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ABSTRACT

Merrifield-Simmons Index of Molecular Graphs

The main objective of this thesis is to compute Merrifield- Simmons index of molecular
graphs. The molecular graph that is taken for this purpose is V- phenlynic graph.
The nanostructures under consideration are nanosheet G = VPHY [p,q|] and H =
V PHZ|p, q] nanotube. We compute the results for V- phenlynic nanosheet and nano
tube. To compute Merrifield- Simmons index, first we find all independent sets of said
graphs. We use the technique of transfer matrix to solve this problem. We develop
some algorithms to compute Merrifield- Simmons index of said graphs. We construct

a matlab program for the final results.
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Chapter 1

Introduction



Graph theory is known as the study of graphs, which is well-known field of Discrete
Mathematics. The applications and developments of graph theory are not limited to
the field of mathematics, but also to the different fields of Biology, Physics, Chem-
istry, Computer Science, Technology, and Social Sciences. They provide us efficient
tools which may be used to solve different types of problems in various mathematical

fields. Consider the fig. 1.1 which describe a portion of road map.

Figure 1.1: Road Map

while studying chapter 2, we would discuss some important definitions related to
graphs. Different types of graphs that include complete graph, regular graph, bipar-
tite graph etc will be a part of this chapter. Mathematical operations applied to two
different graphs will be discussed. A very important term related to research work of
this thesis i.e. independent sets will be studied in this chapter.

In chapter 3, we will discuss about Mathematical Chemistry. Mathematics also has



experimental roots like as Chemistry. The combination of Mathematics and Chem-
istry introduced formally in last century which is known as Mathematical Chemistry.
The role of Mathematics in chemistry is of great importance as it provides a way to
understand the chemical structures.We can say that the chemical graph theory may
be the branch of Mathematical Chemistry. This branch of Mathematics is developing
fast. Graph theory is helpful to get different chemical structures mathematically to
study their physical characteristics. In 2008, A book on ”Some New Trends in Chem-
ical Graph Theory” is published [8]. We are working on molecular graphs. Molecular
graph consists of atoms and bond. These include non hydrogen atoms and covalent
bonds.

In chapter 4, we will discuss topological descriptors. Molecular Descriptors are used
to investigate a chemical structure. These can be in different forms like numbers or
matrices that describe the properties of molecules. One of the interesting topological
descriptor is topological indices. There are many types of topological indices that are
based on different classes. The topological index in which we are doing this thesis is
Merrifield- Simmons index.

Chapter 5, is the last chapter that is about our main results. The chemical struc-
ture which is selected for this research is V-Phenlynic. Our main aim is to compute
Merrifield- Simmons index for V- Phenlynic nanosheet and nanotube. The results are
computed with the help of algorithm which is developed by me. At the end there will

be concluding remarks.



Chapter 2

Graph Theory and Its
Preliminaries



In this chapter, we will study about graphs and the terms related to graph and
graph theory. These terms will help us to understand this subject in better way.
Moreover these terminologies are also helpful and played an important role in our
research which is conducted in this thesis. There are many types of graphs depend on
their structure. We can also apply some operations to two different graphs. Different
types of graphs and operations on graphs will also be studied in this chapter. We will

also give some examples which explain our definitions and terminologies.

2.1 Graph

Va4
V2

ez

V3

es

V5

Figure 2.1: Graph G

Definition 2.1. Graph

As a mathematical object a graph G is considered as a pair of sets, one is set of



nodes, known vertices V(G) and a set of links between the nodes called edges E(G).
Usually, G is written like G = (V(G), E(G)), but in short we write it as G.

Definition 2.2. Order of the graph

The cardinality |V| is represented by m, where m is called order of the graph G.

Definition 2.3. Size of the graph

The cardinality |E| is denoted by n, where n is size of graph G.

A B

Figure 2.2: Graph G,

Example 2.1.1. Consider a graph G=G(V,E) as shown in fig 2.1:
In this graph V=V(G)={v1,v9,v3,v4,u5} is the vertex set and edge set is E=FE(G)={e1, ea, €3, ¢€4}.

Size of graph G is 5. i.e m=5. Order of graph G is 4 i.e n=4.
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Here is the graph representation of road map as given in previous chapter see, fig.
22. A, B, C, D, E are the vertices and the edges between vertices are represented
by lines. It is also noted that the intersection of edges AD and BC' is not a vertex as

cross-roads do not exist in the diagram.

Figure 2.3: Graph G,

Moreover, if we draw a line BC' outside the rectangle ABCD in fig. 2.3, then the
resulting graph tells us the same situation as in fig. 2.2 . This graph also represents
the direct road from B to C' but the length of road is changed now. A graph tells us
the features of structure by how we join the points by lines.If the vertices joined by
a line known as edge in graph [ are same as corresponding vertices joined by a line
in graph say F' then these two graphs are said to be the same graphs. The graphs in

fig. 2.2 and fig. 2.3 are the same graphs.



