEA shows energy momentum-tensor for vector
field and 77} indicates energy-momentum tensor for mater field. These

tensors are given as

Ty = (p+p)uaub + pgab, (2.6.7)
1 dF dF
EA _ -~ d _qd i dy %4y
Ty = 2vd((JaAb Ja A J(ab)A)dK) Yin 352
1
+ SO MF +AAA, (2.6.8)

where p and p represent energy density and pressure of the matter respec-
tively. Furthermore, u, expresses the four-velocity vector of the fluid and
given as u, = (1,0,0,0) and A, is time-like unitary vector and is defined as

A, =(1,0,0,0). Moreover Yy, is defined as
Y =01 ((VdAa)(VdAb) — (VaAd)(VaAd)), (2.6.9)

where indices (ab) show the symmetry.

14



Chapter 3

Cosmological Analysis of
Reconstructed Einstein-Aether
Models
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In this chapter, we provide the field equations for Einstein-Aether gravity
taking FRW spacetime. In this framework, we reconstruct different models
using DE models such as THDE, RHDE and SMHDE for Hubble horizon.
We discuss some cosmological parameters like, EoS parameter, EoS para-
meter with its evolutionary parameter and squared speed of sound to check

the stability of reconstructed models.

3.1 Field Equations

The Friedmann equations modified by the Einstein-Aether gravity are given

FdF\ ., , k\ _ (8G

d dF - 2k

as follows

Here K becomes K = 316‘/%2 , where € is a constant parameter. We denote the
effective energy density in Einstein-Aether gravity by pga, and the effective
pressure in Einstein-Aether gravity by pga. So, we can rewrite Eqgs.(3.1.1)

and (3.1.2) as

k 81 1
2

(H +¥) = (T)p"_ngAa (3.1.3)

. 2k
—2H + 2) = 81G(p+ p) + (pEa + PEA), (3.1.4)

where
dF F
PEA = 36H2<d_K_ﬁ>7 (315)
dF F . dF dF

= —3eH*— - — )| —¢|H—+H— ). 3.1.6
Pra € (dK 2K) 6( ik " dK> (3.1.6)
= ppa— ’%‘. (3.1.7)

16



The EoS parameter for Einstein-Aether can be obtained by using Eqs.(3.5.1)
and (3.1.6), which is given by

gy PEA _ i+ Hig (3.1.8)
EA = = 7~ 1.

3.2 Scale Factors

As Einstein-Aether is one of the modified theory which may produce the
accelerated expansion of the universe. By using this theory, we can recon-
struct various well-known DE models. In order to do this, we take some
modified HDE models such as THDE, RHDE and SMHDE models. Since
F(K) is a function that the Einstein-Aether theory contains, which can be
determined by comparing the densities with the above DE models. For this
purpose, we use some well-known forms of scale factor a(t). We consider
two forms of scale factors a(t) in terms of power and exponential terms.
These are

(i) Power-law form: a(t) = agt™, m > 0, where a is a constant which in-
dicates the value of scale factor at present-day [52]. From this scale factor,

we get H, H, K as follows

3em?

H= L K=T5n

m . m

?

(i) Exponential form: a(t) = e*’ where « is a positive constant and 6 lies

between 0 and 1. This scale factor gives

_ . . 3ea2h242(0-1)
H=a0t"', H=a00-1t"2 K= —E (3.2.2)

17



3.3 Reconstruction from Tsallis Holographic
Dark Energy Model

The energy density of THDE model is given by [53]
pp = BL®™4, (3.3.1)

where B is an unknown parameter. Taking into account Hubble radius as

IR cutoff L, that is L = +, we have

1
H?
pp = BH™ 24, (3.3.2)

In order to construct a DE model in the framework of Einstein-Aether
gravity with THDE model, we compare the densities of both models, (i.e.,
pEa = pp). This yields

dFF F B
R —— B 3.3.3
dK 2K = 3¢ ’ ( )

which results the following form

ZBM—26+2K—6+2
+ VK.

