Intrinsic Nature of Gaussian Curvature

FARAZ WILLIAM
CIIT/FA21-RMT-102/LHR
MS Thesis

In

Mathematics

COMSATS University Islamabad
LLahore Campus - Pakistan

Spring, 2023

Scanned with CamScanner



COMSATS University Islamabad, Lahore Campus

Intrinsic Nature of Gaussian Curvature

A Thesis Presented to

COMSATS University Islamabad

In partial fulfillment

of the requirement for the degree of

MS Mathematics

By
Faraz William

CIIT/FA21-RMT-102/LHR

Spring, 2023

11

Scanned with CamScanner



Intrinsic Nature of Gaussian Curvature

A Post Graduate Thesis submitted to the name of Department of Mathemat-
ics as partial fulfillment of the requirement for the award of degree of MS
Mathematics

Faraz William CIIT/FA21-RMT-102/LHR

Supervisor

Prof. Dr. Kashif Alx

Protessor,
Department of Mathematics

COMSATS University Islamabad, Lahore Campus

June, 2023

111

Scanned with CamScanner



Final Approval

This thesis titled

Intrinsic Nature of Gaussian Curvature

By

Faraz William

CHT/FAZ21-MSMATH-102/LHR

Has been approved

For the COMSATS University Islamabad, Lahore Campus.

External Examiner:

Dr. External Examinor
University Name

Supervisor:

Prof. Dr. Kashitf Al1
Department of Mathematics, (CUI) Lahore Campus

HoD:

Prof. Dr. Kashit Al1
Department of Mathematics, (CUI) Lahore Campus

1V

Scanned with CamScanner



Declaration

I Faraz Wilhham , CIIT/FA21-RMT-102/LHR, hereby state that my MS thesis titled “Intrin-
sic Nature of Gaussian Curvature™ 1s my own work and has not been submitted previously

by me for taking any degree from this University "COMSATS University Islamabad, La-
hore Campus™ or anywhere else in the country/world. At any time 1f my statement 1s found

to be incorrect even after my Graduate the university has the right to withdraw my MS
degree.

Date:

Faraz William
CIIT/FA21-RMT-102/LLHR

Scanned with CamScanner



Certificate

It 1s certified that Faraz William, CII'T/FA21-RMT-102/LHR has carried out all the work
related to this thesis under my supervision at the Department of Mathematics, COMSATS

University Islamabad, Lahore Campus and the work fulfills the requirement for award ot
MS degree.

Date:

Supervisor

Prof. Dr. Kashif Ali
Professor,

Department of Mathematics,
CUI, Lahore Campus

Head of Department:

Prof. Dr. Kashit Ali
Professor,
Department of Mathematics,

CUI, Lahore Campus

Vi

Scanned with CamScanner



DEDICATION

To My Parents and All Family

Vil

Scanned with CamScanner



ACKNOWLEDGEMENTS

Praise to be ALLAH, the Cherisher and Lord
of the World, Most gracious and Most Merciful

First of all, I am thankful to God for giving me the opportunity to pursue higher studies. It
1s His mercy that I got this opportunity and I am finally finishing my degree. 1 am thankful
to God for such a supporting family who has always motivated and appreciated me.

Your Name
CIT/FA21-RMT-102/LHR

Viil

Scanned with CamScanner



ABSTRACT

Intrinsic Nature of Gaussian Curvature

We will define the notion of a regular surtace. We will meaningtully define different types
of curvature of a surface namely, normal curvature, principal curvature, mean curvature and
the Gaussian Curvature. By using the tools of Differential Geometry we will prove that the

Gaussian Curvature 1s the intrinsic curvature of a surface meaning that, it 1s independent of
the embedding of the surtace in the ambient space.
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Chapter 1

Introduction
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The study of curvature 1s fundamental 1n differential geometry. Curvature of surface
can be defined 1in many different ways. In this thesis we will define 4 types of curvatures
namely normal curvature, principal curvature, mean curvature and Gaussian Curvature.
Each of these curvatures serves a distinct purpose but only one of them intrinsic to the
surface 1.e Gaussian Curvature.

In order to demonstrate the intrinsic nature of Gaussian Curvature we begin with defin-
ing some fundamental concepts in differential geometry. We will give basic definitions
like local parametrization, atlas and tangent space etc. The standard inner product on R?
induces an 1ner product on the tangent space 7,5 of each point p belonging to the sur-
face, enabling us to define the notion of first fundamental form of tangent space 7,5 as
I,(v) =< v,v >, where v belongs to 7,S. From the first fundamental form we get the coef-
ficients E(p),F(p) and G(p) called as the metric coefficients. We will prove a remarkable
result in Chapter 2 namely lemma 2.4.3 which will prove that, the metric coetficients are
preserved by local 1sometry under suitable parametrizations.

In section 2.5 we will define the notion of an orientable surtace. We will observe the that
the Gauss map N(p) : § — S? can be defined for all the orientable surfaces. The differential
of the Gauss map dN, : 1,5 — Ty, p)S2 will play a crucial role in defining many of the 1m-
portant concepts. For instance, the Gaussian curvature, mean curvature, principal curvature
are all defined with the help of the dN, map. Moreover, the properties like linearity and
symmetricity make 1t even more usetul.

The second fundamental form 1s also defined with the aid of the dN, map. It 1s defined
as a function Q) from tangent space 7,S$ to R. In lemma 2.6.3 it will be shown that the
second fundamental form evaluated at tangent vector v € 7,5 yields the normal curvature.
While the coefficients of the second fundamental form are not intrinsic to the surface but
they do play a crucial role in proving that the Gaussian Curvature 1s intrinsic to the surface.
The matrix torm of differential of the Gauss map will help us find explicit expression tor
principal, mean and Gaussian Curvature.

In the section 4 we will introduce the Christoftel Symbols. We will observe that the
Christoffel Symbols depend only on the coetficients ot the first fundamental form. We

will eventually express the Gaussian Curvature 1n terms of the Christoffel Symbols 1n sec-
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tion 4.1. The Christotfel Symbols only depend on the coetficients of the first fundamental
form and from lemma 2.4.3 we know that the coetficients of the first fundamental form are
intrinsic to the surface. Therefore the Christotfel Symbols must be intrinsic.

The intrinsic nature of the Gaussian Curvature 1s extremely surprising because the defini-
tion of the Gaussian Curvature explicitly involves the dN,, map. Theretore, proving that
the Gaussian Curvature 1s independent of the embedding of the surface in R3 is an utterly
non-trivial result. The importance of the intrinsic nature of the Gaussian Curvature 1s ev-
1dent from the fact that we can prove, for example, the Earth 1s not flat without having to

leave our planet.
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Chapter 2

Some preliminaries
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2.1 Some Basic Defintions in Differential Geometry

Definition 1. A parametrized surface S is given by a map of class C™ from an open set
VCR?*t0oR3ie v:V — R3 such that the differential map of W at every point is injective

i.e dy, is injective at every point p € S and therefore has rank 2.

The differential of the map w(x;,x2) = (W, W2, w3) has the following form:

vy

axl 31:2

— | v Idy
a¥p = | 55 Tx
s v

_0x]  0xp _

Definition 2. Consider S C R? and suppose S is connected. Then S is called a regular
surface if for every p in S there exists an open set V.C R? and a parametrization W : V — S

of class C™ which meets the following criteria:
1. y(V) C S is an open neighbourhood of p in the surface.
2. W is homeomorphic to its image.

3. The differential map of Y i.e dy, at each point has rank 2 i.e dy, is injective at each

point.

Recall that the tangent vectors are fundamental in the study of the curves in R>. For
example the unit normal and unit binormal vectors are defined with the help of the tangent
vectors. Theretfore, it 1s natural to extend the concept of the tangent vectors to surfaces as

well.

Definition 3. Consider a regular surface S and suppose p € S. Let y: (—0,0) — S be a
curve whose image lives inside S and y(0) = p. A vector of the form Y (0) is called as the

tangent vector of § at p. The space of all such vectors is called as tangent space at point p,

denoted by T)S.

Definition 4. The set {yy : Vo — S | Vg C R?} of the local parametrizations of a reg-

ular surface S C R> such that S = J,, Wo (V) is called an atlas.
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2.2 First Fundamental Form

We introduce the first fundamental form as a function from 7,,S to R1.e I, : 7,§ — R defined

as.

