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Abstract 

In this project, a new modification of Homotopy perturbation method (HPM), called New 

Homotopy Perturbation Method (NHPM), has been applied for solving systems of non-linear 

partial differential equations. In chapter 2 we solved differential equations by HPM and in 

chapter 3 we solved same differential equations by NHPM. HPM and NHPM methods have 

been applied to three examples successfully and achieved approximate solutions. The basic 

idea described in this project is strong enough to be employed to solve other differential 

equations. The computations associated with the examples were performed using 

Mathematica 9.  

 



1 
 

Contents 

1 Introduction....................................................................................................................... 2 

 1.1 Homotopy Perturbation Method (HPM)…………………………………………… 3 

  1.1.1 Basic Idea of HPM……………………………………………………..... 3 

 1.2 New Homotopy Perturbation Method (NHPM)…………………………………… 4 

  1.1.2 Basic Idea of NHPM…………………….……………………………..... 4 

2 Solution of Differential Equations by Homotopy Perturbation Method…………… 7 

 2.1 Example 1…………………………………………………………………………. 8 

 2.2 Example 2………………………………………………………………………….. 9 

 2.3 Example 3…………………………………………………………………………. 11 

3 Solution of Differential Equations by New Homotopy Perturbation Method……… 15 

 3.1 Example 1…………………………………………………………………………. 16 

 3.2 Example 2………………………………………………………………………….. 22 

 3.3 Example 3…………………………………………………………………………. 25 

 References……………………………………………………………………………….. 30 

 

 

 

 

 

 

 

 

 

 



2 
 

 

 

 

 

 

 

 

 

Chapter 1 

Introduction  
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1.1 Homotopy Perturbation Method 

In recent years, the Homotopy perturbation method (HPM), first proposed by dr. Ji Huan He [1], 

has successfully been applied to solve many types of linear and nonlinear functional equations. 

This method, which is a combination of Homotopy in topology and classic perturbation 

techniques, provides us with a convenient way to obtain analytic or approximate solutions for a 

wide variety of problems arising in different fields. Dr. He used HPM to solve Lighthill 

equation[2], Duffing equation[3] and Blasius equation[4], and then the idea found its way in 

sciences and has been used to solve nonlinear wave equations[5], boundary value problems[6], 

quadratic Riccati differential equations[7], integral equations[8], Klein Gordon[9] and sine 

Gordon equations[10], initial value problems[11], Schrödinger equation[12], Emden Fowler type 

equations[13], nonlinear evolution equations[14], differential-difference equations[15], modified 

KdV equation[16] and many other problems. This wide variety of applications shows the power 

of HPM in solving functional equation. Studying the method, we understand that the idea is 

straightforward, but everyone has solved his/her own problem. 

1.1.1   Basic Idea of Homotopy Perturbation Method 

Homotopy perturbation method (HPM) is a novel and effective method, and can solve various 

nonlinear equations. To illustrate the basic ideas of the HPM, we consider the following general 

nonlinear differential equation: 

     0A y f r   (1.1) 

with boundary conditions 

 , 0,   
y

B y r
r


 

  
 

 (1.2) 

Where A  is a general differential operator, B is a boundary operator, f(r) is a known analytic 

function, and  is the boundary of the domain .The operator A  can be generally divided into 

two parts L  and N , where L  is linear while N  is non-linear. Therefore, equation (1.1) can be 

written as follows: 

       0L y N y f r    (1.3) 

We construct homotopy of equation (1.1) 

    , : 0,1y r p    (1.4) 
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            0, 1 ] [ 0,   H y p p L y L y p A y f r r          (1.5) 

Where [0,1]p is an embedding parameter and 0y
 
is an initial approximation which satisfies 

the boundary conditions. From equation (1.4) and (1.5) 

      0,0 0H y L y L y    (1.6) 

      ,1 0H y A y f r    (1.7) 

Thus the changing process from of p  0 to 1 is just that of  ,y r p  from  0y r  to  y r . In 

topology this is called deformation and    0L y L y and    A y f r  are called homotopy. 

Here the embedding parameter is introduced much more natural, unaffected by artificial factors, 

further it can be considered as small parameter, for 0 1p  . So it is very natural to assume that 

the solution of equation (1.4) and (1.5) can be expressed as: 

        2

0 1 2 ...y x u x pu x p u x     (1.8) 

According to HPM, the approximate solution of (1.5) can be expressed as a series of the power 

of p[17] 

   0 1 2
1

lim ...
p

y it y u u u


    
 (1.9) 

1.2 New Homotopy Perturbation Method 

The new homotopy perturbation method(NHPM) is a modified homotopy perturbation method 

(HPM).The new homotopy perturbation method (NHPM) was proposed by Biazar an Eslami 

[18] and has same application as HPM. 