A

Figure 2.4: Graph Gj3

In the fig 2.3, here is a graph having at most single edge between every pair of
vertices. Now, suppose that the flow of traffic is high on the roads representing edges
CD and BC. To solve this problem by making extra roads among them. This termi-
nology is known as multiple edges. Suppose that we need a small park at the point
A. So, this situation is handled by having an edge from vertex A to itself. This is
called loop as shown in fig 2.4. Also,Any Two vertices may be known as adjacent

if there is a line between them.



Definition 2.4. Degree of a vertex
Total number of edges with a same vertex called degree of that same vertex. if v is a

vertex then its degree is represented by d(v) or deg(v).

m

Figure 2.5: Graph G4

Example 2.1.2. Consider a graph G=(V(G),E(G) as shown in fig 2.5. In this graph:
d(A)=3
d(B)=38
d(C)=3
d(D)=8
d(E)=4



2.2 Types of Graph

There are many types of graphs that are based on their structure. Some of them are

discussed below.

Definition 2.5. Null graph

A graph that does not have any edge is called null graph.

Figure 2.6: Null graph

Example 2.2.1. Choose a graph shown in fig. 2.6. There is no edge between any

two nodes or vertices in graph. It is known as null graph.

Definition 2.6. Simple graph
If a graphFE having no loops and multiple edges then graphF is said to be a simple

graph.

Example 2.2.2. Choose the graphs shown in fig. 2.7. These are some example of

simple graphs. Note that there are no loops and multiple edges in these graphs.

10



1
Y

Figure 2.7: Simple graphs

Definition 2.7. Non simple graph
If there a graphF having loops and multiple edges then graphF represent to a non

simple graph.

E
c D o d 4
e
f | |
A B a b 2

Figure 2.8: Non Simple graphs

Example 2.2.3. Choose the graphs shown in fig. 2.8. These are some example of

non simple graphs. Note that there are loops and multiple edges in these graphs.

11



Definition 2.8. Directed graph
If some direction is given to the edges then it is called directed graph. This type of
graph is more explanatory than others. The concept of in-degree and out-degree of a

vertex is also related to the directed graphs.

Definition 2.9. In- degree of a vertex
The number of incident lines coming upward to any vertexe is called in- degree of a

vertexe.

Definition 2.10. Out- degree of a vertex
The number of incident lines coming downward to any vertexe is called out- degree

of a vertexe.

A B

Figure 2.9: Directed graph

12



Example 2.2.4. Choose the graphs shown in fig. 2.9. The direction is given to every
vertex in this graph. In- degree of a vertex C is 1, out- degree of a vertex C is 2 and

total degree of vertex C is 3.

Figure 2.10: 2-regular and 3-regular

Definition 2.11. Regular graph
All vertices of a graph having the same degree is known as a regular graph. If every

vertex of a graph has degree s, then it is known s-reqular.
Example 2.2.5. The 2-reqular and 3-reqular graphs are shown in fig 2.10.

Definition 2.12. Path graph
If we remove an edge from cyclic graph C,, then the resulting graph is known as path

graph on n number of vertices. It is denoted by P,.

Example 2.2.6. The graphs representing Ps, and Ps are shown in fig 2.11.

13



—o—o 60009

Figure 2.11: P3 and Ps

Definition 2.13. Cycle graph
A 2-regular connected graph is said to be a cycle graph. Cycle graphs with n number

of vertices are denoted by C),.

ADO

Figure 2.12: (3, Cy and Cs

Example 2.2.7. The graphs representing C3, Cy and Cs are shown shown in fig 2.12.

Definition 2.14. Connected graph

Any graphG is known as a connected graph if it has a path between any two vertices.

14



Definition 2.15. Disconnected graph
Any graphG is known as a disconnected graph if it has no path between any two

vertices.

Definition 2.16. Complete graph
A graph is said to be complete graph if every vertex is linked with any other vertex

by an edge. Complete graphs on n-number of vertices are denoted by K.

Figure 2.13: K4 and Kj

Example 2.2.8. The graphs representing K4 and K5 are shown in fig 2.15.

Definition 2.17. Wheel
The graph came from C),_; by joining every vertex to a new vertex v. The resulting

graph of n number of vertices is called wheel and is denoted by W,.

15



Figure 2.14: W, and Wj

Example 2.2.9. The graphs representing Wy, and Wy are shown in fig 2.14.

Definition 2.18. Bipartite graphs

Consider M={a,b,c} and N ={e,f} are two disjoint vertex sets. If each vertex of set
A is linked with vertex of set B. Then the graph is said a bipartite graph. Note that
no vertex of set A is linked with any other vertex of set A. Similarly no vertex of set
B is linked with any other vertex of set B. We can color vertex set A to white and

vertex set B to black.

Example 2.2.10. The 2-reqular, and 3-reqular graphs are shown in fig 2.15.

16



Figure 2.15: Bipartite graph

Definition 2.19. Complete Bipartite graphs
A complete bipartite graph having every vertex in M is joined to each vertex in N
by only single edge is known as bipartite graph. If we color z to white and y to black

vertices, then bipartite graph is represented by K, .

Example 2.2.11. The K3, and Ky3 graphs are shown in fig 2.16.

Definition 2.20. Cyclic graph

A graph that contain minimum one cycle is said to be a cyclic graph.

