Thermodynamics of FRW Universe in Various
Theories of Gravity Inspired by Entropy
Corrections

By

Salman Rafique
CHT/SP16-RMT-004/LHR
MS Thesis

In
Master of Science in Mathematics
COMSATS Institute of Information Technology
Lahore - Pakistan

Fall, 2017



COMSATS Institute of Information Technology

Thermodynamics of FRW Universe in Various
Theories of Gravity Inspired by Entropy
Corrections

A Thesis Presented to

COMSATS Institute of Information Technology, Lahore

In partial fulfillment

of the requirement for the degree of

MS (Master of Science in Mathematics)
By
Salman Rafique

CHT\SP16-RMT-004/LHR

Fall, 2017



Thermodynamics of FRW Universe in Various
Theories of Gravity Inspired by Entropy
Corrections

A Post Graduate Thesis submitted to the Department of Mathematics as partial
fulfillment of the requirement for the award of Degree of M.S (Master of Science in
Mathematics).

Salman Rafique CIIT/SP16-RMT-004/LHR

Supervisor

Dr. Shamaila Rani

Assistant Professor

Department of Mathematics

COMSATS Institute of Information Technology (CIIT)
Lahore.

January, 2018



Final Approval

This thesis titled

Thermodynamics of FRW Universe in Various
Theories of Gravity Inspired by Entropy
Corrections

By
Salman Rafique

CIIT/SP16-RMT-004/LHR

has been approved

For the COMSATS Institute of Information Technology, Lahore

External Examiner:

Dr.

Supervisor:

Dr. Shamaila Rani
Department of Mathematics /CIIT, Lahore Campus

HoD:

Dr. Kashif Ali
HoD (Department of Mathematics, Lahore Campus)



Declaration

I Salman Rafique with registration number CIIT/SP16-RMT-004/LHR hereby declare that | have
produced the work presented in this thesis, during the scheduled period of study. I also declare that
I have not taken any material from any source except referred to wherever due, that amount of
plagiarism is within acceptable range. If a violation of HEC rules on research has occurred in this
thesis, | shall be liable to punishable action under the plagiarism rules of the HEC.

Date:

Salman Rafique
ClIT/SP16-RMT-004/LHR



Certificate

It is certified that I Salman Rafique & CIIT/SP16-RMT-004/LHR has carried out all the work
related to this thesis under my supervision at the Department of Mathematics, COMSATS Institute
of Information Technology, Lahore campus and the work fulfills the requirement for award of MS

degree.

Date:

Supervisor:

Dr. Shamaila Rani
Assistant Professor

Head of Department:

Dr. Kashif Ali
Associate Professor
Department of Mathematics



DEDICATED TO

My Parents

v



Table of Contents

Table of Contents v
List of Figures vii
Acknowledgements ix
Abstract X
1 Introduction 1
2 Preliminaries 7
21 Cosmology . . . . . . .. 8
2.2 Cosmic Acceleration . . . . . ... ... 9
2.3 Dark Energy and Dark Matter . . . . . . ... ... ... .. 9
2.4 Scale Factor . . . . ... ... 10
2.5 Hubble Parameter. . . . . . . . ... ... oL 11
26 FRW Geometry . . . . ... ... ... 11
2.7 Black Hole Thermodynamics . . . . . . . ... .. .. .... 12
2.7.1 Zeroth law of black hole thermodynamics . . . . . . . 12

2.7.2  First law of black hole thermodynamics . . . . . . . . 12

2.7.3 Generalized second law Of black hole thermodynamics 13

2.7.4 Third law of black hole thermodynamics . . . . . . . 13

2.8 Entropy . .. . ... 13
2.8.1 Bekenstein entropy . . . . ... ... 14

2.8.2 Logarithmic corrected entropy . . . . . . .. .. ... 14

2.8.3 Power law corrected entropy . . . . . .. ... ... 14

2.9 Cosmological Thermodynamics . . . . ... ... ... ... 15
2.9.1 Zeroth law of thermodynamics . . . . . . . ... ... 15

2.9.2 First law of thermodynamics . . . . . . . . ... ... 15

2.9.3 Generalized second law of thermodynamics . . . . . . 16

2.10 DGP Brabeworld Gravity . . . . ... ... ... ... ... 16
2.11 Chern-Simons Modified Gravity . . . . . ... .. ... ... 18



3 Thermodynamics in DGP Braneworld Scenario 20

3.1 Field Equations . . . . . . .. .. ... 0oL 21
3.2 Thermodynamical Analysis with Usual Entropy . . . . . . . 23
3.2.1 Thermal Equilibrium Scenario . . . . . ... ... .. 27
3.3 Logarithmic Corrected Entropy . . . . . .. ... ... ... 30
3.3.1 Thermal Equilibrium Scenario . . . . . ... ... .. 32
3.4 Power Law Corrected Entropy . . . . . . . . ... ... ... 34
3.4.1 Thermal Equilibrium Scenario . . . . . ... ... .. 37

4 Thermodynamics in Dynamical Chern-Simons Modified Grav-
ity 40
4.1 Basicequations . . . . . . ... ... 41
4.2  Thermodynamical Analysis with Usual Entropy . . . . . . . 42
4.3 Entropy Corrections . . . . . . .. .. .. ... . ...... 46
4.3.1 Logarithmic Corrected Entropy . . . . . ... .. .. 46

4.3.2 Power Law Corrected Entropy . . . . . . .. .. ... 51
Concluding Remarks 55
Bibliography 58

vi



List of Figures

3.1
3.2
3.3
3.4

3.5

3.6

3.7
3.8

3.9

4.1
4.2
4.3
4.4
4.5

4.6

4.7

Plot of total entropy versus « for usual entropy. . . . . . .. 27
Plot of Sy versus ~ for usual entropy when I' = constant. . . 28
Plot of S7 versus 7 for usual entropy when I' = I'(¢). . . .. 30
Plots of total entropy versus ~ for logarithmic corrected en-

tropy. . . .. 32
Plot of Sy versus 7 for logarithmic corrected entropy when
['=constant. . . . . . . .. .. .. 0. 33
Plot of Sy versus ~ for logarithmic corrected entropy when
D=T(t). . . o oo 34
Plot of total entropy versus v for power law corrected entropy. 36
Plot of Sp versus « for power law corrected entropy when
I'=constant. . . . . . ... ... ... 38

Plot of Sr versus « for power law corrected entropy when

D=T(t). . - o oo 39
Plot of Sy versus ~ for usual entropy . . . . . .. ... ... 44
Plot of Sy versus v for usual entropy when I'=constant. . . . 45
Plot of Sy versus 7 for usual entropy when I' = I'(t). . . . . 46
Plot of Sy versus ~ for logarithmic corrected entropy. . . . . 48

Plot of Sp versus 7 for logarithmic corrected entropy when
I'=constant. . . . . . . . . ... ... ... ... 49

Plot of Sy versus ~ for logarithmic corrected entropy when

Plot of Sy versus v for power law corrected entropy. . . .. 52

vil



4.8

4.9

Plot of Sy versus ~ for power law corrected entropy when
I'=constant. . . . . . . . . . ... .

Plot of Sr versus ~ for power law corrected entropy when
D=T(t) . . oo

Viil



Acknowledgements

For the sake of Allah most beneficent generally benevolent. By the beauty
of Allah Almighty whose assistance and direction was felt at each pro-
gression and breath amid the planning of this thesis. My significant appre-
ciation to Hazrat Muhammad (PBUH) Who is everlastingly a track of
direction and learning for mankind in general.

I express my true thankfulness to my profoundly learned, committed su-
pervisor Dr. Shamaila Rani and Dr. Abdul Jawad for their assistance
as well as their ceaseless help, profitable remarks, advices and proposals for
me. [ learnt a lot during all my research period. I also admire the help
and guidance of HoD of Mathematics Department, Dr. Sarfraz Ahmad and
other faculty members.

This acknowledgement will remain incomplete if I do not say a few
words about my parents especially for my mother for her lot of support
and prayers, which will always remain behind me Insha Allah. T would like
to express my gratitude towards my family for the encouragement which
help me in completion of this paper. This thesis become a reality with the
kind support and help of many individuals, my colleagues and friends. I
would like to thanks all of them.

Lahore Salman Rafique

January, 2018

X



Abstract

In this thesis, we discuss the thermodynamical analysis for gravitationally
induced particle creation scenario in the framework of DGP braneworld
and Chern-Simons gravity. For this purpose, we consider apparent horizon
as the boundary of the universe. We take three types of entropy such as
Bakenstein, logarithmic corrected and power law corrected entropies with
ordinary creation rate I'. We analyze the first law and generalized second
law of thermodynamics for these entropies which hold under some con-
straints. The behavior of total entropy in each case is also discussed which
implies the validity of generalized second law of thermodynamics. Also, we
check the thermodynamical equilibrium condition for two phases of creation
rate I', that is constant and variable and found its vitality in all cases of

entropy.



