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ABSTRACT

Degree and Distance Based Parameters of
Certain Graph Structures

Topological indices are a rapidly developing area of research in graph theory. There
are various topological indices such as degree-based topological indices, spectrum-
based topological indices and distance related topological indices. These topological
indices correlate certain physico-chemical properties such as boiling point, stability of
chemical compounds and many more. In this dissertation, we focus on degree based
and spectrum based topological indices. Under the degree based topological indices,
we study topological indices such Randic index, general Randic index, Zagreb index,
general sum connectivity index, first and second multiple Zagreb indices, geometric
index, atom bond connectivity index for para-line graphs of some chemical structures
such as Phenylene, Anthracene, Benzenoid, Pentacene. Similarly, we study the
spectrum based topological indices such as Estrada index for certain chemical graph
structures such as Phenylene, Anthracene, Bi-smuth Tri-iodide, benzene ring
embedded in P-type-surface in 2D network (BRE). Also we find the energy of above
mentioned structures. We also discuss the notion of distance related parameters such
as metric dimension and edge metric dimension. We compute the edge metric
dimension for the barcycentric Subdivision of Cayley Graphs. Also we have studied
the M-polynomial and entropy of generalized Sierpinski graphs.
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Chapter 1

Introduction



About 300 years ago, when no one was known about the subject of graph theory, at
that time the problem of Seven Bridges of Konigsberg was arisen. Konigsberg was a city
of Germany at that time and now it is a part of Russia situated on the Pregel river. This
city contains seven bridges and it was connected with two islands via these seven bridges.
The people of Konigsberg always thought that is there any possibility to cross all the seven
bridges in one attempt without crossing the every bridge more than once. In 1736 [27]], the
person who had solved this problem was Leonhard Euler (1707-1783). Euler declared the
conclusion about the problem that there is no way or it is impossible to cross these bridges
in one attempt without crossing the bridges more than once. He used the dots (vertices) to
express the landmasses and lines (edges) to express the seven bridges to solve this problem
in a very simple way. He not only proved that it is impossible but also gave the reason why
this is so. He explained this by defining the new term valance or degree of a vertex means
the number of edges connected to a particular vertex. This notion leads to the birth of
Eulerian graph. Actually this notion from Euler has opened the new area in the premises of
mathematics named “Graph Theory”. Graph theory is the branch of combinatorics. After
100 years, another invention made by Kirchhoff [S7] in this field while he was working
with electrical networks. Caley [11] and Sylvester [90] have proposed the properties of
new class of graphs called trees. Graph theory has a close relationship with linear algebra
another branch of mathematics. Another invention related to matrix theory and incidence
matrix discovered by Poincare [80] in the premises of graph theory. The family of complete
graph has been discovered by Mobious in 1840. In 1852, Gutherie developed the four color
problem in theory of graphs.

Graph theory is a subject which is being applied now a days in many fields of sciences such
as Computer science as networks, Chemistry as chemical graphs, Electrical Engineering as
electrical circuits, Operation research as sewerage system, traffic flow, telephone lines. It
is also used in optimization problem. There are several applications of graph theory which
are very much helpful for mankind. Graph theory belongs to mathematics but its roots are
penetrating in Economics, Biology, Statistics, Architecture, Communication, Management,

Mechanical, Civil and Chemical engineering.



Bridges of Kénigsberg

Figure 1.1: Konigsberg Bridge.

1.1 Application of Graph Theory in Diverse Areas

There are numerous applications in daily life where graph theory can be applied. Some
of them are being mentioned here.
Traffic Signals

The vertex coloring techniques is being incorporated in traffic signals. The timing and
pause between the red to green color is adjusted due to vertex coloring by giving chromatic
number for the required number of cycles.
Clearance of Road Blockage

In hilly areas where in winters snow has blocked the roads and if you want to clean the
roads then planning is needed to clear the roads by putting the salt on ice. This can be done
by using Eulerian path or circuit in a quick way.
To Assign a Job to the Employees

The matching technique is used to assign the job to the employees. Softwares are used
to optimize the job assignment.
Web Pages and Hyperlink

There are many search engines which are being used to search the information on inter-



net. Hyperlink is used to link the web pages on internet. Every page represents as a vertex
and the link between two pages serves as an edge.
Social Networks

In last decade social media has been getting much attention. It is a nice source to
connect with friends and family. Multiple social media are working in the global world such
as Facebook, Twitter, and Instagram. Users belongs to Facebook, Twitter, and Instagram
are vertices and connection between them represent by an edges.
GPS System

GPS is a tracking system which is implemented to find the shortest routes between the
two destinations. The destinations act as vertices and the connection between them act as
an edge. Softwares are used to find the optimal route between the two destinations.
Google Map

Google Map is a wonderful application which is being used now a days, even a layman
is using google map whenever he wants to go anywhere in the city, country and in the world
without knowing the subject under which this system is working. Google Map actually
find all the routes between two destinations and also mark the shortest route between them
which is very beneficial application for all mankind. In google map the two destinations
behave like a vertices and the routes between them are marked as edge. The software of

google map provide the shortest route as a shortest path between two destinations.

1.2 Use of Graph Theory in Chemistry

Mathematics has the great ability to interlink itself with other subjects such as sciences
and engineering. Graph theory is one of the richest outlet of mathematics which simplify
the other subjects with the pictorial representation which helps to understand the topology
of the object. Chemistry is the branch of science which has a close link with mathematics
due to the subject of graph theory. The pictorial representation of chemical structures is
connected with graph theory. Due to the close connection between chemistry and mathe-
matics, a relatively new branch came into existence named chemical graph theory. Graph

theory with respect to chemistry is an outlet of mathematics which relates the chemical sub-



stances to graphs. Chemical graph theory was started in late eighteen century. Chemical
graph theory basically provides the atmosphere to unite the natural sciences and mathe-
matics. For the first time graph theory had been used to represent the chemical aspects of
certain chemical compounds by using the special type of graph such as Complete graph
K4. The vertices of graph represents the four species of chemical compounds and edges
between them reflects the force which these compounds are exerting on each other in 1769
[16]. Chemical graph theory is being applied in enumerating the isomers, representing the
chemical bonding, chemical documentation and also its use in chemical reaction networks

and the most popular graph invariant such as topological indices.

1.3 Topological Descriptors: A Major Application of Chemical Graph
Theory

Graph theory is basically used as a tool in chemistry. Chemical compounds are rep-
resented as graphs. Chemists use graph as graph invariants which is actually a numerical
descriptors. This numerical parameters sometimes known as topological index. Topolog-
ical index is just a number which can be generated by using the pictorial representation
of the molecular graph. These numerical invariants can be generated by the adjacency
matrix or distance matrix. Wiener was the first person who used the first graph invari-
ants by using distance matrix in 1947 [935]. This index in these days is known as Wiener
index. This index correlated well with the alkane’boiling point. For the best correlation
and prediction of the molecular properties of molecules, topological indices have been
implemented. The properties of molecules which are under investigation using topolog-
ical indices are the physical properties such as boiling points, chemical properties such
as reactivity, thermodynamic such as heat of formation , biochemical such as biological
degradability , the pharmacological such as anesthetic behavior and toxicological such as
toxicity. Some chemical compounds have various geometrical shapes such as polygonal
shape, trees, path, and graphs. These shapes can be classified in terms of graphs by taking
points as vertices and the connection between these points as a line called edges. The topo-

logical indices have been utilized in designing the drugs structure such as anti-cancer and



anti-HIV. Fortunately mathematicians have successfully play their part by using the graph
theory to analyze the drugs activity [32, 33]]. Some topological descriptors such as Wiener
index, Randic connectivity index, first Zagreb index, second Zagreb index and eccentric

connectivity index have been employed to understand the drugs activity.

1.4 Application of Metric Dimension

Metric dimension has been proposed by Slater [88] and also investigated independently
by “Harary and Melter” [43]. Metric dimension is a very devastating area of graph theory.
Its role in daily life can change the direction of world and also its use in different field of
sciences like biotechnology, technology, and engineering. Robots technology specifically
is one of the finest application of graph theory [31]. Metric dimension is also applied in
image processing and pattern recognition [55]]. Mastermind game is a game of genius in
which two players play and one of them is code setter and other is code breaker. In this
game code setter selects a secret vector and a series of questions may be asked by the code
breaker, each is a vector and the code setter answer the number of positions in which secret
vector and questions meet. Navigation in networks have been studied by using the concept
of graph. In the field of network, every place expressed as nodes in graph and relation
between these nodes(places) expressed as edges. The places where we positioned a Robots
are known as landmarks. The minimum number of robots requisite to trace the each node
is known as metric dimension. For further study on metric dimension see [86, |87].

In literature, there are many other metric generators exist. one of them is edge metric
dimension. In [54], the concept of edge metric dimension is explained explicitly. The
results about edge metric dimension have been studied in literature, see [54 78, 102].

In this thesis, we have tried to show the importance of the topological indices which are
being used as a fundamental tool in different field of sciences such Chemistry, Biology,
computer science etc. we have mustered up different aspects in one thesis such as degree
and distance based parameters under these parameters we have discussed multiple topics
such as degree based topological indices, M-Polynomial, Entropy, Energy of a graph ,

Estrada Index, Metric dimension and Edge metric dimension. Mostly we have picked the



chemical structures which are useful in chemistry such as Pentacene, which is being used

in nano silicon chip and Anthracene which is also used in Coaltar and many more.



Chapter 2

Preliminaries



This chapter contains the elementary notions of graph theory which are already given in

the literature see [22] 93] 194].

2.1 Elements of Basic Graph Theory

Definition 2.1.1. [22]“A Graph G = (V,E) of sets satisfying E C [V]z, thus, the elements
of E are 2-element subsets of V. The elements of V are called the vertices of a graph G and

the elements of E are its edges.”

p(2) q3)

s (1)

r(2) ® .

Figure 2.1: Graph

Definition 2.1.2. “ Finite graph contains the finite number of vertices and edges.”

Definition 2.1.3. “A graph G is trivial if it contains only an isolated vertex.”

Figure 2.2: Trivial graph.

Definition 2.1.4. “The number of vertices in a vertex set and the number of edges in an

edge set is called the order and size of G, respectively.”
In Figure 2.1, the order and size of a graph G is 5 and 4, respectively.

Definition 2.1.5. “ If two vertices having an edge between them then these vertices are
called adjacent vertices and all those edges who have a common vertex are known as

adjacent edges.”



For example in Figure 2.1, vertex p is adjacent to vertex g because they have an edge
between them and similarly r is adjacent to p because they also gave a common edge
between them.

Similarly edges pg and pr are adjacent because they have a common vertex p between

them and edges gr and gs are adjacent because g is a common vertex between them.

Definition 2.1.6. “If two vertices share more than one edge, then these edges are said to be

o

Figure 2.3: Parallel edges.

parallel edges.”

Definition 2.1.7. “If a single edge joins a vertex twice, then the edge is called a loop.”

V

Figure 2.4: Loop.

Definition 2.1.8. “ The count of the edges that connect with vertex is a degree of that

2

vertex and is denoted by deg(v) or degg(v).

In Figure 2.1 the degree of each vertex is as follows: degg(a) =2,degg(b) =3,degg(c) =
2,degg(d) = 1,degg(e) =0

Definition 2.1.9. “The minimum degree of a graph G is defined as the minimum number
of edges connected to a vertex and is denoted by 0(G), where 6(G) = Min{deg(v)|v €
V(G)}”

“The maximum degree of a graph G is defined as the maximum number of edges connected

to a vertex and is denoted by A(G), where A(G) = Max{deg(v)|v € V(G)}”
Definition 2.1.10. The vertices are called neighbors of each other if they are adjacent.

10



In Figure 2.1 the vertex p has neighbors ¢ and r, vertex g has neighbors p, r and s,

vertex r has neighbors p and ¢, vertex s has neighbors g and vertex ¢ has no neighbors.
Definition 2.1.11. N(p) is the neighborhood of p if p contains all of its neighbors.

For instance, in Figure 2.1 N(p) = {q,r}, N(q) = {p,r,s}, N(r) = {q,r}, N(s) = {q}
and N(t) =&

Definition 2.1.12. “The degree sequence of a graph is the list of vertex degrees, usually

written in nonincreasing order, as d; > dr > ... > d,.”
In Figure 2.1, (0,1,2,2,3) is the degree sequence of the graph G.

Lemma 2.1.1. [22]]“In any graph G the sum of all the vertex-degrees is an even number- in

fact, twice the number of edges, since each edge contributes exactly 2 to the sum , namely

n

21E(G)| = ;deg(pi)

>

where (p;) are the vertices of graph G, This result is known as the handshaking lemma.”

Definition 2.1.13. “The distance between any two vertices a and b is defined as the short-

est path length between a and b and it is denoted by d(a,b).”

p

Figure 2.5: Graph with labled vertices.
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The distances between some vertices of the above graphs are given below:
d(p,q) =1,d(p,r)=1,d(p,s) =1,d(p,t) =2,d(p,v) =2,d(p,u) =3.
Some of the terminologies in graph theory and in many other subjects belongs to Greek
language. For instance, in graph theory the word Isomorphism falls in Greek language. The
English meaning of this word is equal form or same form (isos means equal and morphe
means form). Isomorphism [13] between two graphs is a beautiful phenomenon in graph

theory.

Definition 2.1.14. [22]“Two graphs are isomorphic if two vertices in one graph are adja-
cent in such a way that their images are adjacent in other graph. In formal language, if p
and ¢ are not adjacent in one graph, then their images f(p) and f(g) must not be adjacent

in other graph.”

2.2 Some Renowned Graphs in Graph Theory

Some graphs are very much popular and have a strong impact in the field of graph theory.
Regular Graph[22]

“If all the vertices of G has same degree k, G is k-regular or simply regular.”

Zero-regular One-regular Two-regular

Figure 2.6: Regular graph.

Cycle Graph([94]
“ A connected graph that is regular of degree 2 is a cycle graph. it is denoted by C,, with n

vertices(n > 3).”

12



AT

Ca Cg

Figure 2.7: Cycle graph.

Complete Graph([94]
“ A simple graph in which each pair of distinct vertices are adjacent is a complete graph

and it is denoted by K,, with n vertices.”

- _ A K

K
1 K
2 K3 K4

Figure 2.8: Complete graphs K,K>,K3,Ky .

Wheel Graph[94]
The graph obtained from C,,_; by joining each vertex to a new vertex v is the Wheel graph
on n vertices, denoted by W,,.

Wheel graphs are used in Computer networking[97].

13



Wy
Wg We

Figure 2.9: Wheel graph.

Bipartite Graph[94]
“If the vertex set of a graph G can be split into two disjoint sets A and B so that each edge
of G joins a vertex of A and a vertex of B, then G is a bipartite graph.” *“ Bipartite graphs

are used in Coding theory to decode the words, which are , receives from the channel” [77].

Figure 2.10: Bipartite graph.

Complete Bipartite Graph[94]
“A complete bipartite graph is a bipartite graph in which each vertex in A is joined to each

vertex in B by just one edge.”

14



3,2 K
53

Figure 2.11: Complete bipartite graph.

Line Graph
“The line graph L(G) of a simple graph G is the graph whose vertices are in one-one
correspondence with the edges of G, two vertices of L(G) being adjacent if and only if the
corresponding edges of G are adjacent.”

Line graphs are used in chemistry [77]].

G L(G)

Figure 2.12: Graph and its line graph.

Sub division of a Graph
“if we subdivide every edge by inserting one vertex on every edge, this is called the sub

division of graph and is denoted by S(G).”

15



[ ]

G

S(G)
Figure 2.13: Graph and its Subdivision graph.

Para-Line Graph
“ The line graph of the subdivision graph is termed as the para-line graph of G which is
denoted by L(S(G))”

P(G)=L(S(G))

Figure 2.14: Subdivision of G and para-line graph of G

16



Chapter 3

Topological Indices
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In the history of graph theory, graph can be expressed in quantitative terms by using
different measures or indices. In this way, one can express the geometrical object in a
unique real number which satisfy the geometric properties of that object. These measures
in chemical graph theory represents as topological descriptors or molecular descriptors.
For instance, chemists transform the chemical structure into a molecular graph, then find a
numerical value by using topological indices. These topological indices are the numerical
invariants of chemical graph. Hundreds of topological descriptors are existed in literature.
But the first one was the Wiener index which was invented when Wiener was working on

boiling points of alkane.

3.1 Topological Indices in Chemical Graph Theory

In chemical graph theory, chemical structure is transformed in the mathematical descrip-
tions in such a way that both chemical and mathematical logic preserves. The way in
which chemical structures is treated as graph is a very prominent methodology for under-
standing the nature of chemical structures and reactivity. By using this technique, graph
theory delivers the pattern to the chemists by which chemist may get the qualitative predic-
tions about the chemical structures. Topological descriptors are the numerical invariants of
molecular graph. The advantage of topological index are that every chemical structure or
species can be studied under topological indices and also topological index correlates well

the physiochemical properties of the chemical structures.

3.2 Types of Topological Indices

The topological indices are of three types which we will discuss in this section. Major
classes of topological indices or molecular descriptors are the following:

(1) Degree based molecular descriptors

(2) Spectrum based molecular descriptors

(3) Distance based molecular descriptors

18



3.2.1 Degree Based Molecular Descriptors

Degree based topological indices are much popular and much easier in their studies as
compared to other topological indices. Technically, Randic index is a first degree based
topological index which was conceived by Milan Randic in 1975 [81]. Randic himself
picked its name as branching index, but after a short time its name has been changed to
connectivity index by Randic. In recent day, its name has been again changed as Randic
index by mostly authors due to the contribution of Randic. The index is demonstrated as
R=R(G) = l,me)%/(G) W. Another topological index based on vertex degree has been
considered as first degree based topological index named Zagreb index [82]]. It was initially
used totally in different purpose but with the passage of time it has been used as topological
index. Randic index did not attract the audience of mathematics for twenty years but later
storm came to attack on this index and hundreds of paper were published and multiple

reviews on it two of them written by Randic himself.

