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ABSTRACT

Topological Invariants of Graphs

Chemical graph theory provides useful tools such as molecular descriptors to develop

strong intrinsic relationship between the physicochemical features of chemical com-

pounds and their molecular graphs. The study of molecular descriptors provides a the-

oretical basis for the fabrication of chemical materials and is helpful in making up for

the lack of chemical experiments. There are two prominent types of molecular descrip-

tors; the topological indices and counting polynomials. Further, topological indices

can be categorized in two major classes: one class is based on degree and the other

class is based on distance. In this thesis, we present the study of certain topological

indices belonging to degree- and distance-based classes and counting polynomials for

some well-known nanostructures. We also present a comparative study between dif-

ferent topological indices belonging to degree- and distance-based classes for general

graphs. In addition, we study the para-line transformation of graphs and obtain the gen-

eral expressions of certain topological indices for this transformation. We achieve the

lower and upper bounds of certain distance-based topological indices for the para-line

transformation of graphs.
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Chapter 1

Introduction



Graph theory is a branch of mathematics which took birth in eighteenth century. In

1736, Euler solved a problem, recognized as the Königsberg bridges problem. The

question had been raised up in this problem whether it was feasible to visit all the seven

bridges covering the river Pregel in Königsberg not more than once without returning

one’s footsteps. Euler transformed this problem to a graph theoretical problem and

found a splendid solution. This solution pointed out that the introduction of a new field

of mathematics is called the graph theory. Thereafter, the idea of graph was individu-

ally presented by Gustav Robert Kirchhoff during his working on electrical circuits and

Arthur Cayley who was investigating on the quantification of organic isomers at that

time.

Graph theory“has found several remarkable applications in operational research, physics,

computer science, chemistry, architecture, economics, sociology, anthropology and

psychology. In the current study, we are interested in the area of graph theory which

has considerable applications in chemistry, called the chemical graph theory.”

In“1874, one of the outstanding pioneers of chemical graph theory, Alexander Crum

Brown predicted”that “chemistry will become a branch of applied mathematics; but it

will not cease to be an experimental science. Mathematics may enable us retrospectively

to justify results obtained by experiment, may point out useful lines of research and even

sometimes predict entirely novel discoveries. We do not know when the change will

take place, or whether it will be gradual or sudden”. This“prediction was immediately

to be executed when Arthur Cayley presented the”article “On the Mathematical Theory

of Isomers”, which“expresses the first remarkable chemical application of graph theory.

Arthur Cayley was motivated in counting the possible isomers of an alkane and due to

this intention he presented a new concept to depict the structure of alkane in the form

of a diagram, called the molecular graph that was made of points (vertices) labelled by

atoms and links (edges) corresponded to the chemical bonding between atoms. ”

Molecular descriptors, being numerical functions of molecular graph, are the graph in-

variants and play a crucial role in chemical graph theory. These descriptors are used

in quantitative structure-activity relationship (QSAR) and structure-property relation-

ship (QSPR) studies to relate biological or chemical properties of chemical compounds

to specific molecular descriptors, thus enabling prediction of properties of chemical
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compounds based on their corresponding molecular graph only and without their syn-

thesization. Molecular descriptors are of two types: one is topological indices and

the other is counting polynomials. Topological indices represent an important type of

molecular descriptors and encode information on atom adjacency and branching within

a chemical compound. In recent years, topological indices have obtained significant

popularity and various novel topological indices have been presented and studied in the

chemical graph theory literature. On the other hand, counting polynomials are the im-

portant tools that are recently used to study and characterize the molecular graphs.

The contents of this thesis are divided as follows:

In Chapter 2, basic graph-theoretic notions concerning the thesis are defined together

with the notations that are needed in the subsequent chapters.

In chapter 3 is devoted to the study of chemical graph theory which includes the discus-

sion on topological indices and counting polynomials.

In chapter 4, some fundamental results of graph theory and some connections between

topological indices are presented.

Boron containing nanostructures are high-interest materials due to the presence of mul-

ticenter bonds and have novel electronic properties. These materials have some impor-

tant issues in nanodevice applications like mechanical and thermal stability. Therefore,

they require theoretical studies on the other properties. In chapter 5, different degree-

based topological indices have been studied such as ABC, the fourth ABC (ABC4), GA,

and the fifth GA (GA5) indices for the molecular graphs of several boron containing

nanostructures by using the edge-partition technique.

The eccentric connectivity index (ECI) belongs to the distance-based descriptors that

was recently applied for the modeling of biological activities having diverse nature. The

ECI has been proved to provide a high degree of predictability compared to Wiener

index with regard to diuretic activity and anti-inflammatory activity. The prediction

accuracy rate of ECI is better than the Zagreb indices in case of anticonvulsant ac-

tivity. Titania nanotubular materials are of high interest metal oxide substances due

to their widespread technological applications. Polyacene chemical materials also re-

ceived much attention due to their interesting optical, thermodynamic, electronic, fer-

romagnetic and photoconductive properties. The numerous studies on the use of these

3



materials also require theoretical studies on the other properties of such materials. In

chapter 6, the ECI has been studied for three- and six-layer titania nanotube and whole

class of polyacene nanotubes. In this chapter, we also studied certain variants of ECI for

three-layer titania nanotube and counting polynomials for six-layer titania nanotube.

In chapter 7, inequalities between certain degree- and distance-based topological in-

dices have been derived which provide a way to study topological indices belonging to

different classes relatively.

In chapter 8, general expressions for certain topological indices of para-line transformed

graph have been derived which is useful to increase the applicability of the concerned

topological indices. In addition, we formulate some topological indices/coindices for

the iterated para-line transformed graphs of any graph. In this chapter, we also achieved

the bounds for different topological indices belonging to distance-based class for the

para-line transformed graph.

In chapter 9, conclusion is presented and some open problems are proposed.
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Chapter 2

Basic Concepts



2.1 Introduction

This chapter covers the fundamental concepts about graph theory. These concepts are

essential to provide substantial and strong basis for the current study.

2.2 Graph Theoretical Terminology

In this section we provide a formal definition of graph and its components related ter-

minology.

Definition 2.2.1. A graph G = (VG,EG) comprises two sets: VG, the vertex set and

EG, the edge set which consist of elements called vertices and edges respectively such

that an unordered pair of vertices (υa,υb) is assigned to each edge eab in EG written as

eab↔ (υa,υb), where υa and υb are termed the end vertices of eab.

Definition 2.2.2. If eab↔ (υa,υb), then the pair of vertices (υa,υb) are termed adjacent

and eab is termed incident with these vertices.

Definition 2.2.3. Two distinct edges eab↔ (υa,υb) and ecd ↔ (υc,υd) are termed ad-

jacent edges if any one of its end vertices are identical i.e. either υa ≡ υc or υb ≡ υd

and are represented by eab ∼ ecd .

Definition 2.2.4. Edges having have the same end vertices are termed parallel or mul-

tiple. A loop is an edge that has identical end vertices. A graph having parallel edges

or loops is termed a multigraph.

Definition 2.2.5. A graph independent from parallel edges and loops is termed a simple

graph.

A graph is represented by several ways. However, commonly a graph represents dia-

grammatically such that a dot corresponds to a vertex and a line segment corresponds

to an edge.

Example 2.2.1. A multigraph G = (VG,EG) is shown in Figure 2.1 (a) where

VG = {υ1,υ2,υ3,υ4,υ5,υ6}

6



and
EG = {e12,e23,e′23,e

′′
23,e13,e24,e′24,e14,e25,e34,e45,e55}.

The edges with their end vertices are given by:

e12↔ (υ1,υ2), e23↔ (υ2,υ3), e′23↔ (υ2,υ3),

e′′23↔ (υ2,υ3), e13↔ (υ1,υ3), e24↔ (υ2,υ4),

e′24↔ (υ2,υ4), e14↔ (υ1,υ4), e25↔ (υ2,υ5),

e34↔ (υ3,υ4), e45↔ (υ4,υ5), e55↔ (υ5,υ5).

A simple graph H = (VH ,EH) is shown in Figure 2.1 (b) where

VH = {υ1,υ2,υ3,υ4,υ5,υ6} and

EH = {e12,e23,e13,e24,e14,e25,e34,e45}.

The edges with their end vertices are presented as:

e12↔ (υ1,υ2), e23↔ (υ2,υ3), e13↔ (υ1,υ3), e24↔ (υ2,υ4),

e14↔ (υ1,υ4), e25↔ (υ2,υ5), e34↔ (υ3,υ4), e45↔ (υ4,υ5).

(a) (b)

Figure 2.1: (a) A multigraph G. (b) A simple graph H.

Definition 2.2.6. The numerical quantities associated to graph G, obtained by counting

its vertices and edges respectively, are termed order and size of G. A graph having order

n and size m is often termed a (n,m)-graph. A (1,0)-graph is called the trivial graph.
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Example 2.2.2. In Figure 2.1, the graphs G and H are (5,12)-graph and (5,8)-graph

respectively.

Definition 2.2.7. If every pair of distinct vertices of G are adjacent, then G is termed a

complete graph. A complete graph having order n is represented by Kn.

Example 2.2.3. For 1≤ n≤ 5, the complete graphs Kn are presented as

Figure 2.2: A list of complete graphs Kn f or 1≤ n≤ 5.

Remark 2.2.1. A complete graph Kn is
(

n, n(n−1)
2

)
-graph.

Definition 2.2.8. Let H = (VH ,EH) be a (n,m)-graph, then its complement is repre-

sented by H = (VH ,EH) and having the vertex set VH = VH in which two vertices

υa,υb ∈ VH are adjacent by the edge eab iff eab /∈ EH . And the size of H is defined

as |EH |=
(n

2

)
−m.

Example 2.2.4. Let H = (VH ,EH) be a (5,6)-graph where

VH = {υ1,υ2,υ3,υ4,υ5}, EH = {e12,e15,e25,e23,e45,e34},

and edges with their end vertices are presented as:

e12↔ (υ1,υ2), e15↔ (υ1,υ5), e23↔ (υ2,υ3),

e45↔ (υ4,υ5), e25↔ (υ2,υ5), e34↔ (υ3,υ4).

then its compliment H is a (5,4)-graph with the vertex set VH =VH and edges with their

end vertices are presented as:

e13↔ (υ1,υ3), e35↔ (υ3,υ5), e24↔ (υ2,υ4), e14↔ (υ1,υ4).
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The graphs of H and its complement H are shown in Figure 2.3.

Figure 2.3: The complement H of a graph H.

Remark 2.2.2. A (n,m)-graph G and its complement (n,m′)-graph G define a partition

of complete graph Kn.

Definition 2.2.9. A subset of VK having no pair of adjacent vertices, is termed an

independent-vertex set of graph K. The maximum cardinality among all the indepen-

dent sets of K is termed independence number of K, represented by α(K).

Example 2.2.5. Consider a graph K as presented in Figure 2.4, then the independent-

Figure 2.4: A graph K.

vertex sets of K are given by:

The independent-vertex set having no element is φ .

The independent-vertex sets having one element are

{υ1}, {υ2}, {υ3}, {υ4}, and {υ5}.

The independent-vertex sets having two elements are
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{υ1,υ3}, {υ3,υ5}, {υ2,υ4}, {υ1,υ5}, and {υ2,υ5}.

The independent-vertex set having three elements is {υ1,υ3,υ5}.

Among all independent sets of graph K, the independent set having maximum cardinal-

ity is 3. Therefore α(K) = 3.

Definition 2.2.10. The degree of a vertex υ ∈ VG is a numerical quantity which is

obtained by counting the edges which have the same end vertex υ and it is represented

by dG(υ). The minimum and maximum degrees are respectively represented by δG and

∆G.

Definition 2.2.11. A graph having all of its vertices of equal degree, is termed a regular

graph.

Definition 2.2.12. The neighborhood set of a vertex υ ∈ VG comprises all vertices ad-

jacent to υ and it is represented by NG(υ). i.e.

NG(υ) = {w ∈VG | wυ ∈ EG}.

Definition 2.2.13. The degree sum of a vertex υ is represented by δG(υ) and is formu-

lated by summing the degrees of all vertices adjacent to υ . i.e.

δG(υ) = ∑
w∈NG(υ)

dG(w).

Likewise, the degree product of υ is symbolized by MG(υ) and is obtained by multi-

plying degrees of all vertices adjacent to υ . i.e.

MG(υ) = ∏
w∈NG(υ)

dG(w).

Example 2.2.6. From the graph G, presented in Figure 2.5, we have

dG(υ1) = 3, dG(υ2) = dG(υ3) = dG(υ5) = 2, dG(υ4) = 4 and dG(υ6) = 1.

10



Figure 2.5: A graph G.

The degree sum of each vertex of G is computed as follows:

δG(υ1) = dG(υ4)+dG(υ6)+dG(υ5) = 7,

δG(υ2) = dG(υ3)+dG(υ4) = 6,

δG(υ3) = dG(υ2)+dG(υ4) = 6,

δG(υ4) = dG(υ1)+dG(υ3)+dG(υ5)+dG(υ2) = 9,

δG(υ5) = dG(υ1)+dG(υ4) = 7,

δG(υ6) = dG(υ1) = 3.

Also, for each vertex of G, the degree product is calculated as follows:

MG(υ1) = dG(υ4) ·dG(υ6) ·dG(υ5) = 8,

MG(υ2) = dG(υ3) ·dG(υ4) = 8,

MG(υ3) = dG(υ2) ·dG(υ4) = 8,

MG(υ4) = dG(υ1) ·dG(υ3) ·dG(υ5) ·dG(υ2) = 24,

MG(υ5) = dG(υ1) ·dG(υ4) = 12,

MG(υ6) = dG(υ1) = 3.

2.2.1 Subgraphs and Cliques

In this section, we discuss subparts or subcomponents of graphs.

Definition 2.2.14. A graph H = (VH ,EH) is termed subgraph of a graph K = (VK,EK)

if VH ⊆VK and EH ⊆ EK .
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Definition 2.2.15. A“subgraph graph H of a graph K is termed a spanning subgraph

if”VH =VK .

Definition 2.2.16. A“subgraph H of a graph K is termed an induced subgraph if”whenever

υa,υb ∈VH and eab↔ (υa,υb) ∈ EK , then eab ∈ EH .

Example 2.2.7. Consider the graphs K, H1 and H2 in Figure 2.6. The vertex and the

Figure 2.6: A spanning subgraph H1 and induced subgraph H2 of graph K.

edge sets of K are respectively given as

VK = {υ1,υ2,υ3,υ4,υ5} and EK = {e12,e25,e13,e14,e23,e34,e24,e45},

The graph“H1 is a spanning subgraph of graph K having the vertex and edge sets re-

spectively as”

VH1 =VK and EH1 = {e12,e25,e13,e14,e23,e34,e45} ⊂ EK,

and the graph H2 is an induced subgraph of graph“K having the vertex and edge sets

respectively as”

VH2 = {υ1,υ2,υ3,υ4} ⊂VK and EH2 = {e12,e13,e14,e23,e34,e24} ⊂ EK.
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Definition 2.2.17. A subset of vertices C ⊆ VG“is termed a clique if the subgraph in-

duced by C is a complete graph.”

Remark 2.2.3. A singleton subset of the vertex set of any graph is always a clique.

Remark 2.2.4. A two ton subset of the vertex set of any graph which consists of adja-

cent vertices is always a clique.

Example 2.2.8. A graph G presented in Figure 2.7 having the vertex set

VG = {υ1,υ2,υ3,υ4,υ5,υ6,υ7,υ8,υ9,υ10,υ11,υ12,υ13,υ14,υ15,υ16,υ17}

Figure 2.7: A graph G contains certain cliques.

and the subsets of VG as follows:

C1 = {υ1,υ2,υ3} ⊂VG

C2 = {υ10,υ11,υ13} ⊂VG

C3 = {υ15,υ16,υ17} ⊂VG

C4 = {υ5,υ6,υ7,υ8} ⊂VG

C5 = {υ3,υ4,υ8,υ9,υ10} ⊂VG.

Then the subgraphs of G induced by each of the subsets C1, C2 and C3 is a complete

graph K3, therefore the sets C1, C2 and C3 are the cliques of graph G having three

vertices. The subset C4 is a clique of G having four vertices because the subgraph

13



induced by C4 is complete graph K4. Also, the subset C5 is a clique of G having five

vertices because the subgraph induced by C5 is complete graph K5.

2.2.2 Paths and Cycles

Definition 2.2.18. In a graph G = (VG,EG), a υ0− υt walk W of length t is a finite

sequence

W : υ0→ e01→ υ1→ e12→ υ2→ ··· → υt−1→ e(t−1)t → υt

having the terms as vertices and edges alternately such that if υi, ei j, υ j, then ei j ↔

(υi,υ j) for 0≤ i, j ≤ t.

Example 2.2.9. From the graph G, presented in Figure 2.8,

W : υ0→ e03→ υ3→ e23→ υ2→ e24→ υ4→ e34→ υ3→ e23→ υ2→ e12→ υ1

is a walk of length 6 in G.

Figure 2.8: The graph G.

Definition 2.2.19. If all edges e01,e12, . . . ,e(t−1)t of the walk

W : υ0→ e01→ υ1→ e12→ υ2→ ··· → υt−1→ e(t−1)t → υt
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having no identical edges, then this walk is termed a trail. i.e. in a trail an edge cannot

appear more than once.

Example 2.2.10. From the graph G, presented in Figure 2.8,

T : υ0→ e03→ υ3→ e23→ υ2→ e24→ υ4→ e34→ υ3→ e13→ υ1

is a trail having length 5 in graph G.

Definition 2.2.20. A υ0− υt trail T : υ0 → e01 → υ1 → e12 → υ2 → ·· · → υt−1 →

e(t−1)t → υt is open or closed accordingly as υ0 6= υt or υ0 = υt respectively.

Definition 2.2.21. A closed trail in a graph G is termed a circuit.

Example 2.2.11. From the graph G, presented in Figure 2.8,

υ0→ e03→ υ3→ e23→ υ2→ e24→ υ4→ e34→ υ3→ e13→ υ1→ e01→ υ0

is a circuit of length 6 in graph G.

Definition 2.2.22. A υ0−υt path is a trail in which a vertex cannot appear more than

once. The path graph having n vertices with length n−1 is symbolized by Pn.

Example 2.2.12. From the graph G, presented in Figure 2.8,

υ0→ e03→ υ3→ e34→ υ4→ e24→ υ2→ e12→ υ1

is a path having length 4.

Definition 2.2.23. A circuit is termed a cycle if a vertex cannot appear more than once

except for the first and last. A cycle having n edges is termed a n-cycle and is denoted

by Cn.

Example 2.2.13. From the graph G, presented in Figure 2.8,

υ0→ e01→ υ1→ e12→ υ2→ e24→ υ4→ e34→ u3→ e03→ u0

is a cycle having length 5 in graph G.
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2.2.3 Connected and Disconnected Graphs

In this part, we define/discuss the connectedness of graphs.

Definition 2.2.24. A pair of vertices (υa,υb) in a graph H is said to be a connected pair

of vertices if there is a path from υa to υb. Otherwise it is termed a disconnected pair

of vertices.

Definition 2.2.25. If each pair of vertices (υa,υb) in a graph H is a connected pair of

vertices, then graph H is termed a connected graph.

Definition 2.2.26. If there is at least one disconnected pair of vertices (υa,υb) in graph

H then H is termed a disconnected graph.

Definition 2.2.27. A maximal connected subgraph of a disconnected graph H is termed

its component.

Remark 2.2.5. A connected graph has exactly one connected component.

Example 2.2.14. Consider a graph H having 12 vertices in Figure 2.9, then H is a

disconnected graph comprises three components H1, H2 and H3 since there are several

disconnected pairs of vertices. i.e. (υ1,υ7) as there is no path which connects the

vertices υ1 and υ7.

Figure 2.9: A disconnected graph H with three components H1, H2 and H3.

2.2.4 Trees

Definition 2.2.28. A graph having no cycle is termed an acyclic graph.
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Definition 2.2.29. A tree is a simple (n,n−1)-graph that is connected as well as acyclic.

Example 2.2.15. A tree T having 22 vertices and 21 edges is presented in Figure 2.10.

Figure 2.10: A tree T .

Definition 2.2.30. A forest is a simple graph such that each of its component is a tree.

Thus any tree is a connected forest.

2.2.5 Distance in Graphs

In this part, we talk about distance or metric related terminology of graphs.

Definition 2.2.31. Let H be a connected graph then the distance between a pair of

vertices (υa,υb) is symbolized by d(υa,υb) and is obtained by counting the edges lying

in the shortest path between them.

Example 2.2.16. From the connected graph H, presented in Figure 2.11, the pair of

Figure 2.11: A graph H.
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vertices (υ3,υ7) is connected by the shortest path υ3→ e13→ υ1→ e12→ υ2→ e27→

υ7 or υ3→ e13→ υ1→ e12→ υ2→ e27→ υ7. There are three edges lying in this path,

so we have

d(υ3,υ7) = 3.

Definition 2.2.32. For a positive integer k, the k-neighborhood set of a vertex υa ∈ VG

is represented by Nk(υa|G) and defined as Nk(υa|G) = {υb ∈VG : d(υa,υb) = k}.

Definition 2.2.33. The k-distance degree of a vertex υa ∈VG is symbolized by dk(υa|G)

and defined as dk(υa|G)= |Nk(υa|G)|. Obviously d1(υa|G)= dG(υa) for every υa ∈VG.

Definition 2.2.34. The distance sum of a vertex υa ∈VH is symbolized by d(υa|H) and

presented as:

d(υa|H) = ∑
υb∈VH

d(υa,υb)

Example 2.2.17. Consider a connected graph H in Figure 2.11 then the distances from

the vertex υ1 ∈VH to all other vertices are given by:

d(υ1,υ2) = d(υ1,υ3) = d(υ1,υ4) = d(υ1,υ5) = 1

d(υ1,υ6) = d(υ1,υ7) = d(υ1,υ8) = d(υ1,υ9) = 2.

The distance sum of the vertex υ1 is calculated as:

d(υ1|H) = d(υ1,υ2)+d(υ1,υ3)+d(υ1,υ4)+d(υ1,υ5)

+d(υ1,υ6)+d(υ1,υ7)+d(υ1,υ8)+d(υ1,υ9)

= 12.

Definition 2.2.35. The eccentricity of a given vertex υa ∈ VH is denoted by ε(υa) and

is obtained by computing the maximum distance from υa to any other vertex υb ∈ VH .

i.e.

ε(υa) = max
υb∈VH

d(υa,υb)

Example 2.2.18. From the graph H, presented in Figure 2.12 having vertex set

VH = {υ1,υ2,υ3,υ4,υ5,υ6,υ7,υ8,υ9,υ10}
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then the eccentricity of each vertex of H is presented as:

ε(υ1) = ε(υ8) = ε(υ9) = ε(υ10) = 4

ε(υ2) = ε(υ3) = ε(υ4) = ε(υ6) = ε(υ7) = 3

ε(υ5) = 2.

Figure 2.12: A graph H.

Definition 2.2.36. The maximum and minimum eccentricities of a graph H are called

respectively the diameter dH and radius rH of H. i.e.

dH = max
υa∈VH

ε(υa) and rH = min
υa∈VH

ε(υa).

Example 2.2.19. The diameter and radius of graph H given in Figure 2.12 are respec-

tively presented as:

dH = 4 and rH = 2.

Definition 2.2.37. If all the vertices have the same eccentricity then H is termed a self-

centered graph and otherwise a non-self-centered graph.

Clearly for a self-centered graph H we have

rH = dH .
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Definition 2.2.38. Two edges eab = (υa,υb) and ecd = (υc,υd) of a graph G are termed

codistant, represented by eab co ecd iff for a non-negative integer t,

d(υa,υc) = d(υb,υd) = t and d(υa,υd) = d(υb,υc) = t +1

or vice versa.

It can be checked that the relation co may not be an equivalence relation, i.e. co is

reflexive and symmetric but it may not be transitive.

Definition 2.2.39. Let G be a simple graph and C(eab) be the set comprises edges of G

that are codistant to the edge eab ∈ E(G) i.e.

C(eab) = {ecd ∈ E(G) : ecd co eab}.

If co is an equivalence relation on the set C(eab), then this set is termed an orthogonal

cut (oc) of G.

Definition 2.2.40. A graph G is termed a co-graph iff its edge set EG can be partitioned

into disjoint orthogonal cuts.

Definition 2.2.41. If any two edges of an orthogonal-cut of a graph G are co-distant

within the same face of G, this type of orthogonal-cut is termed as quasi-orthogonal cut

(qoc).

2.2.6 Graph Isomorphism and Graph Invariant

Definition 2.2.42. A graph H = (VH ,EH) is termed isomorphic to a graph K = (VK,EK)

if there is a bijection ψ : VH →VK such that each edge eab↔ (υa,υb) in H corresponds

to an edge ecd ↔ (υc,υd) in K in such a way that υa ↔ υc and υb ↔ υd . Such a

bijection between the graphs H and K is called a graph isomorphism, symbolically

written as H ∼= K.

Example 2.2.20. In Figure 2.13, an isomorphism is given between the graphs H and K
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by the following one-to-one correspondences of vertices and edges respectively.

υ1↔ w1, υ2↔ w2, υ3↔ w5, υ4↔ w6, υ5↔ w4, υ6↔ w3

and

(υ1,υ2)↔ (w1,w2), (υ2,υ3)↔ (w2,w5), (υ3,υ4)↔ (w5,w6),

(υ1,υ4)↔ (w1,w6), (υ1,υ5)↔ (w1,w4), (υ2,υ6)↔ (w2,w3),

(υ3,υ5)↔ (w5,w4), (υ4,υ6)↔ (w6,w3), (υ5,υ6)↔ (w4,w3).

The graph G given in Figure 2.14 is not isomorphic to the graph H (or K) because G

Figure 2.13: Two isomorphic graphs H and K.

contain a cycle of length three and H (or K) does not contain a cycle of length three.

Figure 2.14: A graph G.
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Note that If there is a graph isomorphism between two simple graphs H and K then

clearly they must have

• |VH |= |VK|

• |EH |= |EK|

• The corresponding vertices of both graphs have the same degree

• Both graphs have the same cycles in number

• Both graphs have the same cliques in number

• Both graphs have the same girth

• Both graphs have the same radius

• Both graphs have the same diameter

• The distance between the vertices υa,υb ∈VH is same as the distance between the

corresponding vertices f (υa), f (υb) ∈VK

• Both graphs have the same spanning trees in number

• Both graphs have the same chromatic number

• Both graphs have the same metric dimension

• Both graphs have the same connectedness

• Both graphs have the same incidence and adjacency matrices

• Both graphs have the same independence number

However, the above conditions are not sufficient for two graphs to be isomorphic.

Definition 2.2.43. A graph invariant is defined as a function φ from the class of graphs

Ω to the class of values ℜ such as real numbers or polynomials i.e. φ : Ω→ℜ such that

φ(G) = φ(H) for any two isomorphic graphs G,H ∈Ω.
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Example 2.2.21. For a graph G, the numerical quantities associated with G such as

order, size, radius and diameter etc are the graph invariants because any other graph

H which is isomorphic to G must have the equal order, size, radius and diameter as of

G.

2.2.7 Transformation of Graphs

Definition 2.2.44. Let H be a (n,m)-graph then its subdivision graph is denoted by

S(H) and is obtained from H by replacing each of its path of length one by a path of

length two.

The order and size of S(H) are respectively given by:

|VS(H)|= n+m and |ES(H)|= 2m.

Definition 2.2.45. Let H be a (n,m)-graph then its vertex-semi total graph is sym-

bolized by R(H) and is obtained by adding a vertex υc corresponding to each edge

eab↔ (υa,υb) ∈ EH such that υc adjacent to the vertices υa and υb.

The order and size of R(H) are respectively presented as:

|VR(H)|= n+m and |ER(H)|= 3m.

Definition 2.2.46. Let H be a (n,m)-graph then its edge-semi total graph is denoted

by Q(H) and is obtained by adding a new vertex υc corresponding to each edge eab↔

(υa,υb) ∈ EH such that a pair of new vertices are adjacent if their corresponding edges

share a vertex in H.

The order and size of Q(H) are respectively presented as:

|VQ(H)|= n+m and |EQ(H)|= m+
1
2 ∑

υa∈VH

d(υa)
2.

Definition 2.2.47. Let H be a (n,m)-graph then its total graph is denoted by T (H) and

is obtained by taking the vertex set VH ∪EH such that a pair of vertices of T (H) being

adjacent iff the corresponding elements of H are incident or adjacent.
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The order and size of T (H) are respectively presented as:

|VT (H)|= n+m and |ET (H)|= 2m+
1
2 ∑

υa∈VH

d(υa)
2.

Example 2.2.22. For the cycle C4, its subdivision graph S(C4), vertex-semi total graph

R(C4), edge-semi total graph Q(C4) and total graph T (C4) are shown in Figure 2.15.

Figure 2.15: The four transformed graphs S(C4), R(C4), Q(C4) and T (C4) of the cycle
C4.

Definition 2.2.48. Let H be a (n,m)-graph then its line graph is denoted by L(H) and is

obtained by taking the vertices corresponding to the edges of H such that two vertices

of L(H) being adjacent iff the corresponding edges in H share a vertex.

Definition 2.2.49. The t-th iterated line graphs of a graph H are inductively presented

as:

Lt(H) =

 H, if t = 0;

L(Lt−1(H)), if t > 0

Example 2.2.23. The t-th iterated line graphs of a graph H are presented in Figure

2.16 for t = 1 and t = 2.
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Figure 2.16: The t-th iterated line graphs of the graph H for t = 1 and t = 2.

Definition 2.2.50. Let H be a (n,m)-graph then its para-line graph is denoted by PL(H)

and is obtained from H by finding the line graph of S(H).

Definition 2.2.51. The t-th iterated para-line graphs of a graph H are inductively pre-

sented as:

PLt(H) =

 H, if t = 0;

PL(PLt−1(H)), if t > 0

Example 2.2.24. For t = 1 and t = 2, the t-th para-line graphs of a graph H are shown

in Figure 2.17.

Figure 2.17: The t-th iterated para-line graphs of the graph H for t = 1 and t = 2.
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Chapter 3

Chemical Graph Theory



3.1 Introduction

Graph“theory exploited in the study of molecular graphs of chemical compounds which

represents a multidisciplinary field, is called the chemical graph theory. By applying

the tools of graph theory, it attempts to explore the structural phenomena involved in

structure-property and -activity relationships.“These tools comprise the topological in-

dices and counting polynomials.

Definition 3.1.1. A molecular graph is a depiction of the structural formula of a chem-

ical compound in which vertices represent atoms and the edges represent the chemical

bonds between the atoms.

Example 3.1.1. For example, the molecular graph of the benzene chemical compound

C6H6 is presented in Figure 3.1.

Figure 3.1: Benzene C6H6 and its molecular graph.

