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In this thesis the main motive is to characterize some of the algebraic and combinato-

rial properties of spanning forest complexes ∆s(G) of some simple finite disconnected

graphs G. Spanning forests complexes play a key role in algebraic, topological and

geometric combinatorics but, as compared to simplicial complexes, little is known

about their geometric and combinatorial structure. We characterize some algebraic

properties of forests complexes related to different book graphs on fixed ground set.

We provide the characterization of f -vector for the spanning forest complex of k

disjoint copies of a book graph.
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Chapter 1

Introduction



Algebra is now a vast discipline in mathematics. There is a deep interaction of

algebraic combinatorics with commutative algebra since 1790′s. The practical work in

this discipline has developed during the 19th and 20th century with the advancement

of applied graph theory. The Combinatorial techniques in pure mathematics and

graph theory have been employed to many problems. Combinatorial Commutative

Algebra is raised as an emerging subject of pure and applied mathematics.

The discussion on Simplicial complexes has become the main topic in combinatorial

commutative algebra because of its interactions with modern algebra, algebraic geom-

etry and graph theory. Richard P. Stanley first explained the combinatorial study of

simplicial complexes in 1970′s. His work have a prominent role in making interaction

of combinatorial commutative algebra. Villarreal et. al [30] gave the new concept by

relating edge ideals with some simple finite graphs in commutative algebra. Later on,

many researchers worked on commutative algebra to develop the relations between

combinatorial graph structures and algebraic properties of edge ideals associated to

simple finite graphs. [12, 13, 31, 32].

Imran Anwar et al. [1] introduced spanning simplicial complexes of some finite cy-

cle graph G. They give some combinatorial characteristics of spanning complexes

related to some uni-cycle or r-cycle connected graphs [24]. Jin Guo in [16] used the

term spanning forest complex associated to a finite disconnected graph which is the

extension of spanning tree complex. The algebraic characterization of spanning for-

est complexes associated to the disjoint union of finite uni-cyclic graphs is explained

by M. Asif [3] and the algebraic aspects of spanning forest complexes associated to

disjoint union of multi-cyclic graphs is explained by Rabia Nazir. They discussed

f -vector, h-vector and some other algebraic properties of spanning forests complexes
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of disjoint union of uni-cyclic and multi-cyclic graphs.

We will discuss the algebraic aspects of spanning forests complexes associated with

disjoint union of multi-cyclic graphs with some common vertices and edges. We

want to analyze some algebraic properties of spanning forest complexes in view of

the algebraic discussion of simplicial complexes for simple finite graphs discussed in

[1, 2, 3, 4, 24]. Our motive is to extend the work of Rabia Nazir and Guangjun Zhu

et. al [4] in algebraic direction and algebraic characterization of spanning forest com-

plexes associated to the disjoint union of book graphs and triangular book graphs.

In Chapter 2, We give some basic preliminaries and terminologies of commutative

algebra that will enable the reader to understand the basic concepts related to com-

mutative algebra. These terms and relevant study give rise to have understanding

about the topics which are going to discuss in next chapters of this thesis.

Chapter 3, have some basic introduction of graphs. We define basic types of graphs

and discuss some essential results and theorems about graphs, a Brief description

connected graphs, disconnected graphs, spanning subgraphs, spanning trees and their

other basic characteristics .

In Chapter 4,We give a brief overview of simplicial complexes ∆. We explain some

basic characteristics about simplicial complexes. We discuss results and theorems

related to this topic which helps the reader to go through the next sections of this

thesis. We discuss an important algebraic object spanning complex of cyclic graphs.

To understand this topic, the reader should know about the concepts discussed in

previous chapters. This section also consist of basic results and theorems about span-

ning complexes related to finite graphs.

Chapter 5, contains the discussion on spanning forest complexes of finite disconnected
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graphs. Firstly, we will describe the results of spanning forest complexes related to

multiple copies of uni-cyclic graphs and algebraic properties arising from it. After

this, we will explain our work about the spanning forest complexes related to multiple

copies of same type of book graphs. Finally, we will discuss spanning forests com-

plexes associated to triangular book graphs with some fixed size and their algebraic

properties like formulas for finding number of spanning forests, their vertex set, edge

set, dimension of complex and mainly we will characterize f -vector.
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Chapter 2

Algebraic Combinatorics and

      CommutativeAlgebra



2.1 Combinatorics

Combinatorics is generally referred as a field about counting and combining objects

and surely counting is a major part of combinatorics. Some questions that mostly

arises have counting problems like, In how many ways can the specific elements be

combined? Or some questions like, although a specific combination exists, or somehow

the specific combination is the best.

2.1.1 Permutations and Combinations

First lets have a look on counting. The word ”counting” sounds to be simple to

study. When we think of counting, we actually mean of determining the size of a set,

or might be the sizes of some sets, with some common things, but different sizes may

have one or more parameters.

Definition 2.1. Permutations

A permutation is a mathematical tool that determines the number of possible ar-

rangements in a set when order of objects is important.

Permutations are often confused with another mathematical technique that is combi-

nations. A permutation of some objects is a particular linear ordering of the objects.

Formula for computation of permutations

nPr = n!/(n− r)! (2.1.1)

Example 2.1.1.

8P3 = 8!/(8− 3)! = 8× 7× 6 = 336 (2.1.2)
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Definition 2.2. Combinations

In algebraic combinatorics, combination is a mathematical technique that determines

the number of possible arrangements in a set when r objects are combined from n

objects. The order of objects in Combinations doesn’t matter.

Formula for computation of Combinations

nCr = n!/(n− r)!r! (2.1.3)

Example 2.1.2.

6C2 = 6!/(6− 2)! ∗ 2! = (6× 5) = 15 (2.1.4)

Definition 2.3. Algebraic Combinatorics is a branch of mathematics that em-

ploys methods of modern abstract algebra precisely graph theory and some other

discrete mathematical structures in various combinatorial extents and conversely, ap-

plies combinatorial techniques to problems in algebra.

2.2 Commutative Algebra

Commutative algebra is now an emerging field of mathematics related to geometries.

Since last few years a number of exciting developments are seen with the combina-

tion of algebraic combinatorics and commutative algebra. Algebraic geometry and

algebraic number theory, both have deep interaction with the broad field of commuta-

tive algebra. Some of the fundamental topics in commutative algebra are monomial

ideals, monomial rings and Stanley-Reisner rings. We provide a brief description

to some basic concepts about combinatorial methods, terminologies and notations

about commutative algebra to understand polynomial rings, subrings, semi-group
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rings and ideals. For More understanding and standard notation, we refer [19], [27],

[31], [32],[33].