“The general Randic connectivity index of G is defined as [81]

Ra(G)= Y (dud))*. (3.2.1)
Xy€E(G)

Where d, and dy are degrees of the end vertex, o represents a real number. If o is -1/2,
then R_ /2(G) is said to be Randic connectivity index of G. Li and Zhao presented the first

general Zagreb index in [68]:
My(G)= Y (dv)* (3.2.2)
General sum-connectivity index ) (G) has been invented [101]:

Xa(G)= ) (dc+dy)*. (3.2.3)
xy€E(G)
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Estrada gave (ABC) index in [26]. The ABC index of graph G is expressed as

dy+dy—2

. 324
v (3.2.4)

ABC(G)= ),
xy€E(G)

VukiSevi¢ and Furtula announced the geometric arithmetic (GA)index in [92]. The geometric-

arithmetic index, denoted by GA for graph G is presented by

GA(G)= Y 2/ didy (3.2.5)

xy€E(G) dX+dy ‘

Another index belongs to the 4th class of (ABC) index was invented by Ghorbani et al. in

[135]] as:
Sx+8y—2

ABC4(G) = ), o
xJy

xy€E(G)

(3.2.6)

Where S, = |[Ny| and S, = |N,| are cardinality of neighbourhood of vertex x and y. The fifth
class of geometric-arithmetic index, denoted by GAs5 was presented by Graovac et al. in

[36]] as

GAs(G)= ). 25y (3.2.7)

o) St Sy

In 2013, Hyper-Zagreb index has been introduced as

HM(G)= Y (di+dy)’ (3.2.8)

xy€E(G)
Ghorbani and Azimi proposed two new types of Zagreb indices of a graph G in 2012.
PM,(G), PMy(G), are the 1% and 2"¢ multiple Zagreb indices, M1 (G, p) and M (G, p) , 1%

and 2™ Zagreb polynomials, respectively, are presented as:

PM(G)= [] (di+dy) (3.2.9)
Xy€E(G)

PMy(G) = [] (dexdy) (3.2.10)
Xy€E(G)
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Mi(G,p)= Y pltd) 32.11)
xy€E(G)

My(G,p)= Y pldxd) (3.2.12)
xy€E(G)

Ist and 2nd Multiplicative Zagreb Indices were determined by Consonni and Todeschini et

al. in 2010 and are described as:

miG) = T[] (dx>2 (3.2.13)
LEM(G)

mIG) = ] (a’xdy> (3.2.14)
x,y€E(G)

Gutman and Trinajstic proposed 2nd Zagreb Index in 1972 which are stated as:

MG = Y (dxdy> (3.2.15)

x,yEE(G)
Furtula et al. was recognized Augmented Zagreb and Augmented Multiplicative Zagreb

Index and described as:

dedy 3
AZIG= Y (—F— (3.2.16)
o)
dedy  \3
AzinG= [l (—— (3.2.17)
1 Ga=)

The authors introduced the 2nd modified and 2nd modified multiplicative Zagreb in-

dices which stated as:

1
"M, (G) = (3.2.18)
. Ga)
1
"MoI1(G) = (3.2.19)
I Ga)

This is another variant of Randic index. In 1987, Fajtlowicz proposed Harmonic index

and stated:

HG) = ¥ ( dxi dy) (3.2.20)



Inverse Sum Index index is described as:

16)= Y (ddx—dy) (3.2.21)

vyeE(G) “dxtdy

Symmetric Division Index is described as:

(3.2.22)

min(dy,dy) L max(dxady>>

SSD(G)= ), (max(dx,dy) min(d,dy)

x,yEE(G)

3.2.2 Spectrum Based Molecular Descriptors

Topological indices based on spectrum play a key role in theoretical chemistry and nan-
otechnology. The connection of linear algebra and graph theory give rise to the new di-
rection in the field of topological indices using adjacency matrix named as spectral graph
theory. The basics of spectral graph theory can be found in [17,18]]. Indices based on spec-
trum has been generated by finding the eigen values of adjacency matrix. Estrada index
EE(G)=Y", ¢* was invented in 2000 when Estrada was working on the folding of pro-
tein molecules. A prominent application due to this index have been marked in chemical
and non-chemical structures. This index is used in Huckel model of 7 — electron system
in the field of theoretical chemistry [30, 31]. Energy of a molecule plays an important role
in physics, chemistry and biology. In mathematics, the concept of energy is used in graph
theory to help other subjects like chemistry. In graph theory, Nullity is the number of zeros
extracted from the characteristic polynomials obtained from the adjacency matrix and iner-
tia represents the positive and negative eigen values of the adjacency matrix. Energy is the
sum of the absolute eigen values of its adjacency matrix. The mathematical representation
of the energy is E =Y., ||

Rank and nullity are also an important pillars of linear algebra. In a similar way rank and
nullity are very important in the field of graph theory. Rank in the field of graph theory
belongs to positive and negative inertia index of molecular structures. The sum of posi-
tive and negative inertia is called the rank. As both the fields are inter connected with the
same concept. Also eigen values are very important in both fields. Eigen values have many

applications in different fields like Economics, Mathematics, Graph theory etc. Because
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nullity plays a vital role in the stability of molecules so if nullity is zero this shows that
the molecule is predicted to have a stable, closed-shell, electron configuration. If nullity
is greater than zero, then the molecule is unstable, highly reactive, nonexistent, open-shell.
In chemical graph theory we associate eigen values with the molecular structure. Every
molecular structure can be represented as a square matrix with entries only 1’s and 0's.
The main diagonal entries are all zero for this matrix. This also represents that the trace of
every matrix obtained from a molecular structure is always zero. Consider the graph of the
molecular structure and label that graph by G. Atoms represented by vertices and covalent
bonds represented by edges. The adjacency matrix can be obtained from the molecular
graph in such a way that edge between two vertices represented by 1, otherwise 0. Eigen
values can be extracted from the characteristic polynomial of the graph G. Since the ma-
trix is symmetric and symmetric matrix always has real eigen values so the positive eigen
values p(G) represent the positive inertia index while negative eigen values n(G) repre-
sents negative inertia index and nullity 11(G) in graph theory reflects the stability of the
molecule. Nullity is the number of zeros appear in the roots of characteristics polynomial.
All the eigen values form a set called spectrum of G. The signature s(G) of the graph G is
just a number which is generated by the difference of the number of positive and negative

eigen values .

3.2.3 Distance Based Molecular Descriptors

The first molecular descriptors based on distance was the invention of Harold Wiener in
1947 [95]], when he was studying the boiling point of paraffin’s and perceived the relation-
ship with Wiener index. In the beginning, this notion was not appreciated and got attention
from the chemists but with the passage of time, it was too much popular in molecular
structure descriptor. The total count of distances between overall pair of vertices is known
as Wiener index of G. This index is represented as W(G) = Y d(I,m). The other
famous distance based topological index is a Harary index. It 11: fl‘l/e(i)um of all the recip-

rocal distances between every pair of vertices. Harary was not the inventor of this index.

Actually this name has been given in honor of Frank Harary on his 70th birthday in 1993
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and is proposed independently by Plavsi¢ [7/9] and by Ivanciuc [49]. The Harary index
can be defined as H(G) = Y} m. The mathematical properties and applications
of this index can be found irlln e[‘l/é?)ZS , [70]. The next distance based topological index is
eccentric connectivity index which is proposed by Sharma [85)]. This index is defined as
EC=E°(G)= Y deg(l) xg(l). The eccentric connectivity index is being used now to

leV(G)
mathematical model of biological activities and application can be seen in [23} 39, 64]].
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Chapter 4

Degree Based Topological Indices
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4.1 Introduction

Various graph polynomials were established in the literature, some of them have been im-
plemented in mathematical chemistry. For instance, Hosoya Polynomial [43] is the signif-
icant polynomial that has been used in the field of distance based molecular descriptors.
The Wiener index can be generated by taking the first derivative of the Hosoya polynomial
evaluated at 1. The other molecular descriptors named hyper-Wiener index [10] and the
Tratch-Stankevich-Zefirov index can be found similarly [7, 42]. Also chemistry related
polynomials are the matching polynomial [28, 40], the Zhang-Zhang polynomial (also
known as the Clar covering polynomial) [15, 98, 99], the Schultz polynomial [44]. M-
polynomial has been introduced by Deutsch and KlavZzar in [20] they shown how degree
based molecular descriptors can be computed from it.

The notion of the entropy of a graph has been proposed by Korner in [60]. The graph en-
tropy is a functional depending on two parameters, the graph itself and a probability density
function on its vertex set. This graph functional devised from the problem of source coding
in information theory. The purpose of this functional is to study the minimum number of
codewords requisited for representing an information source. Korner also studied the basic
properties of the entropy of graph, see [61}162]. Some results of this chapter are published
in international journals [73, 74, 100]].In this section, we have computed the M-polynomial

and entropy of generalised Sierpinski graph.

Definition 4.1.1. The M-Polynomial of a graph G is defined [20]] as

M(G,lg)= Y mu(G)Ed", (4.1.1)
5<g<h<A

where

8(G) = Min{d,|v € V(G)}

A(G) =Max{deg(v)|v € V(G)}

and mg;,(G),g,h > 1 is the number of edges uv of G such that {deg(u)(G),d(v)(G)} =
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{g.h}

Definition 4.1.2. The entropy of an edge weighted graph G(V,E, W), is defined [24] as:

I(GW)=— Y (prs)log(prs)
rs€E(G)

where, V, E and W are the vertex set, edge set and the edge weight set, respectively.

Also,
w(rs)

L w(rs)

rs€E(G)

Drs =

and w(rs) > 0, is the weight of the edge rs.
For an edge e = rs and any real number o, one defines as w(e) = (d, x ds)* , where the
degree of a vertex r is described as d,, then the general Randic index in [65} 66, 67] is

defined as:

Ra(G)= Y (drxdy)*
rs€E(G)

The Relationship between I(G, o) and Ry (G)

I[(G,00) =1logRu(G) —

Y ((drxdy)%log(d, x dy))

Ra (G) rs€E(G)

has been established in [14].

4.2 Generalized Sierpinski Graphs

The sierpinski graph was introduce by Klavazar and Milutinovic [58] in 1997. The Sier-
pinski graph additionally called the sierpinski gasket or Sierpinski sieve. For further study
on these graphs see [37]. It is named after the polished mathematician Wa claw Sierpinski.
The Sierpinski sieve is a fractal described by Sierpinski in 1915 and It is also called the

Sierpinski gasket or Sierpinski triangle.
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Figure 4.1: Sierpinski triangle

Let G = (V,E) be a non-empty graph of order n. We represent the set by V’, where V'’
is the set of words of size ¢ on alphabet V. The letters of a word p of length ¢ are denoted
by p1pa2p3...p:. The chain of two words p and ¢ is represented by pg. Klavazar and Mi-
lutinovic introduce the graph S(K,,t) whose vertex set V/, where pq is an edge if and only
if there exists r € {1,2,...,¢} such that: (i) py = g5, if s < r; (i) p, # g,; (iii) ps = g, and
qs = pr if s > r. When n = 3 then graphs are just called tower of Hanoi, later on, those
graphs are named as Sierpinski graphs. The Sierpinski graphs have been generalised for
any graph in [37]]. In [37], they defined the t-th generalised Sierpinski graph of G and is
represented as S(G,t), the vertex set is V/ and the edge set, where pq is an edge if and only
if there exists r € {1,2,...,¢} such that: (i) p; = g, if s < r; (ii) p, # g, and {p;,q,} € E;
(ii1) py = g, and g5, = p, if s > r. Let E),; denotes the number of edges connecting the ver-
tices of degree d), and d.

In this graph G, the total number of vertices are % x 7l %, in which there are three
types of vertices namely two degree, three degree and four degree vertices. Moreover,

the number of vertices of degree two, three and four are % x 73 — % , % x 73 4 %

Figure 4.2: Graph G.
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Figure 4.3: Sierpinski Graph of G, S(G,2).

Figure 4.4: Sierpinski Graph of G, S(G,3).
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and % X 73— % respectively. Also the total number of edges are % X 73— %. To

compute our main results we make a partite set of edges rely on degree of end vertices of

each edge and represented in Table [4.1]

Table 4.1: The edge partition of graph G based on degree of end vertices of each edge

(dp,dj),where,pj € E(G) | Ep; | Number of Edges

1,2) E( ) 28 x 773

(1,3) Eqz) | Z XT3+
(1,4) Eqg | Px7341
(2,2) Epy | Sx73+1
(2,3) Eps | Zx13+1
(2,4) Epg | 32 x73-3
(3,3) Egz | P x7341
(3,4) Egg) | TTxT7342
(4,4) Eyg | B2x73-]

4.2.1 Results and Discussion on M-Polynomial of Generalized Sierpinski Graphs

First we will give our main results on topological indices with M-polynomial of general-
ized Sierpinski graphs. Consequently, in table explicit expressions for some degree based

molecular discriptors are listed.
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Table 4.2: Topological indices derived from M-polynomial

Topological indices Derivation from M(G,1,q)
First Zagreb index Mi(G) = (D;+Dy)(f(1,9))]i=g=1
Second Zagreb index M>(G) = (DiDy)(f(1,q))|i1=¢=1
Second modified Zagreb index "M>(G) = (864)(f(1,9))|i1=g=1
General Randic’ index,o # 0 Ra(G) = (DPDZ)(f(1,9))li=g=1,¢ €N

Inverse general Randic’ index, @ # 0 | RRy(G) = (676, )(f(1,q))|i=¢=1,2 €N

Symmetric division index SDD(G) = (D04 + 0/Dg)(f(1,9))|1=g=1
Harmonic index H(G)=28J(f(1,9))|1=1
Inverse sum index 1(G) =6, JDiDy(f(1,9))]i1=1
Augmented Zagreb A(G) = 513Q,2JD13D2(f(l,q))|l:1
where
br = l[afgl’qq

o = o)

5 = [ [[0%]

t

=[]

J(fq) = fD)

Qu(f(l,q)) = 1%f(L,q)
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4.2.2 Relations of Topological Indices with M-polynomial of the Generalized
Sierpinski Graphs

Theorem 4.2.1. Consider the Sierpinski graph G, then its M-Polynomial is

329 1 119 1
n—3\;1 2 n=3 . L\ [13 n—3 1\ 4
M(G,l,q) = (28><7 )l q +< G x 7 6)1 q +<—3 x 7 +3>l q

98 =3, 1\ 2 3 (133 n—3 4)24 <105 n—3 1)33
+(3><7 +3>lq+ 3><7 3lq+ > 7 +2lq

133 7 14 1
+ (T X 7”73 — E)l4q4 -+ < 3 7n 3 g)lzqz ++ <77 X 7”73 +2> l3q4

Proof. Let G be a Sierpinski graph, then from above discussion total number of vertices

2401 N 3_

are % x 7 — and total number of edges are = - Now the edges partition of

Sierpinski graph are :
Eq1 | = {e=pj € E(Gld,=1,d; =2} =28 x7""3,
Eqs|=[{e=pj€E(Gld,=1,dj=3}| =32 x73+1,

Eq1ay|={e=pj € E(Gld,=1,d; =4} = T9><7n 341

Epoyl=H{e=pjeE(Gld, =2,dj =2} =5 x7" 3+ 1,
[Epsyl = {e=pj €E(Gldy=2,d;=3}| =F x 7" +3,
Ea] = {e=pj € E(Gld, =2,d; = 4}| = 13 x 7" 3,
Eqzsyl = {e=pjeE(Gld, =3,dj =3} =12 x 7" 3+,

Esaqy| ={e=pj€E(Gld,=3,dj =4} =7Tx 7" +2

Euq|={e=pj€E(Gld,=4,dj=4}| =32 x73 -7
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Now apply definition of M-polynomial

M(G,l,q) = Y mglq"

g<h
M(G.l,q) = Y mpl'g+ Y mul'g + Y mul'q* +Y mylPq?
i<2 <3 <4 122
+ Z maslPq’ + Z moal*q* + Z mylq’ + Z maalPq* + Z myal*q*
2<3 2<4 3<3 3<4 4<4
M(G,l,q) = |Eqall'a® +|Enyll'q +|Eq all'a* + |Epoy |Pq° + |[Ep 3y Pq°

+ |Epa|Pq* +|Ep 3y |Pq + |Epg1Pq* +|Ega*q?

329 1 119 1
_ (28X7n73)11q2+< - o T 3+6>llq3+< : o« T 3+§)llq4

98 w3 1\ 3 (133 3 4)24 (105 N3 1) 3
+<3 <7 —|—3>lq—|— =X 7Dt (X T 5 ) g

133 7 14 1
n (2 =3 _ 2>l4q4—|—<3 7= 3+§>12q2++<77X7n—3+2>13q4

Proposition 4.2.2. Let G be a Sierpinski graph, Then the topological indices are

7805, 583

M (G) = 3 3"

VaG) — 65221 3 _as

"My (G) = %x7"_3 %.

Ra(G) = 2“(28x7”‘3>+3“<329><7" 3+é)+4“<13£><7”_3+%>
+ 220‘(134 7"—3+%> 2“3“(938 7"—3+%)
N 2a4a(1§3 7"—3—:> 32"‘(125 7”—3+%)

133 7
+ 3 (77X 7 2) 4 42 ( 2k )
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@) = Gt (g (5 X7 )
N S I NL NN
b (B gy L (19 s
SDD(G) = %x7"3—%.
H(G) = %X7n3_%.
1G) = 6‘1‘”7307X n_g_%.

Proof. Since by Theorem 1, we have

329 | 119 I
M(G,l,q) — (28 x 7”_3>llq2 + (7 X713 4 6)11q3 + <T X713 4 §>llq4

98 =3, 1\ 2 3 (133 n—3 4)24 (105 n—3 1>33
+<3><7 +3>lq+ 3><7 3lq+ 2><7 +2lq

133 7 14 1
+ <T X 7n—3 — §>l4q4 + (? X 7n—3 + §>12q2 —+ 4 <77 X 7n—3 + 2) l3q4.