17



Figure 2.16: K; 3 and Ks 3

Definition 2.21. Acyclic graph

A graph without any cycle is said to be acyclic graph.

Definition 2.22. Tree graph

A connected graph with no cycle is said to be tree graph or tree.

4 -
g

Figure 2.17: Tree graph

Example 2.2.12. The tree graphs shown in fig 2.17.

18



Definition 2.23. Isomorphic graphs

Two graphs G and G’ are said to be isomorphic if there exists a function ¢ : V(G) —
V(G') such that any two vertices u and u' of G are adjacent in G iff f(u) and f(u')
are adjacent in G'. If two graphs G and G are isomorphic then these two graphs are

called isomorphic graphs and are denoted by G = G' .

o 0

Figure 2.18: G and G’

Example 2.2.13. Consider the graphs in fig 2.18. These two graphs are isomorphic.

2.3 Operations on Graphs

As, we discussed about graph as a Mathematical objects, likely to other mathemati-
cal objects. One may think about some operations that can be apply to two graphs

to construct new graph. In this section, we will discuss some operations of graphs.

19



Some of the operations are:

Definition 2.24. Union of graphs
Let G and G’ be two graphs. The union of G and G’ is denoted by G = GUG'. Tt
consists of the vertex set V(G)|JV(G') and the edge set E(G) U E(G").

Example 2.3.1. Choose the graphs in fig 2.19. This shows the union of two graphs
GUG'.

Definition 2.25. Intersection of graphs
Let E and E' be two graphs. The intersection of E and E is represented by E =
ENE'. It carries the vertex set V(E) N V(E') and the edge set E(E) N E(E").

Example 2.3.2. Choose the graphs in fig 2.20. This shows the intersection of two
graphs G G'.

Definition 2.26. Complement of graphs
The complement of a graph is represented by G. It is a graph with vertex set

V(G)=V(G) such that two vertices of G iff they are not adjacent in G.

Example 2.3.3. Choose the graphs in fig 2.21. This shows the complement G of

graph G.

20



2.4 Independent set

Definition 2.27. Independent set
Let G be a graph then an independent set I(G) is defined as subset of vertex set of

graph G such that I(G) does not contain two adjacent nodes. see fig 2.22

2.4.1 History

In 1931, Konig’s Thm published the result, the number of vertices are always equal
to the size of the maximum independent set plus the size of the maximum matching.
In 1995, In graphs having at most one cycle, maximal independent sets is published
[11] In 1960, Miller and Muller published the result, bound on maximum number of
maximal independent sets in a graph.

In 1995, A survey [7] on counting maximal independent sets is published. After that
in 2000, they [6] also published results of independent sets. In 1998, [5] The number
of independent sets in a grid graph computed.

In 2005, [15] The number of independent sets in unicyclic graphs computed. The
number of independent sets in trees also computed in this year [10].

P.D. Vestergaard and Pederson found some results regarding independent sets [16].

Example 2.4.1. Consider the graph in fig 2.23:
This is a simple graph. We can see that vertices a, b, ¢ and d are independent
vertices. The vertices a and b, also vertices ¢ and are independent as there is no edge

between them. There is no independent set between three vertices.

Example 2.4.2. Choose the graph shown in fig 2.24:

21



There are many independent sets. There is no edge between vertices a and b, a
and ¢, and a and f, so these are also elements of an independent set. Vertices a, d, b

and f also make independent set.

Definition 2.28. n-independent sets

An independent set on m number of vertices is said n-independent set.

(1) independent set is independent set of single vertex.
(2) independent set is independent set of two vertices.
(3) independent set is independent set of three vertices. So

(m) independent set is independent set of n vertices.

Example 2.4.3. Consider a graph in fig 2.25: 1- independent set: {a}, {b}, {c},
{d}, {e}, {1}

2- independent set: {b,c}, {c,d}, {d,e}, {e.f}, {f,b}

3- independent set:{b,c,d}, {b,d,e}, {b,e,f}, {b,c,e}, {b,c,f}, {b,d,f}, {b,e,f}, {c,d e},
{c.dfy {ceft {def}

4- independent set: {b,c,d,e}, {b,c,d,f}, {b,d,e.f}, {c,d,ef}

5- independent set: {b,c,d,e,f}

Definition 2.29. Independent Number
The cardinality of maximal independent set in a graph G is called independent num-

ber. For example, in previous graph independent number is 5.