FU) = 5 m3y30 2

(3.3.4)

Power-law form of scale factor:

Using the expression of F(K) along with Eq.(3.2.1) in (3.5.1), we obtain
the energy density and pressure as
m? (3523K3—5M2—2565 - 962(71)
_ , 3.3.5
pEa 6 32 (335)
PEA = m(4BM—2565( — BK"OM?(4 — 9m — 26 + 6md) — 12M?(—2

+ 0)(=1+9) (%) 16) (—3+20)"L + <9(—1; 6m)e* | 3;5

[S][Y

2
% MM EZ;) Ol> (3612) 1.

18
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Figure 3.1: Plot of wga versus z taking power-law scale factor for THDE

model.

Using these expressions of energy density and pressure, we find the values
of some cosmological parameters in the following. The EoS parameter takes

the following form
wpa = K2 (4BM—2565( — 3K"OM?(4 — 9m — 26 + 6md) — 12M?(—2

+ 5)(—1+5)( m’e )15>(_3+25)1 N (9(—1+6m)€2 .\ 3\/5?44

M?2t2 K3 m

4 | mPe 5 569 ,72-26 5 2 !

X

The derivative of EoS parameter with respect to Ina is given by

N

=
/ (963m2M25(1 —5)(—2+5)(—1+5)€1+6<ﬁ2§2) ( 3\/§

£3(—3 + 20) m?

2
M2te  12V/3M*3, /s -1
‘4 M )Cl> (6m2 (23<‘BK3—5M2—2565 - 96201)) .

m2e m?
M?2¢2
(3.3.7)
We plot EoS parameter versus z using the relation ¢t = ( L taking values

1+2)m

of constants as B =5, M =5, 6§ = 18, ¢ = 1 and C7; = 2. We plot

wpa for three different values of scale factor parameter m as m = 2, 3,4
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Figure 3.2: Plot of wj, — wga taking power-law scale factor for THDE
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Figure 3.3: Plot of v? versus z taking power-law scale factor for THDE
model.
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as shown in Figure 3.1. All the three trajectories represent the phantom
behavior of the universe related to redshift parameter. In Figure 3.2, we
plot w4 —wE A plane taking same values of the parameters for —1 < z < 1.
For m = 2 and 3, the evolving EoS parameter shows negative behavior with
respect to negative EoS parameter which indicates the freezing region of the
universe. The trajectory of w4 for m = 4 represents the positive behavior
for negative EoS parameter and expresses the evolving universe in thawing
region of the universe.

Also the squared speed of sound in the underlying scenario becomes

vl

) -6
vl = ((EZ;) <SBm4e‘5( — 12K 30m? (=2 + §)2(—1 + §)e + 37K 3 M

2

1) 2 19
£2(4 — 9m — 25+ 6m6) ( $2§2> ) + 3K M? (=3 + 25) ( ﬁz;)

X

X

(6(1 — Gm)mbe? + VKM | T )Cl) > / (12m5t2(—3 +26)

X

( — 23 BK 3 M? + 9K5M2§€201)>. (3.3.8)

Figure 3.3 shows the plot of v? versus z to check the behavior of Einstein-
Aether model for THDE and power-law scale factor for same values of
parameters. The trajectories represent the negative behavior of the model
which indicated the instability of the model.

Exponential form of scale factor:

Following the same steps for exponential form of scale factor, we get energy
density and pressure as
$—2+20 202 (236BK3_6M2_2666 _ 96201>
A = , 3.3.9
PE GK% c ( )
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PEA 19¢ «
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K
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Now by using above density and pressure, we obtain the EoS parameter

K2 ate2ft

and its derivative for Einstein-Aether gravity as follows
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The squared speed of sound for second form of scale factor is given by

X

— K3t (SBM‘2565( — 6M*(—2 4 8)(—1 + 6)(4 +25(—1 + 6) — 30)

< t72+29a2€92

1-46
Ve ) — KM ((—2 +60)(—=2+60) +3t?a(-3+2

5)9>) (=3 420)"" + 3t (31&49@462(—2 +0)0" + 36t°a°€0° + /3

22



0.0

L — a=2 ]
-05 L a=3 il
[ — a=4 ]

-0.8 -0.6 -0.4 -0.2 0.0

Figure 3.4: Plot of wg4 versus z taking exponential scale factor for THDE
model.
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Figure 3.5: Plot of w}, — wga taking exponential scale factor for THDE
model.
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Figure 3.6: Plot of v? versus z taking exponential scale factor for THDE
model.