Ip(v) =<wv,v >,

where < —, — > is the standard inner product in R? and v € T,S.
Moreover, the scalar product between any two vectors 1n 7,5 can be calculated using the

first fundamental form as:

< U,y >= j—l[lp(u—l—v) —I(u—v)]|.

Consider a parametrized surface § and suppose y : V — § be the local parametrization ot
the parametrized surface. Let {d,0d2} C T,,S be the basis of 7),S induced by y. Then we

have: u = u;dy +urd» and v =v9d; +v»d>. So, we have:

< u,v> < U101 +urdr,vidy +vadr >

|

|

(H]V]) < (91,81 > +(H1V2—|-H2V1) < 81,82 - -|-(L£2V2) < (92?(92 >

So, we define the coefficients of the first fundamental form (also known as metric coeffi-
cients) as the tollowing:

So for any v € 7),§ we have:

_ [Vl vz} | (2.2.1)

Morevoer, the inner product between any two vectors u,v € 7,5 can be expressed as:

<u,v >=uviE(p)+ (u1vy +uzvy)F(p) +uvaG(p). (2.2.2)
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In matrix form: i )
L F V1

<Uu,y>= [Hl uz} ; (2.2.3)
F G| [wv

Remark: The value of the metric coefficients 1s subject to the chosen parametrization. The

tollowing examples 1llustrate the above remark.

Example 1.

Consider the local parametrization of the sphere as y(x,x2) = (xl , X7, \/ 1 — x% — x%)

Then we have:

0 _
alza_llj: 1?0: = ]
] \/l—-x%—x%

0 _
azza_llf“: 011: xz
A2 \/1—)6%—-,16%

The metric coetficients can be calculated as:

2 2
X1 - 1—x2

E=<d,di >=1+4+0-

l—x%—x% N l—x%-—x%
X1X2
== 81:82 >= 5 5
l—xl—x2
1 —x?
(1 =< 32 32 >= L .
ATTTR-3

Let us change the local parametrization and observe its effect on metric coetficients. Con-

sider: ¥/(0,a) = (sin8 cos &, sin O sin ¢, cos 0).

Py
J| = —Ig = (cos O cosa,cos O sinor, —sin O)
d; = g—g = (—sin@sina,sin 6 cos ,0).

So, the metric coefficients can be calculated as follows:

2

E =< 9{,d] >=cos”0(cos* o +sin’ @) + sin” 6 = 1,
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F =< d{,0; >= —sin0cos 6 cos asina + sin O cos 6 cos asina = 0,

G =< 4,05 >=sin” O(sin” o + cos” &) = sin” 6.

Hence, it 1s evident from the above example that changing the local parametrization

alters the metric coefficients.

Let us see some examples in which we explicitly calculate the metric coetficients.
Example 2.

Consider a regular surface S with the following parametrization v : V — R’ where

V C R? and g is a smooth function.

IV(XI:IZ) — (xlﬁ-xZﬁg(xlzx2))- (2.2.4)

Ditterentiate (2.2.4) w.r.t x| to get:

g _ (150.3).

N 8):1 J (9;\?1

Simularly, differentiate (2.2.4) w.r.t x» to get:

dg
82 — (0} 1,, a—xz) .

So, we have:

Ry
| |
b= /\
+ QU

/"'-__--\\ L-_I
V|l ¥
= |oq v
S W i
SRR
—
UD
QU
¥
N
Y e
g
:‘:’
QU
= \cf%"
SR
V

Now,

F— <ooo={(1.02%) (0128
dxi d x>

dg dg
dx; dxo

|
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Similarly,

|
—_—
_|_
¥ il
| Q
5|8
S
I~J

Example 3.

Consider the plane:

l,l/(xl,,xz) = P+ X1W] + X2W). (2.2.5)

I_et us calculate the metric coetficients:

Difterentiate (2.2.5) w.r.t x; to get:

Yy
| = — = wj.
l - l
Similarly, differentiate (2.2.5) w.r.t x» to get:
32 — W»H.
Let us calculate the metric coefficients:
E = <0d{,d1 >=<wi,w; >
2
E = [lwil".
Similarly,
F=<d,h>=<wi,w2> ; G=<0d,dh>=|wl*
Example 4.

Suppose we have a right circular cylinder of radius 1 with the following parametriza-
tion:

W(x1,Xx2) = (cosxp,sinxy,x;). (2.2.6)
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I_et us calculate the metric coetficients:

Differentiate (2.2.6) to get:

Yy
8]—a—x1

= (—sinx,cosxg,0).
Similarly, differentiate (2.2.6) w.r.t x» to get:
& = (0,0,1).
So, the metric coefficients can be calculated as:

E = <d;,d1 >=< (—sinxy,cosxy,0),(—sinxy,cos(x;),0) >=1,
F = <d,d» >=< (—sinxy,cosx1,0),(0,0,1) >=0

g = <32382 >= 1.

2.3 Smooth Maps

In this section, we are going to define some basic notions about smooth maps on surtaces
and smooth maps between surtaces. We are also going to state some theorems related to

smooth functions.

Definition 5. Consider a regular surface S and let f : S — R be a function. Then f is called
smooth (of class C™) on § if for every p € § there exists a local parametrization Y1 : Vi — S
and a neighbourhood Uy C Vi of Yy, L(p) such that f oy : Vi — R is a smooth function in
the neighbourhood Uy of y L p)-

A prior1 1t may happen that the function f 1s C™ at point p with respect to the local
parametrization Y : V| — § but it 1s not smooth with respect to another local parametriza-

tion Y, : Vo — §. The theorem given below will show that this cannot happen.

Theorem 2.3.1. Consider a regular surface S and suppose Y : Vi — S and v : Vo, — S be

10
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two local parametrizations of S and 11 = w1 (V1) w2(V2) # O then then function:

h=y; oy, s (1) = vy ().

is a diffeomorphism.

Definition 6. Suppose S| and S> be two regular surfaces. Let H : S1 — S, be a function.
Then H is called a smooth function or a function of class C™ if for every point p € S there
exist local parametrizations y : Vi — Sy in p and v, : Vo — S> in H(p) such that the

Junction y, loHo v Vi —= Vb is a smooth function wherever defined.

Let us define differential map H between two surfaces, which 1s going to play an im-
portant role 1n later sections. Suppose S; and §;, are two regular surfaces and H : §1 — $>
be a smooth function between them. Suppose p € §;. Consider the parametrized curve
v(t) : I C R — §| whose support lies inside the surface S;. It is centered at p and it is such
that Y(0) =v € 1,51 . Consider the map H : §; — 5> then the differential of H at p 1.e
dH) : TpS1 — Tg(p)S2 1s defined as:

dHp(v) = (HoY)'(0),

There 1s one important lemma about dH, map which we are going to use in our later

sections. We are just going to state the lemma and not prove it.

Lemma 2.3.2. Let H : S| — S> be a smooth function S| and S>. y(x1,x2) :V — 81 be a

local parametrization of S1. Let p € S; and {d| = g—zj o = g—g} be basis of TS

then :

d(H o
dH,,(3) = (ax_"’).

2.4 Length of Curves and First Fundamental Form

Suppose we have a curve whose support lives completely inside the surtace. The length ot

such a curve can be calculated using the first fundamental form. Consider a curve y(7) :

11
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o', B'] — S. The following formula gives the length of the curve:

K= [ /o @)

where Iy(;)(y’ (¢)) is the first fundamental form at the point y(z) calculated at the tangent

vector Y (1) .

Proposition 2.4.1. Consider a regular surface S. Suppose we know the length of all the
curves whose support is contained in S. Then we can recover the first fundamental form for

this surface.

Proof. Suppose we know the length ot all the curves whose support live inside the surface.
Consider the curve J(z) whose support lives inside the surface S. Consider the following

function:

k(1) = K(¥o.(1))-
Ditferentiate both sides w.r.t 7 to get:

dk d
dt dt

% % ( Ot \/Lp(f)(?’(f)))

|
Ve

N
o,
e -
—
i
o

—
S
S

|
=

—
~
<
—

—

~—
~—

dt

Calculate the value atr =0

dk |7

This shows that if we know the length of all the curves contained 1n a surface we can

calculate the first fundamental form at any tangent vector of any curve passing through that

12
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point.
So, this means that the first fundamental tform 1s associated with the intrinsic metric prop-

erties.