2.3 Commutative Ring

Definition 2.4.

Consider R be a non-empty set acquiring the binary operations (sum’+’ and prod-

uct’.’) would be a ring only if R fulfils these relations:

1. R w.r.t sum be the abelian group.

2. R is monoid w.r.t product i.e. R satisfies associative property w.r.t multiplica-

tion.

3. Distributive laws are satisfied in R

(a) l(m+ n) = lm+ ln

(b) (l +m)n = ln+mn

∀l,m, n ∈ R

Definition 2.5.

If product operation is commutative in R then the ring R will be a commutative ring.

that is, m.n = n.m, ∀ m,n ∈ R.

Definition 2.6.

Two elements a, b of a ring R will be the zero divisors iff

ab = ba = 0

for some a, b ̸= 0.
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In a commutative ring left and right zero divisors are same.

Example 2.3.1. Consider Z6. As both 2, 3 ∈ Z6 and (2).(3) = 0, so 2 and 3 are zero

divisors

Definition 2.7. If R does not have any zero divisor implies R will be integral domain.

Example 2.3.2.

C, R and Z are the integral domains.

Zn is called an integral domain iff n is a prime.

Definition 2.8. If the non-zero elements are invertible in R then R will be a division

ring.

Example 2.3.3. R is the division ring then the elements in R that are non-zero will

be invertible .

Definition 2.9.

A division ring having commutative property w.r.t product will be a field.

Definition 2.10.

Let R and Q be two rings. Then the rings R and Q will be homomorphic rings if, we

have a map f : R → S such that f(x+ y) = f(x)+ f(y) and f(xy) = f(x)f(y) for all

x, y ∈ R. If the mapping f is bijective then the rings R and Q will be isomorphic

rings.

2.3.1 Subrings and Ideals

Definition 2.11.

A subset Q of a ring R is a subring of R only if the set Q also satisfy the properties

of a ring w.r.t sum and product defined in the ring R.
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Example 2.3.4.

Z integers set will be the subring of R .

Definition 2.12.

Let I as a subring of ring R, then it will be the left ideal in R, only if ∀ x ∈ R and

a ∈ I, we have xa ∈ I. In the same way the subring I be the right ideal in R only if

ax ∈ I. Any subring will be the ideal of a ring R if is the both left and right ideal.

Every ring contains two basic ideals, a null ideal i.e. {0} and ring ideal i.e. {R}.

These both ideals are improper ideals of R. Any ideal I of R except {0} and {R} will

be a proper ideal.

Example 2.3.5. nZ be the ideals in Z where n ≥ 0.

Definition 2.13.

A proper ideal I will be the maximal ideal of R it is not contained in the proper

ideals of R.

Theorem 2.1. Let R be the commutative ring with unity, let s be a proper ideal of

R, then s will be maximal iff R/s be a field.

Definition 2.14.

Let J is an ideal in a ring R then J will be a principal ideal if there exists an p ∈ J

such that I = { pq | q ∈ R }. Then it can be said the ideal J is generated by p and

written as j =< p >.

Example 2.3.6.

(i) Zero is maximal ideal in any field.

(ii)For n is prime the ideal nZ will be the maximal ideal of Z.

10



(iii) The ideal (P, y) be the maximal in a polynomial ring Z[Y ] for all prime numbers

P .

Theorem 2.2.

A commutative ring that is non-zero and have product identity will be field if it does

not have any proper ideal.

Proof:

Consider R a non-zero commutative ring with identity a ̸= 0 ∈ R. then the set Ra is

an ideal of R,for p, q ∈ Ra ⇒ p = x1a , q = x2a for few x1, x2 ∈ R p−q = x1a−x2a =

(x1 − x2)a ∈ Ra ∵ x1 − x2 ∈ R and if x ∈ R then xp = x (x1a) =(xx1)a ∈ Ra ⇒ Ra

is an ideal. Now, if R having no proper ideal then,

Ra = R

For 1 ∈ R = Ra ∃ an element c ∈ R such that ca = 1 i.e R having inverse of each

element so R will be field.

Example 2.3.7.

Consider Z is a ring and mZ be the ideal in Z implies Z/mZ will be a quotient ring

and isomorphic to Zm.

2.4 Monomial Ideals

The study of ideals of a polynomial ring K[x1, ..., xn] such that these ideals are cre-

ated by square-free monomials. These ideals are called Stanley-Reisner ideals, that are

quotient by these ideals will be Stanley-Reisner rings. The combinatoric behaviour of

these algebraic objects related to their intimate connections with algebraic topology.
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In this section we will study about polynomial rings. The study of polynomial ring

is very useful to learn the idea of commutative algebra.

Definition 2.15.

A general mathematical expression of polynomials in the form of algebraic terms is

given by

P (x) := a0 + a1s+ · · ·+ an−1s
n−1 + ans

n =
n∑

j=0

ajs
j

where n is the degree of polynomials , where all ajs ∈ R and an is a leading coefficient

of P (s).

Definition 2.16.

Consider k a field and S = K[s] = {
∑n

i=0 ais
i | ai ∈ K and n ∈ Z+}. is a polynomial

ring over this field k in n indeterminates s = s1, ..., sn.

Addition of two polynomials:

Let P (s) =
∑n

j=0 ajs
j and Q(s) =

∑n
j=0 bjs

j from R[s] then addition of two polyno-

mials describe as,

P (s) +Q(s) =
n∑

j=0

ajs
j +

n∑
j=0

bjs
j =

n∑
j=0

(aj + bj)s
j

Multiplication of the two polynomials:

Let P (s) =
∑n

j=0 ajs
j and Q(s) =

∑n
j=0 bjs

j from R[s] then the multiplication of two

polynomials describe as,

P (s).Q(s) =

(
n∑

j=0

ajs
j

)
.

(
n∑

j=0

bjs
j

)
=

n∑
j=0

(∑
k+l=j

akbl

)
sj.

12



Definition 2.17.

An algebraic expression having only one term is called monomial. It is a power

product of variables. A monomial with n indeterminants {s1, s2, ..., sn} express as

sβ1

1 , ..., sβn
n , β = (β1, ..., βn) ∈ Nn

The monomial set with n indeterminants express as

Mon(s1, s2, ..., sn) ⇒ Monn := {sα : α ∈ Nn}

The expression of the polynomials is a linear combination or finite sum of monomials

i.e,

g =
∑
α

aαs
α where α is finite

we can make the unique order of monomials by selecting the total ordering for a set

of monomials. For other applications it is compulsory, however, that the ordering is

well matched with the semi group structure on Monn.