3.2 Molecular Descriptors

Quantitative structure-activity relationship (QSAR) is the final conclusion of the proce-

dure which begins with an appropriate characterization of molecular graphs and ends

with some prediction on the nature of chemical compounds in biological and physico-

chemical systems in analysis. QSARs are placed on the hypothesis that the structure

of a molecule must hold characteristics responsible for its biological, physical, and

chemical properties and on the capability to capture these characteristics into numerical

descriptors. The study in which a chemical property or biological activity of a chemical

compound is modelled as a response variable, is termed the quantitative structureprop-

erty relationship (QSPR). For physico-chemical properties and biological activities, the
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QSAR/QSPR model is generally presented as

P = f (x1,x2, . . . ,xn)

where P represents the physicochemical property or biological activity, x1,x2, . . . ,xn are

n molecular descriptors, and the function f represents the connection between response

and descriptors.

The molecular graph of a chemical structure corresponding to a chemical compound is

strongly related to its physicochemical properties or biological activities such as strain

energy, boiling point, and heat of formation. The molecular descriptor is the numerical

function that translates the chemical phenomena encoded within a symbolic represen-

tation of a molecule into an effective number [86]. Thus, the study of the molecular

descriptors on molecular graph of chemical materials can make up for lack of chemical

experiments and can provide a theoretical basis for the manufacturing of chemical ma-

terials. The molecular descriptors can be categorized into two significant types: one is

topological indices and the other type is counting polynomials.

3.3 Topological Indices

A topological index is the graph invariant which is used to correlate the physical features

or chemical reactivities or biological activities of a chemical compound with its molec-

ular graph. In this sense, topological indices are based on the topological architecture

of corresponding molecular graph of the chemical compound. The use of the topo-

logical indices is particularly important when the use of experimental methods leads

to waste of time, financial expenditures in large amounts and theoretical methods have

not been successful. In recent years many topological indices have been recorded and

used for chemical documentation, isomer discrimination, measure of structural similar-

ity/dissimilarity, complexity, chirality, stability/diversity of chemical databases. These

include molecular connectivity indices, Wiener index, eccentric connectivity index, etc.

The role of topological indices for exploring biological activity in structure-activity re-

lationship is considered as predominant by topological architecture of chemical struc-
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ture and the simple connectivity between neighboring atoms without taking the nature

of atoms or nature of chemical bonding considered as major determinant of biological

activity of the chemical compound.

Generally, topological indices can be categorized in two major classes: one is degree-

based indices/coindices and the other is distance-based indices.

3.3.1 Degree-based Topological Indices/Coindices

The general expression for the class of degree-based topological indices can be pre-

sented in two ways as

DT I1(G) = ∑
p∈VG

f (g(p)) (3.3.1)

DT I2(G) = ∑
pq∈EG

f (g(p),g(q)) (3.3.2)

where the function g(p) represents degree of vertex p or degree sum or degree product

of p.

In recent years, various valuable degree-based topological indices have been proposed

in order to explore the characteristics of a molecular graph. In Table 3.1, we present the

most studied degree-based topological indices in the literature which are formulated by

taking the suitable function in (3.3.1)-(3.3.2) where α is any non zero real number.

While considering contribution of non adjacent pair of vertices in determining the

weighted Wiener polynomial of certain graphs, Došlić [31] presented the first and sec-

ond Zagreb coindices correspondingly as follows

M1(G) = ∑
pq/∈EG

[dG(p)+dG(q)]

and

M2(G) = ∑
pq/∈EG

dG(p) ·dG(q).

Furtula et al. [42] introduced the concept of F-coindex which is presented as follows

F(G) = ∑
pq/∈EG

[
(dG(p))2 +(dG(q))

2
]

29



Table 3.1: Degree-based topological indices

Degree-based topological index f (g(p)) or f (g(p),g(q))

First Zagreb index (M1) [48] (dG(p))2

Second Zagreb index (M2) [48] dG(p) ·dG(q)

Randić connectivity index (χ) [75] 1√
dG(p)·dG(q)

Harmonic index (H) [38] 2√
dG(p)+dG(q)

General Randić connectivity index (Rα) [12] (dG(p) ·dG(q))α

Atom-bond connectivity index (ABC) [36]
√

dG(p)+dG(q)−2
dG(p)·dG(q)

First general Zagreb index (Mα
1 ) [64] (dG(p))α

First geometric-arithmetic index (GA) [88] 2
√

dG(p)·dG(q)
dG(p)+dG(q)

General sum-connectivity index (χα) [101] (dG(p)+dG(q))
α

Fourth atom-bond connectivity index (ABC4) [45]
√

δG(p)+δG(q)−2
δG(p)·δG(q)

Augmented Zagreb index (AZI) [40]
(

dG(p)·dG(q)
dG(p)+dG(q)−2

)3

Symmetric division deg index (SDD) [89] dG(p)
dG(q)

+ dG(q)
dG(p)

Inverse sum indeg index (ISI) [89] dG(p)dG(q)
dG(p)+dG(q)

Fifth geometric-arithmetic index (GA5) [46] 2
√

δG(p)·δG(q)
δG(p)+δG(q)

Fifth atom-bond connectivity index (ABC5) [15]
√

MG(p)+MG(q)−2
MG(p)·MG(q)

Redefined third Zagreb index (ReZ3) [76] dG(p)dG(q)[dG(p)+dG(q)]

Forgotten topological index or F-index (F) [41] (dG(p))3

In 2004, Miličević et al. [67] presented the reformulated Zagreb indices by reformulat-

ing the Zagreb indices in terms of edge-degrees instead of vertex-degrees. For a graph

30



G, the first and second reformulated Zagreb indices are represented by EM1(G) and

EM2(G) respectively and defined as follows:

EM1(G) = ∑
e∈EG

dG(e)2 and EM2(G) = ∑
e∼ f

e, f∈EG

dG(e) ·dG( f )

Recently, Naji et al. [71] introduced distance-degree-based topological indices, formu-

lated by using 2-distance degrees of vertices, called the leap Zagreb indices. For a graph

G, the first, second, and third leap Zagreb indices are represented by LM1(G), LM2(G),

and LM3(G) respectively and are defined as follows:

LM1(G) = ∑
p∈VG

d2 (p/G)2 , LM2(G) = ∑
pq∈EG

d2 (p/G)d2 (q/G)

and

LM3(G) = ∑
p∈VG

dG(p)d2 (p/G) .

3.3.2 Distance-based Topological Indices

The first distance-based index was introduced in 1947 by the chemist Harold Wiener

[95] and is called the Wiener index (WI), presented as

W (G) = ∑
{p,q}⊆VG

d(p,q).

This index has most of the chemical applications for the chemical compounds which

have acyclic molecular graphs i.e. trees [30, 49].

The eccentricity related topological indices belong to the class of distance-based in-

dices. The general expressions for these indices, can be defined in the following ways

as

ET I1(G) = ∑
p∈VG

f (dG(p),ε(p)), (3.3.3)

ET I2(G) = ∑
p∈VG

f (MG(p),ε(p)), (3.3.4)

ET I3(G) = ∑
p∈VG

f (δG(p),ε(p)), (3.3.5)
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ET I4(G) = ∑
pq∈EG

f (ε(p),ε(q)). (3.3.6)

By choosing the appropriate function in (3.3.3)-(3.3.6) from the following list of func-

tions, we formulate the corresponding eccentricity-based topological index.

Table 3.2: Eccentricity-based topological indices

Eccentricity-based Topological Index Function

Eccentric connectivity index (ξ c) [80] f (dG(p),ε(p)) = dG(p) · ε(p)

Connective eccentric index (Cξ ) [47] f (dG(p),ε(p)) = dG(p)/ε(p)

Augmented eccentric connectivity index (ξ ac) [33] f (MG(p),ε(p)) = MG(p)/ε(p)

Modified eccentric connectivity index (ξc) [6] f (δG(p),ε(p)) = δG(p) · ε(p)

Reverse eccentric connectivity index (REξ c) [34] f (δG(p),ε(p)) = ε(p)/δG(p)

Third atom-bond connectivity index (ABC3) [63] f (ε(p),ε(q)) =
√

ε(p)+ε(q)−2
ε(p)·ε(q)

3.4 Counting Polynomials

Counting polynomials are another important graph invariants which provide a way to

explore the characteristics of molecular graphs.

In order to count qoc strips in a graph G, Diudea [24] introduced the Omega polynomial

which is formulated as follows

“Ω(G,x) = ∑
k

r(G,k)xk”

where r(G,k) represents the number of qoc strips of length k and the sum runs up to the

maximum length of qoc strips in G. It can be check that

|EG|= [d(Ω(G,x))/dx]x=1.

The Omega polynomial found application in the topological description of polyhedral

coverings appearing in complex nanostructures. This counting polynomial is also useful
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in accounts for the spirality, helicity and ring distribution of nanotubular structures [27].

The coefficient of the first power term of this polynomial, called np has good ability in

predicting the resonance energy in planar benzenoids as well as the stability of small

fullerenes [25].

By using the Omega polynomial, a topological index was introduced, called the Cluj-

Ilmenau index [93] which is formulated as

CI(G) = [Ω′2−Ω
′−Ω

′′]x=1.

Another counting polynomial was introduced depending upon the qoc strips, called the

Sadhana polynomial and is presented as

“Sd(G,x) = ∑
k

r(G,k)x|E(G)|−k.“

From the Sadhana polynomial, a topological index is obtained, called the Sadhana index

[55] which is presented as

“Sd = [d(Sd(G,x))/dx]x=1 = ∑
k

r(G,k)(|E(G)|− k).”

In the comparative study of modeling resonance energy and benzene character of poly-

acenes and helicenes, the Sadhana index was declared the best index compare to other

well-known indices such as Wiener, szeged, PI and Randić connectivity indices [56, 57].

By using the qoc strips, Diudea [26] presented another counting polynomial, called the

Theta polynomial which is formulated as

Θ(G,x) = ∑
k

r(G,k)kxk.

From this counting polynomial, Theta index is defined as [d(Θ(G,x))/dx]x=1.
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Chapter 4

Some Known Results



4.1 Introduction

In this chapter, we recall some preliminary results and the relations of topological in-

dices with some graph parameters, i.e. the order, size, radius and diameter. We also

present some known connections between topological indices of any graph.

4.2 Known Results

In the coming result, a well known relation is presented between the size of a graph and

the degrees of its vertices.

Theorem 4.2.1. [16] For any simple graph G with size m, we have

∑
v∈VG

dG(v) = 2m. (4.2.1)

This relation is known as “handshaking lemma”.

The relation of diameter of a connected graph with its radius, is presented in the next

result.

Theorem 4.2.2. [16] Consider a connected graph having radius rG and diameter dG,

then

rG ≤ dG ≤ 2rG (4.2.2)

and the left equality holds iff G is a self-centered graph.

The bounds for eccentric connectivity index related to radius and diameter respectively,

are presented in the coming Theorem.

Theorem 4.2.3. [101] Consider a connected graph G having size m, radius rG and

diameter dG, then

2mrG ≤ ξ
c(G)≤ 2mdG (4.2.3)

and the equality holds iff G is a self-centered graph.

The bounds for connective eccentric index related to diameter and radius respectively,

are presented in the coming result.
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Theorem 4.2.4. [22] Consider a connected graph G having size m, radius rG and

diameter dG, then
2m
dG
≤Cξ (G)≤ 2m

rG
(4.2.4)

and the equality holds iff G is a self-centered graph.

The bounds for augmented eccentric connectivity index related to diameter and radius

respectively, are presented in the next result.

Theorem 4.2.5. [23] Consider a connected graph G having order n, radius rG, diame-

ter dG, minimum degree δ and maximum degree ∆, then

δ δ

dG
≤ 1

n
.ξ ac(G)≤ ∆∆

rG
(4.2.5)

and the equality holds iff G is a regular self-centered graph.

Theorem 4.2.6. [63] Consider a connected graph G having size m, radius rG ≥ 2 and

diameter dG, then

√
2m

dG

√
dG−1≤ ABC3(G)≤

√
2m

rG

√
rG−1. (4.2.6)

and the equality holds iff G is a self-centered graph.

The inequality between eccentric connectivity index and Wiener index, is presented in

the coming result.

Theorem 4.2.7. [18] Consider a connected graph G having order n≥ 3, then

W (G)≤ 2
3

nξ
c(G)−n+1 (4.2.7)

The relation between Randić connectivity index and diameter, is given in the following

result.

Theorem 4.2.8. [98] Consider a connected graph G having order n≥ 3, then

R(G)− 1
2

dG ≥
√

2−1 (4.2.8)
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and the equality holds iff G∼= Pn.

The relation between ABC index and radius, is given in the next result.

Theorem 4.2.9. [32] Consider a connected graph G having order n≥ 2, then

ABC(G)− rG ≥
n−1√

2
−
⌊n

2

⌋
(4.2.9)

and the equality holds iff G∼= Pn for n≥ 3.

The relation between harmonic index and diameter, is given in the coming result.

Theorem 4.2.10. [65] Consider a connected graph G having order n≥ 4 and diameter

dG, then

H(G)−dG ≤
n
2
−1 (4.2.10)

and the equality holds iff G' Kn.

The relations of GA index with Randić connectivity and harmonic indices are achieved

in the next results.

Theorem 4.2.11. [4] Consider a connected graph G having order n≥ 3, then

√
4
3

R(G)≤ GA(G)≤ (n−1)R(G) (4.2.11)

the left and right equalities hold iff G∼= P3 and G∼= Kn respectively.

Theorem 4.2.12. [4] Consider a connected graph G having order n≥ 2, then

H(G)≤ GA(G)≤ (n−1)H(G) (4.2.12)

the left and right equalities hold iff G∼= Pn and G∼= Kn respectively.

In the coming result, a general expression for the Wiener index of any tree is presented.

Theorem 4.2.13. [28] For any (n,n−1)-tree T , we have

W (T ) =
1
4

[
∑

v∈VT

dT (v) ·d(v|T )+n(n−1)

]
. (4.2.13)
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A connection between of Wiener index (WI) between any tree and its line graph is

presented in the coming result.

Theorem 4.2.14. [14] For any (n,n−1) tree T , we have

W (L(T )) =W (T )−
(

n
2

)
. (4.2.14)

By using this connection, one can compute this index for the line graph L(T ) by using

the WI of parent tree T and its order n without formulating this index directly for the

line graph L(T ). For this reason, its redundant to formulate WI for the line graph L(T ).

In the following result, a relation for the Wiener index of a tree with its k-th subdivided

tree is presented.

Theorem 4.2.15. [29] For any (n,n−1)-tree T and its k-th subdivided (nk,nk−1)-tree

Sk(T ), we have

W (Sk(T )) = (k+1)3 ·W (T )+
(

nk +1
3

)
− (k+1)3 ·

(
n+1

3

)
(4.2.15)

where nk = k(n−1)+n.

Ashrafi et al. presented the following relation between first Zagreb index of molecular

graph and its complement.

Theorem 4.2.16. [7] Consider a molecular (p,q)-graph G and its complement (p′,q′)-

graph G, then

M1(G) = M1(G)+2(p−1)(q′−q) (4.2.16)

where m′ =
(p

2

)
−q.

Das et al. presented the following connection between first Zagreb coindex and first

Zagreb index.

Theorem 4.2.17. [19] Consider a molecular (p,q)-graph G, then

M1(G) = 2q(p−1)−M1(G). (4.2.17)
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The following is the relations between F-coindex, F-index and first Zagreb index of a

molecular graph and of its complement.

Theorem 4.2.18. [42] Consider a molecular (r,s)-graph G and its complement G, then

(a) F(G) = (r−1)M1(G)−F(G), (4.2.18)

(b) F(G) = r(r−1)3−6s(r−1)2 +3(r−1)M1(G)−F(G), (4.2.19)

(c) F(G) = 2s(r−1)2−2(r−1)M1(G)+F(G). (4.2.20)

For any simple graph, the first general Zagreb index of its para-line transformed graph

is given in the coming Theorem.

Theorem 4.2.19. [74] Consider PL(G) symbolize the para-line transformed graph of

a simple graph G, then

Mα
1 (PL(G)) = ∑

v∈VG

[dG(v)]
α+1 (4.2.21)

where α is any real number.

In the coming result, a connection of general product-connectivity index (Rα) between

any graph and its para-line transformed graph is presented.

Theorem 4.2.20. [74] Consider a para-line transformed graph PL(G) of any simple

graph G, then

Rα(PL(G)) = Rα(G)+
1
2 ∑

v∈VG

[
(dG(v))

2α+1 (dG(v)−1)
]

(4.2.22)

where α is any real number.

By using this connection, one can formulate this index for the para-line transformed

graph PL(G) by using the Rα index of the parent graph G and parent graph degrees

without formulating this index directly for the para-line transformed graph PL(G). For

this reason, its redundant to compute Rα for the para-line transformed graph PL(G).

In the coming result, the bounds of third ABC index are presented depending upon some

indices based on degrees.
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Theorem 4.2.21. [63] Consider a para-line transformed graph PL(G) of any simple

graph G, then

1√
n2m−nM1(G)+M2(G)

≤ ABC3(G)≤ 1√
2

√
2nm2−mM1(G)−2m2. (4.2.23)

In the next result, a lower bound of Wiener index is presented in terms of first Zagreb

index for the connected graphs which are independent of 3- and 4-cycles.

Theorem 4.2.22. [100] For any connected (r,s)-graph G with girth greater than for,

we have

W (G)≥ 3r(r−1)
2

− 1
2

M1(G)− s. (4.2.24)

All the above stated results are used in obtaining certain new results of this Thesis.

The results (4.2.2)−(4.2.12) are used in deriving inequality relations between topo-

logical indices belonging to degree- and distance-based classes. The results (4.2.14)

and (4.2.15) are used in establishing a relation of Wiener index between a tree and its

para-line transformed graph. Then, a general expression of the Wiener index for the

para-line transformed of any tree are achieved by using the result (4.2.13). To obtain

the general expressions of some topological indices/coindices for the iterated para-line

transformed graph of any graph, the results (4.2.16)−(4.2.20) are used. Some lower

and upper bounds for certain distance-based topological indices are achieved by using

the results (4.2.1), (4.2.7) and (4.2.21)−(4.2.24).
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Chapter 5

Degree-based Topological Indices of

Nanostructures



5.1 Introduction

In this chapter, we formulate different topological indices belonging to degree-based

class such as ABC, ABC4, GA and GA5 indices of boron triangular nanotube, boron-α

nanotube, tri-hexagonal boron nanotube, tri-hexagonal boron nanotorus, and boron-α

nanotorus. In addition, we formulate different topological indices belonging to degree-

based class for the para-line transformed graphs of V -phenylenic Nanostructures.

5.2 Boron Nanostructures

For the last 20 years, various types of boron-containing nanomaterials such as boron

nanoclusters, boron nanowires, boron nanotubes, boron nanobelts, boron nanoribbons,

boron nanosheets, and boron fullerenes have been experimentally synthesized and iden-

tified. Boron nanomaterials have been considered as excellent materials for enhancing

the characteristics of optoelectronic nanodevices because of their broad elastic mod-

ulus, high-melting point, excessive conductivity, great emission uniformity, and low

turn-on field. These materials can carry excessive emission current, which recommends

that they may have great prospective applications in the field emission area [61]. Fur-

thermore, boron nanomaterials also have some better properties compared to carbon

nanomaterials such as excessive resistance to oxidation at high temperatures and great

chemical stability and are stable broad band-gap semiconductor [8, 68]. Due to these

properties, boron nanomaterials may have great applications at high temperatures or in

corrosive environments functioning as supercapacitors, solid lubricants, fuel cells, and

batteries [17]. Moreover, the extensive range of boron nanomaterials themselves could

be the building blocks for combining with other existing nanomaterials to design and

create materials with new properties. For this reason, the boron-nitrogen clusters have

been developed in [83], and boron-nitrogen cages have been computed in [82]. The

boron fullerenes are the cage molecules [72] which can serve as the building blocks for

fabrication of new hybrid nanostructures with novel properties. For the stability, me-

chanical and electronic properties of boron nanostructure materials, we refer to [73].

The boron triangular nanotube was constructed in 2004 [61] and acquired from a car-
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(a) (b) (c)

Figure 5.1: 3D perceptions of (a) boron triangular nanotube, (b) boron-α nanotube and
(c) tri-hexagonal boron nanotube.

bon hexagonal nanotube with the condition that the addition of an extra atom to the

center of each hexagon. Also, a special boron nanotube, called boron-α nanotube,

was constructed from a carbon hexagonal nanotube in 2008, with the condition that the

addition of an extra atom to the center of certain hexagon [63, 84]. It is reported in

[81, 98] that these nanotubes are significant materials for optical, electronic, chemical,

and bio-sensing applications. Wang et al. [92] predicted a new class of boron nan-

otubes which are are formed by removing some atoms from boron triangular nanotubes

and thus constructed from triangles and hexagons, called the Tri-Hexagonal boron nan-

otubes. These nanotubes are sparser than the other boron nanotubes and after relaxation

it remains flat and metallic independent of their chirality. The thermal stability and me-

chanical properties of boron nanotubes are important issues in nanodevice applications

and thus require intensive study. The 3D perceptions of boron triangular, boron-α and

tri-hexagonal boron nanotubes are presented in Figure 5.1.

5.3 Degree-based Indices of Boron Triangular Nanotube

In this part, we formulate different degree-based topological indices such as ABC, ABC4,

GA and GA5 indices of boron triangular nanotube.

We denote the molecular graph of boron triangular nanotubes by BT [m,n], where m
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and n symbolize number of rows and columns in a 2D sheet of BT [m,n] respectively

as shown in Figure 5.2. The order and size of BT [m,n] are 3mn/2 and 3n(3m− 2)/2

respectively.

Figure 5.2: A 2D sheet of boron triangular nanotube BT [m,n].

In the coming result, we formulate the “ABC, ABC4, GA, and GA5” indices for BT [m,n].

Theorem 5.3.1. Consider the boron triangular nanotube BT [m,n], where m≥ 3 and n

even, then

ABC (BT [m,n]) =
3
√

10
4

mn+
3
√

6
4

n−2
√

10n+2
√

3n,

GA(BT [m,n]) =
9
2

mn+
12
√

6
5

n−9n,

ABC4 (BT [m,n]) =

√
70
8

mn− 7
√

70
12

n+
3
√

62
32

n+
3
√

38
20

n+

√
33
4

n+
3
√

5
4

n,

GA5 (BT [m,n]) =
9
2

mn+
72
√

2
17

n+
24
√

10
13

n−15n.

Proof. Consider the boron triangular nanotube G = BT [m,n]. There are three partite

subsets of the edge set EG according to degree of end vertices, presented as

E4,4 = {pq ∈ EG | dG(p) = dG(q) = 4},

E4,6 = {pq ∈ EG | dG(p) = 4 and dG(q) = 6},
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(a) (b)

Figure 5.3: The edge partitions of BT [7,4] nanotube: corresponding to (a) degree of
end vertices and (b) degree sum of neighbor vertices.

E6,6 = {pq ∈ EG | dG(p) = dG(q) = 6}.

Therefore, we have |E4,4| = 3n, |E4,6| = 6n and |E6,6| = 3n(3m− 8)/2. The represen-

tative edges of these partite sets are presented in Figure 5.3 (a) in which blue, red, and

black edges correspond to E4,4, E4,6, and E6,6 respectively. The ABC and GA indices of

G are formulated as

ABC(G) = ∑
pq∈EG

√
dG(p)+dG(q)−2

dG(p) ·dG(q)

= ∑
pq∈E4,4

√
dG(p)+dG(q)−2

dG(p) ·dG(q)
+ ∑

pq∈E4,6

√
dG(p)+dG(q)−2

dG(p) ·dG(q)

+ ∑
pq∈E6,6

√
dG(p)+dG(q)−2

dG(p) ·dG(q)

= |E4,4| ·
√

4+4−2
4 ·4

+ |E4,6| ·
√

4+6−2
4 ·6

+ |E6,6| ·
√

6+6−2
6 ·6

=
3
√

10
4

mn+
3
√

6
4

n−2
√

10n+2
√

3n

and

GA(G) = ∑
pq∈EG

2
√

dG(p) ·dG(q)
dG(p)+dG(q)

= ∑
pq∈E4,4

2
√

dG(p) ·dG(q)
dG(p)+dG(q)

+ ∑
pq∈E4,6

2
√

dG(p) ·dG(q)
dG(p)+dG(q)
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+ ∑
pq∈E6,6

2
√

dG(p) ·dG(q)
dG(p)+dG(q)

= |E4,4| ·
2
√

4 ·4
4+4

+ |E4,6| ·
2
√

4 ·6
4+6

+ |E6,6| ·
2
√

6 ·6
6+6

=
9
2

mn+
12
√

6
5

n−9n.

Similarly, the edge partite subsets of EG according to degree sum of neighboring ver-

tices, expressed as

S20,20 = {pq ∈ EG | δG(p) = δG(q) = 20},

S20,32 = {pq ∈ EG | δG(p) = 20 and δG(q) = 32},

S32,32 = {pq ∈ EG | δG(p) = δG(q) = 32},

S32,36 = {pq ∈ EG | δG(p) = 32 and δG(q) = 36},

S36,36 = {pq ∈ EG | δG(p) = δG(q) = 36}.

Therefore we have |S20,20|= 3q, |S20,32|= 6q, |S32,32|= 3q, |S32,36|= 6q, and |S36,36|=

3q(3p− 14)/2. The representative edges of these partite sets are presented in Figure

5.3 (b) in which blue, red, yellow, green, and black edges belong to S20,20, S20,32, S32,32,

S32,36, and S36,36 respectively. The ABC4 and GA5 indices of G are computed as

ABC4(G) = ∑
pq∈EG

√
δG(p)+δG(q)−2

δG(p) ·δG(q)

= ∑
pq∈S20,20

√
δG(p)+δG(q)−2

δG(p) ·δG(q)
+ ∑

pq∈S20,32

√
δG(p)+δG(q)−2

δG(p) ·δG(q)

+ ∑
pq∈S32,32

√
δG(p)+δG(q)−2

δG(p) ·δG(q)
+ ∑

pq∈S32,36

√
δG(p)+δG(q)−2

δG(p) ·δG(q)

+ ∑
pq∈S36,36

√
δG(p)+δG(q)−2

δG(p) ·δG(q)

= |S20,20| ·
√

20+20−2
20 ·20

+ |S20,32| ·
√

20+20−2
20 ·32

+ |S32,32| ·
√

32+32−2
32 ·32

+|S32,36| ·
√

32+36−2
32 ·36

+ |S36,36| ·
√

36+36−2
36 ·36
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=

√
70
8

mn− 7
√

70
12

n+
3
√

62
32

n+
3
√

38
20

n+

√
33
4

n+
3
√

5
4

n

and

GA5(G) = ∑
pq∈EG

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

= ∑
pq∈S20,20

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S20,32

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S32,32

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S32,36

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S36,36

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

= |S20,20| ·
2
√

20 ·20
20+20

+ |S20,32| ·
2
√

20 ·32
20+32

+ |S32,32| ·
2
√

32 ·32
32+32

+|S32,36| ·
2
√

32 ·36
32+36

+ |S36,36| ·
2
√

36 ·36
36+36

=
9
2

mn+
72
√

2
17

n+
24
√

10
13

n−15n.

5.4 Degree-based Indices of Boron-α Nanotube

In this part, we achieve the expressions for the ABC, ABC4, GA and GA5 indices of

boron-α nanotubes.

We denote the molecular graph of boron-α nanotube by BA[m,n], where m symbol-

ize number of rows and n symbolize number of columns in a 2D sheet of BA[m,n] as

presented in Figure 5.4. We categorize BA[m,n] into two classes according to m. We

name these classes as BA(X)[m,n] and BA(Y )[m,n] for m≡ 2 mod 3 and m≡ 0 mod 3,

respectively. The order and size of BA(X)[m,n] and BA(Y )[m,n] are given in Table 5.1.

Table 5.1: The order and size of boron-α nanotubes.

Boron-α naotube order size
BA(X)[m,n] n(4m+1)/3 n(7m−2)/2
BA(Y )[m,n] 4mn/3 n(7m−4)/2
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Figure 5.4: A 2D sheet of boron-α nanotube BA[m,n].

In the coming result, we formulate the “ABC, ABC4, GA, and GA5” indices for BA(X)[m,n]

nanotube.

Theorem 5.4.1. For the boron-α nanotube BA(X)[m,n], we have

ABC (BA(X)[m,n]) =
3
√

2
5

mn+
6√
30

mn+
3
√

6
4

n+
4
√

7√
20

n+
2√
3

n− 8
√

2
5

n− 18√
30

n,

GA(BA(X)[m,n]) =
4
√

30
11

mn+
3
2

mn+
16
√

5
9

n+
8
√

6
10

n− 12
√

30
11

n−n,

ABC4 (BA(X)[m,n]) =

√
13
9

mn+

√
22
9

mn+
2
√

35
3
√

38
n+

√
10

3
√

3
n+

√
41
6

n+
3
√

5√
133

n

+
7

9
√

2
n+

5√
84

n+
6

19
n+

√
46

24
n+

√
53

3
√

21
n− 14

√
13

27
n− 5

√
22

9
n,

GA5 (BA(X)[m,n]) =
36
√

10
57

mn+
3
2

mn+
12
√

38
37

n+
8
√

3
7

n+
8
√

114
43

n+
8
√

133
47

n

+
24
√

2
17

n+
4
√

42
13

n+
24
√

21
55

n− 180
√

10
57

n−5n.
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Proof. Consider the boron-α nanotube H = BA(X)[m,n]. There are five partite subsets

of the edge set EH according to degree of end vertices, presented as

E4,4 = {pq ∈ EH | dH(p) = dH(q) = 4},

E4,5 = {pq ∈ EH | dH(p) = 4 and dH(q) = 5},

E4,6 = {pq ∈ EH | dH(p) = 4 and dH(q) = 6},

E5,5 = {pq ∈ EH | dH(p) = dH(q) = 5},

E5,6 = {pq ∈ EH | dH(p) = 5 and dH(q) = 6}.

Therefore, we have |E4,4| = 3n, |E4,5| = 4n, |E4,6| = 2n, |E5,5| = n(3m− 8)/2, and

|E5,6|= 2n(m−3). The representative edges of these partite sets are presented in Figure

5.5. The ABC and GA indices of H are formulated as

(4, 4)

(4, 5)

(4, 6)

(5, 5)

(5, 6)

Figure 5.5: The edge partitions of BA(X)[8,6] according to degree of end vertices.