Now as shown in Table

M\(G) = (Di+Dg)(f(1;9))li=g=1

329 1 119 1
Dif(l,q) = <28 X 7"*3>11q2 + <? XT3 4 6)11613 + (T 73 1 5)llq“

28 n—3 , 2\ 2 2 <196 n—3 2)23 (266 n—3 8)24
+<?><7 —|—§>lq—|—T><7 +3) P+ (57 =3

315 3 532 28
+ (7 73 4 5)13q3 + (231 713 +2) Bgt + (7 T3 7)l“q“.
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329 1 476 4
D,f(l,q) = (56 X 7"—3)1‘q2 + (— 73 4 —)11q3 + <— 73 4 §>llq4

2 2 3
28 4 2Nn . (29 4 N (532 s 16\, 4
L —)l ( T 1)1 (— 7" ——)l

+ (3 SR Y L IR * HANET 3)he
315 n—3 3 3.3 n—3 3 4 n—3 4 4

+ (7><7 +§)lq+(308x7 +8>lq +<266><7 —14>lq.

substituting the values in M/ (G)

329 1 119 1
Mi(G) = ‘<(28X7n73)11q2+<_X7n73+_>11q3+< N 3+—>llq4
6 6 3 3

28 2 196 2 266 8

20 =3 —>12 2 ( =3 _)12 3 ( 7n73__>12 4
+ (3 X 3) T3 T3)e T E 3)01

315 3 532 28

7n 3 _>l3 3 <231 7n 3 2)13 4 ( 7"73__)[4 4‘
+ (2 2) T )5 2 )1
329 1 476 4
n (56X7n73)11q2+( o T 3+—>llq3+< o T 3+—)llq4
2 2 3 3
28 2 294 532 16
W T3 —>12 2 (_ 7n—3 1)12 3 <_ 7n73__>12 4

+ ( 3 3 q + 3 X + q + 3 X 3 q

315 n— 3 3 33 n—3 3 4 n—3 4 4
+ ( X7 —>l q +<308><7 +8)1 g +<266><7 —14)1 q (

2 2 I=g=1

7805 83
M\(G) = NI ——
1(G) = 3

My(G) = (DiDg)(f(1,9))li=g=1
1

329
- 7}173 _ll 3
5 XTSI +(

476 4
o 7}173 _ ll 4
3 X743l

1064
3

DD, = (56><7"*3>11q2+(

32

7}’!73 _
% 3

56 4 588
X ( o = 3+—)12q2+(T><7"*3+2)12q3+( )12q4

3 3

945 9
+ (5 X7y 5)13q3+(924x7"*3+24)13q4+(1064x7"*3—56)14q4
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8qf<l7‘I)

5,5,

"M, (G)

"M, (G)

2
‘ (56 X 7”—3)11q2 n <2

(E X7n_3+i

3
(5

6521
— X
2

3

X 7}’1*3 +

x 73 4

2
i+ (2
9
2

73 33,

(6:84)(f (1)) li=g=1

7
3
105

7
6
105
18

(
(
(5
(
(
(is

(1ax7)i'g + (329

7 1
<— N —

6
<105
18

20377
288

77!3

x 73 4

e
o+ (7

329
14 7n3>12<_ =3 4 >13<
S ST 1sl 12

18

13)°7+ (35

x 7

7

X 71’1—3 _|_

1
2

7 42) ¢+ (

18

1
n73+_>12q3+<

9

1
2

1

7n 3
+18

14 x 7" 3)11 2 (329><7” 3y 1)11 3 (119

s

3

12

12

119

133

e (5

133

133

47
—)llq3+(—6 x 773

1064

3

4
BAYA
+3)

x 73—

4
q

3

7n-3 | 1>llq4

8

X 7}’1—3

12

3

8

1
T3y )llq

24

77
n3 373 o n—3 2\3 4
X7 18)1‘]+<12X7 +6>I‘I+<

12

7n3+

x 73

18

>12 2+<%X7n3+

18

1
l3 3 (
18) +

11
9

7n

77
12

36

3 1)11 3 (119

18

1
18

><7}’l 3+

(5

1
6

12

A

133

32

7n3+

133
24

133

32

12

X 71’!73 _

X 711—3 o

12

7}’13

X 7}’173 _

6
7

7
32

5

=3 _ 1)12q4

2)12614

—)l3q3 + (924 x 713 +24) B+ (1064 7" 56) l4q4‘

_ Z>l4q4

1>lzq4

I=g=1

‘l:qzl



Ra(G) = (DI'DF)(f(1,q))li=g=1

32 1
D(qxf(l7q) — <206 X28X7n—3>llq2+3a<79 X7n_3+§>llq3

4 14 1
o420 3y 3)11 4+2°‘<3 ><7"*3+§)12q2

(5
98 1 133 4
n 30{(_X7n73+§)12q3+4a(7X7n73_§)l2q4
1
(7><7” 3+2)13q3+4“<77x7n 3+2)z3q4

133 7
+ 406 <T X 7n_3 — §>l4q4

329 1
DIDY(g) = (2728 %73 )1'gP 439 (=2 = 7"*3+§)11q3

476 4 14 1
4a( % =3 _)11 4 | n2a <_ 7n—3 —>12 2
+ 3 +'3 q + 3 X +—3 q
98 1 133 4
+ 293 (5 x 7" 4 )P 2% (- x 7 - D) g

105 I
X714 2P 394 (77 % 7 4 2) P

3206 (
T 2 2

133 7
4 42a< - 7n—3_§>l4q4

substituting the values DD f(1,q)

329 1 476
Ra(G) — ‘(20628 X7n—3>llq2+3a <T X7n—3+§>llq3 +4(X<T

14 1 08 1 133 4
+ 22“<?><7" 34 3)12 2+6°‘<3 "3 4 3)12 P8 . 7”*3—5)12(]4

4
W T3 §>llq4

105 1
+ 3T )P+ 12%(77x T 4 2) g

133 7
42a< 7n—3__>l4 4‘
+ 2 2 g I=¢g=1

329 1 119 1
ROC<G> = 206 x 28 x 7n—3+3a<? X 7n—3 +8> +4a<T X 7n—3+ §>

133 4
205406( 7n—3 _ _>
3)+ 245 :

14 i
X742 ) 42937 (2

98 1
7}’! 3
3 3 77t

22(1 <
* 3 3

105 | 133 7
+ 32“( > X T 5) 434 (77 x 713 +2) 442 (7 X 73 4 5).
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RR«(G) = (§78])(f(1,q))li=g=1

5¢f(g) = (28x7" 3)l;a2+<3§9 7" 3+6)l;:+(1;9 7" 3+3>l;(x4
N R ML RS
L R X
&“&ff(LQ) = (28><7n_3>£%%3*'<3§9 " 3+_6>l;a3%_<1%2><7"—3+_3>l;;4
o () (e D (-3
(o () (D T
substituting the value in RRy(G)
RRa(©) = (a5 ) S (B ) S () B
+ (134 " 3+%)1222<j+<938 ™ 3+3>2IZ31+(1§_3X7"_3_§)2I;ZZ
(5> 7“+5>l;§+< 7“+z>;i41 <>—

28 1 329 1 119
OC( ) 2 v 3 6 40‘ 3 "

1 /14 N 1 /98 N 1 /133 4
I A 7}173 _> < 7”73 _) . (_ 71173 _ _>
+ 2206(3>< t3)Tea\3 " T3)Tga\l3 ¥ 3

1 /105 1 1 1 /133 7
x 713 ) —(77 713 2) —(— 7"—3——).
+ 32a( 2 t3) T\ T2 ) e X 2
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SDD(G)

Sqle(la q)

6,Dqf (1,q)

SDD(G)

SDD(G)

(84D1 4 8:Dg)(f(1,9))li1=g=1
4

g /329 g /11 1\ /!
(28><7" 3) zq +< % e N ) 3q +(—9><7"—3+—>—q

6 6 3 3) 4

14 1\ 2¢? 98 INNECR 133 N
2( x 713 ) 2( x 713 —)— 2<_ 7n—3__>_
3 t3) 2 A3 t3)3 A3~ 3) 7
105 ., ;3 >13 i s g 133 .5 7\
4 ) 4< n __)_

3( 3 X T2 ) e 43T x P4 ) (S x 7 - D)

(56 X 7"_3>llq2—{— (? x 73 4 %>11q3 + (? % 73 4 g)llcf

2<134 7"3+3>1222+2<2z4 7”3+1>1223+<5§—2><7”_3—13—6>@
(P s e
(a7 ) 4 (R L (o by

2( % "3 4 >l222+2<938 7n_3+§>§+2<1§3 7n_3_4§1>@
3<105 — >l333+3<77><7"3+2)$+4(133 7,1_3_;)@

2 1 4 4

14 1\ ?¢? 294 2y /532 16+ 12g*
(e Y B ) (S 91
3 %7 T T3) LY R G 3) 3
315 n_3 3 l3q3 < 3 >l3q4
( 3 x 7 +§)T+ 308 x 7 +8 -
4 4
(266 XT3 14) l_’
4 li=¢g=1
18445 . 65
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6lj(f(l7 q))

0,JD;D,f(l,q)

luq))|l:1

329 1 119 1
(28x7"—3)13 ( = x 713 +6)14 ( : w773 +§)15
14 1 1 4
(5 ><7”*3+§)14+( 7Y (T 7= 2)if
105 1 133 7
(7x7"*3+§)16+(77><7”*3+2>z7+( . *3_§>18
3 /329 1\ 4 119 IR
(28x7) 3+ (G <7 +g) 3+ (5777 +3)5
14 N4 /98 NG 133 AA
- 71’!73 )_ (_ 7}’173 >_ <_ 7I’l 3 _)_
(3 Y I 3)5 7\ 3 3)6
105 _, 5 1\I° 3 7 133 5 TN\
(T 7 4g) g+ (Tx i r2) 3+ (T x 7 -3)5
3 /329 1N\ 4 119 NG
2((x77) 5+ (T ) (57 +)5
14 N4 /98 NP 133 4y 16
I 7”—3 _) - (_ 771—3 _> - (_ 771—3 _ _> -
<3 t3)373 t3)5 (3~ 3)%6
(105 (3 1> 6 N (77 ><7"*3+2> I N <133 e 7)18>
2 2 7 2 2/ 8
9461 _. 5 247
120 5040
0,JDiD,(f(1,q))]i1=1
(o7 (7 ) (T )
56 4 588 1064 32
(57 3)it s (5 172 (S = )
945 9
(7 N 5)16 4 (924 73 4 24) 7+ (1064 X 73 56) 3
3 329 1.4 476 4 P
(56x72) 34 X7 g+ (T 3+§>§
56 .3 41+ 588 P 1064 32 16
(3X t3) g H G TS X T T -y
45 16 7 /8
(97 x7"3—|—§>€—|— (924 ><7"*3+24)7+ (1064 w773 56) -
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JDiD}f(1,q)

q

0,JD;D;

80D} D;

B /32 IN* /476 4N [
’(56><7"3>—+<—9><7"3+—)—+<—x7”3+—)_

37\ 2 2)47\3 3)5
56 4\ I1* /588 P /1064 32+ /6
3 _> v (_ 7n=3 2) L < n=3 _ _> L
(Fx743) 3+ (5 <7 +2)5+ (5 3)%
(E x 7" 4 2>E + (924 %7 1-24) i (1064 x 7"~ 56) ﬁ‘
2 276 7 8 =1

68137 3 1751
20 <7 T304

802D D (f(1,q)) =1

329 1 476 4
23 (28 X 7n_3>l]q2 —|—33 <_ X 771—3 + _>llq3 +43 <_ X 71’!—3 + _)l]q4

2 2 3 3
14 1 98 1
3 (_ 7n-3 —)12 2,33 (_ 7n=3 —>12 3
3 X +3 q + 3 X +3 q
133 4 105 1
43 <_ n—3__> 2 4 3(_ n—3 _) 3 3
3 x 7 3 I-q"+3 > x 7 + 7 I°q
133 7
B 2) Bt (T )i
32 1 476 4
2 (287" ) P 43 (—9 A e I
2 2 3 3
14 1 98 1 133 4
26<— -3 —)14 63<— =3 _)15 83<_ -3 _ _) 6
3 X + 3 + 3 X + 3 + 3 X 3
105 1 133 7
36 (— XT3 4 —)16 +123 (77 $ T3 4 2) /7446 (_ T3 _)18
329 1 119 1
23 %28 x 7" 31 433 <— x7"3 4 _>12 +43 (_ % 73 4 —>l3
6 6 3 3
14 1 98 1 133 4
6 (_ 7n—3 _) 2463 (_ 7n—3 _) B8 (_ =3 _ —>l4
105 1 133 7
36 (— x 773 4 —)14 4123 (77 x 713 +2> 15 446 <_ 713 _>16
329 NG 119 INE
23 %28 x 73 43 <?><7" +8>F+4 (TX7n +§)3_3
26<14 x 773 4 1) L +63(98 x 73 4 1) P —1—83<133 o 73 4) 14
3 3/)23 3 3/ 33 3 3) 43
105 1y 4 5 133 7\ 18
36(— -3 —>— 123 (77 -3 2>_ 46<_ 3 _ _>_
2 T et XTI ) a5 X s
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329
6

14 |
+ 26( 3 7n_3+3>é3 +63<

105 1
36 (_ 71’173 )
+ 5 X + >

5287567733
AG) = = x7" 3

A(G) = ‘23 % 28 x 773! +33(

l4
43

2
X7n_3+6>l +43<119

98

3

+123(77><7” 3+2)

47962067

1296000 1296000 -

71’!—3 +

23 3

SERLIC

P
53+4<

33 AA

71’1—3__)_
3~ 3) 53
133 _ 5 T\I°
> x7 _5)5

INA
71’!—3 _)_
I35

‘l:l

]

4.2.3 Results and Discussion on Entropy of Generalized Sierpinski Graphs

Now we will give our main results on entropy of generalized Sierpinski graphs.

The aim of this section is to compute entropy (Relationship between I(G, &) and Ry (G))

for the generalized Sierpinski graphs.

Table 4.3: The edge partition of graph G based on degree of end vertices of each edge.

(dp,dj),where,pj € E(G) | Number of edges
(1,2) 28 x 773
(1,3) x4
(1,4) WPx73+1
(2,2) dx 7341
(2,3) 93—8 ><7”*3+%
(2,4) =73
(3,3) P X143
(3,4) 77 x 77342
(4,4) B33 -1
Total 24601 x =3 %
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Theorem 4.2.3. Let G be a generalized Sierpinski graph. Then the entropy of G is

329 1 119 1
1(Ga) = log[28><7"3><2“+< — X7 3+6)30‘+( T X7 3+§)4“

14 1 98 1 133 4
7}1 3 - 406 - 71’1—3 - 606 - 71’1—3 _ 806
b (B e (B e (B

1 1 1
- (gs x 7"+ 5)90‘+(77><7”—3+2)120‘+(§><7"—3—;) 160‘]

where,

2 1
B = 28><7”_3><2“10g(2“)+<369 x 773 4 6) 3%log(3%)

11 1 14 1
+ ( 39 7" 3+§) 4%10g(4%) + (? ><7"—3+§> 4%1og(4%)

1 1 4
+ (938 x 73 4 5) 6%log(6%) + (? x 73— §) 8%log(8%)

105 1
+ <2 x 7" 3+§)90‘10g(9“)+(77x7”3+2) 12%log(12%)

133 7
- (2 x 73 2) 16%log(16%)

Y = 28><7”‘3><2°‘+(%x7”‘3+é>3“+(13L9><7"—3+%>4°‘

14 1 98 1 133 4
7}’1 3 _ 4(X e 7}’173 _ 606 = 7}173 _ 806
- <3 +3) +<3>< +3> +(3>< .

105 5 1 _3 133,53 7
+ (2 X 7" +§)9°‘+(77><7" +2)12“+(7x7” —§>16“

and a is a real number.

