ABSTRACT

M-Polynomials of New Families of Graphs

In this thesis, we calculated the M-polynomials for uniformly k-subdivided graphs and
line graphs of k-subdivided graphs of connected families of the tetracanic nanotubes
and nanotori. Then we calculated degree based topological indices for the k-subdivided
graphs and the line graphs of the k-subdivided graphs of nanotubes by using the means
of M-polynomials of the graphs. The precise and definite formulas of these indices
for different families of nanotubes are presented in this section. We also compute M-
polynomials for the sum of two graphs G + H, k-subdivided graph of G denoted by
G(k) and line graph of G(k), for k > 1.
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Chapter 1

Introduction and Basic Definitions



1.1 Elementary Definitions

1.1.1 Graph

A graph is an ordered pair G = (V,E) where, V is the vertex set of the graph, rep-
resented by V(G) and E(G) is the edge set of the graph, represented by E(G). The
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number of vertices in a graph is called order of graph and count of edges in a graph is
named as size of a graph. In the following figure 1.1 the order and size of graph is 5

and 8 respectively.

1.1.2 Degree of a Vertex

The total number of edges attached to a vertex is called the degree of that vertex, with

loops counted twice. Degree of each vertex is 4 in the graph below.
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1.1.3 Path

A path is alternate sequence of vertices and edges in which no edge and vertex are
repeated.
1.2 Graph Operations

1.2.1 k-subdivided Graph G;

For k > 1, the graph Gy is a k-subdivided graph of graph G, obtained by replacing
every edge of G by a path P.,.

Figure 1.3: 1-subdivided Graph
1.2.2 Line Graph
The line graph L(G) of graph G is the graph in which vertex set is V[L(G)] = E(G)

and there will be an edge between vertices of L(G) if they are joined by a edge if the

associated edges in G have common vertex in G.

= — L(G)=

Figure 1.4: Line Graph of Graph G



1.2.3 Sum of Two Graphs

Let G1(p1,q1) and G (p2,q2) be two graphs then
G = G| + G, is a graph with

V(G) = V(Gl)UV(G2>
E(G) = E(Gl)UE(GQ)UEg,Wil/’l

E; = {xy:x€Gy,andy€ Gy}

1.3 Topological Indices

1.3.1 Topological Indices

In the field of chemical graph theory a topological index is a quantity that describes

the molecular structure and the pattern of branching of the molecule.

1.3.2 Degree Based Topological Indices

Topological indices were introduced by wiener in 1947 which are also familiar as
connectivity indices. First and mostly studied index was the wiener index [7]. Degree
based indices were studied in 1970. Randic in 1976 found the randic index [11]. After
that Bollobos and Erdos generalized the randic index by replacing with some real
number o and then it was called generalized randic index [5]. First zagreb index
which is calculated by adding the squares of degrees of vertices of that particular graph
was found in 1972 by Trijanstic and Gutman [11]. Second zagreb index which is
calculated by adding the products of degrees of vertices of that particular graph was
also found in 1972 by Trijanstic and Gutman [11]. Zagreb indices were redeveloped
into Modified zagreb indices by Milicevi [20]. Harmonic index is one of the alternative
of randic index was found by Fajtlowicz [7]. The augmented Zagreb index for a graph
G was found by Furtula et al. [9]. Symmetric Division index and Inverse sum index

were proposed by Vukicevic and Gasperov [29] [30]. Some familiar Degree based



topological indices are written bellow:
e First Zagreb Index
e Second Zagreb Index
e Second Modified Zagreb Index
e General Randic (GR)
e General Randic (GR)
e Symmetric Division Index (SDI)
e Harmonic Index (HI)
e Inverse Sum Index (ISI)

e Augmented Zagreb index (AZI)

1.4 Introduction to M-Polynomials

M-polynomials were invented in 2015 and presented by Deutsch and Klavzar [6].
There are many polynomials which plays an important role in chemical graph theory.
M-polynomials helps to determine the structures of the various chemical compounds.
M-polynomials are important because it contains too much information about the var-
ious degree-based topological indices which are described below. M-polynomial of a
graph G is described in the following way [6];

M(G,o,B)= ¥ mp(G)a? B¢ where,
5<b<c<A

A=max[d,:v € V(G)], 6=min[d,:v € V(G)]
and my,. (G) the quantity of edges uv € E(G) such that (d,,d,) = (b,c).



1.5 Literature Review

M-polynomial was firstly studied in 2015 and proposed by Deutsch and Klavzar [6]
and degree based indices were studied in 1970. Kwun et al. formulated M-polynomials
of V-Phenylenic Nanotubes and Nanotori [17]. Munir et al. established M-polynomials
of Nanostar Dendrimers [22]. Gao et al. proposed the M-polynomials and topological
indices of crystallographic structures of the molecules [10]. Kwun et al. worked out
the M-polynomials of Bismuth Tri-lodide [18]. Liu et al. calculated M-polynomials of
VC5C7[p,q] and HC5C7[p,q] Nanotubes [19]. Ajmal et al. established M-polynomials
of toroidal polyhex networks [3]. Rezaei et al computed M-polynomials for Titania
nanotubes Ti0;[m,n] [26]. Nizami et al. [24] discussed the general closed forms
of the M-polynomial of the generalized Mobius ladder and its line graph. They also
computed Zagreb Indices, generalized Randic indices, and symmetric division index
of these graphs via the M-polynomial.In the field of chemical graph theory a topo-
logical index is a quantity that describes the molecular structure and the pattern of
branching of the molecule. Topological indices were introduced by wiener in 1947
which are also familiar as connectivity indices. First and mostly studied index was the
wiener index [7]. Later on many indices were studied and found by different authors.
Computation of Second Modified Zagreb, General Randic, Symmetric Division Index,
Harmonic Index, Inverse Sum Index, Augmented Zagreb Index etc., were computed by
M-polynomials by Ali et al. [4], increase its importance. In the area of mathematical
chemistry some valuable basic properties of a substance can be found by using simple
mathematical methods of polynomials rather than using tools of quantum mechanics.
Hex-derived networks has various helpful uses in the medicine and mechanics. In this
proposal Kang et al. discuss the precise type of the M-polynomial of the hex-derived
systems HDN1[n] and HDN2[n], which left n-dimensional hexagonal work [15]. And
moreover, Kang et al. also found the close types of a few degree based topological
index related to these systems. Ajmal et al. studied the close types of M-polynomial

for generalized prism network [2].The different indices for n-dimensional dominating