1.2.1Basic Idea of New Homotopy Perturbation Method 

The general form of a system of PDEs can be considered as the following: 

 
   1 2 1 1 1 2, ,..., , , ,..., , ,..., , ,   1,...,

j

j n n j n

U
N x x x t u u g x x x t j n

t



  


 (1.10) 

with the following initial conditions, 

    1 2 1 1 2 1, ,..., , , ,...,j n j nU x x x t f x x x 
,

1,...,j n  (1.11) 
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Here 1,..., nN N  are non-linear operators, which usually depend on the functions iu  and their 

derivatives, and 1, 2 ,..., ng g g  are inhomogeneous terms. 

For solving (1.10), by using NHPM, we construct the following homotopy: 

 

 

 
 1 2 1 1 2

1 ,0 0,   1,2,...,

, ,..., , , , ,...,

j

j

j n n j

U
U

q uj q j nt
t

N x x x t U U U g

 
   

              

(1.12) 

or 

 
  0 0 1 2 1 1 2, ,..., , , ,...,

j

j j j n n j

U
u q u N x x x U U U g

t



   

  

 

(1.13) 

Applying the inverse operator  1 .L dt   to both sides of Eq. (1.13), we obtain 

 
   

  

0

0

1 2 1 1 2 1 0 0

1 2 1

, ,..., , , ,..., ,

   , ,..., , , ,...,

t

j n j n j

t

t

j j n j n j

t

U x x x t U x x x t u dt

p u N x x x t U U g dt

 



 

  





 (1.14) 

where 

    1 2 1 0 1 2 1 0, ,..., , , ,..., ,j n j nU x x x t u x x x t   
(1.15) 

 2

0 1 2...,j j j jU U qU q U    (1.16) 

where ,  1, 2,3,..., ,   1, 2,3,...,   ijU i n j n   are functions which should be determined. Suppose 

that the initial approximations of the solutions of Eq. (1.10) are in the following form: 

 
     0 1 2 1 , 1 2 1

0

, ,..., , , ,..., , 1,2,...,j n i j n j

j

U x x x t a x x x p t i n


 



   (1.17) 

here  , 1 2 1, ,...,i j na x x x 
, 1,2,3,..., ,  1,2,3,...,  i n j n  are unknown coefficients    1, ...op t p t are 

specific functions. Substituting (1.16) and (6) into (1.14) and equating the coefficients of p with 

the same powers leads to
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     

 

    

 

0

0

0

0

,0 1 2 1 1 1 2 1

0

1

,1 1 2 1

1 2 1 1,0 2,0 ,0

0

2

,2 1 2 1

1 2

:   , ,..., , , ,...,

:   , ,..., ,

     , ,..., , , , ,..., ,

:   , ,..., ,

     , ,...,

t

i n n ij j
t

j

i n

t
t

ij j i n n j
t

j t

i n

i

p U x x x t f x x x a p t dt

p U x x x t

a p t dt N x x x t U U U g dt

p U x x x t

N x x



 













 



 





 

  

  

 

  

0

0

1 1,0 2,0 ,0 1,1 2,1 ,1

, 1 2 1

1 2 1 1,0 2,0 ,0 1, 1 , 1

, , , ,..., , , , ,..., ,

           

:   , ,..., ,

      , ,..., , , , ,..., , ,..., ,..., ,

t

n n n
t

j

i j n

t

i n n j n j
t

x t U U U U U U dt

p U x x x t

N x x x t U U U U U dt





  

















 


 






 (1.18) 

Now if we solve these equations in such a way that  ,1 1 2 1, ,..., , 0i nU x x x t   then Eq. (1.18) 

yields

     ,2 1 2 1 ,3 1 2 1, ,..., , , ,..., , ... 0i n i nU x x x t U x x x t     (1.19) 

Therefore, the exact solution may be obtained as the following: 

    

   
0

1 2 1 ,0 1 2 1

1 2 1

0

, ,..., , , ,..., ,

, ,..., ,    i=1,2,...,n

i n i n

t

i n ij j
t

j

u x x x t U x x x t

f x x x a p t dt

 







  



 


 
 (1.20) 

It is worth mentioning that if  1 2 1, ,..., ,j ng x x x t
 and  ,0 1 2 1, ,..., ,i nu x x x t

 are analytic around 

0t t then their Taylor series can be defined as: 