Proof. The sierpinski graph is shown in Figure @ Let E,, ; denotes the number of edges
connecting the vertices of degree d), and d;. In this graph G the total number of vertices

are 24601 x 7n—3

7 . The number of vertices of degree two three and four are 36 X 73—
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% , % x 773 4 %,and % x 773 — % respectively. The total number of edges of the

generalised Sierpinski graph are % x 7 — %. The partite sets of edge rely on the degree

of the end vertices of all edge as shown in Table[d.3] Since, the general Randi¢ index is

Ra(G): Z (dpdj)a
PJ€EE(G)

This infers that

Ra(G) = E172(1 X 2)a+E173 (1 X 3)a+E174(1 X 4)a—|—E272 (2 X 2)a+E273 (2 X 3)a

+ E2’4 (2 X 4)a —{-E373 (3 X 3)a —|—E374 (3 X 4>a —|—E474 (4 X 4)0{

329 119 1
Ry(G) = 28x7"72%4 (77"3 + 1/6) 3% 4 (T x 7173 4 5) 4
1 8 1
+ (14/3x7" 342 ) 4%+ 9—><7"*3+— 6%
3 3 3
133 4 105 1
- 7n—3__ 806 Y 7n—3 — 906
+ (3 x 3) +( 2 = +3)

133 7
TIx T3 42)12% 4+ [ == x 7" 3 -~ ) 16%
+ (TTx7"7+2) +( R 2)

The formula for the entropy is given as:

I[(G,0) =1logRu(G) —

Z ((dp x dj)*log(dy x d))

R (G) pJ€E(G)

after inserting the value of R, we get the following results

32 1 11 1
1(G,a) = log [28 x 7" x 2%+ <?9 x 773 +8) 3% 4 (79 x 773 +§) 4
14 o 1\ ., (98 o 1\, (133 _ . 4\,
+<3><7 +3)4+<3><7 -|-36+ 3><7 38

1 1 1 7
+ (% x 7"+ 5) 9% + (77 x 7" 3 4+2) 12% + (% x 73— E) 160‘]
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where

32 1
B = 28x7"3x2%0g(2%)+ <?9 x 73 4 6) 3%log(3%)

119 1 14 1
+ (T X 7n_3 + g) 406 10g(4a) + (? X 7n_3 + g) 40{ 10g(4a)

1 1 4
+ (93—8 x 73 4 5) 6%log(6%) + (? x 73— §> 8%log(8%)

105 1
+ <T x 7" 4 5) 9%1og(9%) + (77 x 7" +2) 12% log(12%)

2

2 1 11 1
v = 28><7”‘3><2°‘+(2x7”—3+—>3°‘+(_9><7”—3+—>4“

133 7
+ (— x 73— 5) 16%log(16%)

6 6 3 3

14 1 08 1 133 4
_ 7}’1—3 _ 406 e 7n—3 _ 606 - 7n—3 o 806
+ <3X +3) “L(3>< +3> +(3 % 3)

n—3 9(X n—3 1 o n—3 1606
+ <—><7 +_> +(77><7 +Z) ) _|_(—><7 — =

and « is a real number. ]

4.3 Topological Indices of the Para-line Graphs of Some Chemical

Structures

Ranjini (2011) designed the independent relations for the index which is presented by
Schultz, they investigated subdivision of different graphs like helm, ladder, tadpole and
wheel under the surveillance of Schultz index [83]. They also investigated the para-line
graph of ladder, tadpole and wheel under Zagrib index in [82]. Su and Xu evaluate two
indices of para-line graph of ladder, tadpole and wheel graphs, named ,the general sum-
connectivity index and co-index in 2015 [89]. In [[75], Nadeem et.al. computed ABC4 and
GAj5 index of the para-line graphs of the tadpole, wheel and ladder graphs. They examined
some indices like Ry, My, Xo, ABC, GA, ABC4 and GAs indices of the para-line graph of

lattice in 2D— nanotube and nanotorus TUC4Cg[p, g| in [76].
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4.3.1 Topological Indices of Triangular Benzenoid

The molecular graph of triangular benzenoid is shown in Figure 4.5|and is denoted by 7;,.

(n243n)
2

There are n® +4n+ 1 vertices and > edges in 7,,. In order to calculate the number of

edges of the line graph, the following lemma is important for us.

Lemma 4.3.1. [94] Let G be a graph. Then |E(L(G))| = Lev () % — |E(G)|
where L(G) is the line graph of G.

Theorem 4.3.2. Let G* be the para-line graph of T,,. Then

1. Ry(G*) =4%(3n+9)+ 6% (n—1)+39%Bn+4)(n—1).

2. xa(G*)=4%3n+9)+5%6n—06)+ %6“(3n—|—4)(n— 1).

3. ABC(GY) =3n+ (2 +1)n+ 32 4,

4. GA(G*) = 3n* + (%ﬁ +§) n+3— 126
Proof. The subdivision graph S(T;,) contains 31 4+ 9n edges and %(Sn2 + 17n+2) vertices
among which %(3n2 +15n+6) vertices are of degree 2 and remaining n” +n— 2 vertices are
of degree 3. Hence by Lemma the total number of edges of G* are %(9112 +21n—6).
The edge set E(G*) divides into three edge partitions based on degrees of the end vertices,
ie. E(G*) = E|(G*) UEy(G*) UE3(G*). The edge partition E1(G™*) contains 3n+9 edges
uv,where d, = d, = 2, the edge partition E;(G*) contains 6n — 6 edges uv, where d, = 2

and d, = 3, and the edge partition E5(G*) contains 3 (3n+4)(n— 1) edges uv, where d, =
d, = 3. From Formulas[3.2.1} [3.2.3] [3.2.4] and [3.2.5] we obtain the required results. U
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Figure 4.5: Triangular benzenoid.

Theorem 4.3.3. Let G* be the para-line graph of T,,. Then

My (G*) =2%T13n+3) + 3% (n? 4+ n—2)

Proof. The graph G* is shown in Figure In G* there are total 3(n” +3n) vertices among
which 6(n + 1) vertices are of degree 2 and 3(n®> +n — 2) vertices are of degree 3. Hence

we get My (G*) by using Formula[3.2.2] O

Theorem 4.3.4. Let G* be the para-line graph of T,,. Then

ABC4(G™)

4 5

6v2  3VII0 3Vid V30 10\ 96 335
= 2n2+<\5/_+ - \g_+\/_—?>n+—f 3v35

2
124/2 B 3110 3@ \/% 4_1
5 10 8 2 T3
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Figure 4.6: Para line graph of triangular benzenoid.

GAs(G*) =

_En +3.

9 2+(24@_3+72ﬁ>n+8\/§_24\/ﬁ_72\@

13 2 17 3 13 17

Proof. If we consider an edge partition based on degree sum of neighbors of end vertices
then the edge set E(G*) can be divided into seven edge partitions E;(G*), i =4,5,...,10,
ie. E(G*) =U!°E;(G"). The edge partition E4(G*) contains 9 edges uv, where S, =
Sy = 4, the edge partition E5(G*) contains 6 edges uv, where S, = 4 and S, = 5, the edge
partition E¢(G*) contains 3n — 6 edges uv, where S, = S, = 5, the edge partition E7(G")
contains 6n — 6 edges uv, where S, = 5 and S, = 8, the edge partition Eg(G*) contains
3n —3 edges uv, where S, = S, = 8, the edge partition E9(G*) contains 6n — 6 edges uv,
where S, = 8 and S, = 9, and the edge partition Eo(G*) contains %(n —1)(3n—2) edges
uv, where S, = S, = 9. From Formulas[3.2.6/and [3.2.7, we obtain the required results. []

4.3.2 Topological Indices of the Para-line Graph of Linear Parallelogram

Benzenoid

The molecular graph of linear parallelogram benzenoid is shown in Figured.7] and is de-

noted by P, ,. There are 2mn +2m + 2n vertices and 3mn +2n+2m — 1 edges in By, ,,.
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Theorem 4.3.5. Let G* be the para-line graph of Py, ,. Then

1. Ro(G*)=4%2m+2n+8)+6%(4m+4n—8) +9%(9mn —2m—2n—>5).

2. xa(G*)=4%2m+2n+8)+5%4m+4n—8) +6%(9mn —2m —2n—5).

3. ABC(GY) = (6m+3v2—%)n+ (3v2—4)m—10.

4. GAG") = (9m-+ 248 ) n- 30 4.3 - 1648,
Proof. The subdivision graph S(P,, ) of P, , contains 6mn +4m+4n —2 edges and Smn +
4m—+4n— 1 vertices among which 3mn-+4m-+4n+-1 vertices are of degree 2 and remaining
2mn — 2 vertices are of degree 3. Hence by Lemma the total number of edges of G*
are 9mn +4m+4n — 5. The edge set E(G*) divides into three edge edge sets based on
degrees of the end vertices, i.e. E(G*) = E|(G*) UE»(G*) UE3(G*). The edge set E|(G")
contains 2m+ 2n+ 8 edges uv, where d,, = d,, = 2, the edge set E»(G*) contains 4m+4n—8

edges uv, where d, = 2 and d, = 3, and the edge set E3(G*) contains 9mn —2m —2n — 5
edges uv, where d, = d, = 3. From Formulas [3.2.1] [3.2.3] [3.2.4] and [3.2.5] we obtain the

required results. [

Figure 4.7: Linear parallelogram benzenoid.

Theorem 4.3.6. Let G* be the para-line graph of By, .. Then

My (G*) =22 (m+n+1) + 3% (2mn —2)
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Proof. The graph G* is shown in Figure In G* there are total 6mn + 4m + 4n — 2
vertices among which 4m + 4n + 4 vertices are of degree 2 and 6mn — 6 vertices are of

degree 3. Hence we get My (G*) by using Formula[3.2.2] O

Figure 4.8: Para-line graph of linear parallelogram benzenoid.

Theorem 4.3.7. Let G* be the para-line graph of Py, ,. Then

42 V14 V110 V30 32
ABC4(G*) = <4m—l— \5/_+\/4_+ 5 —|—\/3_—E>n

4+/2 14 110 32 30 14
NCORRIE I

4/35 B 1612 B 2/110 B 2/30 28

5 5 5 3 +9
48+v/2 16/10 1610 482
GAs(G*) = <9m—|— 1\7/_—4+ 1\2_>n+< 1\2_—4%— 1\7/_>m+3

32V/5 B 962 B 32/10
9 17 13

Proof. 1f we consider an edge partition based on degree sum of neighbors of end vertices,
then the edge set E(G™) can be divided into seven edge partite sets E;(G*), i =4,5,...,10,
i.e. E(G*) = U}%,E;(G*).The edge partition E4(G*) contains 8 edges uv, where S, = S, =
4, the edge partition Es(G*) contains 8 edges uv, where S, = 4 and S, = 5, the edge

partition E(G™*) contains 2m + 2n — 8 edges uv, where S, = S, = 5, the edge partition
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E7(G*) contains 4m + 4n — 8 edges uv, where S, = 5 and S, = 8, the edge partition Eg(G™)
contains 2m + 2n — 4 edges uv, where S, = S, = 8, the edge partition E9(G*) contains
4m+ 4n — 8 edges uv, where S, = 8 and S, = 9, and the edge partition E1o(G*) contains
9mn — 8m — 8n+7 edges uv, where S, = S, = 9. From Formulas[3.2.6|and[3.2.7] we obtain
O

the required results.

4.3.3 Topological Indices of Para-line Graph of Linear Anthracene

The molecular graph of linear Anthracene is shown in Figure 4.9 and it is denoted by 7.

There are 14s vertices and 18s — 2 edges in Tj.

Table 4.4: Distribution of edges with respect to degree of end vertices of every edge

Sr. No. | E(4, 4,) | Number of edges
1 Ep ) 6s+10
2 E( 3 12s—4
3 E3 3 30s—16

Table 4.5: Distribution of edges w.r.t neighbour sum of every vertex of Anthracene

St. No. | S, 4) | Number of edges
1 S4.4) 10
2 S4.5) 4
3 S(5.5) 6s—4
4 S(5.8) 12s —4
5 S(8.8) 4s
6 S(8,9) 16s—8
7 S(9,9) 10s—8

Theorem 4.3.8. Let G* be the para-line graph of T;. Then

My (G*) = (1254 8)2% "2 + (245 — 12)3% "1

Proof. The graph G* is shown in Figure In G*, the total count of the vertices is
48s — 10 which is the sum of degree 2 and degree 2 vertices 8 + 12s, 245 — 12, respectively.
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My (G*) = (1254 8)2%72 + 3% (245 — 12)

Theorem 4.3.9. Let G* be the para-line graph of T;. Then
1. Ra(G*) = (65410)4% + (125 —4)6% 4 (30s — 16)9%.
2. Xa(G*) = (65s+10)4% + (125 —4)5% 4 (30s — 16)6%.
3. ABC(G*) = (9\@+2o) s+3vV2-2,
4. GA(G*) = (36+%\@) s—6-8/5V6.

Proof. The total count of edges of G* is 74s — 10. The set of edges of G* is represented as
E(G*) which is disjoint union of three edge sets based on degrees of the end vertices, i.e.
E(G*) = E|(G*) UE(G*) UE3(G*). The first set E|(G*) contains the edges of this type
E(32) = 65+ 10 and the second set E>(G*) holds the edges E(; 3y = 125 — 4 and the third
set E3(G*) includes the edges E(3 3y = 30s — 16, where (2,2), (2,3) and (3,3) represents
the degree of end vertices, respectively. From Formulas (3.2.1)), (3.2.3)), (3.2.4) and
and using Table 4.4] we get the desired results. [

EOOE00D - C0000+ CC00EC0

Figure 4.9: Linear Anthracene.
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Theorem 4.3.10. Let G* be the para-line graph of Ty. Then

ABC4(G*) = (3/5\/W+15—2\/§+4/3@+§+1/2x/ﬁ)s+5/2f6

+ 2/5\/5—8/5\6—2/3\/%—1/5\/7—%.

4 192 1 1 96
GAs(G") = (zo+1—§¢m%ﬁ)s_z+§f—gﬁ_ﬁfz.

Proof. Suppose the graph of Anthracene contains three hexagon connected with a square
expanded vertically and horizontally. Let the edge ¢, ,) represents the count of edges
connecting the vertices of degree d,, and d,;. The graph of Anthracene holds the following

edges shown in the Table 4.5}

[Sp+S,—2
ABC4(G) = Z Sp g =2
Pq€E(G) s

S.S

. 4142 4152 5+5-2
ABC4(G") = Suayx\|——5 *+5us w5 TS X\ e s
4x4 4x5 5x5
5+8-2 8+8—-2 8+9-2
S8 X\ Ty Toes §x8 069X\ g9

9+9-2

+ S(g,g)x —9><9 .

By using Table[4.5] we obtain the required results.

)><
)><

ABC4(G*) = <3/5\/E+15—2\/§+4/3\/%+§+1/2m>s+5/2%+2/5\/§

- 8/5&—2/3@—1/5%?—%.

Similarly,
2,/8p8q
Sp+Sq

GAs(G)= ),

PIcE(G)
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N
X
o
N
X
)
)
X
)

GAs(G) = S(4’4)><2 4+4+S(475)X2 4+5+S(55)X2 515
5x8 8x8 8x9
+ S(578)X2 5+8+S(8’8)X2 8—|—8+S(89)X2 8§10
9x9
S 2
R el T wry

After simplification, we obtained the required result

48 192 16 16 96
GAs(G") — (zo+ Vio4 12 fz)s—2+3f—ﬁ\/1_—ﬁfz.

Theorem 4.3.11. Let G* be the para-line graph of T;. Then
1. HM(G*) = 14045 — 636.
2. PMy(G*) = 465+105125-4305-16,
3. PMZ(G*) — 465+10612s—4930s—16'

Proof. Let G* be the para-line graph of linear Anthracene. The edge set E(G*) on the
basis of degree of end vertices is represented as the union of three partite sets i.e. E(G*) =
E|(G*)UE(G*) UE3(G*). The cardinality of first set E1(G*), second set E,(G*) and third
set E3(G*) is denoted as E(5 5), E(23) and E(3 3), respectively. The first disjoint edge set
holds E( 5y = 65+ 10 edges, the second disjoint set holds E(; 3y = 125 — 4 edges and the
third disjoint set holds E3 3y = 30s — 16 edges. Since,

By using Table [d.4] we get the following results.

“HM(G") = Y (dp+d,)’
P9EE(G)

HM(GY) = ) [dy+d) "+ )3 [dp+dy)”* + )3 [dy+dy]*
P9<E(G) PIEEL(G) PIEEs(G)
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“HM(G*) = 16X E(272) + 25 x E(273) +36 X E(373)
= 16(65+ 10) +25(125s — 4) +36(30s — 16)

HM(G*) = 14045 —636.

PMI(G*) = H (dp+dq)
PYEE(G)

PM(GY) = [] Wp+dp)x [ (@dp+dy)x ] (dp+dy)”
PgEE(G) PIEE(G) PGEE;(G)

“PMi(G") = 4Fe2) x 5Ee3) x 6563
46s+10 % 512s—4 % 63Os—16
PM(G*) = 407+10 51254 30516,

PMy)(G) = ] (dpxdy)
P4<E(G)

PMy(G*) =[] (dpxdy)x 1 (dpxdy)x [l (dpxdy)

PgEE((G) PIEE(G) PGEE;(G)

PMy(G*) = 4E22) « 6E23) x 9EG3)

4634—10 % 612s—4 % 930s—16 9

Theorem 4.3.12. Let G* be the para-line graph of T;. Then
1. Mi(G*,a) = (65+10)a*+ (125 —4)a’ + (305 — 16) a®.

2. Mr(G*,a) = (654 10)a* 4 (125 —4)a® + (305 — 16) a°.
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Proof. By using Table we get

Ml(G*,a)

Ml(G*,a)

M>(G*,a)

Mz(G*,a)

Hence proved.

Z a(dp+dq)

P4<E(G)

Z (d1>+dq)_|_ Z dp+dq)+ Z dﬂ"‘dq)
PGEE(G) PIcE>(G) PGEE;(G)

Y &+ ¥ o ¥ oa
PGEE((G) PqEEZ(G) PgEE;(G)

E(Z,Z) X 614 +E(273) X ClS +E(373) X a

(65+10)a* + (125 —4) @ + (305 — 16) a®

Z adxd

PYEE(G)

Z (d><d)+ Z d><d)+ Z (dpxdy)
PGEE((G) Pa€E>(G) PYEE3(G)

Y d+ )Y O+ ¥
PGEE; (G) PIEE(G) PGEE;(G)

E272 X a4 —{-E273 X a6 —{-E373 X a9

(65+10)a*+ (125 —4)a® + (305 — 16)a’

Figure 4.10: Para-line graph of linear anthracene.

4.3.4 Topological Indices of Para-line Graph of Multiple Anthracene

The molecular graph of multiple Anthracene is shown in Figure 4.11]and it is denoted by

T,. There are 22rs vertices and 33rs — 2r — 55 edges in T,;.
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Table 4.6: Edge distribution of multiple Anthracene w.r.t. degree of end vertices

Sr. No. Ew,.d,) Count of edges

1 E(272) 61" + 6S + 4

2 E(273) 4I"+ 12S — 8

3 E;33) | 63rs —20r—33s+4

Table 4.7: The edge partition of the graph of multiple Anthracene

St. No. | S, o) Count of edges
1 S(a4) 2r+38
2 S(4,5) 4r
3 S(5.5) 6s—4
4 S(5.8) 12s —4r—8
5 S(8.8) 4s
6 S(8,9) 8r+16s—16
7 S(9,9) | 63rs —28r —53s5+20

Theorem 4.3.13. Let G* be the para-line graph of T,.;. Then

My (G*) = (2r+35)2%T2 1 3% (1475 — 4r — 65)

Proof. The graph G* is shown in Figure In G, the total count of the vertices is
63rs — 10r — 155 which is the sum of 8r 4 12s (vertices of degree 2) and 42rs — 12r — 18s

(vertices of degree 3). Hence proved. [
Theorem 4.3.14. Let G* be the para-line graph of T,.;. Then
1. Ro(G*)=(65+6r+4)4%+ (4r+125—8)6%+ (63rs —20r—335+4)9%.

