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Abstract

The main aim of this thesis is to construct structure preserving
numerical methods for Hamiltonian systems. General linear
methods are a generalization of RK method and LMSM. G-
symplectic GLM are suitable for numerical integration of
Hamiltonian systems in a similar fashion as that of symplectic
RK methods. Order 2 G-symplectic general linear methods
were constructed by Butcher for numerically preserving
Hamiltonian systems having invariants. After that, Order 4 G-
symplectic general linear methods were constructed. We have
constructed order 6 G-symplectic general linear methods that
not only preserve energy of Hamiltonian systems but also show
zZero parasitism.
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Chapter 1

Introduction



Most physical wonders, similar to the movement of blood in veins, the con-
duct of electric circuits in machines, the development of stars in universes or the
progression of offers in the stock exchange, can be comprehended through their
numerical models. These models comprise of an arrangement of ordinary dif-
ferential equations, that have time as the autonomous variable and the factors
of physical frameworks as reliant factors. For the most part, these ODES joined

by initial condition, constitute initial value problem.

/

Yy (1’) = f(%y(x))a y(xo) = Yo (1.1)

Differential equations in which consist of both x and y are called non-autonomous
differential equation, while those where f depends only on y are called as au-
tonomous differential equations [1]. Autonomous differential equation is given

below

y (x) = f(y(x)), y(xo) =wo (1.2)

Mostly physical phenomena are modeled by higher order differential equation-

s. Differential equation having order n is given as

y () = f(z,9,9,9 ..., y")

1.1 Numerical methods

We have diverse numerical techniques [17] for the solution of our ODEs e.g. one
step Euler method, Runge Kutta (RK) methods, multi-steps methods and gen-

eral linear methods(GLM). Formula for one step Euler method is given below



Yi = Vi1 + hf(yio1)
Despite the fact that the order of Euler method is one, higher order one step
methods [4] are additionally accessible, one of which is RK methods. In RK
methods first we need to compute the stages Y; in the given interval [z;_;, z;].

After that, we can calculate required yield y,

Y, = yaort ) hayf(Y)), i=1,23.. s
j=1

Yn = Yn-1T Z hbzf(Y;)

i=1

where,
e his step size
e q;; is coefficients matrix

e b; are quadrature weights

RK methods have always been considered as pricey because structure of these
methods is multistage.
Multi-steps methods are multi-value in nature. It uses all previous information

to obtain the desired output value. Formula for Linear Multi-steps methods are

given below
Z CnYntm = D Z bmf(xmﬁ-mv yn-i-m)
m=0 m=0
faop=a1=ag...=a;39=0, ay1=—-1,0,=10b,=0

then we will have the follwing Adams Bashfroth method.

s—1
YUn+s = Yn+s—1 + h Z bmf($n+ma yn+m)

m=0
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Ifag=a1=ay=... = as_9 =0, as1 = —1and ay = 1 and by # 0 we will

have s-steps Adams-Moulton methods which is given below

Ynts = Ynts—1 + h anzo bmf(xn—i-ma yn—l—m)

For Linear multi-steps methods, a starting method is required, which can be
obtained by one step methods i.e either by Euler methods or RK methods. Lin-
ear Multi-step methods are cheap because they include a single function assess-
ment for each step, however, due to Dahlquist barrier; for stiff problems, the
order should not be greater than 2 [12].

General linear methods(GLM) are the generalization of one step methods and

multi-step mlethods [6]. The general form of (GLM) is

Y = hAf(Y)+ Uyln — 1]
y[n] = hBf(Y)+ Vyln — 1]

Here A, U, B, V are the matrices which represents our GLM.

where,

h(Y7") yr ! yr
hf(Ys") yp! Yy
hf(Y)= | hfyy) |, v ' =1t |, v = |y

| AfYT) Ly S
As GLM is multistage therefore it requires more than one input values to get

output. In order to obtain the input values, we use starting methods for GLM

[9]. A two stage two input value GLM is given as,

Y1 = hay f(Y1) + harnf(Ya) + 11y + a2y
Yy = hag f(Y1) + hax f(Y2) + uuy? + (1123/(2)
y1 = hbyy f(Y1) + hbio f (Ya) + v119) + vi2yd

4



Yy = hbay f(Y1) 4 hbao f (Y2) + va19) + va2y/d

1.2 Hamiltonian systems

Hamiltonian systems depends upon equations of motion [4] in which we have
generalized momentum p and generalized coordinates q, these equations of

motion are called Hamiltonian systems. Hamiltonian differential equations are

dq _oH  dp _ oM
dt  Op dt  0q
q=[q1, 492 - - -, ¢») and p=[p1,p2 ..., pn|. where H is the function of pand q and it

(1.3)

represents sum of its kinetic and potential energy.i.e

H(p,q) = K(p) +7T(q)

if write y = (p, ¢) then we can write equation eq(1.3) as

i

y = J'VH (1.4)

Where ] is skew symmetric matrix and V is gradient operator.

1.2.1 Conservation of energy

Numerous physical wonders in nature have some conserved quantities which
do not change with time. We need to hold these features while integrating nu-
merically the differential equations. e.g In case of Hamiltonian differential equa-

tions, total energy "H" remains constant [5]. Differentiate H(p,q) with respect to

5



time

dH  0Hdp _0H dq

o opar Paqa) T (1.5)

The energy of Hamiltonian systems is not conserved when we apply tradition-
al numerical methods on them. In order to have conserve energy, symplectic

methods have been constructed [15].

1.2.2 Symplecticity

The flow of Hamiltonian systems is symplectic in nature. For symplectic flow

< Pit1 ,Gi+1 >=<D; ,q; >

Consider the transformation

v (p,q) — (B: Q)

The transformation v will be symplectic if,

(V)" Jy'=]
Let us consider the Jacobian "J" has unit determinant

p 9§

% op opdq  0q0p

o op | _CPIL_MIP_ 4 1.
9 9 dpdq  Ipdq (1.6)
dq 9dq

Now,



Hence v is symplectic.