David derived and David derived networks were calculated by Imran et al. [12]. In the
report [14], Kang et al. found M-polynomials for the dominating Derived networks
of 1-3 kinds of dimension n. They also computed topological indices by utilizing M-
polynomials. A line graph has various uses in physical chemistry. Ahmad et al. [1]
calculated the close types of the M-polynomials for the line graph of firecracker graph.
They also computed topological index by using M-polynomials. Ali et al. [4] studied
M-polynomials for rhombic benzenoid and zigzag systems. Riaz et al. established
the close types of M-polynomials for three main categories of convex polytopes [27].
By using them they also calculated topological indices for Zagreb index of first and
second kind, modified Zagreb indices, symmetric division indices and so forth. Javaid
et al. discussed the M-polynomial of the oxide, chain silicate and silicate network
[13]. Munir et al. found M-polynomials of poly hex-nanotubes [23] and Munir et al.
also computed M-polynomials for Titania nanotubes [21]. Soleimani et al. computed
the topological indices for nanostructures [28]. Kwun et al also find M-polynomials
and indices that are based on degree for Triangular, Hourglass, and Jagged-Rectangle

Benzenoid Systems [16].
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2.1 M-Polynomials of k-subdivided Graph of 2D Graph Lattice of

Tetracenic Nanotubes

In this section, we find the M-Polynomials of k-subdivided graph of 2D graph lattice
of a-Tetracenic Nanotubes, where «x = F ,H ,W ,Z.

In the following lemma, we find the type of edges of k-subdivided graph of 2D graph
lattice of F[b,c].

Lemma 1: Let Gr (k) be the k-subdivided graph of 2D graph lattice of F[b,c|, where

Figure 2.1: 1-subdivided Graph of F

k > 1. The number of vertices, edges and type of edges of Gr (k) with respect to degree

are as follows:

V(F)I [E(F)| E((F) =12.2)] | [E2(F)[ =1(2,3)]
18bc+ke | 27bc —2¢ —4b+ke | 16b+8c+ (k—1)e | S4bc —24b— 12¢

where e represents the size of F = F[b,c|, and e = 27bc — 2¢ — 4b.
Proof:

Fork > 1, the graph F has |V (F)| = 18bc+ke and |E(F)| = 27bc —2c —4b -+ ke. There



are two types of the edges, named as [E| (F)] = mn and [E>(F)] =rs. Here d,, = d,, =2
and d, = 2,d; = 3. The edges (2,2) and (2,3) have count 166+ 8¢ + (k— 1)e and
S54bc — 24b — 12¢ respectively. 0

In the following theorem, we find the M-polynomial of k-subdivided graph of 2D graph
lattice of F[b,c]|.

Theorem 1: The M-polynomial of Gg (k) is as follows:

M(F =FIb,cl;x,y) = (16b+8c+ (k— 1)e)x?y* + (54bc — 24b — 12¢)x%y>.

Proof:

Suppose the k-subdivided 2D graph lattice of F[b, c] then by using Lemma 1, we have
two edge types as : E|(F)=[e=mnc€E(F): d,=d,=2], E,(F)=[e=rscE(F): d,=2, d;=3]
with |[E{(F)| = 16b+8c+ (k— 1)e, |E>(F)| = 54bc — 24b — 12c.

Now by using definition of M-polynomial, we have:

M(F[b,clix,y) = Y myx'y/

i<j
2.2 2.3
= Zmzzxy +Zm23xy
22 23

= |E((F)¥*y? + |Ea(F) 2%y

= (16b+8c+ (k— 1)e)x?y* + (54bc — 24b — 12¢)x%y°.

Figure 2.2: 3D Graph of 1-subdivided M-Polynomial of F’

10



Topological Index Derivation from M-polynomial
First zagreb (Dx+Dy) M (Gg X, ) ly=x—=1
Second zagreb (DDy)[M (Gg,x, V) y=x=1
Second Modified zagreb (SxSy) M (Gg,x, V) y=x=1
General Randic (GR) (DD [M(Gh %))yt
General Randic (GR) (S;”S?)[M (Gg,x,y)]y:le
Symmetric Division Index | (DySy + DySy)[M (Gg,x, V) ly=x=1
Harmonic Index 28 J[M (Gg,x V) ]y=x=1"
Inverse Sum Index SJDD [M(Gg,x V) ]y=x=1
Augmented Zagreb Index | S3Q_ 2JD3D3 M (Gg,x Y)]y=x=1

Table 2.1

2.2 Degree Based Topological Indices of k-subdivided Graph of F

Now we calculate some important degree based topological indices of the k-subdivided
graph of F[b,c| by using the M-polynomial. The following table defined in [4] shows
the derivation of different degree based topological indices by using M-polynomial.
Where;

y) , Dyg = y28l) (( .S, fxgm dt, S, fygxt

J(g(x,y)) = g(x,x)

By using the Table 2.1 we have following:

Let M(F [b,c];x,y)=f(x, y)=(16b + 8c + (k — 1)e)x*y*+(54bc — 24b — 12¢)x*y?
Dxf(x,y) =2(16b+8c+ (k— 1)e)x*y* +2(54bc — 24b — 12¢)x%y?

of(x,y) = (32b+ 16¢ +2(k — 1)e) x*y* + (108bc — 48b — 24¢)x*y’

vf(x,y) =2(16b + 8¢+ (k — 1)e)x*y* 4+ 3(54bc — 24b — 12¢)x?y?
wf (%) =
X

Dg—x(é

(32b+ 16¢ +2(k — 1)e)x*y* + (162bc — 72b — 36¢)x>y?
Dnyf( ,y) =4(16b+ 8¢+ (k— 1)e)x*y? + 6(54bc — 24b — 12¢)x?y?
DyD,f(x,y) = (64b+32c +4(k — 1)e)x*y* + (324bc — 144b — 72¢)x?y?
S (f(x y)) = 3(16b+8c+ (k— 1)e)x*y? + 3 (54bc — 24b — 12c)x2y3
( ( y)) = 1 (16b+8c+ (k— 1)e)x*y? + ¢ (54bc — 24b — 12¢)x%y
x,y)) = (4b+2c+ $S10) 22 4 (9be — 4b — 2¢)x2)°

11



DDy (f(x,y)) =2™.2"(16b + 8¢ + (k — 1)e)x*y* + 2" 3" (54bc — 24b — 12¢)x*y’
DIDY(f(x,y)) =2%"(16b+ 8¢ + (k— 1)e)x*y* + 6™ (54bc — 24b — 12¢)x%y’

SM(f(x,)) = o (160 + 8¢ + (k— 1)) x2y* + 1 (54bc — 24b — 12¢)x%y?
55 (160 + 8¢ + (k— 1)e)x?y* + 547 (54bc — 24b — 12¢)x%y?