 
    ,0 1 2 1 1 2 0

0

, ,..., , , ,...,i n ij n

j

u x x x t a x x x t t






   (1.21) 

 
    1 2 1 1 2 0

0

, ,..., , , ,...,j n ij n

j

g x x x t a x x x t t








   (1.22) 
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Chapter 2 

Solution of Differential Equations by Homotopy 

Perturbation Method  
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2.1   Example 1 

Consider the following system of three-dimensional partial differential equations: 

 
1

1

u u v u
v x y t

t x t y

v v u v
u x y t

t x t y

    
          


         

    

 
(2.1) 

  

 

, ,0 1

, ,0 1

u x y x y

v x y x y

  

  
 

Solution: 

First we apply the HPM method. 

Suppose our linear operator is tU  and tV . 

Homotopy equation is following as: 

 
    

    
0

0

1 1 0

1 1 0

t t x t y

t t x t y

q U u q U VU VU x y t

q V v q V UV U V x y t

          


          
 

(2.2) 

as we know that, 

 
 

 

2 3

0 1 2 3

2 3

0 1 2 3

, , ...

, , ...

U x y t u qu q u q u

V x y t v qv q v q v

     


     
 

(2.3) 

Substituting eq. (2.3) in eq. (2.2) 

   

 

  

  

2 3

0 1 2 3 0

2 3

0 1 2 3

2 3 2 3

0 1 2 3 0 1 2 3

2 3 2 3

0 1 2 3 0 1 2 3

1

1

t t t t

t t t t

x x x x

t t t t y y y y

q u qu q u q u u

u qu q u q u

v qv q v q v u qu q u q u
q

v qv q v q v u qu q u q u

x y t

     

    
 
       
 
       
 
     

 
(2.4) 

   

 

  

  

2 3

0 1 2 3 0

2 3

0 1 2 3

2 3 2 3

0 1 2 3 0 1 2 3

2 3 2 3

0 1 2 3 0 1 2 3

1

0

1

t t t t

t t t t

x x x x

t t t t y y y y

q v qv q v q v v

v qv q v q v

u qu q u q u v qv q v q v
q

u qu q u q u v qv q v q v

x y t

     

    
 
       

 
       
 
     

 (2.5) 
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Comparing identical powers of q : 

 
0 00

0 0

0
:

0

t

t

u u
q

v v

 


 
 (2.6) 

 
1 0 0 0 0 01

1 0 0 0 0 0

1 0
:

1 0

t x t y

t x t y

u u v u v u x y t
q

v v u v u v x y t

       


       

 (2.7) 

 
2 0 1 1 0 0 1 1 02

2 0 1 1 0 0 1 1 0

0
:

0

t y x t y t y

t x x t y t y

u v u v u v u v u
q

v u v u v u v u v

    


    

 (2.8) 

 
3 0 2 1 1 2 0 0 2 1 1 2 03

3 0 2 1 1 2 0 0 2 1 1 2 0

0
:

0

t x x x t y t y t y

t x x y t y t y t y

u v u v u v u v u v u v u
q

v u v u v u v u v u v u v

      


      

 (2.9) 

 

By solving the above equations, we get: 

 
0

0

1

1

U x y

V x y

   


   
 (2.10) 

 
2

1

2

1

1
2

2

1

2

U t t

V t


  


 


 (2.11) 

 
3 2

2

2 3

2

1 1

6 2

1 1
2

2 6

U t t

V t t t


   


  


 (2.12) 

 
3 4 2

3

4 2

3

1 1 1
2

3 24 2

1 1

24 2

U t t t t

V t t


    


  


 (2.13) 

 

Therefore, the solution will be as follows: 

 
7 5 3

7 5 3

1 1 1
1 2 ...

5040 40 2

1 1 1
1 2 ...

5040 40 2

u x y t t t t

v x y t t t t


         


       


 (2.14) 

2.2   Example 2 

Consider the following system of two non-linear equation: 
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1 sin

1 cos

x

x

u u v
v u e t

x t t

v u v v u
e t

x t x t x

   
       


         

     

 

(2.15) 

  

 

0, sin

0, cos

u t t

v t t




 

Solution 

According to the homotopy perturbation method, we have following homotopies, When linear 

operator is xU  and xV : 

      

     

0

0

1 1 sin 0

1 1 cos 0

x

x x t t

x

x x t x t x

q U u q U VU UV e t

q V v q V U V VU e t

        


        

 (2.16) 

as 

 2 3

0 1 2 3

2 3

0 1 2 3

2 3

0 1 2 3

2 3

0 1 2 3

2 3

0 1 2 3

2 3

0 1 2 3

...