1.2.3 Example: Harmonic Oscillator

Hamiltonian differential equations for Harmonic Oscillator are




1.2.4 Example simple pendulum

The Hamiltonian Differential equations are

/

p =-—sing ¢ =p

Total energy of simple pendulum

2
H =1 — cosq

1.2.5 Quadratic Invariants

Solution of Hamiltonian systems are Invariant.Consider

y =fy) yl@o) =0 (1.7)

Consider a quadratic function

I(y) =y"Cy

where C is symmetric matrix. It is invariant of (1.8) if

y"Cf(y) =0

i.e



<y ,fY)>=0

Example : Consider Hamiltonian differential equations

/

p=—q q=p (1.8)

Then we may write energy of Hamiltonian systems

1 P
2 2
%+%=<p q) .
=y'Cy (1.9)

Now to check equation (1.9) is an invariant of (1.8)

y" Cfly) = ( p q )

=-—pq+pg=0

1.3 Numerical methods for Hamiltonian systems

Standard numerical methods do not preserve the energy of Hamiltonian sys-
tems, Therefore our interest in those numerical methods which completely give
us symplectic solution of Hamiltonian systems. These methods are known as
structure preserving numerical methods in which we have one step methods
and multi-steps methods [15]

Euler method and RK methods are example of one step methods. However, en-
ergy calculated by euler method was not conservative, therefore to obtain con-

servative solution of Hamiltonian systems, symplectic euler method [15] was

9



introduced, which do energy preservation of Hamiltonian systems. General

form of symplectic Euler method is

Pn+1 = Pn + hf(Qn)
Gn+1 = Qn + hg(pn-i-l)

Likewise euler method, RK method do not preserve energy of Hamiltonian sys-
tems. Therefore Lasagni [21], Sanz-Serna [4] and Suris [15] discovered the condi-
tion on the coefficients of RK methods that give us preserved solution of Hamil-

tonian system. If the coefficients of RK methods [A, b" , C] satisfy the relation

M = diag(b)A + ATdiag(b) — bb" =0

Then RK method will be symplectic that satisfy the property of linear and quadrat-
ic invariants. Energy calculated by implicit and explicit RK methods are also
conservative which shows that implicit and explicit RK are energy preserving
methods.

Multi-steps methods are multi-value in nature, therefore energy calculated by
these methods are not symplectic. To obtain the symplectic solution of Hamil-
tonian systems by these methods Dahlquist introduced one-leg method [3,16]
by which we can get energy preservation of Hamiltonian systems. For one-leg

methods consider a matrix G with norm such that

lle = > gy v)

iji=1

n
fory = ys
Yr

10



such that numerical solution by one-leg methods is non dissipative under G-
norm.

Another example of multi-step methods are GLM [6]. Similar to linear multi-
steps methods these methods are also not symplectic. Energy preserving GLM
for Hamiltonian system was introduced by Butcher [11] under G-norm, named
as G-symplectic GLM. The first G-symplectic GLM was of order 2, after that
order 4 G-symplectic GLM for Hamiltonian systems was constructed. In this

thesis we have constructed order 6 G-symplectic GLM with invariants.

11



Chapter 2

Numerical methods for ordinary

differential equations

12



2.1 Runge-Kutta methods

Runge-Kutta(RK) methods [4] belongs to family of one-step methods. Con-

sider an initial value problem

y = fly(x)), y(r0) = Yo (2.1)

Then general form of RK methods to solve 2.1 is

ki =1+ Y aghf(k;) (2.2)
j=1
Un = Un-1 + > bihf(k:) (2.3)

i=1
Eq(2.2) will give us the stages and from Eq(2.3) we will obtained out-put value

of initial value problem.

RK methods can be represented by Butcher table given below

Ci|am a2 ... Aaig
Co | Q21 Q22 ... Q24
Cs | Qg1 Qg2 ... UQAgg

by by ... b,

where b; are quadrature weights, ¢; are abscissas and a;; is coefficient matrix of
RK methods. RK methods are divided into two classes. One of which is explicit
[4] and other is implicit [8] RK method. If a;; = 0 for ¢ < j then it will become
explicit otherwise implicit.

We prefer to use explicit RK method because it takes less time to obtained nu-

13



merical solution. But due to their limited stability region, explicit RK are not

suitable.

2.1.1 Example

Explicit RK method of order 4

00 0 0 0
112000
210 200
1/0 010
1111
6 3 3 6

kl:yn

kZ_yn+%kl)

k4 =UYn + hf(k?))
Yni1 = Yn + 2 f(k1) + 2 (ko) + 2 f(ks) + & f (ka)

2.1.2 Example

Implicit RK method of order 4

1_ 3 1 1y V3
2 6 4 4 6
Ly v3 1, V3 1
2+6 4+6 4
1 1
2 2

14



2.2 Multi-step methods

Multi-step methods are multi-value in nature [17]. General form of multi-step

methods are

Z UmYnsm = h Z bonf (Tptmy Ynem) m=0,1,2,... (2.4)
m=0 m=0

Expanding Eq(2.4)

QoYn + A1 Yn+1 + A2Yp+2 +...+ Qs 1Yn+s—1 + AsYn+s
= hlbof(Tn, Yn) + b1f (Try1, Yns1) + oo+ bsf (Tngs, Ynts)]

fag=a1 =as=... = a,_9 =0, as_1 = —1 and o, = 1 then we will have

the following Adams-Bashforth(AB) methods.

YUn+s = Yn+s—1 + h Z bmf(anrma yner)

m=0
For explicit methods b, = 0 and we have the following Adams-Bashforth meth-

ods
s—1
Ynt+s = Yn+s—1 + h Z bmf(xn—&-ma yn+m) (25)
m=0

This is s-step Adams-Bashforth methods.

