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ABSTRACT

In this work, We have study the two-population neural field Model under the effect of
constant external inputs. Earlier, Blomquist et al.[1] investigated the stationary symmetric
solution of two population model with no external input.They found that Amari stability
analysis and linearized stability analysis produces same results. Later on Yousaf et al. [2]]
investigated the same model under the influence of spatial dependent external input and
proved that the Amari technique and linearized stability technique does not produce same
results. They also investigate the number of bumps as a function of amplitude parameter of
external input and found at most four bump pairs. In our research work, We have to explore
the two population neural field model under the effect of constant external input on bump
solutions. We further, have to investigate the stability properties of stationary symmetric
solutions by using two approaches (i) Amari approach (ii) standard linearized approach.
Numerically, We will investigate the number of bumps as a function of width and amplitude
parameter of external input.
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1 Introduction

1.1 Human nervous system

There are numerous elements in human body that reacts of produced stimuli through ner-
vous system. The human nervous system is the body’s conductive system that consist of
billion of nerve cells to transfer signals from one part of body to another. Human nervous
system consists of two major classes i.e central nervous system(CNS) and peripheral ner-
vous system(PNS). [49][51] These two systems collaborate and collect information from
inside and outside of the environment.[50]

1.1.1 Human Brain

The human brain is the most complex part of human nervous system. It is located in head
and covered with skull. It is similar to the brain of mammals but cerebral cortex is highly
developed in humans. [9] It contains so many different regions which are highly important
in their respective functions. The human brain mainly divided into three parts which are
the following [13]

e Forebrain
e Midbrain

e Hindbrain
1- The Forebrain

The forebrain contains cerebral cortex which surrounds mid brain and brain stem. Cerebral
cortex is the most important and complex structure in our brain. It is grayish in colour
because the nerves present in this area have short of insulation due to which most of the
other parts appears white. It is densely packed with neurons. It is larger in size and have so
many wrinkles. [19]

Cerebral cortex is the outer surface that covers human brain. The outer surface of cortex is
about 2 to 4 millimeters thick and it is surrounding round about 1.5 square meter surface
area. It work is associated with thought, perception, awareness, realization and remem-
brance. [37] [19] The cerebral cortex is composed of four lobes that are given as

¢ Frontal lobe
e Perital lobe
e Temporal lobe

e Occipital lobe

e Frontal lobe
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Figure 1: Cerebral Cortex

The Frontal lobe is more developed and larger part in humans. It controls important human
skills like language comprehension, memory, decision making etc. Its work is associated
with tasks, short term memory, motivation, planing etc. It is the last lobe to mature due to
which children do not effectively take decisions. The frontal lobe is the most common part
to happen brain injury due to which a person loses his personality and faces difficulty in
taking decisions. [30]

e Perital lobe

The Perital lobe is major lobe of cerebral cortex present in middle of all lobes. It is a
part of cortex due to which it has many responsibilities. It convey message to other parts
within seconds. It is responsible for many functions such as makes sense of the world,
perceptions, taste, touch or feel etc. When this lobe damaged, a man becomes unable to
feel any sensation of touch. [12]

e Temporal lobe

The temporal lobe is located behind the left side of other lobes and in bottom middle part
of cortex. Its work is purely associated with hearing, listening and understanding sounds
having different pitches. A person without temporal lobe cannot understand a meaningful
talk. So this is very important lobe of human brain due to which we are able to listen,
understand and talk about everything.[29]

e Occipital lobe
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The last one is occipital lobe that is present in the back of head. It makes a man to being
able to correctly understand and seeing things. Similar to the temporal lobe, makes sense
of aural information, this makes sense of visual information.[31]]

2- The Midbrain

The mid brain is located at the center of brain between fore brain and hind brain. It is
composed of brain stem which is base of the brain connected to spinal cord. It plays
important role in conveying message from brain to all other parts of body. It controls most
important functions such as breathing, temperature, blood pressure, listening and viewing.
(217 [18]

3- The Hindbrain

The hind brain is the important part of central nervous system. It consist of medulla ob-
longata,pons and cerebellum. Medulla works as involuntary function. The pons is the
connection between cortex and cerebellum. The transmission of messages in all around
body is possible due to pons. Although it is very small in size but without pons, all body
movements would not be possible.[32] [33]

The cerebellum is the smaller structure (little brain) at the back of the brain. It is small por-
tion of brain and round about ten percent of total weight. It receives sensory information
through spinal cord and then regulate these movements. It is responsible for balance and
coordination. Any damage to cerebellum cause serious problems such as slower associa-
tion, lack of stability etc. [34]

Infect Our body movements is all due to brain. It controls our thoughts, plans, actions even
our body temperature and breathing. Its work is associated with communication of signals,
comprehension that and after then decision making. [2]]

1.1.2 Brain Cells

The main organ of human nervous system is brain and spinal cord. Brain can be divided
into two parts:

a. Neuroglia

b. Neurons

1.2 Neuroglia

Ependymal cells, astrocytes, microglia and oligodendrocytes are four important functions
of neuroglia is to hold and surround neurons, supply nutrients and oxygen to neurons, con-
trol the ionic composition of extracellular space and to play the role of insulator between
neurons and remove the dead neurons.[2]
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1.3 Neurons

The human brain is the main communication center and this communication is only pos-
sible due to nerve cells that are called Brain cells or neurons. A human brain consist of
billions nerve cells that have a work in conveying messages from one part of body to an-
other. Some are the sensory neurons whose work is associated with touch, sound and light.
They responds such stimuli and send signals to brain through spinal cord [35]. The basic
unit of brain is neuron [49][51]]. A neuron can be divided into three segments:

a. Dendrites
b. Soma(cell body)

c. Axon

presynaptic
terminal

Figure 2: Neuron cell

The dendrites collect signals from nearby neurons and transmit them to soma. Soma
is the main cell body. It is also called processing unit. If the collected electrical potential
in soma overshoots threshold value, it fires or generates an electrical signal (called spike),
which then moves along the axon to a connected target neurons. [3]]