22



Figure 2.19: G =GUG
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Figure 2.20: E=ENE

o\

Figure 2.21: G and G
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Figure 2.22: Graph G’

C

Figure 2.23: Graph G”
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Figure 2.24: Graph G
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Figure 2.25: Graph G*
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Chapter 3

Chemical graph theory
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3.1 Mathematical Chemistry

Mathematics is the tool that is used in every field of life. It is the mother of all
sciences because it is a gadget to solve problems. Without it, we cannot understand
either physics, chemistry, biology or any other sciences. Mathematics is the most
efficient term that formulate the theories of natural sciences. Chemistry is also exists
every where. Bodies are manufactured by molecules. Without Chemistry, there is no
possibility of any human activity. Mathematics also has experimental roots like as
Chemistry. The combination of Mathematics and Chemistry introduced formally in
last century which is known as Mathematical Chemistry. The role of Mathematics
in chemistry is of great importance as it provides a way to understand the chem-
ical structures. It is the field of research which used applications of mathematics
into chemistry. In 1894, Georg Helm first published treatise with title " The Prin-
ciples of Mathematical Chemistry: The Energetics of Chemical Phenomena”. For
the time being, Mathematical problems may be solved by Chemical procedures. Till
now a lot of work has been done on Mathematical chemistry. In 2001, Nenad and
Gutman briefly described the roots of Mathematics and Chemistry [18]. Balaban
wrote about reflection on Mathematical Chemistry in 2005[3]. Mathematic has many
diverse areas such as group theory, differential equations,functional analysis, group
theory, topology, combinatorics,Hilbert spaces and many more. Some of these areas
are very fruitful for chemistry. The areas of Mathematical chemistry include Elec-
trochemistry, Mathematical crystallography, Ab initio quantum chemistry, Chemical
reaction-network analysis, Chemo-metrics and QSAR, Molecular biology, Chemical

graph theory and many more [9]. The area of our interest is Chemical Graph Theory.

28



3.2 Chemical Graph Theory

A field of Mathematics that merge graph theory and chemistry is known as chemical
graph theory. This branch of Mathematics is developing fast. Graph theory is used
to model different chemical structures mathematically to study their physical char-
acteristics. Some of the problems in Graph theory are very simple to formulate and
understand but on the same side many problems are difficult to understand and also
it is very difficult to find their solutions. If we raise a question about the combination
of chemistry and graph theory that how can we describe Graph theory elements in
term of Chemistry then the answer would be given by following example i.e. Theorem
of Graph Theory:

Any graph contains an even number of vertices of odd degree.

The conversion of this theorem in chemical language is:

Every molecule contains an even number of atoms of odd valence.

3.2.1 History and development of Chemical Graph theory

Nenad Trinajstic is one of the pioneer of Chemical Graph Teory. His contribution in
the development of Chemical Graph Theory has to be appriciated since early 1970s to
today. There other pioneer of Chemical Graph Theory are Haruo Hosoya, Alexendru
T. Balaban, Ivan Gutman. D.J. Klein and Milan Randic has also participate in this
field. In 1976, Balaban came up with the first book on application of Graph theory
to Chemistry [4]. The scope of Chemical graph theory is rapidly increasing. In 2008,
A book on ”Some New Trends in Chemical Graph Theory” is published [8]. Valence

and cubic graph, Valene derivatives, Benzenoid polycyclic hydrocarbons, diamondoid

29



hydrocarbons, cospectral graphs and isoprenoid structures are some chemical appli-
cations of graph theory discussed in [2]. King and R. Bruce was also interested in

applications [12].

3.3 Molecular Graphs

In this section, we will study about chemical graphs and their characteristics. We

will some examples of molecular graphs that occur in mathematical investigation.

Definition 3.1.
A graph representing the structural formula for chemical compound in terms of graph
theory. The non-hydrogen atoms are defined by vertices and the edges define covalent

bonds among these atoms.

Definition 3.2.

The elements of molecular graph are:
e Atoms
e Bonds

Atoms are represented as the vertices and bonds are represented as the edges among

these atoms.

In 1874, Arthur Cayley was the first who discussed molecular graph in his results.

Molecular graphs are convenient way to understand a chemical structure.

Example 3.3.1. Consider the Chemical structure as shown in fig 2.1:

30



The skeleton graph represents only those atoms which can be regarded as form-

ing the framework of the molecule. Other atoms, which are usually hydrogens, are
disregarded. The skeleton graph is almost universally used in applications of graph
theory to saturated and fully conjugated hydrocarbons, since then the neglect of the
hydrogen atoms cannot cause any ambiguity.
The first of them represents cyciohexane, the second methylcyciopentane, the third
1,1-dimethylcyciobutane, etc. The skeleton graphs of fully conjugated molecules, not
necessarily hydrocarbons, are called HDcKEL graphs because of their role in HD-
cKEL molecular orbital theory. They correspond, in fact, to the network over which
the n-electrons in such molecules are delocalized.

Here are some examples: Some special types of graphs have been used in the topo-

Figure 3.1: Molecular graph 1

logical investigations of benzenoid hydrocarbons. The inner dual is obtained by as-
sociating a vertex to each hexagon and connecting vertices corresponding to adjacent

hexagons. The inner dual of benzo

pyrene is given as follows:
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Figure 3.2: Molecular graph 2

Figure 3.3: Molecular graph 3
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Chapter 4

Topological Descriptors
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4.1 Introduction

Topological descriptors played an important role in chemical graph theory. Molecular
Descriptors are used to investigate a chemical structure. These can be in different
forms like numbers or matrices that describe the properties of molecules. Molec-
ular Descriptors are based on Quantum Mechanics, which provide accuracy of our
results but on the same side there computation is time consuming. Moreover, the
simple molecular descriptors are based on easy counts of characteristics such as hy-
drogen bond donors, hydrogen bond acceptors, molecular weight, rotatable bonds
and molecular weight. In this chapter, we will study about topological descriptors,
its different types those are depend on the dimensions. Next, we will have one of the
topological descriptor i.e. topological indices. There are different classes of topologi-
cal indices and at the end we will briefly describe Merrifield-Simmons index which is

the main topological index of our thesis.

