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Abstract

In this project, a new modification of Homotopy perturbation method (HPM), called New
Homotopy Perturbation Method (NHPM), has been applied for solving systems of non-linear
partial differential equations. In chapter 2 we solved differential equations by HPM and in
chapter 3 we solved same differential equations by NHPM. HPM and NHPM methods have
been applied to three examples successfully and achieved approximate solutions. The basic
idea described in this project is strong enough to be employed to solve other differential
equations. The computations associated with the examples were performed using

Mathematica 9.

viii



1

Contents

INEFOAUCTION. ... ettt 2
1.1 Homotopy Perturbation Method (HPM)...........cooviiiiiiiiieee, 3

1.1.1 Basicldea of HPM.........oii 3
1.2 New Homotopy Perturbation Method (NHPM)............cooiiiiiiiiiiiee 4

1.1.2 Basic ldea Of NHPM..... ..ot 4
Solution of Differential Equations by Homotopy Perturbation Method............... 7
2.1 BXamMPIe L. 8
2.2 BXAMPIC 2. e 9
2.3 BXAMIPIe 3. e 11
Solution of Differential Equations by New Homotopy Perturbation Method......... 15
3.1 EXaAMPIe L. 16
32 EXaMPIE 2. 22
3.3 EXAMPIE 3. 25
RETOIONCES. ..ot 30



Chapter 1

Introduction



1.1Homotopy Perturbation Method

In recent years, the Homotopy perturbation method (HPM), first proposed by dr. Ji Huan He [1],
has successfully been applied to solve many types of linear and nonlinear functional equations.
This method, which is a combination of Homotopy in topology and classic perturbation
techniques, provides us with a convenient way to obtain analytic or approximate solutions for a
wide variety of problems arising in different fields. Dr. He used HPM to solve Lighthill
equation[2], Duffing equation[3] and Blasius equation[4], and then the idea found its way in
sciences and has been used to solve nonlinear wave equations[5], boundary value problems[6],
quadratic Riccati differential equations[7], integral equations[8], Klein Gordon[9] and sine
Gordon equations[10], initial value problems[11], Schrddinger equation[12], Emden Fowler type
equations[13], nonlinear evolution equations[14], differential-difference equations[15], modified
KdV equation[16] and many other problems. This wide variety of applications shows the power
of HPM in solving functional equation. Studying the method, we understand that the idea is
straightforward, but everyone has solved his/her own problem.

1.1.1 Basic Idea of Homotopy Perturbation Method

Homotopy perturbation method (HPM) is a novel and effective method, and can solve various
nonlinear equations. To illustrate the basic ideas of the HPM, we consider the following general

nonlinear differential equation:

A(y)-f(r)=0 (1.1)
with boundary conditions
oy
Bly,— |=0, A ,
(y 8rj re (1.2

Where A is a general differential operator, B is a boundary operator, f(r) is a known analytic
function, and Ais the boundary of the domainQ .The operator A can be generally divided into
two parts L and N, where L is linear while N is non-linear. Therefore, equation (1.1) can be

written as follows:

L(y)+N(y)—f(r)=0 (1.3)
We construct homotopy of equation (1.1)
y(r,p):Qx[0,1] > A (1.4)



H(y, p)=(1=p)[L(¥)+L(¥o)I+ PIA(Y)- F (r)]=0, reQ (1.5)
Where p €[0,1]is an embedding parameter and Y, is an initial approximation which satisfies
the boundary conditions. From equation (1.4) and (1.5)
H(y,0)=L(y)-L(y,)=0 (1.6)
H(y.1)=A(y)-f(r)=0 (L.7)
Thus the changing process from of p 0 to 1 is just that of y(r, p) from y,(r) to y(r). In
topology this is called deformation and L(y)—L(y,)and A(y)—f(r) are called homotopy.

Here the embedding parameter is introduced much more natural, unaffected by artificial factors,
further it can be considered as small parameter, for 0 < p <1. So it is very natural to assume that
the solution of equation (1.4) and (1.5) can be expressed as:

y(X) =Uy (X)+ pu, (X)+ pu, (X)+... (1.8)
According to HPM, the approximate solution of (1.5) can be expressed as a series of the power

of p[17]

yzllmllt(y):u0+ul+u2+... (1.9)

1.2New Homotopy Perturbation Method

The new homotopy perturbation method(NHPM) is a modified homotopy perturbation method
(HPM).The new homotopy perturbation method (NHPM) was proposed by Biazar an Eslami
[18] and has same application as HPM.