Neurons convey message to other part of body through junctions called synapses. synapse
is a small gap contained three parts. The first one is presynaptic terminal which contains
neurotransmitter, that produces energy in the cell and cell bodies called organelles. The
second part is postsyanaptic terminal that contains receptors for neurotransmitter. The last
one is the space between presynaptic and postsyanaptic terminal. Thus the presynaptic ter-
minal of one neuron is connected to postsyanaptic terminal of other neuron through this

synaptic gap. [23]]

Myelin is the necessary coating surrounded axon and helps neuron in conveying signals
quickly through long distances. [39]
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Synapses have two forms i.e excitatory and inhibitory. Excitatory synapses brings pos-
itive action in whole body while inhibitory decrease the firing action and cause negative
action in cells. Excitatory neurons are make up of round about 80% of our settlement and
try to bring the affected neurons closed to the action potential while the remaining 20% are
inhibitory and they take away neurons from action potential. [335]]

1.4 Modeling Approaches

Brain transfers information from one part of body to another part. This information is
translated by different mathematical models. A model is a mathematical state designed to
predict and explain the basic biological process. A mathematical model express the sig-
nal transformation of neuron.Use of mathematical methods with large computing power of
computer in exploring the biological systems.

1.5 Compartmental modeling

Compartmental modeling is frequently used to describe the transformation of material in
biological system. It is the system which contains many different compartments through
which material transformed under certain rules. Neuron can be divided into different small
compartments. Each compartment behaves like a small circuit, in which current is carried
by the ions. The current moving through the compartments (the ion channels) is propor-
tional to the difference in voltage times the conductance. The following Fig.shows con-
struction of compartmental modeling.

el
-
-
,” V'i+1
e
o 1
’f
- V;
L 1
T el Vi
~.L

Figure 3: Construction of compartmental model for a neuron [2]
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Mathematical equation for nth compartments is given from Kirchhoff’s law of current

as
d

\% ,
gnn+1 (Vg1 —Vn) — gn—l,n(Vn — V1) =kn dtn + ZIZ + 21{1 (1)
t J

Where the left term of equation is due to the ohmic current between nth and the other two
neighboring sections. The first right term gives the membrane capacitance while the other
term shows the current injected from the pre-synaptic neurons and the last term is due to
the leak ion channels. From end to end these channels current depends on the absorption
of certain ions within and outer of the membrane. [40] [14]

1.5.1 Point Neuron Models

Compartmental modeling have many disadvantages due to use of no. of parameters and
pricey calculations. This made difficult to compute and run these parameters. Then to
overcome this intricacy, the model is reduced to a single compartment by removing a no.
of compartments. In this way dendrites and soma malformed into a single point and neuron
becomes a one dimensionless component. [40] [15]

It is a simple form for repetitive firing in neurons. It is just a point and when threshold
is approached it fires spike of constant width and amplitude. [[15]

Axon hillock

Figure 4: Conversion from compartmental models to point neurons [[16]]
Point neuron model is the simple point model that focus on the sub threshold action and
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output of neuron. Since all action potentials of the neuron have same behavior with almost
same amplitude and the time. [4].

The sub-threshold action and output of the neuron are focal point of this model. In a
single section model, action potential sub-threshold dynamics of the membrane is given as

(3] v
k— =—g(V-Ep)—- ) I )
dt -
Here gl and EL represents conductance and resting potential of the neuron, when input cur-
rent is absent. In this model currents omitted between sections of a single neuron, instead
we mull over only the Ohmic leak current. But after converting compartmental modeling
into point neuron, it is still not easy to come across critical result for the full dynamics of

system for such simple spiking neurons, or even just the settlement rate dynamics. [40[][43]]

1.5.2 Firing Rate Models

To form a large system of neurons, one of the most general method is to apply a general-
ization called a firing rate model. Since these models can represents the whole population
of neurons then a single neuron, so they are known as two population models. [[17]]

A neural tissue has a large dynamics which frequently studied by a firing rate models.
Firing rate model is actually explains that how group of neurons give firing response to the
input signals and what effect produced to other neurons after this response. These models
have been commonly utilized in the investigation of the network properties of the strongly
interlinked cortical networks. [3]].

1.) These models are developed in form of integro-differential and equations. It makes
easier to study the the properties of the solutions by using different mathematical
techniques developed in applied mathematics.

2.) These models have less free parameters than spiking models, appropriate tuning of
these free parameters parameters can be difficult.

3.) Itis easier to work with these models, because in experiments spike trains vary.

Using these models make mathematical analysis of network behavior transparent and eas-
ier. [15]].
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Chapter 2
Two Population Model with Constant External Input
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2 Two Population Model with Constant External Input

Neurons can be classified as excitatory and inhibitory neurons. If the post synaptic neuron
gets closer to fire an action potential, then the post synaptic neuron is called excitatory
neuron and if it gets away to fire action potential then it is inhibitory neuron. Blomquist et
al [1] considers a two population model (3)) similar to Wilson-Cowan type model [8] on the
form

A
ot
@ )

= it /_ o:oa)ei(x—x’)Qe(ve(x’,t)—Ge)dx’— /_ 0 — ) Qi (i) — 6,)d' (3b)

(o)

= —V, —1—/00 Oce(x — X ) Qo (ve (X' 1) — 0,)dx' — /oo ;e (x — x)Qi(vi(xX' 1) — 6,)dx’ (3a)

Here the parameter 7 is the ratio between inhibitory and excitatory time constants and
is therefore named relative inhibition time. The parameter 6, and 6; represents threshold
value for excitatory and inhibitory population. The parameters v,(x,¢) and v;(x,#) denotes
activity levels of excitatory and inhibitory populations, respectively at the time t and posi-
tion x. Q, and Q; are the firing rate function for inhibitory and excitatory population.

Om,n(m = e,n = i) represents the connectivity function. Which are supposed to be real
valued, bounded, symmetric and fulfill condition of normalization ([ @y, = 1).

In the present work, the model studied by Blomquist et al [1] with constant external
inputs, Schematically the whole process is shown in the Fig. [5] The actual model reads

B

Excitatory —_—
Population J +Wee
K.
Constant External
Input
+’mei | — e
K; (Inhibitatory
--‘\
LPopulation -—
— Wy

Figure 5: Two population model
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o0

Ve = Ve +/°° a)ee(x_x/)Qe(Ve(xlat) - Oe)dx/ _/ wie(x_x/)Qi(Vi(x/7t) - ei)dxl"‘f_Ke

at -
(4a)

T% =—Vi+ /_0<> wEi(x_xl)Qe(Ve(xlat) - ee)dxl - /_oo COii(X—X/)Qi(Vi(x,,I) — Qi)dx/ —}—Ki
(4b)

Here K,, K; are the constant external inputs to the excitatory and inhibitory populations
respectively, while the remaining variables are as defined previously.