A
2
=
3
=
SN—r
[

SUST(f(x,y)) = zgm (16b+ 8¢ + (k— 1)e)x2y? + iz (54bc — 24b — 12¢)x%y?
SHST(f(x,)) = 3 (16b+ 8¢+ (k— 1)e) x%y* + gz (54bc — 24b — 12¢)x%y?
SHST(f(x,)) = g (166 +8c + (k — 1)e)x*y* + g (54bc — 24b — 12¢)x%y?
SyDx(f(x,y)) = (16b+8c+ (k— 1)e) x>y + 3 (54bc — 24b — 12¢)x%y*
SeDy(f(x,y)) = (16b+8c+ (k— 1)e)x%y? + 3 (54bc — 24b — 12¢)x%y*

Jf(x,y) = (16b+8c+ (k—1)e)x* + (54bc — 24b — 12¢)x°

S Jf(x,y) = L(16b+8c+ (k— 1)e)x?y? + L(54bc — 24b — 12¢)x%)

JDDy f(x,y) = 4(16b+8c+ (k— 1)e)x* +6(54bc — 24b — 12¢)x°
SeIDDyf(x,y) = (16b+8c+ (k— 1)e)x* + &(54bc — 24b — 12¢)x°

D3 f(x,y) = (2%)(16b+8c + (k— 1)e)x?y* + (3%) (54bc — 24b — 12¢)x%y?

D} f(x,y) = 8(16b+8c+ (k— 1)e)x*y* +27(54bc — 24b — 12¢)x*y?

DD} f(x,y) =2%3(16b+ 8c + (k — 1)e)x%y? + (6%)(54bc — 24b — 12¢)x%y?
DID}f(x,y) =2°(16b+8c + (k— 1)e)x2y + (6°) (54bc — 24b — 12¢)x%y?
DD} f(x,y) = 64(16b+8c + (k— 1)e)x*y* +216(54bc — 24b — 12¢) x%y’
ID3D; f(x,y) = 64(16b 4 8c + (k— 1)e)x* +216(54bc — 24b — 12¢)x°
Q_2JD3D; f(x,y) = 64(16b 4 8c + (k— 1)e)x* "2 4+216(54bc — 24b — 12¢) x> 2
Q_2JD}D; f(x,y) = 64(16b+8c + (k— 1)e)x* +216(54bc — 24b — 12¢)x°
SxQ-2JDID} f(x,y) = & (166 +8c + (k — 1)e)x* + 238 (54bc — 24b — 12¢)x
SnQ_2JDID} f(x,y) = 53 (16b+8c + (k— 1)e)x* + 32 (54bc — 24b — 12¢)x°
S3Q 2ID3D} f(x,y) = 53 (16b+8c + (k — 1)e)x* + 212 (54bc — 24b — 12¢)x°
S3Q_2JDID3 f(x,y) = § (16b+8c + (k— 1)e)x? + 3 (54bc — 24b — 12¢)x°
S30_2JD;D; f(x,y) = 8(16b+ 8¢+ (k— 1)e)x* 4 8(54bc — 24b — 12¢)x’

12



First Zagreb:

(Dy+D)[M(FE x,9)]y—r—1 = 4(k—1)e+270bc — 56b —28¢
Second Zagreb:
(DD [M(FE x,)ly—xe1 = 4(k—1)e+324bc —80b —40c
Second Modified Zagreb:
(SS)MEL x ot = et Ohe
General Randic (GR):
(DIDM(FE x,y) 1 = 47(16b) +47(8¢) +4™ (k— 1)e+ 6" (54be)
— 6"(24b) —6"(12c¢)
General Randic (GR):
(STSy) IM(FE x,y)ymeet = 4% x (16b+8c+ (k—1)e) + 6im x (54bc —24b —12¢)
”Symmetric Division Index (SDI):
(DiSy+DyS)IM(FE x,)]y—re1” = 2(k—1)e+ 117bc —20b— 10c
Harmonic Index (HI):
2SXJ[M(F£,x,y)]y:x:1 _ (k—1)e N 108b¢ B % _4e

2 5 5 5

13



”’Inverse Sum Index (ISI):

324bc  64b 32c

SIDDYM(FE xy)]y—rm1” = (k—1)e+ -
Augmented Zagreb Index (AZI):
S}Q_2IDIDYM(FL x,))]ymect = 8(k—1)e+432bc — 64b— 32c

]

In the following lemma, we find the type of edges of k-subdivided graph of 2D graph
lattice of H[D,c].
Lemma 2: Let Gy (k) be the k-subdivided graph of 2D graph lattice of H b, c], where

Figure 2.3: 1-subdivided Graph of H

k > 1. The number of vertices, edges and type of edges of Gy (k) with respect to degree

are as follows:

|V (H)] |[E(H)| [Ev(H)| = (2,2)] | |E2(H)[ =(2,3)]
18bc+ke | 27bc —4b+ke | 16b+ (k—1)e 54bc —24b

14



where e represents the size of H|[b,c], and e = 27bc — 4b.

Proof: For k > 1, the graph H has |V (H)| = 18bc + ke and |[E(H)| = 27bc — 4b + ke.
There are two types of the edges in H. We name [E|(H) = (2,2)] as type 1 and
[E2(H) = (2,3)] as type 2. By calculating these edge types, we get that 166+ (k— 1)e
and 54bc — 24b are counts of the edges of type 1 and type 2 respectively. [

In the following theorem, we find the M-polynomial of k-subdivided graph of 2D graph
lattice of H[b,c].
Theorem 2: "The M-polynomial of Gy (k) is as follows”:

Figure 2.4: 3D Graph of 1-subdivided M-Polynomial of H

M(HIb,c|;x,y) = (16b + (k— 1)e)x2y2 + (54bc — 24b)x2y3.

Proof:

Suppose the k-subdivided 2D graph lattice of H[b, c| then by using Lemma 2, we have
two edge types as : Ey(H)=[e=mneE(H): d,,=d,=2], E;(H)=[e=rs€E(H): d,=2, d;=3]
with |[E{(H)| = 16b+ (k—1)e, |E2(H)| = 54bc — 24D.

15



Now by using definition of M-polynomial, we have:

M(H[b,clix,y) = Y mx'y/

i<j
2.2 2.3
= Y mpx’y + Y mpxy
2<2 2<3

= |E\(H)|*y + |Eo(H) Y
= (16b+ (k—1)e)x*y* + (54bc — 24b)x%y".