4.2 'Topological Descriptors

Definition 4.1.
The molecular descriptor is the final result of a logic and mathematical procedure
which transforms chemical information encoded within a symbolic representation of

a molecule into a useful number or the result of some standardized experiment.

Topological descriptors are divided into different types depending upon the di-

mensionality of molecular structure. These types are as follows:

e 1D: Based on the types of atom which make molecule
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e 2D: Based on the bonding of molecule
e 3D: Based on the spacial arrangement of molecule

There are many types of topological indices. These types give us results about molecu-
lar structure. Different types of topological descriptors include matrices, polynomials,
sequences and indices. One of the famous and powerful type of topological descriptor

is Topological indices.

4.3 Topological Indices

When molecular property associates with the topological descriptors then we have a
topological index. It is also called molecular index. The topological index convert a
chemical structure into a single number. It is very useful in the field of QSPR/QSAR.
More than hundred topological indices introduced that study different types of molec-

ular structures.

4.3.1 Classification

There are two main classes of Topological indices. These include
e Distance-based Topological Indices
e Degree-based Topological Indices

The degree-based Topological indices include
e Zagreb Indices

e Narumi-Katayama and Multiplicative Zagreb Indices
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Atom-bond Connectivity Index

Augmented Zagreb Index

Geometric-arithmetic Index

Harmonic Index

e Sum-connectivity Index
The distance-based Topological indices include
e Wiener index
e Harary index
e Total eccentricity index
e Hosoya index

Other than these two classes there is another class of indices that based on the number
of certain components of given graph. One of these types of index is Merrifield-

Simmons index.

4.4 Merrifield-Simmons index

Let G = G(V, E) be a graph then an independent set /(@) is defined as subset of
vertex set of graph G such that I(G) does not contain two adjacent nodes. The total
number of independent sets of graph G is known as Merrifield-Simmons index and is

denoted by o.
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4.4.1 History and development

In 1960 Miller and Muller written about calculating maximal independent sets in a
graph. In their first paper in 1980 about the structure of molecular topological space
Merrifield and Simmons used the symbol o for this quantity. After that Prodinger and
Tichy gave motivation to the study of the number of independent sets (G) in chemical
graph theory in 1982.The Merrifield-Simmons index is proposed by R. E. Merrifield
and H. E. Simmons in 1989. After that it was accepted by the whole mathematico-
chemical community. The index o was not named in the two early papers of Gutman
in 1992.Gutman first named this index the Merrifield-Simmons index in 1993.Many
chemical applications can be found in 1989 by Merrifield and Simmons [13]. For
example, in [14] it was shown that I(G) is associated with boiling points. An analysis
on calculating maximal independent sets is provided by Chou and Chang in 1995.
In recent years a great work has been done on this index. The Merrifield-Simmons
index of simple and cyclic graphs are computed by M. B. Ahmadi and H. Dastkhezr
in 2012 [1]. Zhe Zhang gave some important results of this index in 2013[19]. The
Merrifield index of triphenylene, Acyclic, bycyclic and tricyclic molecular graphs are
calculated by Gutman, Gultekin and Sahin in 2016 [?]. The Merrifield-Simmons index
of hexagonal structure has been studied in terms of molecular topology. In statistical
mechanics, an approximately similar problem of counting the possibilities of putting
particles in the sites of a 2-dimensional lattice such that no two share the same site.

Now, the formal definition of Merrifield-Simmons index is as follows:

Definition 4.2.
Let n(G, k) be the number of distinct k-element vertex set then the Merrifield-

Simmons index is defined as
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o =0(G) =X limitsg=on(G, k) (4.4.1)

4.4.2 Examples

In chap 1, we have studied about the independent sets. To compute Merrifield-
Simmons index, first we have to find all independent sets in a graph. The total
number of independent sets is known as Merrifield-Simmons index. Let’s have some

examples:

Example 4.4.1. Consider a very simple graph as shown in fig 4.1:

b

Figure 4.1: Graph H
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The independent sets are as follows:
s1={a},

So :{ b},
s3={c} and
s4={b,c}

So, there are J independent sets. Hence the Merrifield-Simmons index is 4.

Example 4.4.2. Consider a very simple graph as shown in fig 4.2:

Figure 4.2: Graph Hy

The independent sets are as follows:
s1={a},
so={b},
s3={c},
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ss={d},
ss={e},
s¢={a,e},
s7={b,e},
ss={d,e},
so={a,d},
s10={b,c}and
s11={a,d, e}

So, there are 11 independent sets. Hence the Merrifield-Simmons index is 11.