Yousaf et al [2] talk about the two population model under the spatial external input
and find the stability approaches by using Amari’s approach and the linearized stability
analysis. In this work, we will study the same problems within the framework of the model
under the condition of constant external input functions K,, K;. Blomquist et al [[1] and
Yousaf et al [2] talk about the problem of uniqueness and existence of stationary symmetric
solutions and their stability properties by using both stability analysis. In this work, we will
study the same problems within the framework of the model under the condition of
constant external input functions K., K;.

2.1 Boundedness of the solutions

Let us now suppose that the constant external inputs K, and K; are bounded. Introduce new
variables

Ve(x,1) = ve(x,1) — K, (5a)
Vi(x,t) i(x,t) —Ki (Sb)

I
<

Here the evolution equations for V, and V; are then given by

88‘;6 - _Ve+/°° Wee(x —x") Qe (ve(¥',1) — 9~.e)dx/_/oo Wi (x — X Q;(vi(x',1) — 6;)dx (6a)
T% =it /Z @i (X = X) Qe (v (X', 1) — 6, )dx — /0; @;i(x —x)Q;(vi(x',1) — 6;)dx'(6b)

where 6, and ; threshold values defined by

0, (x) =0, — K, , 0;(x) = 6, — K; (7

Hence, normalization condition applied on ,,, and the assumption imposed on the
firing rate function Q,, implies the uniform bounds

0< [/_oo wanm(Vm_ émevl) <1 ()
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for all values of x and 7.so we get the explicit bounds for the solution v, and v; of @ which
can be given as

(Vo(x)+ De "1 <vo(x,1) < (Vo(x) — 1)e " (9a)
(Vi(@) + DD <via, ) < ((Vi(x) = 1)t/ (9)

by proceeding in the same way as in Blomquist et al [[1]]. Here

Vo(x) = Vo(x) — K, , Vi(x) =Vi(x)—K; (10)

are the initial conditions for the system @ Then, by replacing to the original variables,
we will get the bounds

(Vo(x) = Ko+ 1)el ™7 4 K, < ve(x,1) < (Vo(x) — K, — 1)+ 4 K, (11a)

(Vi(x) = Ki+ 1) D7 4 K < vi(x,1) < (Vi(x) =K — DO 4K (11b)

for solutions v, and v;. Boundedness of K,,K; implies the boundedness of the compo-
nents v, and v;. We also observe that if

Kn—1<V,(x) <Kn+1lm=e,i (12)

for all x, then
Kp—1<vy(xt) <Kn+1lm=e,i (13)

uniformity for all ¢.

2.2 Uniqueness and Existence of Stationary Symmetric Solution

In this section we will explore the existence and uniqueness of constant bump solutions of
the system by generalizing the arguments presented by Blomquist et al [[1]], Yousaf et
al [2]. For the existence of constant bumps, we will first investigate the threshold values for
the system have constant solutions (bumps). After proving the existence of bumps,
the uniqueness issue can also be designed.

2.2.1 Existence of Stationary Symmetric Solution

Here we will investigate the possibility of having constant bump solutions of by fol-
lowing the similar approach adopted by Blomquist et al [1], Yousaf et al [2]. We proceed
as follows

1. The constant external inputs K, (m = e,i) are assumed to be time and space inde-
pendent, i.e K, () = K;,, and modeled by means of Gaussian functions

Kpn(x) =Ay (m=e,i) (14)

Where, A, (m = e,i).
denotes the width of the constant external inputs respectively.
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2. The solutions of the system are presume to be the time and space independent,
i.e vy (x,1) = Vju(x). Here V,(x) and V;(x) are bounded and smooth functions satisfy-
ing the following conditions

[ ] lil’n|x|_>c>o Vm(x) = lim|x|_>°o Km(x)=Km
where K,,,, m = e,iis constant

e There exist unique points a,b > 0, such that V,(+a) = 6, and
Vi(£b) = 6; as
Kp(x) = Am (m=e,i) (15)

Above conditions shows that we are only considering constant bump solutions. The param-
eters c¢,d denote the widths of the excitatory and inhibitory pulses respectively. According
to the conditions 1 — 3, expressions for V,(x) and V;(x) are given as

Ve(x) = Wee(x+¢) = Wee(x — ¢) = Wi (x+d) + Wi (x —d) + Ko (16a)
Vi(x) = W,i(x+¢) = Wei(x —¢c) = Wii(x+d) + Wii(x —d) + K; (16b)

Here W,,,(y) is the integral defined as

y
ww@:Aan@ (17)

Notice that W,,, is an odd function. The conditions for a stationary symmetric solution are

ge(c,d) =06, qi(c,d)=6; (18)

where ¢, and ¢g; are given as
ge(c,d) = Wee(2¢) = Wie(c+d) +Wie(c—d) + K, (19)
qi(C,d) :Wei(c+d)—Wei(d—c)—V[/ii(Zd)+I(i (20)

To show the existence of stationary symmetric solution, we want to get 6,,(m = e,i) in
interval (0, 1], for the system ‘) possesses solution. We introducing two subsets X of R?
and interval [ in (6,, 6;) are determine as

1=(0,1] % (0,1] Q1)
= {(c,d)la>0,b>0} (22)

Where I be the threshold value set and ¥ denotes the pulse width set.
The theorem formulated by Yousaf et al[2] and Blomquist et al[l] on existence of bumps
also holds true in our case for constant external input. The theorem reads as
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Theorem Suppose that the ,,, are continuous almost everywhere. Introduce the vector
field F : R* — R? defined as

— |4 2
F [Ch} (23)

where q, and q; are given by expressions and . Assume that (A.,A;) € I. Then We
have following results:

e The set F(X) is bounded

e The non-empty intersection F(X)NL

Proof Firstly, we will prove that F(X) is bounded. To apply the condition of symmetric
and normalization on ,,,, we find that We also notice that

K| <A, |Ki| <A (24)
Since by the triangle inequality
9e(e,d)] < Wee 26) |+ Wiele + )] + Wil — )| + e @5)
|9i(c,d)| < [Weilc+d)| + [Wei(d — c)| + |Wii(2d)| + | Kil (26)
We find that 3 3
|ge(c,d)| < 5T Aels gi(e,d)| < 5t A (27)

Which shows boundedness of F(X).