1.2.1Basic lIdea of New Homotopy Perturbation Method

The general form of a system of PDEs can be considered as the following:
oU;

-t N (X0 Xgreees Xy Bl ey U ) = G5 (X0 X X, 1), =150, (1.10)

with the following initial conditions,

U (X X Xy 00 t) = £ (X X000 X 1) T =100 (1.11)



Here N,,..,N, are non-linear operators, which usually depend on the functions u, and their
derivatives, and g, 9,,...,g, are inhomogeneous terms.

For solving (1.10), by using NHPM, we construct the following homotopy:

oU .
oy, —1 .
(1—q) " —-uj,0 |[+q| ot =0, j=12,.,n (1.12)
+N; (%, Xy, X, 1UL,U,,00U ) =0,
or
oU .
Ejzujo—q(ujoﬁ-Nj(Xl,Xz,...,Xn_l,Ul,Uz,..-,Un)—gj) 113
Applying the inverse operator L™ = j(.)dtto both sides of Eq. (1.13), we obtain
t
Uj(xl,xz,...,xnfl,t):uj(xl,xz,...,xnfl,to)+.[uj0dt
ty
t (1.14)
_pj(uj+Nj(xl,xz,...,xn_l,t,Uj,...,Un)—gj)dt
f
where
U (X Xgeem Xy 10t ) = U (X0 Xgrevs X1 o) (1.15)
U, =U,,+qu, +qU .., (1.16)
where Uy, i=1,2,3,...,n, j=12.3,...,n are functions which should be determined. Suppose

that the initial approximations of the solutions of Eq. (1.10) are in the following form:

U i (X0 Xgeees X 1) = D80 5 (X0 X oo X g ) P (1)1 =12, (1.17)

j=0
here a,; (X, %, %), i=12,3,..,n, j=12,3,..,n are unknown coefficients p, (t), p, (t)... are
specific functions. Substituting (1.16) and (6) into (1.14) and equating the coefficients of p with

the same powers leads to



- t
_Za”-[ P (t)dt_J':(|\|i (Xl’X21""Xn—l’t’Ul,O’UZ,O"""Un,O)gj)dt

DU (X0 X X t) = (1.18)

_ t:(Ni(xl,x2,...,xnfl,t,UlyO,Uz'O,...,,Unyo,...,Ulvjfl,...,,Un'jfl))dt

Now if we solve these equations in such a way that U, , (X, X,,..., X, ;,t) =0 then Eq. (1.18)
yields
Ui, (X0 Xorees Xy 0o t) =U 5 (X, X000 X 1) =2 =0 (1.19)

Therefore, the exact solution may be obtained as the following:

fi(Xl’XZ""7Xn—1)+iaijj: p] (t)dt, i:112’_“’n (1'20)
R

It is worth mentioning that if g, (X, X,..., X, 5,t) and u; , (X, X,,..., X, 5,t) are analytic around

t =t,then their Taylor series can be defined as:

Ui o (X0 Xp 00y Xy g0 ) = 2‘% (X %o X3 ) (E—15) (1.21)
9, (X Xgree Xy g t) = ia*ij (X4, Xy X, ) (t—15) (1.22)
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2.1 Examplel

Consider the following system of three-dimensional partial differential equations:

ou ou ovau
——V————=1-x+y+t
ot ox ot oy
ov oV Ou ov
——U————=1-x-y-t
ot ox ot oy

Solution:
First we apply the HPM method.

Suppose our linear operator is U, and V,.
Homotopy equation is following as:
(1-9)(U,—u,)+q(U, -VU, VU, —1+x-y—t)=0
(L-a)(V, Vo) +a(V, UV, -UV, —1+ X+ y+1t)=0 }
as we know that,
U (X, y,t)=U,+0u, +q°u, +q°u, +...
V(X Y, t) =V, + v, + GV, + GV, +... }
Substituting eq. (2.3) in eq. (2.2)
(1-) (g + AUy, +G°Uy, +G Uy —Uy )+
(U, + Uy +GUy +0°uy ) -
(Vo + 0V, + 07V, + 0%V, ) (g, + QU + 07Uy, + U, )