...

...

...

...

...

x x x x x

t t t t t

x x x x x

t t t t t

U u qu q u q u

V v qv q v q v

U u qu q u q u

U u qu q u q u

V v qv q v q v

V v qv q v q v

    


     


     


     
    

     

 (2.17) 

 

By substituting eq. (2.17) in eq. (2.16): 

   

  

    

2 3

0 1 2 3 0

2 3

0 1 2 3

2 3 2 3

0 1 2 3 0 1 2 3

2 3 2 3

0 1 2 3 0 1 2 3

1

        0

1 sin

x x x x

x x x x

t t t t

x

t t t t

q u qu q u q u u

u qu q u q u

q v qv q v q v u qu q u q u

u qu q u q u v qv q v q v e t

    

    
 
          
 
        
 

 (2.18) 

   

  

  

 

2 3

0 1 2 3 0

2 3

0 1 2 3

2 3 2 3

0 1 2 3 0 1 2 3

2 3 2 3

0 1 2 3 0 1 2 3

1

         0

1 cos

x x x x

x x x x

t t t t x x x x

t t t t x x x x

x

q v qv q v q v v

v qv q v q v

u qu q u q u v qv q v q v
q

v qv q v q v u qu q u q u

e t

     

    
 

       
  

       
 
  

 (2.19) 

By comparing identical powers of q : 
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0 00

0 0

0
:

0

x

x

u u
q

v v

 


 
 (2.20) 

  

 

1 0 0 0 0 01

1 0 0 0 0 0

1 sin 0
:

1 cos 0

x

x t t

x

x t x t x

u u v u u v e t
q

v v u v v u e t

      


     

 
(2.21) 

 
2 0 1 1 0 0 1 1 02

2 0 1 1 0 0 1 1 0

0
:

0

x t t t t

x t x t x t x t x

u v u v u u v u v
q

v u v u v v u v u

    


    
 (2.22) 

By solving the above system of differential equations, we will get the following results: 

 
0

0

sin

cos

U t

V t

 


 
 (2.23) 

 
1

1

sin sin

cos cos

x

x

U e t t

V x e t t

  


    

 (2.24) 

 

2

2

2

2 2 2

2

1
2 cos

2

cos sin 2cos cos 1

x x

x x

U e e x x t

V e t e t t x t






    


      

 (2.25) 

 

Therefore the solution will be as follows: 

 

.

2

2 2 2

1
sin 2 cos ...

2

cos sin cos 2cos cos 1...

x x x

x x x

u e t e e x x t

v e t e t e t t x t x



 


      


        

 (2.26) 

2.3 Example 3 

Consider the following non-linear system of inhomogeneous partial differential equations: 

 2

2

2

2

2

1
4

2

6

4 2 2

u w v w u
xt

t x t t x

v w u
t

t t x

w u v w
xt t

t x x t

    
    

    


   
  

   
   

     
    

 (2.27) 

Subject to the initial conditions 

  

 

 

2

2

2

,0 1

,0 1

,0 1

u x x

v x x

w x x

 

 

 

 
 

 

Solution: 
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By using Homotopy Perturbation method. 

Suppose our linear operator be ,t tU V  and tW . 

So our Homotopy equation will be as follows: 

 
  

    

    

0

0

0

1
1 4 0

2

1 6 0

1 4 2 2 0

t t x t t xx

t t t xx

t t xx xx t

q U u q U W V WU xt

q V u q V WU t

q W u q W U V W xt t

 
        

  
      


         



 

 

 

(2.28) 

as, 

 2 3

0 1 2 3

2 3

0 1 2 3

2 3

0 1 2 3

2 3

0 1 2 3

2 3

0 1 2 3

2 3

0 1 2 3

2 3

0 1 2 3

2 3

0 1 2

...

...

...

...

...

...

...

x x x x x

xx xx xx xx xx

t t t t t

x x x x x

t t t t

U u qu q u q u

V v qv q v q v

W w qw q w q w

U u qu q u q u

U u qu q u q u

U u qu q u q u

V v qv q v q v

V v qv q v q v

    

    

    

    

    

    

    

    3

2 3

0 1 2 3

2 3

0 1 2 3

...

...