ABC(H) = ∑
pq∈EH

√
dH(p)+dH(q)−2

dH(p) ·dH(q)

= ∑
pq∈E4,4

√
dH(p)+dH(q)−2

dH(p) ·dH(q)
+ ∑

pq∈E4,5

√
dH(p)+dH(q)−2

dH(p) ·dH(q)

+ ∑
pq∈E4,6

√
dH(p)+dH(q)−2

dH(p) ·dH(q)
+ ∑

pq∈E5,5

√
dH(p)+dH(q)−2

dH(p) ·dH(q)

+ ∑
pq∈E5,6

√
dH(p)+dH(q)−2

dH(p) ·dH(q)

49



= |E4,4| ·
√

4+4−2
4 ·4

+ |E4,5| ·
√

4+5−2
4 ·5

+ |E4,6| ·
√

4+6−2
4 ·6

+|E5,5| ·
√

5+5−2
5 ·5

+ |E5,6| ·
√

5+6−2
5 ·6

=
3
√

2
5

mn+
6√
30

mn+
3
√

6
4

n+
4
√

7√
20

n+
2√
3

n− 8
√

2
5

n− 18√
30

n

and

GA(H) = ∑
pq∈EH

2
√

dH(p) ·dH(q)
dH(p)+dH(q)

= ∑
pq∈E4,4

2
√

dH(p) ·dH(q)
dH(p)+dH(q)

+ ∑
pq∈E4,5

2
√

dH(p) ·dH(q)
dH(p)+dH(q)

+ ∑
pq∈E4,6

2
√

dH(p) ·dH(q)
dH(p)+dH(q)

+ ∑
pq∈E5,5

2
√

dH(p) ·dH(q)
dH(p)+dH(q)

+ ∑
pq∈E5,6

2
√

dH(p) ·dH(q)
dH(p)+dH(q)

= |E4,4| ·
2
√

4 ·4
4+4

+ |E4,5| ·
2
√

4 ·5
4+5

+ |E4,6| ·
2
√

4 ·6
4+6

+|E5,5| ·
2
√

5 ·5
5+5

+ |E5,6| ·
2
√

5 ·6
5+6

=
4
√

30
11

mn+
3
2

mn+
16
√

5
9

n+
8
√

6
10

n− 12
√

30
11

n−n.

Also, there are eleven edge partite subsets of EG according to degree sum of neighboring

vertices, expressed as

S18,19 = {pq ∈ EH | δH(p) = 18 and δH(q) = 19},

S18,24 = {pq ∈ EH | δH(p) = 18 and δH(q) = 24},

S19,19 = {pq ∈ EH | δH(p) = δH(q) = 19},

S19,24 = {pq ∈ EH | δH(p) = 19 and δH(q) = 24},

S19,28 = {pq ∈ EH | δH(p) = 19 and δH(q) = 28},

S24,24 = {pq ∈ EH | δH(p) = δH(q) = 24},

S24,27 = {pq ∈ EH | δH(p) = 24 and δH(q) = 27},

S24,28 = {pq ∈ EH | δH(p) = 24 and δH(q) = 28},
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S27,27 = {pq ∈ EH | δH(p) = δH(q) = 27},

S27,28 = {pq ∈ EH | δH(p) = 27 and δH(q) = 28},

S27,30 = {pq ∈ EH | δH(p) = 27 and δH(q) = 30}.

Therefore we have |S18,19| = 2n, |S18,24| = 2n, |S19,19| = n, |S19,24| = 2n, |S19,28| =

2n, |S24,24| = n, |S24,27| = 2n, |S24,28| = 2n, |S27,27| = n(3m−14)/2, |S27,28| = 2n and

|S27,30| = 2n(m− 5). The representative edges of these partite sets are presented in

Figure 5.6. The ABC4 and GA5 indices of H are computed as

(18,19)

(18,24)

(19,19)

(19,24)

(19,28)

(24,24)

(24,27)

(24,28)

(27,27)

(27,28)

(27,30)

Figure 5.6: The edge partitions of BA(X)[8,6] according to degree sum of neighboring
vertices.

ABC4(H) = ∑
pq∈EH

√
δH(p)+δH(q)−2

δH(p) ·δH(q)

= ∑
pq∈S18,19

√
δH(p)+δH(q)−2

δH(p) ·δH(q)
+ ∑

pq∈S18,24

√
δH(p)+δH(q)−2

δH(p) ·δH(q)

+ ∑
pq∈S19,19

√
δH(p)+δH(q)−2

δH(p) ·δH(q)
+ ∑

pq∈S19,24

√
δH(p)+δH(q)−2

δH(p) ·δH(q)

+ ∑
pq∈S19,28

√
δH(p)+δH(q)−2

δH(p) ·δH(q)
+ ∑

pq∈S24,24

√
δH(p)+δH(q)−2

δH(p) ·δH(q)

+ ∑
pq∈S24,27

√
δH(p)+δH(q)−2

δH(p) ·δH(q)
+ ∑

pq∈S24,28

√
δH(p)+δH(q)−2

δH(p) ·δH(q)
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+ ∑
pq∈S27,27

√
δH(p)+δH(q)−2

δH(p) ·δH(q)
+ ∑

pq∈S27,28

√
δH(p)+δH(q)−2

δH(p) ·δH(q)

+ ∑
pq∈S27,30

√
δH(p)+δH(q)−2

δH(p) ·δH(q)

= |S18,19| ·
√

18+19−2
18 ·19

+ |S18,24| ·
√

18+24−2
18 ·24

+ |S19,19| ·
√

19+19−2
19 ·19

+|S19,24| ·
√

19+24−2
19 ·24

+ |S19,28| ·
√

19+28−2
19 ·28

+ |S24,24| ·
√

24+24−2
24 ·24

+|S24,27| ·
√

24+27−2
24 ·27

+ |S24,28| ·
√

24+28−2
24 ·28

+ |S27,27| ·
√

27+27−2
27 ·27

,

+|S27,28| ·
√

27+28−2
27 ·28

+ |S27,30| ·
√

27+30−2
27 ·30

=

√
13
9

mn+

√
22
9

mn+
2
√

35
3
√

38
n+

√
10

3
√

3
n+

√
41
6

n+
3
√

5√
133

n+
7

9
√

2
n+

5√
84

n

+
6
19

n+

√
46

24
n+

√
53

3
√

21
n− 14

√
13

27
n− 5

√
22

9
n

and

GA5(H) = ∑
pq∈EH

2
√

δH(p) ·δH(q)
δH(p)+δH(q)

= ∑
pq∈S18,19

2
√

δH(p) ·δH(q)
δH(p)+δH(q)

+ ∑
pq∈S18,24

2
√

δH(p) ·δH(q)
δH(p)+δH(q)

+ ∑
pq∈S19,19

2
√

δH(p) ·δH(q)
δH(p)+δH(q)

+ ∑
pq∈S19,24

2
√

δH(p) ·δH(q)
δH(p)+δH(q)

+ ∑
pq∈S19,28

2
√

δH(p) ·δH(q)
δH(p)+δH(q)

+ ∑
pq∈S24,24

2
√

δH(p) ·δH(q)
δH(p)+δH(q)

+ ∑
pq∈S24,27

2
√

δH(p) ·δH(q)
δH(p)+δH(q)

+ ∑
pq∈S24,28

2
√

δH(p) ·δH(q)
δH(p)+δH(q)

+ ∑
pq∈S27,27

2
√

δH(p) ·δH(q)
δH(p)+δH(q)

+ ∑
pq∈S27,28

2
√

δH(p) ·δH(q)
δH(p)+δH(q)

+ ∑
pq∈S27,30

2
√

δH(p) ·δH(q)
δH(p)+δH(q)

= |S18,19| ·
2
√

18 ·19
18+19

+ |S18,24| ·
2
√

18 ·24
18+24

+ |S19,19| ·
2
√

19 ·19
19+19

+|S19,24| ·
2
√

19 ·24
19+24

+ |S19,28| ·
2
√

19 ·28
19+28

+ |S24,24| ·
2
√

24 ·24
24+24
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+|S24,27| ·
2
√

24 ·27
24+27

+ |S24,28| ·
2
√

24 ·28
24+28

+ |S27,27| ·
2
√

27 ·27
27+27

+|S27,28| ·
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√

27 ·28
27+28

+ |S27,30| ·
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√

27 ·30
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=
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√
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10
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n−5n.

For BA(Y )[m,n] nanotube, ABC, ABC4, GA and GA5 indices are formulated in Theorem

5.4.2.

Theorem 5.4.2. Consider the boron-α nanotube BA(Y )[m,n], then

ABC (BA(Y )[m,n]) =
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√
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√
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GA5 (BA(Y )[m,n]) =
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Proof. Consider the boron-α nanotube K = BA(Y )[m,n]. From Figure 5.7, we can see

that there are eight partite subsets of EK according to degree of end vertices, presented
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(3,3)

(3,5)

(3,6)

(4,4)

(4,5)

(4,6)

(5,5)

(5,6)

Figure 5.7: The edge partitions of BA(Y )[9,6] according to degree of end vertices.

as

E3,3 = {pq ∈ EK | dK(p) = dK(q) = 3},

E3,5 = {pq ∈ EK | dK(p) = 3 and dK(q) = 5},

E3,6 = {pq ∈ EK | dK(p) = 3 and dK(q) = 6},

E4,4 = {pq ∈ EK | dK(p) = dK(q) = 4},

E4,5 = {pq ∈ EK | dK(p) = 4 and dK(q) = 5},

E4,6 = {pq ∈ EK | dK(p) = 4 and dK(q) = 6},

E5,5 = {pq ∈ EK | dK(p) = dK(q) = 5},

E5,6 = {pq ∈ EK | dK(p) = 5 and dK(q) = 6}.

Therefore, we have |E3,3| = n/2, |E3,5| = n, |E3,6| = n, |E4,4| = 3n/2, |E4,5| = 2n,

|E4,6| = n, |E5,5| = n(3m− 8)/2, and |E5,6| = n(2m− 5). The ABC and GA indices of

K are computed as

ABC(K) = ∑
pq∈EK

√
dK(p)+dK(q)−2

dK(p) ·dK(q)

= ∑
pq∈E3,3

√
dK(p)+dK(q)−2

dK(p) ·dK(q)
+ ∑

pq∈E3,5

√
dK(p)+dK(q)−2

dK(p) ·dK(q)
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+ ∑
pq∈E3,6

√
dK(p)+dK(q)−2

dK(p) ·dK(q)
+ ∑

pq∈E4,4

√
dK(p)+dK(q)−2

dK(p) ·dK(q)

+ ∑
pq∈E4,5
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dK(p)+dK(q)−2

dK(p) ·dK(q)
+ ∑
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√
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√
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3 ·5
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√
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√
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√
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GA(K) = ∑
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= ∑
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2
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+ ∑
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2
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+ ∑
pq∈E3,6

2
√

dK(p) ·dK(q)
dK(p)+dK(q)

+ ∑
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+ ∑
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+ ∑
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+ ∑
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+ ∑
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Similarly, there are nineteen edge partite subsets of EK according to degree sum of
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neighboring vertices, expressed as

S14,14 = {pq ∈ EK | δK(p) = δK(q) = 14},

S14,25 = {pq ∈ EK | δK(p) = 14 and δK(q) = 25},

S14,26 = {pq ∈ EK | δK(p) = 14 and δK(q) = 26},

S18,19 = {pq ∈ EK | δK(p) = 18 and δK(q) = 19},

S18,24 = {pq ∈ EK | δK(p) = 18 and δK(q) = 24},

S19,19 = {pq ∈ EK | δK(p) = δK(q) = 19},

S19,24 = {pq ∈ EK | δK(p) = 19 and δK(q) = 24},

S19,28 = {pq ∈ EK | δK(p) = 19 and δK(q) = 28},

S24,24 = {pq ∈ EK | δK(p) = δK(q) = 24},

S24,27 = {pq ∈ EK | δK(p) = 24 and δK(q) = 27},

S24,28 = {pq ∈ EK | δK(p) = 24 and δK(q) = 28},

S25,25 = {pq ∈ EK | δK(p) = δK(q) = 25},

S25,26 = {pq ∈ EK | δK(p) = 25 and δK(q) = 26},

S25,27 = {pq ∈ EK | δK(p) = 25 and δK(q) = 27},

S25,30 = {pq ∈ EK | δK(p) = 25 and δK(q) = 30},

S26,27 = {pq ∈ EK | δK(p) = 26 and δK(q) = 27},

S27,27 = {pq ∈ EK | δK(p) = δK(q) = 27},

S27,28 = {pq ∈ EK | δK(p) = 27 and δK(q) = 28},

S27,30 = {pq ∈ EK | δK(p) = 27 and δK(q) = 30}.

Therefore, we have |S14,14| = n/2, |S14,25| = n, |S14,26| = n, |S18,19| = n, |S18,24| = n,

|S19,19| = n/2, |S19,24| = n, |S19,28| = n, |S24,24| = n/2, |S24,27| = n and |S24,28| = n,

|S25,25| = n/2, |S25,26| = n, |S25,27| = n, |S25,30| = n, |S26,27| = n, |S27,27| = n(3m−

14)/2, |S27,28| = n and |S27,30| = 2n(m− 5). The representative edges of these partite

sets corresponding to certain colors are presented in Figure 5.8. The ABC4 and GA5

indices of K are computed as
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(14, 14)

(14, 25)

(14, 26)

(18, 19)

(18, 24)

(19, 19)

(19, 24)

(19, 28)

(24, 24)

(24, 27)

(24, 28)

(25, 25)

(25, 26)

(25, 27)

(26, 27)

(25, 30)

(27, 27)

(27, 28)

(27, 30)

Figure 5.8: The edge partitions of BA(X)[9,6] according to degree sum of neighboring
vertices.

ABC4(K) = ∑
pq∈EK

√
δK(p)+δK(q)−2

δK(p) ·δK(q)

= ∑
pq∈S14,14

√
δK(p)+δK(q)−2

δK(p) ·δK(q)
+ ∑

pq∈S14,25

√
δK(p)+δK(q)−2

δK(p) ·δK(q)

+ ∑
pq∈S14,26

√
δK(p)+δK(q)−2

δK(p) ·δK(q)
+ ∑

pq∈S18,19

√
δK(p)+δK(q)−2

δK(p) ·δK(q)

+ ∑
pq∈S18,24

√
δK(p)+δK(q)−2

δK(p) ·δK(q)
+ ∑

pq∈S19,19

√
δK(p)+δK(q)−2

δK(p) ·δK(q)

+ ∑
pq∈S19,24

√
δK(p)+δK(q)−2

δK(p) ·δK(q)
+ ∑

pq∈S19,28

√
δK(p)+δK(q)−2

δK(p) ·δK(q)

+ ∑
pq∈S24,24

√
δK(p)+δK(q)−2

δK(p) ·δK(q)
+ ∑

pq∈S24,27

√
δK(p)+δK(q)−2

δK(p) ·δK(q)

+ ∑
pq∈S24,28

√
δK(p)+δK(q)−2

δK(p) ·δK(q)
+ ∑

pq∈S25,25

√
δK(p)+δK(q)−2

δK(p) ·δK(q)

+ ∑
pq∈S25,26

√
δK(p)+δK(q)−2

δK(p) ·δK(q)
+ ∑

pq∈S25,27

√
δK(p)+δK(q)−2

δK(p) ·δK(q)

+ ∑
pq∈S25,30

√
δK(p)+δK(q)−2

δK(p) ·δK(q)
+ ∑

pq∈S26,27

√
δK(p)+δK(q)−2

δK(p) ·δK(q)

+ ∑
pq∈S27,27

√
δK(p)+δK(q)−2

δK(p) ·δK(q)
+ ∑

pq∈S27,28

√
δK(p)+δK(q)−2

δK(p) ·δK(q)
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+ ∑
pq∈S27,30

√
δK(p)+δK(q)−2

δK(p) ·δK(q)

= |S14,14|
√

14+14−2
14 ·14

+ |S14,25|
√

14+25−2
14 ·25

+ |S14,26|
√

14+26−2
14 ·26

+|S18,19|
√

18+19−2
18 ·19

+ |S18,24|
√

18+24−2
18 ·24

+ |S19,19|
√

19+19−2
19 ·19

+|S19,24|
√

19+24−2
19 ·24

+ |S19,28|
√

19+28−2
19 ·28

+ |S24,24|
√

24+24−2
24 ·24

+|S24,27|
√

24+27−2
24 ·27

+ |S24,28|
√

24+28−2
24 ·28

+ |S25,25|
√

25+25−2
25 ·25

+|S25,26|
√

25+26−2
25 ·26

+ |S25,27|
√

25+27−2
25 ·27

+ |S25,30|
√

25+30−2
25 ·30

+|S26,27|
√

26+27−2
26 ·27

+ |S27,27|
√

27+27−2
27 ·27

+ |S27,28|
√

27+28−2
27 ·28

+|S27,30|
√

27+30−2
27 ·30

=

√
13
9

mn+
2
√

5
9

mn+

√
26

28
n+

√
37

5
√

14
n+

√
38

2
√

91
n+

√
35

3
√

38
n+

√
10

6
√

3
n+

3
19

n

+

√
41

2
√

114
n+

3
√

5
2
√

133
n+

√
46

48
n+

7
18
√

2
n+

5
4
√

21
n+

2
√

3
25

n+
7

5
√

26
n

+

√
2

3
√

3
n+

√
53

5
√

30
n+

√
17

3
√

26
n+

√
53

6
√

21
n− 14

√
13

27
n− 10

√
5

9
n

and

GA5(K) = ∑
pq∈EK

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

= ∑
pq∈S14,14

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S14,25

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S14,26

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S18,19

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S18,24

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S19,19

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S19,24

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S19,28

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S24,24

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S24,27

2
√

δK(p) ·δK(q)
δK(p)+δK(q)
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+ ∑
pq∈S24,28

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S25,25

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S25,26

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S25,27

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S25,30

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S26,27

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S27,27

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S27,28

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S27,30

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

= |S14,14|
2
√

14 ·14
14+14

+ |S14,25|
2
√

14 ·25
14+25

+ |S14,26|
2
√

14 ·26
14+26

+|S18,19|
2
√

18 ·19
18+19

+ |S18,24|
2
√

18 ·24
18+24

+ |S19,19|
2
√

19 ·19
19+19

+|S19,24|
2
√

19 ·24
19+24

+ |S19,28|
2
√

19 ·28
19+28

+ |S24,24|
2
√

24 ·24
24+24

+|S24,27|
2
√

24 ·27
24+27

+ |S24,28|
2
√

24 ·28
24+28

+ |S25,25|
2
√

25 ·25
25+25

+|S25,26|
2
√

25 ·26
25+26

+ |S25,27|
2
√

25 ·27
25+27

+ |S25,30|
2
√

25 ·30
25+30

+|S26,27|
2
√

26 ·27
26+27

+ |S27,27|
2
√

27 ·27
27+27

+ |S27,28|
2
√

27 ·28
27+28

+|S27,30|
2
√

27 ·30
27+30

=
12
√

10
19

mn+
3
2

mn+
10
√

14
39

n+

√
91

10
n+

6
√

38
37

n+
4
√

3
7

n+
4
√

114
43

n

+
4
√

133
47

n+
12
√

2
17

n+
2
√

42
13

n+
10
√

26
51

n+
15
√

3
26

n+
2
√

30
11

n

+
6
√

78
53

n+
12
√

21
55

n− 60
√

10
19

n−5n.
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5.5 Degree-based Indices of Tri-hexagonal Boron Nan-

otube

In this part, we formulate ABC, ABC4, GA and GA5 indices for the tri-hexagonal boron

nanotube.

We represent the molecular graph of tri-hexagonal nanotube by C3C6(H)[p,q] where p

symbolize number of hexagons in one column and q symbolize number of hexagons

in one row in two-dimensional sheet of C3C6(H)[p,q] as presented in Figure 5.9. This

molecular graph has 8pq vertices and q(18p− 1) edges. In the coming Theorem, we

formulate the “ABC, ABC4, GA and GA5” indices of tri-hexagonal boron nanotube.

. . . .1 2 3 q - 1 q

p

. . . .2

. . . .

. .
 . 

.

. .
 . 

.

. .
 . 

.

. .
 . 

.

. .
 . 

.

Figure 5.9: A 2D sheet of tri-hexagonal boron nanotube C3C6(H)[p,q].

Theorem 5.5.1. Consider the Tri-Hexagonal boron nanotube C3C6(H)[p,q], then

ABC (C3C6(H)[p,q]) =

(
5
√

30+60
√

7+16
√

10
10
√

5

)
pq+

(
24
√

2−
√

30−12
√

7
4
√

5

)
q,

GA(C3C6(H)[p,q]) =

(
16
√

5+18
3

)
pq+

(
9
√

15−16
√

5−6
6

)
q,
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ABC4 (C3C6(H)[p,q]) =

(
12
√

39√
418

+
2
√

42
11

+
12
19

)
pq+

(
2
√

34
3
√

35
+

2
√

37√
95

)
q

+

(
2
√

11
5
− 12

√
39√

418
− 2
√

42
11
− 6

19
+

4
√

38√
399

+
2
√

13√
35

)
q,

GA5(C3C6(H)[p,q]) =

(
24
√

418
41

+6

)
pq+

(
16
√

3
7

+

√
35
3

)
q

+

(
8
√

95
39

+
8
√

399
40

+
16
√

105
41

− 24
√

418
41

−5

)
q.

Proof. Consider the Tri-Hexagonal boron nanotube G =C3C6(H)[p,q]. There are four

partitions of edge set according to degree of end vertices, presented as

E3,5 = {pq ∈ EG | dG(p) = 3 and dG(q) = 5},

E4,4 = {pq ∈ EG | dG(p) = dG(q) = 4},

E4,5 = {pq ∈ EG | dG(p) = 4 and dG(q) = 5},

E5,5 = {pq ∈ EG | dG(p) = dG(q) = 5}.

The representative edges of these partite sets are presented in Figure 5.10 in which red,

green, black, and blue edges belong to E3,5, E4,4, E4,5, and E5,5 respectively. Therefore,

Figure 5.10: The edge partitions of C3C6(H)[p,q] according to degree of end vertices.

we have |E3,5|= 6q, |E4,4|= q(2p−1), |E4,5|= 6q(2p−1), and |E5,5|= 4pq. The ABC
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and GA indices of G are formulated as

ABC(G) = ∑
pq∈EG

√
dG(p)+dG(q)−2

dG(p) ·dG(q)

= ∑
pq∈E3,5

√
dG(p)+dG(q)−2

dG(p) ·dG(q)
+ ∑

pq∈E4,4

√
dG(p)+dG(q)−2

dG(p) ·dG(q)

+ ∑
pq∈E4,5

√
dG(p)+dG(q)−2

dG(p) ·dG(q)
+ ∑

pq∈E5,5

√
dG(p)+dG(q)−2

dG(p) ·dG(q)

= |E3,5| ·
√

3+5−2
3 ·5

+ |E4,4| ·
√

4+4−2
4 ·4

+ |E4,5| ·
√

4+5−2
4 ·5

+|E5,5| ·
√

5+5−2
5 ·5

=

(
5
√

30+60
√

7+16
√

10
10
√

5

)
pq+

(
24
√

2−
√

30−12
√

7
4
√

5

)
q

and

GA(G) = ∑
pq∈E(G)

2
√

dG(p) ·dG(q)
dG(p)+dG(q)

= ∑
pq∈E3,5

2
√

dG(p) ·dG(q)
dG(p)+dG(q)

+ ∑
pq∈E4,4

2
√

dG(p) ·dG(q)
dG(p)+dG(q)

+ ∑
pq∈E4,5

2
√

dG(p) ·dG(q)
dG(p)+dG(q)

+ ∑
pq∈E5,5

2
√

dG(p) ·dG(q)
dG(p)+dG(q)

= |E3,5| ·
2
√

3 ·5
3+5

+ |E4,4| ·
2
√

4 ·4
4+4

+ |E4,5| ·
2
√

4 ·5
4+5

+ |E5,5| ·
2
√

5 ·5
5+5

=

(
16
√

5+18
3

)
pq+

(
9
√

15−16
√

5−6
6

)
q.

Also, there are eight partitions of the edge set according to degree sum of neighboring

vertices, presented as

S15,20 = {pq ∈ EG | δG(p) = 15 and δG(q) = 20},

S15,21 = {pq ∈ EG | δG(p) = 15 and δG(q) = 21},

S19,19 = {pq ∈ E(G) | δG(p) = δG(q) = 19},

S19,20 = {pq ∈ EG | δG(p) = 19 and δG(q) = 20},
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S19,21 = {pq ∈ EG | δG(p) = 19 and δG(q) = 21},

S19,22 = {pq ∈ EG | δG(p) = 19 and δG(q) = 22},

S20,21 = {pq ∈ EG | δG(p) = 20 and δG(q) = 21},

S22,22 = {pq ∈ EG | δG(p) = δG(q) = 22}.

The representative edges of these partite sets are presented in Figure 5.11 in which red,

sky blue, green, purple, pink, black, yellow, and blue edges belong to S15,20, S15,21,

S19,19, S19,20, S19,21, S19,22, S20,21, and S22,22 respectively.

Therefore, we have |S15,20| = 4q, |S15,21| = 2q, |S19,19| = q(2p− 1), |S19,20| = 2q,

Figure 5.11: The edge partitions of C3C6(H)[p,q] according to degree sum of neighbor
vertices.

|S19,21| = 4q, |S19,22| = 12q(p− 1), |S20,21| = 4q, and |S22,22| = 4q(p− 1). In the fol-

lowing, ABC4 and GA5 indices of G are formulated as

ABC4(G) = ∑
pq∈E(G)

√
δG(p)+δG(q)−2

δG(p) ·δG(q)

= ∑
pq∈S15,20

√
δG(p)+δG(q)−2

δG(p)δG(q)
+ ∑

pq∈S15,21

√
δG(p)+δG(q)−2

δG(p) ·δG(q)

+ ∑
pq∈S19,19

√
δG(p)+δG(q)−2

δG(p) ·δG(q)
+ ∑

pq∈S19,20

√
δG(p)+δG(q)−2

δG(p) ·δG(q)
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+ ∑
pq∈S19,21

√
δG(p)+δG(q)−2

δG(p) ·δG(q)
+ ∑

pq∈S19,22

√
δG(p)+δG(q)−2

δG(p) ·δG(q)

+ ∑
pq∈S20,21

√
δG(p)+δG(q)−2

δG(p) ·δG(q)
+ ∑

pq∈S22,22

√
δG(p)+δG(q)−2

δG(p) ·δG(q)

= |S15,20|
√

15+20−2
15×20

+ |S15,21|
√

15+21−2
15×21

+ |S19,19|
√

19+19−2
19×19

+|S19,20|
√

19+20−2
19×20

+ |S19,21|
√

19+21−2
19×21

+ |S19,22|
√

19+22−2
19×22

+|S20,21|
√

20+21−2
20×21

+ |S22,22|
√

22+22−2
22×22

=

(
12
√

39√
418

+
2
√

42
11

+
12
19

)
pq+

(
2
√

34
3
√

35
+

2
√

37√
95

)
q

+

(
2
√

11
5
− 12

√
39√

418
− 2
√

42
11
− 6

19
+

4
√

38√
399

+
2
√

13√
35

)
q.

and

GA5(G) = ∑
pq∈E(G)

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

= ∑
pq∈S15,20

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S15,21

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S19,19

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S19,20

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S19,21

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S19,22

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S21,22

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S22,22

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

= |S15,20|
2
√

15 ·20
15+20

+ |S15,21|
2
√

15 ·21
15+21

+ |S19,19|
2
√

19 ·19
19+19

+|S19,20|
2
√

19 ·20
19+20

+ |S19,21|
2
√

19 ·21
19+21

+ |S19,22|
2
√

19 ·22
19+22

+|S20,21|
2
√

20 ·21
20+21

+ |S22,22|
2
√

22 ·22
22+22
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=

(
24
√

418
41

+6

)
pq+

(
16
√

3
7

+

√
35
3

)
q

+

(
8
√

95
39

+
8
√

399
40

+
16
√

105
41

− 24
√

418
41

−5

)
q.

5.6 Degree-based Indices of Certain Boron Nanotori

The 3D nanostructure materials hold a remarkable morphology compared to 1D or 2D

which are thought to produce a vast surface area and to promote the operation of reac-

tants and products comprehensively, so that electrochemical capability can be tremen-

dously enhanced [85]. In this part, we formulate ABC, ABC4, GA and GA5 indices for

tri-hexagonal boron and boron-α nanotori.

We denote the molecular graph of tri-hexagonal boron nanotorus by T HBC3C6[p,q],

where p and q symbolize number of hexagons in a row and column respectively of the

2D graph of T HBC3C6[p,q] as presented in Figure 5.12. It is easy to observe that order

of T HBC3C6[p,q] is 8pq whereas its size is 18pq. In the coming Theorem, we obtain

Figure 5.12: A 2D molecular graph of tri-hexagonal boron nanotorus T HBC3C6[p,q].

the expressions of ABC ABC4, GA, and GA5 indices of tri-hexagonal nanotorus.
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Theorem 5.6.1. Consider the Tri-Hexagonal boron nanotorus T HBC3C6(S)[p,q], then

ABC (T HBC3C6[p,q]) =

(√
6

2
+

6
√

7√
5
+

8
√

2
5

)
pq,

GA(T HBC3C6[p,q]) =

(
6+

16
√

5
3

)
pq,

ABC4 (T HBC3C6[p,q]) =

(
12
19

+
12
√

39√
418

+
2
√

42
11

)
pq,

GA5 (T HBC3C6[p,q]) =

(
6+

24
√

418
41

)
pq.

Proof. Consider the Tri-Hexagonal boron nanotorus G = T HBC3C6[p,q]. There are

three partite subsets of edge set EG according to degree of end vertices, presented as

E4,4 = {pq ∈ EG | dG(p) = dG(q) = 4},

E4,5 = {pq ∈ EG | dG(p) = 4 and dG(q) = 5},

E5,5 = {pq ∈ EG | dG(p) = dG(q) = 5}.

The representative edges of the partite sets E4,4, E4,5, and E5,5 are assigned the colors

green, black, and red respectively as shown in Figure 5.12. The cardinality of each

partite set is given in Table 5.2. From Table 5.2, the ABC and GA indices of G are

formulated as

Table 5.2: The cardinalities of partite subsets of EG according to degree of end vertices.

Ep,q |Ep,q| Color
E4,4 2pq Green
E4,5 12pq Black
E5,5 4pq Red

ABC(G) = ∑
pq∈E(G)

√
dG(p)+dG(q)−2

dG(p) ·dG(q)

= ∑
pq∈E4,4

√
dG(p)+dG(q)−2

dG(p) ·dG(q)
+ ∑

pq∈E4,5

√
dG(p)+dG(q)−2

dG(p) ·dG(q)
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+ ∑
pq∈E5,5

√
dG(p)+dG(q)−2

dG(p) ·dG(q)

= |E4,4| ·
√

4+4−2
4 ·4

+ |E4,5| ·
√

4+5−2
4 ·5

+ |E5,5| ·
√

5+5−2
5 ·5

=

(√
6

2
+

6
√

7√
5
+

8
√

2
5

)
pq

and

GA(G) = ∑
pq∈EG

2
√

dG(p) ·dG(q)
dG(p)+dG(q)

= ∑
pq∈E4,4

2
√

dG(p) ·dG(q)
dG(p)+dG(q)

+ ∑
pq∈E4,5

2
√

dG(p) ·dG(q)
dG(p)+dG(q)

+ ∑
pq∈E5,5

2
√

dG(p) ·dG(q)
dG(p)+dG(q)

= |E4,4| ·
2
√

4 ·4
4+4

+ |E4,5| ·
2
√

4 ·5
4+5

+ |E5,5| ·
2
√

5 ·5
5+5

=

(
6+

16
√

5
3

)
pq.