By using the Table 2.1 we have following:
Let M(H[b,c];x,y)=h(x, y)=(16b+ (k — 1)e)x*y*+(54bc — 24b)x*y’

Dih(x,y) = 2(16b+ (k—1)e)x*y* +2(54bc — 24b)x*y’
Dih(x,y) = (32b+2(k—1)e)x*y* + (108bc — 48b)x*y’
Dyh(x,y) = (16b+

(
(
(
(k—1)e x*y? + (162bc —72b x*y°
(
(

) Je)x* )

) )e) )

) k— 1)e)x*y* + 3(54bc — 24b)x*y’
Dyh(x,y) = (32b+2(k—1)e) )

) )e) )

) Je)x’

)

DyD:h(x,y) = 4(16b+ (k—1)e)x*y* +6(54bc — 24b

DyD:h(x,y) = (64b+4(k—1)e)x*y* + (324bc — 144b)x%y

Sy(h(x,y)) = %(16b+(k—1)e)xy —l—%(54bc—24b)x2 :
SeSy(h(x,y)) = %(16b+(k—1) )x%y? +6(54bc—24b)
SeSy(h(x,y)) = (4b+ (16_4—1)6))62)72 + (9bc — 4b)x*y?

D (h(x,y)) = 2"(16b+ (k—1)e)x*y* +3"(54bc —24b)x*y’
DD} (h(x,y)) = 2.2"(16b+ (k—1)e)x*y* +2.3"(54bc — 24b)x°y’
mD) (h(x,y)) = 2"2"(16b+ (k— 1)e)x*y* +2™.3" (54bc — 24b)x*y’
DD (h(x,y)) = 2°"(16b+ (k—1)e)x’y* +6" (54bc — 24b)x*y’

S (h(x,y)) = 2%(16b+(k—1)e)xy +31 (54bc — 24b)x*y?

16



SxSy' (h(x,y))
578y (h(x,y))
578y (h(x,y))
578y (h(x,y))
SyDx(h(x,y))

Dy(h(x.y)

Th(x,y

SyJh(x,

<

JDDyh(x,y
SxJDyDyh(x,y

X,

=

X,y

D3D3 X,y

D3’D3 X,y
JD3D3 X,y
Q_2JD}D}h(x,y

)
)
)
)
)
)
)
)
)
)
)
)
Q_2JD;D;h(x,y)
)

(
(
vh(
oh(
h(
D}D}h(x,y
h(
h(
h(
h(
h(

SxQ_2JD;D3h(x,y
S¥'Q-2JDDJh(x,y)
S30-2JD}D}h(x,y)
S30_2JD}D}h(x,y)

S30-2JD}D}h(x,y)

1 1
——(16b+ (k—1)e)x*y +ﬁ(54bc—24b)

!\)
,_I\J

2 3m

—m(16b+(k—1) )x y +6 (54bc — 24b)x*y?

22
1 1 53
4—m(16b+(k— )e)x%y? +6 (54bc —24b)x
(16b+ (k— 1)e)x*y* + (54bc — 24b)x%y
(166 + (k— 1)e)x*y* + 54bc—24b)
(16b+ (k—1)e)x* + 54bc —24b)x°
1
(16b+( —1)e)x?y* + - (54bc—24b)

4(16b+(k— e)x? +6(54bc—24b)x5
(166 + (k— 1)e)x* + 2(5419(: —24b)x>
(2%) (165 + (k— 1)e)x*y* + (3%) (54bc — 24b) %y’
8(16b+ (k— 1)e)x*y* +27(54bc — 24b)x*y>
223 (16b + (k— 1)e)x*y* + (67) (54bc — 24b)x*y?
20(16b+ (k— 1)e)x*y* + (6 (54bc — 24b)x2y3
64(16b + (k— 1)e)x*y* +216(54bc — 24b)xy
+216(54bc — 24b)x°

( 1)

(16b+ (k—1)e)

64(16b+ (k—1)e)x

64 (16b+ (k— 1)e)x* 2 +216(54bc — 24b) x>~
(16b+ (k—1)e)x

64(16b+ (k— 1)e) x> +216(54bc — 24b) x>

64 216
5 (160 + (k— 1)e)x? +T(54bc—24b)x3
64 216 3
S (160 + (k= 1))+ == (54bc — 24b)x
64 , 216 3
2—3(16b+ 1)e)x +¥(54bc—24b)x
64 216

§(16b+ (k—1)e)x” + S (54bc— 24b)x>

8(16b+ (k— 1)e)x* + 8(54bc — 24b)x’

17

1
(16b+ (k— 1)e)x*y* + ———(54bc — 24b)x°y



Degree Based Topological Indices of k-subdivided graph of H
First Zagreb:

(De+D))[M(HE x,y)]y—xc1 = 4(k—1)e+270bc —56b
Second Zagreb:
(D.D))[M(HE x,))]y—e1 = 4(k—1)e+324bc — 80D
Second Modified Zagreb:

k—1

(SxSy)[M(Hg,x,y)]y:x:l e+9bc

General Randic (GR):

(DD M(HE %, y)]ymrmt = 47(16b) +4" (k— 1)e+6"(54bc) — 6™ (24b)

General Randic (GR):
e B _ 1 1
(SYS!)[M(Hg ,x,9)y=c=1 = yTRe (16b+ (K —1)e) + o X (54bc — 24b)
”Symmetric Division Index (SDI):
(DySy +DySy)[M(HE x,y)]y——1” = 2(k—1)e+ 117bc —20b

Harmonic Index (HI):

(k—1)e  108bc 8b
2 5 5

28 J[M(Hy,%,3)]y—xet

18



”’Inverse Sum Index (ISI):

324bc  64b
S DD M(HE x,y)lymet” = (k—1)e+ <
Augmented Zagreb Index (AZI):
S3Q_2IDIDIM(HY x,y)lyme1 = 8(k—1)e+432bc — 64b

]

In the following lemma, we find the type of edges of k-subdivided graph of 2D graph

lattice of Wb, c|.
Lemma 3: Let Gy (k) be the k-subdivided graph of 2D graph lattice of Wb, c], where

Figure 2.5: 1-subdivided Graph of W

k > 1. The number of vertices, edges and type of edges of Gy (k) with respect to

degree are as follows:

[E2(W)[ = 1(2,3)]

VW)l [EW) [E(W)[=1(2,2)
18bc+ ke | 27bc —2c¢ + ke 8c+(k—1)e 54bc — 12¢

19



where e represents the size of Wb, c|, and e = 27bc — 2c.

Proof:

For k > 1, the graph W has |V(W)| = 18bc + ke and |E(W )| = 27bc — 2¢ + ke. There
are two types of the edges in W. We name [E; (W) = (2,2)] as type 1 and [Ex(W) =
(2,3)] as type 2. By calculating these edge types, we get that 8¢ + (k — 1)e and 54bc —

12¢ are counts of the edges of type 1 and type 2 respectively. 0

In the following theorem, we find the M-polynomial of k-subdivided graph of 2D graph
lattice of Wb, c].

Theorem 3:

The M-polynomial of Gy (k) is as follows:

M(Wb,cl;x,y) = (8c+ (k—1)e)x?y* + (54bc — 12¢)x%y>.