Definition 7. Let ¢ be a smooth function between S| and S> i.e ¢ : S1 — S then ¢ is called
isometry at any point p on Sy if for every tangent vector v € T),51 the following condition is

satisfied.:

Lo (p) (dp(v)) = I,(v). (2.4.1)

Proposition 2.4.2. Let S| and S»> be two regular surfaces and ¢ be an isometry between

them. Let p € Sy, then for every u,v € T,S; the following holds:

<u,v>=<d@,(u),dp,(v) > .

Proof. From the previous section we have:

C WY B % T b v) — Ly fit— )] (2.42)
Similarly,

1
<d@p(u),dpp(v) > = 1 [[qb(p) (dop(u) +dop(v)) — 1y (p) (dop(u) _dﬁi’p(‘*’m

1
<d@,(u),do,(v) > = 2 [qu,(p) (dop(u+v))—1Iy, (dop(u—v)| linearity of do,

= %[Ip(u—l-v) —Ip(u—v)] using (2.4.1)

<d@,(u),do,(v) > = <u,v>. using(2.4.2)

Definition 8. ¢ is called a local isometry at p if there exists a neighbourhood V of p such
that ¢ is an isometry at each point of V. @ is called a local isometry if this condition is

satisfied at every point of the surface.

The following result will prove that for any two locally isometric surfaces there exist

suitable local parametrizations such that their metric coetficients form will coincide.

15
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Lemma 2.4.3. Suppose we have S| and S, two surfaces in R> then Sy is locally isometric
to S, iff for every point py in S; there exist py in S» and an open set V.C R?, a local
parametrization Y1 1V — S1 of S1 such that y,(0) = p1, and a local parametrization

Vs : V — 85 of Sy such that W, (0) = pa such that Ey = E» , F1 = F> and G| = G».

Proof. Suppose the surfaces are locally isometric. Then for every point in §; we can find a
neighbourhod V of p and a isometry ¢ : U — ¢ (U) C §,. Consider a local parametrization
U1 . V — 8§ 0f

Consider the following local parametrization y» of $»:

V) =0oy;:V =35,

The claim 1s that y» satisties the required conditions 1.e E» = E; , F» = F; and Gy = G.

Differentiating y, with respect to x;, we get:

81;/2 - 0
F T a—m(ﬁi’@%)-

Since ¢ is a C* function by definition we have aiﬂ(‘i’ oY1) =d¢,(dr) hence,

)
B = T2 o gl £

L= 5,1:1

Similarly by differentiating y» with respect to x, we get

, _ dy
5’2 — (9_362 — d¢p(a2)-

Now, let us calculate the metric coefficients:

E; =< dj,0] >=<d@,(d1),d¢,(dr) > .

Since ¢ is an isometry so < d@,(d;),d¢,(d1) =< di,d; > so,

Ly =< 81,,81 oo — 1]
I =< af: 35 >=< d‘;bp(&l):d‘}bp(aZ) >

14

Scanned with CamScanner



Since ¢ 1s an 1ISometry so,
My =< 81,,82 =

Gy =< d‘}bp(aZ):d‘}bp(aZ) >

Since ¢ 1s an 1sometry

— (G = (0.

Conversely, suppose we have two parametrizations ¥, and v, of surfaces $1 and S, which
satisfy the given conditions1.e E1 =E> , F1 = F, and G| = (G,

Consider the following function: ¢ = yr oy, Ly (V) — yr(V) of class C*. We claim
that ¢ is the required isometry between S; and S>. Let us take p € y1(V) and v € T,S;.
Then v = v;d; +v20> where vi,v> € R. Let us apply the map d¢, : 7,S; — Ty()S2 on the
vector v € T),S1. So, d@,(v) =vidop(d)) +v2d@,(dr) = vid| +v20,, where {d;,d,} is a

basis of Ly p)Sg. Therefore, we have:

Ly () (dop(v)) <d@y(v),dop(v) >

< v10] +Vv205,v10] +v20; >

Vi< 9.9 > +2viva < 9],05 > +v3 < 35,05 >

V%Ez 2viva P> V% Gr

ViE) +2viv2F) +v3G; since. E1=E;, hi=Fkh Gi=0

<wvy>

L,(v).

|

lo(p)(d@p(v))

This shows that ¢ 1s an 1sometry.

Now, let us discuss the notion of orientibility.

15
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2.5 Orientable Surface

Intuitively, orientability means we can distinguish between internal and external face ot the
surface. In case of planes, we can orient a plane by picking a basis for the plane. So, if
we have two bases and we want to check 1if they correspond to same orientation we will
calculate the change of basis matrix. If the sign of the determinant of this matrix 1s positive

then both the bases correspond to the same orientation. In case of surtaces, a surface 1s said

to be orientable if we can orient all of its tangent planes uniformly.

Definition 9. Let S be a surface and let y; : Vi — S and y, : Vo — S be two local parametriza-

tions of S. The local parametrizations Y and Y, correspond to same orientation (i.e they
are equioriented) if either Wi (V) Nya (V) =0 or det (Jac(y; ' owy)) > 0on y; ' (w1 (V1)N
W>(Va) If det(Jac(y, ' o yy)) < O then the surfaces are oppositely oriented. S is called
orientable if there exists an atlas containing local parametrizations which are pairwise

equioriented.

Examples ot orientable surfaces include the sphere and plane.
Remark: We can cannot determine the orientability of a surface just by looking at one

local parametrization. Moreover, a single local parametrization will always produce an ori-

entable image. The only hindrance (if any) 1n orientability 1s the way these local parametriza-

tions are adhered together.
As mentioned earlier, the orientability of a surface 1s associated with the ability to distin-
guish between interior and exterior of the surface. Recall that in case of curves, the unit

normal vector helps us find the concave side of the curve.

Definition 10. A normal vector field S is a smooth map from S to R> i.e N :— R such that

< N(p).v >= 0 for every v in the tangent space.

If we take N as a unit vector then we will refer to 1t as normal versor field. The normal

versor field 1s also known as the Gauss map.

Proposition 2.5.1. Consider a surface S. The Gauss map N(p) exists if and only if the

surface is orientable.

16
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We will not prove the above proposition. However, one of the important consequence

of this proposition 1s following definition.

Definition 11. Consider an oriented surface S. Let B be the atlas through which the surface

is oriented and Y be the local parametrization. The Gauss map for the surface S is given

by:
81 X (92

N =
|01 x oy

Notice that N(p) is a C™ map. In section 2.3 we have discussed how the differential of

a smooth map 1s defined. Let us use that to give the tollowing definition.

Definition 12. Consider an oriented surface S and suppose N be the Gauss map. Let Y

be curve whose support lives inside S. Then the differential of the N at p is a function

dNp : T,S — Ty(,)S* defined as:
dNp(v) = (Noy)'(0)

Moreover, by the lemma 2.3.2 the we have the following result:

d(N o)
axf .

dN,,(3;) = (2.5.1)

2.6 Normal Curvature and Second Fundamental Form

Recall that ,for a curve, the unit tangent vector helps us define the curvature. Defining the
curvature of a curve 1s easy because we have a one dimensional tangent space. In case ot
surfaces, at each point p we have a two dimensional tangent space 7,S5. So, the surface
might curve differently 1n different tangent directions.

Theretfore, for defining the curvature, we need a pick a curve passing through p and cal-
culate i1ts curvature. The problem we face while doing so 1s that the curvature might be
influenced by some characteristic ot the chosen curve. Theretore, we need to fix a special
curve for which the curvature 1s only determined by the geometry of § and the tangent

direction (vector) and not by some property specific to the chosen curve.

17
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Lemma 2.6.1. Consider an oriented surface S and suppose p € S. Let N(p) be the Gauss
map. Given any tangent vector v € T,S, let P, be the plane spanned by v and N(p). The

intersection of the plane P, and S will be a regular curve.

Proof. A point x € P, if and only 1f:
& p—=p.w¥ N =i,
Suppose ¥ parametrizes S such that y(0) = p. A point y(y) belongs to P, NS iff
<w(y)—p,vxN>=0.
Define the following function g : V — R:

g(y) =<wy(y)—p,vyxN>.

We have the set D ={y e V|g(y) =0} CV
If we shaw that D is a regular curve O then we can conclude that y(D) is also a curve

because y 1s homeomorphic to its image.

Now, y = (¥1,)2)

Differentiate g with respecttoy; ; wherei=1,2

dg y
B <a—yfa‘»’><N>‘|‘<W(J’)_P:O>

We have to show that O 1s not a critical point of g. Suppose on the contrary 0 1s a critical

point of g. Then,

vX N(p) L di,.