Also, there are three partite subsets EG according to degree sum of neighbor vertices,

presented as

S19,19 = {pq ∈ E(G) | δG(p) = δG(q) = 19},

S19,22 = {pq ∈ E(G) | δG(p) = 19 and δG(q) = 22},

S22,22 = {pq ∈ E(G) | δG(p) = δG(q) = 22}.

The representative edges of the partite sets S19,19, S19,22, and S22,22 corresponding to

the colors green, black, and red edges respectively are presented in Figure 5.12. The

cardinalities of all these partite sets are given in Table 5.3. From this Table, the ABC4

and GA5 indices of G are formulated as

“ABC4(G) = ∑
pq∈E(G)

√
δG(p)+δG(q)−2

δG(p) ·δG(q)
”
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Table 5.3: The cardinalities of partite subsets of EG according to degree sum of neighbor
vertices.

Sp,q |Sp,q| Color
S19,19 2pq Green
S19,22 12pq Black
S22,22 4pq Red

= ∑
pq∈S19,19

√
δG(p)+δG(q)−2

δG(p) ·δG(q)
+ ∑

pq∈S19,22

√
δG(p)+δG(q)−2

δG(p) ·δG(q)

+ ∑
pq∈S22,22

√
δG(p)+δG(q)−2

δG(p) ·δG(q)

= |S19,19| ·
√

19+19−2
19 ·19

+ |S19,22| ·
√

19+22−2
19 ·22

+ |S22,22| ·
√

22+22−2
22 ·22

=

(
12
19

+
12
√

39√
418

+
2
√

42
11

)
pq

and

GA5(G) = ∑
pq∈EG

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

= ∑
pq∈S19,19

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S19,22

2
√

δG(p) ·δG(q)
δG(p)+δG(q)

+ ∑
pq∈S19,22

2
√

δG(p)δG(q)
δG(p)+δG(q)

= |S19,19| ·
2
√

19 ·19
19+19

+ |S19,22| ·
2
√

19 ·22
19+22

+ |S22,22| ·
2
√

22 ·22
22+22

=

(
6+

24
√

418
41

)
pq.

We denote the molecular graph of boron-α nanotorus by T HBAC3C6[p,q], where p =

6m denotes the number of rows and q = 2n denotes the number of columns in the 2D

sheet of T HBAC3C6[p,q] as presented in Figure 5.13. It is easy to observe that the

order of T HBAC3C6[p,q] is 4pq/3 whereas its size is 7pq/2. In the coming result, we

formulate the“ABC, ABC4, GA and GA5”indices of boron-α nanotorus.
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Figure 5.13: A 2D molecular graph of boron-α nanotorus T HBAC3C6[p,q].

Theorem 5.6.2. Consider the Tri-Hexagonal boron-α nanotorus T HBAC3C6[p,q], then

ABC (T HBAC3C6[p,q]) =

(
3
√

2+
√

30
5

)
pq,

GA(T HBAC3C6[p,q]) =

(
4
√

30
11

+
3
2

)
pq,

ABC4 (T HBAC3C6[p,q]) =

(√
13+

√
22

9

)
pq,

GA5 (T HBAC3C6[p,q]) =

(
36
√

10
57

+
3
2

)
pq.

Proof. Consider the boron-α nanotorus K = T HBAC3C6[p,q]. There are two disjoint

partite subsets of EK according to degree of end vertices, presented as

E5,5 = {uv ∈ EK | dK(u) = dK(v) = 5},

E5,6 = {uv ∈ EK | dG(u) = 5 and dG(v) = 6}.

The representative edges of the partite subsets E5,5 and E5,6 corresponding to the colors

red and black respectively as presented in Figure 5.13. The cardinalities of these partite
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sets are given in Table 5.4. By using this Table, ABC and GA indices of K are formulated

as

Table 5.4: The cardinalities of partite subsets of EG according to degree of end vertices.

Ep,q |Ep,q| Color
E5,5 3pq/2 Red
E5,6 2pq Black

ABC(K) = ∑
pq∈EK

√
dK(p)+dK(q)−2

dK(p) ·dK(q)

= ∑
pq∈E5,5

√
dK(p)+dK(q)−2

dK(p) ·dK(q)
+ ∑

pq∈E5,6

√
dK(p)+dK(q)−2

dK(p) ·dK(q)

= |E5,5| ·
√

5+5−2
5 ·5

+ |E5,6| ·
√

5+6−2
5 ·6

=

(
3
√

2+
√

30
5

)
pq

and

GA(K) = ∑
pq∈EK

2
√

dK(p) ·dK(q)
dK(p)+dK(q)

= ∑
pq∈E5,5

2
√

dK(p) ·dK(q)
dK(p)+dK(q)

+ ∑
pq∈E5,6

2
√

dK(p) ·dK(q)
dK(p)+dK(q)

= |E5,5| ·
2
√

5 ·5
5+5

+ |E5,6| ·
2
√

5 ·6
5+6

=

(
4
√

30
11

+
3
2

)
pq.

Also, there are three partite subsets of EK according to degree sum of neighbor vertices,

presented as

S27,27 = {uv ∈ EK | dG(u) = dG(v) = 27},

S27,30 = {uv ∈ EK | dG(u) = 27 and dG(v) = 30}.

The representative edges of the partite subsets S27,27 and S27,30 corresponding to red and

black colors respectively as presented in Figure 5.13. The cardinalities of these partite
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sets are given in Table 5.5. From this Table, the ABC4 and GA5 indices are formulated

as

Table 5.5: The cardinalities of partite sets according to degree sum of neighbor vertices.

Sp,q |Sp,q| Color
S27,27 3pq/2 Red
S27,30 2pq Black

ABC4(K) = ∑
pq∈EK

√
δG(p)+δG(q)−2

δG(p) ·δG(q)

= ∑
pq∈S27,27

√
δG(p)+δG(q)−2

δG(p) ·δG(q)
+ ∑

pq∈S27,30

√
δG(p)+δG(q)−2

δG(p) ·δG(q)

= |S27,27| ·
√

27+27−2
27 ·27

+ |S27,30| ·
√

27+30−2
27 ·30

=

(√
13+

√
22

9

)
pq

and

GA5(K) = ∑
pq∈EK

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

= ∑
pq∈S27,27

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

+ ∑
pq∈S27,30

2
√

δK(p) ·δK(q)
δK(p)+δK(q)

= |S27,27| ·
2
√

27 ·27
27+27

+ |S27,30| ·
2
√

27 ·30
27+30

=

(
36
√

10
57

+
3
2

)
pq.

5.7 Degree-based Indices of Para-line Transformed Graphs

of V -phenylenic Nanostructures

In this section, we formulate the general Randić connectivity, first general Zagreb, gen-

eral sum-connectivity, ABC, GA, ABC4 and GA5 indices for the para-line transformed
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graphs of certain V -Phenylenic nanostructures.

Let TUC4C6C8[m,n] represents the V -phenylenic nanostructures where m denotes the

number of hexagons in a row and n denotes the number of rows of hexagons in V -

Phenylenic 2D-lattice, V -Phenylenic nanotube and nanotorus as presented respectively

in Figure 3 (a), (b) and (c). The order and size of these nanostructures are given in

Table 5.6.

(a) (b) (c)

Figure 5.14: (a) A 2D-lattice TUC4C6C8[3,3]. (b) A TUC4C6C8[3,3] nanotube. (c) A
TUC4C6C8[3,3] nanotorus.

Table 5.6: The order and size of V -phenylenic nanostructures.

Graph Order Size
2D-lattice TUC4C6C8[m,n] 6mn 9mn−m−2n
TUC4C6C8[m,n] nanotube 6mn 9mn−m
TUC4C6C8[m,n] nanotorus 6mn 9mn

In the coming Theorem, we present the general Randić, first general Zagreb, general

sum-connectivity, ABC and GA indices for the para-line transformed graph of 2D-lattice

TUC4C6C8[m,n].

Theorem 5.7.1. Consider the para-line transformed graph G of 2D-lattice TUC4C6C8[m,n],

then

(a) Rα(G) = 2.4α(m+3n+2)+4.6α(m+n−2)+9α(27mn−11m−20n+4),

(b) Mα(G) = 2α+2(m+2n)+2.3α+1(3mn−m−2n),

(c) χα(G) = 2.4α(m+3n+2)+4.5α(m+n−2)+6α(27mn−11m−20n+4),

(d) ABC(G) =
√

2(3m+5n−2)+18mn− 22
3

m− 40
3

n+
8
3
,

(e) GA(G) =−9m−14n+8+
8
5
(m+n−2)

√
6+27mn.
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Proof. The subdivided graph of 2D-lattice TUC4C6C8[m,n] and its para-line trans-

formed graph G are presented in Figure 5.15. It can easily be checked that |VG| =

(a) (b)

Figure 5.15: (a) A Subdivided 2D-lattice TUC4C6C8 with m = 4 and n = 3. (b) The
Para-line transformed graph G.

2(9mn−m− 2n). Among them, there are 4(m+ 2n) and 6(3mn−m− 2n) vertices of

degree 2 and 3 respectively. By using hand shaking lemma (4.2.1), we have

4(m+2n)(2)+6(3mn−m−2n)(3) = 2|EG|

|EG|= 27mn−5m−10n.

So, we have the following disjoint edge partite subsets of EG according to degree of end

vertices.

E2,2 = {pq ∈ EG | dG(p) = dG(q) = 2},

E2,3 = {pq ∈ EG | dG(p) = 2 and dG(q) = 3},

E3,3 = {pq ∈ EG | dG(p) = dG(q) = 3}.

We use cardinalities of partite sets given in Table 5.7 and by choosing the corresponding

Table 5.7: The cardinalities of the edge partite subsets of EG according to degree of end
vertices.

Ep,q |Ep,q|
E2,2 2p+6q+4
E2,3 4p+4q−8
E3,3 27pq−11p−20q+4

function f (dG(p),dG(q)) in the generalized expression given in (3.3.2) to obtain the
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required results.

In the coming Theorem, we formulate the ABC4 and GA5 indices for the para-line trans-

formed graph of 2D-lattice TUC4C6C8[m,n].

Theorem 5.7.2. Consider the para-line transformed graph G of 2D-lattice TUC4C6C8[m,n],

then for m > 1 and n≥ 1

(a) ABC4(G) =

√
6

2
(n+4)+

2
√

35
5

n+
4
√

2
5

(m−2)+

√
110
5

(m+n−2)

+
2
√

30
3

(m+n−2)+12mn− 76
9

m− 112
9

n+
80
9
,

(b) GA5(G) = −17m−26n+
16
√

5
9

n+
16
√

10
13

(m+n−2)+
96
√

2
17

(m+n−2)

+27mn+24.

Proof. For m > 1 and n ≥ 1, it can easily be checked from Figure 4 that in G |V4| =

4(n+ 2), |V5| = 4(m+ n− 2), |V8| = 4(m+ n− 2) and |V9| = 2(9mn− 5m− 8n+ 4).

So, we have the following disjoint edge partite subsets of EG which consists of edges

having end vertices labeled by degree sum of adjacent vertices and their cardinalities

are given in Table 5.8.

S4,4 = {pq ∈ EG | δG(p) = δG(q) = 4},

S4,5 = {pq ∈ EG | δG(p) = 4 and δG(q) = 5},

S5,5 = {pq ∈ EG | δG(p) = δG(q) = 5},

S5,8 = {pq ∈ EG | δG(p) = 5 and δG(q) = 8},

S8,9 = {pq ∈ EG | δG(p) = 8 and δG(q) = 9},

S9,9 = {pq ∈ EG | δG(p) = δG(q) = 9}.

By using Table 5.8 and choosing the corresponding function f (δG(p),δG(q)) in the

generalized expression given in (3.3.1), we get the required results.

In the coming Theorem, we present the general Randić, first general Zagreb, gen-

eral sum-connectivity, ABC and GA indices for the para-line transformed graph of

TUC4C6C8[m,n] nanotube.
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Table 5.8: The cardinalities of the edge partite subsets of EG with respect to degree sum
of adjacent vertices.

Sp,q |Sp,q|
S4,4 2(n+4)
S4,5 4n
S5,5 2(m−2)
S5,8 4(m+n−2)
S8,9 8(m+n−2)
S9,9 27mn−19m−28n+20

Theorem 5.7.3. Consider the para-line transformed graph H of TUC4C6C8[m,n] nan-

otube, then

(a) Rα(H) = 2.4αm+4.6αm+9α(27mn−11m),

(b) Mα(H) = 2α+2m+2.3α+1(3mn−m),

(c) χα(H) = 2.4αm+4.5αm+6α(27mn−11m),

(d) ABC(H) = 3
√

2m+

√
7

3
(27mn−11m),

(e) GA(H) =−9m+
8
√

6
5

m+27mn.

Proof. The subdivided graph of TUC4C6C8[m,n] nanotube and its para-line graph H

are presented in Figure 5.16. One can easily verify that |VH | = 2(9pq− p). Among

(a) (b)

Figure 5.16: (a) A Subdivided graph of TUC4C6C8 nanotube for m = 4 and n = 3. (b)
The Para-line transformed graph H.

them, there are 4m and 6m(3n− 1) vertices of degree 2 and 3 respectively. By using
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hand shaking lemma (4.2.1), we have

4m(2)+6m(3n−1)(3) = 2|EH |

|EH |= 27mn−5m.

Therefore, we get the following disjoint edge partite subsets of EH and presented its

cardinalities in Table 5.9.

E2,2 = {pq ∈ EH | dG(p) = dG(q) = 2},

E2,3 = {pq ∈ EH | dG(p) = 2 and dG(q) = 3},

E3,3 = {pq ∈ EH | dG(p) = dG(p) = 3}.

We apply generalized formula given in (3.3.2) to the information in Table 5.9 by choos-

Table 5.9: The cardinalities of the edge partite subsets of EH according to degree of end
vertices.

Ep,q |E(p,q)|
E2,2 2m
E2,3 4m
E3,3 27mn−11m

ing the corresponding functions f (dG(p),dG(q)) and get the desired results.

In the coming result, we present the ABC4 and GA5 indices for the para-line transformed

graph of TUC4C6C8[m,n] nanotube.

Theorem 5.7.4. Consider the para-line transformed graph H of TUC4C6C8[m,n] nan-

otube, then

(a) ABC4(H) = 12mn+
4
√

2
5

m+

√
110
5

m+
2
√

30
3

m− 76
9

m,

(b) GA5(H) = 27mn−17m+
16
√

10
13

m+
96
√

2
17

m.

Proof. For m ≥ 1 and n ≥ 1, It can easily be checked from Figure 5.16 that in H,

|V5| = 4m, |V8| = 4m and |V9| = 2(9mn− 5m). So, we have the following edge partite
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subsets of EH which consists of edges having end vertices labeled by degree sum of

adjacent vertices and their cardinalities are given in Table 5.10.

Table 5.10: The cardinalities of the edge partite subsets of EH with respect to degree
sum of adjacent vertices.

Sp,q |Sp,q|
δ(5,5) 2m
S5,8 4m
S8,9 8m
S9,9 27mn−19n

S5,5 = {pq ∈ EG | δG(p) = δG(q) = 5},

S5,8 = {pq ∈ EG | δG(p) = 5 and δG(q) = 8},

S8,9 = {pq ∈ EG | δG(p) = 8 and δG(q) = 9},

S9,9 = {pq ∈ EG | δG(p) = δG(q) = 9}.

We apply generalized formula (3.3.1) to Table 5.10 by taking the corresponding func-

tion f (δG(p),δG(q)) and get the desired indices.

In the coming Theorem, we formulate the general Randić, first general Zagreb, gen-

eral sum-connectivity, ABC and GA indices for the para-line transformed graph of

TUC4C6C8[m,n] nanotorus.

Theorem 5.7.5. Consider the para-line graph K of TUC4C6C8[p,q] nanotorus, then

(a) Rα(G) = 27.9αmn,

(b) Mα(G) = 18.3αmn,

(c) χα(G) = 27.6αmn,

(d) ABC(K) = 18pq,

(e) GA(K) = 27pq.

Proof. The subdivided graph of TUC4C6C8[m,n] nanotorus and its para-line trans-

formed graph K are presented in Figure 5.17 One can easily check that in K, |VK| =
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(a) (b)

Figure 5.17: (a) A Subdivided TUC4C6C8 nanotorus with m = 4 and n = 3. (b) The
Para-line transformed graph K.

18mn and all these vertices are of degree 3. By using hand shaking lemma (4.2.1), we

have |EK|= 27mn. So, we have exactly one edge partition of EK which is given by

E3,3 = {pq ∈ EK | dG(p) = dG(q) = 3}

and clearly |E(3,3)|= |EK|= 27mn.

With this cardinality, we apply the general expression given in (3.3.2) by setting the

corresponding function f (dG(p),dG(q)) and get the desired indices.

In the coming result, we formulate the ABC4 and GA5 indices for the para-line trans-

formed of TUC4C6C8[p,q] nanotorus.

Theorem 5.7.6. Consider the para-line transformed graph K of TUC4C6C8[p,q] nan-

otorus, then

(a) ABC4(K) = 12mn,

(b) GA5(K) = 27mn.

Proof. It is easy to see from Figure 5.17 that |V9| = 18mn. So, we have exactly one

edge partition with respect to end vertices labeled by degree sum of adjacent vertices,

given by

S9,9 = {pq ∈ EK | δG(p) = δG(q) = 9}
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and clearly |S(9,9)|= |EK|= 27mn.

With this cardinality, we apply the general expression given in (3.3.2) by choosing the

corresponding function f (δG(p),δG(q)) to obtain the required results.
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Chapter 6

Topological Description of Titania and

Polyacene Nanostructures



6.1 Introduction

In this chapter, we present the expressions of eccentric connectivity index (ECI) for

the three-layer titania nanotube, six-layer titania nanotube and whole class of poly-

acenic nanotubes. We also present the expressions of certain variants of ECI such as

connective eccentric index, reverse eccentric connectivity index and modified eccentric

connectivity index for the three-layer titania nanotube. In addition, we study different

counting polynomials of six-layer titania 2D lattice and six-layer titania nanotube.

6.2 Titania Nanotubes

The titanium nanotubular materials, called titania by a generic name, are of high interest

metal oxide substances because of their extensive applications in producing catalytic,

gas-sensing and corrosionresistance materials [99]. As a widely known semiconductor

having many technological applications, Titania (TiO2) nanotubes are comprehensively

used and considered in materials science [9]. The TiO2 nanotubes were consistently

manufactured using various techniques [91] and carefully dealt as anticipated techno-

logical materials. Theoretical studies on the stability and electronic characteristics of

titania nanostructures have extensively been studied [37, 53, 35]. The numerous studies

on the use of titania in technological applications also required theoretical studies on

stability and other properties of such structures [87, 90, 103].

In nature, titania nanotubes are categorized in two constructions, one is single-walled ti-

tania nanotubes (SW TiO2 NTs) and other is multi-walled titania nanotubes (MW TiO2

NTs). From the three mineral constructions of titanium dioxide, anatase is one, the re-

maining two are rutile and brookite. Titania nanotubes are constructed by rolling up the

stoichiometric two- periodic (2D) sheets cut from the energetically stable anatase sur-

face, which involves either six (O−Ti−O−O−Ti−O) or three (O−Ti−O) layers.

The three-layer model of the anatase slab comprise three atomic layers (O−Ti−O),

however, its structural optimization results in formation of fluorite-type slab. In Fig-

ure 6.1, three-layer hexagonal and three-layer centered rectangular titania sheets are

depicted.
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(a) (b)

Figure 6.1: Ti atoms having two types of coordination in: (a) three-layer hexagonal
titania sheet (six-fold) and (b) six-layer centered rectangular titania sheet (five-fold).

6.3 Eccentricity-based Indices of Three-layer Titania Nan-

otube

In this part, we formulate different eccentricity-based connectivity indices such as ec-

centric connectivity, connective eccentric, reverse eccentric connectivity and modified

eccentric connectivity indices for the three-layer titania nanotube.

The molecular graph of three-layer titania nanotube is represented by T NT3[m,n] and

is shown in Figure 6.2, where m and n represent the number of titanium atoms in each

row and column respectively. This molecular graph has 2n number of rows.

Figure 6.2: The molecular graph of three-layer titania nanotube T NT3[m,n].
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In the molecular graph G of T NT [m,n] nanotubes, we have the vertex partitions VdG(v)

with respect to the degree dG(v) of its vertices as follows:

V2 = {p ∈VG|dG(p) = 2},

V3 = {p ∈VG|dG(p) = 3},

V4 = {p ∈VG|dG(p) = 4},

V6 = {p ∈VG|dG(p) = 6}.

The cardinalities of these vertex partitions are presented in the Table 6.1.

Table 6.1: Cardinalities of vertex partitions of T NT [m,n].

Vertex partition Cardinality
V2 2mn+4m
V3 2mn
V4 2m
V6 2mn

Also, we have the vertex partitions of G with respect to degree sum of neighbor vertices

as follows:

S10 = {p ∈VG|δ (p) = 10},

S16 = {p ∈VG|δ (p) = 16},

S18 = {p ∈VG|δ (p) = 18}.

The cardinality of these partite sets are presented in Table 6.2.

Table 6.2: The vertex degree sum partitions of T NT [m,n] along with their cardinalities.

Vertex partition Cardinality
S10 6m
S16 6m
S18 6m(n−2)

In the next result, we formulate the eccentric connectivity index of T NT [m,n] nanotube.
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Theorem 6.3.1. For the three-layer titania nanotube T NT3[m,n], we have

ξ
c(T NT [m,n]) =


24m2n+36mn2−28mn−8m2 +8m, if m≤ n;

12m3 +48mn2−40mn+4m2 +8m, if n < m < 2n−1;

48m2n−16m2, if m≥ 2n−1.

Proof. Consider G = T NT [m,n]. According to variation of eccentricity of vertices, we

have the following cases.

Case 1. When m≤ n.

In this case, the eccentricity of a vertex in ith row is the same as the eccentricity of

a vertex in (2n+ 1− i)th row where i = 1,2, . . . ,n. Let vi be a vertex in ith row, then

eccentricity of vi is given by

ε(vi) = 2n+m− i where i = 1,2, . . . ,n.

A shortest path having maximal length in G = T NT [4,6] nanotube is shown in Figure

6.3. Hence

1 2 3

2

3

4

5

6

4

Figure 6.3: A shortest path having maximal length in G = T NT [4,6] nanotube.

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2[(2m)(2)(2n+m−1)+(m)(4)(2n+m−1)+(2m)(3)
n

∑
i=2

(2n+m− i)

+(m)(6)
n

∑
i=2

(2n+m− i)]
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= 24m2n+36mn2−28mn−8m2 +8m.

Case 2. When n < m < 2n−1.

In this case, the eccentricity of a vertex in ith row is the same as the eccentricity of a

vertex in (2n+1− i)th row where i = 1,2, . . . ,2n−m−1. Let vi be a vertex in ith row,

then eccentricity of vi is given by

ε(vi) = 2n+m− i where i = 1,2, . . . ,2n−m−1.

The eccentricity of each vertex in the remaining 2m−2n+2 rows is 2m.

A shortest path having maximal length in G = T NT [6,4] nanotube is shown in Figure

6.4.

1 2 3

2

3

4 5 6

4

Figure 6.4: A shortest path having maximal length in G = T NT [6,4] nanotube.

Hence

ξ
c(G) = ∑

v∈V (G)

dG(p) · ε(p)

= 2[(2m)(2)(2n+m−1)+(m)(4)(2n+m−1)+(2m)(3)
2n−m−1

∑
i=2

(2n+m− i)

+(m)(6)
2n−m−1

∑
i=2

(2n+m− i)]+(2m−2n+2)(2m)(3)(2m)

+(2m−2n+2)(m)(6)(2m)

= 12m3 +48mn2−40mn+4m2 +8m.

Case 3. When m≥ 2n−1.

In this case, the eccentricity of each vertex of graph G is 2m. Hence
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ξ
c(G) = ∑

p∈V (G)

dG(p) · ε(p)

= 2[(2m)(2)(2m)+(m)(4)(2m)]+(2n−2)(2m)(3)(2m)+(2n−2)(m)(6)(2m)

= 48m2n−16m2.

By going through the computations of Theorem 6.3.1, it is easy to compute the connec-

tive eccentric index of T NT [m,n] nanotube. We present it as a corollary and omit its

proof.

Corollary 6.3.2. For the three-layer titania nanotube T NT [m,n], we have

Cξ (T NT [m,n])=


16m

2n+m−1 +24m∑
n
i=2

1
2n+m−i , if m≤ n;

16m
2n+m−1 +12(m+n−1)+24m∑

2n−m−1
i=2

1
2n+m−i , if n < m < 2n−1;

12n−4, if m≥ 2n−1.

In the next result, the reverse eccentric connectivity index of T NT [m,n] nanotube is

computed.

Theorem 6.3.3. For the three-layer titania nanotube T NT [m,n], we have

RE
ξ

c(T NT [m,n]) =


m

120(60n2 +40mn+54n+37m−42), if m≤ n;
m

120(80n2 +20m2 +34n+57m−42), if n < m < 2n−1;
m2

60 (40n+37), if m≥ 2n−1.

Proof. Consider G = T NT [m,n]. According to variation of eccentricity of vertices, we

have the following cases.

Case 1. When m≤ n.

For this case, we have already discussed the eccentricity of vertices of G in case 1 of

Theorem 6.3.1. By using Table 6.4, the reverse eccentric connectivity index of G is

formulated as follows:

86



RE
ξ

c(G) = ∑
p∈V (G)

ε(p)
δG(p)

=
2(3m)(2n+m−1)

10
+

2(3m)(2n+m−2)
16

+2(3m)
n

∑
i=3

2n+m− i
18

=
m

120
(60n2 +40mn+54n+37m−42).

Case 2. When n < m < 2n−1.

For this case, we have already discussed the eccentricity of vertices of G in case 2 of

Theorem 1. From Table 6.4, the reverse eccentric connectivity index of G is formulated

as follows:

RE
ξ

c(G) = ∑
p∈V (G)

ε(p)
δG(p)

=
2(3m)(2n+m−1)

10
+

2(3m)(2n+m−2)
16

+2(3m)
2n−m−1

∑
i=3

2n+m− i
18

+
(2m−2n+2)(3m)(2m)

18
=

m
120

(80n2 +20m2 +34n+57m−42).

Case 3. When m≥ 2n−1.

In this case, the eccentricity of each vertex of graph G is 2m. By using Table 6.4, the

reverse eccentric connectivity index of G is computed as follows:

RE
ξ

c(G) = ∑
p∈V (G)

ε(p)
δG(p)

=
2(3m)(2m)

10
+

2(3m)(2m)

16
+

(2n−4)(3m)(2m)

18

=
m2

60
(40n+37).

By going through the computations of Theorem 6.3.3, it is easy to compute the modified

eccentric connectivity index of T NT [m,n] nanotube. We present it as a corollary and

omit its proof.
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Corollary 6.3.4. For the three-layer titania nanotube T NT [m,n], we have

ξc(T NT [m,n]) =


108m2n+162mn2−174mn−60m2 +72m, if m≤ n;

54m3 +216mn2−228mn−6m2 +72m, if n < m < 2n−1;

216m2n−120m2, if m≥ 2n−1.

6.4 Eccentric Connectivity Index and Counting Polyno-

mials of Six-layer Titania Nanostructures

We divide this section into two subsections. In the first subsection we formulate the

eccentric connectivity index of six-layer titania nanotube. In the second subsection,

we formulate different counting polynomials for 2D six-layer titania lattice and the

corresponding six-layer titania nanotube.

6.4.1 Eccentric Connectivity Index of Six-layer Titania Nanotube

The molecular graph of six-layer titania nanotube is denoted by TiO2[m,n] presented

in Figure 6.5, where m symbolizes the number of octagons in a row and n symbolizes

the number of octagons in a column of the titania nanotube. The molecular graph of

TiO2[m,n] nanotube has 2n+2 rows and m columns. For each ith row and jth column,

we label the vertices of TiO2[m,n] nanotube by ui j, vi j, xi j and yi j as shown in Figure

6.6.

According to the variation of degrees in graph G of TiO2[m,n] nanotube, we can

observe that 2≤ dG(v)≤ 5 and the vertex partite sets are presented as follows:

V2 = {p ∈VG|dG(p) = 2},

V3 = {p ∈VG|dG(p) = 3},

V4 = {p ∈VG|dG(p) = 4},

V5 = {p ∈VG|dG(p) = 5}.

The cardinalities of all vertex partitions are presented in Table 6.3.
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1

2

2

3

3

n

m-1
m. . . 

. .
 .

Top view

Across view

Figure 6.5: The molecular graph of six-layer titania nanotube TiO2[m,n].

Table 6.3: Cardinalities of the vertex partitions of TiO2[m,n].

Vertex partition Cardinality
V2 2mn+4m
V3 2mn
V4 2m
V5 2mn

In the coming results, we formulate the eccentric connectivity index of TiO2[m,n] nan-

otubes.

Theorem 6.4.1. Consider the six-layer titania nanotube TiO2[m,n], then for n≤ bm−2
4 c

we have

ξ
c(TiO2[m,n]) = 40m2n+32m2.

Proof. Consider G = TiO2[m,n]. When n≤ bm−2
4 c, the eccentricity of every vertex in
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1
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. . .
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u13 v13

v22u22
u23

v23

x23

y23

u1m x1m

y1m

v1m

v2m u2m

Figure 6.6: The labeled vertices of TiO2[m,n] nanotube.

every row is 2m. Hence

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= (2mn+2m)(2)(2m)+(2m)(2)(2m)+(2mn)(3)(2m)+(2m)(4)(2m)

+(2mn)(5)(2m)

= 40m2n+32m2.

Theorem 6.4.2. Consider TiO2[m,n] symbolize the six-layer titania nanotube, where

m = 2p, then for p even we have

ξ
c(TiO2[m,n]) =

160p2n+48pn+104p2 +24p, if p = 2n;

28p3 +48p2n+112pn2 +128pn+64p2 +24p, if p−2
2 < n < p−1

and p 6= 2n;

120p2n+68pn2 +112pn+96p2 +52p, if n≥ p−1 and n is odd;

120p2n+60pn2 +72pn+104p2 +24p, if n > p−1 and n is even.

Proof. Consider G = TiO2[m,n]. According to variation of eccentricity of vertices, we

have the following cases.

Case 1. When p = 2n
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In this case the eccentricity of the vertices ui j, vi j is 3p+ 2n+ 1 where i = 1,2n+ 2.