3 +—2+20 0202 3 B
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x K3 )25 _ 96201) )

Figure 3.4 represents the graph of EoS parameter versus z for exponen-
tial form of scale factor taking B=5=M, § =18, e=1,C; = —0.5, § =
0.5 and scale factor parameter o = 2, 3, 4. This parameter represents the
phantom behavior of the universe for @« = 3 and after a transition from
quintessence to phantom era for a = 2. For a = 4, the trajectory of the
EoS parameter corresponds to the ACDM model wgy = —1. In Figure 3.4,
the graph is plotted between w4, and wga. The graph represents initially
freezing region and then indicates the thawing region of the evolving uni-
verse. As we increase the value of «, the trajectories indicate the thawing
region only. However, the graph of v2 versus z as shown in Figure 3.6 shows

the unstable behavior.
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3.4 Reconstruction from Rényi Holographic
Dark Energy Model

The energy density of RHDE model is [54].

3C? L2
pp=—7r—"+—. (3.4.1)
8 (1 + %)
For Hubble horizon, it takes the form
3C?H?
(3.4.2)

pp = ——F——
87(1+%)

Now we compare the Einstein-Aether model energy density with the RHDE

model density (i.e., pga = pp) in order to get reconstructed equation,

dF F C?
_—_— = 3.4.3
dK 2K  8rme(l+ 5”) ( )

a2

The solution of this equation is given by

F(K) = 42;6 (KM — V3K der arctan (Aj?)_g)) + VK. (3.4.4)

Power-law form of scale factor:

Inserting all the corresponding values in Eqs.(3.5.1) and (3.1.6), we get

density and pressure of Einstein-Aether gravity model as follows
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Figure 3.7: Plot of wga versus z taking power-law scale factor for RHDE
model.
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Figure 3.8: Plot of wj, — wga taking power-law scale factor for RHDE
model.
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In this case, the EoS parameter takes the form
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Figure 3.9: Plot of v? versus z taking power-law scale factor for RHDE
model.
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The expression for squared speed of sound turns out as
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The plot of EoS parameter is shown in Figure 3.7 with respect to z. All
the trajectories of EoS parameter represent the quintessence phase of the
universe. Figure 3.8 shows the graph of wgs —w'; 4 plane for same range of z.
The trajectories of w4 describe the negative behavior for all wga < 0 give
the freezing region of the universe. To check the stability of the underlying
model, Figure 3.9 shows the unstable behavior of the model. However, for

m = 2, we get some stable points for z < —0.475.
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Exponential form of scale factor:

Taking into account second scale factor Eq.(3.1.6) along with F'(K), we get

the following energy density and pressure
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The EoS parameter is obtained from above energy density and pressure.

This parameter with its derivative are given by
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Figure 3.10: Plot of wg versus z taking exponential scale factor for RHDE
model.
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Figure 3.11: Plot of w} 4 — wga taking exponential scale factor for RHDE
model.
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Figure 3.12: Plot of v? versus z taking exponential scale factor for RHDE
model.
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Figure 3.10 represents the graph of EoS parameter versus z for RHDE

model taking exponential form of the scale factor. For a = 2, initially the
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trajectory expresses the transition from decelerated phase to accelerated
phase and then crosses the phantom divide line and gives the phantom
phase of the universe. For higher values of the a that is for a = 3,4, the
trajectories of EoS parameter represents the quintessence phase. In Figure
3.11, we plot the graph of evolution parameter of EoS versus EoS parameter
which gives the freezing region of the universe. Figure 3.12 shows the graph
of v? for stability analysis of the model. Initially the graph gives the stability
and then for decreasing z, the model becomes unstable. As we increase the

value of «, the trajectories give more stable points.