18
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—> v X N(p) is parallel to N(p) which is a contradiction. So, this means that
our assumption that O 1s a critical point of g 1s wrong. Theretore by the implicit function

theorem we know that D 1s graph in the neighbourhood of 0. Since it 1s a graph in 2

dimensions so 1t 1S a curve.

The above result helps us give the following definition:

Definition 13. Consider a regular surface S and suppose p € S. Let v € T,S and P, be the

plane defined above. P, NS is a regular curve called the normal section of S at p along v.

The tangent vector of the normal section of S along v at point p is +v because Span{v, N(p) } N
T,S = Rv. In our case we will orient normal section along v in such a way that y'(0) = v.

Let us define a special curvature for a curve whose support lives completely inside the

surface S.

Definition 14. Consider an arc length parametrized curve Y(s) whose support lives com-
pletely inside the surface S and y(0) = p and Y (0) = v € T,S. The normal curvature K, of
Y is the following:

Kn =< ¥ (0),Noy(0) >=x <n(0),Noy(0) >,

Our next target 1s to find an effective to calculate the normal curvature. For the purp-
sose, let us recall the map dN), introduced 1n section 2.5. We are going to look at some

important properties of the d/N,. The following examples 1llustrate the calculation of the

dN, map.

Example 3.
Let N be the normal versor field of a plane P spanned by vectors v{ and v.

V1 X V)
N =

[[vi X val|

Let us calculate the d/N), map for any point p of P.

I8
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Suppose we have a curve y(z) in the plane. Let v be a tangent vector at p. So:
dN, : TyP — Ty()S".
By definition of dN, we can compute:
dN,(v) = (N0 7)'(0).

Since N 1s a fixed constant vector so its derivative 1s zero. —> dN, = 0 for every point
p 1n P. Since we can do the same process for any curve and any point in the plane so this

mean that

dN = 0.

So, 1n some sense, dN), tells us, to what extent the surface 1s flat.

Example 6.

Let S? be the unit sphere. Let us calculate the map dN » of the unit sphere. Consider the

following parametrization:

l,l/(x,,y) — (xﬂya \/1 _x2 _y2)_

Then the normal versor field of sphere 1s the tollowing:
N:S§* — §?

N(p)=p Vp € §2.

Suppose we have a curve y(¢) whose support lives inside the unit sphere and is parametrized

such that y(0) = p and let 7/ (0) = v Then by definition of dN, we can write:

dNp(v) = (No7y)'(0)

20
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Since N(p) = p forevery p € S> = N(y(t)) = y(t) Vt€ER.
So,

dNp(v)

|

Y (0)

V.

|

dNp(v)

Since we can do the same process for every curve whose support lives inside S therefore

we obtain:

dN,=id Ype S’

There 1s one important thing to note 1n above two examples: the image of the map dN),

1s contained 1n 7,5 1n both cases 1.e in the first example dN), 1s 1dentically zero. In the
second example dN), 1s the 1dentity map.
This 1s not a coincidence that the image of dN,, 1s contained 1n 7,5. By definition dN), 1s
a map from 75 to Ty S? but we know that the in sphere the tangent space of each point
is orthogonal to the point i.e Ty, p)52 1 N(p) but N(p) is the normal vector of 7,,S. so this
means that N(p) L T,,S and N(p) L Ty, p)52 therefore Ty p)SZ coincides with 7, therefore
dN, : T,§ — T),S.

Lemma 2.6.2. Consider an oriented surface S with the parametrization VY and suppose N
be its Gauss map. The map dN) is a symmetric (< dN,(u),v >=< u,dN,(v) >) linear

endomorphism.

Proof. From the the above remark the map dN, 1s a linear endomorphism because it 1s
linear and 1t 1s a function from 7,5 to 7,,5. The only thing left to prove it that dN), 1s
symmetric with respect to the scalar product < -,- > on R”.

Since N o y 1s orthogonal to every vector in the 7),5, 1t 1s also orthogonal to the basis vectors
51 and 82.

So, we have:

<NOI‘V,,31 >= ().

By Difterentiating with respect to x, we get:

21
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d(N o y) 2%y

< d1 >+ <Noy, >=0).
dx, 1> g dx>0x1
Using the remark (2.5.1) a(g;w) = dN,(d2) we have:
< dN,(d»),d| > <N ¥ > (2.6.1)
= — o . 6.

Similarly, < No y,d, >= 0 so, by differentiating it w.r.t x; and again using the remark
(2.5.1) we get the following result:
0%y

<dN,(d1),h >=—<Noy, 3207 >3 (2.6.2)

Since Y 1s local parametrization and hence v 1s of class C™ we have:

i’y d'y
dx10x)  O0xr9x]

Therefore:

< dN,(01),0h >=<01,dN,(d) > .

So, the dN),, map 1s symmetric on the basis of the 7,,S. Therefore it 1s symmetric for all the

vectos 1n TpS .

Definition 15. Consider an oriented surface S and suppose N : S — S? is the Gauss map.

Then the second fundamental form is the function Q,(w) : T,S — R given by :

Op(w) =— <dN,(w),w>.

Let us find an effective way to calculate the second fundamental form.Let S C R> be

a regular surface and y be local patametrization of §. Let p € § and v € T,§. Suppose

22
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Tou XD e the basis O with respect to then we have:
{01,0,} be the basis of T,,S with resp v th h

Qp(lf') — de(Vlal +v282):v181 -+ Vzag -

— < v1dNy(01) +v2dNy(02),v101 +vp0h > using linearity of dN,

—[vi <dN,(d1),d1 > +viva < dN,(dy),d >

+ Vi< de(82),,al > —I—V% < de(az),,ag >].

Since dN), is symmetric so < dN,(d),d» >=< d1,dN,(d») > therefore:

0,(v) —[vi < dN,(d1),01 > 2vivy < dN,(91),0> > +v3 < dN,(s), 0> >

vie(p)+2vivaf(p) +v3g(p).

In matrix form:

[Vl vz] e J1v (2.6.3)

To Calculate e(p) we have the following:

Consider a parametrization ¥ and suppose N(p) be Gauss map at point p. We know that

<Novy,d >=0.

Differentiating both sides with respect to x;

d d 0%y
Ix. <Nowy, 01> = < S (Nowy),0 >+<Nowj—ax% >=0
0%y | 0
= < dNy(d)),d1 >+ <Noy,——= >=0 since dN,(d)=—5—(Noy).
8x1 8x1

So this means that:

2
e(p)=—<No wjé?lg. b (2.6.4)
dx;
Similarly we have:
*y I*y
f(p)——<NolV,,ax18x2> : g(p)——<NolV,,a—x%>. (2.6.5)
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The following lemma 1s an excellent application of second fundamental form.

Lemma 2.6.3. Consider an oriented surface S with the Gauss map N and p € S Then

1. Two curves passing through point p having same tangent at p have the same normal

curvatiure.

2. The value of second fundamental form at any vector v gives us the normal curvature

along that vector.

Proof. Let we have a curvey parameterized by arc length whose support 1s completely
contained in the surface S i.e ¥(s) C S such that y(0) = p and ¥ (0) =v € T,S. Since the
normal versor field (Gauss map) 1s orthogonal to tangent space ot each point of surface.

So, the N o y(s) is orthogonal to each tangent vector of the curve

so we have:
<No7,Y(s) >=0.
By Differentiating:
<a(g: L (SM/(S)> +(Nov,Y'(s)) =0.
put s = 0

(H5220.7(0) +(N(p). 7)) =0

We know that y(0) = p and ¥ (0) = v € T,,S By definition of dN, we have:

aN, () = (Vo) (0) = 202 o)

Therefore,

(dNy(v),v) =—(N,7'(0)).

24
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Moreover, if the ¥ is biregular then y"’(0) = kn. So,
— < dN,(v),v >=<N(p),Y'(0) >= & < N(p),n(0) > .

which 1s exactly the value of normal curvature.

Note that the second equality holds only when the curve 1s biregular.

0,(v) =<N(p),7'(0) >= &k <N(p),n(0) > . (2.6.6)

Moreover, suppose we have an other curve ¥ such that (0) = p and y'(0) =v € T,,S. Since
both y and ¥ have same tangent vectors at point p therefore the value of second fundamental
form on tangent vectors of both curves at point is same. Since Q,(v) measures the normal

curvature along vector in 7,5 therefore the normal curvature of both curves 1s same.