Chapter 1

Introduction



Cosmology is the branch of astronomy which deals with the origin and
advancement in the universe, including procedure to get a more profound
comprehension of the laws of physics expected to hold all through the uni-
verse. The word cosmology derived from two Greek words cosmos means
world and logia means study off. In cosmology, we study about the universe,
its nature, center structure, physical aspects and the reaction. Newton pro-
posed a physical mechanism for Kepler’s laws of planetary motion. His
law of universal gravitation resolved the anomalies caused by gravitational
interaction between the planets.

The idea of static universe is presented by Einstein by adding cosmolog-
ical constant in the field equation of general relativity. After Einstein, fa-
mous scientist de Sitter, Schwarzschild and Eddington promoted cosmology.
In 1922, the theory of relativity is rejected by Friedmann and he introduced
the idea of expanding universe. After that, researchers started debates on
expanding universe. The difference in these ideas came to an end when
Hubble detected novae in the Andromeda galaxy and then showed its dis-
tance to be way beyond the Milky Way’s boundaries. The high-Z Supernova
Search Team and the Supernova Cosmology Project are two independent
teams were sent into the space to collect data about astronomical objects.
The result was unexpected, because the obtained results showed accelerated
expansion of the universe.

Recently, different observations such as Supernova Ia [1, 2], cosmic mi-
crowave background [3] and Sloan Digital Sky Survey [4] show the accel-
erating phase of the universe. Through these observations, the researchers
suggested that this cosmic acceleration is due to unknown energy dubbed

dark energy (DE) [5]-[8]. After this, a lot of research is being done to find



the source and properties of DE but unfortunately, scientists failed to intro-
duces the valid argument till now. The only known property of DE is the
repulsive force. The simplest candidate of DE is the cosmological constant
but it is plagued with two basic problems such as fine-tuning and cosmic
coincidence. Alternative approaches such as modified theories of gravity
and dynamical DE models have been adopted to elaborate the accelerated
expansion scenario. The dynamical DE models include quintom [9]-[11],
quintessence [12]-[14], family of Chaplygin gass [15]-[17], K-essence [18]-
[20], new agegraphic DE [21, 22], pilgrim DE (PDE) [23]-[25], holographic
DE (HDE) and its modified models [26, 27], etc. The proposed modified
theories of gravity include Gauss-Bonnet gravity with G invariant [28], f(R)
takes Ricci scalar R [29], f(T') inherits torsion scalar T' [30], f(R,7) with
7T as the trace of stress-energy tensor [31], f(R,G) carries both R and G
[32], Brans-Dicke [33], Kaluza-Klein theory [34], dynamical Chern-Simons
modified gravity [35, 36], braneworld model etc.

Investigations on the profound association between gravity and ther-
modynamics have been reached out to braneworld gravity. Dvali et al.
[37] purposed that the 3-brane is embedded in a space-time with infi-
nite size extra dimensions, with the hope that this picture could shed
new light on the standing problem of the cosmological constant as well
as on supersymmetry breaking [37, 38]. The DGP display expects the
presence of a 4 + 1—dimensional Minkowski space, inside which custom-
ary 3 + 1—dimensional Minkowski space is inserted. The model containing
the two terms Einstein-Hilbert action, which involves only the 4 — D space-
time dimensions and other is the equivalent of the Einstein-Hilbert action,

as extended to all five dimensions.



Chern-Simons modified gravity is an extension of general relativity that
captures leading order, gravitational parity violation due to the parity vio-
lating correction term given by the Pontryagin density [39, 47]. Pontryagin
density is a topological term in 4D where the coupling constant promoted
to a scaler field which did not behave like a constant. We obtain the Chern-
Simons action by adding Einstein-Hilbert term with product of dynamical
scalar and Pontryagin density plus the action of scaler field. We add a
Chern-Simons term which is coupled to gravity using scaler field and adding
usual Einstein-Hilbert action, we get modified form. Non-dynamical and
dynamical formulation are two theories of Chern-Simons which exist inde-
pendently. Also this modification displays violation of parity symmetry in
the Einstein-Hilbert action and consists of pontryagin density in addition.

The concept of thermodynamics in cosmological system originates through
black hole (BH) physics. It was suggested [48] that the temperature of
Hawking radiations emitting from black holes is proportional to their cor-
responding surface gravity on the event horizon. Jacobson [49] found a
relation between thermodynamics and the Einstein field equations. He
derived this relation on the basis of entropy-horizon area proportionality
relation along with first law of thermodynamics (also called Clausius rela-
tion) dQ = TdS, where dQ, T and dS indicate the exchange in energy,
temperature and entropy change for a given system respectively. It was
shown that the field equations for any spherically symmetric spacetime can
be expressed as TdS = dE + PdV (E, P and V represent the internal
energy, pressure and volume of the spherical system) for any horizon [50].

The generalized second law of thermodynamics (GSLT') has been studied

extensively in the scenario of expanding behavior of the universe. The



GSLT states that the entropy of matter inside the horizon plus entropy of
the horizon remains positive and increases with the passage of time [51]. In
order to discuss GSLT, horizon entropy of the universe can be taken as one
quarter of its horizon area [52] or power law corrected [53] or logarithmic
corrected [54] forms. Many people have explored the validity of GSLT of
different systems including interaction of two fluid components like DE and
dark matter [55], as well as interaction of three components of fluid [56] in
the FRW universe by using simple horizon entropy of the universe.

The gravitationally induced particle creation is another well-known mech-
anism which was firstly introduced by Schrodinger [57] on microscopic level.
This mechanism was further extended by Parker et al. towards quantum
field theory in curved spacetimes [58]-[62]. The macroscopic description of
particle creation mechanism induced by gravitational field was presented by
Prigogine et al. [63]. Later on, the covariant description of this mechanism
was developed [64, 65] as well as the physical difference between particle cre-
ation and bulk viscosity was also given [66]. The particle creation process
can be described with the inclusion of backreaction term in the Einstein
field equations whose negative pressure may help in explaining the cosmic
acceleration. In this way, various phenomenological models of particle cre-
ation have been presented [67]-[72]. It is also shown that phenomenological
particle production [73]-[76] help in explaining the cosmic acceleration and
paved the alternative way to the concordance ACDM model.

The purpose of this thesis is to investigate the validity of GSLT in
the framework of different laws corresponding Bekenstein, logarithmic and
power law corrected entropies. Further, we investigate the stability of ther-

modynamical equilibrium for constant as well as variable I'. The thesis is



organized as follows:

e In chapter 2, some basic material is provided which is helpful to un-

derstand our work.

e In chapter 3 and 4, we consider Bekenstein entropy, logarithmic cor-
rected entropy and power law corrected entropy with particle creation
rate ' in the frame work of DGP braneworld and dynamical Chern-
Simons modifled gravity respectively. We also check the validity of

GSLT and stability of thermodynamical equilibrium.

e In the last section, we summarize our results.



Chapter 2

Preliminaries



This chapter has the basic concepts for understanding the thesis work. The

basic definitions are very useful for the calculations.

2.1 Cosmology

Cosmology is the study of the dynamical structure of the universe consid-
ered as a whole. Contemporary cosmological models depend on the pos-
sibility that the universe is, all things considered, the same overall. This
principle is called the cosmological principle, which is a generalization of
the Copernican principle, the cosmological principle states that "at each
epoch, the universe presents the same aspect from every point, except for
local irregularities” [77]. The universe and matter in the universe should be
isotropic and homogeneous when averaged over sufficiently large volumes.

These characteristics are defined as

e [sotropy states that space looks the same, no matter what direction

one looks at (direction independent).

e Homogeneity is the statement that the location is the same through-

out the space (position independent)

Astronomical observations reveal that the universe is homogeneous and
isotropic on the largest scales. Traditionally this homogeneity has been
assumed up to small fluctuations that are large enough to include clusters
of galaxies. The big-bang theory reveals the expansion of the universe from
a denser point with temperature at extreme limit around 13.7 billion years
ago. After this, the inflationary paradigm came into being which is an

extremely rapid exponential expansion. This paradigm was supposed to



express the accelerating expansion of the universe through negative pres-
sure. Observations indicate that after inflation, the universe passed through
three dominant phases during its evolution. These are given as radiation,

matter and DE dominated phases.

2.2 Cosmic Acceleration

In 1998 two independent team high-Z supernova search project and the Su-
pernova cosmology were sent into the space. Their mission was to collect
data about astronomical objects. This discovery was unexpected, because
obtained results were showing accelerating expansion of universe. This was
the biggest achievement of that time, therefor three members of these groups
awarded by noble prize due to this achievement. After that some observa-
tional data like cosmic microwave background, large scale structure, Sloan
Digital Sky Survey, the integrated Sachs Wolfe effect, gravitational lensing
and baryonic acoustic oscillations, also showed the expansion of universe is
accelerating. These observational data suggest that the main cause of this
expansion is an unknown force, called DE. Unfortunately properties of DE
are unknown. As scientists have made different observations and conclude
that universe is accelerating. different theories have been presented about

this cosmic acceleration.

2.3 Dark Energy and Dark Matter

Dark energy is a mysterious force which acts to push rather than pull things,
which caused the accelerated expansion of universe. This energy is the

biggest puzzle of current time. Astronomer are trying to find the nature
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and properties of DE but we just known that DE have negative pressure
(repulsive force). According to latest observation two-third of our universe
consist of DE and remaining part include baryonic and non-barynoic dark
matter (DM).