Proof:

Suppose the k-subdivided 2D graph lattice of W[b,c| then by using Lemma 3, we
have two edge types as : E{(W)=[e=mncE(W): d,,=d,,=2], E,(W)=[e=rscE(W): d,=2,
dy=3] with |E;(W)| =8c+ (k— 1)e, |E2(W)| = 54bc — 12c.

Now by using definition of M-polynomial, we have:

MWb,clix,y) = Y mix'y/

i<j
2.2 2.3
= Zmzzx y +Zm23x y
2<2 23

= |E\(W) |2y + | E2(W)|x%y

= (8c+(k— l)e)x2y2 + (54bc — 12¢)x%y°.

M(Wb,cl;x,y)=w(x, y)=(8¢c+ (k— 1)e)x*y*+(54bc — 12¢)x%y’

20



By using the Table 2.1 we have following:

2(8c+ (k—1)e)x*y*
(16c+2(k—1)e )x y
Xy

2(8c+ (k—1)e )
(16c+2(k—

4(8c+ (k—

(
(

1)e)x*y* + (162bc — 36¢)x%y>
(

2(54bc — 12¢)x%y’
(108bc — 24¢)x%y?

+
2 +3(54bc — 12¢)x%y?

l)e )x2y2 +6(54bc — 12¢)x°y’

(32¢ +4(k— 1)e)x*y* + (324bc — 72¢)x%y’
1

2

"
(2c + —(k _41)e)x2y2

2" (8¢ + (k— 1)e)x*y* +3™(54bc — 12¢)x*y?
)

2.2"(8c+ (k—1)e)x"y

22" (8c+ (k—1 e)xzy2 +2™.3™(54bc — 12¢)x%y°

)
2m (80~|— e)x

| =

—— (8c+ (k—1)e)x™y* + =——

e)xy +

8c+ (k—1)e)xy* + ——r
Lm(SC—i—(k—l) )x%y +61

m(8c+(k 1)e)x*y* +6

1

~(8c+ (k—1)e)x*y* + 3(54bc—120)x2y3
1 1

—(8¢c+ (k— 1)e)x2y2 + 8(54bc —12¢)x%y?

+ (9bc — 2¢)x%y?
2 423" (54bc — 12¢)x%y

2y2+6’” 54bc — 12¢)x%y’

(86‘—|— e)x y + —(54bc — 12¢)x%y’

23

2m 3

(54bc —12¢)x%y

(8c+
(8c+ (k—1)e)x?y? + (54bc — 12¢)xy’

(8c+ (k= 1)e)x*
1

54bc —12¢)x°

4(86+(k )e)x e (54bc— 12¢)x?y

21

(54bc — 12¢)x°y’
(54bc — 12¢)%y
(54bc — 12¢)x%y’

(54bc — 12¢)xy’

3



= 4(8c+ (k—1)e)x* +6(54bc — 12¢)x°
= (8c+(k—1)e)x*+ 2(54bc— 12¢)x°
= (2°)(8c+ (k—1)e)x*y* + (3%) (54bc — 12¢)x*y?
= 8(8c+ (k— 1)e)x*y* +27(54bc — 12¢)x*y’

= 2%3(8c+ (k—1)e)xy* + (6%)(54bc — 12¢)x%y
(k—1 e)x v+ ( 63 (54bc — 12c)x2y3
+ (k— 1)e)x*y* +216(54bc — 12¢)xy

(8e+(k—1)
(8c+(k—1)e)

= 64(8c+ (k—1)e)x* +216(54bc — 12¢)x°
(8c+ (k—1)e)x* 2 +216(54bc — 12¢)x 2
(8e+ (k—1)e)x

k—1)e

+216(54bc— 12c)
64
e)x” +

0 2ID3D3w(x,y) = 7(8c+(k—1) )a? 23—6(54bc—126)x3
STQ_ZJDiDiw(x,y) = g—: (8c+ (k— l)e)x2 + 231—m6(54bc —12¢)x°
S;0_2JDiDyw(x,y) = 2—4(80—|— (k—1)e)x”+ %(54190— 12¢)x°
S;0-2JDD}w(x,y) = ﬁ(8c+ (k—1)e) 22176(

—1)e)x* + =—(54bc — 12¢)x°
8

8
S30_2JD3D}w(x,y) = 8(8c+ (k—1)e)x* +8(54bc —12¢)x’

Degree Based Topological Indices of k-subdivided graph of W
First Zagreb:

(Dy+Dy)[M(WE x,3)]y—xc1 = 4(k—1)e+270bc —28¢
Second Zagreb:

(DD MWE x ) ymxt = 4(k—1)e+324bc —40c

22



Second Modified Zagreb:

(SeSy) [M(WE %, 9)]ymrm1 ; e+ 9bc
General Randic (GR):
(DD M(WE x,3)]ymemt = 47(8¢) + 4" (k — 1)e+6"(54bc) — 6" (12¢)
General Randic (GR):
(SIS MWE 5 3)yoer = 4im % (8c+ (K — 1)e) + 6im « (54be — 12¢)
”Symmetric Division Index (SDI):
(DiSy+DySOMWE x,3)]y—em1” = 2(k—1)e+ 117bc — 10¢

Harmonic Index (HI):

(k—1)e N 108bc  4c
2 5 5

28 J[M(WE %, )] y=emi

”’Inverse Sum Index (ISI):

324bc  32c
S IDDMWE xy)ymeer” = (k—1)e+ o
Augmented Zagreb Index (AZI):
S3Q_2IDIDIM(WE %, y)lymee1 = 8(k—1)e+432bc —32¢

]

In the following lemma, we find the type of edges of k-subdivided graph of 2D graph
lattice of Z[b, c|.
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Lemma 4: Let Gz(k) be the k-subdivided graph of 2D graph lattice of Z[b, c|, where

Figure 2.6: 1-subdivided Graph of Z

k > 1. The number of vertices, edges and type of edges of Gz (k) with respect to degree

are as follows:

V@l | [E@)| | [E2)]=12,2)] | [E2(2)] = [(2,3)]
18bc+ke | 27bc + ke (k—1)e 54bc

where e represents the size of Z[b, c|, and e = 27bc.

Proof:

For k > 1, the graph Z has |V (Z)| = 18bc + ke and |E(Z)| = 27bc + ke. There are two
types of the edges in Z. We name [E|(Z) = (2,2)] as type 1 and [E»(Z) = (2,3)] as
type 2. By calculating these edge types, we get that (k — 1)e and 54bc are counts of

the edges of type 1 and type 2 respectively. [

In the following theorem, we find the M-polynomial of k-subdivided graph of 2D graph
lattice of Z[b, c|.
Theorem 4:

The M-polynomial of Gz(k) is as follows:
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M(Z[b,cl;x,y) = ((k—1)e)x*y* + 54bex?y?