The eccentricity of each vertex in the remaining 2n rows is 4p. Hence

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(2p)(2)(3p+2n+1)+2(2p)(4)(3p+2n+1)+(2p)(2n)(3)(4p)

+(2p)(2n)(5)(4p)+2p(2n+2)(2)(4p)

= 160p2n+48pn+104p2 +24p.

Case 2. when p−2
2 < n < p−1 and p 6= 2n

In this case the eccentricity of the vertices ui j, vi j is the same as the eccentricity of

vertices u(2n+3−i) j, v(2n+3−i) j where i = 1,2, . . . ,2n− p+ 1. The eccentricity of these

vertices in ith row is given by

ε(ui j) = ε(vi j) = 3p+2n+2− i where i = 1,2, . . . ,2n− p+1.

The eccentricity of vertices ui j, vi j in remaining 2p−2n rows is 4p.

Also, the eccentricity of the vertices xi j, yi j, x(i+1) j, y(i+1) j is same as the eccentricity of

the vertices x(2n+3−i) j, y(2n+3−i) j, x(2n+2−i) j, y(2n+2−i) j where i = 1,2, . . . ,(2n− p)/2.

The eccentricity of these vertices in ith row is given by

ε(xi j) = ε(yi j) = 3p+2n+2−2i where i = 1,2, . . . ,(2n− p)/2.

The eccentricity of the vertices xi j, yi j in the remaining (2p−2n+2) rows is 4p.

Hence

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(2p)(2)(3p+2n+1)+2(2p)(4)(3p+2n+1)

+2(2p)(3)
2n−p+1

∑
i=2

(3p+2n+2− i)+2(2p)(5)
2n−p+1

∑
i=2

(3p+2n+2− i)

+(2p)(2p−2n)(3)(4p)+(2p)(2p−2n)(5)(4p)

+4(2p)(2)
(2n−p)/2

∑
i=1

(3p+2n+2−2i)+(2p)(2p−2n+2)(2)(4p)

= 28p3 +48p2n+112pn2 +128pn+64p2 +24p.
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Case 3. When n≥ p−1 and n is odd

In this case the eccentricity of vertices ui j, vi j is same as the eccentricity of vertices

u(2n+3−i) j, v(2n+3−i) j where i = 1,2, . . . ,n+ 1. The eccentricity of these vertices in ith

row is given by

ε(ui j) = ε(vi j) = 3p+2n+2− i where i = 1,2, . . . ,n+1.

Also, the eccentricity of the vertices xi j, yi j, x(i+1) j, y(i+1) j is same as the eccentricity

of the vertices x(2n+3−i) j, y(2n+3−i) j, x(2n+2−i) j, y(2n+2−i) j where i = 1,2, . . . ,(n+1)/2.

The eccentricity of these vertices in ith row is given by

ε(xi j) = ε(yi j) = 3p+2n+2−2i where i = 1,2, . . . ,(n+1)/2.

The shortest paths having maximal length in TiO2[8,7] nanotube are shown in Figure

6.7. Hence

1
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7

8

Figure 6.7: The shortest paths having maximal length in TiO2[8,7] nanotube.

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(2p)(2)(3p+2n+1)+2(2p)(4)(3p+2n+1)

+2(2p)(3)
n+1

∑
i=2

(3p+2n+2− i)+2(2p)(5)
n+1

∑
i=2

(3p+2n+2− i)

+4(2p)(2)
(n+1)/2

∑
i=1

(3p+2n+2−2i)

= 120p2n+68pn2 +112pn+96p2 +52p.
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Case 4. When n > p−1 and n is even

In this case the eccentricity of vertices ui j, vi j is the same as we discussed in case 3.

Also, the eccentricity of the vertices xi j, yi j, x(i+1) j, y(i+1) j is same as the eccentricity

of the vertices x(2n+3−i) j, y(2n+3−i) j, x(2n+2−i) j, y(2n+2−i) j where i = 1,2, . . . ,n/2. The

eccentricity of these vertices in ith row is given by

ε(xi j) = ε(yi j) = 3p+2n+2−2i where i = 1,2, . . . ,n/2.

The eccentricity of the vertices xi j and yi j in the remaining 2 rows is 4p.

Hence

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(2p)(2)(3p+2n+1)+2(2p)(4)(3p+2n+1)

+2(2p)(3)
n+1

∑
i=2

(3p+2n+2− i)+2(2p)(5)
n+1

∑
i=2

(3p+2n+2− i)

+4(2p)(2)
n/2

∑
i=1

(3p+2n+2−2i)+2(2p)(2)(4p)

= 120p2n+60pn2 +72pn+104p2 +24p.

Theorem 6.4.3. Consider TiO2[m,n] symbolize the six-layer titania nanotube, where

m = 2p, then for p odd we have

ξ
c(TiO2[m,n]) =

160p2n+128pn+192p2 +32p, when p = 2n−1;

20p3 +80p2n+80pn2 +96pn+80p2 +28p, when p−1
2 < n < p−1

and p 6= 2n−1;

120p2n+60pn2 +72pn+72p2 +28p, when n > p−1 and n is odd;

120p2n+60pn2 +80pn+96p2 +32p, when n≥ p−1 and n is even.

Proof. Consider G = TiO2[m,n]. According to variation of eccentricity of vertices, we

have the following cases.

Case 1. When p = 2n−1
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In this case the eccentricity of vertices ui j, vi j is the same as the eccentricity of vertices

u(2n+3−i) j, v(2n+3−i) j where 1 = 1,2. The eccentricity of these vertices in ith row is

given by

ε(ui j) = ε(vi j) = 3p+2n+2− i where i = 1,2

The eccentricity of vertices ui j, vi j in remaining 2n rows is 4p.

Also, the eccentricity of the vertices x1 j, y1 j is the same as the eccentricity of vertices

x(2n+2) j, y(2n+2) j. The eccentricity of the vertices x1 j and y1 j is given by

ε(x1 j) = ε(y1 j) = 3p+2n+1

The eccentricity of the vertices xi j, yi j in the remaining 2n rows is 4p. The shortest

paths having maximal length in TiO2[14,4] nanotube are shown in Figure 6.8. Hence
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Figure 6.8: The shortest paths having maximal length in TiO2[14,4] nanotube.

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(2p)(2)(3p+2n+1)+2(2p)(4)(3p+2n+1)+2(2p)(3)(3p+2n)

+2(2p)(5)(3p+2n)+(2p)(2n)(3)(4p)+(2p)(2n)(5)(4p)

+2(2p)(2)(3p+2n+1)+(2p)(2n)(2)(4p)

= 160p2n+128pn+192p2 +32p.

Case 2. When p−1
2 < n < p−1 and p 6= 2n−1

In this case the eccentricity of vertices ui j, vi j is the same as the eccentricity of vertices

u(2n+3−i) j, v(2n+3−i) j where i = 1,2, . . . ,2n− p+ 1. The eccentricity of these vertices

in ith row is given by
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ε(ui j) = ε(vi j) = 3p+2n+2− i where i = 1,2, . . . ,2n− p+1.

The eccentricity of vertices ui j, vi j in remaining 2p−2n rows is 4p. The eccentricity of

the vertices x1 j, y1 j, x(2n+2) j, y(2n+2) j is the same as we discussed in Case 1. Also, the

eccentricity of the vertices x(i+1) j, y(i+1) j, x(i+2) j, y(i+2) j is the same as the eccentricity

of the vertices x(2n+2−i) j, y(2n+2−i) j, x(2n+1−i) j, y(2n+1−i) j where i = 1,2, . . . ,(2n− p−

1)/2. The eccentricity of these vertices in (i+1)th row is given by

ε(x(i+1) j) = ε(y(i+1) j) = 3p+2n+1−2i where i = 1,2, . . . ,(2n− p−1)/2.

The eccentricity of the vertices xi j and yi j in the remaining (2p−2n+2) rows is 4p.

Hence

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(2p)(2)(3p+2n+1)+2(2p)(4)(3p+2n+1)

+2(2p)(3)
2n−p+1

∑
i=2

(3p+2n+2− i)+2(2p)(5)
2n−p+1

∑
i=2

(3p+2n+2− i)

+(2p)(2p−2n)(3)(4p)+(2p)(2p−2n)(5)(4p)+2(2p)(2)(3p+2n+1)

+4(2p)(2)
(2n−p−1)/2

∑
i=1

(3p+2n+1−2i)+2p(2p−2n+2)(2)(4p)

= 20p3 +80p2n+80pn2 +96pn+80p2 +28p.

Case 3. When n > p−1 and n is odd

In this case the eccentricity of vertices ui j, vi j is the same as the eccentricity of vertices

u(2n+3−i) j, v(2n+3−i) j where i = 1,2, . . . ,n+ 1. The eccentricity of these vertices in ith

row is given by

ε(ui j) = ε(vi j) = 3p+2n+2− i where i = 1,2, . . . ,n+1.

The eccentricity of the vertices x1 j, y1 j, x(2n+2) j, y(2n+2) j is the same as we discussed

in Case 1.

Also, the eccentricity of the vertices x(i+1) j, y(i+1) j, x(i+2) j, y(i+2) j is the same as

the eccentricity of the vertices x(2n+2−i) j, y(2n+2−i) j, x(2n+1−i) j, y(2n+1−i) j where i =

1,2, . . . ,(n−1)/2. The eccentricity of theses vertices in (i+1)th row is given by

ε(xi+1) = ε(yi+1) = 3p+2n+1−2i where i = 1,2, . . . ,(n−1)/2. Hence
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ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(2p)(2)(3p+2n+1)+2(2p)(4)(3p+2n+1)

+2(2p)(3)
n+1

∑
i=2

(3p+2n+2− i)+2(2p)(5)
n+1

∑
i=2

(3m+2n+2− i)

+2(2p)(2)(3p+2n+1)+4(2p)(2)
(n−1)/2

∑
i=1

(3p+2n+1−2i)

= 120p2n+60pn2 +72pn+72p2 +28p.

Case 4. When n≥ p−1 and n is even.

In this case the eccentricity of the vertices x(i+1) j, y(i+1) j, x(i+2), y(i+2) j is the same

as the eccentricity of the vertices x(2n+2−i) j, y(2n+2−i) j, x(2n+1−i) j, y(2n+1−i) j where

i = 1,2, . . . ,n/2. The eccentricity of these vertices in (i+1)th row is given by

ε(x(i+1) j) = ε(y(i+1) j) = 3m+2n+1−2i where i = 1,2, . . . ,n/2.

The eccentricity of the remaining vertices is the same as we discussed in case 3. Hence

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(2p)(2)(3p+2n+1)+2(2p)(4)(3p+2n+1)

+2(2p)(3)
n+1

∑
i=2

(3p+2n+2− i)+2(2p)(5)
n+1

∑
i=2

(3p+2n+2− i)

+2(2p)(2)(3p+2n+1)+4(2p)(2)
n/2

∑
i=1

(3p+2n+1−2i)

= 120p2n+60pn2 +80pn+96p2 +32p.

6.4.2 Counting Polynomials of Six-layer Titania Nanostructures

In this part, we formulate the Omega, Sadhana and Theta polynomials of two-dimensional

six-layer titania lattice and its corresponding six-layer titania nanotube.

Let G = TiO2[p,q] be the molecular graph of an infinite two-dimensional six-layer ti-

tania lattice, where p and q represent the number of octagons in a column and a row

respectively. We denote the corresponding molecular graph of six-layer titania nan-
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otube by H = TiO2[p,2q]. Then |VG|= 6pq+6p+6q+6, |EG|= 10pq+8p+8q+6,

|VH |= 6q(p+1) and |EH |= 20pq+16q.

In the next Theorem, the Omega polynomial of two-dimensional six-layer titania lattice

TiO2[p,q] is formulated.

Theorem 6.4.4. Consider the two-dimensional six-layer titania lattice TiO2[p,q], then

Ω(TiO2[p,q],x) = 2(p+1)x+2(pq+q+1)x2 +(q+1)x2p+2 +2
α

∑
i=2

x2i

+(|2p−q|+1)x2(α+1)

where α = min{2p,q}.

Proof. Consider G = TiO2[p,q]. From Figure 2, we have five cases for distinct qoc

strips in G. Suppose e1, e2, e3, e4 and e5 are representative edges for these cases.

Then |C(e1)|= 1, |C(e2)|= 2, |C(e3)|= 2p+2, |C(e4)|= 2(min{2p,q}) and |C(e5)|=

2(min{2p,q}+1). From Table 6.4, the Omega polynomial of G for α =min{2p,q} is

formulate as follows:

1

2

2

3

3

q

. .
 .

e2

e5

. .
 .

. .
 .

. .
 .

. . .

. . .

. . .

e3

p . . .

q-1

p-1

e1

e4

Figure 6.9: The qoc strips of two-dimensional six-layer TiO2 lattice G = TiO2[p,q].
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Ω(G,x) = 2(p+1)x+2q(p+1)x2 +(q+1)x2p+2 +2(x2 + x4 + · · ·+ x2α)

+(|2p−q|+1)x2α+2

= 2(p+1)x+2(pq+q+1)x2 +(q+1)x2p+2 +2
α

∑
i=2

x2i +(|2p−q|+1)x2α+2.

Table 6.4: The number of qoc strips of the two-dimensional six-layer lattice TiO2[p,q].

Categories of qoc’s Corresponding edges Length of qoc No. of qoc
C1 e1 1 2(p+1)
C2 e2 2 2q(p+1)
C3 e3 2p+2 q+1

C4 e4


2
4
...
2(min{2p,q})


2
2
...
2

C5 e5 2(min{2p,q}+1) |2p−q|+1

By using Table 6.4, we present the expression of Sadhana polynomial for the two-

dimensional six-layer titania lattice in the coming Corollary.

Corollary 6.4.5. Consider the two-dimensional six-layer lattice TiO2[p,q], then

Sd(TiO2[p,q],x) = 2(p+1)xλ+5 +2(pq+q+1)xλ+4 +(q+1)xλ−2p+4

+2
α

∑
i=2

xλ+6−2i +(|2p−q|+1)xλ+4−2α

where λ = 10pq+8p+8q and α = min{2p,q}.

From Table 6.4, we formulate the Theta polynomial of the two-dimensional six-layer

lattice in the coming Corollary.

Corollary 6.4.6. Consider the two-dimensional six-layer lattice TiO2[p,q], then

Θ(TiO2[p,q],x) = 2(p+1)x+4(pq+q+1)x2 +2(q+1)(p+1)x2p+2 +4
α

∑
i=2

ix2i

+2(q+1)(|2p−q|+1)x2α+2

where α = min{2p,q}.
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In the coming Theorem, we present the expression of Omega polynomial for the six-

layer titania nanotube.

Theorem 6.4.7. Consider the six-layer titania nanotube TiO2[p,2q], then

Ω(TiO2[p,2q],x) = 4q(p+1)x2 +2qx2p+2 +2qx4p+2.

Proof. Consider H = TiO2[p,2q]. From Figure 6.10, we have three cases for distinct

qoc strips in H. Suppose e1, e2 and e3 are representative edges for these cases. Then

1

2

2

3

3
2q

. .
 .

e1

e3

. .
 .

. .
 .

. . .

. . .

. . .

e2

2q-1

p

p-1

Figure 6.10: The qoc strips of six-layer titania nanotube H = TiO2[p,2q].

|C(e1)| = 2, |C(e2)| = 2p+ 2 and |C(e3)| = 4p+ 2. Also, there are 4q(p+ 1), 2q and

2q edges similar to e1, e2 and e3 respectively. Therefore

Ω(H,x) = 4q(p+1)x2 +2qx2p+2 +2qx4p+2.

By using the computations of Theorem 6.4.7, we present the Sadhana polynomial of the

six-layer titania nanotube is in the coming Corollary.
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Corollary 6.4.8. Consider the six-layer titania nanotube TiO2[p,2q], then

Sd(TiO2[p,2q],x) = 4q(p+1)x20pq+16q−2 +2qx20pq+16q−2p−2

+2qx20pq+16q−4p−2.

Also, by using the computations of Theorem 6.4.7, we formulate the Theta polynomial

of the six-layer titania nanotube in the following Corollary.

Corollary 6.4.9. Consider the six-layer titania nanotube TiO2[p,2q], then

Θ(TiO2[p,2q],x) = 8q(p+1)x2 +4q(p+1)x2p+2 +4q(2p+1)x4p+2.

6.5 Eccentric Connectivity Index of t-Polyacenic Nan-

otubes

Polyacenes relate to a family of polycyclic aromatic hydrocarbon (PAH) compounds

which are formed by the linearly fused benzene rings. Numerous molecules of this

class have interesting optical, thermodynamic, electronic, Ferro-magnetic and photo-

conductive properties [5, 10, 13, 39]. In the first organic solid-state injection Laser,

the lasing was discovered by using the single crystals of tetracene [78, 79]. They have

application in rechargeable Li-ion batteries [97] and also have presence in various ce-

lestial objects like planetary nebulae [11]. In this sense, the polyacenes have received

much attention. The molecular graphs of certain linear polyacene molecules are given

in Figure 6.11. The generalized molecular graph of t- polyacenic nanotube Pt [p,q] is

L1: Benzene L2: Naphthalene L3: Anthracene L4: Tetracene L5: Pentacene

L6: Hexacene L7: Heptacene

Figure 6.11: The polyacene molecules.
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shown in Figure 6.12, where q counts the number of t hexagons in a row and p counts

the number of alternative t hexagons in a column of the t- polyacenic nanotube. This

molecular graph has 4p rows and q columns.

Figure 6.12: The generalized molecular graph of t-polyacenic nanotube Pt [p,q].

For 1 ≤ t ≤ 6, the t- polyacenic nanotube Pt [p,q] are known as phenylenic, naph-

thalenic, anthacenic, tetracenic, pentacenic and hexacenic nanotubes respectively. The

molecular graphs of these nanotubes are presented in Figure 6.13.
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1 2

2

1 2 3 54 1 2 3 54 1 2 3 54

3

4

3

1

2

1 2 3 54

3

4

6 1 2 3 54 6 1 2 3 54 6

2 3

P1[4,3]: Phenylenic nanotube. P2[4,3]: Naphthalenic nanotube. P3[4,3]: Anthracenic nanotube.

P4[4,3]: Tetracenic nanotube.

P5[4,3]: Pentacenic nanotube.

P6[4,3]: Hexacenic nanotube.

Figure 6.13: The molecular graphs of t- polyacenic nanotubes Pt [p,q] for 1≤ t ≤ 6.

Let G be a molecular graph of Pt [p,q] nanotube, then we can observe that 2≤ dG(p)≤ 3

for each p ∈VG. So, we have the vertex partitions as follows:

V2 = {p ∈VG|dG(p) = 2} and V3 = {p ∈VG|dG(p) = 3}.
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The vertex partitions of G along with their cardinalities corresponding to each row, are

presented in Table 6.5.

Table 6.5: The vertex partitions of the Pt [p,q] nanotube along with their cardinalities
corresponding to each row.

Vertex partition Rows Cardinality for each row
V2 1, 4p tq
V3 2,3,6,7, . . . ,4p−2,4p−1 (t +1)q
V3 4,5,8,9, . . . ,4p−4,4p−3 tq

In the coming results, we formulate the eccentric connectivity index of Pt [p,q] nan-

otubes for t ≥ 1.

Theorem 6.5.1. Consider the t-polyacenic nanotube Pt [p,q], then for t ≥ 1 and q even

we have ξ c(Pt [p,q]) =



(10t2 +11t +3)q2 +2(5t +3)q, if p = 1;

9(2t +1)p2q+3(4t2 +4t +1)pq2− (10t +3)pq− t(2t +1)q2

+2tq, if 2≤ p≤ tq
2 ;

3t2(2t +1)q3 +21(2t +1)p2q−3(4t2−1)pq2− (14t +3)pq

−tq2 +2tq, if tq+2
2 ≤ p≤ tq−1;

18(2t +1)p2q+3(2t +1)pq2− (14t +3)pq− tq2 +2tq, if p≥ tq, p is even;

18(2t +1)p2q+3(2t +1)pq2− (14t +3)pq− tq2 +(2t−3)q, if p≥ tq, p is odd.

Proof. Consider G = Pt [p,q]. Let vi represents the vertices in ith row. With respect to

ε(vi) or dG(vi), we have the following cases.

Case 1. When p = 1 and t ≥ 1.

In this case, the eccentricity of each vertex in each row is (2t+1)q+2
2 . Hence from Table

6.5 we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(tq)(2)
(
(2t +1)q+2

2

)
+2(t +1)q(3)

(
(2t +1)q+2

2

)
= (10t2 +11t +3)q2 +2(5t +3)q.
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Case 2. when 2≤ p≤ tq
2 and t ≥ 1.

In this case

ε(vi) = ε(vi+1) = ε(v4p+1−i) = ε(v4p−i) =
4p+(2t +1)q

2
− i where i = 1,2, . . . , p.

Hence from Table 6.5, we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2 [(tq)(2)+(tq+q)(3)]
(

4p+(2t +1)q
2

−1
)

+2 [(tq)(3)+(tq+q)(3)]
p

∑
i=2

(
4p+(2t +1)q

2
− i
)

= 9(2t +1)p2q+3(4t2 +4t +1)pq2− (10t +3)pq− t(2t +1)q2 +2tq.

Case 3. When tq+2
2 ≤ p≤ tq−1 and t ≥ 1.

In this case

ε(vi) = ε(v4p+1−i) =
8p+q

2
− i where i = 1,2, . . . ,4

(
p− tq

2

)
.

Also,

ε

(
v4(p− tq

2 )+i

)
= ε

(
v4(p− tq

2 )+1+i

)
= ε(v2tq+1−i) = ε(v2tq−i) =

(4t +1)q
2

− i,

where i = 1,2, . . . , tq− p. Hence from Table 6.5 we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(tq)(2)
(

8p+q
2
−1
)
+2(tq+q)(3)

[
2
(

p− tq
2

) (8p+q)
2

−[[
2+6+ · · ·+

(
4
(

p− tq
2

)
−2
)]

+
[
3+7+ · · ·+

(
4
(

p− tq
2

)
−1
)]]]

+2(tq)(3)
[(

2
(

p− tq
2

)
−1
) (8p+q)

2
−
[
4+8+ · · ·+4

(
p− tq

2

)]]
+2(tq)(3)

[
5+9+ · · ·+

(
4
(

p− tq
2

)
−3
)]
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+2 [(tq)(3)+(tq+q)(3)]
tq−p

∑
i=1

(
(4t +1)q

2
− i
)

= 3t2(2t +1)q3 +21(2t +1)p2q−3(4t2−1)pq2− (14t +3)pq− tq2 +2tq.

Case 4. When p≥ tq, p even and t ≥ 1.

In this case

ε(vi) = ε(v4p+1−i) =
8p+q

2
− i where i = 1,2, . . . ,2p

Hence from Table 6.5 we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(tq)(2)
(

8p+q
2
−1
)
+2(tq+q)(3)[

p(8p+q)
2

− ((2+6+ · · ·+2p−2)+(3+7+ · · ·+2p−1))
]
+2(tq)(3)[

(p−1)(8p+q)
2

− ((4+8+ · · ·+2p)+(5+9+ · · ·+2p−3))
]

= 18(2t +1)p2q+3(2t +1)pq2− (14t +3)pq− tq2 +2tq.

Case 5. When p≥ tq, p odd and t ≥ 1.

In this case, the eccentricities of vertices of G are same as given in case 4. From Table

6.5 we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(tq)(2)
(

8p+q
2
−1
)
+2(tq+q)(3)[

p(8p+q)
2

− ((2+6+ · · ·+2p)+(3+7+ · · ·+2p−3))
]
+2(tq)(3)[

(p−1)(8p+q)
2

− ((4+8+ · · ·+2p−2)+(5+9+ · · ·+2p−1))
]

= 18(2t +1)p2q+3(2t +1)pq2− (14t +3)pq− tq2 +(2t−3)q.

105



Theorem 6.5.2. Consider the t- polyacenic nanotube Pt [p,q], then for t ≥ 1 and q odd

we have

ξ c(Pt [p,q]) =



2(5t2 +8t +3), if p = 1, q = 1 and t ≥ 2;

(10t2 +11t +3)q2 +(5t +3)q, if p = 1, q≥ 3 and t ≥ 1;

9(2t +1)p2q+3(4t2 +4t +1)pq2−2(8t +3)pq

−t(2t +1)q2 +3tq, if 2≤ p≤ b tq
2 c and tq≥ 4

3t2(2t +1)q3 +21(2t +1)p2q−3(4t2−1)pq2

−2(10t +3)pq− tq2 +3tq, if tq+2
2 ≤ p≤ tq−1, t even;

3t(6t2 +5t +1)q3−3(2t +1)p2q−3(4t2 +4t +1)pq2

+6(2t +1)pq+(t +1)(8t +3)q2 +(11t +9)q, if p = tq+1
2 , t odd;

3t3q3 +3(10t +3)p2q+3(4t +1)pq2 +(8t +3)pq

−t(9t +5)q2−6(3t−2)q, if tq+3
2 ≤ p≤ tq−2, t odd;

6(7t +3)p2q+3(2t +1)pq2−2(34t +15)pq

+t(48t +23)q2−3(9t +4)q, if p = tq−1 and t odd;

18(2t +1)p2q+3(2t +1)pq2−2(10t +3)pq− tq2

+3tq, if p≥ tq, p is even and t ≥ 1;

18(2t +1)p2q+3(2t +1)pq2−2(10t +3)pq− tq2

+3(t−1)q, if p≥ tq, p is odd and t ≥ 1.

Proof. Consider G=Pt [p,q]. Let vi represents the vertices in ith row of G. With respect

to ε(vi) or dG(vi), we have the following cases.

Case 1. When p = 1, q = 1 and t ≥ 2.

In this case, the eccentricity of each vertex in each row is t +1. Hence from Table 6.5

we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(t)(2)(t +1)+2(t +1)(3)(t +1)

= 2(5t2 +8t +3).

Case 2. When p = 1, q≥ 3 and t ≥ 1.
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In this case, the eccentricity of each vertex in each row is (2t+1)q+1
2 . Hence from Table

6.5 we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(tq)(2)
(
(2t +1)q+1

2

)
+2(tq+q)(3)

(
(2t +1)q+1

2

)
= (10t2 +11t +3)q2 +(5t +3)q.

Case 3. when 2≤ p≤ b tq
2 c and tq≥ 4.

In this case

ε(vi) = ε(vi+1) = ε(v4p+1−i) = ε(v4p−i) =
4p+(2t +1)q−1

2
− i,

where i = 1,2, . . . , p. Hence from Table 6.5 we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2 [(tq)(2)+(t +1)q(3)]
(

4p+(2t +1)q−1
2

−1
)

+2 [(tq)(3)+(t +1)q(3)]
p

∑
i=2

(
4p+(2t +1)q−1

2
− i
)

= 9(2t +1)p2q+3(4t2 +4t +1)pq2−2(8t +3)pq− t(2t +1)q2 +3tq.

Case 4. When tq+2
2 ≤ p≤ tq−1 and t even.

In this case

ε(vi) = ε(v4p+1−i) =
8p+q−1

2
− i where i = 1,2, . . . ,4

(
p− tq

2

)
.

Also,

ε

(
v4(p− tq

2 )+i

)
= ε

(
v4(p− tq

2 )+1+i

)
= ε(v2tq+1−i) = ε(v2tq−i) =

(4t +1)q−1
2

− i

107



where i = 1,2, . . . , tq− p. Hence from Table 6.5 we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(tq)(2)
(

8p+q−1
2

−1
)
+2(tq+q)(3)

[
2
(

p− tq
2

) (8p+q−1)
2

−[[
2+6+ · · ·+

(
4
(

p− tq
2

)
−2
)]

+
[
3+7+ · · ·+

(
4
(

p− tq
2

)
−1
)]]]

+2(tq)(3)
[(

2
(

p− tq
2

)
−1
) (8p+q−1)

2
−
[[

4+8+ · · ·+4
(

p− tq
2

)]]]
+2(tq)(3)

[
5+9+ · · ·+

(
4
(

p− tq
2

)
−3
)]

+2 [(tq)(3)+(t +1)q(3)]
tq−p

∑
i=1

(
(4t +1)q−1

2
− i
)

= 3t2(2t +1)q3 +21(2t +1)p2q−3(4t2−1)pq2−2(10t +3)pq− tq2 +3tq.

Case 5. When p = tq+1
2 and t odd.

In this case

ε(v1) = ε(v2) = ε(v4p) = ε(v4p−1) =
4tq+q+1

2

and

ε(vi+2) = ε(v4p−1−i) = ε(v4p) = ε(v4p−1) =
(4t +1)q+1

2
− i where i = 1,2.

Also,

ε(vi+4) = ε(vi+5) = ε(v2tq−1−i) = ε(v2tq−2−i) =
(4t +1)q−3

2
− i

where i = 1,2, . . . , tq− p−1. Hence from Table 6.5 we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2 [(tq)(2)+(tq+q)(3)]
(
(4t +1)q+1

2

)
+2(tq+q)(3)

(
(4t +1)q+1

2
−1
)
+2(tq)(3)

(
(4t +1)q+1

2
−2
)

+2 [(tq)(3)+(tq+q)(3)]
tq−p−1

∑
i=1

(
(4t +1)q−3

2
− i
)
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= 3t(6t2 +5t +1)q3−3(2t +1)p2q−3(4t2 +4t +1)pq2 +6(2t +1)pq

+(t +1)(8t +3)q2 +(11t +9)q.

Case 6. When tq+3
2 ≤ p≤ tq−2 and t odd.

In this case

ε(vi) = ε(v4p+1−i) =
8p+q−1

2
− i where i = 1,2, . . . ,4

(
p− tq+1

2

)
,

ε

(
v4(p− tq+1

2 )+1

)
= ε

(
v4(p− tq+1

2 )+2

)
= ε(v2tq+2) = ε(v2tq+1) =

(4t +1)q+1
2

and

ε

(
v4(p− tq+1

2 )+2+i

)
= ε(v2tq+1−i) =

(4t +1)q+1
2

− i where i = 1,2.

Also,

ε

(
v4(p− tq+1

2 )+4+i

)
= ε

(
v4(p− tq+1

2 )+5+i

)
= ε(v2tq−1−i)= ε(v2tq−2−i)=

(4t +1)q−3
2

−i

where i = 1,2, . . . , tq− p−1. Hence from Table 6.5 we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(tq)(2)
(

8p+q−1
2

−1
)
+2(tq+q)(3)

[
2
(

p− tq+1
2

)
(8p+q−1)

2
−[[

2+6+ · · ·+
(

4
(

p− tq+1
2

)
−2
)]]]

+2(tq+q)(3)[
3+7+ · · ·+

(
4
(

p− tq+1
2

)
−1
)]

+2(tq)(3)[(
2
(

p− tq+1
2

)
−1
)
(8p+q−1)

2
−
[[

4+8+ · · ·+4
(

p− tq+1
2

)]]]
+2(tq)(3)

[
5+9+ · · ·+

(
4
(

p− tq+1
2

)
−3
)]

+2 [(tq)(3)+(tq+q)(3)]
(
(4t +1)q+1

2

)
+2(tq+q)(3)

(
(4t +1)q+1

2
−1
)
+2(tq)(3)

(
(4t +1)q+1

2
−2
)
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+2 [(tq)(3)+(tq+q)(3)]
tq−p−1

∑
i=1

(
(4t +1)q−3

2
− i
)

= 3t3q3 +3(10t +3)p2q+3(4t +1)pq2 +(8t +3)pq− t(9t +5)q2−6(3t−2)q.