In next chapter, we will find Merrifield-Simmons index of V- Phenlynic nanosheet

and nanotube.
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Chapter 5

Merrifield-Simmons index of
V-phenylenic nanosheet and
nanotube
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5.1 Introduction

In this Chapter we will find some results regarding Merrifield-Simmons index of
nano structures. The nanostructure that is taken for this research is V- phenlynic
nanosheet and nano tube. Our main problem is to find Merrifield-Simmons index of
V- phenylenic nanosheet and nanotube. For this, first we have to compute indepen-
dent sets by an algorithm which is developed by me. Then we make transfer matrices
and at the end by multiplying our tansfer matrix with column vector, we will get the

final result i.e. Merrifield-Simmons index.

5.2 Merrifield-Simmons index for V-Phenlynic nanosheet

Let G=VPHY|[p,q] denote a nanosheet (where p and q belongs to positive integers),
p represents the rows and ¢ represents the column of nanosheet whose hexagons are
line up with p(rows) and g(columns) as follows: Now we introduce some vectors of
(zeroes) and (ones).

Some important results regarding computations for X,,:

Let X, represents the vectors that can be taken as column of independent set of

G =VPHY|[p,q]. Then X, is a selection of 2p- vectors of (zeroes) and (ones).

Theorem 5.1. Let X, denote the combination of all possible 2p- vectors whose entries
are in the form of (zeroes) and (ones). Then the columns in (3l+1)-th & (31+3)-th

position of an independent sets are choosen from X,, where 1 <1 <q— 1.

Theorem 5.2. Let X, denote the combination of all possible 2p- vectors whose entries
are in the form of (zeroes) and (ones). Then no consecutive (ones) take up the place

of the (2I-1)-th & 2I-th position, where 1 <1 < p.
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Figure 5.1: VPHY[p,q/

Theorem 5.3. Let X,, denote the combination of all possible 2p- vectors whose entries

are in the form of (zeroes) and (ones). The cardinality of X, is 3P.

Some important results regarding computations for Y
Let Y, represents the vectors that can be taken as column of independent set of

G =VPHY[p,q]. Then Y, is a collection of (p+1)- vectors of (zeroes) and (ones).

Theorem 5.4. Let Y, denote the combination of all possible (p+1)- vectors whose

entries are in the form of(zeroes) and (ones). Then the columns in (31+2)-th position
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of an independent set is choosen from Y,, where 0 <[ < q—1.

Theorem 5.5. Let Y, denote the combination of all possible (p+1)- vectors whose

entries are in the form of (zeroes) and (ones). The cardinality of Y, is 4.3°71.

Following is an algorithm, by which we can get some conditions regarding joining

of X, and Y,,.

5.2.1 Algorithm for nanosheet

Let u(j) represents a vector u which is at j — th position. Thus, two column vectors
u and u must satisfy one of the following two conditions to become a pair of column

that should be consecutive in an independent set of G if and only if,

1. wand u are choosen from Y, and X, respectivly and they are othogonal to each

other.
2. uw and v’ are choosen from X, and they are orthogonal to each other.

Let we are gluing column u;4; in the (5 + 1)-th position to the right of column w; in
the j-th position as step 7. The gluing process is as follows:
For fixing p and ¢, we can obtained the independent sets of G by applying gluing

process which is as follows:

1. For the first column of I, select a vector against X, and named it v.Similarly,
choose a vector against Y, and named it w. if v and w satisfy (1) then glue

vector w towards the right side of v.
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2. choose a vector from X, and named it v'. if v and w satisfy (1) then glue vector

v towards the right side of w.
3. if v’ and v” satisfy (2) then glue vector v towards the right side of v,

Reiterate the above procedure as far as (3¢)-th position of the column is glued.

5.2.2 Transfer Matrix

We will move forward to our computations with the help of transfer matrices as

follows:

e Let B, describes the transfer matrix for step 1. Then By, =(By142) is 3? x4.377!

matrix with vectors of X, serve as rows and vectors of Y, serve as columns.

e In matrix B,,, access of the position (£,n) must be 1 if the vectors represented

as &, n orthogonal, and 0 otherwise.
e The transfer matrix for step 2 is denoted by B,, must be the transpose of B,, .

e The transfer matrix for step 3 is denoted by 3P x 3P matrix. It is denoted by

B, with vectors of X, serves as the rows as well as columns.

e In matrix B,,, access of the position («, #) must be 1 if the vectors represented

as «a, 3 orthogonal, and 0 otherwise.