...

t

x x x x x

t t t t t

W w qw q w q w

W w qw q w q w



    

    

 (2.29) 

So 

 
 

 

  

0 1

2 3

2 3 0

2 3

0 1 2 3

2 3 2 3

0 1 2 3 0 1 2 3

0 1 0 1

2 3 2 3

2 3 2 3

1

             0

1
4

2

t t

t t

t t t t

x x x x t t t t

t t xx xx

t t xx xx

u qu
q

q u q u u

u qu q u q u

q w qw q w q w v qv q v q v

w qw u qu
xt

q w q w q u q u

 
  

   

 
 

    
 

        
 

              

 (2.30) 
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 

 

0 1

2 3

2 3 0

0 1 0 1

2 3 2 3

2 3 2 3

2 3

0 1 2 3

1

               0

6

t t

t t

t t t t

t t t t

xx xx xx xx

v qv
q

q v q v v

v qv w qw

q v q v q w q wq

u qu q u q u t

  
  

  

       
    

      
 
    
 

 (2.31) 

 

 
 

0 1

2 3

2 3 0

0 1 0 1

2 3 2 3

2 3 2 3

0 1 0 1

2 3 2 3

2 3 2 3

1

0

4 2 2

t t

t t

t t xx xx

t t xx xx

xx xx t t

xx xx t t

w qw
q

q w q w w

w qw u qu

q w q w q u q u

v qv w qw
q

q v q v q w q w

xt t

  
  

  

     
    

       
 

              
   
  
 

 (2.32) 

 

By equating identical powers of q, we will get the following system of equations: 

 
0 0

0

0 0

0 0

0

: 0

0

t

t

t

u u

q v v

w w

 


 
  

 (2.33) 

 
1 0 0 0 0 0

1

1 0 0 0

1 0 0 0 0

1
4 0

2

: 6 0

4 2 2 0

t x t t xx

t t xx

t xx xx t

u u w v w u xt

q v v w u t

w w u v w xt t


    


   

       



 (2.34) 

 
2 0 1 1 0 0 1 1 0

2

2 0 1 1 0

2 1 0 1 1 0

1 1
0

2 2

: 0

0

t x t x t t xx t xx

t t xx t xx

t xx xx t xx t

u w v w v w u w u

q v w u w u

w u v w v w


    


  

    



 (2.35) 

 

By solving the above system of equations we get: 
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 2

0

2

0

2

0

1

1

1

U x

V x

W x

 


  


  

 (2.36) 

 2

1

2

1

2 2

1

2

3

2

U xt

V t

w xt t

 


 


  

 (2.37) 

 
 

 

 

2

2

2

2

2

2

1
16 2

2

1
8 4

2

4 2

U x t

V x t

W x x t


  




  

 



 (2.38) 

Then the approximate solutions in series form are: 

 2 2

2 2

2 2

1

1

1

u x t

v x t

w x t

  


    


    

 (2.39) 
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Chapter 3 

Solution of Differential Equations by New Homotopy 

Perturbation Method 
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3.1 Example 1 

Consider the following system of three-dimensional partial differential equations: 

 
1

1

u u v u
v x y t

t x t y

v v u v
u x y t

t x t y

    
          


         

    

 (3.1) 

  

 

, ,0 1

, ,0 1

u x y x y

v x y x y

  

  
 

 

To solve Eq. (3.1) by using NHPM, we construct the following homotopies: 

 
     

     

0 0

0 0

, , , , , , 1

, , , , , , 1

U U V U
x y t u x y t q u x y t V x y t

t x t y

V V U V
x y t v x y t q v x y t U x y t

t x t y

    
         

    


                   

 (3.2) 

Applying inverse operator  1 .L dt    

       

       

0 0

0 0

0 0

0 0

, , , ,0 , , , , 1

, , , ,0 , , , , 1

t t

t t

U V U
U x y t U x y u x y t dt q u x y t V x y t dt

x t y

V U V
V x y t V x y v x y t dt q v x y t U x y t dt

x t y

   
          

    


                  

 

 

 (3.3) 

Using the following relations in above equations 

2 3

0 1 2 3

2 30 31 2

2 30 31 2

2 30 31 2

...

...

...

...

U U qU q U q U

U UU UU
q q q

x x x x x

U UU UU
q q q

y y y y y

U UU UU
q q q

t t t t t

    

  
    

    

  
    

    

  
    

    

 
(3.4) 

2 3

0 1 2 3

2 30 31 2

2 30 31 2

2 30 31 2

...

...

...

...