2.2.1 Derivation of s=1 step Adams-Bashforth methods
By putting s = 1 in eq(2.5) we have

Yn+1 = Yn + thf(:Ena yn>

To calculate by, we compare the numerical solution with Taylor series of exact

solution.

15



ot = y(an + ) = ylwn) + by (@) + 59" ()
By comparing,

we get by = 1 and we have the following

Ynt1 = Yn + hf (@0, yn) (2.6)

Derivation of s=2 Adams-Bashfroth methods

By putting s = 2 in eq(2.5) we have

Yn+2 = Yn+1 + hbof(xm yn) + hblf(mn+l> ynJrl) (27)

and

Y1 = Y(Tn + D) = y(xa) + by (2,) + 59" (20)

Utz = Y(n + 20) = y(wn) + 20y (20) + 45y ()

F@ni1,Une1) = Ypr = Y (@ + D) =y () + 0y () + By ()

Putting values in Eq(2.7) and comparing powers of i, h? we have

bO = %1/ bl = %
By putting b, and b, in Eq(2.7) we have

Yn+2 = Ynt+1 — %hf(l’n, yn) + %hf($n+17 yn+1)

Similarly we can find higher order Adams-Bashforth methods.

2.2.2 Adams-Moulton(AM) methods

By putting oy = a1 =ay = ... = a,_ =0, as 1 =—land a; =1 and b, # 0

in ea(2.4) we will have s-steps Adams-Moulton methods given below

Ynt+s = Yn+s—1 + h anzo bmf<xn+m> ?/n+m)

16



Coefficients of Adams-Moulton methods can be find in the same way like Adams-

Bashforth methods.

Example: s=1 step Adams-Moulton methods is

Yn+2 = Ynt+1 + h[%f(xm yn) + %f(xn—i-lv yn-l-l)]

2.3 General Linear Methods(GLM)

GLM are the generalization of one step methods and multi-step methods [6].

These methods are multi-value in nature. The general form of GLM is

Y = hAf(Y)+ Uy ! (2.8)
y=hBf(Y)+ Vy (2.9)

Eq(2.8) will give us stages and Eq(2.9) will give us required output value. Where
A,U,B,V defines GLM. As one-step methods and multi-step methods can be
written in the form of GLM.

Consider RK2

Y1 = hay f(Y1) + hawa f(y2) + vo
Yo = hao1 f(Y2) + haga f(y2) + vo
y1 = hb1 f(Y1) + hba f (y2) + y2

As RK methods have only single input, therefore U = 1 and V' = 1, and we can

write RK methods as follows

17



2.3.1 Symmetric general linear methods

Symmetric general linear methods requires the condition that, it should be e-

qual to its adjoint [6]. Consider the GLM

Y = hAf(Y) + Uy
y" =hBf(Y)+Vy !

Introduce matrix L, such that L? = I and LV 'L = V i.e

0 0 01

0 0 . 10
I —

1 0 0 0O

We present a permutation matrix P so phases of the adjoint strategy is reordered

to line up with phases of actual GLM.

00 ... 01

00 ... 10
pP=

10 0 00

Now with the step size —h adjoint GLM is

PY = (=h)(PUBP — PAP)(Pf(Y)) + PUV~1y"
Ly"' = (=h)(LPB)(PF(Y)) + V(LY™ )

and time reversal symmetry implies

B=LBP (2.10)

18



A+ PAP = PUBP (2.11)
U=PUV™ (2.12)

Thus if a GLM satisfies (2.10),(2.11), (2.12) then it will be symmetric.

2.3.2 Pre-consistency and consistency conditon for GLM

A numerical method is said to be pre-consistent if it exactly solve the differential

equation y'(z) = 0. Thus for a GLM

Y =Uy"! = Uuy(z,_1) + O(h),
y" = Uy" ' = Vuy(zn_1) + O(h)

Hence Pre-consistency condition for GLM is

Uu=1 Vu=u

Now if we talk about the consistency condition for numerical method then it

should solve exactly the differential equations 3 () = 1. Thus for GLM
Y = ALhUy" ' = AlhUuy(z,_1) + hUvY (2n—1) + O(h?)
y" = Blh 4+ Vy" ' = Blh + Vuy(z,_1) + hVoy (z,_1) + O(h?)

Therefore consistency condition for GLM is

Bl+Vv=u+wv

19



2.3.3 Starting method

As GLM are multi-value numerical methods, therefore they required more than
one input values to start [11]. We have only one-put value as initial condition
and remaining values are obtained by given by starting method. Consider an

(s +7) x (5 + 1) starting method S given as

g Sy | Sy
S3 | Sy

where r and 5 are number of approximation and stages of GLM respectively.

The pre-consistency conditions for this method are

When input vector is obtain by starting method then GLM "M’ is applid. The
order of accuracy of GLM "M" is p if

MoS—SoFE=0(h"")

2.4 Symplecticity of one step method

24.1 RK method

Here we will discuss the symplectic strategies for the numerical conservation
of Hamiltonian systems [15]. The RK methods are symplectic if it full-fils the

condition given below

biCLij + bjajl- — bzbj =0

20



i.e

(y1, 1) = (Yo, Yo)

In general

Consider
Yi=Yo+hy i a;f(Y))

For conservative systems

(Y, f(Y3) =0

(Yo, f(Y))) + h Z ai(f =0 (2.13)

The out-put value is

y1=1yo+h Zle bif(Y;)
Now

(y1,91) = (Yo, %0) +hz Yo, f +th ), o) + h? be

7,7=1

(2.14)
From Eq(2.13) we have

(Yo, f(Yi) = hZ] L ai (f(Y5), £(Y2))

21



and

(F(Y3)yo) = —h 25y a;i(f(Y), F(Y)))

Putting these values in Eq(2.14) we have

(Y, 1) = (Yo, o) + h 327, bi(—h 325 ai; + (f(V;, f(Y2))) +
h Z§:1 bi(—=h >y aulf(Ya), f(Yy) + R° ij:l bibi (f (Y, f(Y2))

(Y1, 1) = (Yo, yo) — h* 320y baaiy (f (Y5, f (Vi) — B2 325, bjaa(f (V3), f(¥5)) +
h? 320 i bibi (f (Y5), f (V)

(Y1, y1) = (Yo, yo) — h? 377 ;2 (biass + bjag — biby) ((f (Ya), f(Y5))

from above

(Y1, 1) = (Yo, Yo)

is only possible if

h? 375 i (beaiy + bjaz — biby) ((f(Y2), f(Y))

and

therefore

biaij + bjaji - blbj =0
This is required condition for RK method to be symplectic.