Definition 2.18. [5]

”Let I be an ideal of a polynomial ring R = K[x1, x2, ..., xn] with n indeterminates

over field K. An ideal I ⊆ K[x] is called a monomial ideal if it is generated by

monomials.”

Definition 2.19. [5]

”An ideal generated by square free monomials is called square free monomial ideal.

i.e.,

J = (xα | α ∈ Nn;αi = 0 or αi = 1)

for α = (α1, .., αn) ∈ N.”

13



Definition 2.20. [5]

”An ideal I of a polynomial ring R = K[x1, x2, ..., xn] such that I = R is termed as

radical ideal if I =
√
I.”

14



               Chapter 3

Preliminaries of Graphs



3.1 Introduction

The advanced study of graphs deals with the close relationship between graphs and

their algebraic properties. Graph theory have vast applications in all major fields of

science like biology, chemistry and Computer science. In algebraic combinatorics we

characterize the algebraic properties of graphs and other discrete geometric objects.

Here we will give an brief overview of graphs and discuss its main algebraic and

combinatorial properties of simple finite graphs.

3.2 Graph Theory

Graphs are mathematical structures which show the pair wise relationship between

different objects. In structural view, objects are called vertices,nodes or points and

relations or connections between them are named as edges or lines. The basic termi-

nology vertex is used for a point or an object and edge for a line. It becomes more

convenient to understand things and structures in the form of graphs.

Definition 3.1. Graph

A graph can be defined as combination of two sets (V,E), here V be the vertex set

and E is for the edge set generated by the pair of vertices. We can denote a graph as

G = G(V,E).

Definition 3.2. A graph is represented as diagram through points and lines, these

points are called vertices. The Vertices may be isolated in a graph or any two vertices

may be connected by some edges. A graph that carries a single vertex will be a trivial

graph.
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Definition 3.3. The lines or arcs that connect vertices, objects or represent the

connection of any circuit are called edges. Each edge has two vertices on its both

ends. An edge is said to be a loop if its both ends have the same vertex. The edge

set of G is denoted as E.

For example: In Chemical graphs, the vertices represents the atoms and the edges

represents the chemical bonds between them.

The geometric representation of a graph is shown in figure 3.1.

Figure 3.1: Connected Graph

We generally label vertices with letters (for example: a, b, c, ...orv1, v2, ...) or numbers

1, 2, ... and V for the vertex and E edge set, while edges are denoted by pair of vertices.

E is a multi-set of edges, in other words, its edges can exist more than one time. We

use letters a, b, c, ...ore1, e2, ...) or numbers 1, 2, .. to label the edges.

Definition 3.4. Any graph will be the simple graph if graph is loopless and no

multiple edge exists in it. The figure 3.2 is a simple graph.

Definition 3.5. Count of edges connected to a specific vertex is termed as degree

of that vertex and is represented by d(v). in figure 3.1 d(v1) = 1 , d(v3) = 2 , and

d(v4) = 5.

17



Figure 3.2: Simple Graph

Definition 3.6. The total vertices contained by a graph will be the graph order.

Mathematically, it is written as | V |. The graph in figure 3.1 | V |= 6.

Definition 3.7. The cardinality of the set of edges of a graph named as the graph

size. It is denoted as | E |. In figure 3.1 | E |= 6.

For simplicity, we denote the cardinality of vertex set to be | V |=n and that of edge

set | E |= m

Remark: The two edges (v1, v2) and (v2, v1) are the same. In other words, the pair

of vertices is not ordered.

Corollary 3.1. Hand Shaking Lemma [1] ”The graph G = (V,E), where

V = v1, ..., vn and E = e1, ..., em satisfies;
∑n

i=1 d(vi) = 2m”

Definition 3.8. Subgraphs

A graph F will be subgraph of another graph G, only if both the set of vertices and

the edges of F be subsets in G i,e. VF ⊆ VG and EF ⊆ EG.

Definition 3.9. Spanning Subgraphs

A subgraph S of a graph G will be the spanning subgraph of G if VG = VS and

ES ⊆ EG.
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Definition 3.10. Induced Graph

Any subgraph M of a connected graph will be induced subgraph, such that whenever

we remove any vertex from G the corresponding edges will also be removed from the

resulting subgraph M .

The spanning subgraph and induced subgraph are shown in fugure 3.3.

Graph Spanning Subgraph Induced Subgraph

Figure 3.3: Subgraphs

Definition 3.11. Connected Graph

A graph G is called a connected if we can find a path between each pair of vertices

in the graph G. The graphs in figure 3.3 are the connected finite graphs. The graph

which is not connected or there is infinite distance between any of the pair of vertices

then the graph is disconnected.

Definition 3.12. Regular Graphs

A graph whose every vertex carries the equal degree called the regular graph. Any

graph G is m-regular graph all the vertices of the graph carries the degree m. For

example only cycle graphs are 2 regular, null graphs are 0 regular graphs, complete

graphs kn are n− 1 regular graphs.

Definition 3.13. Complete Graphs

A finite simple and connected graph that carries all possible edges between the vertices

19



and every pair of unique vertices is adjacent will be the complete graph. We generally

represent complete graph with m vertices by Km. A complete graph Km has the size

m(m− 1)/2. In the figure 3.4 some complete graphs are given.

K
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K
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K
3 K

4

K
5

Figure 3.4: Complete Graphs

Definition 3.14. Walk in a graph

A walk is the alternate series of the vertices and the edges of in graph G from an

starting vertex to a last vertex i,e,.

vi0 , ej1 , vi1 , ej2 , ..., ejn , vin (3.2.1)

vi0 is the starting vertex and vin is the ending vertex. n will the length of that walk.

Literally we can speak of a walk from vi0 to vin . A walk will be just a vertex if it

have the zero length. The vertices and the edges can be repeated in walk. A walk is

open if vi0 ̸= vin and is closed if vi0 = vin .

Definition 3.15. In a graph a trail will be the walk with the property that all the

edges are covered at most one time. A trail of a graph is said to be a path if all the

vertices are covered at most once other than possibly a starting and an end vertex,

while a closed path is a circuit in specific graph.
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Figure 3.5: Trail in a graph
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Figure 3.6: Closed path in graph

The walk v1, e1, v2, e2, v3, e3, v4, e4, v5, e5, v2 in figure 3.5 is a trail and the trail v1, e1, v2, e2, v3, e3, v4, e4, v5, e5, v1

in figure 3.6 is a path and also a circuit.