Case 7. When p = tq−1 and t odd.

In this case

ε(vi) = ε(v4p+1−i) =
8p+q−1

2
− i where i = 1,2, . . . ,2(p−2)

and

ε(v2p−3) = ε(v2p−2) = ε(v2p+3) = ε(v2p+4) =
(4t +1)q+1

2
.

Also,

ε(v2p−2+i) = ε(v2p+3−i) = ε(v2p+3) = ε(v2p+4) =
(4t +1)q+1

2
− i, where i = 1,2.

Hence from Table 6.5 we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(tq)(2)
(

8p+q−1
2

−1
)
+2(tq+q)(3)

[
(p−2)(8p+q−1)

2
−

((2+6+ · · ·+2(p−2))+(3+7+ · · ·+2(p−2)−1))]+2(tq)(3)[
(p−3)(8p+q−1)

2
− ((4+8+ · · ·+2(p−2))+(5+9+ · · ·+2(p−2)−3)

]
+2 [(tq)(3)+(tq+q)(3)]

(
(4t +1)q+1

2

)
+2(tq+q)(3)

(
(4t +1)q+1

2
−1
)

+2(tq)(3)
(
(4t +1)q+1

2
−2
)

= 6(7t +3)p2q+3(2t +1)pq2−2(34t +15)pq+ t(48t +23)q2−3(9t +4)q.

Case 8. When p≥ tq, p even and t ≥ 1.
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In this case

ε(vi) = ε(v4p+1−i) =
8p+q−1

2
− i, where i = 1,2, . . . ,2p.

Hence from Table 6.5 we have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(tq)(2)
(

8p+q−1
2

−1
)
+2(tq+q)(3)

[
p(8p+q−1)

2
−

((2+6+ · · ·+2p−2)+(3+7+ · · ·+2p−1))]+2(tq)(3)[
(p−1)(8p+q−1)

2
− ((4+8+ · · ·+2p)+(5+9+ · · ·+2p−3))

]
= 18(2t +1)p2q+3(2t +1)pq2−2(10t +3)pq− tq2 +3tq.

Case 9. When p≥ tq, p odd and t ≥ 1.

In this case, we use the eccentricities of vertices as given in case 8. From Table 6.5 we

have

ξ
c(G) = ∑

p∈VG

dG(p) · ε(p)

= 2(tq)(2)
(

8p+q−1
2

−1
)
+2(tq+q)(3)[

p(8p+q−1)
2

− ((2+6+ · · ·+2p)+(3+7+ · · ·+2p−3))
]
+2(tq)(3)[

(p−1)(8p+q−1)
2

− ((4+8+ · · ·+2p−2)+(5+9+ · · ·+2p−1))
]

= 18(2t +1)p2q+3(2t +1)pq2−2(10t +3)pq− tq2 +3(t−1)q.

Remark 6.5.1. The results presented by Rao and Lakhshmi in [77] become a special

case of the results given in Theorem 6.5.1 and Theorem 6.5.2 for t = 1.
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Chapter 7

Inequalities Between Degree- and

Distance-based Graph Invariants



7.1 Introduction

Inequalities provide a way to study topological indices relatively. This relative study is

being conducted in three directions. One direction is to study inequalities for a topo-

logical index; this includes upper/lower bounds of topological index and inequalities

for topological index between a graph and its associated transformed graph. Ji et al.

[54] characterized the bounds for the reformulated Zagreb index for trees and unicyclic

graphs. Gao et al. [44] derived the sharp bounds for the hyper- Zagreb index for trees

and bicyclic graphs. In [54, 44], they used the inequality relations between a graph and

its associated transformed graphs for the said indices. Wang et al. [94] presented the

inequalities for general sum-connectivity indices between a graph and its several graph

transformations.

The second direction is to study inequality relations between two different topological

indices which belong to the same class. Lokesha et al. [66] derived some inequality

relations between Randić and GA indices. Ali et al. [4] studied the inequality rela-

tions between various degree-based indices. From the class of distance-based indices,

Dankelmann et al. [18] presented the inequality relation between Wiener and eccentric

connectivity indices. Das et al. [20] derived the inequality relation between eccentric

connectivity and Szeged indices.

The third and most significant direction is to study inequalities between topological

indices which belong to two different classes. Hua et al. [52] derived the inequality

relations of eccentric connectivity with the Zagreb indices. Zhou et al. [102] presented

the inequalities between Wiener, hyper-Wiener, and Zagreb indices. Das et al. [21] de-

rived the inequality relations between different topological indices belonging to degree

and distance-based classes.

In this chapter, we emphasize the relative study of topological indices belonging to two

different classes. We establish inequality relations of Randić, GA, ABC, and harmonic

indices with eccentric connectivity, connective eccentric, augmented eccentric connec-

tivity, Wiener, and ABC3 indices.
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7.2 Randić and GA Indices in Relation with Distance-

based Topological Indices

In the following Theorem, we derive inequalities between Randić connectivity index

and certain distance-based topological indices such as eccentric connectivity, connec-

tive eccentric, augmented eccentric connectivity and Wiener indices.

Theorem 7.2.1. Consider a connected (n,m)-graph G, then

(a) R(G)>
ξ c(G)

4m
+
√

2−1, (7.2.1)

(b) R(G)>
m

Cξ (G)
+
√

2−1, (7.2.2)

(c) R(G)>
n.δ δG

G
2ξ ac(G)

+
√

2−1, (7.2.3)

(d) 8mnR(G)> 3W (G)+8mn(
√

2−1)+3(n−1)

where δG denotes the minimum degree of G.

Proof. By considering the functions F(dp,εp)= dp.εp, F(dp,εp)= dp/εp and F(Mp,εp)=

Mp/εp in the general expressions for eccentricity related topological indices of any con-

nected graph G as given in (3.3.3) and (3.3.4), we have eccentric connectivity, connec-

tive eccentric and augmented eccentric connectivity indices of G respectively as follows

ξ
c(G) = ∑

p∈VG

dp.εp

Cξ (G) = ∑
p∈VG

dp/εp

ξ
ac(G) = ∑

p∈VG

Mp/εp.

From (4.2.3)-(4.2.5), we have the relations of these indices with the diameter of G as

follows:
ξ c(G)

2m
≤ dG (7.2.4)
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2m
Cξ (G)

≤ dG (7.2.5)

and the equality holds in each of the inequalities (7.2.4)-(7.2.5) iff G is a self-centered

graph. Also,
n.δ δG

G
ξ ac(G)

≤ dG (7.2.6)

and the equality holds iff G is a regular self-centered graph.

Now, by considering the function F(dp,dq) = 1/
√

dp.dq in the general expression of

degree-based indices as given in (3.3.2), we have the Randić connectivity index of G as

follows:

R(G) = ∑
pq∈EG

1√
dp.dq

.

From (4.2.8), we have the relation of this index with the diameter of G as follows:

dG ≤ 2R(G)+2−2
√

2. (7.2.7)

and the equality holds iff G∼= Pn for n≥ 3.

By combining the inequality (7.2.7) with the inequalities (7.2.4)-(7.2.6), we have

ξ c(G)

2m
< 2R(G)+2−2

√
2

2m
Cξ (G)

< 2R(G)+2−2
√

2

n.δ δG
G

ξ ac(G)
< 2R(G)+2−2

√
2.

The equality does not hold in each of these inequalities because if G ∼= Pn for n ≥ 3,

then G can not be a self-centered graph. After simplification, we get the required results

(a), (b) and (c).

Also, from (4.2.7) we have the relation between Wiener and eccentric connectivity in-

dices as follows

ξ
c(G)≥ 3

2n
(W (G)+n−1) (7.2.8)
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and from result (a), we obtain

4mR(G)+4m−4
√

2m > ξ
c(G).

By combining this inequality with the inequality (7.2.8), we achieve the desired relation

(d).

In the following corollary, we establish inequalities between GA index and certain

distance-based topological indices such as eccentric connectivity, connective eccentric,

augmented eccentric connectivity and Wiener indices.

Corollary 7.2.2. Consider a connected (n,m)-graph G having order n≥ 3, then

(a) GA(G)>
1√
12

ξ c(G)

m
+2

√
2
3
− 2√

3
,

(b) GA(G)>
2√
3

m
Cξ (G)

+2

√
2
3
− 2√

3
,

(c) GA(G)>
1√
3

n.δ δG
G

ξ ac(G)
+2

√
2
3
− 2√

3
,

(d) 4mnGA(G)>
√

3W (G)+
8√
3

mn(
√

2−1)+
√

3(n−1)

where δG denotes the minimum degree of G.

Proof. By considering the function F(dp,dq) = 2
√

dp.dq/(dp +dq) in the general ex-

pression of degree-based indices given in (3.3.2), we have the GA index of G as follows

GA(G) = ∑
pq∈EG

2
√

dp.dq

dp +dq
.

From the compound inequality (4.2.11), we have the relation of this index with the

Randić connectivity index as follows:

√
3
4

GA(G)≥ R(G).

With this inequality, Theorem 7.2.1 implies the required results.

In the coming Theorem, we derive an inequality between the Randić connectivity and

ABC3 indices.
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Theorem 7.2.3. Consider a connected (n,m)-graph G having diameter dG ≥ 2, then

ABC3(G)>
m
dG

√
d2

G

R(G)+1−
√

2
−2.

Proof. By considering the function F(εp,εq) =
√

(εp + εq−2)/εp.εq in (3.3.6), we

have the third ABC index as

ABC3(G) = ∑
pq∈EG

√
εp + εq−2

εp.εq
.

From the lower bound of (4.2.6), we have the relation of this index with the diameter of

G as follows:

2m2

d2
G
(dG−1)≤ (ABC3(G))2

where dG≥ rG≥ 2 and the equality holds iff G is a self-centered graph. It can be written

as
1

dG
− 1

d2
G
≤ (ABC3(G))2

2m2 . (7.2.9)

Now, from the inequality (4.2.8) we have

1
2R(G)+2−2

√
2
≤ 1

dG

and the equality holds iff G∼= Pn for n≥ 3. From this inequality, we also have

1
2R(G)+2−2

√
2
− 1

d2
G
≤ 1

dG
− 1

d2
G
.

By combining it with inequality (7.2.9), we obtain

1
2R(G)+2−2

√
2
− 1

d2
G
<

(ABC3(G))2

2m2

where dG ≥ 2 and the equality does not hold because if G ∼= Pn for n ≥ 3, then G can

not be a self-centered graph. After simplification, we achieve the desired relation.
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7.3 ABC Index in Relation with Distance-based Topo-

logical Indices

In the following Theorem, we derive inequalities between ABC index and certain distance-

based indices such as eccentric connectivity, connective eccentric, augmented eccentric

connectivity and Wiener indices.

Theorem 7.3.1. Consider a connected (n,m)-graph G, then

(a) ABC(G)>
ξ c(G)

2m
+

1√
2
(n−1)−

⌊n
2

⌋
,

(b) ABC(G)>
2m

Cξ (G)
+

1√
2
(n−1)−

⌊n
2

⌋
,

(c) ABC(G)>
n.δ δG

G
ξ ac(G)

+
1√
2
(n−1)−

⌊n
2

⌋
,

(d) 4mnABC(G)> 3W (G)+2
√

2mn(n−1)−4mn
⌊n

2

⌋
+3(n−1)

where δG represents the minimum degree of G.

Proof. By considering the function F(dp,dq) =
√

(dp +dq−2)/dp.dq in the general

expression (3.3.2) for degree-based indices of G, we have the ABC index of G as follows

ABC(G) = ∑
pq∈EG

√
dp +dq−2

dp.dq
.

From (4.2.2) we have dG ≤ 2rG. Then from (4.2.9), we obtain the relation of this index

with the diameter of G as follows

dG ≤ 2ABC(G)+2
⌊n

2

⌋
−
√

2(n−1) (7.3.1)

and the equality holds iff G∼= Pn for n≥ 3.
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By combining the inequality (7.3.1) with the inequalities (7.2.4)-(7.2.6), we have

ξ c(G)

2m
< 2ABC(G)+2

⌊n
2

⌋
−
√

2(n−1)

2m
Cξ (G)

< 2ABC(G)+2
⌊n

2

⌋
−
√

2(n−1)

nδ
δG
G

ξ ac(G)
< 2ABC(G)+2

⌊n
2

⌋
−
√

2(n−1)

and the equality does not hold in each of these inequalities because if G∼= Pn for n≥ 3,

then G can not be a self-centered graph. After simplification, we get the required results

(a), (b) and (c).

Also, from result (a) we have

2mABC(G)+2m
⌊n

2

⌋
−
√

2m(n−1)> ξ
c(G).

By combining this inequality with the inequality (7.2.8), we get the required result

(d).

In the coming Theorem, we derive an inequality between ABC and ABC3 indices.

Theorem 7.3.2. Consider a connected (n,m)-graph G having diameter dG ≥ 2, then

ABC3(G)>
m
dG

√√√√ d2
G

ABC(G)+
⌊n

2

⌋
− 1√

2
(n−1)

−2.

Proof. From (7.3.1), we have

1
2ABC(G)+2

⌊n
2

⌋
−
√

2(n−1)
≤ 1

dG

and the equality holds iff G∼= Pn for n≥ 3.

From this inequality, we also have

1
2ABC(G)+2

⌊n
2

⌋
−
√

2(n−1)
− 1

d2
G
≤ 1

dG
− 1

d2
G
.
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By combining it with the inequality (7.2.9), we obtain

1
2ABC(G)+2

⌊n
2

⌋
−
√

2(n−1)
− 1

d2
G
<

(ABC3(G))2

2m2

where dG ≥ 2 and the equality does not hold because if G ∼= Pn for n ≥ 3, then G can

not be a self-centered graph. After simplification, we get the required result.

7.4 Harmonic Index in Relation with Distance-based Topo-

logical Indices

In the following Theorem, we derive the inequalities between harmonic index and cer-

tain distance-based topological indices such as eccentric connectivity, connective ec-

centric, augmented eccentric connectivity and Wiener indices for any non self-centered

graph.

Theorem 7.4.1. Consider a non self-centered (n,m)-graph G, then

(a) H(G)<
ξ c(G)

m
+

n
2
−1, (7.4.1)

(b) H(G)<
4m

Cξ (G)
+

n
2
−1, (7.4.2)

(c) H(G)<
2n.∆∆G

G
ξ ac(G)

+
n
2
−1, (7.4.3)

(d) mn(n−1)H(G)>

√
3

4
W (G)+

2√
3

m(
√

2−1)+

√
3

4
(n−1)

where ∆G represents the maximum degree of G.

Proof. For a non self-centered graph G, from (4.2.2) we have rG < dG ≤ 2.rG. Then

from the compound inequalities (4.2.3)-(4.2.5), we obtain the relation of diameter of G

with the eccentric connectivity, connective eccentric and augmented eccentric connec-

tivity indices as follows

dG ≤
ξ c(G)

m
(7.4.4)
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dG ≤
4m

Cξ (G)
(7.4.5)

dG ≤
2n.∆∆

ξ ac(G)
. (7.4.6)

Now, by considering the function F(dp,dq) = 2/(dp +dq) in the general expression of

degree-based indices as given in (3.3.2), we have the harmonic index of G as follows

H(G) = ∑
pq∈EG

2
dp +dq

.

From (4.2.10), we obtain the relation of this index with the diameter of G as follows

H(G)− n
2
+1≤ dG (7.4.7)

and the equality holds iff G∼= Kn for n≥ 4.

By combining the inequality (7.4.7) with the inequalities (7.4.4)-(7.4.6), we obtain

H(G)− n
2
+1 <

ξ c(G)

m

H(G)− n
2
+1 <

4m
Cξ (G)

H(G)− n
2
+1 <

2n.∆∆G
G

ξ ac(G)
.

The equality does not exist in each of these inequalities because complete graph Kn is a

self-centered graph. After simplification, we get the required results (a), (b) and (c).

Also, from the compound inequality (4.2.12), we obtain

(n−1)H(G)≥ GA(G) (7.4.8)

and from the result (d) of Corollary 1, we have

GA(G)>

√
3

4m
W (G)+

2√
3
(
√

2−1)+

√
3

4m
(n−1).

By combining this inequality with inequality (7.4.8), we get the required result (d).

In the coming Theorem, we present the inequality relations of harmonic index with
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eccentric connectivity and connective eccentric indices for self-centered graphs.

Theorem 7.4.2. Consider a self-centered (n,m)-graph G, then

(a) H(G)≤ ξ c(G)

2m
+

n
2
−1,

(b) H(G)≤ 2m
Cξ (G)

+
n
2
−1

and the equality holds iff G∼= Kn.

Proof. For a self-centered graph G, from (4.2.2) we have dG = rG. Then from the com-

pound inequalities (4.2.3)-(4.2.4), we obtain the equality relation of diameter of G with

the eccentric connectivity, connective eccentric and augmented eccentric connectivity

indices as follows

dG =
ξ c(G)

2m

dG =
2m

Cξ (G)
.

By using these relations in the inequality (7.4.7), we achieve the desired relations.

In the coming result, we establish an inequality between harmonic and augmented ec-

centric connectivity indices for regular self-centered graphs.

Theorem 7.4.3. Consider a regular self-centered (n,m)-graph G of degree d having

order n≥ 4, then

H(G)≤ ndd

ξ ac(G)
+

n
2
−1

and the equality holds iff G∼= Kn.

Proof. For a self-centered graph G, from (4.2.2) we have dG = rG. Then from the

compound inequality (4.2.5), we obtain the equality relation of diameter of G with the

augmented eccentric connectivity indices as follows

dG =
ndd

ξ ac(G)
.

By using this relation in the inequality (7.4.7), we achieve the desired relation.
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In the coming result, we derive an inequality relation between harmonic and ABC3

indices for non self-centered graphs.

Theorem 7.4.4. Consider a non self-centered (n,m)-graph G having order n ≥ 4 and

radius rG ≥ 2, then

ABC3(G)<
m
rG

√
8r2

G
2H(G)−n+2

−2.

Proof. For a non self-centered graph G, from (4.2.2) we have rG < dG ≤ 2rG. By using

this relation, we obtain the inequality

1
rG
− 1

r2
G
≤ 2

dG
− 1

r2
G
. (7.4.9)

Now, from the compound inequality (4.2.6), we have

(ABC3(G))2 ≤ 2m2

r2
G

(rG−1) .

It can be written as
1

2m2 (ABC3(G))2 ≤ 1
rG
− 1

r2
G

(7.4.10)

where rG ≥ 2 and the equality holds iff G is a self-centered graph.

By combining inequality (7.4.9) with the inequality (7.4.10), we have

1
4m2 (ABC3(G))2 +

1
2r2

G
<

1
dG

(7.4.11)

and the equality does not hold because G is a non self-centered graph.

Also, from (4.2.10) we have
1

dG
≤ 1

H(G)− n
2 +1

(7.4.12)

and the equality holds if and only if G∼= Kn for n≥ 4.

By combining the inequality (7.4.12) with the inequality (7.4.11), we obtain

1
4m2 (ABC3(G))2 +

1
2r2

G
<

1
H(G)− n

2 +1
.
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After simplification, we achieve the desired relation.

In the coming Theorem, we derive an inequality between harmonic and ABC3 indices

for self-centered graphs.

Theorem 7.4.5. Consider a self-centered (n,m)-graph G having order n≥ 4 and diam-

eter dG ≥ 2, then

ABC3(G)<
m
dG

√
4d2

G
2H(G)−n+2

−1.

Proof. For a self-centered graph G, we have dG = rG. Then from the compound in-

equality (4.2.6), we have

1
2m2 (ABC3(G))2 =

1
dG
− 1

d2
G

(7.4.13)

where dG ≥ 2.

Also, from the inequality (7.4.12) we have

1
dG
− 1

d2
G
≤ 1

H(G)− n
2 +1

− 1
d2

G

and the equality holds iff G∼= Kn for n≥ 4.

By using (7.4.13), we obtain

1
2m2 (ABC3(G))2 <

1
H(G)− n

2 +1
− 1

d2
G

where dG ≥ 2 and the equality does not hold because if G∼= Kn for n≥ 4, then dG = 1.

And after simplification, we get the desired result.
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Chapter 8

Topological Description of Para-line

Transformation of Graphs



8.1 Introduction

Transformed graphs of the molecular graphs have significant chemical applications in

chemical graph theory because some topological index of the transformed graph will

capture other structural characteristics rather than the same topological index of the

parent molecular graph. In this sense, a wide range of different properties of a chemi-

cal compound could be modeled by using some topological index. This idea has been

applied in [50, 51].

The para-line transformed graphs have considerable chemical properties, see [59, 60].

Recently, various degree-based topological indices have been studied for the para-line

transformation graphs of several molecular graphs. Nadeem et al. [70] presented the ex-

pressions of general Randić index, first general Zagreb index, general sum-connectivity

index, ABC index, GA index, ABC4 index and GA5 index for the para-line transformed

graphs of 2D-lattice, nanotube and nanotorus of TUC4C8. They also formulated the

ABC4 and GA5 indices for the para-line transformed graphs of the ladder, wheel and

tadpole graphs in [69]. Akhter et al. [2] calculated the general Randić index, first gen-

eral Zagreb index, general sum-connectivity index, ABC index, GA index, ABC4 index

and GA5 index for the para-line transformed graphs of hexagonal parallelogram nan-

otube, zigzag-edge coronoid fused nanotube and triangular benzenoids. In [3], they

formulated the same indices for the para-line transformed graphs of honeycomb and

graphene networks. These para-line transformed graphs have also been studied by Ah-

mad [1] for the Zagreb indices, Zagreb irregularity indices, AZI index, multiple Zagreb

index and harmonic index. Gao et al. [43] formulated the general Randić index, first

general Zagreb index, general sum-connectivity index, ABC index, GA index, ABC4

index and GA5 index for the para-line transformed graphs of V -Pantacenic nanotube,

H-Pantacenic nanotube and V -Pantacenic nanotorus.

In this chapter we present the expressions of ABC, GA, harmonic, AZI, SDD, ISI, re-

formulated Zagreb, leap Zagreb, ABC4, GA5, and ABC5 indices for the para-line trans-

formed graph of any graph and thus generalized the existing results. We also formulate

the Wiener index for the para-line transformed graph of any tree. In addition we present

the bounds of various topological indices belonging to distance-based class for the para-
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line transformed graph.

8.2 General Expressions of Topological Indices for Para-

line Transformed Graph

In this section, we achieve the general expressions of ABC, GA, harmonic, AZI, SDD,

ISI, reformulated Zagreb, leap Zagreb, ABC4, GA5 and ABC5 indices for the Para-line

transformed graph. We also obtain the expression of Wiener index for the Para-line

transformed graph of any tree by deriving a relation of this index between a tree and its

Para-line transformed graph.

8.2.1 ABC, GA, Harmonic, AZI, SDD and ISI Indices of Para-line

Transformed Graph

In this section, we obtain the expressions of ABC, GA, harmonic, AZI, SDD and ISI

indices for the Para-line transformed graph of any graph.

In the following Lemma, we present a technique to construct the para-line transformed

graph of any graph.

Lemma 8.2.1. Consider a graph G, then its para-line transformed graph PL(G) is

constructed by replacing each vertex p ∈ VG with C(p); the clique on dG(p) vertices

having the same degree dG(p).

Proof. Let p ∈VG be any vertex having degree dG(p), then p is incident with the edges

pqi (say) where 1 ≤ i ≤ dG(p). In the construction of subdivision graph S(G), each

of these edges is replaced by a path having length two p→ ri→ qi (say). Then corre-

sponding to the edges pri and riqi, we have the adjacent vertices ui and vi in the para-line

transformed graph L(S(G))∼= PL(G). Clearly all edges pri have the same end vertex p

in S(G), therefore all dG(p) corresponding vertices ui in PL(G) must be adjacent with

each other along with the edges uivi and hence have a clique C(p) on dG(p) vertices

having the same degree dG(p).
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A para-line transformed graph is shown in Figure 8.1 which is constructed from a graph

G by the technique presenting in Lemma 8.2.1.

From Lemma 8.2.1, we can extract the following Observations.

Figure 8.1: Para-line transformation of a graph G.

Observation 8.2.1. Consider PL(G) symbolize the para-line transformed graph of any

graph G, then the edge set EPL(G) can be partitioned as follows:

The edge set EPL(G) consists of two types of edges: the edges between any two cliques,

called external edges, denoted by E
ext

PL(G) and the edges within cliques, called the inter-

nal edges, denoted by E
int

PL(G) i.e. EPL(G) = E
ext

PL(G)∪E
int

PL(G) where

E
ext

PL(G) = {e ∈ EPL(G) : e joins C(p) and C(q) for some p,q ∈VG}

and E
int

PL(G) = {e ∈ EPL(G) : e ∈ EC(p) for some p ∈VG}.

Observation 8.2.2. There is an edge e = uv ∈ E
ext

PL(G) between a vertex u ∈C(p) and a

vertex v ∈C(q) for some vertices p,q ∈VG if and only if there is an edge f = pq ∈ EG.

Observation 8.2.3. Consider the para-line transformed graph PL(G) of any (n,m)-

graph G, then

|E
ext

PL(G)|= |EG|= m, |E
int

PL(G)|= ∑
p∈VG

|EC(p)|= ∑
p∈VG

(
dG(p)

2

)
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and |EPL(G)| = |E
ext

PL(G)|+ |E
int

PL(G)|

= m+ ∑
p∈VG

(
dG(p)

2

)

= m+
1
2

[
∑

p∈VG

(dG(p))2− ∑
p∈VG

(dG(p))

]
= m+

1
2
[M1(G)−2m]

=
1
2

M1(G).

Observation 8.2.4. If e = uv ∈ E
ext

PL(G) is an edge between a vertex u ∈ VC(p) and a

vertex v ∈VC(q) for some vertices p,q ∈VG, then

dPL(G)(u) = dG(p) and dPL(G)(v) = dG(q).

Observation 8.2.5. If e = uv ∈ E
int

PL(G) is an edge between the vertices u,v ∈ VC(p) for

some vertex p ∈VG, then

dPL(G)(u) = dPL(G)(v) = dG(p).

In the following Theorem, we formulate the ABC index for the para-line transformed

graph of any graph.

Theorem 8.2.2. Consider the para-line transformed graph PL(G) of any (n,m)-graph

G, then

ABC(PL(G)) = ABC(G)+
1√
2 ∑

p∈VG

(dG(p)−1)3/2 .

Proof. From Observation 8.2.1, we can write

ABC(PL(G)) = ∑
uv∈Eext

PL(G)

√
dPL(G)(u)+dPL(G)(v)−2

dPL(G)(u)dPL(G)(v)

+ ∑
uv∈E int

PL(G)

√
dPL(G)(u)+dPL(G)(v)−2

dPL(G)(u)dPL(G)(v)
.
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From Observations 8.2.2 and 8.2.4, we have

ABC(PL(G)) = ∑
pq∈EG

√
dG(p)+dG(q)−2

dG(p)dG(q)
+ ∑

uv∈EC(p)

∑
p∈VG

√
dPL(G)(u)+dPL(G)(v)−2

dPL(G)(u)dPL(G)(v)
.

From Observation 8.2.5, we obtain

ABC(PL(G)) = ABC(G)+ ∑
uv∈EC(p)

∑
p∈VG

√
dG(p)+dG(p)−2

dG(p)dG(p)

= ABC(G)+ ∑
uv∈EC(p)

∑
p∈VG

√
2dG(p)−2

dG(p)
.

Now from Observation 8.2.3, we have

ABC(PL(G)) = ABC(G)+ ∑
p∈VG

(
dG(p)

2

)√
2dG(p)−2

dG(p)
.

After simplification, we get

ABC(PL(G)) = ABC(G)+
1√
2 ∑

p∈VG

(dG(p)−1)3/2 .

In the coming Theorem, we present the expression of GA index for the para-line trans-

formed graph of any graph.

Theorem 8.2.3. Consider the para-line transformed graph PL(G) of any (n,m)-graph

G, then

GA(PL(G)) = GA(G)+
1
2

M1(G)−m.

Proof. From Observation 8.2.1, we can write

GA(PL(G)) = ∑
uv∈Eext

PL(G)

2
√

dPL(G)(u)dPL(G)(v)

dPL(G)(u)+dPL(G)(v)
+ ∑

uv∈E int
PL(G)

2
√

dPL(G)(u)dPL(G)(v)

dPL(G)(u)+dPL(G)(v)
.

From Observations 8.2.2 and 8.2.4, we obtain
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GA(PL(G)) = ∑
pq∈EG

2
√

dG(p)dG(q)
dG(p)+dG(q)

+ ∑
uv∈EC(p)

∑
p∈VG

2
√

dPL(G)(u)dPL(G)(v)

dPL(G)(u)+dPL(G)(v)
.

From Observation 8.2.5, we have

GA(PL(G)) = GA(G)+ ∑
uv∈EC(p)

∑
p∈VG

2
√

dG(p)dG(p)
dG(p)+dG(p)

.

Now from Observation 8.2.3, we have

GA(PL(G)) = GA(G)+ ∑
p∈VG

(
dG(p)

2

)
2
√
(dG(p))2

2dG(p)

= GA(G)+
1
2

[
∑

p∈VG

(dG(p))2− ∑
p∈VG

dG(p)

]
.

By using (4.2.1), we get

GA(PL(G)) = GA(G)+
1
2

M1(G)−m.

In the coming Theorem, we present the expression of harmonic index for the para-line

transformed graph of any graph.

Theorem 8.2.4. Consider the para-line transformed graph PL(G) of any (n,m)-graph

G, then

H(PL(G)) = H(G)+m− n
2
. (8.2.1)

Proof. From Observation 8.2.1, we can write

H(PL(G)) = ∑
uv∈Eext

PL(G)

2
dPL(G)(u)+dPL(G)(v)

+ ∑
uv∈E int

PL(G)

2
dPL(G)(u)+dPL(G)(v)

.

From Observation 8.2.2 and 8.2.4, we have

H(PL(G)) = ∑
pq∈EG

2
dG(p)+dG(q)

+ ∑
uv∈EC(p)

∑
p∈VG

2
dPL(G)(u)+dPL(G)(v)

.

131



From Observation 8.2.5, we obtain

H(PL(G)) = H(G)+ ∑
uv∈EC(p)

∑
p∈VG

2
dG(p)+dG(p)

.