Cosmologists have made a lot of efforts in making consensus about the
types of DM constituents in the universe and their quantities. Dark matter
exists in baryonic and non-baryonic forms. Astronomers can easily detect
some types of DM through the emission of photons in all directions, because
stars emit light in infrared, visible and ultraviolet range of electromagnetic
spectrum. This type of matter lies in the category of baryonic DM but it
contributes 4 percent (predicted contribution of baryonic DM in the uni-
verse) in the overall density of the universe. However, the second major
constituent of the universe is non-baryonic DM and its contribution is ap-
proximately 23%. This matter cannot be detected directly because it does

not absorb, emit or scatter light of any wavelength.

2.4 Scale Factor

By looking at distant galaxies, they seem to be receding from our galaxy. It
appears that the universe is not static, but changing with time. The spatial
size of universe at given time is called the scale factor and it is denoted
by a(t). According to latest cosmological observation, it can be defined as

7universe is expanding” so, a(t) > 0.
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2.5 Hubble Parameter

The "rate of expansion” is characterized by the Hubble parameter
a
H=- 2.5.1
°, 25.1)

The Hubble parameter relates with speed for which universe is expanding.
The value of the Hubble parameter at the present epoch is the Hubble
constant Hy. Recently, there is a lot of discussion have done about its

actual value, which is given by

Hy =100 h km/s/Mpc and 1Mpc=3 x 10**cm, h=0.71703

2.6 FRW Geometry

The Friedmann-Robertson-Walker (FRW) metric is based on the assump-
tion of homogeneity and isotropy of the universe which is approximately
true on large scales. This homogeneous and isotropic cosmological model is

called the FRW geometry and is given by

2

1 — kr?

dS® = —dt* + a(t)2( + 7r*(d6* + sin® 9d¢2)) (2.6.1)

where a is scale factor and k represents curvature which involves three cases

as follow
e k = —1 represents the negative curvature (hyperboloid)
e k=0 corresponds to no curvature (flat surface)

e k =1 corresponds to positive curvature (for the 3-sphere)
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2.7 Black Hole Thermodynamics

Black hole thermodynamics provides the relationship among laws of ther-
modynamics and BH mechanics. In general relativity, BHs comply with
specific laws which have numerical similarity with common laws of ther-
modynamics. In classical theory, they are excellent absorber and don’t
discharge anything yielding absolute zero temperature and in quantum the-
ory, they emit Hawking radiation with a perfect thermal spectrum. In BH
mechanics, one can relate entropy of BH with quarter of its area by taking
temperature of Hawking radiation. In perspective of BH mechanics, the

laws of BH thermodynamics are given as follows [78]:

2.7.1 Zeroth law of black hole thermodynamics

In BH mechanics Zeroth law is defined as the surface gravity of a stationary
BH horizon is constant. The zeroth law in classical thermodynamics defines
that the temperature in a equilibrium system remains constant. Moreover,
In the presence of Hawking radiation, the surface gravity is directly propor-
tional to the temperature of a BH, which concludes that the surface gravity
is the measure of temperature of a BH. Hence, constant surface gravity of

stationary BH leads to constant temperature. This is called zeroth law of

BH.

2.7.2 First law of black hole thermodynamics

First law of BH mechanics is defined as

dM = SidA +QdJ + ¢dg, (2.7.1)
T
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where M, A, Q, J, ¢ and ¢ are the mass, horizon area, angular velocity,
angular momentum, electrostatic potential and electric charge of a BH re-
spectively. The last two terms dJ and dq have the interpretation of work
required to turn up BH by an amount d.J keeping in mind the end goal to

expand its charge by dg.

2.7.3 Generalized second law Of black hole thermo-
dynamics

The second law of BH thermodynamics states that, in any process, the area

of BH and its entropy S do not decrease, i.e.,

55 > 0. (2.7.2)

2.7.4 Third law of black hole thermodynamics

It can be defined as ” the temperature of a BH cannot be reduced to absolute

zero by a finite number of operations”.

2.8 Entropy

Entropy is the thermodynamical quantity that represents the flow of energy
in a thermodynamic process. It explains the nature of heat why it flows
from a cold object to a warm one. A physical system will always evolve
towards a state of thermal equilibrium. This empirical fact is formulated in
the important second law of thermodynamics which reads ”entropy tends

to increase”. Mathematically,

AS > 0. (2.8.1)
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2.8.1 Bekenstein entropy

Bekenstein entropy of the apparent horizon is giving as

A\ A

where A = 47 R? is the area and G, h, R4 are the Newton’s gravity con-
stant, the Planck-Dirac constant and radius of apparent horizon respec-

tively.

2.8.2 Logarithmic corrected entropy

Logarithmic corrections arises from the loop quantum gravity due to ther-

mal equilibrium fluctuations and quantum fluctuations

A A AL
TS T I Yo
=g tehaE iy

where o and 3 are dimensionless constants and L, stands for Planck length.

2.8.3 Power law corrected entropy

The horizon entropy of the universe is the basic entity for discussing the
GSLT of the expanding universe. In this respect, the correction is found in

the power law form as

A 1—2
SA—4—LIQ)(1—KO[A 2),

where « is dimensionless constant and

-1

[N]1)

o} (47r)

R = oy

with 7, is a crossover scale.
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2.9 Cosmological Thermodynamics

Thermodynamics is the branch of science in which we study energy, heat,
work and their relationship. In any physical system, thermodynamics is
discussed at two different levels such as microscopic and macroscopic. To
study the microscopic level, statistical thermodynamics is used which pro-
vides the behavioral knowledge of individual particles, while the classical
thermodynamics help us to study the physical system at macroscopic level
such as pressure, volume, temperature, entropy and internal energy are dis-
cussed. In the following, we define the laws of thermodynamics which are

helpful to investigate the thermodynamical states of a system [78].

2.9.1 Zeroth law of thermodynamics

According to this law, all the components of a system have the same tem-

perature until the system is in equilibrium.

2.9.2 First law of thermodynamics

First law is also known as the law of conservation of energy. It stats that
the total amount of energy in a system remains constant but can change

from one form to another, i.e,
dE =TdS + dW.

It merits seeing that Eq.(2.7.1) has a striking likeness to the first law of
thermodynamics, which concludes that first law of black hole mechanics is

also the first law of thermodynamics by keeping x o« T" and A x S.
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2.9.3 Generalized second law of thermodynamics

Thermodynamics of BH plays an important role to discuss the behavior
of thermodynamical interpretation of the universe. Black hole thermody-
namics demonstrates that there is association between attractive energy
and thermodynamics. First of all Jacobson [79] drived Einstein field equa-
tion with the help of Clausius relation T'dS = d(@ together with entropy
proportional to the horizon area (S = %). For the flat quasi de-Sitter
geometry, Frolov and Kofman [80] showed Friedmann equations can result
from dE = T'dS for slowly rolling scalar field. Further Padmanabhan [81]

explored such connection in case of general spherically symmetric spacetime

and showed that field equations can be stated in the form
TdS =dE + PdV, (2.9.1)

where P is the pressure and V' is volume, also,

_ 47 R} T 1 P 47 R;

1% -
3 21R’ 3

(pa + pm) - (2.9.2)
Hence, the total entropy turns out to be
Siot = S + Sg, (2.9.3)

where S denotes background entropy and Sgy shows BH entropy. That is
the sum of BH entropy and the background entropy must be an increasing

quantity with time.

2.10 DGP Brabeworld Gravity

A most particular version was proposed by Dvali et al. [37], in which the

four dimensional FRW universe is enclosed in a five dimensional Minkoski
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bulk with infinite size. The gravitational laws were obtained by adding an
Einstein-Hilbert term to the action of brane computed with the brane’s in-
trinsic curvature. The presence of such a term in the action is generically
induced by quantum corrections coming from the bulk gravity and its cou-
pling with matter living on the brane and must be included for a large class
of theories for self-consistency [82, 83]. Here, we consider 3-brane embedded
in a 5D space-time with an intrinsic curvature term included in the brane

whose action can be written as

1 .
Se) = T 9.2 P°Xy —§R+/d5X\/ —gL, (2.10.1)
K
where L,, is the brane curvature term, given by

1 4

and k? = 871G 5) = M(gf’, p? = 8rGyy = M(jl)z. The Eq.(2.10.1) represents
the Einstein-Hilbert action in five dimensions for a five-dimensional metric
gap (bulk metric) of Ricci scalar R. Similarly, Eq.(2.10.2) indicates the
Einstein-Hilbert action for the induced metric g.q on the brane with R

appeared as its scalar curvature. From Eq.(2.10.1), we can get modified

Friedmann equation as [84]

k p 1 e\’
H? + — = — 2.10.
+ a? ( 3Mg + 472 + QTC) ’ (2.10.3)

where p = p,, + pp, the subscripts m and D represent the energy densities
corresponding to DM and DE respectively, r. is the crossover length which
represents the scale that has length away from which gravity starts opening
into the bulk [84]. Moreover it is the distance scale follow the comparison

among 4D and 5D effects of gravity and can be written as [84]

2
re = Mpg, (2.10.4)
2 M




18

where M2 stands for the 5D Planck mass and M} is the 4D Planck mass.