Proof:

Suppose the k-subdivided 2D graph lattice of Z[b, c| then by using Lemma 4, we have
two edge types as : E(Z)=[e=mneE(2): d,,=d,=2], E»(Z)=[e=rs€E(Z): d,=2, d;=3]
with |E1(Z)| = (k—1)e, |E2(Z)| = 54bc.

Now by using definition of M-polynomial, we have:

M(Z[b,clix,y) = Y mix'y!

i<j
2.2 2.3
= Zmzzx y +Zmzzx y
222 2<3

= |E((2)| + |E2(2) Xy
= ((k— 1)e)x2y2 + 54bcx?y?.

By using the Table 2.1 we have following:
Let M(Z[b, c];x,y)=z(x, y)=((k — 1)e)x*y*+(54bc)x>y>

Dyz(x,y) = 2((k—1)e)x*y* +2(54bc)x*y’
Diz(x,y) = (2(k—1)e)x*y*+ (108bc)x*y’
Dyz(x,y) = 2((k—1)e)x*y*+3(54bc)x*y’
Dyz(x,y) = (2(k—1)e)x*y*+ (162bc)x*y’
DyDyz(x,y) = 4((k—1)e)x*y*+6(54bc)x*y’
DyDyz(x,y) = (4(k—1)e)x*y* + 324bc) 2y3
$,(c(vy)) = 5 (k= 1))y + 5 (54be)dy?
SiSy(z(x,y)) = %((k—l)e)x2y2+é(54bc)x2 3

—
=
|
—
N—

¢ )x%y? + (9bc)x?y?

2
e
—~
a
~—~
Rl
<
~—
~—~
I
—~

N

[\
(9)]



2" ((k— 1)e)x y? +3™(54bc)x?y?
2.2"((k— l)e)xzy2 +2.3™(54bc)x%y
22" ((k— 1)e)x*y* +2".3" (54bc)x*y
22 ((k—1)e)xy* + 6m(54bc)x2 3

((k— l)e)x y +31 (54bc)

2m
1
1

zzim((k—l) )x y —|—6 (54bc)x ¥

im((k—n )x y +61 (54bc)x%y

4
((k—1)e)x*y* + (54bc)x?y
((k—1)e)x*y* + 54bc)
( 1)e)x* + (54bc)x

(( e)x*y* + < (54bc)x2y3
4((k—1)e)x +6(54bc)x5
((k—1)e)x*+ 2(54bc)x5
(2%) ((k—1)e)x?y* + (3%) (54bc)x*y’
8((k—1)e)x*y* +27(54bc)x*y’
223 ((k— 1)e)x*y* + (6%)(54bc)x*y?
e)x’y +(63)(54bc)x2y3
x*y* +216(54bc)x%y

-1
—1)e)

k—1)e)x* +216(54bc)x°
Je)x*72 +-216(54bc) x>
—1)e)

x*+216(54bc)x’

o4 ((k—1)e)x* + ?(541%);9

26
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64 216
SIQ_2JDDyz(x,y) = 2—m((k—l)e)x2—|—3—m(54b)x3
64 216
S;0_2JD}D}z(x,y) = §(8c+(k—1)e)x2+?(54bc—12c)x3
64 216
S;0-2JD}D}z(x,y) = < (8c+ (k—1)e)x* + S (54be— 12¢)x°

S70-2JD;D}z(x,y) = 8(8c+ (k—1)e)x” +8(54bc — 12¢)x°

Degree Based Topological Indices of k-subdivided graph of Z

First Zagreb:
(Dx+D))M(Z0,x,3)|y—x—1 = 4(k— L)e+270bc
Second Zagreb:
(DDy)[M(Zh,x,3))y=e=1 = 4(k—1)e+324bc
Second Modified Zagreb:
(SS)MEZE 5 y)ys = © n Lot obe
General Randic (GR):

(DD M(Zh,x,))ymx1 = 4" (k—1)e+6™(54bc)

General Randic (GR):

1

% (K—1)e)+ L x (54bc)

(STST) M (Zhy,%,3)ly=ect =

”Symmetric Division Index (SDI):

(DiSy+ DyS)M(ZE x,9)lyexet” = 2(k—1)e+117bc
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”Harmonic Index (HI):

2SXJ[M(Z§,x,y)]y:x:1” (k—21)e N 10§bc
”’Inverse Sum Index (ISI):
SIDDYM(ZE x y)]yeer” = (k—1)e+ 324bc
Augmented Zagreb Index (AZI):
S30_2ID3DM(Z5,x,y)]ymmt = 8(k— 1)e+432bc

2.3 M-Polynomials of Line Graphs of k-subdivided Graph of 2D
Graph Lattice of Tetracenic Nanotubes:L (G (k)), ¢ = F, H,
W, Z.

In the following lemma, we find the type of edges of lien graphs of k-subdivded grahps
of 2D graph lattice of F[b,c].

Lemma 5: Let Gy g (k) be the lien graphs of k-subdivded grahps of 2D graph lattice
of F[b,c|, where k > 2. The number of vertices, edges and type of edges of G (k)

with respect to degree are as follows:

V(LIF]) E(LF])| | [E\LF])|=1(2,2)] | |E2(L[F])] =1(2,3)| | [E3(L[F])|=(3,3)]

27bc-2c-4b+ke | 108bc-24b-12¢ 24b+12c+(k-2)e 54bc-24b-12¢ 54bc-24b-12¢

where e represents the size of F[b,c], and e = 27bc —2¢ — 4b.

Proof:
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Figure 2.7: Line Graph of 2-subdivided Graph of F

For k > 2, the graph L[F| has |V (L[F])| =27bc —2c—4b+ke and |E (L[F])| = 108bc —
24b — 12¢ + ke. There are three types of the edges, named as [E| (L[F])] = mn,

|E>(L[F])| = pq and [E3(L[F])] =rs. Here dy = dp =2, dy=2,d,=3 and d, = d; = 3.
The edges (2,2), (2,3) and (3,3) have count 160+ 8¢+ (k— 1)e, 54bc —24b — 12¢ and
54bc —24b — 12¢ respectively. [

In the following theorem, we find the M-polynomial of line graph of k-subdivided
graph of 2D graph lattice of F[b,c|.”

Theorem S5:

The M-polynomial of G (k) is as follows:

M(L[F] = L[F[b,c];x,y] = (24b+12¢c + (k—2)e)x*y* + (54bc — 24b — 12¢)x%y* +
(54bc —24b — 12¢)x3y?