22



2.4.2 Sypmlectic Euler’s method

Symplectic Euler’s method is a modification of Euler method for solving Hamil-
tonian equations of motion. This method gives us better approximation than
traditional Euler method. We can apply this method on differential equations

of the form.

dy _

o = [(@.y)
dw _ h(z,w)
de 7

where f and h are functions and y and w are either scalers or vectors. General

form of symplectic Euler’s method is

Wyl = Wy + hf(xm yn) (215)

Yn+1 = Yn + hf<xn7 wnJrl) (216)

2.4.3 Symplecticity of multi-step methods

Long term conduct of multi-step techniques for the solution of Hamiltonian sys-
tems are unsuitable [12]. Not just multi-step techniques are not symplectic, they
experience the effects of parasitic solution. Tang in [19] prove that multi-steps

method cannot be symplectic.

2.4.4 Symplecticity of general linear methods

GLM is a greater class of methods containing RK techniques and multi-steps
technique as common case. As a result of their multi-value nature, they can
not be symplectic [11], in accordance with multi-step methods. The basic one-
step method can drop light on symplectic behavior of GLM. We will give the
criterion for the symplecticity of GLM in Chapter 3.
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Chapter 3

General linear methods for ordinary
differentials equations with

invariants

24



GLM are multi-value in nature. Our main moto is, when we apply our GLM
on Hamiltonian problems, it gives the same quality result similar to the exact
solution of our Hamiltonian systems. Symplecticity and time reversal symme-
try are major characteristics in the selection of numerical methods for solving
Hamiltonian systems. Structure of our GLM for the solution of our Hamiltoni-

an systems should show zero parasitism i.e it must avoid parasitic growth rate.

3.0.5 G-symplectic general linear methods

Purpose of G-symplectic GLM for Hamiltonian systems is to conserve energy
and full-fill the property of linear and quadratic invariants [11]. When we con-
struct our numerical method and do numerical testing on Hamiltonian systems,
we came to know that our numerical method is capable of solving Hamiltoni-
an problems over long time integration. GLM can be RK methods [14] if r = 1

and can be symplectic if it satisfies the symplectic conditions. Consider the GLM

Y = hAf(Y)+Uy"! (3.1)

Y = hBf(Y)+Vy ! (3.2)

We may produce the criterion of linear and quadratic invariants for these meth-
ods. Introduce the G-norm as we introduce it for non-linear stability of GLM.

Consider r x r symmetric matrix G with element g;;

(y,2)c = Z;j:l 95 is 2j)

Where

25



Y1 Z1

Yr Zr

Now G-norm is

Iy I6={y:9)

Choose a diagonal matrix D = d; i.e

(Yt ymthe = (W Y™ e +2h Y di(Yi, F)

Where F; = f(Y;). If general linear methods solve conservative problems hav-

ing the property

{yi, f(y)) = 0

which means

"y e = (" vMe (3.3)

because the term 2h 7_, d;(Y;, F;) = 0. Methods satisfying (1.3) are called G-

symplectic general linear methods.

3.0.6 Theorem

A general linear method(A, U,B,V) is G-symplectic, if there exist a symmetric

r x r matrix G and a diagonal s x s matrix D such that
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G = ViQv
DU = BTGV
DA+ A™D = BTGB

Proof. Take

"ty e — Wyt e —2h Y di(Yi, F)

using equation (3.1) and (3.2) in above relation we have

=Y =1 9i{BRE + Vyl', BRF; + Vyi'y = 3701 g4yl v7)

—2h "7 di(ARF; + Uy, F;)

Expanding and combining the similar terms of inner product we have

= Yij Zw (BhF;, BRE;) + gy Z” (BhE;,vy}) + g Z” 1

vy, BhFy) + gij 320 i (VY VYT — 96 D5 o0 (Ul
?J;l> —d; ZZ,j:1<AhFia Fy) —d; Z;j:1<AhE, Fy) —d; Z;j:1<
Uy, F;) —d; Z” (Uyr, Fy)
—[GVTGV(yr, y)—2[DU—-BTGV)(y! ', hF;)—[DA+ AT D— BTG B](hF;, hF})

To satisfy

(v, f(y)) =
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We have

(Yt ymthe = (Y™ yMe

Provided

G = VIiQv
DU = BTGV
DA+ A"D = BTGB

3.1 Parasitic solution

Parasitism is related to biological term parasites which means any extra thing
that exist in any species and can have harmful effects on them. In a similar
way when we talk about a numerical method i.e if there exists a term which
disturbed our numerical method, then that term will refer to as parasitism and
it must be removed in order to have good quality results. It has been observed
that parasitic factor grow while solving general linear methods for Hamiltonian

systems. We may study it as follows

Consider a GLM
_ Yy - _ air Qi | U U2 I hFy _
Y, B Qo1 Q22 | U21 U2 hF,
Yy biy bz | 1 0 yi !
I Ya | ] bar b | 0 —1 11 Yy |
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where F; = f(Y;). Here we have V is 1 and -1.
Stages:

Yi=hY ayF; +uayin — 1] + uaypn — 1], i=12

j=1

Output values:

S =S by

i=1
[n]_thQZ : [n 1]

Here y is approximate solution of our numerical method while 43 is parasitic
solution. Now in order to have free parasitic solution we will make a little

change i.e perturbation to y§ given below

o — g (),

There we have the following changes in Y; as follows,

2
Yi+0Y; =0 ayFy+uay ) + w4 (1) g,
j=1
= 0Y; = (=1)" w1

The stage derivatives F; will become as follows,

Fi+F;, = f(Y; + oY)

of

= f(Y; )+5Yay
= 0F; :cSYig
Jdy

0
= (_1)n_la—£ui2¢n—1-
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By simplifying, we will have the following changes in second output value as

follows

2
W (<100 = Y bail B+ 0F) — (™ 4+ (—1)" )
i=1
2 2 of
. [n—1] n—1 n—1
= hizl byl —ys 4 (—1) h; 6—yb2iui290n—1 — (=" n,

2 of
= $n = (1 - hz a_yb%uﬂ)@n—l'
i=1

This represents Euler method solving the differential equation,

of
@ = oy P (3.4)
Yy
2
where = — Z bo;u is the caure of Parasitic solution . We can find i from the
i=1
matrix product,
1 0
BU =
0 —pu

By putting 1 = 0 we can have our required soluion free from parasitism .

3.2 Order 2 G-symplectic general linear methods

G-symplectic general linear methods of order 2 was presented by Butcher in [6].
The purpose of this method was to obtain conservative solution of Hamiltonian
problems. It is being observed while constructing the GLM having order 2 that
parasitic factor grows and is unable to remove. we can only have parasitic free
GLM having an order greater than 2. The GLM of order 2 has the following

structure
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A U 21 A929 1 U29

BV b1 bia | vi1 vio

ba1 oo | V21 Va2

with,
di 0

= g11 912 ’ D— 1
921 922 0 do

We can see that the structure of A matrix is lower triangular and the matrix
U have elements u; = 1 uy; = 1 because it will multiply with the input val-
ues while calculating the stages. As we have discuss above the G-symplectic
conditions for general linear methods, here we will use these conditions in the
construction of this method.

Consider

G=Vv'av,
By putting values in above relation we have

g11 912 V11 V12 g11 912 V11 V12

921 G22 V21 V22 921 g22 V21 V22

2
g11 = V11911 T V11V12921 + V11V12912 + V12021922,
2
J12 = V11012911 + V19021 + V11V22912 + V12022022,
2
go1 = V21011911 + V22011921 + V31912 + V22V21G21-

2
G220 = U21V12g11 + V22V12g12 + V21G12V22 + V55912
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Now compare the above results on both sides

10 10
G = , V=
0 g 0 v
Letv=—1
1 0
V=
0 —1

As we are constructing a symmetric method, stages and output values are,

Yi = hai 1 + ygo] + U12?/£0]>

Y5 = hag1 Fy + haxFs + ng] + quyg)},

i = hbu Fy 4 hbio By + 3,

yg] = hba1 F1 + hby by — ygﬂ-
Here the step size is h therefore Y; will be calculated at ¢; and that Ysat ;. But if
we have a step size —h then Y; will be calculated at ¢, and that of Y; at ¢;. Here

we will have our input values [V}, Y3'] and out put value is

ygo] = —hby Fy — hbio I + ?Al],

yg)] = —hb21F2 — hb22F1 — ygl]
This implies,

yi = +hby By + hbio Fy + gy,
ygl] = —hbglFQ — hbggFl — yg)]
As the method is symmetric therefore output values will be equal at step size h

and -h.

bll = b12> b22 - _b21-
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Now consider the G-symplectic condition,

BTGV = DU,
bir —gbn . di  dyugs
bii  gba B dy  doug
By comparing we get,
o b 0 | o 1 —gp
0 bn 1 9%

Let © = by /b11, then the structure of the general linear method become,

[ aiy 0 1 —gx ]
AlU | an axp |1 gz
BV | bn b |1 o0 |
I bjijx —bjx |0 -1 |
G 10 | D— by O
0 g 0 b ]
Now consider the matrix product,
BU - b11 b1y 1 —gx
biix —bpx 1 gx
T
B 0 —2gby 22

To avoid parasitism we must have,
—2gb11$2 = 0.

Since, g # 0, by; # 0, so the only option is #? = (0, which is impossible because

if 22 = 0 that second component of general linear method will fail to exist and
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our general linear method will become Runge-Kutta method. Hence we can not
have general linear method free from parasitism with order two and two stages.

The matrix B can be written as,

B_ bi1 bi1
i bz —bux
o e o
B | v 0 by
=XD

DA+ ATD = BTGB,

2a11  ag :XTGXD,
| d21 2a99 |
-2a11 CL21-_-1 T 1 0 1 1 biy O
s 2099 - 1 —=xz 0 g T —x 0 b1
| b+ ga?) a1 - ga?)
- I bir (1 — gz?) by (1 + ga?)
This implies,
ap; = %(1 + ga?),

g1 = 511(1 - 9952)7

(22 = A11.-

Relative order conditions are,

bi1 + b1 =1,

1
:>b11:§.
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The second order condition is,

The third order condition is,

bn(C% + Cg) = %,

e

2 1 _
Cl—C1+§— 5

= C = 3:|:\/§.

Since a1 = ¢, we get,

Choosec; = 3*6\/3 z = 1 and we have

1
bi1 = b1 = 3.