Now from Observation 8.2.3, we have

H(PL(G)) = H(G)+ ∑
p∈VG

(
dG(p)

2

)
1

dG(p)

= H(G)+
1
2 ∑

p∈VG

(dG(p)−1)

= H(G)+
1
2

[
∑

p∈VG

dG(p)− ∑
p∈VG

(1)

]

= H(G)+
1
2

[
∑

p∈VG

dG(p)− ∑
p∈VG

(1)

]
.

By using (4.2.1), we get

H(PL(G)) = H(G)+m− n
2
.

In the coming Theorem, we present the expression of AZI index for the para-line trans-

formed graph of any graph.

Theorem 8.2.5. Consider the para-line transformed graph PL(G) of any (n,m)-graph

G, then

AZI(PL(G)) = AZI(G)+
1

16 ∑
p∈VG

(dG(p))7

(dG(p)−1)2 .

Proof. From Observation 8.2.1, we can write

AZI(PL(G)) = ∑
uv∈Eext

PL(G)

(
dPL(G)(u)dPL(G)(v)

dPL(G)(u)+dPL(G)(v)−2

)3

+ ∑
uv∈E int

PL(G)

(
dPL(G)(u)dPL(G)(v)

dPL(G)(u)+dPL(G)(v)−2

)3

.
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From Observations 8.2.2 and 8.2.4, we have

AZI(PL(G)) = ∑
pq∈EG

(
dG(p)dG(q)

dG(p)+dG(q)−2

)3

+ ∑
uv∈EC(p)

∑
p∈VG

(
dPL(G)(u)dPL(G)(v)

dPL(G)(u)+dPL(G)(v)−2

)3

.

From Observation 8.2.5, we obtain

AZI(PL(G)) = AZI(G)+ ∑
uv∈EC(p)

∑
p∈VG

(
dG(p)dG(p)

dG(p)+dG(p)−2

)3

.

Now from Observation 8.2.3, we have

AZI(PL(G)) = AZI(G)+ ∑
p∈VG

(
dG(p)

2

)(
(dG(p))2

2dG(p)−2

)3

.

After simplification, we get

AZI(PL(G)) = AZI(G)+
1

16 ∑
p∈VG

(dG(p))7

(dG(p)−1)2 .

In the coming Theorem, we present the expression of SDD index for the para-line trans-

formed graph of any graph.

Theorem 8.2.6. Consider the para-line transformed graph PL(G) of any (n,m)-graph

G, then

SDD(PL(G)) = SDD(G)+M1(G)−2m.

Proof. From Observation 8.2.1, we can write

SDD(PL(G)) = ∑
uv∈Eext

PL(G)

(
dPL(G)(u)
dPL(G)(v)

+
dPL(G)(v)
dPL(G)(u)

)

+ ∑
uv∈E int

PL(G)

(
dPL(G)(u)
dPL(G)(v)

+
dPL(G)(u)
dPL(G)(v)

)
.
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From Observations 8.2.2 and 8.2.4, we obtain

SDD(PL(G)) = ∑
pq∈EG

(
dG(p)
dG(q)

+
dG(q)
dG(p)

)
+ ∑

uv∈EC(p)

∑
p∈VG

(
dPL(G)(u)
dPL(G)(v)

+
dPL(G)(v)
dPL(G)(u)

)
.

From Observation 8.2.5, we have

SDD(PL(G)) = SDD(G)+ ∑
uv∈EC(p)

∑
p∈VG

(
dG(p)
dG(p)

+
dG(p)
dG(p)

)
.

Now from Observation 8.2.3, we have

SDD(PL(G)) = SDD(G)+2 ∑
p∈VG

(
dG(p)

2

)
= SDD(G)+ ∑

p∈VG

[
dG(p)2−dG(p)

]
.

By using (4.2.1), we get

SDD(PL(G)) = SDD(G)+M1(G)−2m.

In the coming Theorem, we present the expression of ISI index for the para-line trans-

formed graph of any graph.

Theorem 8.2.7. Consider PL(G) symbolize the para-line transformed graph of any

(n,m)-graph G, then

ISI(PL(G)) = ISI(G)+
1
4
[F(G)−M1(G)] .

Proof. From Observation 8.2.1, we can write

ISI(PL(G)) = ∑
uv∈Eext

PL(G)

(
dPL(G)(u)dPL(G)(v)

dPL(G)(u)+dPL(G)(v)

)

+ ∑
uv∈E int

PL(G)

(
dPL(G)(u)dPL(G)(v)

dPL(G)(u)+dPL(G)(v)

)
.
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From Observations 8.2.2 and 8.2.4, we obtain

ISI(PL(G)) = ∑
pq∈EG

(
dG(P)dG(q)

dG(p)+dG(q)

)
+ ∑

uv∈EC(p)

∑
p∈VG

(
dPL(G)(u)dPL(G)(v)

dPL(G)(u)+dPL(G)(v)

)
.

From Observation 8.2.5, we have

ISI(PL(G)) = ISI(G)+ ∑
uv∈EC(p)

∑
p∈VG

(
dG(p)dG(p)

dG(p)+dG(p)

)
.

Now from Observation 8.2.3, we have

ISI(PL(G)) = ISI(G)+
1
2 ∑

p∈VG

(
dG(p)

2

)
= ISI(G)+

1
4 ∑

p∈VG

[
dG(p)3−dG(p)2]

= ISI(G)+
1
4
[F(G)−M1(G)] .

8.2.2 Reformulated Zagreb Indices of Para-line Transformed Graph

In this section, we obtain the expressions of first reformulated Zagreb and second refor-

mulated Zagreb indices for the para-line transformed graph of any graph by deriving a

relation between degree of each edge of the para-line transformed graph and degrees of

some vertices of the parent graph.

By using the edge partition of EPL(G) defined in Observation 8.2.1, we have the follow-

ing Lemma.

Lemma 8.2.8. Consider the para-line transformed graph PL(G) of any (n,m)-graph G

and e = uv ∈ EPL(G) be any edge, then

(a) If e = uv ∈ E
ext

PL(G), then there is some edge f = pq ∈ EG such that

dPL(G)(e) = dG( f ) = dG(p)+dG(q)−2.
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(b) If e = uv ∈ E
int

PL(G), then there is some vertex p ∈VG such that

dPL(G)(e) = 2dG(p)−2.

Proof. Let e = uv∈ EPL(G) be an edge. If e = uv∈ E
ext

PL(G), then from Observation 8.2.1,

u ∈VC(p) and v ∈VC(q) for some vertices p,q ∈VG and from Observation 8.2.2 there is

some edge f = pq∈ EG. Moreover from Observation 8.2.4, we have dPL(G)(u) = dG(p)

and dPL(G)(v) = dG(q). So we obtain

dPL(G)(e) = dPL(G)(u)+dPL(G)(v)−2

= dG(p)+dG(q)−2 = dG( f ).

Also, if e = uv ∈ E
int

PL(G), then from Observation 8.2.5, e = uv ∈ EC(p) for some vertex

p ∈VG and dPL(G)(u) = dG(p). Thus we have

dPL(G)(e) = dPL(G)(u)+dPL(G)(v)−2

= dG(p)+dG(p)−2 = 2dG(p)−2.

From the edge partition of PL(G), defined in Observation 8.2.1, we can extract the

following Observations.

Observation 8.2.6. If e = uv ∈ E
ext

PL(G) such that u ∈VC(p) and v ∈VC(q) for some p,q ∈

VG, then e is adjacent to dG(p)−1 edges g = uz ∈ EC(p) ⊆ E
int

PL(G) and dG(q)−1 edges

h = vw ∈ EC(q) ⊆ E
int

PL(G).

Observation 8.2.7. For each vertex p ∈ VG, the number of adjacent pairs of edges of

the corresponding clique C(p) in PL(G) are

dG(p) [dG(p)−1] [dG(p)−2]
2

.

Theorem 8.2.9. Consider PL(G) symbolize the para-line transformed graph of any
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(n,m)-graph G, then

EM1(PL(G)) = EM1(G)+2
[
M4

1(G)−3F(G)+3M1(G)−2m
]
.

Proof. From Observation 8.2.1, we can write

EM1(PL(G)) = ∑
e∈Eext

PL(G)

dPL(G)(e)
2 + ∑

e∈E int
PL(G)

dPL(G)(e)
2.

By using Lemma 8.2.8 and from Observation 8.2.2, we have

EM1(PL(G)) = ∑
f∈EG

dG( f )2 + ∑
e∈EC(p)

∑
p∈VG

(2dG(p)−2)2.

From Observation 8.2.3, we obtain

EM1(PL(G)) = EM1(G)+ ∑
p∈VG

(
dG(p)

2

)
(2dG(p)−2)2

= EM1(G)+2 ∑
p∈VG

dG(p)(dG(p)−1)3

= EM1(G)+2 ∑
p∈VG

[dG(p)4−3dG(p)3 +3dG(p)2−dG(p)]

= EM1(G)+2
[
M4

1(G)−3F(G)+3M1(G)−2m
]
.

Theorem 8.2.10. Consider the para-line transformed graph PL(G) of any (n,m)-graph

G, then

EM2(PL(G)) = 2
[
M5

1(G)−4M4
1(G)+5F(G)−M1(G)−4M2(G)+ReZ3(G)

]
.

Proof. By using the edge partition of PL(G) given in Observation 8.2.1, we can write

EM2(PL(G)) = ∑
e∼ f

e∈E
ext
PL(G),

f∈E
int
PL(G)

dPL(G)(e)dPL(G)( f )+ ∑
e∼ f

e, f∈E
int
PL(G)

dPL(G)(e)dPL(G)( f ).
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From Observation 8.2.6, we have

= ∑
e∼g

e∈E
ext
PL(G),

g∈EC(p)

∑
p∈VG

dPL(G)(e)dPL(G)(g)+ ∑
e∼h

e∈E
ext
PL(G),

h∈EC(q)

∑
q∈VG

dPL(G)(e)dPL(G)(h)

+ ∑
e∼ f

e, f∈EC(p)

∑
p∈VG

dPL(G)(e)dPL(G)( f ).

By using Lemma 8.2.8 and from Observations 8.2.6-8.2.7, we obtain

= ∑
pq∈EG

[(dG(p)−1)(dG(p)+dG(q)−2)(2dG(p)−2)

+(dG(q)−1)(dG(p)+dG(q)−2)(2dG(q)−2)]

+ ∑
p∈VG

dG(p)(dG(p)−1)(dG(p)−2)
2

(2dG(p)−2)2

= 2 ∑
pq∈EG

[
(dG(p)3 +dG(q)3)−4(dG(p)2 +dG(q)2)

]
+2 ∑

pq∈EG

[6(dG(p)+dG(q))−4dG(p)dG(q)−4]

+2 ∑
pq∈EG

dG(p)dG(q) [dG(p)+dG(q)]

+2 ∑
p∈VG

[
dG(p)5−5dG(p)4 +9dG(p)3−7dG(p)2 +2dG(p)

]
= 2

[
M4

1(G)−4F(G)+6M1(G)−4M2(G)−4m
]
+2ReZ3(G)

+2
[
M5

1(G)−5M4
1(G)+9F(G)−7M1(G)+4m

]
= 2

[
M5

1(G)−4M4
1(G)+5F(G)−M1(G)−4M2(G)+ReZ3(G)

]
.

8.2.3 Leap Zagreb Indices of Para-line Transformed Graph

In this section, we obtain the expressions of first leap Zagreb, second leap Zagreb and

third leap Zagreb indices for the para-line transformed graph of any graph by deriving

a relation between 2-distance degree of each vertex of the para-line transformed graph

and degrees of some vertices of the parent graph.
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Lemma 8.2.11. Consider the para-line transformed graph PL(G) of any graph G and

u ∈ VPL(G) be any vertex such that u ∈ VC(p) for some p ∈ VG, then there exits a vertex

v ∈VC(q) for some q ∈VG such that uv ∈ E
ext

PL(G) i.e. v ∈ NG(p) and

d2 (u/PL(G)) = d2 (v/PL(G)) = dG(p)+dG(q)−2.

Proof. Let u∈VPL(G), then there exists a vertex p∈VG such that u∈VC(p) and dPL(G)(u)=

dC(p)(u) = dG(p). Also, clearly u is adjacent to dG(p)− 1 vertices of C(p) therefore

there must be some vertex v ∈VC(q) for some q ∈VG such that uv ∈ E
ext

PL(G) and we have

the 2-distance neighborhood set of u as follows:

N2(u/PL(G)) = {w ∈VPL(G) : d(u,w) = 2}

= X ∪Z

where X = {x∈VPL(G) : xy∈ EPL(G) ∀ y∈VC(p)−{u}} and Z = {z∈VC(q) : vz∈ EC(q)}.

Then clearly |X |= dG(p)−1 and |Z|= dG(q)−1. Thus we obtain

d2(u/PL(G)) = |N2(u/PL(G))|

= |X |+ |Z|

= dG(p)+dG(q)−2.

Similarly, we get d2(v/PL(G)) = dG(p)+dG(q)−2.

From Lemma 8.2.11, we can extract the following observation.

Observation 8.2.8. If e = uv ∈ E
int

PL(G) and u,v ∈VC(p) for some p ∈VG, then there are

some vertices s, t ∈ NG(p) such that

d2 (u/PL(G)) = dG(p)+dG(s)−2 and d2 (v/PL(G)) = dG(p)+dG(t)−2.

Observation 8.2.9. For any non-negative integer k, we have

∑
p∈VG

∑
q∈NG(p)

dG(q)k = ∑
p∈VG

∑
q∈NG(p)

dG(p)k = ∑
p∈VG

dG(p)k+1.
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Observation 8.2.10. For any function f (dG(p)), we have

∑
p∈VG

∑
s,t∈NG(p)

f (dG(p)) = ∑
p∈VG

(
dG(p)

2

)
f (dG(p)).

Observation 8.2.11. From the definition of M2(G), we have

M2(G) =
1
2 ∑

p∈VG

∑
q∈NG(p)

dG(p)dG(q).

Theorem 8.2.12. Consider the para-line transformed graph PL(G) of any (n,m)-graph

G, then

LM1(PL(G)) = 4M2(G)−8M1(G)+2F(G)+8m.

Proof. Let u ∈VPL(G), then there exists some vertex p ∈VG such that u ∈VC(p) and we

have

LM1(PL(G)) = ∑
u∈VC(p)

∑
p∈VG

d2(u/PL(G))2.

By using Lemma 8.2.11, we obtain

LM1(PL(G)) = ∑
p∈VG

∑
q∈NG(p)

(dG(p)+dG(q)−2)2

= ∑
p∈VG

∑
q∈NG(p)

[
d2

G(p)−4dG(p)+4
]
+ ∑

p∈VG

∑
q∈NG(p)

[
(d2

G(q))−4dG(q)
]

+2 ∑
p∈VG

∑
q∈NG(p)

dG(p)dG(q).

From Observations 8.2.9 and 8.2.11, we get

LM1(PL(G)) = ∑
p∈VG

[
dG(p)3−4dG(p)2 +4dG(p)

]
+ ∑

p∈VG

[
(dG(p)3)−4dG(p)2]

+4M2(G)

= F(G)−4M1(G)+8m+F(G)−4M1(G)+4M2(G)

= 4M2(G)−8M1(G)+2F(G)+8m.

140



Theorem 8.2.13. Consider PL(G) symbolize the para-line transformed graph of any

(n,m)-graph G, then

LM2(PL(G)) = 2M2(G)+
1
2

M4
1(G)− 3

2
F(G)

+ ∑
p∈VG

s,t∈NG(p)

[(dG(p)−2)(dG(s)+dG(t))+dG(s)dG(t)] .

Proof. From the Observation 8.2.2, we can write

LM2(PL(G)) = ∑
uv∈Eext

PL(G)

d2(u/PL(G))d2(v/PL(G))+ ∑
uv∈E int

PL(G)

d2(u/PL(G))d2(v/PL(G)).

By using Lemma 8.2.11 and Observation 8.2.8, we obtain

= ∑
pq∈EG

(dG(p)+dG(q)−2)2 + ∑
p∈VG

∑
s,t∈NG(p)

[dG(p)+dG(s)−2] [dG(p)+dG(t)−2]

= ∑
pq∈EG

[dG(p)2 +dG(q)2]−4 ∑
pq∈EG

[dG(p)+dG(q)]+2 ∑
pq∈EG

[dG(p)dG(q)+2]

+ ∑
p∈VG

∑
s,t∈NG(p)

[dG(p)2−4dG(p)+4]+ ∑
p∈VG

∑
s,t∈NG(p)

dG(p) [dG(s)+dG(t)]

−2 ∑
p∈VG

∑
s,t∈NG(p)

[dG(s)+dG(t)]+ ∑
p∈VG

∑
s,t∈NG(p)

dG(s)dG(t).

From Observation 8.2.10, we have

= F(G)−4M1(G)+2M2(G)+4m+ ∑
p∈VG

(
dG(p)

2

)[
dG(p)2−4dG(p)+4

]
+ ∑

p∈VG

∑
s,t∈NG(p)

[dG(p)−2][dG(s)+dG(t)]+ ∑
p∈VG

∑
s,t∈NG(p)

dG(s)dG(t)

= F(G)−4M1(G)+2M2(G)+4m+
1
2 ∑

p∈VG

[
dG(p)4−dG(p)3]

−2 ∑
p∈VG

[
dG(p)3−dG(p)2]+2 ∑

p∈VG

[
dG(p)2−dG(p)

]
+ ∑

p∈VG

∑
s,t∈NG(p)

[dG(p)−2] [dG(s)+dG(t)]+ ∑
p∈VG

∑
s,t∈NG(p)

dG(s)dG(t)

= F(G)−4M1(G)+2M2(G)+4m+
1
2

M4
1(G)− 1

2
F(G)−2F(G)+2M1(G)
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+2M1(G)−4m+ ∑
p∈VG

∑
s,t∈NG(p)

[dG(p)−2][dG(s)+dG(t)]

+ ∑
p∈VG

∑
s,t∈NG(p)

dG(s)dG(t)

= 2M2(G)+
1
2

M4
1(G)− 3

2
F(G)

+ ∑
p∈VG

s,t∈NG(p)

[(dG(p)−2)(dG(s)+dG(t))+dG(s)dG(t)].

Theorem 8.2.14. Consider the para-line transformed graph PL(G) of any (n,m)-graph

G, then

LM3(PL(G)) = F(G)−2M1(G)+2M2(G).

Proof. Let u ∈VPL(G), then there exists some vertex p ∈VG such that u ∈VC(p) and we

have

LM3(PL(G)) = ∑
u∈VC(p)

∑
p∈V(G)

dC(p)(u)d2(u/PL(G)).

By using Lemma 8.2.11, we obtain

LM3(PL(G)) = ∑
p∈VG

∑
q∈NG(p)

dG(p)[dG(p)+dG(q)−2]

= ∑
p∈VG

∑
q∈NG(p)

[dG(p)2−2dG(p)]+ ∑
p∈VG

∑
q∈NG(p)

dG(p)dG(q).

From Observations 8.2.9 and 8.2.11, we have

LM3(PL(G)) = ∑
p∈VG

[dG(p)3−2dG(p)2]+2M2(G)

= F(G)−2M1(G)+2M2(G).
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8.2.4 ABC4, GA5 and ABC5 Indices of Para-line Transformed Graph

In this section, the expressions of Consider PL(G) symbolize the para-line transformed

graph of any (n,m)-graph G, “ABC4 and GA5” indices for the Para-line transformed

graph of any graph are achieved.

Lemma 8.2.15. Consider the para-line transformed graph PL(G) of any graph G, then

for any edge e = uv ∈ E
ext

PL(G) there exist some vertices p,q ∈VG such that

(a) δPL(G)(u) = dG(p) [dG(p)−1]+dG(q)

and δPL(G)(v) = dG(q) [dG(q)−1]+dG(p)

(b) MPL(G)(u) = dG(q) · (dG(p))dG(p)−1

and MPL(G)(v) = dG(p) · (dG(q))dG(q)−1.

Proof. Let e = uv ∈ E
ext

PL(G) be any edge, then from Observation 8.2.1 there exist some

vertices p,q ∈ VG such that u ∈ VC(p) and v ∈ VC(q). Thus, we have the neighborhood

set of vertex u as follows:

NPL(G)(u) = {w ∈VPL(G) : uw ∈ EPL(G)}

= {z ∈VC(p) : uz ∈ EC(p)}∪{v}

and

δPL(G)(u) = ∑
uw∈EPL(G)

dPL(G)(w)

= ∑
uz∈EC(p)

dC(p)(z)+dC(q)(v)

= dC(p)(z)
[
dC(p)(z)−1

]
+dC(q)(v)

= dG(p) [dG(p)−1]+dG(q).

Similarly, we have

δPL(G)(v) = dG(q) [dG(q)−1]+dG(p).
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Also,

MPL(G)(u) = ∏
w∈NPL(G)(u)

dPL(G)(w)

= ∏
uw∈EPL(G)

dPL(G)(w)

= ∏
uz∈EC(p)

dC(p)(z) ·dC(q)(v)

= (dC(p)(z))
dC(p)(z)−1 ·dC(q)(v)

= dG(q) · (dG(p))dG(p)−1.

Similarly, we obtain

MPL(G)(v) = dG(p) · (dG(q))dG(q)−1.

Lemma 8.2.16. Consider the para-line transformed graph PL(G) of any graph G, then

for any edge e = uv ∈ E
int

PL(G) there exist a vertex p ∈ VG and for vertex p there exist

vertices s, t ∈ NG(p) such that

(a) δPL(G)(u) = dG(p) [dG(p)−1]+dG(s)

and δPL(G)(v) = dG(p) [dG(p)−1]+dG(t)

(b) MPL(G)(u) = dG(s) · (dG(p))dG(p)−1

and MPL(G)(v) = dG(t) · (dG(p))dG(p)−1.

Proof. Let e = uv ∈ E
int

PL(G) be any edge, then from Observation 8.2.2 there exist a

vertex p ∈VG such that u,v ∈VC(p) and dC(p)(u) = dC(p)(v) = dG(p). Also, clearly u is

adjacent to all dG(p)−1 vertices of C(p). Therefore there exist a vertex x ∈ VC(s) that

is adjacent to u for some vertex s ∈ NG(p) and we have the neighborhood set of vertex

u as follows:

NPL(G)(u) = {w ∈VPL(G) : uw ∈ EPL(G)}

= {z ∈VC(p) : uz ∈ EC(p)}∪{x}

144



and

δPL(G)(u) = ∑
uw∈EPL(G)

dPL(G)(w)

= ∑
uz∈EC(p)

dC(p)(z)+dC(s)(x)

= dC(p)(z)
[
dC(p)(z)−1

]
+dC(s)(x)

= dG(p) [dG(p)−1]+dG(s).

Similarly, for vertex p ∈VG there also exist a vertex t ∈ NG(p) such that

δPL(G)(v) = dG(p) [dG(p)−1]+dG(t).

Also,

MPL(G)(u) = ∏
w∈NPL(G)(u)

dPL(G)(w)

= ∏
uw∈EPL(G)

dPL(G)(w)

= ∏
uz∈EC(p)

dC(p)(z) ·dC(s)(x)

= (dC(p)(z))
dC(p)(z)−1 ·dG(s)

= dG(s) · (dG(p))dG(p)−1.

Similarly, for some vertex t ∈ NG(p) we obtain

MPL(G)(v) = dG(t) · (dG(p))dG(p)−1.

In the coming Theorem, we present the expression of ABC4 index for the para-line

transformed graph of any graph.

Theorem 8.2.17. Consider PL(G) symbolize the para-line transformed graph of any
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(n,m)-graph G, then

ABC4(PL(G)) = ∑
pq∈EG

√
(dG(p))2 +(dG(q))

2−2
[(dG(p))2−dG(p)+dG(q)] [(dG(q))2−dG(q)+dG(p)]

+ ∑
p∈VG

s,t∈NG(p)

√
2dG(p)(dG(p)−1)+dG(s)+dG(t)−2

[(dG(p))2−dG(p)+dG(s)] [(dG(p))2−dG(p)+dG(t)]
.

Proof. From Observation 8.2.1, we can write

“ABC4(PL(G)) = ∑
uv∈Eext

PL(G)

√
δPL(G)(u)+δPL(G)(v)−2

δPL(G)(u) ·δPL(G)(v)

+ ∑
uv∈E int

PL(G)

√
δPL(G)(u)+δPL(G)(v)−2

δPL(G)(u) ·δPL(G)(v)
.”

By using Lemma 8.2.15 (a), Lemma 8.2.16 (a) and Observation 8.2.2, we obtain

= ∑
pq∈EG

√
dG(p)(dG(p)−1)+dG(q)+dG(q)(dG(q)−1)+dG(p)−2
[dG(p)(dG(p)−1)+dG(q)] [dG(q)(dG(q)−1)+dG(p)]

+ ∑
p∈VG

∑
s,t∈NG(p)

√
dG(p)(dG(p)−1)+dG(s)+dG(p)(dG(p)−1)+dG(t)−2
[dG(p)(dG(p)−1)+dG(s)] [dG(p)(dG(p)−1)+dG(t)]

.

After simplification, we have

ABC4(PL(G)) = ∑
pq∈EG

√
(dG(p))2 +(dG(q))

2−2
[(dG(p))2−dG(p)+dG(q)] [(dG(q))2−dG(q)+dG(p)]

+ ∑
p∈VG

s,t∈NG(p)

√
2dG(p)(dG(p)−1)+dG(s)+dG(t)−2

[(dG(p))2−dG(p)+dG(s)] [(dG(p))2−dG(p)+dG(t)]
.

In the coming Theorem, we present the expression of GA5 index for the para-line trans-

formed graph of any graph.

Theorem 8.2.18. Consider the para-line transformed graph PL(G) of any (n,m)-graph

G, then
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GA5(PL(G)) = ∑
pq∈EG

2
√
[(dG(p))2−dG(p)+dG(q)][(dG(q))2−dG(q)+dG(p)]

(dG(p))2 +(dG(q))2

+ ∑
p∈VG

s,t∈NG(p)

2
√
[(dG(p))2−dG(p)+dG(s)][(dG(q))2−dG(q)+dG(t)]

2dG(p)(dG(p)−1)+dG(s)+dG(t)
.

Proof. From Observation 8.2.1, we can write

“GA5(PL(G)) = ∑
uv∈Eext

PL(G)

2
√

δPL(G)(u) ·δPL(G)(v)

δPL(G)(u)+δPL(G)(v)
+ ∑

uv∈E int
PL(G)

2
√

δPL(G)(u) ·δPL(G)(v)

δPL(G)(u)+δPL(G)(v)
.”

By using Lemma 8.2.15 (a), Lemma 8.2.16 (a) and Observation 8.2.2, we obtain

= ∑
pq∈EG

2
√

[dG(p)(dG(p)−1)+dG(q)][dG(q)(dG(q)−1)+dG(p)]
dG(p)(dG(p)−1)+dG(q)+dG(q)(dG(q)−1)+dG(p)

+ ∑
p∈VG

∑
s,t∈NG(p)

2
√

[dG(p)(dG(p)−1)+dG(s)][dG(p)(dG(p)−1)+dG(t)]
dG(p)(dG(p)−1)+dG(s)+dG(p)(dG(p)−1)+dG(t)

.

After simplification, we get

GA5(PL(G)) = ∑
pq∈EG

2
√

[(dG(p))2−dG(p)+dG(q)][(dG(q))2−dG(q)+dG(p)]
(dG(p))2 +(dG(q))2

+ ∑
p∈VG

s,t∈NG(p)

2
√
[(dG(p))2−dG(p)+dG(s)][(dG(p))2−dG(p)+dG(t)]

2dG(p)(dG(p)−1)+dG(s)+dG(t)
.

In the coming Theorem, we present the expression of ABC5 index for the para-line

transformed graph of any graph.

Theorem 8.2.19. Consider the para-line transformed graph PL(G) of any (n,m)-graph
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G, then

ABC5(PL(G)) = ∑
pq∈EG

√
dG(q) · (dG(p))dG(p)−1 +dG(p) · (dG(q))dG(q)−1−2

(dG(p))dG(p) · (dG(q))dG(q)

+ ∑
p∈VG

s,t∈NG(p)

√
(dG(s)+dG(t)) · (dG(p))dG(p)−1−2

dG(s) ·dG(t) · (dG(p))2dG(p)−2
.

Proof. From Observation 8.2.1, we can write

ABC5(PL(G)) = ∑
uv∈Eext

PL(G)

√
MPL(G)(u)+MPL(G)(v)−2

MPL(G)(u) ·MPL(G)(v)

+ ∑
uv∈E int

PL(G)

√
MPL(G)(u)+MPL(G)(v)−2

MPL(G)(u) ·MPL(G)(v)
.

By using Lemma 8.2.15 (b), Lemma 8.2.16 (b) and Observation 8.2.2, we obtain

= ∑
pq∈EG

√
dG(q) · (dG(p))dG(p)−1 +dG(p) · (dG(q))dG(q)−1−2

dG(q) · (dG(p))dG(p)−1 ·dG(p) · (dG(q))dG(q)−1

+ ∑
p∈VG

∑
s,t∈NG(p)

√
dG(s) · (dG(p))dG(p)−1 +dG(t) · (dG(p))dG(p)−1−2

dG(s) · (dG(p))dG(p)−1 ·dG(t) · (dG(p))dG(p)−1
.

After simplification, we get

ABC5(PL(G)) = ∑
pq∈EG

√
dG(q) · (dG(p))dG(p)−1 +dG(p) · (dG(q))dG(q)−1−2

(dG(p))dG(p) · (dG(q))dG(q)

+ ∑
p∈VG

s,t∈NG(p)

√
(dG(s)+dG(t)) · (dG(p))dG(p)−1−2

dG(s) ·dG(t) · (dG(p))2dG(p)−2
.

8.2.5 Wiener Index of Para-line Transformed Graph of Tree

In this section, we derive a connection of the Wiener index between a tree and its para-

line transformed graph. By using this connection, we formulate the Wiener index for
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the para-line transformed graph of any tree.

In the coming result, we present a connection of the Wiener index between any tree and

its para-line transformed graph.

Theorem 8.2.20. Consider PL(T ) symbolize the para-line transformed graph of any

(n,n−1)-tree T , then

W (PL(T )) = 8W (T )−4n2 +5n−1. (8.2.2)

Proof. Consider a (n,n− 1)-tree T , then from (4.2.14) we obtain the relation of the

Wiener index of T and its line graph L(T ) as follows:

W (L(T )) =W (T )−
(

n
2

)
.

The subdivision graph S(T ) of a tree T is also a tree. Therefore, by replacing the tree T

in this relation with the (2n−1,2n−2)-tree S(T ) we obtain

W (PL(T )) =W (L(S(T ))) =W (S(T ))−
(

2n−1
2

)
. (8.2.3)

By taking k = 1 in (4.2.15), we have

W (S(T )) = 8W (T )−
(

2n
3

)
−8
(

n+1
3

)
.