25
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Chapter 3

Curvatures

26
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In this section, we are going to use the d/N,, map to introduce some new types of curva-
tures. Recall that, dN), 1s a symmetric linear endomorphism from 7,5 to 7,,§. Since dN), 1s

symmetric, therefore we can apply spectral theorem which 1s stated as:

Theorem 3.0.1. Suppose we have a finite dimenssional vector space endowed with a posi-
tive definite scalar product. Then every symmetric linear operator is diagonalizable. More-

over, there exists an orthonormal basis of V consisting of eigenvectors of L.

The above result implies that there exists a basis of 7,5 made solely of eigenvectors of
dN,. So, 1n particular, it means that the eigenvectors of dN,, live inside 7),5. All these nice

properties to of dN,, are

Definition 16. Consider an oriented surface S and suppose N : S — S? be the Gauss map.
The eigenvector of length one of dN, is called as principal direction of S at p. The eigen-

value corresponding to principal direction is called as principal curvature.

Since we know that the 7,5 contains the principal direction of dN, so suppose v € 7,5
is the principal direction of S at p and let A be the corresponding principal curvature Then

lets calculate the second fundamental form at this principal direction.

0p(w) = — <dNp(w),w>
= —<—-Aw,w>
= A<ww>
0,(v) = A.

Which shows that principal curvature at point p 1s a normal curvature at point p.

Proposition 3.0.2. Consider a regular surface S and suppose N : S — S? is the Gauss map.
Then we can find principal directions vy,v, € T,S with the principal curvatures Ay and A;

respectively such that Ay < Ay satisfying the following conditions:

1. {v1,va} is an orthonormal basis of T, S

27
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2. Suppose we have a unit vector v € T,S and an angle 0 € (—m, x| such that cos 8 =<

V,v1 >, and sin@ =< v,vy > then

0,(v) =4 cos” @ + A, sin” 6.

3. [A1,A2] is the interval of all possible normal curvatures of the surface at point p.

Proof. As we know from (2.6.2) that dN), : T,§ — T,S 1s a symmetric linear operator.
Theretore, the spectral theorem 1mplies that there exist an orthonormal basis of 7,§ consist-
ing of eigenvectors of dN,i.e 3 vi,v2 € TS such that <vy,vy >=0and ||vi|| = ||v2|| =1
and {v1,v2} is a basis of 7},S.

Since we have established that v;,v, form a basis of 7,5 and we are given a unit vector

v € T, and an angle 0 such that < v{,v >=cos0 and < v2,v >=sin 6 we have:

y = cos Ov| + sin Ov;.

Now,

O,(v) = — <dNy(v,v>

|

— < c0s 0dN,(v1)+sinOdN,(v2),cos Ovy +sinBvy > .

Since vy and v, are the eigenvectors of d/N, with eigenvalues — A1 and — A, respectively so:

|

Qp(V) /1160829 —I—ﬂQSmZQ.

Which proves (2). Now by using the fact that cos? 8 +sin” 6 = 1 we have:

= Q0,(v) = A1+ (A2 — A)sin 6.

In order to maximize Q,(v we need to maximize sin 6 so at 6 = +7 we have sin” @ = 1

So, we get:
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—> A, is the maximum value of Q,(v)
Similarly in order to minimize Q,(v) we need to minimize sin® so when 6 = 7 or 0

sin@ = 0 So, we get

So, A; is the minimum value of Q,(v) and clearly Q,(v) = A, cos? 0 + (A, — A;)sin? O is

continuous function. So, by intermediate value theorem the only possible value of normal

curvature are all the values in interval [A;,A,].

Now,we learned about two types of curvatures of a surface 1.e Normal Curvature and
Principal Curvature but these are not the only curvatures of surface. Let us define two new

typBS of curvatures.

Definition 17. Consider an oriented surface S and suppose N : S — S* be the Gauss map.

Then the Gaussian Curvature K of the surface S at any point p on the surface is the follow-

ing:
K(p) =det(dN,) Vp € S.

Since A; and A, are the principal curvatures then the Gaussian Curvature can be ex-

pressed as:

K(p) =M.

The Gaussian Curvature helps us classity the points on a surtace. The points on the

surface can be classified into the following categories:

1. If the k 1s positive at p then it 1s an elliptic point.
2. If the k 1s negative on p then p 1s hyperbolic point.
3. If kis 0 at p and dN, # 0 then p is called parabolic point.

4. If the x at p 1s zero and dN, = 0 then p 1s a planar point.

Definition 18. Suppose we have orientable surface S with N as its Gauss map. Then the

mean curvature of the surface S at point p is given by:

H(p) = 5r(dN,)

29
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Where tr(dN),) is trace of the matrix form of dN,,.

Our next target 1s to find an etfective way to calculate the principal, Gaussian and the mean

curvature. The differential of the Gauss map d/N, map has played an important role in

defining all the previously mentioned curvatures. So, if we find way to express the dN,

map 1n a matrix form then we can calculate all the curvatures defined previously.

Fora a Surface S. Let v,w € T,S and {J;,0>} be the basis of 7,S. Let us calculate the

following:

— < dNp(u),v>

In matrix form:

|

|

|

= <de(H)jv >= [”1 uz}

—: X H]de(a]) —l—ungp(ag)jvlé?] +vadh >

—(u1vy <dNp(d1),0d1 > +(u1va +uzvy) < dNp(as),d) >

UV < de(ag),, 82))

uivie(p) + (uvz +uavi) f(p) +uavag(p)-

m— <de(H)jV i — [”1 HZ]

Since < dN,(u),v >=<v,dN,(u) >

s

E(p) F(p)| |v

F(p) Gp)] |

Vl- _E(P)
=—M|u; u

V2 | [ | 2] F(p)

_[V v} L r » Ui

b F G U-

30
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By comparing both sides we get:

Now,

Therefore,

So,

M —
EG— F?

Ef—Fe(p) Eg—Ff(p) |

ep) 1) _|E®) FO)|
f(p) &(p) F(p) G(p)
_ o _
~ |E(p) F(p) e(p) f(p)
— M= -
F(p) G(p)| [f(p) s(p)
Ep) Fo| 1 [ew) —Fo)
F(p) G(p)|  EG—F*|-F(p) E(p)
a1 6w —Fw)] [ew) 1)
EG=F*|_F(p) E(p) | |f(p) 2(p)
—f _Ge—Ff(P) Gf—Fg(p)

(3.0.3)

So, M 1s the matrix that represents the d/N, map. We can use this matrix form of the dN,

map to calculate the principal, Gaussian and mean curvatures.

So, the Gaussian Curvature K can be calculated as follows:

So,

det(M)

Hence.

k = det(dN,,) = det(M).

1
(EG — F?)
(eg— f*)(EG

—FZ)

(EG — F2)2

eg — f2
EG—F2'

31
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Now, let us calculate the mean curvature H using the matrix M that represents dV,:

1 1
So,
Trace of the matrix M = tr(M) = Ge_gét‘i‘%_F / — Gegé‘i J;E 4
Therefore,

- Ge—2Ff+Eg

- 2(EG—F?)

Finally, we calculate the principal curvature of the surface. Let A; and A, be the eigenvalues

of matrix M. We can write:

|
K=MAMA s sz(ﬂq-l—;{g).

Since H = 5(A1 +A2) = 2H — A, = A So,

P =

K = (2H—A)A

K = 2HA) — ).22 :
So, we have the following quadratic equation:
/122 —2HA +x =0.

Using quadratic formula:

2H ++v4H? — 4k
A = ¥ 5 — H+VH?— k. (3.0.4)

A» gives us two eigenvalues of M and since M has order 2 x 2 so M can only have two
eigenvalues hence A, gives us both the eigen values of M. Moreover, even if we solve the

systems of linear equations completely to find A; we will get the exact same values for A;.
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So, the principal curvatures of S are given by:

A:_AQ":H::\/HZ—K.

Where A is the principal curvature.
Let us see some examples in which we compute the principal, Gaussian and mean curva-

tures.
Example 7.

Consider the following parametrization y(x,y) = (x,y,h(x,y)) where ¥ : V — R’ such

that V C R? and vy € C (V). For simplicity we write g—i =3 "I % = hy, SO we can
write:
81:?:5:(1 )i ) 82:?;[(0,1}1);)
Now,
I ] k
dxdh=|1 0 h,
0 1 h

After expanding the determinant we get:

O X 0 = (—hy, —hy, 1)

191 x ]| = \/(h)* + ()2 + 1.