Next, let us prove that F(X) N1 is non-empty. The presupposition imposed on the
connectivity functions @,,, imply that the anti derivatives W,,, are continuous functions of
x. Therefore the mapping of vector field F : R> — R? are continuous. so F(0,0) = (A,,A;).
Since by supposition (A.,A;) € I, we get F(0,0) € I. In the threshold value plane,the
Continuity of vector field F implies that there is an open set, say X, about (0,0), that is
mapped bijectively to an open disc F(X,) about (A,,A;). The intersection between F(X,)
and the set / must be non-empty.

Hence, there exists a subset of the threshold values if (A,,A;) € I, for which the system
(with K, and K; given by (24)))possesses constant bump solutions given by — (20). So
the (6., 6;) threshold values has solution for the system (32)).

For the case, where the external input functions are modeled by continuous and symmetric
functions which approach to a constant at infinity the existence theorem for bumps also
holds true. Thus we are not constricted to the Gaussian external input functions

2.2.2 Geometrical interpretation of the mapping F

Notice that the vector field F can be written as F' = Fy + K, where

Fy— Wee(2¢) — Wig(c+d) + Wie(c—d)

Fo=W,i(c+d)— Wald—c) — Wa(2d) (28)
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K,
K= [ KZ} (29)

When F = Fy(< K = 0) we have the situation without external input, which has been
studied in Blomquist et al [1]]. A non zero K represents the effect of external inputs.The
mapping F has a very simple geometrical interpretation when K =constant.

First we map pulse width set X to the threshold value plane / by the mapping F,. This
produces the image set Fy(X). The image set F(X) then emerges as a rigid translation of
Fy(X) in the threshold value plane.

This means the components V,,(x) = V,,(x) — K, have the same shape as without external
input, i.e. the same situation as in Blomquist et al [[1]].

2.2.3 Uniqueness

Now suppose that the (6,,6;) associate with the set of admissible threshold values and
(ceq,deq) be the relative solution of the system . We suppose that W,,,, are continuous
and (g.) and (g;) refer by and are continuously differentiable. F is one-to-one
and onto, if the Jacobian of F at the point Cog = (ceq, deq) is non singular,(By inverse func-
tion theorem) i.e

oF
det| 5] (cog) # 0 (30)

If the Jacobian of F at ¢, is singular, then this vector field will not guarantee a one-to-one
correspondence. There will be an open neighborhood of ¢, that is bijectively mapped to
the open neighborhood of (6,, 6;) (By inverse function theorem) . It means for each point
in (6,, 6;) there exist a unique pulse pair.

The condition ([30)) is called the transversality condition. Notice that the generic situation
consists of two pulse pairs for admissible threshold values just as for the case of no external
inputs. We will demonstrate numerically in the next section.
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3 Comparison of Two Stability Approaches

In this chapter we will explore the stability properties of constant bumps by using Amari
approach and linearized stability analysis.

3.1 Amari Stability Analysis

(Ve(x),V;i(x)) be the stationary symmetric solution and (c,d) is the intersection point be-
tween the level curves

Qe(cad> = 96 ) Qi(cad) - Gi (31)

So [31] be the starting point of the simplified stability analysis [1]. We will investigate
the stability properties of constant bumps, First we assume that (6,, 6;) belongs to the
admissible threshold value set, in which the level curves will intersect at least at one point
(Ceq»deq) in pulse width set ), . By following earlier approaches expand by Amari [6] and
lately used by Bloomquist, Wyller and Einevoll [1], We make the following assumptions

1. The pulse width coordinates of the perturbed pulses are time dependent.

2. The perturbed pulses and stationary pulses satisfy the same threshold values, i.e,
ve(c(t),1) = 6e (32a)
vi(d(t),t) = 0; (32b)

3. The slopes of the perturbed pulses approximated by the slopes of the bumps at the
points (Ceq,deq), i€

Ove(c,t) & V. (ceq) , Owvi(d,t) = V] (de,) (33)
Since V,)(c.q) <0 and V/(d.q) < 0, We have
Oxve(c,t) = |V, (Ceq)| » Oxui(d,) = —|V; (deg)| (34)

By differentiating (32a)) and (32b]) with respect to ¢ and using (32)), We get

% = veen)t | oele=y)He(ve (1) - 0y
— /_m Wie(c — y)Hi(vi(y,1) — 6;)dy

=q.(c,d)— 6, (35)

|9ve(c;1))|

dd o
tlowi(d, 0] 5 = —vild.0) + / Oei(d — y)He(ve(y.t) — 6,)

[}

— / . (Dii(d —y)Hi(Vi(YJ) - Oi)dy

=gi(c,d) — 6, (36)

28



Here ¢, and g; are given by and (20). By taking into account the approximations
and (34), the dynamical system and can be rewritten as

dc
Ve (ceg)l = = gele,d) =6 (37)
dd
©|Vi (deg)l - = aile,d) = 6, (38)
The system and constitutes an autonomous system defined by the vector field
0:X =R, Q= {Qe} (39)
Qi
where
c,d c,d (40)
Qe( ) |V/( eq)|{fe( ) }
Qi(c,d) = ———{fi(c,d) — 6;} (41)
|V’( deg)|

Let ¢,, = (Ceqrdeq)' denotes the equilibrium point of and . In order to find the

stability of this point, We proceed by finding the Jacobian of the vector field Q evaluated at
¢., and then calculating the eigenvalues: The Jacobian is given by

aQ aQe 8Qe
Ja = (Qe ): [aag. a (42)
da o2 a%
Na —Va
43
) “

Where 14, Va, K4 and B4 are defined as

Na = m{z Ope(2eq) — Wi (Cog +deg) + Wie(Coqg — deg) (44)
va = cheq)'{wie(ceq - deg) + e (Cog — deg)} (45)
iy = Tm{wei(ceq - dog) + Oui(deg — cog)) (46)
By = rm{z 0i(2eq) — Bei(Cag + deg) + Dei(deg — ceq) “7)