2 3 2 3
_(VOt OV 0V +Q VSt)(UOy +qu, +qUy, +q Usy)

—-1+x-y-t

(1) (Vo + OV + 07V, + GV =V, ) +
(VOt +qvy, + qzvzt + q3V3t ) -
(U +qu; +G°U, + Uy ) (Vo + AV, + 07V, +0°V, )

2 3 2 3
_(UOt +qu, +q Uy +q u3t)(V0y vy, +QV,, +0 V3y)

1+ XxX+y+t

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)



Comparing identical powers ofq:

0. {Um_uozo

{u +Uy —Voly, —Vo Uy, =1+ X—y—-t=0

q
Vy Vo —UgVoy — Ug Oy—1+x+y+t:0
= VyUg, — Vol =0
T =0
-u le UVoy — uOtvly - ultVOy -
q —Volp, —Vily, —VoUg, — Vo Uy —Vy Uy — Vo Ugy = 0
—UgVoy — UV —UyVgy —Ug Vo) — Uy — Uy V= 0

By solving the above equations, we get:
U, =X+Yy —1}

Therefore, the solution will be as follows:

U=-1+x+ y+2t—it ENCHEN
5040 40 2

V=1+X- y+2t+it Nt
5040 40 2

2.2 Example 2
Consider the following system of two non-linear equation:

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)



ou ou oV -
——-V—+Uu—=-1+€"sint
ox ot ot

OV Ouov ovau x
————4+——=-1-¢€*cost (2.15)

OX Ot ox ot ox
u(0,t) =sint
v(0,t) =cost
Solution
According to the homotopy perturbation method, we have following homotopies, When linear

operator is U, and V, :

(1-9)(U, —u,)+a(U, ~VU, +UV, +1-e*sin(t)) =0
2.16
(1-a)(V, —v0)+q(VX ~UV +VU, +1+e™ cos(t)) =0 (2.16)

as
U =u,+qu, +q°u, +q°u, +...
V =V, +qv, +q°V, + v, +...
U, =U, +qu, +q°u, +q°u, +... (2.17)
Ut = Uy + QU +q2u2t +q3u3t +.. l

2 3
V, =V, +qVv;, +q°V,, +q°V,, +...

2 3
V=V +QVy, +q°V, + 07V, +...

By substituting eq. (2.17) in eq. (2.16):
(l_Q)(UOX +qu,, + q2u2x + q3u3X _uo)
Uy, +QUy, + q2u2x + q3u3x -
2 3 2 3 (2'18)

Q| (Vo +aV, + 07V, + 0%, + ) (Ug, + Aty +GUy, + 0%y ) + =0
(up +au, +0°u, + 0%y ) (Vo + Qv + 0%V, + 0V, ) +1-€”sin(t)

(1_ q)(VOX +QVy, + qzvzx + q3V3X _V0)+
Vox TV, + q2V2x + q3V3x -
(UOt +quy + q2u2t + q3u3t )(VOX Qv + qzvzx + qsvsx ) + (2.19)
+q
(Voo + Vi + 07V, + Gy, ) (Ugy + g, + U, + 0%y, ) +

1+e™cos(t)

By comparing identical powers of q:

10



Q- Uy, —U, =0
Vg =V, =0

.
. _{ulx + Uy +VUg, + UV, +1—€*sin(t) =0

—X
Vi, + Vg + Ug Vo, + ViU, +1+€7cos(t) =0

0 {UZX VU, + VU, +UgVy +U,Vy, =0
Vox —UgViy Uy Vo ViU + VU, = 0

By solving the above system of differential equations, we will get the following results:

U, =sint
V, =cost

U, =e*sint—sint
V, =—-X+e *cost—cost

1
U, =¢* —e_X—ZX—EXZ cost

2.
V, =—e*cos’t+e* sin®t+2cos °t + xcost —1

Therefore the solution will be as follows:

] _ 1
u=e*sint+e*—e x—2x—Ex2 cost +...

v=—e*cos’t+e*sint+e*cost+2cos*t+xcost—x—1...