3.5 Reconstruction from Sharma-Mittal Holo-
graphic Dark Eneryg Model

Sharma-Mittal introduced a two parametric entropy and is defined as [55]

1
Ssm =1 (S, PP —1), (3.5.1)

where r is a new free parameter. The expression of SMHDE model for

Hubble horizon is given by

pD Sl ((1 FLLAT 1). (3.5.2)

~ 87R H?
By comparing the energy densities of SMHDE model and Einstein-Aether

gravity model, we find
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which leads us to the following solution
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Power-law form of scale factor:

For this scale factor, we obtain
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We plot EoS parameter for SMHDE model with respect to redshift para-

meter as shown in Figure 3.13 for power-law scale factor. For m = 3 and

4, the trajectories represent the transition from quintessence to phantom

phase while m = 2 indicates the phantom era throughout for z. The plot of

this parameter with its evolution parameter is given in Figure 3.14 which

shows the freezing region of the evolving universe. However, for higher val-

ues of m, we may get thawing region (wy, > 0). Figure 3.15 gives the

graph of squared speed of sound versus redshift. The trajectory for m = 2

shows the stability of the model as redshift parameter decreases while other

35



-1op h
—12} /
—14f .
< ]
3 -16F 4

[ — m=2
_1a8l m=3 ]

[ — m=4
,20} -
,22; L 1 =
-1.0 -05 0.0 05 1.0

Figure 3.13: Plot of wga versus z taking power-law scale factor for SMHDE
model.
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Figure 3.14: Plot of wj, — wga taking power-law scale factor for SMHDE
model.
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Figure 3.15: Plot of v? versus z taking power-law scale factor for SMHDE
model.

-30}F
L — a=2
a=3

-35F
[ — a=4

-0.8

-0.7

~40——
-09

Figure 3.16: Plot of wg4 versus z taking exponential scale factor for SMHDE
model.

trajectories describe the unstable behavior of the model.

Exponential form of scale factor:

Following the same steps, we obtain the following expressions for energy

density, pressure and parameters for exponential scale factor. These are

R/6
KMQt—2+29a2( -1+ (1 + Im) )02

= 3.5.10
PEA STR ) ( )
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Figure 3.17: Plot of wj 4 —wga taking exponential scale factor for SMHDE
model.
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Figure 3.18: Plot of v? versus z taking exponential scale factor for SMHDE
model.
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For exponential scale factor for SMHDE model, the plot of EoS parameter
in Figure 3.16 represents the phantom behavior initially but converges to
cosmological constant behavior for « = 2,3 as z decreases. For a = 4,
the EoS parameter gives the phantom behavior. Figure 3.17 represents
the graph of w4, — wgra plane which shows the positive behavior of w4
versus negative wg 4 expressing thawing region of the universe. The squared
speed of sound graph gives unstable behavior of the SMHDE model in the

framework of Einstein-Aether theory of gravity.
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Summary
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In this work, we have discussed about the Einstein-Aether gravity. For
this theory, we have talked about the modified Friedmann equations and
hence from these equations we obtain the effective density and pressure
for Einstein-Aether theory. We have analyzed the reconstructed Einstein-
Aether models by using some holographic dark energy models. In the pres-
ence of free function F(K'), we have treated the affective density and pres-
sure as DE. From the modified HDE models such as Tsallis HDE, Rényi
HDE model and Sharma-Mittal HDE models, we have formed the unknown
function F(K) for Einstein-Aether theory by considering the power-law
form and exponential form of scale factor. We have discussed some cosmo-
logical parameters like, EoS parameter with its evolutionary parameter and
squared speed of sound to check the stability of reconstructed models for
this theory.

The remaining results have been summarized as follows:

EoS parameter for power-law scale factor:

e THDE = phantom behavior,

e RHDE = quintessence phase,

e SMHDE = transition from quintessence to phantom phase for m =

3,4, phantom era for m = 2.

EoS parameter for exponential scale factor:

e THDE = transition from quintessence to phantom era for a = 2,

phantom behavior for a = 3, ACDM model for o = 4,

e RHDE = phantom phase for @ = 2, quintessence phase for a = 3,4
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e SMHDE = cosmological constant behavior for « = 2,3, phantom

behavior for m = 4.

w'" — w plane for power-law scale factor:

e THDE = freezing region for m = 2, 3, thawing region for m = 4,

e RHDE = freezing region,

e SMHDE = freezing region.

w' — w plane for exponential scale factor:

e THDE = freezing region to thawing region,

e RHDE = freezing region,

e SMHDE = thawing region.

Squared speed of sound for power-law scale factor:

e THDE = unstable,

e RHDE = unstable,

e SMHDE = stable for m = 2, unstable for m = 3, 4.

Squared speed of sound for exponential scale factor:

e THDE = unstable,

e RHDE = stability for higher values and instability for lower values,

e SMHDE = unstable.
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