2.11 Chern-Simons Modified Gravity

Dynamical Chern-Simons modified theory of gravity is the extension of
general relativity. This theory can be obtained explicitly from string theory
[85]. We add Chern-Simons term with couple to gravity using scaler field
than adding usual Einstein-Hilbert action, we get modified form. Non-
dynamical and dynamical formulation are two theories of Chern-Simons

which exist independently. The action of Chern-Simons theory is given by

[86]-[88]
= 1 d*z( V=gR g@*RP""”R 1 g OV vl + V(0
= 162 X —glii+ 4_1 pouy 59 iz vo + ( )
+ Sm(zt; (2111)

where *RF™ R 51, £, 0, Simar, and V () are topological invariant called the
Pontryagin term, the coupling constant, the dynamical variable, the action
of matter and the potential, respectively.

Fields equations describe by the action of dynamical Chern-Simons mod-

ified gravity are,

G +1C,, = 87GT,, (2.11.2)
I

9VNO = = TR R (2.11.3)

Here G, is the Einstein tensor while C), is the cotton tensor which can be

defined as follows

1
O = — 5 (V) UV RY) 4 (V0,0 RO (211.4)
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Also T, v (energy-momentum tensor corresponding to the scaler field) and

T,

v (energy-momentum tensor corresponding to the matter field) are

) 1
T, = ViVl = 56" V0V 0,

TNV = (p+p)uuuu+pguu- (2115)



Chapter 3

Thermodynamics in DGP
Braneworld Scenario

20
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In this chapter, we discuses first law of thermodynamics, GSLT and ther-
modynamical equilibrium scenario by assuming different entropy corrections
such as Bekenstein entropy, logarithmic corrected entropy and power law
corrected entropy for constant and variable I'. The results of this chapter

have been accepted for publication in the form of a research paper [89].

3.1 Field Equations

For the spatially flat DGP braneworld (k = 0), Eq.(2.10.3) reduces to

Hw_tg-_r_ 3.1.1
Te 3]\/[102 ( )

There exist two different branches for the DGP model depending on the

sign of €. These are as follows:

e For e = +1, there is a de Sitter solution for Eq.(3.1.1) with constant
Hubble parameter, i.e., H = rl =a(t) = agee in the absence of any
kind of energy or matter field on the brane (i.e., p = 0). However,

this branch faces some problems like ghost instabilities [90].

e For e = —1, the accelerated expansion of the universe can only be ex-

plained through the inclusion of DE component in the DGP scenario.

We consider the latter case in the present work. The equation of continuity

for this model will become
p+0O(p+P+1I) =0, (3.1.2)

where II is a particle creation pressure which represents the gravitationally

induced process of particle creation and © = 3H is the fluid expansion.
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Differentiating Eq.(3.1.1) and replacing the value of p using Eq.(3.1.2), we
obtain

H_fJﬂp+p+H)
_Jw@H—@'

(3.1.3)

The respective EoS for this model is giving by p = (fy — 1)p with % <~y <2
The non-conservation of the total rate of change of number of particles,
N = na® with comoving volume a® and n is the number density of particle

production in an open thermodynamical system yields
n+ 0n =nl, (3.1.4)

where I is a particle creation rate has negative and positive phases. Nega-
tive I represents the particle destruction and positive I' describes the elim-
ination of particles. Furthermore, a non-zero I' produces effective bulk
viscous pressure [91]-[97].

Now using the Eqs.(3.1.2), (3.1.4) and Gibbs relation, we get

Ius:d<§)+4m(%>. (3.1.5)

An equation related to the creation pressure II and the creation rate I" has
the form

H:—g@+m. (3.1.6)

Under traditional assumption that the specific entropy of each particle is
constant, i.e., the process is adiabatic or isentropic. This implies a dissipa-
tive fluid is similar to a perfect fluid with a non-conserved particle number.
To discuss cosmological parameters, we insert Eqs.(3.1.6) and p = (y —1)p
in Eq.(3.1.3), to obtain

B 3v(H =) (- 55)
FTECT R (3.1.7)
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The deceleration parameter g can be written as

Jij 39(H — ) (1 - 55)
- 1= Te - 1. 1.
1= (2H - £) (3.1.8)

The effective EoS parameter for this model turns out to be

p+ 11 (1 F)—l.

Weff = —— =17 3.1.9
P (3.1.9)

This parameter has ability to explain the different phases of the universe
on the basis of I', i.e., if I' < 3H, then we have quintessence era of the
universe (weg < —1), if I' > 3H then effective EoS parameter represents the
phantom era of the universe (weg > —1) while for I' = 3H, effective EoS
parameter exhbits the cosmological constant (weg = —1).

In the following, we will discuss first and second thermodynamical laws

in the presence of particle creation rate I' on the apparent horizon.

3.2 Thermodynamical Analysis with Usual
Entropy

For flat FRW universe, Hubble parameter coincides with the apparent hori-
zon as R = % Differentiating the apparent horizon with respect to time,

we get

. H  3y(H =) (1-55)
Ry=—5 = sH-T (3.2.1)

The Bekenstein entropy and Hawking temperature of the apparent horizon
are given by (87 =G =1)

A RY 1 4
=—=—= d Ty = = — 3.2.2
4 8 an A 27TRA RA’ ( )

Sa
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where A = 47 R?%. The first law of thermodynamics at the horizon can be

obtained through the Clausius relation as
—dEx = ThdS\. (3.2.3)

For the sake of convenance, we consider = = TxdSx +dEs. The differential

dFEx is the amount of energy crossing the apparent horizon can be evaluated
as [98]

3y(H - )

1 3
—dEy = SRY(p+ p)Hdt = ———

dt. (3.2.4)

From Eq.(3.2.2), the differential of surface entropy at apparent horizon

yields
3y (H—2)(1—3p)
d = -— TC .2.
54 = 1w H-£) (3:2:5)
which leads to
3v(H — £)(1— 2L
TadSs = il (2;1 (L) 1) dt. (3.2.6)
Thus, = turns out to be
- € 1— % 1

From this relation, it can be seen that first law of thermodynamics holds

(i.e., 2 — 0) at the apparent horizon for I' = 3H (1 — 21{2;1%)

Next, we will discuss the GSLT and thermodynamical equilibrium of a
system containing perfect fluid distribution bounded by apparent horizon
in DGG brane-world scenario. For GSLT, the total entropy of the system
can not be decrease, i.e., d(Sa +Sr) > 0. In this relation, Sx and S¢ appear

as the entropy at apparent horizon and the entropy of cosmic fluid enclosed

within the horizon, respectively. The Gibbs equation is given by

TidSy = dE¢ + pdV, (328)
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where T; is the temperature of the cosmic fluid and E; is the energy of
the fluid (Ef = pV). The evolution equation for fluid temperature having

constant entropy can be described as [99]

t_r-eZ? (3.2.9)

Eq.(3.1.7) leads to ' —© = f(w:é)

T S) which inserting in Eq.(3.2.9) gives the

following equation

. (v=1)

In (%) _0 ; Y / 5}52(5: :; = T=T, (H2 - TEH> 7 (3.2.10)

Tc

where Tj is the constant of integration. The differential of the fluid entropy

can be obtained by using the Eq.(3.2.8) as follows

I R SN RS S R
a5 (2H — £) (H rc)(l 3 U ro )
1 3y €
X (1 ~ S ﬁ(H — T—C)>dt. (3.2.11)

Using Eqgs.(3.2.5) and (3.2.11), we get the rate of change of total entropy as

37(H — ) (1~ 5m

) [1 AT H(H - S )

Te
1 € 3y €
— - —(H——) -1 2.12
(a3t =) -1)] @21
where S = Sy + S;. We discuss the validity of GSLT on the basis of I'

such that

e [' < 3H: The GSLT holds if the following constraint

1> ATy (H? - iH)i‘l(H— ‘ +31(H— i))

Te 27, 2 Te

satisfies. This shows that the GSLT satisfies in the qunitessence era

of the evolving universe.
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e [' > 3H: For this case, we have the constraint

1_ € 3y €
1< 4T, Y (H2— SH) ' (H - -
< 0( rc) 2rc+2( rc)’
which implies the GSLT holds in phantom era of the universe.

o I = 3H: This case implies Sy = 0 in the cosmological constant era.