2.3 Example 3

Consider the following non-linear system of inhomogeneous partial differential equations:

ou owov 1owdu
——————— —2:—4Xt
ot ox ot 2 ot ox

2
v_oweu g
ot ot ox

2
W_OU_NW_ st _ot—2
ot oOx OX

Subject to the initial conditions

u(x,0)=x*+1

v(x,0)=x"-1

w(x,0)=x*-1

Solution:

11

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)



By using Homotopy Perturbation method.

Suppose our linear operator be U,,V, and W, .

So our Homotopy equation will be as follows:
(1—C])(Ut _uo)"'Q(Ut -W.V, —%WtUXX +4th =0

(1-q)(V, — Uy ) +q(V, ~WU,, —6t) =0

(1-Q) (W, — U, )+ (W, ~U,, ~V, W, —4xt+ 2t +2) =0 (2.28)
as,
U =u, +qu, +q°u, +q°u; +...
V =V, +qV, +Q°V, +q°V, +...
W =W, +qw, +q°W, +q°W, +...
Ux = Uy + QU +q2U2X +q3U3X +...
U, =u,. +0qu.. +9°U,. +q°u,. +..
XX 0xx q 1xx 2q 2><x3 q 3XX (229)
U, =Uy +quy, + 97U, +g7Ug, +...
VX :VOX +qv1x +q2V2X +q3V3X +...
Vi = Vo +0Vy +q2V2t +q3v3t +...
W, = Wy, + QW +G°Wy, +G Wy, +...
W, = Wo, + QW + Wy, + Wy +..
So
uOt +qu1t
(1—Q)[ , , j
+0 Uy +QUg — U
2 3
(UOt +quy +q Uy +( Ust)— (2.30)

+q (W0x + W, + W, +q3W3x)(V0t + ¥y +Q7Vy + qsvst) =0

1 WOt + qut + qux + qulxx +
Tl 42 3 2 3 +4xt
2\ Q°Wy, + "Wy ) q°Uyy, + 07Uy,

12



Vo, +QVy, +
(1—q>[ S }
q V2t +q V3t VO
[vm+qvn+ J_[quww J (2.31)
q qzvzt +q3V3t qZWZt +q3W3t =0

( oxx T QUpg + q2u2xx + q3u3xx ) — 6t

W + QW5 +
(1—C{) 2 3 +
Q Wy + "Wy — W,

me + QW j_[ o + QU ]
+q2W2t + q3W3t +q u2xx + q3u3xx (2 32)
VOxx + qlex WOt + qwlt + _ 0 .
a) - 2 3 2 3 -
+q V2xx + q V3xx q W2t +q W3t
—AxXt+2t+2
By equating identical powers of g, we will get the following system of equations:
Uy —U, =0
q° 4V, —V, =0 (2.33)
W, —W, =0
1
Uy, + Uy — Wy, Vo, — > — Wy, Up,, +4xt=0
q i3V, +V, — WUy, —6t=0 (2.34)
W, + Wy —Ugy = Vo Wor —4Xt+2t+2=0
1
Uy = Woy Ve — Wi, Ve — EWOtulxx - EWIIUOXX =0
q2 . V2t WOtu Wltu0xx - O (235)
Wor = Upyy = Vo Wir = Vi Wo = 0

By solving the above system of equations we get:

13



U, =x"+1
V, =x? -1 (2.36)
W, = x* -1
U, =-2xt?
V, =32 (2.37)
w, = 2xt* —t?

U, :%(16x—2)t2

v, :%(8x—4)t2 (2.38)

W, = x(4x—2)t?

Then the approximate solutions in series form are:

u~l+x?—t
V=14 %%+t (2.39)

W~ —1+4 x> —t?

14
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3.1 Example 1

Consider the following system of three-dimensional partial differential equations:

u(xy,0)=x+y-1
V(X,y,0)=x-y+1

To solve Eqg. (3.1) by using NHPM, we construct the following homotopies:

ouU
ot

oV
ot

= (xy,t)=u (x,y,t)—q(uo(X,y,t) ™

8U oV oU

S 14x

ov ou oV

Applying inverse operator L™ = j(.)dt

U(xy.t)

V(X y.t)

t

0
t

0

— (% y.t)=V (X,y,t)—q(vo(x,y,t) U o gy

oU oV ou

Using the following relations in above equations

U=U,+qU,+qU,+q%U, +...

oU odu, o, ,o0U, 50U,
—= +q +q +

OX OX OX OX OX
@:auo qau1+q2 au2+qgau3
oy oy oy oy oy
au 6U qau1+q2 6U2+q3 ou,
6t ot ot ot ot

V =V, +qV, +qV, +q¥V, +...