Definition 3.16. Null graph

A null graph that which has the edge set as empty set. We generally represent any

null graph on m order as Nm. A null graph on five vertices N5 is shown in Fig 3.7.

We can see that a null graph carries all the isolated vertices.

Figure 3.7: Null Graph
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Definition 3.17. Cyclic Graph

A graph that consists of some cycles is called a cyclic graph, in other words, some

of its vertices are connected in a closed path. The cycle graphs are regular with the

degree 2. If the graph contains only one cycle then the graph will be a uni-cyclic

graph. It is generally represented as Cn, where n denotes the order of graph G. A

uni-cyclic graph has equal order and size. A graph that do not have cycle is called

acyclic graph.

Figure 3.8: Cyclic Graphs

Figure 3.9: Acyclic Graphs

Definition 3.18. Bipartite Graphs

A graph G will be bipartite if we can divide the set of vertices of G into two distinct

sets S and T such thateach edge in G connects the vertex in S with the vertex in T .

There is at least one vertex of S is joined to set T by an edge.
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Definition 3.19. A complete bipartite graph in which all vertices of set S is

adjacent with all vertices in set T and is connected by just a single edge. We represent

it by Km,n. For example, the complete bipartite graphs K1,4, K2,3 and K3,3 are given

in figure 3.10. Note that Km,n has m+ n number of vertices and mn edges.

K
1,4 K

2,3
K

3,3

Figure 3.10: Complete Bipartite Graphs

Definition 3.20. (Eulerian Graphs)

A graph G is said to be Eulerian graph if we have a closed trail covering all edges of

G once only,a closed trail of this type is called the Eulerian trail and simple graph G

will be semi-Eulerian only if it consists of an open trail traversing every edge.

Theorem 3.2. (Euler 1736). ”A connected graph G is Eulerian if and only if the

degree of each vertex of G is even.”

Eulerian Graph Semi-Eulerian Graph

Figure 3.11: Eulerian and Semi-Eulerian graphs
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Corollary 3.3. ”A connected graph is semi-Eulerian if and only if it has exactly two

vertices of odd degree.”

Definition 3.21. Trees

A tree that is simple non-trivial finite cycle-free graph with the property that all pair

of its vertices are connected through a unique path. A tree on n vertices is generally

represented as Tn.

Trees on five and six vertices are shown in Fig 3.12

Figure 3.12: Tree Graphs

Definition 3.22. Spanning Trees

A subgraph L of a connected graph G will be a spanning tree if L is a connected tree,

having the same vertices as of G.

Example 3.2.1. All the spanning trees of graph 3.13 are shown in figure 3.14

Spanning trees of the graph are obtain by removing an edge or edges, until there is

no more cycle in the graph. This method is called cutting down method.

Definition 3.23. (Isomorphism of Graphs)

Two graphs W and X will be the isomorphic if both the graphs have

1. Same vertex and edge sets
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Figure 3.13: Simple Connected Tree

Figure 3.14: Spanning Trees

2. Same degree sequence

3. Same edge connectivity

We represents the isomorphic graphs as w ≡ X

The isomorphic graphs preserve the bijection to each other.
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                   Chapter 4

Simplicial Complexes of graphs



4.1 Introduction

This chapter will provide the interesting concepts about simplicial complexes and

spanning simplicial complexes. The idea of spanning simplicial complex is introduced

by Anwar et al. [1]. They also explained the algebratc properties of unicyclic graphs

in [1] and r-cyclic graphs in [24].They formulated the formulae for f-vector, h-vector

for some simple connected graphs having disjoint cycles.

For complete understanding, we should be familiar about spanning trees and sim-

plicial complex. The combinatorial Study of Spanning complexes be an algebraic

property related to some simple connected graphs.

4.2 Simplicial Complexes

Consider V = {v1, v2, ..., vn} be the point set, we can define a simplicial complex ∆

on ground set V be the union of those subsets from the set V , that satisfy these

properties

1. {vi} ∈ ∆, ∀ i = 1, 2, ...,m .

2. Any face σ ∈ ∆ & τ ⊆ σ then τ ⊆ ∆.

Example 4.2.1. Consider a complex on five vertices i,e, n = 5 shown in the Figure

4.1,

Take

∆ = {{3, 4, 5}, {3, 4}, {3, 5}, {4, 5}, {1, 2}, {2, 3}, {1, 3}, {1}, {2}, {3}, {4}, {5}} is a

simplicial complex this set satisfies all axioms of simplicial complex.
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Figure 4.1: Simplicial Complex 1
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Figure 4.2: Trivial Simplicial Complex on a graph having all vertices isolated

Similarly, ∆ = {{1}, {2}, {3}, {4}, ϕ} in Fig 4.2 is also a simplicial complex

The elements in a simplicial complex are simplices or faces of ∆. The maximal faces

of simplicial complex ∆ under the inclusion principle are the facets of ∆.

Definition 4.1. Simplex

A simplicial complex composed of a single facet will be a simplex.

Definition 4.2. Pure Simplicial Complex

A simplicial complex ∆ will be pure only if its every facets contain same dimension.

Definition 4.3. Dimension of a Face The dimension of any face F of ∆ is one less

than the cardinality of that face F . Mathematically, it is given by dim(F ) =| F | −1.
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Figure 4.3: simplicial complex 2

For example, the dimension of a face F = {3, 4, 5} in Fig 4.1 is

⇒ dim(F ) = 3− 1 = 2

and dimension of vertices is zero, dimension of an edges is 1, dimension of a filled

triangle is 2.

Definition 4.4. Computation of f-Vector

Consider a complex ∆ with d be its dimension, then its face vector or simply f−vector

be the d+ 1-tuple, given by

f(∆) = (f−1, f0, f1, ..., fd−1)

Here fi records the count faces of ∆ with dimension i and 0 ≤ i ≤ d. Also fi = f(∆)

Example 4.2.2. Consider a simplicial complex ∆ shown in Fig 4.3 with seven ver-

tices with dimension dim(∆) = 2, its i-dimensional faces of ∆

f0 = 7 (number of vertices)

f1 = 8

f2 = 2 The f-vector of the simplicial complex ∆ shown in Fig 4.3 is f = (7, 8, 2)
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Definition 4.5. Computation of h-Vector

Suppose dim(∆) = d and f(∆) = (f−1, f0, f1, ..., fd−1). The h − vector h(∆) =

(h0, h1, ..., hd) is a d+ 1-tuple, where its components are given by

hk(∆) =
k∑

i=1

(−1)k−i(d−i
k−i)fi−1

For k=0,1,...,d.