Replacing dt to % and integrating Eq.(3.2.12), we get

St = Sa+ St
1 € =L H?r 14+~
- _ " (1 ©) 7 |6v%€* o F1
8H2627“CT0(1—7)( HQT’C) ( 6) [76 ( v
1 1 € € .1 H?r, 1 € .1
-=,2—= H? — )51 ——5)7 +2(H* — —)"r2{ —4H
e e - Sra- - S - a
1 1 H?r,

= 1
27 472 € H?r,

1 —1+~3 H?%, ] €

-1 1 1
X QF]_(—, alt]

7__72__

2 2 e Hr, o
; HZTC)(l _ Hzrcﬁ)} +2H?*r3(H? — EC)E/(_1 +7) <4H 2F1(%
| —1;—77 ;7 H:rc>(1 B HZTC); +%( B 2F1(—%,—%, —1;—77 H%TC)
x (1- Hzrcﬁ P ) (L (1 HZ”)i))) (14 7)e
X Tc{6’7H(H2 — _C)i < —2(1— HZTC)i 2F1(—%7 __1’ %’ @) — Hy
< 0= R S e 0
e U 1 | HENCENE

The plot between total entropy and parameter v is shown in Figure 3.1 for

1

o7 e = —1.

three values of T by setting constant values as H = 67, r, =
We observe that Sy > 0 for all the values of T" which leads to the validity

of GSLT.
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Figure 3.1: Plot of total entropy versus « for usual entropy.

3.2.1 Thermal Equilibrium Scenario

Further, we will discuss the thermal equilibrium scenario in the present case.
For thermodynamical equilibrium, the entropy function attains a maximum
value and satisfies the condition d>Sy = d?(Sa + St) < 0. For this purpose,

we consider two cases of particle creation rate (I").

Case 1: ' = constant

Firstly, we consider particle creation rate I'" as a constant. Under this sce-
nario, differentiating Eq.(3.2.12) w.r.t time, it results the following second
order differential equation

3v(1— L) (— <+ H)\H — L\E
B ’V( 3H)( o 2) i 3’7(1 E3H)>‘H +’YF(1——)
2H(— £ +2H) AH(— < +2H) 3H

Sr =

(—<+H)\H 37(1—%)(—5+H))\H+ 3y
AH?(— £+ 2H) ( <42 ) AH(— < +2H)

3H Te 2reH  2H
€ : 1—~)H eH ol €
- (_7"_C+H))H+ (’YTO) ( Te ) (_1+2Hrc
3’y(—i+H) . oy 127
- 51T )(—r—c+2HH)+4H( - + H?)
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Figure 3.2: Plot of Sy versus v for usual entropy when I' = constant.

T 2r.H? 2H 2H?
To

X

(3.2.14)

( cH Mjﬁw(fa“f))).

where A = 1+ (=l 4 g2)'s (g4 e - PCE) oy
between Sy versus v for three values of T' with constant values of H = 67,
re = ==. € = —1, ¢ = —0.53 as shown in Figure 3.2. One can observe
that the thermodynamical equilibrium condition holds for all values of T
with specific ranges of 7. For example, for T' = 10%, thermodynamical
equilibrium holds for the range 1.4 < v < 1.8 and does not obey for 0.6 <
v < 14. For T = 10%*3, thermal equilibrium holds for the range 1.3 <
v < 1.8 and does not showing the validity for 0.6 < v < 1.3. However,

for T = 10%®, thermodynamic equilibrium condition holds for the range

1.2 < v < 1.8 and disobey for the range 0.6 <~y < 1.2.
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Case 2: I'=T(t)

Here we take I' as variable parameter, i.e., I' = I'(¢), for which Eq.(3.2.12)

becomes
. 3IN==+H)(1—-L)H 3y\1-L\H r ..
Sr = _IAC F U 5) L3 g A1 — —)H
2H(—i+2H)2 4H(—T—€c+2H) 3H
-~ 4+ H 3v(—< 4+ H)(1 - L H
AT BCE B (e
4H2(—i+2H) 4H(—i+2H) Te
¢ 3y (=2 +H)\ 7
(_ 1+ UroH 2H )H 4(1 - V)H eH oy —14+1=x
X + (——+H") "~
TO rYTO Te
3v(—- + H) eH :
4H (1 — -1 Te — 2HH
<At (1 =) +2H =) (- ony
¢ i (S +HH
| ) (g DU
To
SYA(—< + H) (& — L
n YA( ) (3= 3H>7 (3.2.15)
4H(—E+2H)
where
 BHTE) (- D (- %) r
I'=— ‘e 3HAT (1 — —
2H — © 3P = o).

The plot of S versus ~ for three values of T" as shown in Figure 3.3 by
keeping the same constant values as in previous case. We observe that the
thermodynamic equilibrium holds for all values of T" with different ranges
of 7. For example, for T = 10%, thermodynamic equilibrium holds for
the range 1.4 < v < 1.8 and does not satisfying 0.6 < v < 1.4. For
T = 1023, it leads to the validity of thermodynamic equilibrium for the
range 1.3 < v < 1.8 and does not valid for 0.6 < v < 1.3. However, for
T = 10%®, thermodynamic equilibrium holds for the range 1.2 < v < 1.8

and does not satisfying within 0.6 <y < 1.2.
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Figure 3.3: Plot of S versus 7 for usual entropy when I' = T'(t).

3.3 Logarithmic Corrected Entropy

Quantum gravity allows the logarithmic corrections in the presence of ther-
mal equilibrium fluctuations and quantum fluctuations [100]-[106]. The
logarithmic entropy corrections can be defined as

A A 412
Sa = — In — — 3.3.1

where a and (§ are constants whose values are still under consideration. The

differential form of above equation leads to

3V(H—i)(1—3%)( 1

doa == (2H - £) AH L2

+20H — 16BH3Lf,> dt, (3.3.2)

which gives

3y(H - <)(1 -2
s, - 2= £ (]

— + 8H?0 — 64BH*L? \dt. (3.3.3
2 - 1) Lg+ o 5 p> (3.3.3)

In view of this entropy, the quantity = takes the form

r

= =3y(H - 5) ( - % + %(% +8H*a — 645H4L§)) (3.3.4)

It can be observed from Eq.(3.3.4) that the first law of thermodynamics

(2H- <)

holds when I' = 3H(1 -

(LL% + 8H?a — 64ﬁH4L12))). To discuss the
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GSLT for logarithmic corrected entropy of horizon, we obtain the total

entropy by using Eqgs.(3.2.11) and (3.3.2) as follows
37(H —)(L— 5

T ) (4HL§ +20H — 166H°L, — T, !

1y 1 € 3y €
2 _ ad —_— —_
x (H H) (1 SHr T oH (H ))) (3.3.5)
The GSLT will hold under these constraints.

e For the case I' < 3H, the GSLT satisfy in the quintessence region of
the universe if the following constraint holds

_ 1 € 3y €
AL + 200 > 166H?L: + (HT) 1(1—————(H——))

1—y

x (HZ—T%H) T

e [' > 3H For this case, we obtain the following constraint

_ 1 € 3y €
ALY +2a < 16BHLE + (HTp) 1(1—————(H——))

v

€ 1
x (H'—SH) 7.

Tc

which implies the GSLT holds in phantom era of the universe.

e The case I' = 3H means Sy = 0 in the cosmological constant era.

The expression of total entropy in the form of Hubble parameter is given

by

St = Sa+ S5t

= 8H’BL —2In(H)(c+2L3) + (3.3.6)

The plot of total entropy Sp versus v with respect to three values of T’
is shown in Figure 3.4 with constant values as a = —2, § = —0.00001,
L, = 1. It is observed that the total entropy is positive, i.e, S > 0 which
leads to the validity of GSLT for all values of T .
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Figure 3.4: Plots of total entropy versus v for logarithmic corrected entropy.

3.3.1 Thermal Equilibrium Scenario

Now we will discuss the thermodynamic equilibrium by assuming two cases

for particle creation rate I' as follows:

Case 1: I' = constant

In this way, the second order differential equation can be obtained from

Eq.(3.3.5) for I' as a constant

6v(1— 37)(H — <)

Sr = - 7 (AHL? — Ay + 20H — 16L2BH?) [T + 34
1— L) (AHL2 — Xy + 20H — 16L2BH?) H
o Loanli: (;;It j) LM T (H - )
y (4HL2 — \a +2aH — 16L2BH?)  3y(1 — 37)(H — )
H?(2H - ) (2H - ©)
3v\H—*% . . T el
w (412 — (1_7)(1_ ’Y(QHTC) - QHT‘C)(H2_%) S
' 1o
. . 11—~ : 3 H_i oL
% (2HH—EH)_ (H2_;> v (_%_‘_ '7(2H2 )+2HI;ITC)
Te Ty

+ 20H — 48L§5H26H) , (3.3.7)
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Figure 3.5: Plot of Sp versus ~ for logarithmic corrected entropy when
I' = constant.

where

(-2 ) - )

€
)\2 _ 2H 2H7r. Te
Ty

The plot between Sy and v for three values of T' by fixing the constant values
qg=—0.53, a = -2, 8 =-0.000000001 and L, = 1 as shown in Figure 3.5.
It can be seen that thermodynamical equilibrium is obeying the condition

Sr < 0 for all values of T' which leads to the thermal equilibrium.