V V qV q V q V

V VV VV
q q q

x x x x x

V VV VV
q q q

y y y y y

V VV VV
q q q

t t t t t

    

  
    

    

  
    

    

  
    

    

 (3.5) 
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and have  

  

 

   

2 3

0 1 2 3

2 3

0 0 1 2 3

2 30 31 2

0 2 30 31 2
0 0

2 30 31 2

, ,0

, ,

, ,

1

t

U qU q U q U U x y

u x y t V qV q V q V

U UU U
q q q

x x x x

u x y t dt q dtV VV V
q q q

t t t t

U UU U
q q q x y t

y y y y

    

    
 
    

     
     

     
    

     
    
              


t

  

(3.6) 

  

 

   

2 3

0 1 2 3

2 3

0 0 1 2 3

2 30 31 2

0 2 30 31 2
0

2 30 31 2

, ,0

, ,

, ,

1

t

V qV q V q V V x y

v x y t U qU q U q U

V VV V
q q q

t t t t

v x y t dt q dtU UU U
q q q

t t t t

V VV V
q q q x y t

y y y y

    

    
 
    

      
     

     
    

     
    
              


0

t


 (3.7) 

 

By comparing the same power of q : 

 
     

     

0 0

00

0 0

0

, , , ,0 , ,

:

, , , ,0 , ,

t

t

U x y t U x y u x y t dt

q

V x y t V x y v x y t dt


 



  







 (3.8) 

 
   

   

0 0 0
1 0 0

01

0 0 0
1 0 0

0

, , , , 1

:

, , , , 1

t

t

U V U
U x y t u x y t V x y t dt

x t y
q

V U V
V x y t v x y t U x y t dt

x t y

    
         

   


                





 (3.9) 

 
 

 

0 0 01 1 1
2 0 1

02

0 0 01 1 1
2 0 1

0

, ,

:

, ,

t

t

U V UU U V
U x y t V V dt

x X t y t y
q

V U VV V U
V x y t U U dt

x X t y t y

      
     

      


                 





 (3.10) 
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 

 

00

00

, ,

:

, ,

t j
j k j kk

j k

kj

t j
j k j kk

j k

k

U UV
U x y t V dt

x t y
q

V VU
V x y t U dt

x t y

 



 



   
   

    


  
      





 (3.11) 

 

Assume 

 
           

           

0

0

0

0

, , , , , , ,0 , ,

, , , , , , ,0 , ,

n

n n n

n

n

n n n

n

u x y t a x y P t P t t U x y u x y o

v x y t b x y P t P t t V x y v x y o










   



  





 (3.12) 

 Solving the above equations for  0 , ,U x y t  and  0 , ,V x y t  

 
            

            

2 3

0 0 1 2 3

0

2 3

0 0 1 2 3

0

, , , ,0 , , , ,

, , , ,0 , , , ,

t

t

U x y t u x y a x y a x y t a x y t a x y t dt

V x y t v x y b x y b x y t b x y t b x y t dt


     



    







 (3.13) 

Now by substituting eq. (3.14) in eq. (3.9)  

 

 

        

           
           

2 3

0 1 2 3

2 3

1 0 1 2 3
0

0

2 3

0 1 2 3
0

, , , ,  

, , , ,0 , , , ,

, ,0 , , , ,

t
t

t

x

a x y a x y t a x y t a x y t

U x y t v x y b x y b x y t b x y t b x y t dt dt

u x y a x y a x y t a x y t a x y t dt

 
     

 
     
 
 

     
 

 



 (3.14) 

 

 

        

           
           

2 3

0 1 2 3

2 3

1 0 1 2 3
0

0

2 3

0 1 2 3
0

, , , ,  

, , , ,0 , , , ,

, ,0 , , , ,

t
t

t

x

b x y b x y t b x y t b x y t

V x y t u x y a x y a x y t a x y t a x y t dt dt

v x y b x y b x y t b x y t b x y t dt

 
     

 
     
 
 

     
 

 



 (3.15) 

 Or 
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 

        

           
         

2 3

0 1 2 3

2 3

0 1 2 3
0

1

2 30

0 1 2 3
0

, , , ,  

1 , , , ,
, ,

1 , , , ,

1

t

t

t

a x y a x y t a x y t a x y t

x y b x y b x y t b x y t b x y t dt
U x y t dt

a x y a x y t a x y t a x y t dt

x y t

     
 
 

     
 

  
     
 
     






 (3.16) 

 

 

        

         
         

2 3

0 1 2 3

2 3

1 0 1 2 3
0

0

2 3

0 1 2 3
0

, , , ,  

, , 1 , , , ,

1 , , , ,

t
t

t

b x y b x y t b x y t b x y t

V x y t x y a x y a x y t a x y t a x y t dt dt

b x y b x y t b x y t b x y t dt

 
     