Example 4.2.3. Consider a simplicial complex ∆ in Fig 4.3 with seven vertices with

dimension dim(∆) = 2, its h-vector can be computed as;

hk(∆) =
k∑

i=1

(−1)k−i(d−i
k−i)fi−1

, where h0 = 1

h1(∆) =
1∑

i=1

(−1)0(2−1
1−1)f0

h1(∆) = 1× 1× f0

h1(∆) = 7

and

h1(∆) = (−1)0(2−1
1−1)f0 + (−1)1(2−1

2−2)f1

h1(∆) = 7− 8

h1(∆) = −1

Hence, h(∆) = (1, 7,−1)

The f -vector and the hvector may determine each other uniquely by a linear equation,

k∑
i=1

(x− 1)d−ifi−1 =
d∑

k=0

hk xd−k
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Let R = k[∆] be a Stanley-Reisner ring of a spanning complex ∆. Then its Hilbert-

Poincare series can be expressed as,

PR(x) =
d∑

i=0

fi−1x
i/(1− x)i = h0 + h1x+ ...+ hdx

d/(1− x)d

Definition 4.6. [12] Facet Ideal and Non-face Ideal

”Let ∆ be a simplicial complex over a set {v1, v2, ...vn}, and R a polynomial ring over

K[x1, x2, ...xn].

(a) An ideal of R, defined as F(∆) (Facet Ideal), if it is generated by square free

monomials {xi1 ....xis}, so that{vi1 , ..., vis} is a facet of ∆.

(b) An ideal of R, defined as We N (∆) (Non-Face Ideal), if generated square-free

monomials {xi1 ....xis} is called not a facet ideal, where xi1 ....xis not belongs to ∆.

We call N (∆) the non− face ideal or Stanley −Reisner ideal of ∆”.
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4.3 Spanning Simplicial Complexes

A brief description of spanning subgraphs and spanning treed is given in graphs

section. In [1], Imran Anwar explained the idea of spanning simplicial complex, a

complex associated with the spanning trees of connected graph G. In this section, we

are going to have a brief overview on the algebra of spanning simplicial complexes.

Definition 4.7. Spanning Simplicial Complexes

Consider s(G) = {E1, E2, ..., Em} as the edge set the distinct spanning trees for a sim-

ple graph G and Ei be the edge set of Ti, the i-th spanning tree of G. Then spanning

simplicial complex related to this spanning set s(G) is the complex ∆s(G) defined

as ∆s(G) = ⟨E1, E2, ..., Es⟩ where the facets of ∆s(G) are actually the elements of

spanning set s(G).

Example 4.3.1.

Let a unicycle graph C6 in Fig 4.4. There are total 6 spanning trees of C6 by using
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Figure 4.4: Cyclic Graph C6

cutting down method we have.
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We denote the edges sets of all the distinct spanning trees of C6 as s(C6). Hence we

can write

s(C6) = {{v2v3, v3v4, v4v5, v5v6, v6v1}, {v1v2, v3v4, v4v5, v5v6, v6v1}, {v1v2, v2v3, , v4v5, v5v6, v6v1},

{v1v2, v2v3, v3v4, v5v6, v6v1}, {v1v2, v2v3, v3v4, v4v5, , v6v1}, {v1v2, v2v3, v3v4, v4v5, v5v6, }}

and the spanning simplicial complex for ∆s(C6) is written as :-

∆s(C6) = ⟨{v2v3, v3v4, v4v5, v5v6, v6v1}, {v1v2, v3v4, v4v5, v5v6, v6v1}, {v1v2, v2v3, , v4v5, v5v6, v6v1},

{v1v2, v2v3, v3v4, v5v6, v6v1}, {v1v2, v2v3, v3v4, v4v5, , v6v1}, {v1v2, v2v3, v3v4, v4v5, v5v6, }⟩

Definition 4.8.

A finite connected graph G having a single cycle is called uni-cycle graph. Consider

Un,m is a uni-cycle graph ,where m represents the cycle length in graph and n is the

total number of vertices in Un,m. (m ≤ n)
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Figure 4.5: Uni-Cyclic Graph
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For this section, edge labelling of unicyclic graphs is fix as {e1, e2, ..., em, em+1, ..., en}

so that the edge labelling of the only cycle in the Un,m is {e1, e2, ..., em}.

For example, graph shown in the figure 4.5

Lemma 4.1. Algebraic properties of s(Un,m)[1]

Consider E = {e1, e2, ..., em} is the edge set of uni-cycle graph denoted as Un,m and

E(Ti) ⊆ E is the set edges of the i-th spanning tree of Un,m, such that Ti = E \ {ei}

for some i ∈ {1, 2, 3, ...,m}. In other words

s(Un,m) = {Êi | Êi = E \ {ei} for all 1 ≤ i ≤ m}.

(Êi = E(Ti))

Theorem 4.2. [1]

Consider ∆s(Un,m) be a spanning complex related to a uni-cycle graph Un,m, having

Dimension dim(∆s(Un,m)) = n− 2, then the face vector of ∆s(Un,m) can be given by

the following formula f(∆s(Un,m)) = (f0, f1, ..., fn−2), with

fi =


(

n
i+1

)
, for i ≤ m− 2;(

n
i+1

)
−
(

n−m
i−m+1

)
, for m− 2 < i ≤ n− 2.

In [24], Anwar et al. explained the algebraic aspects of spanning simplicial complexes

related to simple connected r − cyclic finite graphs noted as Gn,r.

Consider a connected graph Gn,r, where n be the order of graph and r be the number

of cycles respectively. The length of cycles can be different and there is no common

edge.