2. %a(G*) = (65+6r+4)4% + (4r+125—8)5% + (63 rs — 207 — 335+ 4) 6.
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Proof. The total number of edges and vertices of subdivision graph of multiple Anthracene
S(T,.s) are 63rs — 10r — 155 and 198rs —20r — 50, respectively. The vertices are sub divided
in the following way: The count of vertices of degree two is 8r+ 12s and the count of
vertices of degree three is 42rs — 12r — 18s. The total count of edges of G* are 63rs —
10r — 15s. The set of edges E(G*) bifurcates into three edge categories based on degrees
of the end vertices,i.e. E(G*) = E|(G*) UE,(G*) UE3(G*). The edge partite set E|(G*)
holds E(; 5y = 6r+ 65+ 4 edges, where E; ;) represents the edge whose both vertices have
degree 2. The edge partite set E>(G*) holds E(; 3) = 4r + 125 — 8 edges, where E; 3
represents the edge whose one vertex has degree 2 and second vertex has 3 and the edge
partite set E3(G*) holds E(33) = 63rs —20r — 335 + 4 edges, where E 3 3) represents the
edge whose both vertex has degree 3. From Formulas (3.2.1), (3.2.3), (3.2.4) and (3.2.5),

Hence desired result is obtained. O]

Figure 4.11: Multiple Anthracene.
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Theorem 4.3.15. Let G* be the para-line graph of T,.;. Then

12 212
ABC4(G*) = (28r+1/2\/ﬁ+?\/§—|—3/5\/110—|—4/3\/3_—T)s

112
+ (1/2\f6+1/5\/110+2/5\/§—T+2/3@>r
+ 2\/8—8/5\/5—2/5\/110—4/3\/@+?.
80 288
GAs(G*) = (E\/ﬁ+99r+7x/§—69)s

16 16 96 192 32
+ (—264—5\/ﬁ+§\/§+ﬁ\/§>r—7\/§—5\/1_0+24.

Proof. Let the degree sum of neighbours of end vertices p and g is represented as S p, q).
Suppose the set of edges E(G*) can be distributed into seven disjoint edge sets E;(G*),
i=4,5,...,10, ie. E(G*)=U!,E/(G*). The edge partite set E4(G*) contains S =

(4,4) = 2r + 8 edges, the edge partite set E5(G") contains (Sp,q) = (4,5) = 4r edges, the
edge partite set E¢(G") contains Sp,q) = (5,5) = 65 — 4 edges, the edge partite set E7(G")
contains S, 5 = (5,8) = 12s + 4r — 8 edges, the edge partite set E3(G*) contains S, ;) =
(8,8) = 4s edges, the edge partite set E9(G*) contains S, ;) = (8,9) = 8r+ 165 — 16 edges,
and the edge partite set E19(G”) contains S, ;) = (9,9) = 63rs — 28r — 535 + 20 edges.
From Formulas and (3.2.7), the required result is obtained. 0

Figure 4.12: Para-line graph of multiple Anthracene.
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We find the following indices HM (G), PM,(G), PM(G), Zagreb polynomials M; (G, a),

M,(G,a) by computation for chemical structures of multiple-Anthracene.
Theorem 4.3.16. Let G* be the para-line graph of T,;.Then

1. HM(G*) =2268rs — 596 r — 864 5 — 40.

2. PM|(G*) = 465+67+454r+125-8063rs—20r—335+4

3 PMZ(G*) — 46s+6r+464r+12s—8963rs—20r—33s+4

4. M{(G*,a) = (65 +6r+4)a*+ (4r+125s—8)a’ + (63rs —20r —33s+4)a’.
5. My(G*,a) = (6s+6r+4)a*+ (4r+125—8)ab + (63rs —20r —33s+4)d’.

Proof. Let G* be the para-line graph of multiple Anthracene. The edge set E(G*) on
the basis of degree of end vertices is represented as the union of the three partite sets
ie. E(G*) = E|(G*) UE>(G*) UE3(G*). The cardinality of first set E1(G*), second set
E>(G*) and third set E3(G”) is denoted as |E(, )

E@3)| and [E (33

, , respectively. The
first disjoint edge set holds E(; ;) = 8r+ 12s edges, the second disjoint set holds E(; 3) =
42rs+ 12r — 18s edges and the third disjoint set holds E3 3y = 63rs —20r — 33s + 4 edges.

Since, By using Table [#.4] we get the following results.

“HM(GY) = Y (dp+d,)’
Pq<E(G)

HM(G) = Y [dp+d]’+ Y [dp+d)+ Y [dp+d,)’
PYEE| (G) PYEE>(G) P4EE3(G)

HM(G*> = 16x E(272) + 25 x E(273) + 36 x E(373)
= 16(6s+6r+4)+25(12s+4r—8) +36(63rs —20r —33s+4).

HM(G*) = 2268rs—596r— 8645 —40.
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PM,(G¥)
PM,(G¥)

PM,(G")

“PM,(G")
PM,(G")

PM>(G¥)

Ml(G*,a)

M,(G",a)

Mz(G,d)

MQ(G,a)

H (dp +dQ)

PYEE(G)
H (dp+dy) x H (dp+dy) x H (dp+dg)”
PGEE(G) PqEEZ(G) PGEE;(G)

4Fe2) x 5Fe3) x 6F63)

46s+6r+4 % 512s+4r—8 % 663rs—20r—33s+4

H (dp x dg)
Pqg<E(G)

[T @pxdy)x [ (dpxdg)x T (dpxdy)”
P9€EI(G) P9€EL(G) PqEE3(G)

4€(2.2) x 6°(23) % 9¢(3.3)

46s+6r+4 > 6123+4r78 > 963rs720r733s+4

Z a\4ptdq)
Pq€E(G)

Z aldptdg) | Z aldptdg) 4 Z 4\ dp+da)
PqEEI(G) P4EEL(G) P4EE;(G)

Z a*+ Z a + Z
P4EE1(G) P4EE(G) P9€E3(G)

Epg)xa' +Eqgz xa +Eg3 xa

(6s+6r+4)a*+ (4r+125s—8)a® + (63rs—20r —335+4)a®

Z a(d,,xdq)

PYEE(G)

Z a(d,,xdq)_|_ Z (dpxdq)+ Z d,,xdq
PqEE1(G) P4EEX(G) P4EE3(G)

Z at + Z a® + Z
PGEE|(G) PYEEZ(G) PIcE;3(G)

E(272) X Cl4 +E(273)616 —|—E(373) Xa

(65+6r+4)a*+ (4r+125—8)a® + (63rs—20r —335+4)a’

61



Which completes the proof. O

4.3.5 Topological Indices of the Para-line Graph of Linear Pentacene

In this sub section, we have figured Ry, My, Xo, ABC, GA, ABC4, GAs, PM, PM,,
M;(G,x), and M;(G,x) indices of the para-line graph of linear Pentacene and multiple

Pentacene.
The molecular graph of linear Pentacene is shown in Figure {.13] and it is denoted by
T,. There are 22n vertices and 28n — 2 edges in T,,.

Theorem 4.3.17. Let G* be the para-line graph of T,. Then
Mg(G*) = (5n+2)2%"243% (120 —4)

Proof. The graph G* is shown in Figure In G* there are total 56n — 4 vertices among

which 20n + 8 vertices are of degree 2 and 36n — 12 vertices are of degree 3. As

My (G*) = (5n+2)2%T2 3% (120 —4)

Theorem 4.3.18. Let G* be the para-line graph of T,. Then
I. Ry(G*) = (10n+10)4% + (20n —4)6% 4 (44n— 16)9%.
2. xa(G*) = (10n+10)4% 4 (20n — 4)5% + (44n — 16)6“.
3. ABC(G) = (15V2+ % ) n+3v2 - 2,
4. GA(G") = <54+8\/6> n—6-86.

Proof. The total cardinality of edge set of G* is 74n — 10. The edge set E(G*) is partitioned
in the following three disjoint edge sets depends on the degrees of the end vertices, i.e.

E(G*) = E|(G*)UEy(G*) UE3(G*). The edge partite set E1(G*) holds 10n+ 10 edges xy,
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where d, = dy, = 2, the edge partite set E>(G*) holds 20n — 4 edges xy, where d, = 2 and
dy = 3, and the edge partite set £3(G*) holds 44n — 16 edges xy, where dy = dy, = 3. From

Formulas (3.2.1), (3.2.3)), (3.2.4) and (3.2.5), we get the desired results. O

Figure 4.13: Linear Pentacene.

Theorem 4.3.19. Let G* be the para-line graph of T,. Then

16
ABC4(G*) = (\/110+4\/§+2\/30+?+\/14>n
2 8 2 1 32
+ 5/2¢6+§\/35—§\@—§\/30—§\/11 -

80 288
GA5(G*) = (30+ I \/E-f— 17 \/§> n

16 16 96
— 2 VsV 2y

Proof. If we suppose an edge collection depends on degree sum of neighbours of end
vertices then the set of edges E(G*) can be distributed into seven disjoint sets of edges
E{(G*),i=4,5,...,10, ie. E(G*)=U%E;(G"). The edge collection E4(G*) holds 10
edges xy, where Sy = S, = 4, the edge collection E5(G*) holds 4 edges xy, where Sy =4
and S, = 5, the edge collection Es(G*) holds 10n — 4 edges xy, where S, = S, =5, the edge
collection E7(G*) holds 20n — 4 edges xy, where S, = 5 and S, = 8, the edge collection
E3(G*) holds 8n edges xy, where S, = S, = 8, the edge collection E9(G*) holds 24n — 8
edges xy, where S, = 8 and S, = 9, and the edge collection Ejo(G*) holds 12n — 8 edges
xy, where Sy = Sy = 9. From Formulas m andm we obtain the required results. [

Theorem 4.3.20. Let G* be the para-line graph of T,. Then
1. HM(G*) =2124n— 636.
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2. PM, (G*) — 410n+10 o §20n—4 o ¢44n—16
3. PMz(G*) — 410n+10 o g20n—4 o g44n—16

Proof. Let G* be the para-line graph of linear pentacene. The edge set E(G™) is distributed
in three categories which depends on the degree of end vertices. The first disjoint edge set
E1(G*) holds 10n+10 edges xy, where d, = d,, = 2. The second disjoint set E,(G*) holds
20n-4 edges xy, where d, = 2,d, = 3.The third disjoint set E3(G*) holds 44n-16 edges xy,

where d, = d, = 3. Now, |E{(G)| = €22, |E2(G)| = e23 and |E3(G)| = e3 3. Since,
HM(GY) = Y (ditdy)?
xy€E(G)
MG = Y [d+a]’+ Y [d+d)+ Y [d+a]
xy€E(G) xy€E>(G) xy€E3(G)

HM(G*) = 16|E\(G)|+25|E>(G)|+36|E53(G)|
= 16(10n+ 10) +25(20n — 4) + 36(44n — 16).

HM(G*) = 2124n—636.
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PM,(G")
PM,(G")

PM,(G¥)

PM,(G")

PM>(G¥)
PM>(G¥)

PM>(G™)

[T (dc+dy)

xy€E(G)
[T @+d)x J] (d+d)x ] (di+dy)
xy€E(G) xy€E>(G) xy€E3(G)

AIEI(G)] o SIEG)] o 6lES(G)]
410n+10 % 52On—4 % 644n—16

410n+10 % 520}174 % 644)’1716

[T (dcxdy)
xy€E(G)

[T (dxd)x ] (dexdy)x ] (dvxdy)
xy€E; (G) xy€E>(G) xy€E3(G)

AIENG)] o 6lE2G)] 5 glE3(G)]

410n+10 % 62011—4 % 944n—16

Theorem 4.3.21. Let G* be the para-line graph of T,,. Then

1. Mi(G*,p) = (10n+10) p* + (20n—4) p> + (44n—16) p°.

2. Mr(G*,p) = (10n+10) p* 4 (20n — 4) p® + (44n —16) p°.
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Proof.

My(G", p)

MI(G*7p)

M (G*, p)

MI(G*ap)

MI(G*7p)

M,(G*, p)

MZ(G*ap)

MZ(G*7P)

M> (G, p)

MZ(G*ap)

Hence proved.

00000:00000R06000000008:00000

4.3.6 Topological Indices of the Para-line Graph of Multiple Pentacene

Z p(d)(+d)’)
xy€E(G)

Z p(dx+dy)_|_ Z p(dx—i_d—")—F Z p(dx‘f‘dy)
xy€E1(G) xy€E»(G) xy€E3(G)

Y Y Pt Z P°
xy€E|(G) XyEE>(G) xy€E;(G)

EV(G)|p* + E2(G)|p” + |E3(G)|p°

(10n+10) p* + (20n—4) p° + (44n — 16) p°

Z p(dxxdy)

xy€E(G)

Z p(dxxdy)_|_ Z p(dx><dy)+ Z p(dxxdy)
xy€E|(G) Xy€E>(G) xy€E3(G)

Z P+ Z Pi+ Z P’

xy€E|(G) XyEEL(G) xy€E3(G)

E1(G) P+ |E2(G)|p° + |E5(G) p®

(10n+10) p* + (20n — 4) p® + (44n—16) p°

Figure 4.14: Paraline graph of linear Pentacene.

]

The molecular graph of multiple pentacene is shown in Figure and it is denoted by

Tinn. There are 22mn vertices and 33mn — 2m — 5n edges in T, ,,.
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Theorem 4.3.22. Let G* be the para-line graph of Ty, . Then
My (G*) = (5n+2)2%T2 3% (120 —4)

Proof. The graph G* is shown in Figure In G* there are total 56n — 4 vertices among
which 20n + 8 degree 2 vertices and 36n — 12 degree 3 vertices. Hence we get My (G*) by
using Formula[3.2.2] O

Theorem 4.3.23. Let G* be the para-line graph of Ty, . Then

Ry (G*) = (10n+6m+4)4%+ (4m+20n—8)6%+ (99mn—20m —55n+4)9% .
%a(G*) = (10n+6m-+4)4% + (4m+20n—8)5% + (99mn —20m — 551+ 4)6%5.

16
ABC4(G¥) = <\/110—|—4\/§+2\/30—|—?—|—\/14)n
2 8 2 1 32
+ 5/2\/5+§\/35—§\/§—§\/3 — S V10—

GAs(G*) = <3o+?—(3)\/ﬁ+§ﬁ)n—2+19—6f—1—2\/1_—%\/§.
Proof. The subdivision graph of multiple Pentacene S(7;, ,) holds 99mn — 10m —25n edges
and 198mn — 20m — 50 vertices in total. The division of the vertices is as follows: The
number of vertices of degree two are 8m 4 20n and the number of vertices of degree three
are 66mn — 12m — 30n. The cardinality of edge set E of G* are 99mn —20m — 55n+4. The
edge set E(G™) splits into three edge categories depends on the degrees of the end vertices,
ie. E(G*) = E|(G*) UEy(G*) UE3(G*). The edge partite set E;(G*) holds 10n+ 6m + 4
edges xy, where d, = d, = 2, the edge partite set E5(G*) holds 4m + 20n — 8 edges xy,
where d, = 2 and d, = 3, and the edge partite set E3(G*) holds 99mn — 20m — 55n+ 4
edges xy, where d, = d, = 3. From Formulas (3.2.1)), (3.2.3), (3.2.4) and (3.2.5), Hence

desired result is obtained. ]
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Figure 4.15: Multiple Pentacene.

Theorem 4.3.24. Let G* be the para-line graph of multiple Pentacene Ty, ,. Then

116
ABC4(G*) = (44m+\/ﬁ+4\/§+\/110+2\/3_—T>n

+ (1/2\/8—1—1/5\/@—%2/5\/%—%-1—2/3@)1%

+ 2\f6—8/5f2—2/5\/m_4/3\/%+%.

80 288
GAs(G*) = (E\/E 99m+7\/§—69>n

1 16 6
- (—26+1—§\/E+5¢§+?—7\/§)m

192 32
— 2V2-22V10+-24.
17‘/_ R

Proof. If the edge partition under consideration depends on degree sum of neighbours of
end vertices, then the set of edges E(G*) can be classified into seven disjoint edge sets
E(G*),i=4,5,...,10,ie. E(G*) = U!,E;(G*). The edge partite set E4(G*) holds 2m +8
edges xy, where Sy = S, = 4, the edge partite set E5(G*) holds 4m edges xy, where S, =4
and S, = 5, the edge partite set Eg(G*) holds 10n — 4 edges xy, where Sy = S, =5, the

68



edge partite set E7(G*) holds 20n 4 4m — 8 edges xy, where Sy = 5 and S, = 8, the edge
partite set Eg(G*) holds 8n edges xy, where S, = Sy = 8, the edge partite set E9(G*) holds
8m -+ 24n — 16 edges xy, where S, = 8 and S, = 9, and the edge partite set E1o(G*) holds
99mn —28m — 87n + 20 edges xy, where S, = S, = 9. From Formulas and ,

the required result is obtained. U

Figure 4.16: Para-line graph of multiple Pentacene.