The GLM is,
3—/3 3-2v3
6 0 L= 3
V3 3—/3 1 3 V3
3 6 :
N
1 1
1 1 1
1 1
oz 73 (0 A
1 0 3
G = 3-23 |’ D= 1
0 3 0 2

The GLM (3.5) have parasitism, and its parameter is

2

p=1-

S
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Starting method for GLM (3.5) is,

3.3 Order 4 G-symplectic general linear methods

ye 0 1

_3—V3 3-8 1
3 6

0 1

_ VB4 VB |
8 8

(3.6)

Order 4 G-symplectic GLM was constructed by Y.Habib in [10]. The need for

these methods were to obtain a symmetrical method that gives us the parasitic

free solution which was not given by two stages general linear methods. The

structure of this method given as

a1 0 0 0 U112 U3
as azp 0 0 Uy U3
as; aspx asz 0 Uz  U33
AU
T | G Qa2 Q43 Qua Ug2  Ug3
B|V
b1 bz big b 0 0
bai baa bog  bos z 0
ba1  baa  bog  boy 0 Z
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with,

d: 0 0 0
1 00

0 dypy 0 O

0 0 ds3 O
0 0 g

0 0 0 dy

We can see that structure of A matrix is lower triangular similar to 2 stage
method. The matrix U has elements in first column is all onei.e u;; = 1 uyy = 1,
ug; = 1 anduy; = 1 because it will multiply with the input values while calcu-

lating the stages. For pre consistency vector u we have

B matrix have second and third row similar but they are conjugate complex of
each other. The structure of V matrix is diagonal.The elements in V are conju-
gate complex of each other i.e one is z and other is Z. We will chose
2mi
z=¢€3
We are using complex numbers here because we may convert it into real num-
bers via transformation. Vital role will done by Time reversal symmetry in the

construction of GLM. Here we have stages

Y, Y
Ys Ys
Y, Y,
where, ) )
0001
0010
P =
0100
100 0
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By using symplectic conditions we will have our required four stages three in-
put value method(GLM). After getting our GLM we will convert it into real

numbers via transformation which is given below

—
e}
S

(3.7)

TS

@]
N= N
N |

The GLM will be converted into real as

AlU A ‘ U~y
—
B|V 7’13‘7’11/7
with,
G — v*"Gr,
where,
1 0 0
=10 1 1
0 — 1
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The general linear method thus become,

1 V3
0 0 0 0 1 n v
11 1 0 0 1 —Jom 2v/3v/14595  1973v/3 _ 2/14595
72 4 29068 7267 29068 7267
2647 1009 1 0 1 1973 _ 2314505 1973v/3 | 21/14505
72240 1680 1 29068 7267 29068 7267
169 113821 473 0 1 _1 _ V3 ;
1680 283920 676 1 4
169 1849 1849 169
3360 3360 3360 3360 | L 0 0
169 84839 84839 169 | 1 _ 3
1680 283920 283920 1680 2 2
0 _ 43V/14595  43+/14595 0 0 V3 1
35490 35490 2 2
i (3.8
with,
[ 169 i
—= 0 0 0
Lo o R
— 1 _ 3360
G o 0 4 0 ’ D= 0 0 1849 0
0 0 -1 3360
! 0 0 0 -8
i 3360 |
A suitable starting method for this GLM is
0 0 0 0|1
1
5 00 0|1
1
0 5 0 01
0O 0 1 0]1], (3.9)
0 0 0 0|1
by by by by |0
bs bs by bg |0




where,

[ —0.203599283611326
0.093013520189574
0.079026915254744
0.031558848167008

—0.523240277404552
0.399628138816171
0.388537971512798

—0.264925832924417
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3.4 Order 6 G-symplectic general linear methods

The structure of G-symplectic GLM with order 6 is given below

11 0 0 0 0 U2 U3 U4
a1 a2 0 0 0 U2 U23 U4
a3 as2 a33 0 0 Uzz U33 U34
aq1 aq2 Q43 Q44 0 Ug2 U4g3 Ugq
AlU
— | as1 aspy  asz3  asa  ass |1 usy uUss Usa
B|V
by by b3 by by |11 0 0 0
b1w1 bQWQ b3W3 bQW4 b1W5 0 z 0 0
bchl bg@g bgbjg bgCJ4 bl(ﬂg) 0 0 z 0
bivi baya bsys bays b1ys |0 O 0 -1
with
_ - dip O 0 0 0
1 0 0O
0 dyy O 0 0
0 g 00
G = s D = 0 0 d33 0 0
00 g 0
0 0 O dy O
0 0 01
- - 0 0 0 0 d55

We can see that this method is categorized into four matrices (A, U, B, V). The
matrix is lower triangular and all the entries in the first column of the matrix
Uareonesieuy;; = 1ugy = 1ug =1 uy =1 us = 1 because it will multiply
with the input values in order to calculate our stages. To analyze our solution

of Hamiltonian problems with these methods, entries in
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AU

BV

are complex because we may convert our complex entries into real via transfor-
mation. Structure of V is diagonal and two of its entries are a conjugate complex
of each other. As we are constructing a symmetric and symplectic method so the

method should satisfy the G-symplectic conditions given below,

G = VGV (3.10)
DU = B*GV (3.11)
DA+ AT™D = B*GB (3.12)

Here * is conjugate transpose.
2mi

We will choose value z = e 3, from equation(3.10) G is diagonal and we can

assume it by [9]

G = diag(1,+3,+3, £1)
In this method we will choose G = diag(1, —3, —3,1) To see the effect of Time

reversal symmetry, consider the GLM as

[0] [0] [0]

Y1 = hay f(y1) + ?/ Iy Ui2Yy + U13Y3 + U14Yy

Y, = haoy f (y1) + hasa f(y2) + y o 2y£] + u23y£] + U24yz[1]
Y; = hasy f(y1) + hasa f(y2) + hass f(ys) + le b+ U32y£] + U333/z[),] + U34 Z/gt]
Y= hayf(y) + haswf(ye) + has f(ys) + hawf(ys) + v + usys’ + ways + wayy
Ys = hasif(y1) + hasa f(y2) + hassf(ys) + hasaf(ys) + y t U52y£] + U53y:[e,] + U54y4[1]