We then get:
(_h_xj _h}?j 1)

N = .
V1+||Vh[]?

Now Let us calculate metric coefficients:

E=1+h; F=hh, G=1+hI

33
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Moreover, from given parametrization:

dyox dydx

d* d*h

oYV _ 0.0, —

dy? dy?
 (~he,—hy1)
We have N = N
For simplicity we write:

0°h 0%h 0°h

W — h.xx: axay — hJ’I? 8_})2 = h}’}"

Now let us calculate the form coefficients :

02 h
€=<N,,—]f = <
dx vV 1+[|Vh||?

0%y hy
=< N, >= 4
/ 9yox 1+ ||VA|P
d° hy
g =< N:—IV >= e

dy> ~ \/1+||Vh|?>

Using all the values calculated above we have:

EG—F?= (1+12) ((1+h2) — (h2h2) = 1+||Vh]||?

1

hohy —h2.) .
1_|_HVhH2( XXTEYY x}-)

eg— f* =

So the Gausssian Curvature 1s given by:

- eg—f2 _ hxxhyy — hxy
EG—F? 1+||Vh||?"

For the Mean Curvature we have:

34
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_ hﬂ; (l—l»h_%) 2fF _9 hyy hy h, gE _ h}.}.(1+hd%) '
/14| VA2 V14| Vh| |2 V14| VA2
So that we have Mean Curvature as:

eGG

H— leG—=2fF +gE hx(1 ‘|‘h}2-* — 2hxyhihy + hyy (1 +h3)

2 EG-F? (1+||Vh]||?)3/2

Example 8.
Consider the parametrization of helicoid: y(x,y) = (ycosx,ysinx,ax). So, we have:

Y dy

— =0 = (—ysinx,ycosx,a) —— = d» = (cosx,sinx,0).
dx dy
So, we have:
E=<0di,di> = ))2sinzx—I—yzc-:)szx—l—az:yz—l—a2
F=<d|,0p > = —ysinxcosx+ ysinxcosx =0
G=<0d.,h> = cos’x+sin’x+0=1

So. EG — F? y2 a’.

Now, the normal versor field N = Hg—i igﬁll 1S given by:

(—asinx,acosx,—Yy)

N =
a’ + y?
From the given parametrization we have:
0%y 0%y 0%y
——— = (—ycosx,—ysinx,0), ——= =(0,0,0), — (—sinx,cosx,0).
S = (~yeosx—ysing0), T3 =(0,0,0), Fo = (~sinx,cosx,0)
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Moreover, we have:

02 aycosxsinx —avcosxsinx—+0
€:<—lng>: 4 5 y2 = ()
dx a-+vy

0%y a
— N —
I =Ty 7T

32
g=< Z¥ Noicon>=0
dy

So, the Gaussaian Curvauture 1s:

B eg—f2 B —a*
 EG—F? (a® +y?)?

For the Mean Curvature we have:

leG—2fF +gE
H= = ().
2 EG-F? v

We then have principal curvature: A, = H & VH? — K

Example 9.

Consider the parametrization of cylinder: y(x,y) = (cosx, sinx,y).

Then we have:

W
|
<
|

(—sinx,cosx,0) dh = 8_1;/ = (0,0,1).

Now, we calculate the metric coefficients:
E=<0,,0; >=sin’x+cos’x+0=1 F=<d1.b>=0 G=0,0 >=1.

Now we find the normal versor field:
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81><c92

N = TN = (cosx,sinx, 0)
So,
az
a—lf — (—cosx, —sinx, 0)
P 5
0%y
— =1(0,0,0
5z = (0.0.0
0%y
s = (0,0,0).
We then calculate the form coefficients:
0%y 0%y 0%y
=< N, —— >=—1 =z N — —< N.—L >—
e<jax2> f<jaxa:>0 <’ay2>0
The k can be calculated as:
Y
K = ¢ —J Y 0.

~ EG—F2 EG-F?2

Now we calculate the Mean Curvature:

leG—27F +gE —1

2 EG-—F2 B

Finally, the principal curvatures are the following:

—1 |
May=—+4/~=—1,0.
1,2 2 4 7

Example 10.

Consider the following parametrization of catenoid:

v (x,y) = (acoshxcosy,acoshxsiny,ax)

where v : U — R? and v € C*(V). We have:

a2l
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di = — = (asinhxcosy,asinhxsiny,a)

d» = — = (—acoshxsiny,acoshxcosy,0)

Also,

l

81><c92

asinhxcosy

( Z
k—(l

and

asinhxsiny a
—acoshxsiny acoshxcosy 0O

coshxcosy, —a

] k

2 2

coshxsiny,a” coshxsinhx)

|01 X &b = \/ a* cosh? xcos2y + a* cosh® xsin® y + a* cosh? xsinh? x

which simplifies to ||d; x & || = a®cosh?x.

The normal versor 1S

81><c92

"~ ||y x &||  coshx

Now, let us calculate the metric coefficients:

E=a° coshzxj F =0,

We then get

(—cosy, —siny,sinhx).

: G = a*cosh?x.

EG—F? = a*cosh*x.

Now,

I’y
o x?2

33
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= (—asinhxsiny,asinhxcosy,0)

0%y .
5 = (—acoshxcosy, —acoshxsiny,0).
Y

The form coefficients can be calculated as follows:

e = Ny—=p = —a[c052y+sin2y] = —a

0%y
g’:*’(N,,a—yz >=q.

There Gaussian Curvature can be calculated as follows:

B eg—f2 B —a? B —1
EG—F? g*cosh®*x a2cosh*x
and,
l1eG—-2fF+g¢E —a’ cosh?x 4 0+ a’ cosh?x
H = — 1 = ().
2 EG-—F? a* cosh™ x
Finally,
S~ I e i
12 - - a2cosh®*x  acosh®x
Example 11.

Consider the parametrization:

w(t,0) = (a(t)cosO,a(t)sind,B(1)).

Then we have:

Jd| = oy = (o' cos0,a'sin 6, B") 0 = s — (—osin @, 0t cos 6,0).

ot
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Now, we calculate the metric coefficients:

E =< 9,01 >= (a')*(cos® 0 +sin” 0) + (B')* = (a')* + (B')*

F=<0,0,>=—0'acosOsin8 + ocat’ cosOsinf =0

G =< db,d» >= a*(t)sin’ 0 + o’ cos* 6 = o>,

Now,

i j k
81><82

a'cos® o'sinf P’

—osin® ocos6 0

(—af’cosB,—of'sinb, an’)

And ||d) x &|| = /(—aB’cos0)2+ (—af’sin0) + (aa’)? = /(af’)? + (aa’)?
= [|d1 x daf| = a/(B')? + (o).

So the normal versor field 1s the following:

(—B’ cos Bj—B’Sinﬂ,,O:").
@2+ (B

From the given parametrization we have:

N =

2

%_;éu = (o cosB,a”sin0, ")
82

arallfe = ((X’ S1n 95 (X"COS 910)
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0>
6?91’2/ = (acosO,—asinB,0).

I.et us calculate the form coefficients:
0’y 1

p= N — - >= = o’ cos> 0B’ — o sin> OB’ + o' B

9t (@) +(B)

a:ﬁﬁ o auﬁf
V()2 +(B')?

0’y o'B’cosOsin® —a'f’ cosBsinf

=< N o — =0
/ " dtd 6 \/(a1)2+(ﬁ;)2
C—<N. ﬂzl o o3’ cos” 0 + ot sin’ O
a9 V(@) +(B')?
_ ap’
(V)2 +(B)?
Now, the Guassian Curvature is given by: Kk = ;%__J;E
(Iﬁ” - an‘ﬁr
— o2((a)2+ (B2
Now, let us calculate the mean curvature:
H — leG—2fF +gE
2 EG-F?
_a(ap”—o"B)+B'((a')*+(B)?)
i 2a(@P+ (B2
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Chapter 4

Egregium Theorem
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In this section, the Christottfel Symbols will be introduced. We will prove that the
Christoffel Symbols are solely determined by the metric coetficients. Our target 1s to ex-
press Gaussian Curvature in terms of Christoffel Symbols. That would mean that that the
Gaiussian Curvature 1s entirely determined by the metric coetficients. Therefore, by 2.4.3,
the Gaussian Curvature 1s 1invariant under local 1sometry.