We find the following indices HM (G), PM;(G), PM,(G), Zagreb polynomials M, (G, x),

M, (G, x) by computation for chemical structures of multiple-pentacene.
Theorem 4.3.25. Let G* be the para-line graph of multiple Anthracene T,, ,.Then

1. HM(G*) = 3564 mn —596m — 1440n — 40.

2. PM, (G*) — 410n+6m+4 % 54m+20n—8 % 699mn—20m—55n+4’

3. PMz(G*) — 410n+6m+4 % 64m+20n—8 % 999mn—20m—55n+4'

4. Mi(G*,p) = (10n+6m-+4) p*+ (4m+20n —8) p° 4+ (99 mn — 20m — 55n+4) p°.
5. My(G*,p) = (10n+6m+4) p* + (4m-+20n —8) p®+ (99 mn —20m — 55n+4) p°.

Proof. Let G* be the graph. The edge set E(G*) classified into three edge categories based
on degree of end vertices. The first edge partite set E|(G) holds 10n + 6m + 4 edges xy,
where d, = d, = 2. The second edge partite set E>(G) holds 4m +20n — 8 edges xy, where
dy =2, dy = 3. The third edge partite set E3(G) holds 99mn — 20m — 55n + 4 edges xy,
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where dy = 3, d, = 3. It is simple to observe that |[E|(G)| = ez , |E2(G)| = ez 3 and

|E3(G)| = é€33. Since,

HM(G")

HM(G")

HM(G")

HM(G")

PM,(G")
PM,(G")

PM,(G")

Now, since

PM>(G")

PM>(GY)

). (dt+dy) ?
xy€E(G)

) [dx+dy]2+ ) [dx+dy}2+ ) [derdy}z
xy€E1(G) xy€E (G) xy€E3(G)

16|E1(G)| +25|E2(G)| +36|E3(G)|
16(10n+6m +4) 4 25(20n+4m — 8)
36(99mn —20m — 55n+4).

3564 mn —596m — 1440n — 40.

[T (dc+dy)
xy€E(G)

[T @it+dy)x JI (detd)x J] (ditdy)
xy€E1(G) xy€E> (G) xy€E3(G)

4lE1(G)] o 5IE2(G)| o glE3(G)]

410n+6m+4 > 520n+4m78 x 699mn720m755n+4

= [I (d:xdy)

xy€E(G)

= JI W@exd)x [ @exd)x [] (dexdy)

xy€E(G) xy€E>(G) xy€E;3(G)
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PMy(G*) = 4E1O] 5 glE2(G)]  gIES(G)

410n+6m+4 > 620n+4m—8 % 999mn—20m—55n+4

Mi(G*,p) = Y pldtd)
xy€E(G)
MI(G*J?) _ Z pd+d + Z p (dx+dy) _|_ Z p (dy+dy)
xy€E1(G) xyEE>(G) xyEE3(G)
M(Ghp) = Y '+ Y P+ Y p°
xy€E|(G) Xy€E>(G) xy€E3(G)
Mi(G*,p) = |Ei(G)|p*+|E2(G)|p’ + |E5(G)|p°

M (G*,p) = (10n+6m+4)p*+ (4m+20n—28) p° + (99mn—20m—55n+4) p°.

My(G,p) = ) pldxd)
Xy€E(G)
MZ(G7P) — Z p(ddey)+ Z p(ddey)+ Z p(ddey)
xy€E(G) xy€E>(G) xy€E;3(G)
M(Gp) = Y p+ Y O+ Y P
xy€E(G) Xy€E>(G) xy€E3(G)
My (G*,p) = |Ei(G)|p*+|E2(G)|p° + |E5(G)|p’

My(G*,p) = (10n+6m+4)p*+ (4m+20n—8) p®+ (99mn —20m —55n+4) p’

This completes the proof.
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Chapter 5

Spectrum Based Topological Indices
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Spectrum based topological indices are much popular these days and they are used in
the field of molecular orbital theory to study unsaturated compounds. Afterwards it was
noticed that these spectral indices generalised to any compound and also found application
in modeling physico-chemical properties of molecules. Spectral indices are basically de-
fined for the eigen values of the square matrix of the graph of molecular structures. The
notion of graph energy has been proposed by Gutman in [69]].“ If G is a graph on n vertices
and Ay, 22,23, ..., A, are its eigen values, then the energy of graph G is E = Y7 | [A;|.” As
a whole, all the eigen values of the graph G are called spectrum of G. These eigen val-
ues have a close correspondence with the molecular orbital energy levels of w-electrons in
conjugated hydrocarbons. There are many form of energies in the literature that has been
investigated such as Laplacian energy, distance energy etc.

In this section, we discuss the process of finding the energy and Estrada index of the Pheny-
lene and Anthracene by using the computational methods. In first step, we use HyperChem
to draw the molecular graph of our chemical structures. In second step, from the graph
drawn by HyperChem we construct an adjacency matrix by using TopoCluj. In third step,
we find the energy with the help of MATLAB which is represented in Table [5.1] In fourth
step, we construct the curve (polynomial) of degree two with the help of cftoolbox of MAT-
LAB. The results obtained from this data are displayed in Table In Table [5.3]and
we have find the errors between the exact and estimated values extracted from the curve for
energy and Estrada index of Phenylene. We have also calculated the inertia index, nullity
and signature of the Phenylene which are displayed in Table[5.5] Similar process has been
used for Anthracene. In Table [5.6 and we have found the polynomials by using the
above techniques and also in Table [5.8] and [5.9] we have calculated the errors of the exact
and estimated values of the energy and Estrada index of Anthracene. At the end in Table

[5.10| we have displayed the inertia index, nullity and signature of Anthracene.

5.1 Energy and Estrada Index of Some Chemical Structures

In this section, we have computed the energy and Estrada index, inertia, nullity and signa-

ture for some chemical structures such as Phenylene, Anthracene, Bismuth Tri-iodide and
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Benzene Ring Embedded in P-type-surface in 2D network(BRE).

5.1.1 Energy and Estrada Index of the Phenylene

In this section we will study the energy, Estrada index, nullity, inertia and signature of
Phenylene. We will also show the comparison between exact and estimated values of en-

ergy and Estrada index of Phenylene.

Proposition 5.1.1. Let P be the graph of Phenylene, then the energy and Estrada index of
P is given by

E(P) = —6 x 10~%m?n® — 0.0002n%m + 0.00071> + 0.00051m>
(5.1.1)

+8.8999nm — 0.4393n — 0.0007m> — 0.5161m +0.0729

EE(P) = —6x 10" "'m?n® 46 x 1072n%m + 6 x 10~ °n® +0.0017nm*
(5.12)
+18.831nm — 1.1281n — 0.0015m> — 0.7436m — 3.2623.

The two curves which are representing the energy and Estrada index of the graph are
given by Equations (5.1.1) and (5.1.2), respectively. The equation of the energy of the
graph has been obtained for Phenylene and the Estrada index of the Phenylene has been
generated. We have observed that exact value of energy of Phenylene is always greater than
the estimated values of energy of Phenylene, i.e. E,(P) > E,(P), where E,,, represents
the exact value of energy and E, represents the estimated value of energy. Also error
is always positive between the exact and estimated values of energy of Phenylene, i.e.

error>0.
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Figure 5.1: Phenylene.

Similarly, we have observed that exact value of Estrada index of Phenylene is always
less than the estimated values of Estrada index of Phenylene, i.e. EE.y(P) < EE.q(P),

where EE,,; represents the exact value of Estrada index and EE, g represents the estimated

value of Estrada index.

In Table [5.1| for every curve, the value of m and n ranges from 1 to 10.

Table 5.1: The quadratic curves for the energy and Estrada index of Phenylene.
(m,n) Energy(E(P)) Estrada Index(EE(P))
(1,n) | —0.0009n +8.4872n — 0.4467 | —9 x 10~7n* + 18.089n — 4.3925
N . n-+17.354n — 1. X 107°n" +35.724n — 3.
(2,n) | 0.0027n% +17.354n—1.0234 | 6 x 107812 +35.724n—3.9426
N —0. n-+26.226n — 1. X 1077n" +55.789n — 5.
(3,n) | —0.0001n% +26.226n —1.4013 | 1 x 10~°n>455.789n —5.9133
4,n) | —0.0011n>+35.143n—1.9339 | 3 x 10781 +74.234n—6.2703
(
(5,n) | —0.0004n>+44.12n —2.6087 | 3 x 107812 4+93.085n —7.0307
(6,n) | —0.0008n> +52.982n—3.0532 | 4 x 107842 +111.93n—7.7911
(7,n) | —0.0011n% +61.888n—3.5766 | 4 x 10~8xn? +130.78n —8.5516
(8,n) | —0.0014n> +70.793n —4.1001 | 5 x 10~8n% +149.63n —9.312
(9,n) | —0.0016n% +79.698n —4.6236 | 5 x 1078n? +168.48n — 10.072
(10,1n) | —0.00191> + 88.604n —5.147 | 6 x 1078n> +187.34n — 10.833

In this table, we have shown the quadratic curves which is extracted from the coefficient of
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the above equations

Table 5.2: Quadratic curves extracted from the equations shown in Table

Energy(E(P))
n? | —6 x 10~%m? — 0.0002m 4 0.0007
n | 0.0005m>+8.8999m — 0.4393

1 | —0.0007m? —0.5161m+0.0729

Estrada Index(EE(P))
—6x107"m? +6x107m+6x 1077
0.0017m? + 18.831m — 1.1281
—0.0015m? — 0.7436m — 3.2623

The error between the exact values and estimated values of energy and Estrada index are
shown in the Tables[5.3|and[5.4] Also the nullity, signature and positive and negative eigen

values are presented in Table[5.5]

Table 5.3: The exact E,y; (P) and estimated values E 5 (P) of the energy of Phenylene

(m,n) | Eey(P) | Egq(P) | Error
(10,1) 84.51 84.21 0.3

(10,2) | 172.99 | 172.69 | 0.3

(10,3) 261.4 |261.17 | 0.23
(10,4) | 349.96 |349.66 | 0.3

(10,5) | 438.61 |438.15| 0.46
(10,6) |527.166 | 526.66 | 0.506
(10,7) | 615.43 | 615.17 | 0.26
(10,8) | 704.113 | 703.69 | 0.423
(10,9) | 792.63 |792.22 | 0.41
(10,10) | 881.11 | 880.74 | 0.37
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Table 5.4: EE,y(P) and EE,s(P) values of Estrada index of Phenylene

(m,n) EE,;(P) EE, ;(P) Error
(10,1) | 176.5041333 | 176.51413 | —0.01
10,2) 363.8355 363.8555 | —0.02
10,3) | 551.1702333 | 551.2074 | —0.0372
10,4) | 738.5094444 | 738.5593 | —0.0499
10,5) |925.8424944 | 9259112 | —0.0687
)
)
)
)

10,6) | 1113.177561 | 1113.2631 | —0.0851
10,7) | 1300.512628 | 1300.6150 | —0.102
10,8) | 1487.847694 | 1487.9669 | —0.1189
10,9) | 1675.182761 | 1675.3188 | —0.1358
(10,10) | 1862.517828 | 1862.6707 | —0.1527

(
(
(
(
(
(
(
(

Table 5.5: The inertia, nullity and signature of Phenylene

P=Phenylene | p(P) | n(P) | n(P) | s(P)
(8,1) 24 24 0 0
(8,2) 48 | 48 | 0 | 0
(8,3) 72 |72 0 |0
(8,4) 9% | 9 | 0 | 0
(8,5) 120 120 0 | 0
(8,6) 144 | 144 | 0 | 0
(8,7) 168 168 0 | 0
(8,8) 192 192 0 | o
(8,9) 216 | 216 | 0 | 0
(8,10) | 240 |240| 0 | 0
8,11) 264 | 264 | 0 | 0
8,12) 288 | 288 0 0

77



5.1.2 Energy and Estrada Index of Anthracene

In this section, we will study the energy, Estrada index, nullity, inertia and signature of

Anthracene. We will also show the comparison between exact and estimated values of

energy and Estrada index of Anthracene.

Proposition 5.1.2. Let A be the graph of Anthracene. Then the energy and Estrada index

of A is given by

E(A)

EE(A) =

2% 10780 — 2 x 10772 m+5 x 1072 + 2 x 10 2 nm?

+21.432nm +20.789n — 4 x 10> m? — 1.4874m — 1.5503.

—3x 107 Pm?n? +2 x 107 %0?m — 1 x 107 3n% + 3 x 10~ 4nm?

+94.388nm +40.903n — 7 x 10~ Pm? —41.225m +49.611.

Table 5.6: Quadratic curves for the energy and Estrada index of Anthracene.

(m,n) Energy(E(A)) Estrada index(EE(A))
(1,n) | 7x107%n% +42.356n —3.2224 | 3 x 10~ %1% +135.291 + 8.3861
(2,n) |3x 10722 +63.382n—4.1488 | —1 x 10~ 13n? +229.68n — 32.84
(3,n) | 9x 107522 4-85.212n—6.1953 | —1 x 1071312 +-324.07n — 74.066
(4,n) |3x 10722 +106.53n—7.5104 | —3 x 10~ 1312 4 418.46n — 115.29
(5,n) | 4x 107522 4-127.94n —8.9824 | —2 x 10~ %12 +512.85n — 156.52
(6,n) | 4x 107522 +149.38n—10.476 | 1 x 10~ 13n? +607.23n—197.74
(7,n) |3x 107022 +170.82n—11.965 | 6 x 10~14n? +701.62n — 238.97
(8,n) |3x 107022 +192.25n—13.453 | —5 x 10~ 13n% +796.01n —280.2
(9,n) |2x 107022 +213.68n —14.941 | 2 x 10~ 13n% +890.4n —321.42
(10,n) | 2 x 107%0% +235.11n — 16.429 | —5 x 10~ 31 +-984.79n — 362.65
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Figure 5.2: Multiple Anthracene.

Table 5.7: Quadratic curves extracted from the equations in Table

Energy(E(A)) Estrada index(EE(A))
n? | —2x1078m?—2x1077m+5%x107° | =3 x 107 Pm? +2x 10 “m—1x10"13
n 2 x 1072 m? 4+ 21.432m +20.789 3 x 10~ "*m? +94.388m +40.903
1| —4x107m?—1.4874m—1.5503 —7 x 1079m? —41.225m +49.611

The errors of energy and Estrada index have been found in the Tables [5.8] and [5.9 and

also the signature, nullity and positive and negative eigen values in Table[5.10]
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Table 5.8: The E,(A) and E,g(A) values of the energy of the Anthracene

(m,n) Eo(A) Euq(A) | Error
(10,1) | 218.7247 | 218.6827 | 0.042
(10,2) | 453.8533 | 453.7937 | 0.0596
(10,3) | 688.9118 | 688.9047 | 0.0071
(10,4) | 924.0977 | 924.0157 | 0.082
(10,5) | 1159.1496 | 1159.1267 | 0.0229
(10,6) | 1394.247 | 1394.2377 | 0.0093
(10,7) | 1629.359 | 1629.3487 | 0.0103
(10,8) | 1864.472 | 1864.4597 | 0.0123
(10,9) | 2099.585 | 2099.5707 | 0.0143
(10,10) | 2334.697 | 2334.6818 | 0.0152

Table 5.9: The EE,,s(A) and EE,,(A) values of the Estrada index of the Anthracene

(m,n) | EE.(A) | EEgq(A) | Error
(10,1) | 622.138 | 622.137 | 0.001
(10,2) | 1606.922 | 1606.92 | 0.002
(10,3) | 2591.707 | 2591.703 | 0.004
(10,4) | 3576.493 | 3576.486 | 0.007
(10,5) | 4561.279 | 4561.269 | 0.01
(10,6) | 5546.065 | 5546.052 | 0.013
(10,7) | 6530.85 | 6530.835 | 0.015
(10,8) | 7515.636 | 7515.618 | 0.018
(10,9) | 8500.422 | 8500.401 | 0.021
(10,10) | 9485.207 | 9485.184 | 0.023
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Table 5.10: The inertia, nullity and signature of Anthracene

G=Anthracene | p(G) | n(G) | n(G) | s(G)
8,1) 35 351 0 | 0
(8,2) 70 | 70 0 | 0
(8,3) 105 | 105 0 | 0
(8,4) 140 | 140 | o | 0
(8,5) 175 [ 175 0 | 0
(8,6) 210 | 210 0 | 0
(8,7) 280 [ 280 | 0 | 0
(8,8) 315 [ 315 0 | 0
(8,9) 350 | 350 | 0 | 0
(8,10) 385 [ 385 0 | 0
8,11) 420 | 420 0 0
8,12) 455 | 455 0 0

We have observed that exact value of energy of Anthracene is always greater than the
estimated values of energy of Anthracene, i.e. E.y(A) > Egu(A). Also Error is always
positive between the exact and estimated values of energy of Anthracene, i.e. error>0.
Similarly, we have observed that exact value of Estrada index of Anthracene is always

greater than the estimated values of Estrada index of Anthracene, i.e. EE.(A) > EE.4(A)
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Figure 5.3: Energy of Phenylene.

Figure 5.4: Energy of Anthracene.
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Figure 5.5: Estrada index of Phenylene.
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Figure 5.6: Estrada index of Anthracene.

5.1.3 Energy and Estrada Index of Bismuth Tri-Iodide

In this section, we describe the way how we find the energy and Estrada index of certain
graphs using computational methods. The computational method has been done in few

steps. In first step, we draw the molecular graph of chemical structures using HyperChem.
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In second step, with the help of TopoCluj we generate an adjacency matrix. In third step,
we use MATLAB to find the eigen values of the adjacency matrix. In fourth step, by
using cftoolbox of MATLAB, we develop the polynomial of degree 2 presented in the
Equations (5.1.3)) and (5.1.6). From the Equations (5.1.5) and (5.1.6), we have generated
energy equations shown in Table[5.11] In Table[5.13]and[5.14] we have evaluated the errors
for energy and Estrada index of Bismuth Tri-iodide by taking the difference between the
exact and estimated values of polynomial of degree 2. We also have examined the inertia,
nullity and signature of the Bismuth Tri-iodide which are displayed in Table[5.13] Similar
procedure has been implemented for Benzene Ring Embedded in P-type-surface in 2D
network. In Table [5.16] and [5.17} we have manipulated the polynomials of degree 2 by
performing the above techniques and then in Table [5.18] and [5.19] we have observed the
errors of the exact and estimated values of the energy and Estrada index of Benzene Ring
Embedded in P-type-surface in 2D network. At the end in Table [5.20] we have showed
the inertia index, nullity and signature of Benzene Ring Embedded in P-type-surface in 2D

network. Now we will discuss the energy, Estrada index, nullity, inertia and signature of

0.4 O O A O O L

OO M O I O o
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Figure 5.7: Bismuth Tri-iodide.