The edge labeling forGn,r will be as {e11, ..., e1m1 , e12, ..., e2m2 , ..., er1, ..., ermr , ..., e1, ..., et}

where the ith cycle’s edge set is {ei1, ..., eimi
} for 1 ≤ i ≤ r.
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Lemma 4.3. [24]

Consider a graph Gn,r having r cycles with no common edge between them and n is

the number of edges with edge labelling as E = {e11, ..., e1m1 ,

e12, ..., e2m2 , ..., er1, ..., ermr , ..., e1, ..., et} and E(T1i1,...,rir) ⊂ E then E(T1i1,...,rir) ∈

s(Gn,r) iff E(T1i1,...,rir) = E \ {e1i1 , ..., erir} for few ij ∈ {1, 2, ...,mj} 1 ≤ j ≤ r.
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Figure 4.6: Multi-Cyclic Graph

Proposition 4.4. [24]

Let Gn,r be an r−cyclic connected graph having cycles of length m1 ≤ m2 ≤ ... ≤ mr,

and ∆s(Gn,r) be a spanning simplicial complex of multi-cycle graph Gn,r, then its

dimension is given by dim(∆s(Gn,r)) = n− r − 1 with face vector,

fi =

(
n

t+ 1

)
+

r∑
k=1

(−1)k

 r∑
(j−1,...,jr)=1,j1 ̸=..̸=jr

(
n−

∑k
s=1mjs

i+ 1−
∑k

s=1mjs

)
where 0 ≤ i ≤ n− r − 1.
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Chapter 5

Spanning Forest Complexes of

                BookGraphs



5.1 Introduction

In previous chapter 4, we discussed the spanning simplicial complexes of a simple con-

nected graphs.Here we explain the extended idea of spanning simplicial complexes to

Spanning Forest Complexes, and replacing spanning trees of simple finite connected

graphs with spanning forests of finite disconnected graphs.

In [16], Gou et al. present the idea of spanning forest complexes associated to dis-

connected graphs. Firstly we explain the spanning forest complexes associated to

disjoint union of cyclic graphs and discuss about some algebraic properties like the

number spanning forests, dimension of spanning forest complex, its face vector and

h-vector. We also describe some algebraic properties and results related to spanning

forest complexes associated to book graphs and triangular book graphs with fixed

number of pages and k-copies. Moreover, we give some characterization of f -vector

taking k copies of triangular books of fixed size.

5.2 Spanning Forest Complexes

Definition 5.1. Let G be a finite disconnected graph, a subgraph F is said to be

the spanning forest of G if it gives a spanning tree as a result of F ∩K, where K is

one of the connected components of G. The edge set of spanning forests of G can be

written as,

s(G) = {E(F ) | F is a spanning forest of G}

Example 5.2.1. Consider a graph shown in Fig 5.1 The set edges of all spanning

forests of G is

s(G) = {{e1, e2, e4, e5}, {e1, e2, e4, e6}, {e1, e2, e5, e6}, {e1, e3, e4, e5}, {e1, e3, e4, e6},

37



e
1

e
3

e
2

e
4

e
6

e
5

Figure 5.1: Disconnected Graph G = 2C3

{e1, e3, e5, e6}, {e2, e3, e4, e5}, {e2, e3, e4, e6}, {e2, e3, e5, e6}}.

Definition 5.2. The spanning forest complex of disconnected graph G is noted as

∆s(G), is generated by the set of edges of the spanning forests of G i.e.

∆s(G) = ⟨Fi | Fi ∈ s(G)⟩

Example 5.2.2. The spanning forest complex of above example is

∆s(G) = ⟨{e1, e2, e4, e5}, {e1, e2, e4, e6}, {e1, e2, e5, e6}, {e1, e3, e4, e5}, {e1, e3, e4, e6},

{e1, e3, e5, e6}, {e2, e3, e4, e5}, {e2, e3, e4, e6}, {e2, e3, e5, e6}⟩

5.2.1 Spanning Forests Complexes of kCn

Definition 5.3.

Let kCn be the graph having k disjoint copies of cycle graph Cn each of length n,

defined as kCn = ⊔k
i=1Cn. Total edges in the graph kCn are kn.

For example, in figure 5.3 there are two disconnected cyclic graphs 2C3 and 3C5. In

the graph 2C3 there are two copies of C3 and 3C5 have three copies of C5.

Theorem 5.1.
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Figure 5.2: Disconnected cycles C5

Let kCn be the graph having k disjoint cycles of length n, then the number of spanning

forests of kCn are exactly nk.

Proof. As we know that kCn = ⊔k
i=1Cn. Each cycle of Cn has n number of spanning

trees. But here we have k disjoint copies, so total spanning forests of kCn are

n.n. . . . (k times).n = nk

Example 5.2.3. In the figure 5.2 the graph has four copies of C5, using the above

result the number of spanning forests of 4C5 are 54 = 625.

Lemma 5.2. (combinatorics of s(kCn))

Let kCn be the k-cycle graph and E = {e11, e12, ..., e1n, e21, e22, ..., e2n, ek1, ek2, ..., ekn}

of kCn in such a way that {ei1, ..., ein} is the set of edge i-th copy of kCn. A

subset E(F(1i1,2i2,...,kik)) of E will belongs s(kCn) if and only if E(F(1i1,2i2,...,kik)) =

E \ {e1i1 , ..., ekik} for some i ∈ {1, 2, ..., n}. Specially,

s(kCn) = {Ê(1i1,2i2,...,kik) = E \ {e1i1 , ..., ekik}for some i ∈ {1, 2, ..., n}}

Example 5.2.4. Consider the graph 2C3 in fig5.3, and by using above result the

edge set of the spanning forests, is given as
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Disjoint cycles 2C3

Disjoint cycles 3C5

e11 e12

e13

e22e21

e23

e12

e13
e11

e15

e14

e21

e25

e24

e23

e22

e31

e32

e33 e34

e35

Figure 5.3: Edge labeling of disconnected Uni-Cyclic graphs

s(2C3) = {{e12, e22, e13, e23}, {e12, e21, e13, e23}, {e12, e21, e13, e22}, {e11, e22, e13, e23},

{e11, e21, e13, e23}, {e11, e21, e13, e22}, {e22, e11, e23, e12}, {e11, e21, e12, e23},

{e11, e21, e12, e22}}

Theorem 5.3.

Let ∆s(tCn) be a spanning forest complex of tCn, then

dim(∆s(tCn)) = t(n− 1)− 1

Example 5.2.5. Consider a graph 2C3 shown in figure 5.3, the dimension of ∆s(2C3)

is,

dim(∆s(2C3)) = 2(3− 1)− 1 = 3
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Theorem 5.4. Consier ∆s(tCn) is the forest complex of t copies of cycle Cn, so its

dim(∆s(tCn)) = t(n−1)−1 and its f -vector given by f(∆s(tCn)) = (f0, f1, . . . , ft(n−1)−1),

where,

fi =

(
tn

i+ 1

)
+

t−1∑
k=1

(−1)k
(
t

k

)(
(t− k)n

i+ 1− kn

)
where 0 ≤ i ≤ t(n− 1)− 1

5.2.2 Spanning Forests Complexes of kCn,t

Definition 5.4.