Case 2: I'=1T1(t)

Taking I" as a function of ¢, Eq.(3.3.5) yields

6v(1 - 37)(H — 2)

Sr = - GH - o) (4HL? — Mo+ 20H — 16 L23H*) H + 3
L (= gg) (AHLE = X + 20H — 16L2BH3)H  3y(1 — 5)
(28 - 5) (2H - 7)
37<H7ri) € 2 eH —1412
_ € 2 _(1_ SH _2Hr,;)(H _Z) !
x (H TC) <4LpH o
i, (- 5+ 2A) 4 )
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Figure 3.6: Plot of Sp versus ~ for logarithmic corrected entropy when
L'=T(t).

x (H?— ri) +20H — 48L§5H25H) +3v(H — Tic)
v g Ciezpnty (LE T
GH— 1) (A4HL? — Xy + 20H — 16L.3H )(?)H2 3H). (3.3.8)

Figure 6 reperesents the plot between Sy and ~ for three values of T for
variable I" for same constant values. Figure 3.6 indicates that the tra-
jectories of Sp corresponding to all the values of T ensure the validity of

thermodynamical equilibrium.

3.4 Power Law Corrected Entropy

The power-law correction to the entropy-area law comes from association of
the wave-function of the scalar field between the ground state and the exited
state [107]-[109]. The correction term is also more significant for higher
excitations. It is important to note that the correction term decreases faster

with A and hence in the semi-classical limit (large area) the entropy-area
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law is recovered. The power entropy can b given as

I
o(4m)?
(1 — K(;Ali%)? K(; = (AI(T))rélls (341)

Sy = —
A

2

412

where 0 is dimensionless constant and r. is the crossover scale. From

Eq.(3.4.1) the differential of surface entropy at horizon can be expressed

as

c

which gives

_3H )0 5w (1 O\ je 2o
TadSa = 2h - ©) (L—% —(2- §)K5R )dt. (3.4.3)

In this entropy correction, we have

::3(H—£) _L_f_—(l_%)(i—(Z—é)KRg_‘s) (3.4.4)
= 2H " (2H - £ ‘L2 2/ o

This equation shows that the first law of thermodynamics (i.e., = = 0) holds
(2H—)

for I' = 3H(1 —
2H(é—(2—g)K5R2*5

In the presence of power law corrected entropy, the rate of change of

total entropy takes the form

g E-D0d) (1K, 6
L Yy dHLZ 412V~ 2\H
1y 1 3

To discuss the validity of GSLT, the following constraints must satisfy.

These are as

e The condition I' < 3H implies that

Lo ARy Oy lyas g o Le 3 g €
i 7 o G ) s s D)
€ 11—y

x (H>——H)
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Figure 3.7: Plot of total entropy versus v for power law corrected entropy.

e [' > 3H For this case, we obtain the following constraint which indi-

cates the validity of GSLT in phantom phase. It is given as

1 HK; Oy, 1 35 1 1 e 3y €
2 < o Coly) I g (= )]
2
x (H TCH)

e The case I' = 3H gives S = 0 in the cosmological constant era.

The equation (3.4.5) in terms of Hubble parameter takes the following form

St = Sx+ 5
1
1 1 LYKy 2v(H(H — <))~
_ 1 _ @) | U )T (3.4.6)
1\2H°12 212 BT,

The plot of total entropy (Sr) is shown in Figure 3.7 versus 7 for three

1

values of T' by assigning the constant values as L =1, H = 67, ¢,

o= —2,
and € = —1. We observe that total entropy is positive, i.e, (Sr) > 0 which

leads to the validity of GSLT for all values of T'.



37

3.4.1 Thermal Equilibrium Scenario

For thermodynamic equilibrium, we assume two cases of I', i.e., I' is constant

and I is variable.

Case 1: ' = constant

For constant I', the second order differential equation of total entropy leads

to
g _ _S-m#H -k 30 —LH)Ag AT(H — <)\
T SR VO B R IR
(2H — ) AH?L2 12
Sy \H—2 ; i 1= o
_ (-7~ 7(2HTC) — o) (H =) e (2HH — 1)
1o
€ 1= g 3 H_i H oF
- (U —5) 7 (=5 + V(QHQ) +2ngc)) (3.4.7)
T, , 4.
where
o (L CoDTE )
3 4HL? A2 Vi ST
(HL%)%”
X TO )H

The plot between Sy and ~ for three values of T’ by setting the constant
values as H = 67, r. = é, e=—1,q=-053,6 =—2, L =1 as shown in
Figure 3.8. It is found that the trajectories in this plot satisfy the condition

Sr < 0 for all values of T', which leads to the thermodynamical equilibrium

of the system.
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Figure 3.8: Plot of Sp versus v for power law corrected entropy when
['=constant.

Case 2: I'=T1(t)

For variable T', second order differential equation of total entropy turns out

to be
g 61— gm)(H = 52X PR L Al I(H — £)
T pi-ZF T CA-5) © GA-D)
i (3-0)(2-3)(g) Kl .
- (_ TRz 12 - (2HH - =)
3v(H-< . 141
y (1= - 7(2HTC) — ) (H =) E _(H? - EH)l—TV
1o Te
: 3y|H-=)H oF . . .
y (=37 + ol 2H;C) +2H€Irc) +37(H—;)(%—%))\{3348)
Ty 2H — = v

The plot between Sy and ~y for three values of T' by setting the constant
values as H = 67, r, = %, e=—-1,¢q=-053,6 = -2, L =1 as shown
in Figure 3.9. We observe that thermodynamical equilibrium satisfying

the condition Sy < 0 for all values of 7. For example, thermodynamical

equilibrium is satisfying the condition dZtSQT < 0for 1 <~ < 2 and does
showing stability for 0 < v < 1 with 7" = 10 and T' = 10? respectively. On

other hand, For T' = 10? thermal equilibrium is stable for 1.1 < v < 2 and
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Figure 3.9: Plot of Sy versus ~ for power law corrected entropy when I' =
().

unstable for 0 < v < 1.1.
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This chapter contains the discussion on thermodynamics including first law
of thermodynamics, GSLT and thermal equilibrium for constant as well
as variable I' in the presence of Bekenstein entropy, logarithmic corrected
entropy and power law corrected entropy. The results of this chapter are

compiled and submitted in the form of a paper.

4.1 Basic equations

The Eq.(2.11.1) will reduce to Freidmann equations for flat universe as [110]

1 2
H?=-p4 &
3P Gat”

(4.1.1)
here ¢ is constant, H = %4 is a Hubble parameter and a(t) is the scale

factor. Differentiation of Eq.(4.1.1) will give

H:—%((p+p+n)—H2—Z>. (4.1.2)

Inserting Eq.(3.1.6) and p = (7 — 1)p in above equation, we get
H 1 c? r. o
- H? — 1—— — . 4.1.
5= i (08 - £ (1= 3+ %) (1.13)
The deceleration parameter ¢ is of the form
H 1 c? r c?
= 1= (B - )1 =)+ ) -1 (414
q H2 2H2 ( ( 2a 6) ( 3H) ) ( )
For this model the EoS parameter can be stated as

p+1II r
et = = = =~(1- 3—H) - 1. (4.1.5)

In following discussion, we analyze the validity of first law of thermo-
dynamics with Gibbs relation, GSLT and thermodynamical equilibrium by
assuming the different entropy corrections such as Bekenstein entropy, log-

arithmic corrected entropy, power law correction.
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4.2 Thermodynamical Analysis with Usual
Entropy

For flat FRW universe, Hubble parameter relates with the apparent horizon
as Rp = % Differentiating the apparent horizon with respect to time, we

have
: H 1 c? r c?
Ri=——=—|(7BH - —)(1— =)+ — | 4.2.1
AT TE T om? (7( 200 3H)+a6) (4.2.1)
The differential dE, is the amount of energy crossing the apparent horizon

can be evaluated by using Eq.(3.2.3)
dBy = (312~ ) (4.2.2)
2H? 247" -
From Eq.(3.2.2), the differential of surface entropy at apparent horizon is

given by

1 c? r c?
151 g (101 - S 1= 1) + ). (123

the above equation with horizon temperature will leads to

1 2 r 2
TadSa = 573 <7(3H2 — an )(1— S_H) + C—). (4.2.4)

Hence = will becomes

2

_ y c 1 c? r c?
o — _W(?)HQ_ﬁ) +ﬁ( (3H2_F)(1_3_H) +—6).(4.2.5)

a

With the help of Eq.(4.2.5) we can observe that first law of thermodynamics

2

is hold when I' = 3H< S (3H? — 2%)‘1).
Further, we discuss the GSLT and thermodynamical equilibrium of
an isolated macroscopic physical system having maximum entropy state.

Hence, the total entropy Sr must satisfies the following conditions d(Sa +
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Sg) > 0 i.e., entropy function cannot be decrease and d(Sa + Sf) < 0 i.e.,
entropy function attains a maximum thermodynamical equilibrium. In this
relation, Sa and Sy appear as the entropy at apparent horizon and the
entropy of cosmic fluid enclosed within the horizon, respectively. Using

7 3HC?
OHTHT o=~ hence Eq.(3.2.9) leads to the

v (sm2- 25 )

: Hc?
In (§> _or—1 / (2HH + a° )dH, (4.2.6)
Ty Y (H2 — C—)

6ab

Eq.(4.1.3) we can get (I' — ©) =

integral

integrating above equation, we obtain
y—1

2
_ 2 C !
T =T, (H - 6a6) : (4.2.7)

where T is the constant of integration. From Eq.(3.2.8) we can get the

differential of fluid entropy as
1—y

(., A\ A AH, o, P
dSy = 7] (H o (2H + $> - m(3H - 2—a6) . (4.2.8)

By using Eqgs.(4.2.3) and (4.2.8) we have the differential of total entropy as

; 1 c? r c? ! 2\
S = (6 5 0 g+ ) + e (1 )
P a ?

where S = Sp + S;. The plot between ST versus v as shown in Figure
4.1 for three values of T' by setting the constant values H = 67, ¢ = —1,
a = —1 and g = —0.53. We observe that ST > 0 for all values of T leads to
the validity of GSLT.