6V av
8X 6x
oV av

oy 8y
VN,
ot ot

N, 2V

N, Vs

+0°—2+
axqﬁxqax

cq e
oy oy oy

3 OV,
ot ot ot

16

JE

+q°=+...

ot oy

=V (x,y,0)+ I o (X, y,t)dt— qj( (x,y,t)-U w a

:U(x,y,0)+j o (X, y,t)dt— qj( (xy,t)- V&————Hx y— tjd

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)



and have

Uy +qU, +qU, +q°U, =U (x,y,0)+
Uy (X, ¥,1) = (Vo + 0V, + 07V, +0%V; )
Vo, Y1, 2, o augj_

+
¢ t OX OX OX OX
Uy (X, y,t)dt— dt
Juoleydt-=af|fov, oV, .oV, sov,
ot ot ot ot

+q
o o oy oy

Vy+qV, + 0V, +gV, =V (x,y,0)+
Vo (X, y,t)—(UO +qU, +q°U, +q3U3)
Yt Do ).

au, au1+q2 au, o 8U3j—1+x—y—t

ot ot ot ot

t
Vo (% y,t)dt—qf Uy, Uy, 20U, | 2 U dt
I et ot ot ot

%+q%+q2%+q3%j—l+x+ y+t
oy oy oy oy

O ey —+

By comparing the same power of q:

Up (X y,t)=U (X, y,0)+j.uo(x, y,t)dt

q: t
Vo (% y,t)=V(xy,0)+ I o (X, y,t)dt
F au oV, oU
x t: u x t 0 42 0770 41-X+Vy+t |dt
ql. Y ![ oI Tt oy y j
' ‘ N, , Yy Y,
x t =||-v, (X, t +U,—+— +1-x—y—t|dt
Y I( A O - ]
t
(oyt) I( 8U1+180 NV, Y, | AV, AU, jdt
q2- ) X X ot oy ot oy

G U, oV, au, oV,
(X 3.1) I( Oa_><1+ulax at ay+ ot ayo a
0

17

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)



Assume

k=0 OX 6'[ 6y
td Vi, oU, oV,
(X y.t) jkz(;[uk ;( a ]dt
o (X, y:1) ia t),P,(t)=t"U(x,y,0)=u(x,y,0)
o (X Y1) =ib t),P,(t)=t"V(x,y,0)=v(x,y,0)

Solving the above equations for U, (x, y,t) and V, (X, y,t)

Uy (X, y,t)=u(x,y,0)+

(a0 (x,y)+a (X y)t+a,(x y)t* +a,(x, y)t3)dt

O t—

t

Vo (X, y,t)=V(x, y,0)+_|'(b0 (%, y)+b (X, y)t+b, (X, y)t* +b, (X, y)t3)dt

0

Now by substituting eq. (3.14) in eq. (3.9)

U, (x, y,t):j'

V,(x,,t)

Or

Il
[ ——

(—a0 (%)= (% y)t-a, (% y)t* —a; (x, y)t°) +

(3.11)

(3.12)

(3.13)

(v(x, y,0)+L:(bO (X, y)+b, (%, y)t+Db, (%, y)t? +b,(x, y)t3)dt) dt  (3.14)

(uX (x, y,0)+_[;(+a0 (% y)+a, (X, y)t+a,(x y)t* +a,(x, y)t3)dt)
(—b0 (% y)=b (X, y)t—b,(x, y)t* —by(x, y)t3)+
(u(x, y,O)+_|';(a0 (X, y)+a, (X y)t+a, (x y)t? +a,(x, y)ts)dt) dt

(vX (%, y,0)+f(:(+b0 (X, y) -+, (X, y)t+D, (X, y)t* +by (X, y)ts)dt)

18

(3.15)



(- —a, (X Y)t—a,(x y)t’ —a;(x, y)t*)+
( (x+y-1) +j (X, y)+by (X, y)t+b, (X, y)t? +b, (x, y)t )dt)