 
       
 
 

     
 

 



 (3.17) 

 

0r 
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 

        

 
   

   

        

           

       

2 3

0 1 2 3

0 1

2 30
2 3

2 3

0 1 2 3
0

2

0 0 0 1 0 2

3

0 3 1 0 1

1

, , , ,  

, ,
1 1

, ,

, , , ,

, , , , , ,

, , , , ,

, ,

t x x

x x

t

x x x

x x

a x y a x y t a x y t a x y t

a x y a x y t
x y x y dt

a x y t a x y t

b x y b x y t b x y t b x y t dt

b x y a x y b x y a x y t b x y a x y t

b x y a x y t b x y a x y t b x

U x y t

    

  
      

  

    

  

 







   

           

           

           

   

   

2

1

3 4 2

1 2 1 3 2 0

3 4 50 0
2 1 2 2 2 3

3 4 5

3 0 3 1 3 2

6

3 3

0 1 2

,

, , , , , ,

, , , , , ,

, , , , , ,

, ,

, , ,

x

t t x x x

x x x

x x x

x

y a x y t

b x y a x y t b x y a x y t b x y a x y t
dtdt

b x y a x y t b x y a x y t b x y a x y t

b x y a x y t b x y a x y t b x y a x y t

b x y a x y t

b x y b x y t b x

 
 

 
 

   
 

  
 
   
 
  

 

 

   

           

           

           

           

     

2 3

3

2

0 0 0 1 0 2

3 2

0 3 1 0 1 1

3 4 2

1 2 1 3 2 0

3 4 5

2 1 2 2 2 3

3

3 0 3 1

,

, , , , , ,

, , , , , ,

, , , , , ,

, , , , , ,

, , , ,

y y y

y y y

y y y

y y y

y y

y t b x y t

b x y a x y b x y a x y t b x y a x y t

b x y a x y t b x y a x y t b x y a x y t

b x y a x y t b x y a x y t b x y a x y t

b x y a x y t b x y a x y t b x y a x y t

b x y a x y t b x y a x

 

  

  

  

  

      

   

0

0

4 5

3 2

6

3 3

, ,

, ,

1

t

t

y

y

dt

dt

y t b x y a x y t

b x y a x y t

x y t

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
 

 
 

 
 

 
 

 
 

 
 

 
 

  
 

 
 

  
 
    





 

 

 

(3.18) 
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 

        

 
   

   

        

           

       

2 3

0 1 2 3

0 1

2 30
2 3

2 3

0 1 2 3
0

2

0 0 0 1 0 2

3

0 3 1 0 1

1

, , , ,  

, ,
1 1

, ,

, , , ,

, , , , , ,

, , , , ,

, ,

t x x

x x

t

x x x

x x

b x y b x y t b x y t b x y t

b x y b x y t
x y x y dt

b x y t b x y t

a x y a x y t a x y t a x y t dt

a x y b x y a x y b x y t a x y b x y t

a x y b x y t a x y b x y t a x

V x y t

    

  
      

  

    

  

 







   

           

           

           

   

   

2

1

3 4 2

1 2 1 3 2 0

3 4 50 0
2 1 2 2 2 3

3 4 5

3 0 3 1 3 2

6

3 3

0 1 2

,

, , , , , ,

, , , , , ,

, , , , , ,

, ,

, , ,

x

t t x x x

x x x

x x x

x

y b x y t

a x y b x y t a x y b x y t a x y b x y t
dtdt

a x y b x y t a x y b x y t a x y b x y t

a x y b x y t a x y b x y t a x y b x y t

a x y b x y t

a x y a x y t a x

 
 

 
 

   
 

  
 
   
 
  

 

 

   

           

           

           

           

     

2 3

3

2

0 0 0 1 0 2

3 2

0 3 1 0 1 1

3 4 2

1 2 1 3 2 0

3 4 5

2 1 2 2 2 3

3

3 0 3 1

,

, , , , , ,

, , , , , ,

, , , , , ,

, , , , , ,

, , , ,

y y y

y y y

y y y

y y y

y y

y t a x y t

a x y b x y a x y b x y t a x y b x y t

a x y b x y t a x y b x y t a x y b x y t

a x y b x y t a x y b x y t a x y b x y t

a x y b x y t a x y b x y t a x y b x y t

a x y b x y t a x y b x

 

  

  

  

  

      

   

0

0

4 5

3 2

6

3 3

, ,

, ,

1

t

t

y

y

dt

dt

y t a x y b x y t

a x y b x y t

x y t

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
 

 
 