Note that B, represents the transfer matrix for each step j while j = 3/ + 1 (where
(0 <1< q—1), By, represents the transfer matrix for every step j while j = 31 4 2

(where 0 < k < ¢—1) and B,, is the transfer matrix for every step j while j =3[ +3
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(where 0 <1 <g—1).
So,
The transfer matrix for G=VPHY[p,q/ is

B

p

=B

p1

B

D2

B

p3

For Merrifield-Simmons index, we have

M(VPHY [p,q]) = b(p,q) =1- B} -1 (5.2.1)

Here 1 represents the vector with all entries 1. We can say B, is a transfer matrix

with triple step because it is given as multiplication of three transfer matrices.
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Example 5.2.1. Consider a graph G = VPHY = [1,1], as shown in fig 5.1

X

(0,0) ] (0,0)
Following are X, and Y),: (0,1) | (0,1)
(1,0) | (1.0)
(1,1)

Y,

p

Figure 5.2: VPHY|[1,1]

1 1 11
Then we have two transfer matrices for G = VPHY [1,1] as follows: B;;=1 1 0 1 0

1 100
1 11
- 1 01 _ ‘
B, =T, = Now we multiply these transfer matrices for G = VPHY [1,1]
1 10
1 00

as follows:

B1 - B11 . B12
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Now apply equation 5.2.1.
Let M(VPHY1,1]) be the Merrifield-Simmons index then

M(VPHYI1,1]) = 18

Example 5.2.2. Consider a graph G = VPHY[2,3],

Following are X, and Y),:

Figure 5.3: VPHY|[2,3]

48



X

p

Y,

p

(0,0,0,0) | (0,0,0,0)
(0,0,0,1) | (0,0,0,1)
(0,0,1,0) | (0,0,1,0)
(0,1,0,0) | (0,1,0,0)
(0,1,0,1) | (0,1,0,0)
(0,1,1,0) | (0,1,0,1)
(1,0,0,0) | (1,1,0,1)
(1,0,0,1) | (1,0,0,0)
(1,0,1,0) | (1,0,0,1)
(1,0,1,0)
(1,0,1,1)

(1,1,0,0)

Then we have three transfer matrices for G =V PHY[2,3] as follows:

111111111111
101100101001
110111110001
111000111110
Byy=1'10100010100 0 [
11000011O0O0O0O0
11111000O01O0O0
101 1000O0O0O0O0®O
110110000O00O0O0O
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Now we multiply these transfer matrices for G=VPHY[2,3] as follows:

20



B2 =By, - By, By, - By, - By, - By, - By, - Bo,

471120 283564 336936 336936 204572 202752 283564
283564 170950 202584 202916 123398 121936 170644
336936 202584 241224 240768 146032 145056 202916
336936 202916 240768 146032 146540 145056 202584
By=| 204572 123398 146032 145056 89162 88000 122980
202752 121936 145056 145056 88000 87360 121936
283564 170644 202916 202584 122980 121936 170950
170572 102813 121930 121930 74137 73288 102813

204572 122980 146540 146032 88560 88000 123398

Now apply equation 5.2.1.
Let M(VPHY [p,q]) be the Merrifield-Simmons index, then

M(VPHY2,3]) = 13209830

Example 5.2.3. Consider a graph G = VPHY = [2,7],

The matriz B after multiplying transfer matrices is as follows:

o1

170572
102813
121930
121930
74137
73288
102813
61934
74137

204572
122980
146540
146032
88560
88000
123398
74137
89162




Figure 5.4: VPHY|[2,3]
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Now apply equation 5.2.1.
Let M(VPHY[2,7]) be the Merrifield-Simmons indez, then

M(VPHY[2,7]) = 25992806874096720

5.2.3 Merrifield-Simmons index for V-Phenlynic nanotube

By identifying edges (r;,7j41) with (r7,77,,), (where 1 < j < 2p —1). The lattice
with cylindrical conditions, denoted as H = VPHZ[p,q|, can be obtained. The
representation of nanotube is shown to be as vertical cylinder as follows.

Here we introduce a new vector Z,,.
Some important results regarding computations for Z;:
Let Z, represents the vectors that can be taken as column of independent set of

H=VPHZ[p,q]. Then Z, is a collection of g- vectors of (zeroes) and (ones).

Theorem 5.6. Let Z, denotes the combination of all possible g- vectors whose entries
are in the form of (zeroes) and (ones). Then the column in (41+1)-th and 4I-th

position of an independent is choosen from Z,, where 0 <1 <p—1and 1 <1 <gq.

Theorem 5.7. Let Z, denotes the combination of all possible q- vectors whose entries

are in the form of (zeroes) and (ones). Then the cardinality of Z, is 29.

As discussed in previous section for nanosheet, any independent set I of H=VPHZ[p,q/

can be generated by the process of gluing of the vectors from Z, and Y,_;. The algo-

rithm for nanotube is as follows:
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Figure 5.5: VPHZ/[p,q]

5.2.4 Algorithm for nanotube

Following is an algorithm, by which we can get some conditions regarding joining of
Z, and Y,_1. Let u represents a vector u(j) which is at i — th position. Thus, two
column vectors u and «' must satisfy one of the following two conditions to become a
pair of column that should be consecutive in an independent set of H = V. PH Z|p, q|

if and only if,

1. u(1).u(2n)+u(1).u' (1)=0 and u(2).u'(1)=0
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2. ' (i).u(2i — 1)=0 and u (1).u(2i)=0 for i=2, 3, ..., q

Let us say the gluing process of the (j + 1)-th column wu;; to the right of j-th column
u; as step 7.
For fixed p and ¢, all possible independent sets I of G can be obtained by a gluing

process described below.

1. Take a vector from Z, s.t it corresponds to the first row of /, and denote it as v.
Glue a vector w from Y,_; to the bottom of v, such that v and w are possible

consecutive vectors in I.