U, (x,y,t)= j' dt (3.16)
0 (1+J' +a (X, y)+a (X y)t+a, (X y)t* +a,(x, y)t )d)
+1-xX+y+t
( —by (%, y) =y (X, y)t—b, (X, y)t* —by(x, y)t3)+
V; (X, y,t)=I (x y+1+_|' (% y)+a, (X, y)t+a, (X y)t* +a,(x, y)t3)dt) dt  (3.17)

(1+I0 +by (%, Y)+by (X, y)t+b, (x, y)t? +b3(x,y)t3)dt)
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(3.18)

t
=
+
—
=]
=]
S -
S
o e +
L% = + +
+ o, = = = + oo, wL g
N = = > > + o~ = = =
— > > < 55 N = = > >
= E & < & = X = Z
- —
s S == TS S
a _ y - > —_
+ D e X < = = > >
= > 58 — —_— > < S o
o — o
+ —_ X = o o & V.,J x ~ = —
) ™ — + > — N o o)
o+ = = o+ 0 = o 2 3T 7
e N T S T + £ + 7 o< <
= > < I~ T =+ =2 e ==
X X Z T X X XX >~ 2 22z
o ™ A A - o
< =S T X = = < 20X X X X
- A i S & S < > = = Tz = =
S T
- .|.|_| pamd = . > > VU > T nal.v, < < «©
= = > < > 58 < X< >< N, =~ > > >
o > X< = X — — - — A <X X >
= — — ~ — g g o o - < = Z =
IR R & 2 £+ + + + e g g s S
@ S O I U DR T e e
N
— - D o T T D D 9+ L o, o, . 9
o — > > > > > > > 7 22 = 2
—_— o —~~ e~ — —~
> V_J < < X XX X X X< H > > > > > >
3 ~— ~— — ' — — ~—— —/~ - - -
> T = < =< = - < ~ > X > > > > >
S < P 3 S S 3
<’ > + © > 0> > = o> > >
= > A AN - e e e e
4+ e X X x X =< X< + > > > > > >
> > NN PN . - - o A >
2 ~ S— o =} o~ I - > X X x X x X =+
= I > O g9 o g L 5 > = = = = =
& > e — s XX & 5 g o & &
| + —= P—— — - —
~— > -+ — o) — —+
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(8 (0) b (0 )t-by (1Y) b, (1,9)0)

t X, ¥)+b, (X,
x—y+1+j0(x—y+1)[b22 5; +b( (y)y) ]dt

V,(xy.t)

Wy

(XY

XYt 4, (XY )by, (X Y)t +
y) ( y) 0x( y> dtdt+ dt  (3.19)
X,

X,

+8,(X,Y)by, (% Y)E +
)

t +a3(x y)by, (X, y)t° +

Il
O ——_—y —~
b
S
Qo
— — — —_—~~~ — —

Jt+a, (% y)t +a; (x y)t+

(6 y)By (%, Y+ (% Y )by (%,
X, ¥ )by, (X, y)t+a,(xy)by, (
)t +a, (X y)by,
t*+a,(xy)b,

Yt +
Y+

y)t+
(Yt +
)+

t'+a,(x y)b,, t°

(X,
(X,
(X,

y
y

By vanishing ofU,(x,y,t), V;(xy,t), the coefficients a, (x,y), b,(xy), n=123,... as
determined,
ao(xlY)=1.ai(><,y)=az(xyy)=ag(x,y)=a4(x,y)=.-.=0}
by (X, ¥) ==1b,(x,¥) =b, (%, y) =b; (x,y) =b, (x,y) = ..

Therefore, we obtain the solution,

Il
Il
o

(3.20)
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u(x, y,t)=Ug(x,y,t)=x+y-1+a,(x, y)t+%a1(x, y)tt+