Proof:

Suppose the lien graphs of k-subdivded 2D graph lattice of F|[b,c] then by using
Lemma 5, we have three edge types as : E{(L[F])=[e=mneE(L[F)): d,,=d,=2],
E>(L[F))=[e=pqeE(L[F]): d,=2, d,=3], E3(L[F])=[e=rs€E(L[F]): d,=3, d;=3] with

29



|Ey (L[F])|=24b + 12¢ + (k — 2)e, |Ea(L[F])|=54bc — 24b — 12¢, |E3(L[F])|=54bc —

24b — 12c.

Now by using definition of M-polynomial, we have:

M(L[F]=L[Fb,c]];x,y) = Zmijxiyj

i<j
2.2 2.3 3.3
= Zmzzx y +Zm23x y +Zm33xy
22 2<3 33

= [E1(LIFD Py + |E2(LIF])°Y + [Es(LIF)) vy’
= (24b+12c+ (k— 2)e)x2y2 + (54bc —24b — 12¢) X%y’

+  (54bc —24b—12¢)x%y’

By using the Table 2.1 we have following:

M(L[F] = ([F[b,c]];x,y) = f(x,y) = (24b+12¢c+ (k—2)e)x*y* + (54bc —24b

Dy f(x,y)

Dy f(x,y)

Dyf<x7y)

Dyf(X,)’)

DyD.f(x,y)

+

_|_

12¢)x%y° + (54bc — 24b — 12¢)x°y?

2(24b + 12¢ + (k — 2)e)x*y* + 2(54bc — 24b — 12¢)x*y
3(54bc — 24b — 12¢)x°y?
(48b + 24c +2(k — 2)e)x*y* + (108bc — 48b — 24¢)x%y’
(162bc — 72b — 36¢)x>y?
2(24b + 12¢ + (k — 2)e)x*y* + 3(54bc — 24b — 12¢)x°y
3(54bc — 24b — 12¢)x°y?
(48b + 24c +2(k — 2)e)x*y* + (162bc — 72b — 36¢)x%y’
(162bc — 72b — 36¢)x>y?
4(24b + 12¢ + (k —2)e)x*y* + 6(54bc — 24b — 12¢)x*y?

9(54bc — 24b — 12¢)x°y?
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DyD,f(x,y)

Sy(f (%))

SxSy(f(xa)’))

xSy (f (x,¥))

Dy (f(x,y))

DDy (f(x,y))

DDV (f(x,y))

DDV (f (x,y))

Sy (f(xy)

SxSy (f (%))

S¢Sy (f(x,y))

+

+

(96b +48c +4(k — 2)e)x*y* + (324bc — 144b — 72¢)x*y’

(486bc — 2165 — 108¢)x°y’

%(2419 +12¢+ (k—2)e) %y + %(54,76 2 12602
%(54bc —24b—12¢)x°y?

411 (240 + 12¢ + (k- 2)€)x2y2 + é(54bc —24b— 12¢)x%y
3(54bc —24b—12¢)x%y?

(6b+3c+ (k—4_2)e)x2y2 9 4b— 202y

(6bc — % _ 4§)x3y3

2" (24b+ 12¢ + (k — 2)e)x*y* + 3" (54bc — 24b — 12¢)x°y’

3™ (54bc — 24b — 12¢)x°y’

2.2"(24b+ 12¢ + (k —2)e)x*y* +2.3"(54bc — 24b — 12¢)x7y’

3.3™(54bc — 24b — 12¢)x°y’

272" (24b + 12¢ + (k —2)e)x*y* +2"™.3™(54bc — 24b
12¢)x%y® + 3™.3™ (54bc — 24b — 12¢)x°y?

22" (24b + 12¢ + (k — 2)e)x*y* + 6™ (54bc — 24b — 12¢)x%y’
9™ (54bc — 24b — 12¢)x°y*
2im (24b+ 12¢ + (k—2)e)x*y* + 3im (54bc —24b — 12¢)x%y?

1
o (54bc —24b — 12¢)x°y°

1 2.2 1
— (24b+12 ) — (54bc — 24
5 ( b+ 12c+ (k )e)x v+ 3 (54bc b

1
12¢)x%y® + 3 (34be —24b — 12¢)x%y?

1
2.2
S (24D + 120+ (k—=2)e)x°y" + 5= (S4be — 24b

1
12¢)x%y° + g (54bc —24b — 12¢)x3y?
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SeSy (f(x,y))

SeSY(f ()

SyDx(f(x,y))

Sny(f(X,y))

Jf(x,y)

SJf(x,y)

JDnyf(x,y)

SxJDxDy f (x,y)

Dy f(x,y)

D) f(x,y)

DD f(x,y)

D;D; f(x,y)

_|_

_I_

+
AN = A=

2;"1 (24b+ 12¢ + (k—2)e)x*y* + 61 (54bc —24b — 12¢)x*y
9im (54bc —24b — 12¢)x7y’

4im (24b + 12¢+ (k—2)e )x y+— = (54bc —24b—12¢)x%y
9i (54bc — 24b — 12¢)x7y

2
24b+ 12¢+ (k—2)e)x?y™ 3 (54bc —24b — 12¢)x%y’

—~~ L~

54bc —24b — 12¢)x°y’
3
24b+ 12¢+ (k—2)e)x*y* + = (54bc —24b — 12¢)x%y

54bc —24b —

—~~ L~

12¢)x°y

24b+ 12¢ + (k — 2)e)x* + (54bc — 24b — 12¢)x°

—~~ L~

54bc — 24b — 12¢)x°

(24b+12¢+ (k—2)e)x* + %(54bc —24b—12¢)x°

(54bc —24b — 12¢)x°

4(24b+ 12¢+ (k—2)e)x" +6(54bc — 24b — 12¢)x°
(

9(54bc — 24b — 12¢)x°

(@)}

(24b + 12¢ + (k- 2)e)x* + < (54bc — 24b — 12¢)x°

9,1

%(5419(: —24b—12¢)x8
(2%)(24b + 12¢ + (k—2)e)x*y* + (3%) (54bc — 24b

12¢)x%y* + (3%) (54bc — 24b — 12¢)x°y?

8(24b + 12¢ + (k — 2)e)x*y* +27(54bc — 24b — 12¢)x%y’

27(54bc —24b — 12¢)x°y?

223 (24b + 12¢ + (k—2)e)x*y* + (6) (54bc — 24b
12¢)x%y* + (9%) (54bc — 24b — 12¢)x°y?