Bismuth Tri-iodide. We will also demonstrate the comparison between exact and estimated

values of energy and Estrada index of Bismuth Tri-iodide.

Proposition 5.1.3. Let B be the graph of Bismuth Tri-iodide. Then the energy and Estrada
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index of B is given by

E(B) =7 x10"2m?n* —9 x 10> n*m +0.0003n> — 0.0003nm>
(5.1.5)
+13.794nm 4 9.5506n — 0.0014m* +5.1553m — 0.3239.

EE(B) = 3.167m*n* — 15.839n°m + 19.009n% — 12.672nm>
(5.1.6)

+110.86nm — 44.392n +9.498m? — 32.462m + 57.857.

The two second order polynomials which are displaying the energy and Estrada index
of the Bismuth Tri-iodide are given by equations (5.1.5)) and (5.1.6), respectively. These
equations provide the data for any unit of graph. We have observed that exact value of
energy of Bismuth Tri-iodide is always less than the estimated values of energy of Bismuth
Tri-iodide, i.e. E.y(B) < Eq(B), where E,y represents the exact value of energy and E,y
estimated value of energy respectively. Also error is always positive between the exact
and estimated values of energy of Bismuth Tri-iodide, i.e. error>0. Similarly, We have
observed that exact value of Estrada index of Bismuth Tri-iodide is always greater than the
estimated values of Estrada index of Bismuth Tri-iodide, i.e. EEqy(B) > EE,y(B), where
EE, and EE, represents the exact and estimated value of Estrada index, respectively. In

Table the value of m and n ranges from 1 to 10.
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Table 5.11: Equations for the Energy and Estrada index of Bismuth Tri-iodide.

m,n nergy strada Index
E (E(B)) Estrada Index(EE(B))

(1,n) 2.10 x 107*n? +23.3443n 4 4.83 6.342n* — 176.2n + 34.887

N 28 X 1077 n” +19.66n+9. 009~ — .35n+ 30.
(2,n) 1.28 x 10~%n% +19.86n+9.9811 0.0091> —103.351n+30.918

N X 107" n* 4+ 50. n—+15. —99.986n~ + d16n— .
(3,n) 3 x 107212 +50.9299n + 15.1294 99.986n> 4 244.16n — 154.057

N -3 %X 107 n" 4 64. n+20. — .643n° + .33n— .
(4,n) 5x 10712 + 64.7218n +20.2749 293.643n% +866.33n — 520.038

,n —1.49 x 107" n"+478. n—+25. — 962n” + .16n — .
(5,n) 1.49 x 10~*n? +78.5131n+25.4456 | —580.962n° +1763.16n — 1067.025
(6,n) | —2.39 x 10~*1?4-92.3038n 4 30.5575 | —961.943n> +2934.651n — 1795.018
(7,n) | —3.29 x 10~*n% +106.1233n +35.6946 | —1436.586n> +4380.8n —2704.017

N7} —4.19 x10""n~ +1109. n+40. — .891n” + 1.61n—3794.
(8,n) | —4.19 x 10~*n% +119.9218n +40.8289 | —2004.891n> +6101.61n — 3794.022
(9,n) | —5.09 x 10~*n? 4+ 133.7209n + 45.9604 | —2666.858n> + 8097.08n — 5065.033
(10,n) | —5.99 x 10~*n? + 147.5206n + 51.0891 | —3422.487n* +10367.21n — 6517.05

Table 5.12: Equations extracted from the coefficient shown in Table

Energy(E(B))

Estrada Index(EE(B))

n? | 7x107%m% —9 x 10~5m +0.0003

3.167m? — 15.839m + 19.009

n | —0.0003m2+ 13.794m +9.5506

—12.672m? 4 110.86m — 44.392

1 | —0.0014m? 4 5.1553m —0.3239

9.498m* — 32.462m + 57.857

Also the error between the exact values and estimated values of energy and Estrada index

are shown in the Tables [5.13] and 5.14] below.
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Table 5.13: The E,y(B) and E,y(B) values of the energy of the Bismuth Tri-iodide

E.:(B) | E,4(B) | Error
65.996 66.05 | 0.054
116.924 | 116.989 | 0.065
167.849 | 167.919 | 0.07
218.775 | 218.849 | 0.074
269.7014 | 269.779 | 0.078
320.6268 | 320.709 | 0.082
371.552 | 371.64 | 0.088
422.4786 | 422.57 | 0.091
473.403 | 473.5 |0.097
524.3288 | 524.431 | 0.102
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Table 5.14: The EE,,(B) and EE,(B) values of Bismuth Tri-iodide

(m,n) EE,;(B) EE,;(B) | Error
(3,1) 220.09 220.088 | —0.002
(3,2) 394.22 394.213 | —0.007
(3,3) 568.343 568.328 | —0.015
(3,4) | 742.4706667 | 742.433 | —0.037
(3,5) [916.5971667 | 916.528 | —0.069
(3,6) | 1090.723667 | 1090.613 | —0.111
(3,7) | 1264.850167 | 1264.688 | —0.162
(3,8) | 1438.976667 | 1438.753 | —0.224
(3,9) | 1613.103167 | 1612.808 | —0.297
(3,10) | 1787.229667 | 1786.853 | —0.377
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Table 5.15: The inertia, nullity and signature of Bismuth Tri-iodide

B=Bismuth Tri-iodide | p(B) | n(B) | n(B) | s(B)
(3,1) 16 | 16 | 40 0
(3,2) 26 | 26 | 60 0
(3,3) 36 | 36 | 80 0
(3,4) 46 | 46 | 100 | O
(3,5) 56 | 56 | 120 | O
(3,6) 66 | 66 | 140 | O
(3,7) 76 | 76 | 160 | O
(3,8) 86 | 86 | 180 | 0
(3,9) 96 | 96 | 200 | 0
(3,10) 106 | 106 | 220 | O
(3,11) 116 | 116 | 240 | O
(3,12) 126 | 126 | 260 | O

5.1.4 Energy and Estrada Index of the Benzene Ring Embedded in P-type-
surface in 2D network(BRE)

In this sub section, we will study the energy, Estrada index, nullity, inertia and signature
of BRE. We will also show the comparison between exact and estimated values of energy
and Estrada index of BRE. we will use this notation BRE to represent (Benzene Ring

Embedded in P-type-surface in 2D network) throughout this paper.
Proposition 5.1.4. Let BRE be the graph of BRE. Then the energy and Estrada index of

BRE is given by

E(BRE) =2x 10" "m?*n* =2 x 109n°m +2 x 10~°n% — 0.01nm?
(5.1.7)

+35.2nm +0.981 — 0.0085m* +0.9773m — 0.1176.
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EE(BRE) = 0.0542m*n* — 0.1387 mn®> — 0.0665n*> — 0.0145mn

+70.062mn +2.193n — 0.1985m* +2.3475m — 1.994.

(5.1.8)

Table 5.16: The quadratic curves suitable for the Energy and Estrada index of BRE.

Energy(E (BRE))

Estrada index(EE(BRE))

<omong 12+ 36.17n+0.8682

—0.15101% 4-72.24051n 4 0.1550

— sgsg e +71.34n+1.8710

—0.1271n% 4 142.2590n + 1.9070

- 50(1)8(1)00 n? +106.49n +2.8908

0.0052n2 +212.2485n 4 3.2620

— = n? 4 141.62n+3.9276

0.2459 12 +282.20907 + 4.2200

— o050 +176.73n+4.9814

0.595012 +352.1405n +4.7810

— 35255 1> +211.82n+6.0522

1.0525n2 +422.0430n + 4.9450

— sabog n? +246.89 1 4 7.1400

1.6184n%+491.9165n+4.7120

— B0 12 1 281.94n 4 8.2448

2.2927n% +561.7610n + 4.0820

— sgeuggs > +316.97n49.3666

3.0754n% +631.5765n + 3.0550

—ﬁ n?+351.98n+10.5054

3.9665n% +701.3630n + 1.6310

Figure 5.8: Benzene ring embedded in p-type-surface in 2D network(BRE).
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Table 5.17: Equations extracted from the coefficient of the equations in Table

Energy(E(BRE)) Estrada index(EE (BRE))
n? [ 2x1077m? =2 x 109m—2x 107> | 0.0542m> —0.1387m — 0.0665
n —0.01m? +35.2m+0.98 —0.0145m? 4 70.062m +2.193
1| —0.0085m>+0.9773m —0.1176 | —0.1985m? 4-2.3475m — 1.994

The errors of energy and Estrada index have been found in the Tables [5.18] and [5.19] and
inertia, signature and nullity in Table [5.20]

Table 5.18: The E(BRE) and E;(BRE) values of the energy of the BRE

(m,n) | Enq(BRE) | Eu.(BRE)| Error
3,1) | 109.3768 | 109.3782 | 0.0014
(3,2) | 215.8872 | 215.8908 | 0.0036
(3,3) | 322.3614 | 3223604 | —0.001
(3,4) | 428.834 | 428.8253 | —0.0087
(3,5) | 5353054 | 535.1707 | —0.1347
(3,6) | 641.779 | 641.5113 | —0.2677
(3,7) | 748.2644533 | 747.809 | —0.4554
(3,8) | 854.7426876 | 854.0636 | —0.679
(3,9) |961.2209219 | 960.2753 | —0.9456
(3,10) | 1067.699156 | 1066.444 | —1.2551
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Table 5.19: The EE,(BRE) and EE, 4 (BRE) values of the Estrada index of the BRE

(m,n) | EE.4(BRE) | EE,;(BRE) | Error
(3,1) | 215519 | 215515 | —0.004
(3,2) | 427787 | 427780 | —0.007
(3,3) | 640.066 | 640.054 |—0.012
(3,4) | 852.338 852.341 | —0.002
(3,5) | 1064.611 | 1064.634 | 0.023
(3,6) | 1276.885 | 1276.940 |—0.055
(3,7) | 1489.158 | 1489.256 | 0.098
(3,8) | 1701.432 | 1701.583 | 0.151
(3,9) | 1913.705 | 1913.920 | 0.215
(3,10) | 2125.979 | 2126267 | 0.288

Table 5.20: The inertia, nullity and signature of BRE

BRE=Benzene Ring Embedded | p(BRE) | n(BRE) | n(BRE) | s(BRE)
(3,1) 39 39 2 0
(3,2) 76 76 2 0
(3,3) 113 113 2 0
(3,4) 150 150 2 0
(3,5) 187 187 2 0
(3,6) 224 224 2 0
(3,7) 261 261 2 0
(3,8) 298 298 2 0
(3,9) 335 335 2 0
(3,10) 372 372 2 0
(3,11) 409 409 2 0
(3,12) 446 446 2 0

We have observed that exact value of energy of BRE is less than for first two terms, the

gradually increases from the estimated values of energy of BRE. Similarly, we have ob-
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served that exact value of Estrada index of BRE is less than the estimated values of Estrada
index of BRE, for few terms, then suddenly behavior is changed for the remaining five

values.

Figure 5.9: Energy of Bismuth Tri-iodide.

Figure 5.10: Energy of BRE.
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Figure 5.11: Estrada index Bismuth Tri-iodide.

Figure 5.12: Estrada index BRE.
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Chapter 6

Metric Dimension

94



6.1 Introduction

Distance based parameters in graph theory are getting high attention these days due to its
effectiveness in daily life. One of them, namely, the metric dimension has addressed many
investigations. The term metric dimension was introduced by Slater [88] and also studied
by Harary and Melter independently [43]]. Metric Dimension is much popular these days
due to its vast application in daily life. Metric dimension is basically a distance based
parameter which is applicable in different distance related problems such as robotic navi-

gation, mastermind game and so many other fields.

6.1.1 Basic Terms Related to Distance Based Parameters

Definition 6.1.1. Let G be a simple finite connected graph and the distance from a to b is
described as the shortest path length between these two vertices a and b and it is denoted

by d(a,b).

Definition 6.1.2. The eccentricity of a vertex b of a graph G, denoted by e(b), is described

as the maximum distance between a vertex to all other vertices of graph G.

Definition 6.1.3. Diameter is the maximum eccentricity between the overall vertices of

graph G and is denoted by diam(G).

Definition 6.1.4. Radius is the smallest distance of a fixed vertex among all the vertices of

graph G and is denoted by rad(G).

u(2) v (2)

2(3)

y (2

Figure 6.1: Graph with eccentricities of its vertices
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The eccentricity of every vertex of a graph G is represented in the parenthesis shown
above in the figure. The diameter and radius of the above graph G is 3 and 2, respectively.
Resolving Set and Metric Dimension
A vertex y € V(G) resolves a pair of vertices r, s if d(y,r) # d(y,s). A set of vertices
Q € V(G) resolves G if each pair of distinct vertices of G is resolved by some vertex in Q,
then the set Q is said to be a resolving set of G. The set Q = {q1,4¢2,...,¢m} is an ordered
set of distinct vertices. The smallest number of vertices in the resolving set is called a basis
for G and this smallest number of vertices is the metric dimension of G, represented by
dim(G). The m-tuple r(s/Q) = (d(s,q1),d(s,q2),d(s,q3),...,d(s,qn)) represents a vector,

of a fixed vertex s with respect to the resolving set Q.

Figure 6.2: Graph whose metric dimension 2

The resolving set Q = {v,v3} is a basis for a graph G given above. The vertices of
G with respect to the resolving set Q are r(v;/Q) = (0,2),r(v2/Q) = (1,1),r(v2/Q) =
(2,0),1’(V4/Q) = (27 l),r(V5/Q) = (172)'

6.1.2 Some Renowned Results about Metric Dimensions

The metric dimension has a prominent role in the field of graph theory. There are so many
results already exist in literature on this notion. Caceres and Hernando has introduced the
metric dimension of cartesian product of graphs [9]. The metric dimension is NP-complete
for planar graphs has been described by Diaz et al. [21]. In [8]], Buczkowski has proposed
a formula of metric dimensions of wheel graphs. The metric dimension of corona product

graphs has been studied by Yero et al. [96]. Garey and Johnson has proved that finding the
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metric dimension of an arbitrary graph is an NP-complete problem [34]. In [91], Tomescu
has studied the metric dimension of Jahangir Graph when he visited Jahangir’s tomb in
Lahore. Al et al. has been studied the metric dimension of the mobius ladder [2]. Char-
trand has observed the metric dimension and presented the notion of sharp lower bounds
and greatest degree [13]]. The metric dimension of regular bipartite graph has also been
investigated by Baca [3]]. In [29], Fernau et al. has computed the metric dimension of chain
graphs. Siddiqui and Imran have investigated the metric dimension of wheel related graph
and convex polytopes generated by wheel related graph [86) [87]. The metric dimension
arises in many diverse areas, including navigation of robots [56], telecommunications [6],
combinatorial optimization [84] and sonar and coast guard Loran [88] and applications to
chemistry in [12, 13, 52]. Furthermore, this topic has some applications to problems of
pattern recognition and image processing, some of which involve the use of hierarchical
data structures [[/2]. Metric dimension of several interesting classes of graphs can be seen
in [[1} 4} 5, 9 46, 147, 48, 163]. Let G = (V,E) be a simple and connected graph. For a
vertex x € V(G) distinguishes two vertices y,z € V(G) if dg(y,x) # dg(z,x), where dg(x,y)
denotes the length of the shortest path between the vertices x and y in G. A vertex set
R; CV(G) is a metric generator for G, if any pair of vertices of G is distinguished by at least
one vertex of Ry and R is the resolving set of G. The minimum cardinality of any metric
generator for G is the metric dimension of G, denoted by dim(G). Let Ry = {ry,r2,...,rs}
be an ordered set of vertices of G and let x € V(G), then the representation r(x|R;) of x
with respect to R; is the s-tuple (dg(x,r1),dg(x,r2),dg(x,r3),...,dg(x,rs)). Since the set
R; has the minimum cardinality, therefore this is also known as the basis of G, and its

cardinality is called the metric dimension or location number [8]].

6.2 Edge Metric Dimensions

Edge metric dimension is recently proposed in [54]]. In edge metric dimension, a natural
question comes into our mind: are there some sets of vertices which uniquely identify all
the edges of graph? The answer is yes. So it is our aim to study such sets for the barycentric

subdivision of Cayley graph Cay(Z, ® Z,). Now we will introduce some basic terminolo-

97



gies regarding distance based parameters.