Recall that in case of curves in R? at every point, there exist 3 linearly independent vec-
tors namely tangent vector, normal vector and binormal vector associated to p such that
{t,n,b} form a basis of R*. We intend to replicate this construction for the surfaces. Con-
sider a regular surface S. For every p € S the vectors di, d» and N(p) for some given local
parametrization ¥(xy,x,) form a basis of ambient space (R?). There exist smooth functions

Ff?j: hij,a;j satistying:

oy = T1.01+T%d +hiiN (4.0.1)
Bxij g gl j
d(N
(a - IV) — a1j81 -|-£12j(92. (4.0.2)

¥
Where i, j € {1,2}.
Since Yy 1s a C™ map so,

d%y 0%y

dxi0X; B dx;0x;

Note that in (4.0.2) the coetficient of the normal vector N 1s 0 because N has magnitude 1.

1.€
<N,N >=1.
I et us differentiate w.r.t x j
oN
2<—N> =0
8xj
JdN
So, <—N> = 0.
8xj

Theretore the coetficient of N 1n (4.0.2) 1s 0. Let us calculate the quantities a;; and az; 1n
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(4.0.2). Recall that
d(N o y)
Ix;

Recall the Matrix form of the map dN, from (3.0.3).

= dN,(0;).

ap a2 1 eG—fF fG—gF
dN, = M = = N el el §
ay a EG—F" | fE_eF gE—fF

So, dN, calculated at d; is the j' " column of the the matrix from of dN » map. Therefore the
coefficients a;; and ay; are the entries of the matrix form of the dN, map. The quantities
hijn (4.0.1) can also be calculated as follows:

2%y
8x53xj

=T};01+T7}0+hyj.

Since N is orthogonal to d; and &> so, we have:

0%y

<N,

> = h;;j,

where i, j € {1,2}. Clearly, for i and j belonging to set {1,2} h;; are form coefficients i.e
hi1 = e(p), hio = hy1 = f(p) and hyy = g(p). So, only thing left to calculate are the F}j

2
and 1 L
Definition 19. The functions F}j and F?j in (4.0.1) are called as the Christoffel Symbols.
Proposition 4.0.1. The Christoffel Symbols are solely dependent on the metric coefficients.

Proof. To calculate the Christoffel Symbols take inner product with ¢; on both sides in
(4.0.1).

0%y
< ':81> — F}j < 81?(9] > +FI-2- < 82181 > (4.0.3)

J

[}E+ rng (4.0.4)

/l\\
QU

e

S S
o
'\\/’
|
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Similarly, by taking inner product with ¢» in (4.0.1) we get:

2
< oV 82> —TLF+T%G

0xi0x;’

Putting i = j = 1 1n (4.0.4) and (4.0.5) we get:

0>
< ax]i,jal> =— F%IE—I—F%IF

82
Moreover,
Py 19
— = di, o
8,1:% 2(9](31 <0101 >
and,
I’y 9 0%y
— < di.h > —( 0.
Ix?  Ox L < " 9x19x2
Putting values 1n (4.0.6) and (4.0.7) we get:
1 o 1 0E
NE+T%F = < dp,0] >=
H T H 2(9,‘{1 Ll 28,1:1
0 0%y
.F+I?G = <di,h>—(d
nf dx1 172 < hé)xl,rg

By similar calculations we get the tollowing equations tor i = 1 and j = 2:

ILE+T2,F

i F ¥ G
Similarly fori= j =2

Ik +-T5F

|

Iy, F+15,G

|

1 JE

2 dx>
1 dG

2 8x1

|

|

JF 1dG

1 JE
2 8x1

8):1

dx,» 2dx
1 dG
2 dx>

(4.0.5)

(4.0.6)

(4.0.7)

(4.0.3)

(4.0.9)

(4.0.10)

(4.0.11)

(4.0.12)

(4.0.13)

The Christoftel Symbols are solutions of the above system of linear equations. The solution
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of the above system 1s solely dependent on the metric coetficients.

Let us do some examples in which we explicily compute the Christoftel Symbols to

have a better understanding.
Example 12.

Consider the parametrization of the plane:

W(x1,x2) = (x1,x2,0).

then
dy Jy
—=d; = (1,0, — =0, =(0,1,0).
8x1 1 ( 10; O) ax2 2 (O:: 10)
So, the metric coetfients are the tollowing:
E=1 F=0 G=1.

1 JE —1 0E 1 JE
. = - 2, = - | —{]
U™ 9F 9x; . ’ 172G ax) - ’ 127 2E 9x, .
2_18G_0 1_—-18G__0 Z_IaG_,O
272G ax; ' 22T 2Edx 22T 2Gox,

Example 13.

From example (10), tor a catenoid, we can calculate the following:

JE OE oF OJF

ﬁ = 2(12 COShJCSiIth a—y — O E — _a—yh — 0
0 0
—G — 24’ coshxsinhx —G = {J.
dx dy
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Since the parametrization 1s orthogonal 1.e /' = 0 so, the equations for the Christotfel

symbols simplity to:

1 JF

2F Odx
2a* coshxsinhx

2a2 cosh? x
sinh x

coshx

Since %—‘f = (). So.

—10E
th=paik
2G dy

27 2FE 9y

0

Now, %% — 2a? coshxsinhx Therefore:

1 dG | sinhx
2, = = 2a* coshxsinhx) =
12 2G dx 2(12 coshzx( “ i x) coshx
—12G —1 —sinhx
| 2 -
— — 2 h hx) = :
22 2F Jx 2a2c03h2x( @ COSRASI x) coshx

Similarly —%g = 0. So,
1 dG
2

= = {J;
2796 dy

Example 14.

From example (11), for a surtace of revolution, we can calculate the tolowing:

JE _ , y oy, OE JF OF
9G 96
W_20:05 ﬁ_o
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Now, since the parametrization 1s orthogonal 1.e F=0 theretore the equations for the

Christoffel Symbols reduce to:

1 JE
i, =

1 2E Ot
- (afan_l_ﬁrﬁn)
S (@) ()

Smce _,0 So,

—10E

4 =
126G 06

Also, since %(f =200

Example 15.

Consider the tollowing parametrization:

y(x,y) =

Calculating the basis of 7),5:

=0

using

(2 =

15 =

1 dG

d; = (—sinx, cosx,0)

Therefore, we have:

2 2

E = sin“x-+ cos

Since E., F' and G are constants so ‘3‘5

x =l

48

26006

F=0

0E
ot

| JE
2E 06

—1dG

___F2af H_I_zﬁﬁff

—1

2FE Ot

(cosx, sinx,y).

()2 +(B')?

— (0,0,1).

04020

— (0 and since F =0 so
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the equations of the Christottel symbols reduce to the following:

1 9E ~10E

I, = =0 I? = =0 TIj,= =0
U 2F ox 172G dy 1277 2F 9y
1 dG —10G 1 G
2, — — rl — - 2, — — .
127726 ox V 227 2F Jx 0 272G dy 0
Example 16.

Consider the parametrization of helicoid:

V(x,y) = (ycosx,ysinx,ax) Where a# 0.

di = — = (—ysinx,ycosx,a) d) = — = (cosx, sinx,0).

So, we have:

E = yzsinzx + y20052x+ a—= y2 +a F = —ysinxcosx+ ycosxsinx = ()

2

G = cos x—l—sin2x+0 — °]..

Since F' = 0 so the simplified equations of the Christotel symbols are given by:

1:lé’E Fzz—lé)E rlz18E
U 2F ox 172G dy 1277 2F 9y
1 dG —19G 1 G
Fz = Fl — F2 — ;
1277 2G ox 227 2F oJx 272G dy
0
Since F 1s constant so —G = ()
ox

2 1 2
F]Z == O F22 — 0 F22 — 0

Moreover, since E does not depend on x so, %—‘E = () hence:

1 _
l—‘ll_
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Now,

So,
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4.1 Gauss’s Theorema Egregium

Finally, we are going to prove our main result. We are going to express Gaussian Curvature
in terms of Christoffel Symbols. The result will prove that the Gaussian Curvature is invari-
ant under local 1sometry and therefore we can measure Gaussian Curvature while staying
in the surface forgetting that there 1s an ambient space in which our surface 1s embedded.
Recall that if y(x,x>) is a local parametrization then {d;, > N} form a basis for R®> where
- axl dH = 3”; and N = éixgil Since d; &, and N form a basis for R>. For strategic
purposes we are going to replace i by j and j by k in equation (4.0.1) where i, j, k € {1,2}.