 
 

 
 

 
 

 
 

 
 

  
 

 
 

  
 
    





 

(3.19) 

By vanishing of    1 1, , ,  , ,U x y t V x y t , the coefficients    , ,  , ,   1,2,3,...n na x y b x y n   as 

determined, 

          

         

0 1 2 3 4

0 1 2 3 4

, 1, , , , , ... 0

, 1, , , , , ... 0

a x y a x y a x y a x y a x y

b x y b x y b x y b x y b x y

      


       

 
 

(3.20) 

Therefore, we obtain the solution, 
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       

   

       

   

2

0 0 1

3 4

2 3

2

0 0 1

3 4

2 3

1
, , , , 1 , ,

2

1 1
                , , ... 1

3 4

1
, , , , 1 , ,

2

1 1
                 , , ... 1

3 4

u x y t U x y t x y a x y t a x y t

a x y t a x y t x y t

v x y t V x y t x y b x y t b x y t

b x y t b x y t x y t


      


     


      


     


 

 

(3.21) 

3.2 Example 2 

Now we have to solve by NHPM, first we construct homotopy 

 
       

       

0 0

0 0

, , , 1 sin

, , , 1 cos

x

x

U U V
x t u x t p u x t V U e t

x t t

V U V V U
x t v x t p v x t e t

x t x t x

    
           


                

 (3.22) 

Applying inverse operator  1

0
.

x

L dx    to both sides of the above equation, we obtain, 

 
         

         

0 0
0 0

0 0
0 0

, 0, , , 1 sin

, 0, , , 1 cos

x x
x

x x
x

U V
U x t U t u x t dx p u x t V U e t dx

t t

U V V U
V x t V t v x t dx p v x t e t dx

t x t x

   
           


                  

 

 

 (3.23) 

As we know that 
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 (3.24) 

Substituting eq. (3.25) in eq. (3.24) 
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 (3.26) 

 

Now equating the identical powers of q, we will obtain the following results, 
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 (3.28) 

 
 

 

01 1 1
2 0 1 0 1

0
2

0 0 0 01 1 1 1
2

0

,

:

V ,

x

x

UU V V
U x t V V U U dx

t t t t
q

U V V UV U U V
x t dx

t x t x t x t x

    
    

     


                      





 (3.29) 
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Assume that 
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 (3.31) 

Using eq. (2.54) in eq. (2.53) to find  1 ,U x t  and  1V ,x t . 
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 (3.32) 

 

Solving the above equations, 
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(3.33) 
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(3.34) 

 

By vanishing of  1 ,U x t  and  1 ,V x t the coefficients    ,     n=1,2,3,...n na t b t  are obtained as 

follows 
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This implies that 
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 (3.35) 

3.3 Example 3 

Consider the following non-linear system of inhomogeneous partial differential equations: 
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 (3.36) 

Subject to the initial conditions, 
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Solution: 

For solving this system by using NHPM, we consider the following homotopy: 
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 (3.37) 

Applying inverse operator  1

0
.

t

L dt    to both sides of (2.71) leads to the results, 
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 (3.38) 

Again using (2.7) in (2.72) and then equating the same powers of q, we have 
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As we know that, 
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If we set the Taylor series of  1 ,U x t ,  1 ,V x t  and  1 ,W x t at 0t  ,then 

         

         

   

           

         

1 0 0 0

1 1 0 0 1
2

0 0

2 3 1 0 0 1
3

2 1 0 0 1

, 2

1 1 1

2 2 2

1
2

4

1 1 1 1

3 2 3 6

1 1 1

3 12 6

U x y a x xb x c x t

a x xb x b x c x c x

t

a x c x x

a x xb x b x c x b x c x

t

c x a x c x a x c x

    

 
     

 
   
 

 
      

 
     
 



 (3.44) 

       

       

           

1 0 0

2

1 1 0 0

3

2 2 0 1 1 0

, 2

1 1
3

2 2

1 2 1 1

3 3 6 3

....

V x y b x c x t

b x c x c x a x t

b x c x c x a x c x a x t

   

 
     

 

 
     

 



 (3.45) 

 

       

         

         

   

1 0 0

21 0 1 0 0

2 1 2 0 1
3

1 0

, 2

1 1

2 2

2 1

1 1 2 1

3 6 3 3

1

6

.....

W x y c x xc x t

c x a x xc x b x c x
t

x

c x a x xc x b x c x

t

b x c x

   

 
       

 
 

 
    

 
  
 



 (3.46) 

 

It follows easily 
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