42



and

Yl = hbyf (y1) + hbs f(ys) + hbs f(ys) + hbsf(ys) + hby f(ys) + yl”

yl = hbywi f(y1) + hbsws f(y2) + hbsws f(ys) + hbswa f (ya) + hbyws f(ys) + 24"

bt = hbydy f(y1) + hban f(ys) + hbsis f(ys) + hbawa f (ya) + hbis f (y5) + Zyb)
i = by f () + hbyyaf (ye) + hbyysf(ys) + Abayaf (ya) + hbivs f (ys) — v
Y, = —hay f(y1) + yP + Ulzygu + Ulsy:[au + U14y4[11]

= h(—an + by + wiabiwy + wisbiwn + wabiy1) f(y1) + h(ba + ur2bows + uizbows +
u14b2%2) f (y2)

+ h(bs +u12b3ws +113b3w3 +u14b373) f (y3) + M(by 4 U12bows 4 13bowy +u14boVs) f(Ya)

+ h(b1 + u12b1w5 + U13b1u75 -+ U14bl’y5)f('y5) + ng} + ulgzyéo} + ulgiyéo] — u14y£0]

Now

Ys = —hasi f(ys) — hass f (ya) — hass f (ys) — hasa f (ya) +y1 +usays +ussyl +usayy)
= h(by + urabiwy + uizb1wy + wrabiv) f(y1) + h(—ass + by + us2baws + us3bown +
usabaya) f(y2) + h(bs — ass 4 usobsws 4 us3b3ws +usabsys) f (ys) + h(be — asa + usebows +

Us3bats + Usaboya) f(ya) + (b1 — as1 + usabiws + us3biws + usabiys) f(ys) + ?AO] +

[0] [0] (0]

Us22Ys + U532Y3° — Us4ly

Comparing Y; with Ys and Y; with Yswe get

Us2 = U12, Us3 = U13, U4 = U4
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Similarly it can be shown that

Ug2 = Uy43,
and
Ugz2 = U32,
now applying (3.11)
d1 0 0
0 dys O
DU= 0 0 d33
0O 0 0
0O 0 0
diy
dao
DU=| ds;
day
i dss

bl bl(.Jl bl w1
by bawy  baws
B*GV = b3 bgLJg b3U)3

bg bgCJ4 b2w4

b1 bl(ﬂ5 bl W

Ug3 = U23,
U3z3 = U33,
0 0
0 0
0 0
d44 0
0 dss
dy1u12 d11U13
dagtay  dagiaz
dszuzs  ds3uss
dyauog d44U23
dssuiz  dsstns
5171 r
1 0
b2
0 g
b33
0 0
5274
0 0
bivs |~

44

—_ = = =

Ugq = U24q
U3z4 = U4
U2 U3
U2 U23
Uzz U33
U2  U23
U2 U3
dy1u14
daotioq
d33U34
dyatiog
d55U14
0 0 1
00 0
g 0 0
01 0

U4
U24
U34
U4

U4

o O




B*GV =

o o o O

as

bl(ﬂl gz b1w1 gf
bQCJQQZ
bgCJggZ bgwggZ

bg(ﬂ4g2 bQW4gZ

biwsgz

0 0 1
0 0 1
0 0 |land U= 1
by 0 1
0 by | 1
b b by by
biwi bows baws bowy
biwy bowy bsws  bowy

_bﬂl bava bsys  baya

—bim
bowagz  —bayo
—bs7s
—ba7s
biwsgz —b1s

w19z
WagZz
W3gz
Wagz

Wsg 2

biws
byws

bivs

116 0 0

1 1 1 1
0 b O

Wy W3 Wyqg Ws
0 0 b3

Wo W3 Wi Ws
0O 0 0

Y2 V3 V4 s
- 0O 0 O

=XD,

w19z
wWogz
W3gZz
WGz

w59z

[aw]
o o o o

!
2
-3
74
—5




Now consider,

DA+ A*D = B*GB

Now consider Lower triangular part of the follwing

L(DA+ A*D) = L(B*GB)

2@11b1 0 0 0
b2a21 2@22b2 0 0
L(DA+ A*D) = | bsazi bsazgs 2aszsbs 0

[ by 0 0 0 O 1 2a11 0 0
0 b 0 0 O asy  2ax 0
=10 0 b3 0 O as1 a3z 2das3
0 0 0 b O Aq1  Qao Q43 2044
00 0 0 b | | a1 as2 as3 (s
=DY Thus

DY = L(B*GB) = L(DX*GXD),

Y = L(X*GXD)

From the relation (3.13)
a1 = 3(1 4 2w101g + 1)

ag1 = (1 + Wow1 g + waw1g + 7271)()1
A9y = %(1 + 2&72(,4)29 + '722)b2

46
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azt = (1 + wswi1g + wawig + 7371)b1
azg = (1 + Wawag + wawag + Y372)b2
ass = 5(1 + 2wswsg + 73)bs

an = (14 waw1g + wawrg + ya71)b1
agy = (1 + Wawag + waag + Ya7y2)b2
asz = (1 + wywsg + wawsg + 7a73)bs
ass = (1 + 2wawag + 73)bo

as1 = (1 + wswig + wswig + 7571)b1
asy = (1 + Wswag + wswag + V572)b2
as3 = (1 + Wswsg + wswsg + 7573)bs
ass = (1 + Wswag + wswag + 574)b2
azs = 5(1+ 2wswsg + 72 )by

above equations can also be written as

a; = bi(1 — i — BifBj + vivj) j<i (3.14)
a; = bi(l — i — BiBj + vivy) j=i (3.15)
where w; = o;+; and symmetry conditions a3 = 0,044 = —vo,0i5 = —1,81 = Po,