Let kCn,t be a disconnected graph having t disjoint copies of a cyclic graph Cn,t with

t number of cycles each of length n ,where n ≥ 3 and t ≥ 2 We can defined it as

kCn,t = ⊔k
i=1C

i
n,t

Theorem 5.5.

Let kCn,t be a disconnected graph having k disjoint copies of a cyclic graph Cn,t with

t number of cycles each of length n , then the number of spanning forests are exactly

np.

Proof. As we know that each Cn has n number or spanning trees and Cn,t has t copies

of cycles Cn, so the number of spanning forests of each copy of Cn,t are

n.n. . . . (t times).n = nt.

Now by the definition of kCn,t we have

kCn,t = ⊔k
i=1C

i
n,t
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Figure 5.4: Cycle Graphs connected by a vertex

and since each copy of Cn,t has total nt spanning trees , so the total number of

spanning forests of kCn,t are

nt.nt. . . . (k times).n = ntk

since nt = p so

nt.nt. . . . (k times).nt = np

Example 5.2.6. The graph shown in figure 5.4 have three copies of C4,2 connected

with a vertex and total number of cycles in 3C4,2 are six , so the number of forests in

3C4,2 will be 43×2 = 46 = 4096.

5.2.3 Spanning Forests Complexes of Book Graphs

Definition 5.5. Book Graph Bt,n

We can define an n-Book (book graph with n pages) as the cartesian product of graphs

Sn+1 × P2, here Sn+1 be the star graph on n + 1 vertices and P2 be the path graph.

One can define a book graph as a graph consisting of n cycles sharing a common

edge. here t be the length of each cycle and the n be the count of pages of the book.
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B3 B4 B5

Figure 5.5: Book Graphs

Figure 5.6: Triangular Book on n-pages

Example 5.2.7.

The graphs shown in figure 5.5 are rectangular books having three pages, four pages

and five pages.

5.2.4 Spanning Forests Complexes of Triangular Book Graphs

Definition 5.6. Triangular Book Graph B3,n

A triangular book graph is a specific type of book graph that is complete tripartite

graph K1,1,n. In other words, a triangular book with n-pages is formed by n copies

of C3 a cycle graph having a common edge.

Example 5.2.8.

A triangular book with n-pages is shown in figure5.6.

Here we have some important notations related to our graphs.
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• t=length of each cycle

• n=number of cycles in one copy of book graph

• k=number of copies of graph

• Bt,n=Book graph

• B3,n=Triangular Book Graph with n pages

• kB3,n= k-copies of Triangular Book Graph

• |E| = |E(B3,n)|= Total number of edges in one copy of triangular book

• p = k × |E|= Total number of edges in k books

Proposition 5.6. k Disjoint books, each with n pages is an n − cyclic disconnected

graph having the order k{nt − 2(n − 1)} and the size k{nt − (n − 1)}, we get by

connecting n cycle graphs by a common edge.

Example 5.2.9.

A triangular book graph with three pages shown in figure 5.7

Here we have t = 3, n = 3, k = 1, the number of vertices are

|V | = k{nt− 2(n− 1)} = 1× {3× 3− 2(3− 1)} = 5

and number of edges are

|E| = k{nt− (n− 1)} = 1× {3× 3− (3− 1)} = 7
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Figure 5.7: Triangular Book with three pages

Example 5.2.10.

A triangular book graph with three pages shown in figure 5.9

Here we have t = 3, n = 3, k = 4, the number of vertices are

|V | = k{nt− 2(n− 1)} = 4× {3× 3− 2(3− 1)} = 20

and number of edges are

|E| = k{nt− (n− 1)} = 4× {3× 3− (3− 1)} = 28

Definition 5.7. A spanning forests complex ∆ will be a pure forest complex, if ∆

posses all the facets of same dimension.

Proposition 5.7. [24]

A spanning forests complex ∆s(kBt,n) of k-copies of book graphs with n-pages in each

copy, is a pure spanning forests complex with dimension

dim(∆s(kBt,n)) = k{tn− (2n− 1)} − 1

Proof. Consider one copy of book graph having n pages with t-cycle length then the

total edges will be tn, obtained connecting n cycles by a common edge, n-edges will
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be contracted to 1-edge i,e n − 1 edges are subtracted from t-cycles. Transforming

book graph into spanning forests, we need to remove one edge from each cycle, so n

more edges will be removed from n-cycles, summarizing this information we conclude

that each facet of spanning complex of one copy of Bt,n will have tn− (n− 1)− n =

tn− (2n− 1) edges. As we are considering k-copies of Bt,n so each facet of spanning

forests complex will have k{tn− (2n− 1)} edges. Thus the result follows

dim(∆s(Bt,n)) =| F | −1

implies that,

dim(∆s(Bt,n)) = k{tn− (2n− 1)} − 1

Moreover each facet have the same dimension this implies that the spanning forests

complex of book graph Bt,n is a pure complex.

Example 5.2.11.

Consider a spanning forest complex ∆s(2B3,3) shown in figure 5.8 the dimension of

∆s(kB3,3) is calculated as,

dim(∆s(kB3,3)) = k{tn− (2n− 1)} − 1

dim(∆s(2B3,3)) = 2{3× 3− (2× 3− 1)} − 1

dim(∆s(2B3,3)) = 7

Example 5.2.12.

Consider a spanning forest complex ∆s(4B3,3) shown in figure 5.9 the dimension of

∆s(4B3,3) is calculated as,
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Figure 5.8: Two copies of B3,3

Figure 5.9: Multiple copies of B3,3

dim(∆s(4B3,3)) = 4{3× 3− (2× 3− 1)} − 1

dim(∆s(4B3,3)) = 15

5.2.5 Computation of f-vector of ∆s(kB3,3)

In previous chapter we computed f -vector for the simplicial complexes and spanning

simplicial complexes related to some simple finite and connected graphs. Now we give

the formulas to compute the number of i − th dimensional faces of spanning forests

complexes related to some triangular book graphs with fixed size.

Theorem 5.8.
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Let ∆s(kB3,3) is the spanning forests complex on k copies of triangular book graphs

B3,3 then its component of face vector f0 is given by f0(∆s(kB3,3)) = k × |E| = p.