2. Take a vector form Y,_;, denote it as w'. Glue vector w’ to the bottom of w

such that w and w" are orthogonal.

3. Glue a vector v to the bottom of w', s.t w' and v’ are possible consecutive

vectors in I.
4. Glue a vector v" to the bottom of v" s.t v" and v" are orthogonal.

Reiterate the above procedure as far as the (8p+1)-th position of the column is glued.

5.2.5 Transfer Matrix

We will move forward to our computations with the help of transfer matrices as

follows:

e Let Cy; denote the transfer matrix for step 1. Then Cy; is the 279 x 4.3972 matrix

with vectors of Z; serve as rows and vectors of Y,_; serve as columns.
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o Let Uy denote the transfer matrix for step 2. Then Cyp must be the 4.3"2 x

4.3"2 matrix with vectors of Y,—1 serve as rows as well as columns.
e The transfer matrix for step 3 is denoted by C, is the transpose of C,, .

o Let Cyy denote the transfer matrix for step 4. Then Cyy must be the 2" x 27

matrix with vectors of Z, serve as columns.

Note that C, is the transfer matrix for every step j while j = 41+ 1 (where (0 <[ <
p—1), C, is the transfer matrix for every step j while j = 4[+2 (where 0 <[ < p—1),
Cy, is the transfer matrix for every step j while j = 4/ + 3 (where 0 <! <p—1) and
B,, is the transfer matrix for every step j while j = 41 (where 1 <[ < p).

So,

The transfer matrix for H=VPHZ[p,q] is

Cq = CqCq,Cqs Cy

For Merrifield-Simmons index,

M(VPHZp,q]) = c(p,q) =1-C -1 (5.2.2)

where 1 represents the column vector with all entries should be 1.

Example 5.2.4. Consider a graph H=VPHZ[2,2], as shown in fig 4.5

Following are Z; and Yq_1:
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Figure 5.6: VPHZ[2,2]

q Yzz—l

(0,0) | (0,0,0,0)
(0,1) | (0,0,0,1)
(1,1) | (0,0,1,1)
(1,0) | (0,0,1,0)
(0,1,0,1)
(0,1,0,0)
(1,1,0,0)
(1,1,0,1)
(1,0,1,0)
(1,0,1,1)
(1,0,0,1)
(1,0,0,0)

Then we have four transfer matrices for H=VPHZ[2,2] as follows:

o8



3
I

o O

o o o O

—_ =

o o o O

= o O

o o o O

o O

o o O

o O

o o o o o o

29




o o o O
o o o O

023 :021 - y

Now we multiply these transfer matrices for H=VPHZ/[2,2] as follows:

022021 '022 '023 .024 .321 .BZQ .B23
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12981 5493 2081 3569
5493 2304 872 1501
2081 872 328 564

3569 1501 564 968

Now apply equation 5.2.2.
Let M(VPHZ[2,2]) be the Merrifield-Simmons index, then

M(VPHZ[2,2]) = 44741

Example 5.2.5. Consider a graph H=VPHZ=/[3,5], as shown in fig. 4.6

Following are Z; and Yq_1:

Figure 5.7: VPHZ[3,5]
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q Yzz—l

(0,0) | (0,0,0,0)
(0,1) | (0,0,0,1)
(1,1) | (0,0,1,1)
(1,0) | (0,0,1,0)
(0,1,0,1)
(0,1,0,0)
(1,1,0,0)
(1,1,0,1)
(1,0,1,0)
(1,0,1,1)
(1,0,0,1)
(1,0,0,0)

Then we have four transfer matrices for H=VPHZ[3,5] as follows:
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t111111111111111111111111111111111111

100001100001100001100001100001100001
100000000000000001100000000000000001
111100000000001111111100000000001111
10010000000000000000O0O0000O00O00O0000O00O0OOOO
100000000000000O0O0O0O0O0O0O0O0O00O0O0O0OOOO0O0OOOOO
100001100001000000000000000000000OOO
100101101001000000000000000000000000

051 =
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11111111
10010000
10010000
10011001
10000000
11000011
11000011
10000000
10000001
10000000
10000000
11000011
11000000
10000000
10010000
10010000
10010000
11110000
11110000
10010000
10010000
10010000
10000000
11000000
11000000
10000000
10000000
10000000
10000000
11000000
11000000
10000000
10010000
10010000
10010000
11110000
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Now we multiply these transfer matrices for H=VPHZ[3,5] as follows:
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Now apply equation 5.2.2.
Let M(VPHZ[3,5]) be the Merrifield-Simmons index, then

M(VPHZ[3,5]) = 192659983888509856
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5.3 Concluding Remarks

In this chapter, we considered nanosheet and nanotube of V- phenlynic and studies
Merrifield- Simmons index. By finding the inpedependent sets we have computed
Merrifield- Simmons index of V- Phenlynic nanosheet and nanotube. We developed
some algorithms to compute number of independent sets. We developed matlab pro-
gram of the algorithms to complete our computations. We have computed Merrified-

Simmon index of nanosheet and nanotube of V- phenlynic.
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