Bs = —P1,74 = V2,75 = 71 will be assumed.
Select the abscissa vectors as C' = [0, ¢o, 1—c9, 1] and the vectors b = [by, b, b3, ba, b1]

such that

47



1

bT 2__
© 73
btc‘l—1
5

Choose the abscissa vectors as ¢ = [0, , 3, 17, 1]” leading to

bT:[—17 3375 248 3375 —17]
168 ° 9464° 507’ 9464’ 168

Now we will find the parasitism condition i.e by putting the diagonal elements

of BU=0 and we have the following

wigz Wwigz —MN
bi b by b b
Wagz Wa2gz —72
b1w1 b2w2 b3(.d3 bQ(.U4 b1W5
BU = W3gz wWigZz —73
bl(ﬂl bQLJQ b3(ﬂ3 bQLJ4 bl(,J5
Wagz wWagz —V4

—_ = = = =

_5171 bava bsys baya bis

- W59z Wsgz —7s

by simplifying and equating the diagonal elements to zero we have
big(z + 2)(at + B7) + bag(z + 2) (a3 + B3) + bag (= + 2) (a5 + ) + bag (2 + 2)(ad +
B1) +big(z + 2) (a2 + B7) — binf —bavs — b373 —bo7i — 0173 =0

Define a symmetric matrix of 5 x 5 such that

Wiy = oo+ 8B — v 6,7 =1,..,5 (3.17)
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such that

W11 =1
1
bl(l — ng) = 502

(27]) = (47 3)a (47 4)7 (57 3)? (5a 4)7 (57 5)

by(1 — Wss) =
i1 )
D b1 =Wy + Shi(l=Wa) =
=1

i—1

1
> byei(1= W) + Sbiei(1 = W)
j=2

Co

Ci,

1 2
3¢

i=3,4,5

i=3,4,5

(3.18)
(3.19)
(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

By using equations (3.18), (3.19), (3.20), (3.21), (3.22), (3.23), (3.24) we have
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By using (3.14), (3.15), (3.16) we have

1 113 —5613 —466429841 36703237
85 85 745875 18785
113 41161 —65239 —466060571 36946367
85 50625 3375 2278125 57375
—5613 —65239 1071 —65239 —5613
85 3375 1240 3375 85
—466429841 —466060571 —65239 41161 113
745875 2278125 3375 50625 85
36703237 36946367 —5613 113 1
18785 57375 85 85
0 0 0 0 0
1 1
30 30 0 0 0
A= 691 29 1 0 0
105 4 30
—16684847 8363191 100688 1 0
263250 114075 10125 30
1310159 —658732 1413104 —675 O
6630 2873 43095 5746
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From equation (3.17)

W = ad" + 88" — 7"

Make two matrices which are symmetric

W = 3"W5
W= 3w5"
where,
- - = .
3 0 3 00
1 1
0 3 050
¥=10 0 [andy=]0 0 1
—1 1
0 = 050
—1 1
| 5 0 L2 0 0]
and
o §é!
~ s ~ ~ ~ . . (03] ~ B
WZ(IO&T, W:ﬁﬁT—'y'yT, a= =| By A= 72
Qo
B3 V3
leading to
18342226 198163
. 18785 49725
W=
_ 198163 233956408
49725 2278125
and

51



Thus we have our required GLM

with

U

Vv

o o o =

18361011 264268 5613
18785 49725 85
T7—| 264268 232104163 65239
49725 2278125 3375
5613 65239 1071
85 3375 1240 |
0 0 0 0 0 |1 —iwn Jwi —m
1 1 1 - 1
30 30 0 0 0 1 5 [2095) 5 Lo Y2
691 29 1 1 - 1
105 4 30 0 0 I —guwis juws —v3
—16684847 8363191 100688 1 1.1 B
263250 114075 10125 30 0 1 Qs Ly V4
1310159 ~ —658732 1413104  —675 1 - 1
6630 2873 43095 5746 0 1 QW5 SlWs a4
—17 3375 248 3375 —17
163 9464 507 9464 s |1 0 0 0
_17 3375 248 3375 —17 2mi
8wl 016492 507W3  ugawWr Teews |0 e 3 0 0
17 - 3375 — 248 - 3375 - 17 - =it
sWl 016492 507W3  oapawt TeeWs | 0 0 e s 0
_17 3375 248 3375 _17
168 /1 016472 50773  omwa)4 a5 | 0 0 0 1
- o 00 0 0
0 0 0 3375
0 =2 0 0 0
1 9 0 9464
2
; D=1 0 o0 8 0o o0
1 507
0 -3 0 3375
0 0 0 BZ g
0 0 1 .
. 0 0 0 o0 =U

Thus we have G-symplectic order 6 GLM, which is symmetric and free from

parasitic solution. We can also find «;, §;, v; by using[9]. A starting method is

required to implement this GLM and is the aim of ongoing research.
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Chapter 4

Conclusion

This thesis discusses numerical methods that preserve the energy of Hamiltoni-
an systems . Higher order G-symplectic general linear methods were explored
in this thesis. In Chapter 1 we gave a brief introduction of Hamiltonian systems.
We have also discussed some numerical methods that are suitable for this frame-
work. Details of different numerical methods are given in Chapter 2, in which
there are Runge-Kutta methods, Euler’s methods, linear multi-steps methods
and general linear methods. We have also given criterion for symplecticity of
these numerical methods. Symplecticity of general linear methods was further
explored in Chapter 3. General linear methods are multi-value in nature there-
fore we cannot expect symplectic behavior from these methods. G-symplectic
general linear methods were first obtained by Butcher, to obtain conservative
solution of Hamiltonian systems, but unfortunately these methods suffer from
parasitism. Later higher order G-symplectic general linear methods having or-
der 4 were constructed with a suitable structure free from parasitism. Order 6
G-symplectic GLM were first constructed by Butcher at. al [9] with z = .. We

27
have constructed order 6 G-symplectic GLM with z = e 3 with zero parasitism.
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