So, A is the eigenvalues of Jacobian J4 which satisfy the quadratic equation

TAZ 4+ A(Ba—Na) + 74 =0 (48)
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Where,
Ya = KaVa — Pana (49)
The stability depends on the invariants of the J4 i.e the determinant D and trace T , i.e
T =tr(Ja)=ma—P4  D=der(Jy) =% (50)

If y4 <0, the detJ4 <0, which indicates to a saddle point instability. When 74 >0 (<
detJ 4 > 0), We have the following situations:
We have stability whenever 77 < 0. This disscussed in the following three cases

1.) For all valuesof 7,84 >0 and My <0

2.) Fort< 7., B4 >0 and ns >0,

3.) For ©>1.,B4<0 and N4 <0 , where 7., = |Ba|/|N4|
The situations with 7 > 0, detJ4 > 0 corresponds to instability, which occurs in one of
the following three situations:

1.) Ba<0 and ny >0 forall values of T

2) Ba >0 and ns >0, fort> 1,

3.) Ba<0 and N4 <O0for T < 7., with 7., = | Ba| /N4l

The Amari stability is summarized in TablelT]

Table 1: Stability results by Amari approach (7., = |Bal/|n4l)

YA <0 saddle point instability

Ya>0 Psa>0 Na <0 stability for all T
Ba>0 Na>0 stability if T < T, instability for T > 7.,
Ba <0 Na <0 stability if T > 1., instability if T < 7.,
Ba <0 Na >0 instability

The parameters 34, 14 > 0 for constant external inputs, and the connectivity functions
,i(x) and wj.(x) being monotonically decreasing functions for x > 0. The parameters
B4 and M4 may become negative for spatial external inputs.
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3.2 Linearized Stability Analysis

In this section we will discuss the stability of bumps by using standard linearization pro-
cedure in a way similar to the one used by Blomquist et al [1]. We will compare the
results of this discussion with the predictions obtained by using the Amari approach. Let
V. (x) and V;(x) be the stationary symmetric and time independent solutions of (32)), i.e

let us suppose the perturbed state

Ve(x,2) = Vo (x) + & (x,1) (51a)
vi(x,1) = Vi(x) + x (x,1) (51b)
We expand the above equation by Taylor expansion of Heaviside function H yields,
HV,—0,+ E)=H(V,—0,)+&£ (Ve —6,)+ - (52a)
H(V;—60i+ ) =H(Vi—6;)+x 6(Vi—6;)+ - (52b)

Where 6 represents the Dirac delta function. So |§| < |V, —6,| and |x| < |V;— 6;] by
assumption, these two terms in the expansions are left because of lowest order terms.

By using and in (32), We will get the linearized perturbed system,

ét:—§+/iwee(x—x/)5((Ve—Ge)é)dx’—/o;a)ie(x—xl)S( (Vi— 6, ))dx (53a)

X :—X+/_°;wei(x_xl)5( (Ve—9e)§)dX'—/ @;i(x —x)6( (V; — 6; ) )dx" (53b)

—o0

The solutions of the perturbed system of the form

Ex,t) =eME(x)  x(x,t) =My (x) (54)
Using ([54)), the system becomes
(A+DE (x) = / " e (x— )5 (Ve — 6,)E1)dx — / " O (x—X)S((Vi— 6)71)dX(55a)

—o0 —o0

(o) [}

(TA+1)71(x) = / Dui(x— ) (Ve — 6,)E) ) — / 0i(x— )8 ((Vi— 6)71)dxl55b)

—o0 —o00

The integrals used in (53] are by definition given as

/_ i o(8(v—0)2)](x) = /_ Z o(x —x)S () — 0)z(x')dx (56)

Here o is connectivity function defined by ??, v stands for activity levels and z represents
the disturbances imposed on bumps. Splitting the above integral in to two parts

[ o6r-e)wm= [

—00

0

We assume that the function v satisfies the following conditions:
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1.) v(x) =v(—x) i.e u is spatially symmetric.
2) v(x) <0for0<x<x; whereV(x;)=0
3.) V(x) > 0forx > x
4) y=v(x), ¥ =v1(y), dy=V'(x)dx
5.) v(0) =yo, v(x1) = y1,v(e0) =P, y1 <P <yo
6.) v(c)=6,0< 0 <y
The integral defined by (56]), can be evaluated in two steps

1.) In this step we will evaluate the second term on the right hand side of , we proceed
as follows

/Ooo o(x'—x) S(v(¥)—0)z(x)dx' = [ (X —x)6(v(x') — 0)z(x)dx’

+ [ 0 =x)8(v(x') — 0)z(x')dx’ O]
Using the conditions (1. — 6.), the integrals of right hand side of (4)) can be expressed
as
= [ 0071 0) =280 - ) 1) d
w eTon®
P 1
+ [ o0 ') —x)z0v ')y —0)————d (5)
y v ) =x)z(v (v)d(y >v’(v*1(y)) y

By using the properties of the 0 function, we find that

/yo o 1 (y)—x)z(v 1 (y)8(y—6) dy=w(x—a)z(@)'(a)”']  (©6)

o
» v(vi(y)

Since y; < 0 < yg and yg > 6 > O, we find that

[ 06710~z 08— 0) v =0 Q

i v1(y)

2.) Using the similar reasoning the first part of the RHS of (3)) yields

/ " 00— )8 () — 0)2()dY = 0(x+a)e(—a) V(@) ®)

Hence
[/_Z ®(8(v—0)2)](x) = @(x+c)z(—c) V()| + @(x—e)z(c) V' (c) | )

Now we suppose that there is one-to-one correspondence between the pulse width co-
ordinates (c.q,d.q) and the bumps (V,(x),Vi(x)) through the relation

Ve(ceq) =0, , Vi(deq) =0 (10)
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By using these assumptions, we can evaluate the integrals appearing in (55a)) and . We
end up with the system