After simplification, we get

W (S(T )) = 8W (T )−2n(n−1). (8.2.4)

Now, by using (8.2.4) in (8.2.3), we obtain

W (PL(T )) = 8W (T )−2n(n−1)−
(

2n−1
2

)
.

After simplification, we obtain the desired relation.

In the coming Corollary, we present the expression of Wiener index for the para-line

transformed graph of any tree.
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Corollary 8.2.21. Consider the para-line transformed graph PL(T ) of any (n,n− 1)-

tree T , then

W (PL(T )) = 2 ∑
p∈VT

dT (p) ·d(p|T )−2n2 +3n−1.

Proof. By using (4.2.13) in (8.2.2), we have

W (PL(T )) = 2

[
n(n−1)+ ∑

p∈VT

dT (p) ·d(p|T )

]
−4n2 +5n−1.

After simplification, we obtain the desired expression.

8.3 Topological Indices/Coindices of Iterated Para-line

Graphs

In this part, we formulate the first general Zagreb index, first Zagreb Coindex, F-coindex

for the iterated para-line transformed graphs. We also formulate the first Zagreb index,

F-index and F-coindex for the complements of iterated para-line transformed graphs.

In the coming result, we present the first general Zagreb index for the k-th iterated

para-line graphs of any graph.

Theorem 8.3.1. Consider the k-th iterated para-line graph PLk(G) of any graph G,

then for k ≥ 1 we have

Mα
1 (PLk(G)) = ∑

p∈VG

t · (dG(p))k+α (8.3.1)

where t is the number of vertices having degree dG(p) in G and α is an arbitrary real

number except 0 and 1.

We prove this Theorem by using the following lemma.

Lemma 8.3.2. Let dG(p) be the degree of a vertex p ∈ VG, then corresponding to t

vertices having degree dG(p) of graph G, there are t · (dG(p))k vertices having degree

dG(p) of the k-th iterated para-line graph PLk(G).
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Proof. Let PLk(G) be the k-th iterated para-line graph of a graph G. To prove this

result, we apply induction on k. Let p be a vertex having degree dG(p) of G, then p

is incident with the edges say pqi (1 ≤ i ≤ dG(p)). By the construction of subdivision

graph SG, each of these edges is replaced by a path of length two say p→wi→ qi. Then

we have the vertices ui and vi (say) of PL(G) corresponding to the edges pwi and wiqi

respectively. Since all the edges pwi are adjacent by the vertex p of SG. Therefore we

have a complete graph KdG(p) in PL(G) having vertices ui together with edges uivi. Then

clearly all the vertices ui of PL(G) have the same degree dG(p). Thus corresponding to

t vertices of G having degree dG(p), we have t · dG(p) vertices of PLG having degree

dG(p). We suppose that there are t ·(dG(p))r vertices of r-th para-line graph PLr
G having

degree dG(p). Now we construct (r+1)-th para-line graph of graph G as PLr+1(G) =

PL(PLr(G)). We take a vertex x of PLr(G) such that dPLr(G)(x) = dG(p). Then the

vertex x is incident with the edges say xyi (1 ≤ i ≤ dG(p)). As we discussed above, in

constructing the para-line graph of PLr
G the vertex x in PLr(G) is replaced by a complete

graph KdPLr(G)(x) = KdG(p) in PLr+1(G) having vertices say hi (1 ≤ i ≤ dG(p)) together

with edges hiyi. Thus, corresponding to one vertex x of degree dG(p) of graph PLr(G)

we have dG(p) vertices of PLr+1(G) having the same degree dG(p). Because there are

t · (dG(p))r vertices of PLr(G) having degree dG(p) (by our supposition), so we have

total t · (dG(p))r · (dG(p)) = t · (dG(p))r+1 number of vertices of PLr+1(G) having the

same degree dG(p).

Now, we present the proof of Theorem 8.3.1 as follows:

Proof. For each k, the first general Zagreb index of k-th iterated para-line graph PLk(G)

is computed by using lemma 8.3.2 as follows

Mα
1 (PLk

G) = ∑
x∈VPLk(G)

(
dPLk(G)(x)

)α

= ∑
p∈VG

t · (dG(p))k · (dG(p))α = ∑
p∈VG

t · (dG(p))k+α .

Theorem 8.3.3. Consider the k-th iterated para-line graph PLk(G) of any graph G,

then for k ≥ 1 we have
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(a) nk = |VPLk(G)|= ∑
p∈VG

t.(dG(P))
k , (8.3.2)

and

(b) mk = |EPLk(G)|=
1
2 ∑

p∈VG

t · (dG(p))k+1 (8.3.3)

where t is the number of vertices of G having degree dG(p).

Proof. For each k, the cardinality of the vertex set VPLk(G) is directly followed by lemma

8.3.2. In order to find the cardinality of the edge set EPLk
G

for each k, we use the hand-

shaking lemma as follows

∑
p∈VPLk(G)

dPLk(G)(p) = 2|EPLk(G)|.

Now by lemma 8.3.2, we get the required result as follows

∑
p∈VG

t · (dG(p))k · (dG(p)) = ∑
p∈VG

t · (dG(p))k+1 = 2|EPLk(G)|.

In the coming Theorem, we present the first Zagreb coindex of PLk(G) and the first

Zagreb index of its complement.

Theorem 8.3.4. Consider the k-th iterated para-line graph PLk(G) of any graph G,

then for k ≥ 1 we have

(a) M1(PLk(G)) = ∑
p∈VG

t · (dG(p))k+1

(
∑

p∈VG

t · (dG(p))k−1

)
− ∑

p∈VG

t · (dG(p))k+2 .

(8.3.4)

(b) M1(PLk(G)) = ∑
p∈VG

t · (dG(p))k+2 + ∑
p∈VG

t · (dG(p))k

(
∑

p∈VG

t · (dG(p))k−1

)2

−2 ∑
p∈VG

t · (dG(p))k+1

(
∑

p∈VG

t · (dG(p))k−1

)

where t is the number of vertices having degree dG(p) in G.
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Proof. By taking α = 2 in (8.3.1), we have the first Zagreb index of k-th iterated para-

line graph PLk(G) as follows

M1(PLk(G)) = ∑
p∈VG

t · (dG(p))k+2 . (8.3.5)

Now, by replacing the (n,m)-graph G in (4.2.16) and (4.2.17) by its k-th para-line

(nk,mk)-graph PLk(G) for each k we have

M1(PLk(G)) = M1(PLk(G))+2(nk−1)
(

nk(nk−1)
2

−2mk

)
(8.3.6)

and

M1(PLk(G)) = 2mk(nk−1)−M1(PLk(G)). (8.3.7)

By using (8.3.2), (8.3.3) and (8.3.5) in (8.3.6) and (8.3.7), we achieve the required

results.

In coming Theorem, we present the F-coindex of PLk(G) and of its complement, and

F-index of PLk(G).

Theorem 8.3.5. Consider the k-th iterated para-line graph PLk(G) of any graph G,

then for k ≥ 1 we have

(a) F(PLk(G)) = ∑
p∈VG

t · (dG(p))k+2

(
∑

p∈VG

t · (dG(p))k−1

)
− ∑

p∈VG

t · (dG(p))k+3 ,

(8.3.8)

(b) F(PLk(G)) = ∑
p∈VG

t · (dG(p))k

(
∑

p∈VG

t · (dG(p))k−1

)3

−3 ∑
p∈VG

t · (dG(p))k+1

(
∑

p∈VG

t · (dG(p))k−1

)2

+3 ∑
p∈VG

t · (dG(p))k+2

(
∑

p∈VG

t · (dG(p))k−1

)
− ∑

p∈VG

t · (dG(p))k+3 ,

(c) F(PLk(G)) = ∑
p∈VG

t · (dG(p))k+1

(
∑

p∈VG

t · (dG(p))k−1

)2

−2 ∑
p∈VG

t · (dG(p))k+2

(
∑

p∈VG

t · (dG(p))k−1

)
+ ∑

p∈VG

t · (dG(p))k+3
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where t is the number of vertices of G having degree dG(p).

Proof. By taking α = 3 in (8.3.1), we have the F-index of k-th para-line (nk,mk)-graph

PLk(G) for each k as follows

F(PLk(G)) = ∑
p∈VG

(
dp

G

)k+3
. (8.3.9)

Now, by replacing the (n,m)-graph G in (4.2.18), (4.2.19) and (4.2.20) by its k-th para-

line (nk,mk)-graph PLk(G) for each k we have

F(PLk(G)) = (nk−1)M1(PLk(G))−F(PLk(G)), (8.3.10)

F(PLk(G)) = nk(nk−1)3−6mk(nk−1)2 +3(nk−1)M1(PLk(G))−F(PLk(G))

(8.3.11)

and

F(PLk(G)) = 2mk(nk−1)2−2(nk−1)M1(PLk(G))+F(PLk(G)). (8.3.12)

By using (8.3.2), (8.3.3), (8.3.5) and (8.3.9) in (8.3.10), (8.3.11) and (8.3.12), we get

the desired results.

8.4 Bounds for Distance-based Topological Indices of

Para-line Transformed Graph

In this part, we obtain the lower and upper bounds for the eccentric-connectivity, con-

nective eccentric, augmented eccentric connectivity, ABC3 and Wiener indices of the

para-line transformed graph in terms of different degree-based topological indices of

the corresponding parent graph.

In the coming Theorem, we present that there are the same types of degrees in the

para-line transformed graph as in the parent graph.

Theorem 8.4.1. Consider a simple graph G and v ∈ VG be any vertex having degree

dG(v), then there are dG(v) number of vertices having degree dG(v) in its para-line
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transformed graph PL(G).

Proof. Let v be any vertex of a graph G having degree dG(v), then v is incident with

the edges vwi (say) where 1≤ i≤ dG(v). In the construction of subdivision graph S(G),

each of these edges is replaced by a path having length two v→ ui→ wi (say). Then

corresponding to the edges vui and uiwi, we have the vertices pi and qi in the para-line

transformed graph L(S(G)) ∼= PL(G). Clearly all edges vui have the same end vertex

as v in S(G), therefore we have a clique C(v) in PL(G) having the vertices pi along

with edges piqi. So all vertices pi (1 ≤ i ≤ dG(v)) have the same degree as dG(v) in

PL(G).

The minimum and maximum degrees of a para-line transformed graph are presented in

the following corollary which directly follows from Theorem 8.4.1

Corollary 8.4.2. Consider a simple graph G having minimum degree δG and maximum

degree ∆G, then the minimum degree δPL(G) and maximum degree ∆PL(G) of its para-line

transformed graph are given by

(a) δPL(G) = δG (8.4.1)

(b) ∆PL(G) = ∆G. (8.4.2)

In the coming result, the order and size of para-line transformed graph is obtained in

terms of its parent graph parameters.

Corollary 8.4.3. Consider a para-line transformed (n′,m′)-graph PL(G) of simple

(n,m)-graph G, then

(a) n′ = 2m (8.4.3)

(b) m′ =
1
2

M1(G). (8.4.4)

Proof. Consider a para-line transformed (n′,m′)-graph PL(G) of simple (n,m)-graph

G, then from Theorem 8.4.1 for each vertex v∈VG there exists dG(v) number of vertices

in PL(G) having the same degree dG(v). Thus we have

n′ = |VPL(G)|= ∑
v∈VG

dG(v).
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By using handshaking lemma, we get the result (a).

Also by using handshaking lemma, we have

∑
v∈VPL(G)

dPL(G)(v) = 2m′.

Again from Theorem 8.4.1, we can write

∑
v∈VG

dG(v) ·dG(v) = 2m′.

After simplification, we achieve the desired result (b).

8.4.1 Bounds for Eccentric Connectivity Index of Para-line Trans-

formed Graph

In the next result, we achieve the upper bound of the eccentric connectivity index for

the para-line transformed graph in terms of Randić connectivity and first Zagreb indices

of the corresponding parent graph.

Theorem 8.4.4. Consider a para-line transformed (n′,m′)-graph PL(G) of any con-

nected (n,m)-graph G, where n′ ≥ 3, then

ξ
c(PL(G))< M1(G)

[
2R(G)+2m−n+2−2

√
2
]
. (8.4.5)

Proof. By choosing the functions F(dG(v),dG(w))= 1/
√

dG(v) ·dG(w) and F(dG(v),εv)=

dG(v) · εv in the general expressions as presented in (3.3.2) and (3.3.3), we have re-

spectively the Randić connectivity and eccentric connectivity indices of a graph G as

follows:

R(G) = ∑
vw∈EG

1√
dG(v) ·dG(w)

ξ
c(G) = ∑

v∈VG

dG(v) · εv.

From (7.2.1), we have the relation between these indices for a connected (n,m)-graph
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G where n≥ 3 as follows:

ξ
c(G)< 4m

[
R(G)+1−

√
2
]
. (8.4.6)

Now, by replacing the graph G in (8.4.6) with its para-line transformed (n′,m′)-graph

PL(G) where n′ ≥ 3, we have

ξ
c(PL(G))< 4m′

[
R(PL(G))+1−

√
2
]
. (8.4.7)

By taking α =−1/2 in (4.2.22), we have

R(PL(G)) = R−1/2(PL(G)) = R−1/2(G)+
1
2 ∑

v∈VG

[dG(v)−1]

and by using hand-shaking lemma (4.2.1), we get

R(PL(G)) = R(G)+m− n
2
. (8.4.8)

By using (8.4.4) and (8.4.8) in (8.4.7), we achieve the desired result.

In the coming result, we achieve the lower bound of the eccentric connectivity index

for the para-line transformed graph in terms of first Zagreb and harmonic indices of the

corresponding parent graph.

Theorem 8.4.5. Consider a non-self-centered para-line transformed (n′,m′)-graph PL(G)

of any connected (n,m)-graph G, then

ξ
c(PL(G))>

1
4

M1(G) [2H(G)−n+2] .

Proof. By taking the function F(dG(v),dG(w)) = 2/(dG(v)+dG(w)) in the general ex-

pression presented in (3.3.2), we formulate the harmonic index of a graph G as follows:

H(G) = ∑
vw∈EG

2
dG(v)+dG(w)

.

From (7.4.1), we obtain a relation between this index and eccentric connectivity index
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for any non-self-centered (n,m)-graph G as follows:

H(G)<
n
2
+

ξ c(G)

m
−1.

By replacing the (n,m)-graph G with its non-self-centered para-line transformed (n′,m′)-

graph PL(G), we have

H(PL(G))<
n′

2
+

ξ c(PL(G))

m′
−1. (8.4.9)

Now, by using (8.2.1), (8.4.3), and (8.4.4) in (8.4.9), we obtain

H(G)+m− n
2
< m+

2ξ c(PL(G))

M1(G)
−1.

After simplification, we achieved the desired result.

8.4.2 Bounds for Connective Eccentric Index of Para-line Trans-

formed Graph

In the next result, we achieve the lower bound of the connective eccentric index for the

para-line transformed graph in terms of the Randić connectivity and first Zagreb index

of the corresponding parent graph.

Theorem 8.4.6. Consider a para-line transformed (n′,m′)-graph PL(G) of any con-

nected (n,m)-graph G, where n′ ≥ 3, then

Cξ (PL(G))>
M1(G)

2R(G)+2m−n+2−2
√

2
.

Proof. By taking the function F(dG(v),εv) = dG(v)/εv in the general expression pre-

sented in (3.3.3) we have the connective eccentric index of a graph G as follows:

Cξ (G) = ∑
v∈VG

dG(v)
εv

.

From (7.2.2), we get the relation between this index and the Randić connectivity index
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for a connected (n,m)-graph G where n≥ 3 as follows:

Cξ (G)>
m

R(G)+1−
√

2
.

Now, by replacing the graph G with its para-line transformed (n′,m′)-graph PL(G)

where n′ ≥ 3, we have

Cξ (PL(G))>
m′

R(PL(G))+1−
√

2
. (8.4.10)

By using (8.4.4) and (8.4.8) in (8.4.10), we achieve the desired result.

In the coming Theorem, we present the upper bound for the connective eccentric index

of para-line transformed graph in terms of first Zagreb and harmonic indices of the

corresponding parent graph.

Theorem 8.4.7. Consider a non-self-centered para-line transformed (n′,m′)-graph PL(G)

of any connected (n,m)-graph G, then

Cξ (PL(G))<
4M1(G)

2H(G)−n+2
.

Proof. From (7.4.2), we have the relation between connective eccentric and harmonic

index for a connected non-self-centered (n,m)-graph G as follows:

H(G)<
n
2
+

4m
Cξ (G)

−1.

By replacing the (n,m)-graph G with its non-self-centered para-line transformed (n′,m′)-

graph PL(G), we have

H(PL(G))<
n′

2
+

4m′

Cξ (PL(G))
−1.

Now, by using (8.2.1), (8.4.3), and (8.4.4), we obtain

H(G)+m− n
2
< m+

2M1(G)

Cξ (PL(G))
−1.

After simplification, we achieved the required result.
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8.4.3 Bounds for Augmented Eccentric Connectivity Index of Para-

line Transformed Graph

In the coming result, we achieve the lower bound of the augmented eccentric connec-

tivity index for the para-line transformed graph in terms of Randić connectivity index

of the corresponding parent graph.

Theorem 8.4.8. Consider a para-line transformed (n′,m′)-graph PL(G) of any con-

nected (n,m)-graph G, where n′ ≥ 3, then

ξ
ac(PL(G))>

2m · (δG)
δG

2R(G)+2m−n+2−2
√

2
.

Proof. By choosing the function F(MG(v),εv) = MG(v)/εv in the general expression

presented in (3.3.4), we have the augmented eccentric connectivity index of a connected

graph G as follows:

ξ
ac(G) = ∑

v∈VG

MG(v)
εv

.

From (7.2.3), we obtain a connection between this index and the Randić connectivity

index for a connected (n,m)-graph G where n≥ 3 as follows:

ξ
ac(G)>

n · (δG)
δG

2R(G)+2−2
√

2
.

By replacing the graph G with its para-line transformed (n′,m′)-graph PL(G) where

n′ ≥ 3, we obtain

ξ
ac(PL(G))>

n′ · (δPL(G))
δPL(G)

2R(PL(G))+2−2
√

2
. (8.4.11)

By using the results (8.4.1), (8.4.3), and (8.4.8) in (8.4.11), we achieve the desired

result.

In the coming Theorem, we achieve the upper bound for the augmented eccentric con-

nectivity index of para-line transformed graph in terms of harmonic index of the corre-

sponding parent graph.

Theorem 8.4.9. Consider a non-self-centered para-line transformed (n′,m′)-graph PL(G)
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of any connected (n,m)-graph G, then

ξ
ac(PL(G))<

8m · (∆G)
∆G

2H(G)−n+2
.

Proof. From (7.4.3), we have the connection between augmented eccentric connectivity

index and harmonic index for a connected (n,m)-graph G as follows:

H(G)<
n
2
+

2n · (∆G)
∆G

ξ ac(G)
−1.

By replacing the (n,m)-graph G with its non-self-centered para-line transformed (n′,m′)-

graph PL(G), we have

H(PL(G))<
n′

2
+

2n′ · (∆PL(G))
∆PL(G)

ξ ac(PL(G))
−1. (8.4.12)

By using (8.2.1), (8.4.2), (8.4.3), and (8.4.4) in (8.4.12), we obtain

H(G)+m− n
2
< m+

4m · (∆G)
∆G

ξ ac(PL(G))
−1.

After simplification, we get the desired result.

8.4.4 Bounds for ABC3 Index of Para-line Transformed Graph

In the next result, we achieve the upper bound of the third ABC index for the para-

line transformed graph in terms of F-index and first Zagreb index of the corresponding

parent graph.

Theorem 8.4.10. Consider a para-line transformed graph PL(G) of any connected

(n,m)-graph G, then

ABC3(PL(G))≤
√
(2m−1)(M1(G))2−M1(G) ·F(G)

2
.

Proof. From the general expression presented in (3.3.6), we obtain the third ABC index
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by taking the function F(εv,εw) =
√
(εv + εw−2)/εv · εw as follows:

ABC3(G) = ∑
vw∈EG

√
εv + εw−2

εv · εw
.

From (4.2.23), we obtain the upper bound of this index in terms of first Zagreb index

for a connected (n,m)-graph G as follows:

2(ABC3(G))2 ≤ 2nm2−mM1(G)−2m2.

Now, we replace the graph G with its para-line transformed (n′,m′)-graph PL(G), we

obtain

2(ABC3(PL(G)))2 ≤ 2n′(m′)2−m′M1(PL(G))−2(m′)2. (8.4.13)

By taking α = 2 in (4.2.21) we have

M1(PL(G)) = M2
1(PL(G)) = ∑

v∈VG

(dv)
3 = F(G). (8.4.14)

Now, by using (8.4.3), (8.4.4) and (8.4.14) in (8.4.13), we obtain

2(ABC3(PL(G)))2 ≤
(

m− 1
2

)
(M1(G))2− 1

2
M1(G).F(G).

After simplification, we achieve the desired result.

In the coming result, we achieve the lower bound of the third ABC index for the para-

line transformed graphs in terms of F-index and Zagreb indices of the corresponding

parent graphs.

Theorem 8.4.11. Consider a para-line transformed graph PL(G) of any connected

(n,m)-graph G, then

ABC3(PL(G))≥
√

2√
4m2M1(G)− (4m+1)F(G)+2M2(G)+M4

1(G)
.

Proof. From (4.2.23), we obtain the lower bound of third ABC index in terms of Zagreb
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indices for a connected (n,m)-graph as follows:

(ABC3(G))2 ≥ 1
n2m−nM1(G)+M2(G)

.

Now, by replacing the graph G with its para-line transformed (n′,m′)-graph PL(G), we

obtain

(ABC3(PL(G)))2 ≥ 1
(n′)2m′−n′M1(PL(G))+M2(PL(G))

. (8.4.15)

By taking α = 1 in (4.2.22), we obtain

M2(PL(G)) = M2(G)+
1
2 ∑

v∈VG

[
(dv)

3(dv−1)
]
. (8.4.16)

After simplification, we get

M2(PL(G)) = M2(G)+
1
2

M4
1(G)− 1

2
F(G). (8.4.17)

By using (8.4.3), (8.4.4), (8.4.14) and (8.4.17) in (8.4.15), we have

(ABC3(PL(G)))2 ≥ 1
2m2M1(G)−

(
2m+ 1

2

)
F(G)+M2(G)+ 1

2M4
1(G)

.

After simplification, we get the desired result.

8.4.5 Bounds for Wiener Index of Para-line Transformed Graph

In the next result, we achieve the upper bound of the Wiener index for the para-line

transformed graphs in terms of first Zagreb and Randić connectivity indices of the cor-

responding parent graphs.

Theorem 8.4.12. Consider a para-line transformed (n′,m′)-graph PL(G) of any con-

nected (n,m)-graph G, where n′ ≥ 3, then

W (PL(G))<
4
3

mM1(G)
[
2R(G)+2m−n+2−2

√
2
]
−2m+1.
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Proof. From (4.2.7), we have the connection between eccentric connectivity and Wiener

indices for a connected (n,m)-graph G where n≥ 3 as follows:

ξ
c(G)≥ 3

2n
[n+W (G)−1] .

Now, by replacing the graph G with its para-line transformed (n′,m′)-graph PL(G)

where n′ ≥ 3, we have

ξ
c(PL(G))≥ 3

2n′
[
n′+W (PL(G))−1

]
.

By using (8.4.3), we obtain

ξ
c(PL(G))≥ 3

4m
[2m+W (PL(G))−1] .

Now, by combing this inequality with the inequality (8.4.5), we get

3
4m

[W (PL(G))+2m−1]< M1(G)
[
2R(G)+2m−n+2−2

√
2
]
.

After simplification, we achieve the desired result.

In the coming result, we achieve the lower bound of Wiener index for the para-line

transformed graph which are independent of 3- and 4-cycles in terms of F-index and

first Zagreb index of the corresponding parent graph.

Theorem 8.4.13. Consider a para-line transformed graph PL(G) independent of 3-

and 4-cycles of any connected (n,m)-graph G, then

W (PL(G))≥ 1
2
[6m(2m−1)−M1(G)−F(G)] .

Proof. From (4.2.24), we have a lower bound of the Wiener index for a connected

(n,m)-graph G which is independent of 3- and 4-cycles.

By replacing the graph G in (4.2.24) with its para-line transformed (n′,m′)-graph PL(G)
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which is independent of 3- and 4-cycles, we have

W (PL(G))≥ 3n′(n′−1)
2

− 1
2

M1(PL(G))−m′. (8.4.18)

Now, by using (8.4.3), (8.4.4) and (8.4.14) in (8.4.18), we achieve the required result.
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Chapter 9

Conclusions



9.1 Conclusions

In this thesis, we discuss different degree-based topological indices such as ABC, GA,

ABC4 and GA5 indices for the boron triangular nanotube, boron-α nanotube, boron tri-

hexagonal nanotube, boron-α nanotorus, and boron tri-hexagonal nanotorus by using

the edge-partition technique. We also study the ECI for molecular graphs of three- and

six-layer titania nanotubes and whole class of polyacene nanotubes by using the sym-

metries of these nanostructures. In addition, we formulate certain variants of ECI such

as connective eccentric index, reverse eccentric connectivity index and modified eccen-

tric connectivity index for the three-layer titania nanotube. In this study, we formulate

different counting polynomials such as Omega, Sadhana and Theta polynomials for the

molecular graphs of 2D six-layer titania lattice and six-layer titania nanotube.

We also present the comparative study between two topological indices belonging to

degree- and distance-based topological indices. We derived the relations of Randić

connectivity, GA, ABC, and harmonic indices with eccentric connectivity, connective

eccentric, augmented eccentric connectivity, Wiener, and third ABC indices.

The applicability of topological indices of molecular graphs is evidently increased by

using some of their transformed graphs in the sense that a topological index of the

transformed graph necessarily reflects other structural features than the same topologi-

cal index of the parent molecular graph. In this thesis, we studied certain degree-based

indices for the para-line transformed graphs of V -phenylenic nanostructures. We ob-

tained the general expressions of ABC index, GA index, harmonic index, AZI index,

SDD index, ISI index, reformulated Zagreb indices, leap Zagreb indices, fourth version

of ABC index (ABC4), fifth version of ABC index (ABC5) and fifth version of GA in-

dex (GA5) for the para-line transformation of graphs. We also achieved the expression

of the Wiener index for the para-line transformed graph of any tree. In addition, we

achieved the lower and upper bounds of the eccentric connectivity index, connective

eccentric index, augmented eccentric connectivity index, ABC3 index and Wiener index

for the para-line transformation of graphs.
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9.2 Open Problems

The work in this thesis can be extended in the following directions.

• We studied different degree-based topological indices for boron nanotubes and

boron nanotori. These degree-based topological indices can also be studied for

dendrimers, nanobelts, nanoribbons, nonocages and fullerenes.

• We formulated the eccentric connectivity index for certain titania and polyacene

nanostructures. This topological index can also be studied for the boron contain-

ing nanostructures.

• The formulation of counting polynomials for t-polyacenic nanotubes, remains an

open problem.

• We presented the comparative study between certain degree- and distance-based

topological indices. It would be interesting to obtain the equality relations be-

tween these topological indices.

• We achieved the general expressions of different topological indices for the para-

line transformation of graphs. It would be worthwhile to obtain the general ex-

pressions of these indices for some other graph transformations such as line trans-

formation and Harary transformation.

• We obtained the general expression of the Wiener index for the para-line trans-

formation of tree. It would be interesting to obtain the general expression of

the Wiener index and other distance-based topological indices for the para-line

transformation of any cyclic connected graph.

• We achieved the lower and upper bounds of certain distance-based topological in-

dices for the para-line transformation of graphs. It would be interesting to achieve

the sharpness of these lower and upper bounds.
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[51] Gutman, I., Tomović, Ž. Mishra, B. K. & Kuanar, M. (2001) On the use of iterated

line graphs in quantitative structure-property studies, Indian J. Chem. 40A, 4−11.

[52] Hua, H. & Das, K. C. (2013) The relationship between the eccentric connectivity

index and Zagreb indices. Discrete Appl. Math. 161, 2480−2491.

[53] Ivanovskaya, V. V., Enyashin, A. N. & Ivanovskii, A. L. (2004) Nanotubes and

Fullerene-Like Molecules Based on TiO2 and Zrs2: Electronic Structure and

Chemical Bond, Russ. J. Inorg. Chem. 49, 244−251.

[54] Ji, S., Li, X. & Huo, B. (2014) On reformulated Zagreb indices with respect to

acyclic, unicyclic and bicyclic graphs, MATCH Commun. Math. Comput. Chem.

72, 723−732.

174



[55] Khadikar, P. V., Karmarkar, S., Varma, R. G. (2002) On the estimation of PI index

of polyacenes, Acta Chim. Slov. 49, 755−771.

[56] Khadikar, P. V., Singh, J. & Ingle, M. (2010) Topological Estimation of Aromatic

Stabilities of Polycenes and Helicenes, J. Math. Chem. 42, 433−446.

[57] Khadikar, P. V., Ashrafi, A. R., Diudea, M. V., Aziz, S., Pandit, S., Achrya, H.,

Shaik, B. & Agrawal, V. K. (2012) Sadhana index in nanotechnology, J. Comput.

Theor. Nano. Sci. 10, 181−188.

[58] Klein, D. J., Lukovits, I. & Gutman, I. (1995) On the definition of the hyper-

Wiener index for cycle-containing structures, J. Chem. Inf. Comput. Sci. 35, 50−

52.

[59] Klein, D. J. & Yi, E. (2012) A Comparison on Metric Dimension of Graphs, Line

Graphs, and Line Graphs of the Subdivision Graphs, Euro. J. Pure and Appli.

Math. 5, 302−316.

[60] Klein, D. J. & Larson, C. E. (2013) Eigenvalues of saturated hydrocarbons, J.

Math. Chem. 51, 1608−1618.

[61] Kunstmann, J. & Quandt, A. (2006) Broad boron sheets and boron nanotubes: An

ab initio study of structural, electronic and mechanical properties. Phys. Rev. B.

74, 354−362.

[62] Lee R. K. F., Cox, B. J., Hill, J. M. (2009) Ideal polyhedral model for boron

nanotubes with distinct bond lengths. J. Phys. Chem. C. 113, 19794−19805.

[63] Lee, D.-W. (2016) Some lower and upper bounds on the third ABC index, AKCE

Int. J. Graphs Comb. 13, 11−15.

[64] Li, X. & Zhao, H. (2004) Trees with the first three smallest and largest generalized

topological indices, MATCH Commun. Math. Comput. Chem. 50, 57−62.

[65] Liu, J. (2013) On harmonic index and diameter of graphs, J. of Appl. Math. and

Phy. 1, 5−6.

175



[66] Lokesha, V., Shetty, B. S., Ranjini, P. S., Cangul, I. N. & Cevik, A. S. (2013) New
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