Now, we discuss two scenarios for thermodynamical equilibrium by tak-
ing I' = constant and I' = I'(t). Firstly, we will consider I' as constant and

observe the behavior of thermodynamical equilibrium. For constant I we
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Figure 4.1: Plot of Sy versus ~ for usual entropy

can get second order differential equation by using Eq.(4.2.9)

3H(— - L) (-2 +3H2)>
—2H( -

. o2 -y
ST — _ 8H4 6a6 +H2) ol
< _ ,)/(1 . %) (3H2 . 20_26) + (3H2 2826) (Z%J'_;lgl;ﬁ) (3H2_2ca26))>
% 3T,
(20~ ) (o - o) + 22l Gl (-5
" YH?Ty
C2d : 2 2 1+1=2 2 2 1
X (7+2HH)(1— v)(H —ﬁ) a +~TH(3H? - o 6)24H5
6P (L) (S 6HA) (=) 7 ( oTH
SH3a7 SH?3 HT, 3H?
2 H(3H? — 5 1— L) (3H? — &
x <3H2 2Ca6) v (3 2a6) (aﬁ Hg )(3 2a6))
r 3 oy e (1 a) BH” - 55))
= (- g7) (7 +6HH) + s
. 2
sea o MOPE) e g
x (5= +6HH)+( ! S + 72H2

x (1- 3%)) (3H* — 20—:6)7). (4.2.10)

The graphical behavior between Sy versus 7 as shown in Figure 4.2 by

keeping constant values H = 67, ¢ = —1, a = —1 and ¢ = —0.53 for
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Figure 4.2: Plot of Sy versus 7 for usual entropy when I'=constant.

different values of parameter 7. One can see that S < 0 for all values of
T which leads to the validity of thermodynamical equilibrium.
Secondly, we will consider I' as a variable, i.e., I' = I'(¢) for which

Eq.(4.2.9) reduces to second order differential equation as

Sr = —3H(§+7(1_§%;4(_%+3H2)) 26— 6626+H2)1T
) ( V(BH2 = 2)(1— &) + ;f; ) (G (- £5) (135{)))
0
—y(B3H? - 2)(1- L) + 2 () (5 +;1(1?;H2 ) (1-4%))
- ( )
x (1 —7)(05—3 +2H ) (H? - 66_;)-1“2” _ 8?;237 s “;HiHH)
x (11— 3%) el Gl ?&g?’% “an) , (I [;2%)177
x <_7H(3H2—%)(a I}SHL%)(l_B’%))—V(l—%)
X (3;27&+6HH)+7( +7(3H2—i)2(;2—3%))(3”+6HH)
' [ et i
e ) (20 o

2 _ EN\(rH _ T 2
n 7(3[‘[ 2;1}32(31{2 3H>) (3H2 _ 20_a<3>’7)' (4.2.11)
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Figure 4.3: Plot of S versus 7 for usual entropy when I' = T'(t).

The plot between Sy versus ~ for three values of T' as shown in Figure 4.3
by keeping the constant values same as for constant I'. It is observed that
the thermodynamical is obeying the condition S7 < 0 which leads to the

validity of thermodynamical equilibrium.

4.3 Entropy Corrections

In this section we will analyze the first law, GSLT and thermodynamical
equilibrium for different entropy corrections such as logarithmic entropy,

power law correction, Higher order entropy and reyni entropy.

4.3.1 Logarithmic Corrected Entropy

To study the expansion of entropy of the universe, we discuss the addition
of entropy related to the horizon. Quantum gravity allows the logarithmic
corrections in the presence of thermal equilibrium fluctuations and quantum
fluctuations.

The differential form of Logarithmic Corrected Entropy is given by
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Eqgs.(3.2.2)

(7(3H2 — ) (1 - 55) + —) (ﬁ +2aH — 166H3L§)

dS, = df4.3.1
Sa 512 t4.3.1)
which leads to
Tdsa= - (yem - Sya- Ly C—2 L 8H - 6B IA()3.2)
ATPAT o 240 3H L2 nF
Combining Eqgs.(4.2.2) and (4.3.2) we get,
= = (a6 - -2+ S) (L s —saon
2H? 2a 3H L2 P
2
v 2 _ €
— L _(3H? - ). 4.3.
2 O~ ) 43.3)

From above equation we can observe the validity of first law of thermody-

namics forF:?)H(l—%(SH?—;_Z)_l(L YBH? %) _ﬁ))

L +8H2a—64BHAL2  af
P

Now we will observe the validity GSLT and thermodynamical equilib-
rium in the presence of Logarithmic Corrected Entropy satisfying the con-
ditions dSy > 0 and d?Sy < 0 respectively. Using Eqs.(4.2.8) and (4.3.1)

we can get differential of total entropy as

g L (L am G YRR S Y ST AP
= _— _— _ — _ (8% —
T = oom\J 245 3H’ " a5 )\4HL2 p
1—y

! A\ 7 -t fyH c?
+ <5 (H2 — @) ((2H +—5) — g (BH - 2—a6))dt (4.3.4)

The plot of Sy versus 4 with respect to the three values of T by fixing the
constant values H =67, c=—1,a=—1,¢q= —0.53, a =1, § = —0.00001
and Lp = 1 as shown in Figure 4.4. It can be seen that GSLT is obeying
the condition ST > 0 which leads to the validity of GSLT.

Here, we will discuss the thermodynamical equilibrium by assuming two

scenario for particle creation rate I'. First of all we will observe the validity
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Figure 4.4: Plot of Sy versus v for logarithmic corrected entropy.

of thermodynamical equilibrium by keeping the particle creation rate I' as
constant, in this way second order differential equation can be obtained

from Eq.(4.3.4) as

g H (57 + 200 = 16L35H°) (5 + (1 = 55) (3H° — 55))
A

H3
(1= DY(BH? — &) + V(3H2—%)(Z%Jr;gl;%)(?’m—%))
B ( H3T,, )
(P - )T (1) (S ominy (12— ST
6ab TN 6a’
(1= DY (BH? — &) + V(3H2—%)(Z%JFQSQ—%)(?’HQ—%))
. ( YH?Tq )
(& +7(1—57) BH* = 55)) (20l — g7t — 48L;BH?H)
+ 2H?
_ 6c%a 1 - L) (3Za HE
+ (4HL2 +2aH — 16[,25}[3)( 7+ 23;2( ~ +6HH)
p
VTH(3H? — £) 1, & ATH(3H? - &)
* 6H ) T, ("~ @) (_ 3H?
YHBH? = 55) (5 +7(1 = 57) 3H* — 55)) r
- i ~1(1- 37)
9. 3c2a T\ (< _ T 2 _ &
X (32—7& —|—6HH) + 7( a’ +6HH)(2aG "221(21 3H>(3H 20,6))
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. 2
ATH (3H2— e

2 )(—> fo(1 - 5 (35 4 6HE)

H? — —
+ (3 246 212

6c%G
—_— . 4.3.
2H2a7)> (4.3.5)

The graphical behavior between Sy and 7 as shown in Figure 4.5 for three
values of T" keeping the constant values as H = 67, ¢ = —1, a = —1,
g = —053, a =1, = —0.00001 and Lp = 1. One can observe that
S remains negative at early and present stage, which exhibits the validity
of thermodynamical equilibrium. Further, we discuss the stability analysis
of thermal equilibrium in the presence of Logarithmic Corrected Entropy
by taking I' as variable for which Eq.(4.3.4) will reduce to second order

differential equation as

2

H g5z +20H — 16L36H%) (& + (1 — 57) (3H” — 55))

ST _ H3 2a%
22\ (2 _ 2_ 2
B —’7(1—%)(31'{2—%) +7(3H _zaﬁ)(afi"";’[glz 31;1)(311 2(1.6))
H3T,
s P 1y 2a . , 1412
x 2H(H —@) +(1—7)(?+2HH)(H —@)
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2

—y(1— LY (BH2 — &) + (3H2;26)(£+’Y(1£{)(3H2£.6)))

% T, 2H?
L (B 5B ) (0l — s — asE30 )
2H?
_602761 7(1_L)(3ca+6HH)
+ (4HL2+204H—16L§£H3)< a Ve
1(3H” — 55) (31 — 57) L p (12 :
+ 2H?2 >+H2TD(H _@) ( <3H —2_616>
. 2 2
YH(S +v(1 - 37)(3H? — &5 T 30@
2
(&% +v(1— 3H2—C— 3C“+6HH 2
L 2ME 0 e~ ) ) 7(3H2_2_a6)
(ER 9B ) (- (- ) (5 o)
3H? 3H 2H?
V(B — ) (5 — &) L
+ e . (4.3.6)

The plot of Sy versus v as shown in Figure 4.6 for three values of T by
keeping the same values as in above case, we can observe that thermal
equilibrium is obeying the condition Sy < 0 which leads to the validity of

thermodynamical equilibrium.
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4.3.2 Power Law Corrected Entropy

Thermodynamics of apparent horizon in the standard FRW cosmology, the
geometric entropy is assumed to be proportional to its horizon area (S4 =
%). The quantum corrections provided to the entropy-area relationship lead
to the curvature correction in the Einstein-Hilbert action and vice versa.