(At 1)E () = m[wee<x+ceq>a<—ceq> e~ eg) 1 (cag)]
- W [wie(x+ deq)%l (_deq) + a)ie(x - deq)%l (deq)] (11a)
(AT+ 1)z1(x) = mmi(wcm)&l (—Ceq) + Oix — eq)E1 (ceq)
~ 7oy € deq) 21 (—deq) + il = deq) 1 (dey) (11b)
Here,
V! (Ceq)| = ©ee(0) — 020 (2¢) + @ie(c+d) — wiec — d) (122)
’Vi/(deq)’ = a)ei(d — C) — (L)el'(a + C) + (1),',‘(261) — O)ﬁ(O) (12b)

The system equations (|1 1)) equivalence to,

&1 (Ceq) = él(_ceq) =X (deq) = Xl(—deq) =0
& &i(x)= x(x)=0 (13)

For non-trivial spatial perturbations, suppose that

S1(Ceq)

_ | &i(—ceq)
- 5y | 2o w

X1(—deq)

The problem relate to finding the A for which holds true.further, proceed as follows:
Let x = £c,q and x = £b,, in , we find that

(At 1)1 (Ceg) = o [Dee(2eeq)E1 (—Ceq) + Oe(0)E1 (ceg)
Ulceq)
- m (@ie(Ceq + deq) X1 (—deq) + Die(Ceq — deq) X1 (deq)] (152)
(A4 D& (—Ceq) = (D0 (0)E1 (—Ceq) + Deel(2ce)Ex (Cag)]
|Ve (CEQ)|
- W[“’”(Cm —deq) X1 (—deg) + Die(Ceq + deg) X1 (deg)] (15b)
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(AT+1)x1 (deq) = )] [wei(ceq + (deq>§1 (_Ceq) + wei((ceq - deq)gl (ceq)]

- W[a)ﬁ@deq)%l (—dog) + @3i(0) 1 (deg)] (15¢)
(AT+1)x1(—deg) = m [@0i(Ceq — (deg)E1 (—Ceg) + Dei((Ceq + deq)E1 (Ceq)]
~ O () 02 ) (150

The above system (|13)) is of four linear homogenous equations in which the four unknowns
can be expressed in the matrix form as,

Z.X=0 (16)
Here X is defined by (14)), while the matrix Z is given as

21— (A+1) 2 -z —z
22 21— (A+1) —24 -3
7 = 17
V1 2 —y3—(AT+1) —V4 17
»2 Vi —V4 —v3—(AT+1)
Where,
e (0) O (2¢eq)
71 = , D= 5o (18a)
|Ve/(ceq)| |Ve,(ceq)|
Wi (Coy — d Wie(Cop +d
g = Gitees ~deg) |, _ O o) (18b)
| e(ceq)l | e(ceq)|
wei(ceq - deq) wei(aeq + deq)
M= s = — (18¢)
|V (deg)| |V (deg)]
(Dl','(()) wii(Zdeq)
y3= , V4= = (18d)
|V (deg)] [V (deg)]
Now, consider the matrix G
1 1
2 2 (1) (1)
0 0 5 5
_ 2 2
G % _% 0 0 (19)
o0 b
and introduce the substitution
Y=G-X (20)
We readily find that
l%{él(ceq) + §1<_Ceq)} ge(ceq)
_ | atxi(deq) +x1(=deg) } | _ | Xe(deg)
Y= |4 = (21
f{gl (Ceq> - 51 (_Ceq) 50(6‘6‘])
%{XI (deq) _%1(_deq)} %O(deq)
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Here Y is the vector having even and odd parts of of & and y; evaluated at Ceq and
deq. Here the subscripts ‘e’ and "o’ stands for even and odd respectively. The similarity
transformation from to transforms the matrix Z to the block diagonal matrix
PZP~!, which can be written in a simplified form as

_ M (0]
1_ 1
PZP = { 0 Mz] (22)
where M| and M, are given as
(21 +22—A—1 —73— 14 1
M, = (23)
yi+y2 —y3—y4—AT—1]
(21— —A—1 -3+ ]
M, = (24)
yi—y —y3+ys—AT—1]
The determinant of M is
M| = tA%+ (B —MT)A+ 11 (25)
Br=y3+ys+1 (26a)
n=z+z2-1 (26b)
=01+y)(z3+z)—(3+ya+1)(z+z2—1) (26¢)
Likewise, the determinant of M, can be calculated as
IMy| = eA? + (B —mpT)A+, 27
Here
BL=y3—ys+1 (28a)
nizzl —2—1 (28b)
N=01—y)(z—2u)—(—y+1)(z—22—-1) (28¢)

So the determinant of matrix PZP~! factorizes as
det(PZP ') = (TA>+ (B — MLt)A+ 1) - (TA>+ (B — o)A+ 1) (29)

where the subscript L show that stability analysis is linearized. For to hold true
det(PZP~!) = 0, which gives two characteristic equations

A+ (B~ M)A+ 1 =0 (30)
A’ + (B, — M T)A+7, =0 31)
If all eigenvalues of the characteristic equations have negative real part then they are stable
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and if at least one of the eigenvalues has non-negative real part then we have instability. A
can be expressed in terms of the traces (rr(M;)) and the determinant (det(M;)). let us
introduce the notations

let”(Ml):rlL—B—TL, YL = T det(My) (32)

T, =tr(Mp) = 1) — ﬁ—TL Y, = T det(My) (33)

The stability of the bumps can now be analyzed by means of the parameters 77 ,75 , ,¥. and 7] .
Notice that B > 0. Moreover, if @j; is a decreasing function of positive x then 17; > 0. In
what follows we assume that f; > 0. Hence the critical time constants 7, and 7. defined

by
B _ B
" gl

Cmf
Let A:+ and A, denote the solutions of and respectively.
Here we will prove the identities

Ter (34)

1) Br=Pa
2) NL="a
3)n="n
4) 9, =0

Here Br.11.Y.B4.Na.and ¥, are defined by the equations (26)), (44] and respectively.
The proofs proceed as follows. From ??