%az(x’ y)t3+%a3(x,y)t4+...= X+y+t-1

v(x,y,t):VO(x,y,t)zx—y+1+b0(x,y)t+%bl(x,y)t2+ (3.21)
%bz(x, y)t3+%b3(x, Yt =x—y-t+l
3.2 Example 2
Now we have to solve by NHPM, first we construct homotopy
oU ouU oV .
—(x,t)=u,(x,t)—p| U, (x,t)-V —+U —+1-e€"sin(t
2 n0)=u(x0)- p[w(x)-v S0 S )
oV ouU oV oV oU (3.22)
—(x,t)=v, (X, t)=p| Vy (X, t)+ ——+——+1+€" cos(t
(1) = (1) [ v )+ 5 S 2L 2D )
Applying inverse operator L = j:(.)dx to both sides of the above equation, we obtain,
X X 8U 8V X A
U(x,t):U(O,t)+.[0 uo(x,t)dx—pj0 [uo(x,t)—vaw E+1—e sm(t)jdx
x ' UV oV ou (3.23)
V(x,t):V(O,t)+J'O vo(x,t)dx—pj0 [VO(X't)+E&+E&+1+e cos(t)jdx
As we know that
U=U,+qU,+qU,+qU, +...
V =V, +qV, +qV, +qV; +...
ou _ay, +q6U1 o ou, q ou, L
ox  oX OX OX OX
@:6U0+ 8U1+q2 6U2+q3 au3+m (3.24)
ot ot ot ot ot
%:%+q%+q2%+q3%+...
oX  0OX OX OX OX
NNy (N N

ot ot ot ot ot
Substituting eq. (3.25) in eq. (3.24)
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U, +qU, +q%U, +q%U, =U (0,t) + j

o (Xt

U (Xt )—(V0 +qV, +q°V, +q3\/3+...)

,0U,

)dx —

©
© x

(Up+qu

+1—e*sin

(au ou, U, ,au,
—=—0+q—*+q
ot ot oot ot

1+q2U2+q3U3)(

ot

(t)

+q

ot

ov 6V

6t

ot

M, eV,
ot ot

V, +qV, + 97V, + g%V, =V (0,t) + _[ o (X t)dx -

0 J«x OX B OX
0 8V 8V
ot ot

N _ N,

, 0U

ot ot
Ve Ve
OX OX

+
6tq8t

+

+q

ot

oV,

L OV

, 0U

Now equating the identical powers of g, we will obtain the following results,

1

Ul(x,t):jox(—uo(x,t)

oy ou, oy, ,adu,
- = +q +q
OX OX OX OX

. Uy (x,t)=U

+q

OX

Ot+J.

q°:
Vo (x8) =V (0,)+ [ vy (x,t) dx

ouU
2+3 3
)
3+77"3
— |+
q@xj
—3j

ot

3J+1+eX cos(t)

xtdx

‘i (t)jdx

q -
: oU, oV, aV, oU
V ,t — _ ,t _ 0 0 _ 0
(1) L>( % (x1) ot ox ot ox
v, My Yoy My M
" U u0)= [ B+ B0, T 0, B o

x( oU, 8V 6U v, 8V oy,
Vz(x,t)—'[o(

+q

dx

v, e

2 Vg

ot

8t8x
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ot ox

ot ox ot 0oXx

J

0_1—g* cos(t)j dx

0 jdx

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)



-oU, -0V, =0V, oV, y

Assume that

Ug (X, y,t):i;an (t)P,(x),P,(x)=x"U(xy,0)=u(x,y,0)

d
ot OX ot ox

Vo (X, y,t)znz_:bn (t)P,(x),P,(x)=x"V (x,y,0)=Vv(x,y,0)
Using eq. (2.54) in eq. (2.53) to find U, (x,t) and V,(x,t).
Uy (08) =U (00)+ [ 3y (t) +au (1) x+a, (t)x2+a3(t)x3)dx]

Vy (X,8) =V (0,8)+ [ (by (£) + by (£) b, (£)X° by (£)x° )

Solving the above equations,

—lal(t)+ ag (t)cos(t) .\ by (t)cos(t)

Ul(X,t)(aO(t)+sin(t))x+{ 2 2 2

by (t)sin(t) L8 (t)sin(t) . sin(t)
2 2 2

—=a,(t)+

3 6 6

1 ) al'(t)cos(t)+b1(t)cos(t)+

by (t)ag (t) bi(t)sin(t) . a, (t)sin(t)
3 6 6
_by(t)a, (t)+sin(t)

3 6
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(3.30)

(3.31)

(3.32)

(3.33)



Ly gy Ru(t)eos(t) b (t)a(t)
. (Xt):(—b()(t)—bo(t)cos(twJH I T T Y
o a, (t)sin(t)—cos(t)-1 ai(t)sin(t)_b(;(t)ao(t)+cos(t)
2 2 2
1 B0 BOS0) -
b (D3 (t) , a,(Dsin(t)_b(Ha ) | ..
3 3 6
_by(t)a(t) cos(t)
3 6

By vanishing of U,(xt) and V,(x,t)the coefficients a,(t),b,(t) n=1,2,3,... are obtained as

follows

a, (t)=sin(t),a,(t)=sin(t),a,(t) = %sin(t),a3 (1) =%sin(t),

_%Cos(t),a3 (t) =%COS('[),

=
—~~
—
~
Il
|
o
(@]
w
—~~
—
A —
ey
—~
—
~
Il
o
(@)
w
—~
—
N
(ox
N
—~~
—
N—
Il

a, (t)z—icos(t),...