Similarly, for x € V(G) be a vertex and e = yz € E(G) be an edge. The distance be-
tween the vertex x and the edge e is given by dg(x,e) = min{dg(x,y),dc(x,2)}. A ver-
tex t € V(G) distinguishes two edges e, f € E(G) if dg(t,e) # dg(t, f). A set R C V(G)
is an edge metric generator for G if every two edges of G are distinguished by some
vertex of R. The minimum cardinality of R is called the edge metric dimension and
is denoted by edim(G) [54]. Let R = {ry,ra,...,r;} be an ordered set of vertices of
G and let e € E(G), then the representation r(e|R) of e with respect to R is the z-tuple
(dg(e,r1),dg(e,r2),dg(e,r3),...,dg(e,r;)). In addition, combined (mixed) form of these
two parameters depicted above is of fascinate. A vertex x € V(G) distinguishes two ele-
ments (vertices or edges) u,v € V(G)UE(G) if dg(x,u) # dg(x,v). A set R" C V(G) is
a mixed metric generator for G if every two distinct elements (vertices or edges) of G are
distinguished by some vertices of R™. The smallest cardinality of R is the mixed metric
dimension and is denoted by mdim(G) [53]. Geometrically, an operation that splits an edge
into two edges by inserting a new vertex into the interior of an edge is known as subdivid-
ing an edge. If we are performing a sequence of edge-subdivision operations, then it is
called Subdividing a graph G and resulting graph is called a subdivision of the graph G.
The subdivision of graph can be used to convert a general graph into a simple graph. If
we subdividing each edge of the graph G, then this subdivision is called the barycentric
subdivision of G. Gross and Yellen [38]] proved the results that the barycentric subdivision
of any graph is a simple and bipartite graph. A graph G is planar if it can be drawn in the
plane without edge crossings. Subdivision of graphs play a very important role in charac-
terization of planar graphs. A graph G is planar if and only if every subdivision of G is
planar. Two graphs are said to be homeomorphic if they are subdivisions of same graph G.

The next theorem gives a nice characterization of planar graphs.

Theorem 6.2.1. [38]] “A graph is planar if and only if it does not contain a subdivision of
Ks or K337

In this section, we study the edge metric dimension of barycentric subdivision of Cayley

graphs Cay(Z, & Z,). We prove that these subdivisions of Cayley graphs have constant
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edge metric dimension and only three vertices chosen appropriately suffice to resolve all
the vertices of these subdivision of Cayley graphs Cay(Z, & Z;). As expressed, there
are a several graphs in which metric generator and edge metric generator are same. In
this sense, one could believe that most likely any edge metric generator R is likewise a
standard metric generator. In any case, this is again further far from the truth, despite the
fact that there are a few families of graphs in which such actualities happen. Kelenc et al.
[54] explained some comparison between the edge metric generator and standard metric
generator in detailed. We show a few results concerning the edge metric dimension of

graphs. The first importance result about the complexity is as follows:
Theorem 6.2.2. [54]] “Computing the edge metric dimension of graphs is NP-hard.”

The edge metric dimension of Cartesian product of two paths P, and P, with r and ¢

vertices is determined in the following proposition.

Proposition 6.2.3. [54] “Let G be the grid graph G = P,OP, with r >t > 2. Then
edim(G) = dim(G) =2.”

Kelenc et al. [54] proved in the next Proposition that the edge metric dimension of
wheel graphs is unbounded and observe it is strictly larger than the value for the metric
dimension, except in the case W) 3. The wheel graph W) ,, is the graph obtained from a cycle
Cn,n > 3 by joining all vertices of C, to an additional vertex. In [54], they determined the

edge metric dimension of wheel graph W) ,, in the following Proposition:

Proposition 6.2.4. [54] “ Let W1 , be a wheel graph. Then

n, forn=3,4
edim(W; ,,) = 7
n—1, forn>5

The fan graph Fj , is the graph obtained by joining each vertex of a path B, to an
additional vertex. In the next proposition, the edge metric dimension of fan graph Fj , is

determined.
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Proposition 6.2.5. 54| “Let F , be a fan graph. Then

n, forn=1,2,3
edim(Fy ,) = ”
n—1, forn>4

Kelenc et al. [54] also determined the edge metric dimension of path, cycle, complete
graph, complete bipartite, cartesian product of cycles and bounds for some families of

graphs.

6.3 The Edge Metric Dimension of Barcycentric Subdivision of Cay-
ley Graphs Cay(Z, ©7Z,)

Let G be a semigroup, and let H be a nonempty subset of G. The Cayley graph Cay(G,H)
of G relative to H is defined as the graph with vertex set G and edge set E(H) consisting
of those ordered pairs (a,b) such that ha = b for some h € H. Cayley graphs of groups
are significant both in group theory and in constructions of interesting graphs with nice
properties. The Cayley graph Cay(G,H) of a group G is symmetric or undirected if and
only if H = H~!. The Cayley graphs Cay(Z, ® Z,),n > 3, is a 3-regular graph which
is also known as the cartesian product C,00P, of a cycle of order n with a path of order
2. The Cayley graphs Cay(Z, & Z,),n > 3 consists of an inner n-cycle ajazas...ayay,
an outer n-cycle x1x2x3...x,x1 and n spokes a;x;,1 < i < n. This implies that the order
and size of Cay(Z, ® Z,) is 2n and 3n, respectively. The metric dimension of Cayley
graphs Cay(Z, & Z,) has been determined in [9] while the metric dimension of Cayley
graphs Cay(Zy, : H) for all n > 7 and H = {£1,43} hase been determined in [50]. The
barycentric subdivision graph BS(Cay(Z, & Z;)) can be obtained by splitting edges a;a;
by inserting a new vertices b;, splitting edges a;x; by inserting a new vertices c; splitting
edges x;x;;1 by inserting a new vertices y;. From this we observe that , BS(Cay(Z, ©Z,))
contains 5n vertices among of these 3n vertices of degree 2 and 2n vertices of degree 3
and 6n edges. In the next theorem, we prove that the metric dimension of the barycentric
subdivision BS(Cay(Z, ® Z,)) of is constant and only three vertices appropriately chosen
suffice to resolve all the vertices of the BS(Cay(Z, ® Z,)).
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Theorem 6.3.1. Let BS(Cay(Z, ® 7)) be the barycentric subdivision of Cayley graphs
(Cay(Zn @B 7Zs)). Then edim(BS(Cay(Z,®Z3))) =3 for every n > 6.

Proof. We will prove the result by double inequalities. To prove edge metric dimension
edim(BS(Cay(Z, ©7Z;))) < 3, we have the following cases: Case 1. When 7 is even.

Let R = {a1,a314,} C V(BS(Cay(Zy ® Z>))), we show that R is a resolving set for
BS(Cay(Z,®Z,)) in this case. For this we give representations of any edge of E(BS(Cay(Z,®
Z5))) with respect to R.

Representations for the edges of BS(Cay(Z, ®7Z;)) are

(21—2n 2i+1,2i), forl <i<5—1
n—2,1,n—1), fori =2
r(aib,-|R): ( ) 2
(2n—2i+1,2i—n—2,2n—2i—1), for+1<i<n—1
| (1,n—2,0), fori=n
and
(
(2i—1,n—2i,2i+1), forl <i<5—1
(n—1,0,n—2), fori =%
r(biai1|R) =
(2n—2i,2i—n—1,2n—-2i—2), forj+1<i<n-1
| (0,n—1,1), fori=n
Representations for the set of interior edges of BS(Cay(Z, ®Z,)) are
(2i —2,n—2i+2,2i), forl <i<7
r(aici|lR) =
(2n—2i+2,2i—n—2,2n—2i), forj+1<i<n
and
(2i—1,n—2i+3,2i+1), forl <i<’
r(cixi|R) =

(2n—2i+3,2i—n—1,2n—-2i+1), for5+1

<isn
Representations for the edges on the outer cycle of BS (Cay( n@©Zy)) are

(21n 2i+3,2i+2), forl <i<Z%—1
(n,3,n+1), fori=12
r(xiyi|R) = ’
(2n—2i+3,2i—n,2n—-2i+1), forf+1<i<n—1
| (3,1,2), fori=n
and
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2i+1,n—2i+2,2i+3), forl <i<-—1

)
(
(n+1,2,n), fori=12
r(yixiy1|R) = ( 2

2n—2i+2,2i—n+1,2n-2i), forj+1<i<n-—1

[ (2,n+1,3), fori=n
We note that there are no two edges having the same representations implying that

edim(BS(Cay(Z,®Z,))) < 3.

On the other hand, we show that edim(BS(Cay(Z, ® Z,))) > 3. Suppose on contrary that
edim(BS(Cay(Z, ©7Z,))) = 2, then there are the following possibilities to be discussed.
(1) Both vertices are in the inner cycle. Here are the following subcases.

e Both vertices belong to the set {a; : 1 <i < n}. Without loss of generality, we can sup-
pose that one resolving vertex is a;. Suppose that the second resolving vertex is a; (2 <
k <% 41). Then for 2 <k < 7, we have r(aici|{ar,ar}) = r(a1bp|{a1,ar}) = (0,2k —2),
and for k = 5 + 1, we have r(aibi[{a1,ay 1 }) = r(aiby[{a1,az 11 }) = (0,n— 1), a contra-
diction.

e Both vertices belong to the set {b; : 1 <i < n}. Without loss of generality, we can sup-
pose that one resolving vertex is b;. Suppose that the second resolving vertex is by (2 <
k < 5+1). Then for2 < k < %, we have r(ajci[{b1,br}) = r(a1bn|{(b1,bi}) = (1,2k— 1),
and for k = 5+ 1, we have r(a1b1|{b1,by 11}) = r(a2b1|{b1,b1,1}) = (0,n— 1), a contra-
diction.

e One vertex belong to the set {a; : 1 <i < n} and the second vertex belong to the set
{b;i : 1 <i < n}. Without loss of generality, we can suppose that one resolving vertex is
a1. Suppose that the second resolving vertex is by (1 <k < g +1). Then for 1 <k < %,
we have r(aib,[{a1,bx}) = r(aici|{a1,br}) = (0,2k — 1), and for k = 5 + 1, we have
r(aibi[{ai,bsy1}) = r(aici[{ai,bs1}) = (0,n—1), a contradiction.

(2) Both vertices are in the interior vertices. Without loss of generality, we can suppose that
one resolving vertex is c1. Suppose that the second resolving vertex is ¢; (2 <k < 5 +1).
Then for 2 <k < 5+ 1, we have r(xic1[{c1,cr}) = r(aici|{c1,cr}) = (0,2k — 1), a contra-
diction.

(3) Both vertices are in the outer cycle. Due to the symmetry of the graph, this case is
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analogous to case (1).

(4) One vertex is in the inner cycle and the other one is in the set of interior vertices. Here
are the two subcases.

e One vertex is in the set {@; : 1 <i < n} and the other one is in the set of interior vertices
{ci: 1 <i<n}. Without loss of generality, we can suppose that one resolving vertex is aj .
Suppose that the second resolving vertex is ¢ (1 <k < 5 +1). Then for k = 1, we have
r(aibi|{ar,c1}) = r(aiby|{a1,c1}) = (0,1). For 2 <k <75, we have r(aib,|{a,c}) =
r(aici|{ar,ck}) = (0,2k—1) and for k= 5+ 1, we have r(aibp[{ai,cz 1 }) =r(aibi|{ar,cz,1}) =
(0,2n), a contradiction.

e One vertex is in the set {b; : 1 <i < n} and the other one is in the set of interior vertices
{ci: 1 <i<n}. Without loss of generality, we can suppose that one resolving vertex is b;.
Suppose that the second resolving vertex is c¢; (1 <k < 5+ 1). Then for k = 1, we have
r(xiy1[{b1,c1}) = r(xiyal{b1,c1}) = (3,1). For 2 <k < 7, we have r(ajci|{b1,ct}) =
r(a1ba|{b1,cx}) = (1,2k—1) and for k = 5+ 1, we have r(cox2[{b1, ¢z 1}) = r(anbnl[{b1,c111}) =
(2,n—1), a contradiction.

(5) One vertex is in the outer cycle and the other one is in the set of interior vertices. Due
to the symmetry of the graph, this case is analogous to case (4).

(6) One vertex is in the inner cycle and the other one is in the outer cycle. Here are the
following subcases.

e One vertex is in the set {a; : | <i < n} and the other one is in the set {x; : 1 <i <n}.
Without loss of generality, we can suppose that one resolving vertex is a;. Suppose that the
second resolving vertex is x; (1 <k <54 1). Then for k = 1, we have r(a1bi|[{a1,x1}) =
r(aibp|{ar,x1}) = (0,2). For2 <k < 541, we have r(a1b1|{a1,xi}) = r(aici[{a1,x}) =
(0,2k — 1), a contradiction.

e One vertex is in the set {a; : | <i < n} and the other one is in the set {y; : 1 <i <n}.
Without loss of generality, we can suppose that one resolving vertex is a;. Suppose that the
second resolving vertex is y; (1 <k <5 +1). Then for k = 1, we have r(aib1|{a1,y1}) =
r(aiby|{ar,y1}) = (0,3). For 2 < k < 5, we have r(aibi|{a1,yc}) = r(aici|{ar,y}) =
(0,2k) and for k = 5 + 1, we have r(aib1[{a1,ys11}) = r(aicil{ar,yz11}) = (0,n+1),a
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contradiction.
e One vertex is in the set {b; : 1 <i < n} and the other one is in the set {y; : 1 <i <n}.
Without loss of generality, we can suppose that one resolving vertex is b. Suppose that the
second resolving vertex is y; (1 <k <5 +1). Then for k = 1, we have r(a;b1[{b1,y1}) =
r(azbi|{b1,y1}) = (0,3). For k = 2, we have r(x1y1|{b1,y2}) = r(azcs3|{b1,y2}) = (3,2).
For 3 <k <541, we have r(xay2|{b1,yx}) = r(azcs3|{b1,yc}) = (3,2k —4), a contradic-
tion.
Hence from above it follows that there is no resolving set with two vertices for V (BS(Cay(Z, ®
75))) implying that edim(BS(Cay(Z, ®7Z;))) # 2 in this case. Therefore, edim(BS(Cay(Z,®
Z))) =3.

Case 2. When n is odd.
Let R = {a1,brs7,an} C V(BS(Cay(Zn ® Z2))), we show that R is a resolving set for
BS(Cay(Z,®7Z,)) in this case. For this we give representations of any edge of E(BS(Cay(Z, ®
75,))) with respect to R.
Representations for the edges of of the inner cycle of BS(Cay(Z, ®Z,)) are

(21 2,n+1—2i,2i), forl <i<[5]-1
2i-2,n+1-2i,2n—-2i—1 fori =[5
P ) 0
(2n—2i4+1,2i—n—-2,2n-2i—1), for[5]+1<i<n—1
| (1,n—2,0), fori =n.
and
(21 n—202i+1), forl <i<[5]—
(2i—1,n—2i,2n—2i—2), fori=[5]—1
r(biai+1|R) =
(2n—2i,2i—n—1,2n—-2i—2), for[5] <i<n-—1
| (0,n—1,1), fori=n

Representations for the edges on the outer cycle of BS(Cay(Z, ©7Z;)) are
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2i,n+3—2i,2i+2),

[ (
(2i,n—2i+3,2n—2i+1),
(
(

forl <i<[3]—1

fori = [5]

r(xiyi|lR) =
2n—2i+3,2i—n,2n—-2i+1), for[5]+1<i<n—1
| (3,1,2), fori=n
and
(2i+1,n—2i+2,2i+3), forl <i<[%]—2
(2i+1,n—2i+2,2n—2i), fori=[2]—1
r(yixit1IR) = ¢ (2n—2i+2,3,2n —2i), fori =[]
(2n—2i+2,2i—n+1,2n-2i), for[5]+1<i<n-—1

{ (2,n+1,3),

fori=n

Representations for the set of interior edges of BS(Cay(Z, ©7Z,)) are

([ (2i—2,n—2i+2,2i), forl <i<[%]-1
r(aicilR) = ¢ (2i —2,n—2i+2,2n—2i), fori = [4]
| (2n—2i+2,2i—n—2,2n-2i), for[3]+1<i<n
[ 2i—1,n—2i+3,2i 1), forl <i<[%]-1
r(cixi|R) =4 (2i—1,n—2i+3,2n—2i+1), fori = [4]
| (2n—2i+3,2i-n—1,2n—-2i+1), for[§]+1<i<n

Again we see that there are no two vertices having the same representations which
implies that edim(BS(Cay(Z, ®7Z;))) < 3.
On the other hand, suppose that edim(BS(Cay(Z, ® Z,))) = 2, then there are the same
possibilities as in case (1) and contradictions can be deduced analogously. This implies

that edim(BS(Cay(Z, ®Z,))) = 3 in this case, which completes the proof.
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Chapter 7

Conclusion and Open Problems
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In this thesis first we have found the M-polynomial and entropy of generalized Sierpin-
ski graphs of some particular graphs. We have also studied the degree based topological
indices of paraline graphs such as Randic index, general Randic index, Zagreb index, gen-
eral sum connectivity index, first and second multiple Zagreb indices, geometric index,
atom bond connectivity index for para-line graphs of some chemical structures such as
Phenylene, Anthracene, Benzenoid, and Pentacene. There are still other classes of gen-
eralized Sierpinski graphs and many chemical networks whose degree based topological,
M-polynomials and entropy of line and paraline graphs are not found. Thus we give fol-
lowing open problems.

Open Problem 1.

Find the M-Polynomial for the line graph of other classes of generalized Sierpinski graphs.
Open Problem 2.

Find the entropy for the line graph and the para-line graph of generalized Sierpinski graphs.
In Chapter five, we studied Estrada index, Energy, Inertia, Nullity, and Signature of Pheny-
lene, Anthracene, Bismuth Tri-iodide and BRE. The following inequalities E,(P) > E(P),
EE,(P) > EE4(P), Ex(A) > E4(A) and EE,(A) > EE(A) have been observed between ex-
act and estimated values of energy of Phenylene and Anthracene.

AlS0 Epyt(B) > Eest(B), EEoyt(B) > EEeg(B), Ext(BRE) > Eo(BRE) and EE,,; (BRE) >
EE,y(BRE) have been observed between exact and estimated values of energy of Bismuth
Tri-iodide and BRE. One can also use the method used to find the spectrum based indices
in this thesis to find the results for other chemical structures.

We use quadratic equations to estimates these results one can use other types of equations
to find energy of the above mention structures and give better approximation than we found
using quadratic equations.

Open Problem 3.

Use other types of equations to estimates the energy and Estrada index of other structures.
In chapter six, we have explained the notion of distance related parameters such as metric
dimension and edge metric dimension and computed the edge metric dimension for the

barcycentric subdivision of Cayley graph .
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