X+c x+d
V) = [ oudy= [ oul)dy+K. (35)

—C

X+c x+d
V= [ eatdy— [ ait)dy+K, (36)

Differentiating and with respect to x, we get

VI (x) = Wee(x + ) — Wpe(x — ) — Wi (x+d) + 0je(x — d) (37)
Vl-’(x) = Wpi(x+¢) — Wpi(x — ¢) — Wji(x+d) + wii(x — d) (38)

Hence the expressions for V/(c) and V/(d) are given as
Ve (Ceq) = @ee(2¢) = e (0) — Wie(c +d) + Wie(c — d) (39)
Vi,(deq) = W,i(c+d) — w,i(d — ¢) — ;i (2d) + ;;(0) (40)
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The parameters Ba,Ma,Ya and PBr,nz,y are defined. For simplicity we introduce the new
parameters

71 = wee(O) = wee(zcElJ) 3= wie(ceq _deQ) (413)
Veé(ceq)] Ve (cCeq)] Ve (cCeq)]
COie(Ceq + deq) (Dei(ng - deq) (Uei(ceq + deq)
U= V= o V2= o (41b)
Ve(ceq)] Vi (deg)| Vi (deg)]
(0,','(0) (L)ii(Zdeq)
V3= o VAT T (41c)
Vi (deg)| Vi (deg)|
1) Br=Pa
The expressions for f;, and B, are given as
. _ 05(0) 405 (2deq) +| V! (deg)|
B =y3+yatl= ACm (42)
Br = iy {2 0i(2deg) — @eiCeq + deg) + Oei(deg — ceg) (43)

Since by assumption the slope of the pulse at the equilibrium point is negative, using

we find that
Vi (deq)| = @ei(d — ¢) — @ei(c +d) + @;i(2d) — 0;(0) (44)
Hence the expression (42]) can be simplified to

_ 2wii(2deq) + @,i(d — ¢) — W,i(c+d)

Br (45)

Vi (deg)]
_ zwii(Zdeq) —+ a)ei/(d — C) — a)e,-(c—f— d) (46)

Vi (deg)]

comparing and
Br = Pa (47)
2) NL="1a
The expressions for 1 and 1y are
2 . /

M= taa— 1 = el T Peel20) 7 [Ve(c)] (48)

Ve(e)l
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1
Na = W& Wee(2¢) — Wip(c+d) + Wie(c —d)} (49)

Since by assumption, the slope of the pulse at the equilibrium point is negative, we get
[V!(c)] = —0ee(2¢) + 0ee (0) + 0 (¢ +d) — Wy (c — d) (50)
Hence expression (48)) can be rewritten as

_ 20ee(2¢) + Wie(c — d) — Wie(c+d)

= VO v
then by comparing and we get
nL="1a (52)
3)n="n
The expressions for ¥, and Y4 are given as
nw=01+y2)-(z3+z:)—(+ya+1)(z+2-1) (53)
wi(c+d)+w,i(d—c), wp(c+d)+ w.(c—d
T s S
Then by simplifying 7, using (39), and (41]), we obtain
YL = 220y2 — 4220y4 — 220y1 +224Y4 + 224y1 — 2234
+2A3C; (18)
then by using the assumptions , B4 and M4 can be written as
Ba=2ys—y2+¥ (19)
Ma =22 —2+23 (20)
Hence
Ya = 220y2 — 4220y4 — 220y1 + 224y4 + 224y1 — 2234
+2z3y2 (2D
Comparing and we get
YA =N (22)
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4) %, =0

The expression for ¥, is given as

N=01—y)(3—2u)—(3—ys+1)(zi—22—1)

Using
Y=1—Li+Ly+L3+14

where

L= (wee( c)/ a)ee(o))7 L= (a)”(O) : ®;;(2b)
[V (c)] |V/(d)]
V,(c)| V/(d)|
Wie(c—d) — Wie(c+d), Wi(c—d)— @i(a+b)
Ly=( ; ) ; )
IV, (c)] \V/(d)]
Hence can be written as
dds+didy,

n

G IACIMIAT]

Here

dy = Wee(2¢) — Wee(0) , dy = @;i(0) — w;i(2d)

ds = W(c—d)— W (c+d), di=@(a—b)— @i(c+d)

Now by using and
Ve(@)|[V/ (b)] = dyds — dsdg + dyds — dydg

Then by tedious algebraic calculations

7, =0

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)

(31
(32)

In above it is proved that y; = 0, when the external inputs are constant. We also Notice
that B, = B/ and y, = 7, , which shows that both stabilities analysis gives same results in

this case.
We get the following two classification schemes for the stability

The table [2] and table [3] shows the relationship between the parameters involved and the
properties of the eigenvalues Ax, A/, of and These tables serve as a basis for
the stability discussion. If at least one of the parameters 9, and 7, is negative we will get

saddle point instability. We get the following results
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Y <0 A <O<AL
1L >0 n.L <0 Re(Ay) <Ofor all 7
ny >0 Re(Ay) <0 for 7 < 1,
Re(Ay) > 0 for > 1,

Table 2: classification scheme-1 for linearized stability analysis (7., = ‘ﬁ—i‘)

7 <0 AL <O <A
7 >0 n; <0 Re(A) <Ofor all 7
n; >0 Re(A.) <Ofort < 1,

Re(A.) >0 fort> 1,

Table 3: classification scheme-2 for linearized stability analysis (7. = ‘g—é‘)
L

1.) If nz,m; < 0,we have stability for all T
2.) If nz > 0,m; < 0, we have stability (instability) for T < T.,(T > Tc,)
3.) If n; > 0,m1 < 0, we have stability (instability) for T < 1..(T > 1.,)

4.) If nz,m; > 0, we have stability (instability) for T < T/.(T > 1)

3.3 Amari Stability versus Linearized stability Analysis

In above, it is shown that,

BL = Ba (3la)
NL=MNa (31b)
W="N (31c)

1 =0 31d)

In Blomquist et al [1]], the Amari approach and linearized stability approach yield the
same stability results with one notable exception. But in Yousaf et al [2] Amari approach
and linearized stability approach does nt give the same stability results. In our case (model
with constant external inputs) the identities show that the Amari approach and lin-
earized approach gives the same stability predictions, when we have constant external in-
puts.
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Chapter 4
Effect of Spatial Dependent External Input
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4 Effect of Spatial Dependent External Input

In this chapter we will consider the same two population model (32)). Previously Blomquist
et al discussed the number of bumps as a function of amplitude parameter with no external
input and found only two bumps pair by fixed the width parameter[1l]. Later on Yousaf
et al also investigated the number of bump pairs as a function of amplitude parameter
with spatial external input and they found at most four bump pairs by fixed the width
parameter([2].