This implies that
2 1

u(x,t):UO(x,t):sin(t)+a0(t)x+%a1(t)x t3% (t)x*+

1as(t)x4 +...=e"sin(t)
4 . . (3.35)
V(X,t) =V, (xt)=cos(t)+b, (t)x+§b1(t)x2 +§b2 (t)x*+

%bs (t)X* +...= e cos(t)
3.3 Example 3

Consider the following non-linear system of inhomogeneous partial differential equations:
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Subject to the initial conditions,

Solution:

For solving this system by using NHPM, we consider the following homotopy:

2,
Q(X’t):Uo(x’t)—Q(Uo(X,t)—%ﬂ—E%a v +4xt)

ot ox ot 2 ot ox’

oV ow o°U
E(X,t):VO(X,t)—Q(VO(X,t)—E 8)(2 —GtJ

oW o°U oV oW
E(X’t):WO(X,t)_q(wo(X1t)_¥_&a_4)(t+2t+2]

Applying inverse operator L™ = I;()dt to both sides of (2.71) leads to the results,

U(xt)=U (x,O)+I;u0(x,t)dt—

t oW oV  10W o%U
k| v )= 2 ot o

V(x8)=V (x,0)+ [ v, (x,t)dt -

t ow o°U
) —— —6t |dt
qj Vo (%.1) ot ox’ J

0

+4xt}dt

W(x,t):W(x,0)+I w, (x,t)dt -

t
0
2
qﬁ(wo(x,t)—a—U—a—V%—VX—4xt+Zt+2Jdt

Again using (2.7) in (2.72) and then equating the same powers of g, we have
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(3.36)

(3.37)

(3.38)



As we know that,

Uy (x,1) =Uq (%,0)+ [ Uy (x, )t
q°: Vo(x,t):Vo(x,0)+L:v0(x,t)dt
W, (%t) =W, (%,0)+ [ wy (x,t)d

t oW, oV, 16w oU
Ul(x,t)zjo(—uo(x,t)+ aXO 8t0+§ ato 6X2°—4xt)dt

2
; Vl(x,t):J:(—vo(x,t)+ag aau GtJdt

X
o°U, oV, oW,

Wl(x,t):J.;(—Wo(x,t)+ Ve + 6X0 at°+4xt—2t—2Jdt

aw oV, aw av 16W aZU 1 aw 62U
U, (xt)=[; 0 |t
6x6t axat Zatax 26t8x

2 2
: v2(x,t):j(aw o', , W, 0%, ]dt

X OX° Gx X

W (x.1) - az_u oV, oW, 6V5W it
2 o X ot axat

tf & OW, OV, 10w, U
U"(X’t):IO[kZ[ x & 2 a aszkn
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(3.39)

(3.40)

(3.41)

(3.42)



W, (X, ) = (=€, (%) +2xc, (X))t +

%c1<x>+%as<x>+xcl<x>+ba<x>co<x>+}z

§c2<x>+§af<x>+§XCZ<X>+§b°(X)Cl(X)Jt3

1.,
+E (x)co(x)

It follows easily
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(3.43)

(3.44)

(3.45)

(3.46)



.=0 (3.47)

u(x,t)=U, (xt)=x* +1+a0(x)t+%a1(x)t2 +%a2(x)t3 +
%as(x)t4 +o.=xX —t7+1

V(X )=V, (X,t)=x*—1+h (x)t+%bl(x)t2 +§b2 (x)t* +
(3.48)

%bs(x)t4 +o.=x—t?-1
W(x,t) =W, (x,t)=x*+1+¢, (x)th%cl(x)t2 +%C2 (x)t°+

%CS ()t +..=x"—t? -1
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