The differential of Eq.(3.2.2) in the presence of power law corrected
entropy is given by

1 2 T C2 1 K5 0 1 3—6
51 = 57 (1617 = 55 (- 5+ 5 ) (g~ 1 - 9 () ) wa)

which leads to
1 02 r C 1 ) F) 1.,0-
TydSa= o (’y(SHQ [ —) (E —- 05 @.3.@
We can get = is of the form
1 c? r c? 1 0\K5, 1 25
= 2H2< (BH* = 55) (1= 557) + 5) (L—% -2-3)5=(F) )

g c?
— W(?)HQ — ﬁ). (4.3.9)

(11
|

From Eq.(4.3.9) we can analyze that first law of thermodynamics is valid
for

1 , -1 , 1 0. Ks 1 5 5 ?
r_3H(1—7(3H —2a6) (v(3H —2a6)) Lg_(2_2)L§(H) — )

We discuss the validity of GSLT and thermodynamical equilibrium with
following conditions dSr > 0 and dS? < 0 respectively. From Eqs.(4.2.8)

and (4.3.8) we can can get the differential of total entropy as

. 1 r c? 1 K 0y, 136
Sr = — 3H? — l——=)+=l—=— - —=2—=)(= dt
T oo (7( 245 )( 3H)+a6><4HLg 4Lg( ) (57)

C . C2 ")/H 2 62
+ ( — _6) ( (2H + E) — E(SH - ﬁ))dt. (4.3.10)



52

200/\

100}

L L L L i L I I I I I n n I n n n 17
0.8 1.0 12 14 16 18

Figure 4.7: Plot of Sy versus v for power law corrected entropy.

The plot of Sy versus ~ for three values of T' by setting the constant

values as H = 67, ¢ = —1,a = —1, ¢ = —0.53, 6 = —1, r. = and

1
677
Lp = 1 as shown in Figure 4.7. One can see Sr remains positive for all
values of T" which leads to the validity of GSLT. To find the validity of

thermodynamical equilibrium we take I' = constant for which second order

differential equation can be express with the help of Eq.(4.3.10)

(6 +70 - )68 - £)) (g - Ly

ST _ ab 2a61{3 4HLZ 412
1 Dy 2y ¢ 2 () ()
a ( 3T, )
R c*a , o 14l
x H(H —@) +(1—7)(?+2HH)(H —@)
2_ c2 ﬁ _ I 2_ c2
e g 2 ) ) )
vH?Tq
i B . s 1 4—6
(5490~ &) (o £2)) (- oty + C22ogd) )
* 2H?
Lo - 9T Ks (=50 + (1 - 5) (35 + 61 H)
AH L2 AH L2 2H?
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Figure 4.8: Plot of Sp versus v for power law corrected entropy when
['=constant.

2

VTH(3H? — £) +(H2_%)—W TH(BH? - &) (i
6H* HT, 3H? N
: D yHEH = 55) (5 + (1 — 37) BH — 55))
+ 6HH)(1—3—H)— 7
V(3 + 6HH) (5 + (1 — 57) BH* — 55)) ’
SH? By (B3H — o )
2
cTa FH H °oF C(l
X 6a7 + - (3H )"'7(1 am) (%" + 6HH) (4.3.11)
S | 3.

The plot of Sy versus 4 as shown in Figure 4.8 for three values of T we
observe that thermodynamical equilibrium is obeying the condition S < 0
for all values of T' by assigning the constant values H = 67, ¢ = —1,

a=-1,¢g=-053,6=—-1,r. = and Lp = 1 which leads to validity

67’
of thermodynamical equilibrium. For variable I' is constant second order

differential equation can be expressed by using Eq.(4.3.10)

(g~ G0 (2 e 2

. AHL2 4L2 2a8
Sr o= — e
e By )+ 2 ) e )
H3T,

2 1, 2 2

. 1y ca : —1+1=2
x 2H(H*——) "~ +(1—7)(7+2HH)(H2—@) g



o4

Figure 4.9: Plot of Sy versus ~y for power law corrected entropy when I' =
I'(t)
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The plot of Sy versus 7 for three values of T’ by keeping the same values as in
above, one can observe easily the validity of thermodynamical equilibrium

for all values of T with Sp < 0 (Figure 4.9).
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We have studied the thermodynamics on the apparent horizon for grav-
itationally induced particle creation scenario by assuming entropy correc-
tions (Bakenstein entropy, logarithmic corrected entropy and power law cor-
rected entropy) in DGP braneworld and dynamical Chern-Simons modified
gravity. Considering the perfect fluid EoS p = (v — 1)p, we have analyzed
the first law of thermodynamics, GSLT and thermodynamic equilibrium.

The results of first law of thermodynamics are given as follows:

For Bakenstein entropy, the first law of thermodynamics holds at appar-

ent horizon when I' = 3H(1 — %)’ I — 3H(%(3H2 _ %)—1> ‘o

DGP braneworld and Chern-Simons gravity respectively.

For logarithmic corrected entropy, it has observed that first law of thermo-

dynamics holds at apparent horizon in DGP braneworld for I' = 3H (1 —

(2H-2)
2H

(£#z + 8H?a — 643H*L?)). In the presence of Chern-Simons mod-

ified gravity first law of thermodynamics is showing the validity when

_ _1(apg2_ 2\! 2(3m2 %) _
b=s <1 7 BH = 5) ((L12+8H2a624ﬂH4Lg) “6))'

For power law entropy corrected, the first law of thermodynamics satisfies

(2H—:)
Tc
2H(Lig—(2—g)K5R2—6)

in DGP braneworld when I' = 3H (1 — ) and Chern-

2

Simons gravity for I' = 3H (1 (3H? — 2%)_1(7(3}[2 - i)) (&-(2-

_ 1
¥ 2a%
S) Ky (1)270) _ &2
D) ) - )
The remaining results have been summarized in the form of tables as

follows:

Table 4.1: Validity of GSLT in DGP braneworld gravity

Models Entropies Constraints Validity
DGP braneworld Bekenstein for 0.6 <~y < 1.8 Hold
DGP braneworld | Logarithamic | for 0.6 <y < 1.8 Hold
DGP braneworld Power law for 0.6 <~y < 1.8 Hold
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Table 4.2: Thermodynamical equilibrium in DGP braneworld gravity when

I'=constant
Models Entropies Constraints Stability
DGP braneworld | Bekenstein | for 0.8 <y < 1.2 | Unstable
DGP braneworld | Bekenstein | for 1.2 <~y < 1.8 Stable
DGP braneworld | Logarithmic | for 0.6 <~ < 1.8 Stable
DGP braneworld | Power law | for 0.6 <~ < 1.8 Stable

Table 4.3: Thermodynamical equilibrium in DGP braneworld gravity when
I'=T(t).

Models Entropies Constraints Stability
DGP braneworld | Bekenstein | for 1.0 <y < 1.2 | Unstable
DGP braneworld | Bekenstein | for 1.2 <~y < 1.8 Stable
DGP braneworld | Logarithamic | for 0.6 <~ < 1.8 Stable
DGP braneworld Power law | for 0.6 <~ < 1.0 | Unstable
DGP braneworld Power law for 1.0 <~y <2 Stable

Table 4.4: Validity of GSLT in Chern-Simons modified gravity

Models Entropies Constraints Validity
Chern-Simons theory | Bekenstein | for 0.7 <~ < 1.8 Hold
Chern-Simons theory | Logarithamic | for 0.7 <~ < 1.8 Hold
Chern-Simons theory Power law for 0.7 <~y < 1.8 Hold
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Table 4.5: Thermodynamical equilibrium in Chern-Simons modified gravity

when I'=constant.

Models Entropies Constraints Stability
Chern-Simons theory | Bekenstein | for 0.7 <~y < 1.8 | Stable
Chern-Simons theory | Logarithmic | for 0.6 <~y < 1.8 | Stable
Chern-Simons theory | Power law | for 0.7 <~ < 1.8 Stable

Table 4.6: Thermodynamical equilibrium in Chern-Simons modified gravity

when T' = T'(¢).

Models Entropies Constraints Stability
Chern-Simons theory | Bekenstein | for 0.7 <~ < 1.8 | Stable
Chern-Simons theory | Logarithamic | for 0.6 <~ < 1.8 | Stable
Chern-Simons theory | Power law for 0.7 <~ < 1.8 | Stable
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