In our work we will investigate the number of bump pairs as a function of width parameter
with spatial dependent external input. The model read as

Ve

avt = —Ve+ Wee ® Qe (Ve — 6e) — Wie @ Qi (vi — ;) + K, (x) (32a)
8vl~

T = Vit 06 @ Qe(ve — 6) — 03 @ Qi(vi — 6) + Ki(x) (32b)

Here K, (x), K;(x) are the spatial dependent external inputs to the excitatory and inhibitory
populations respectively, while the remaining variables are as defined previously. The mod-
eled [32] by means of Gaussian functions

Kn(x) = Ay exp[—(=)?] (33)

m

Here A, pm(m = e,i) denotes the amplitude and width of the external inputs respectively.

In this chapter we will investigate the number of bumps as a function of width parameter
of external input and fixed the amplitude parameter and found that there is at most six
number of bump pairs exists. For justification we reduce the width parameter and find
number of bump pair as a function of amplitude parameter and found six number of bumps
pair.

4.1 What are Bumps:

We will find the number of bumps by intersection of two level curves as shown in Figure [

1. Stationary symmetric solution of two population neural field model are called bumps.

2. Bumps serves as working memeory.

Numerically, bump pair generate by intersection of two level curves.

qe(C,d) = 96 CZi(Cad) - ei (34)
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Figure 6: (a)intersection of level curves corresponding to solution of ¢, = 6, , g; = 6;
(b)first point belong to narrow BP and second point belong to broad BP (c)corresponding
Bumps are shown in figure
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Figure 7: (a)corresponding threshold values 6,,6; for excitatory and inhibitory BP (b)first
excitatory column and second inhibitory column for narrow and broad BP.(c) U,,U; are the
stationary symmetric solutions
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4.2 Numerical Results

Earlier, Yousaf et al[2] investigated four number of bump pair as a function of amplitude
parameter for each set of threshold values ( the so called generic case ). Proceeding same
arguments we found six number of bump pair as a function of width parameter of external
input and amplitude parameter of external input.

4.2.1 Numerical example on six bumps pair when amplitude parameters are fixed:

Let us consider the case with constant external inputs, we fixed the amplitude parameters
and find the number of bump pair as a function width parameter of external input. We fix
the synaptic footprints are given to be

O¢e = 0.35, 05, =0.60 ,0,;, = 0.48 ,0;; = 0.69 (35)

and the threshold values as
6,=0.12 , 6;=0.08 (36)

0035 55
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& 002
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0.0 3

0.005

0 2
0o 1 2 3 4 5 6 7 8 9 10

[ «0? 10"

Figure 8: (a) Stationary symmetric solution Dependence on the width rhoi, rhoe of the
constant external input.(b) six BP scenario.(c) Magnified view

The amplitude parameters of the external input are fixed

A, =0.19 , A;,=0.7 (37)
The corresponding condition produces six bump pair of solutions
(az,b2) = (0.0009091,0.007677) , (a3,b3) = (0.0006061,0.008485) (38)
(asq,bq) = (0.000202,0.01172) , (as,bs) = (0.000404,0.009697) (39)
(as,be) = (0.000303,0.007677) (40)
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Which corresponds to the crossings of the level curves g, = 6, and ¢g; = 6; for a constant
external input and is shown in Figure[§] If we reduce the amplitude parameter probably we
can get the zero bump pair.

4.2.2 Numerical example on six bumps pair when width parameters are fixed:

In this section we will give a numerical example with six bump pair solution when the
width paramerters are fixed and find the number of bump pair as a function of amplitude
parameter of external input. We fix the synaptic footprints are given to be

Oee = 0.35,0;, =0.60 ,0,; = 0.48 ,0;; = 0.69 41)

and the threshold values as
6,=0.12 , 6;=0.08 42)

The amplitude and width parameters of the external input are given as

§ [}

0 06 1 16 2 256 § 36 4 45 6 0 01 02 03 04 05 06
A

Figure 9: (a) six BP scenario.(b) Magnified view

A,=0.2525 , A;=0.7576 , p,=2.068965517241379¢—03 , p; =1.379310344827586¢ —03
(43)
The corresponding condition produces six bump pair of solutions when the width
parameter are fixed

(a2,b7) = (0.303,0.101 , (a3,b3) = (0.05051,0.3535) (44)
(as,bs) = (0.0.1515,0.303 , (as,bs) = (0.1515,0.202) (45)
(a6, bs) = (0.5051,0.202) (46)

which corresponds to the crossings of the level curves g, = 6, and ¢g; = 6; for a constant
external input and is shown in Figure 9]
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5 Conclusion and Discussion

We have formulated a Wilson-Cowan [8] type of model where we have taken into
account constant external inputs. Earlier,Blomquist et al[1] investigaed the two population
model with no external input and they found that Amari’s stability analysis and linearized
stability analysis produces same result. Later on, Yousaf et al[2] investigated same popu-
lation model with spatial external input and proved that both stability approaches does not
produce same result. They also investigated the number of bumps as a function of ampli-
tude parameter of external input and found at most four bump pair. In present work we
studied the two population neural field model under the effect of constant external input on
bump solutions. In the first part we investigated the stability properties by using Amari’s
stability analysis and linearized stability analysis and found that both stability approaches
gives same results. In the second step we investigated number of bumps as a function of
width parameter of external input and also found number of bumps as a function of ampli-
tude parameter of external input and found at most six number of bump pairs.

The conclusions of the present work can be summarized as follows.

1. We investigated the two population neural field model , under the effect of con-
stant external input.

2. Mathematically, we investigated the stability properties of bumps by using Amari
and linearized stability approaches.Both stability approaches gives same results.

3. Numerically,we Investigated number of bumps as a function of width and amplitude
parameter of external input and found at most six number of bump pair in Figure

ol

Future Work

The number of bump pair as a function of amplitude parameter of external input can be
achieved, for different values of width parameter. The number of bump pair as a function
of width parameter of external input can be achieved, for different values of amplitude
parameter. In future more than six bump pairs can be achieved.
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