So, we can write:
0%y
8xj8xk

~—r1kal+r 0>+ hiN. (4.1.1)
Moreover let us replace j in equation (4.0.2) by i. So, we have:

a—N — .{11581 -+ agfaz. (4.1.2)
8x;-

Where 5 ;. are coefficients of the second fundamental form and ay; and ay; are the entries

of the matrix form of the map dN,,.

3
Now, we want to calculate - ‘; wa = and we know that d;, & and N form a basis for R so

there must exist Alljk, A;,zjk and B, j; so that the following holds:

e 9 +A2,0
3x;;8xj8x '-’k LT Ak 02 ek AL
Now to calculate A; ik > Aif . and B; ;. we differentiate the equation (4.1.1) with respect to x;.
0> %, 02 0
T = 90 ) g 5 ()
dx;0x;joxy 0Xx; dx;dxi 0 Xx;
0%y ON  d(hj)
I h FN—2 4.1.3
T Ubgede o T (+.1.5)
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From (4.1.1) we can write:

0’y

dx;jdxq

0%y

dx;x>

From (4.1.2) we can have:

Put all these values 1n (4.1.3)

JdN

a.JC;'

= a1;0] + a2i0h.

= F}l di + Ff-zl >+ hj1N

=T}01 + 50+ haN.

>y (T J(T%)
= o— L a1l Lo +T20 +hiyN| +0—2L2 412 [TLo +T%0, + hipN
Jx;9x0x; I e ;k[ i101 + 5102+ hitN| + 0, i Jk[ 201 + 502+ hiaN|
dh iy
+h i (a0 + arioh| 1 a“’ N
Xi
93 iy or2,
ax.axl{/axk - a;. Ir}kr}frrﬁkré‘khika“ o1 + 8;- ’F}kr?ﬁr r?kl_?z_l_hjkaﬁ h
=] ! I
i oh:..
1 2 . Jk
So we have:
oI’}
1 k| 1 1 2 1
A;‘jk a; | ijrﬂ ‘l‘r‘;krfz_l‘hjka];
I
oI 2
2 k| +1 2 3.
A;‘jk = a; | ijrﬂ ‘I‘ijl_‘fz_l‘hjkam
I
oh
Xj

Now, we know that the derivatives of the smooth functions commute so we know that

F AT
Aijk_Ajik

r

or,

ijk — 33{;‘

32

L5 4+ T + hjkay
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wherer=1 or 2.

So we have:
oI’
;fk: ax”j{ | F Frl—l—l“ Fr2—|-h,k.{1rj
J
Now we know that A:}k —-A;Ik — (0 So,
ar;k ar:k 1 r r
I I .FkF F Fl—l—FkFQ—F Fz—l—hjkﬁrf—hjkarj = ()
i J
2 RP)
— a; ax“f{ | F}kl“ F Frl +F§kl"j72 —F?k EZ — —(hjkar,- — h,—karj).
I J

Puti=r=1land j=k=2

5y O
dxi x>

FT500 — (Clo)? + T35, — TS, = — (hppay — hiparp) — (4.1.4)

oT's, ar}2
8x1

Er 3,05, = —(hoay —hiparz).  (4.1.5)

Recall that, 4y, = g and h1, = f and a,; and a,; are the entries of the matrix form ot the
map dN
From (3.0.3) we have;

eG— fF fG—gF
.
—(EG—-F?) * "% _(EG-F?

ajl =

So, the equation (4.1.5) becomes:

drt, I3, o —geG+gfF —f*G+gfF
15,0, —~T505, = — 4.1.6
axl ax2 3;1 22> s 12* 25 EG — F2 EG— F2 ( )
G(eg — f?
= LEG—F2) (4.1.7)
But recall that the Gaussian Curvature K = Ef} J; So we have:
ol arl
22 12 Z I3, — s, = GK

8x1
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T,

which proves the Gauss’s Theorem Egregium.

Lemma 4.1.1. For any surface S with an orthogonal parametrization (i.e FF = 0) the Gaus-

sian Curvature is the following:

—1

Suppose we have an orthogonal parametrization that 1s, F=0 then the equations of the

G

0 |
2VEG 8—;1;:1 (x/EG dxi

EX'%y +FI%
l )
F17,+ Gl
l ;
El'y,+FI17,
l y
F1'j,+Gl7,
l 2

FTi, +GT,

|

|

|

|

|

Christoftel Symbols reduce to the tollowing:

= 2F 8x1
=3B dx>
—10G

[ =
22 2F 8x1

54

ariz I il—ﬁ l—'l _l—ui* 1—\]
axl 8x2 o 22* 1% 12~ 2%:]| *

)ic?xz

Proof. Recall that the equations of the Christoffel Symbols are following:

1 JE

2 8x1

JdF

1 JE

é)xl

2 dxy

1 JE

2 dx>
1 dG

2 é?xl

JdF

1 JdG

dx>

2 8x1

1 dG

2 dx>

0 ( 1 JE
VEG 9x)

» —1 JE
U 2G oxy
1 G

I, =
k= 2G 8x1
1 G

5, =
227 2G dx»

)
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Now, Consider the equation of the Gaussian Curvature which we obtain by Theorem Egregium:

1 [T, T, | i 1 2 > 1
K= — Ll —rlarl-rdrt -1t 4.1.8
G| ox ox, 2T 21 Tl =11 2 (4.1.8)

Since we have an orthogonal parametrization then we can put the expressions of the Christot-

fel Symbols in (4.1.8) So,

9 (-19G\ @ (1 9E\ 139G 1 IE (1 9IE\?
dxi; \ 2E dx; dx> \ 2E dx» 2F dxi 2E dx; 2F dx»

1 G 1 OE 1 dG [/ —10G
2G dxr 2E dx»  2G dxy \ 2E dx;

Ql =

_ —19%G, 1 9GIE 1 9IGJE 1 [(9G\’
_2EG (—})JC% | 2E2G8x1 8x1 4E2G8x1 axl 4-E(;2 8x1

1 06 1 (JE\°> 1 (QE\> 1 JGIE
2EG ax% ' 2E2G dx> 4E%G \ dx» " 4EG2 dx> dx>

—1 aZGI ] (GaE aG) oG 1 82E| 1 (GaE 8G> OE

— ! - E—— | FE— | —
2EG 8x% 4E2G? dxi dx1 ) dx; 2EG c?x% 4E2G? x> dxr ) dx>

=1 T 1 0*G 1 (GQEIEc?_G)&_G
2VEG |VEG 9x3  2(EG)3/?\ dx;  dx1) dxi
1 9% I ( JE 8G)8_E-

VEG dx2  2(EG)3/? x>

(4.1.9)

lt——
G 8x2 8x2

Now Consider the following:

|
[
?

i( 1 ac) 1 9%G 1  JdG[_0G _JE-
ax] 1/EGaxl VEG 3);;% 2(EG)3/2 8x1 I axl axl_

and,

|
™
\

i( 1 8E) 1 J%E 1 JE [ 0G GaE'
dxa \VEG 9x2 VEG dx5 2(EG)3/20xy | dxa  dxa
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Putting these value in 4.1.9

— 'a( 1 ac)l a( 1 8E)'
" 2VEG |9x1 \WEGOx1)  9x \\VEGIx2 )|

which 1s the required result.

Let us do an example to understand the application of the theorem.

Example 17.

Consider a regular surface S such that for a parametrization ¥ the metric coetficients
satisfy the following: E(x1,x3) = G(x1,x2) = b and F = 0. Using Theorem Egregium we
will show that § 1s not locally 1sometric to sphere.

Since F = (. Therefore:

F]_IaE_O , —19E -1 FI_IBE_L
11 — - 11 — _ 21 — _

2F dx; 2Gdxy; 2x 2E dx»  2x»

1 9G 190G 1 0G 1

2, — -0 TI= =0 I3, = =

“h e N 227 2F ox; 227 2Gox,  2b

Let us apply Gauss’s Theorem Egregium:

1 [T, I},

L y2 -
K = 5 axl ax2 | ES:I (FEQF%S - FiZF%s)
S K : 0 : (0 1 :
0 = — | | I
X2 2;\?% 41(% 4}?%_
- 1
B 2:’:%

which means that there 1s no open set in S which has constant curvature. But sphere has a

constant curvature so 1t means that there 1s no subset of S which 1s 1sometric to a subset of

sphere.
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