Proof. Since one copy of triangular book graph with three pages B3,3 has |E| edges

and there we have k-copies. As f0 is the count of zero-dimensional faces (edges) of

spanning forests complex ∆s(kB3,3) and there are total k × |E| edges in k-copies,

implies that f0(∆s(kB3,3) = k × |E| = p.

Example 5.2.13.

Consider a spanning forest complex ∆s(4B3,3) shown in figure 5.9 then its f0 can be

calculated as,

f0 = k × |E| = 4× 7 = 28.

Theorem 5.9.

Let ∆s(kB3,3) be the spanning forests of k copies of B3,3 then number of its one

dimensional faces will be f1(∆s(kB3,3)) =
∑p−1

i=1 i where p = k × |E|.

Proof. As f1 is the number of all the subsets of ∆s(kB3,3) with two elements. Since

kB3,3 have total p edges. The first element have p − 1 combinatorial ways to form

pairs of edges, the second element have p − 2 possibilities, the third one havep − 3

possibilities and so on. Proceeding recursively, we obtain an arithmetic series as,

(p−1)+(p−2)+(p−3)+...+3+2+1. Writing in compact form we have, f1 =
∑p−1

i=1 i.

As we know that n-arithmetic series of sum can be written as n(n+1)/2. Using this

result we have,

f1(∆s(kB3,3)) =
∑p−1

i=1 i = p(p− 1)/2,, where p = k × |E|.

Example 5.2.14.

Consider a spanning forest complex ∆s(4B3,3) shown in figure 5.9 then using the
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above theorem its f1 can be computed as,

f1(∆s(kB3,3) =

p−1∑
i=1

i = p(p− 1)/2

f1 =

(4×|E|−1)∑
i=1

i

f1 = (4× |E|)(4× |E| − 1)/2

f1 = (4× 7)(4× 7− 1)/2

f1 = (28)(27)/2 = 378

Theorem 5.10.

Let ∆s(kB3,3) be the spanning forests complex of k copies of B3,3 then its f2 is given

by the following formula f2(∆s(kB3,3)) = k{(k − 1)|E| × 21 + 32}

Proof. Since f2 be the number of all possible cycle free subsets from the edge set of

triangular book graph with cardinality three. For one copy of triangular book graph

i,e, k = 1 we get that there are 32 such subsets. Taking two copies of triangular

book (for k = 2) computed that there are 2(|E| × 21 + 32) = 358 cycle free subsets

with three elements. For k = 3 we will have 3(2|E| × 21 + 32) = 978 such cycle free

subsets with cardinality three in total. Hence, using the combinatorial formula for

k = 1, 2, 3, ..., n, we have

f2(∆s(kB3,3)) = k{(k − 1)|E| × 21 + 32}

Example 5.2.15.

Consider a spanning forest complex ∆s(4B3,3) shown in figure 5.9 then using the

above result we can compute f2 as,

f2 = k{(k − 1)|E| × 21 + 32}
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f2 = 4× {(4− 1)× 7× 21 + 32}

f2 = 1892

Theorem 5.11.

Let ∆s(kB3,3) be the spanning forests complex of kB3,3 then its f3 is given by the

following formula,

f3(∆s(kB3,3)) = k{(k−1)|E|×32+20}+Ck
2×(

∑|E|−1
i=1 i)2+{k(k−2)×

∑|E|−1
i=1 i× |E|2}+

{(k − 3)× |E|4}

Proof. Since we are computing components of f -vector taking k copies of triangular

book graph with three pages.For f3 we will have to calculate the number of all the

cycle free subsets of E(kB3,3) with four elements. For this we have to exclude the

subsets containing C3 and C4. If we consider one copy of B3,3, we calculated there

are 20 such cycle free subsets with cardinality four. Taking two copies of B3,3 and

taking three elements from one copy and one element from other copy we get that

there are 2×(|E|×32+20) such cycle free subsets, while if we take two elements from

each copy of B3,3 we get that there (
∑|E|−1

i=1 i)2 cycle free subsets with four elements.

Hence, for k = 2 we have f3 = 2× (|E| × 32 + 20) + (
∑|E|−1

i=1 i)2. Taking three copies

of B3,3 and taking three elements from one copy and one element from other two

copies we get that there are 3× (2|E| × 32 + 20) such subsets. Taking two elements

from one copy and two elements from any of other two copies, we get that there are

3(
∑|E|−1

i=1 i)2 such subsets in total. If we take two elements from one copy and one

element from each remaining copy we will have 3
∑|E|−1

i=1 i × |E|2. Hence, for k = 3

we have f3 = 3 × (2|E| × 32 + 20) + 3(
∑|E|−1

i=1 i)2 + 3
∑|E|−1

i=1 i × |E|2. Considering

four copies of B3,3 and taking three elements from one copy and one element from

other three copies we get that there are 4× (3|E| × 32 + 20) total cycle free subsets

50



with cardinality four, taking two elements from one copy and two elements from any

of other three copies, we get that there total are 6(
∑|E|−1

i=1 i)2 such subsets. If we

take two elements from one copy and one element from each remaining copy we will

have (4 × 2)
∑|E|−1

i=1 i × |E|2 total cycle free subsets. Taking one element from each

of the copy we get that there are total |E|4 such subsets. Hence, for k = 4 get that

f3 = 4× (3|E| × 32 + 20) + 6(
∑|E|−1

i=1 i)2 + (4× 2)
∑|E|−1

i=1 i× |E|2 + |E|4 Continuing

in this algebraic and combinatorial manner we conclude that,

f3(∆s(kB3,3)) = k{(k−1)|E|×32+20}+Ck
2×(

∑|E|−1
i=1 i)2+{k(k−2)×

∑|E|−1
i=1 i× |E|2}+

{(k − 3)× |E|4}

Example 5.2.16.

Consider a spanning forest complex ∆s(4B3,3) in figure 5.9 using the above theorem

we can compute its f3 as,

f3(∆s(kB3,3) = k{(k−1)|E|×32+20}+Ck
2×(

|E|−1∑
i=1

i)2+{k(k−2)×
|E|−1∑
i=1

i× |E|2}+{(k−3)×|E|4}

f3 = 4{(4− 1)7× 32 + 20}+C4
2 × (

7−1∑
i=1

i)2 + {4(4− 2)×
7−1∑
i=1

i× 72}+ {(4− 3)× 74}

f3 = {4× 692}+ {6× 441}+ {8× 21× 49}+ {(4− 3)× 2401}

f3 = 16047
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