28(24b + 12¢ + (k—2)e)x*y* + (6) (S4bc — 24b

12¢)x%y* 4 (9%) (54bc — 24b — 12¢)x°y°
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DD; f(x,y)

IDD; f(x,y)

Q-2JD;D;f(x.y)

Q_2JD}D} f(x,y)

SxQ_2JD,D; f(x,y)

SIQ_2JD}D}f(x,y)

S;0-2JD;D; f(x,y)

S;0-2JD;D; f(x,y)

S;0-2JD}D] f(x,y)

64(24b+12¢ + (k—2)e)x* +216(54bc — 24b
12¢)x° 4729 (54bc — 24b — 12¢)x°
64(24b+12¢ + (k—2)e)x* "% +216(54bc — 24b
12¢)x° 72 +729(54bc — 24b — 12¢)x° >

64(24b + 12¢ + (k—2)e)x* 2 +216(54bc — 24b
12¢)x7 "2 +729(54bc — 24b — 12¢)x° 2

64(24b + 12¢ + (k —2)e)x* +216(54bc — 24b
12¢)x° +729(54bc — 24b — 12¢)x*

% (24b+12¢+ (k—2)e)x* + ?(54% —24b
12¢)x° + ? (54bc —24b — 12¢)x*

S—: (24b+ 12¢ + (k—2)e)x* + 23%(5419(: —24b
12¢)x° + 74% (54bc — 24b — 12¢)x*

g—j (24b+ 12¢ + (k—2)e)x* + %(5419(: —24b
12¢)x + % (54bc — 24b — 12¢)x*

% (24b+ 12¢ + (k—2)e)x* + %(54% —24b
12¢)x’ + % (54bc —24b — 12¢)x*

8(24b+ 12¢ + (k—2)e)x* + 8(54bc — 24b — 12¢)x°
729

o1 (34bc—24b 12¢)x*

2.4 Degree Based Topological Indices of Line Graph of k-subdivided

Graph of F

”First Zagreb:

(Dy+ D)) [M(LIF%, x,9)lymeet” = 4(k—2)e+594bc — 168b — 84c
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Second Zagreb:
(DD [M(LIFIB x,9)ly—xe1 = 4(k—2)e+810bc —264b— 132c

”Second Modified Zagreb:

(S S MLIFE 2y rer” = 2ot 15be - 23—b <
General Randic (GR):
(Dy'DY") [M(L[F]g,x,y)]y:x:1 = 4"(24b) +4"(12¢) + 4" (k—2)e + 6" (54bc) — 6™ (24b)
— 6™(12¢) + 9™ (54bc) — 9™ (24b) — 9" (12¢)
General Randic (GR):
(STSy) IM(LIF]E x, Wymx=1 = 4% X (24b+12c+ (k—2)e) + 6im x (54bc —24b —12c)
+ 9im x (54bc —24b — 12¢)

Symmetric Division Index (SDI):
(DySy + DySy) [M(LIF15 x,y)ly—xe1 = 2(k—2)e+225bc — 52b — 26¢

Harmonic Index (HI):

(k—2)e  198bc 28 l4c
2 5 5 5

28 J[M(L[[F]h, %,y)]y=ez1

Inverse Sum Index (ISI):

729bc  204b  102¢

SWIDDM(LIF]h x,9)]ymxe1 = (k—2)e+ - . .
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Augmented Zagreb Index (AZI):

67014bc  17496b  8748c¢
64 64 64

20 2IDDIAM(LIF)px,y)]y—xet = 8(k—2)e+

]

In the following lemma, we find the type of edges of lien graphs of k-subdivded grahp
of 2D graph lattice of H[b,c].

Lemma 6: Let Gy (k) be the lien graphs of k-subdivded grahp of 2D graph lattice
of H|b,c|, where k > 2. The number of vertices, edges and type of edges of Gy (k)

with respect to degree are as follows:

[V (L[H])] [E(LH] | [E1(LH])|=12,2)] | [E2(L[H])]=1(2,3)] | |E3(LH])] =1(3,3)]
27bc—4b+ke | 108bc—24b | 24b+ (k—2)e 54bc —24b 54bc —24b

where e represents the size of line graph of H (b, c|, and e = 27bc — 4b.

Proof:

For k > 2, the graph L[H| has |V (L[H])| = 27bc — 4b + ke and |E(L[H])| = 108bc —
24b. There are three types of the edges in L[H|. We name [E|(L[H]) = (2,2)] as type
1, [E2(H) = (2,3)] as type 2 and [E3(L[H]) = (3,3)] as type 3. By calculating these
edge types, we get that 24b + (k — 2)e, 54bc — 24b and 54bc — 24b are counts of the
edges of type 1, type 2 and type 3 respectively. 0

In the following theorem, we find the M-polynomial of lien graphs of k-subdivded
grahp of 2D graph lattice of H[b,c|.

Theorem 6:

“The M-polynomial of Gy (k) is as follows™:

M(L[H] =L[H[b,c];x,y] = (24b+ (k — 2)e)x*y* + (54bc —24b)x*y* + (54bc — 24b) x*y?
Proof:

Suppose thelien graphs of k-subdivded 2D graph lattice of H[b, c| then by using Lemma

6, we have three edge types as : Ej(L[H])=[e=mncE(L[H]): d,,=d,=2],
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Figure 2.8: Line Graph of 2-subdivided Graph of H

E>(L[H])=[e=pq€E(L[H]): d,=2, d,=3], Es(L[H])=[e=rs€E(L[H]): d,=3, d;=3] with
|Ey (L[H))|=24b + (k — 2)e, |E>(L|H])|=54bc — 24b, |E(L[H])|=54bc — 24b.

Now by using definition of M-polynomial, we have:

M(L[H]zL[H[b,cH;x,y) = Zmijxiyj

i<j
2.2 2.3 3.3
= Zmzzx y +Zmz3x y +Zm33xy
222 2<3 3<3

— B (LHDR + ExLIH]) b + B (LH)Y
= (24b+ (k—2)e)x’y? + (54bc —24b) %y

+  (54bc —24b)x’y’

By using the Table 2.1 we have following:

M(LIH] = ([H[b,c]];x,y) = (24b+ (k—2)e)x*y* + (54bc — 24b)x*y’

+ (54bc —24b)x>y?

36



Dih(x,y) = 2(24b+ (k—2)e)x*y* +2(54bc — 24b)x*y’
+ 3(54bc —24b)x%y?
Dyh(x,y) = (48b+2(k—2)e)x*y* + (108bc — 48b)x*y’
+  (162bc —72b)x’y?
Dyh(x,y) = 2(24b+ (k—2)e)x®y? +3(54bc —24b)x*y?
+  3(54bc —24b)x’y’
Dyh(x,y) = (48b+2(k—2)e)x*y* + (162bc — 72b)x*y’
+  (162bc —72b)x%y?
DyD,h(x,y) = 4(24b+ (k— 2)e)xzy2 +6(54bc — 24b)x%y?
+  9(54bc —24b)x’y’
DyDih(x,y) = (96b+4(k—2)e)x*y? + (324bc — 144b)x*y?
+  (486bc —216b)x°y’
Sy(h(x,y)) = =(24b+ (k—2)e)x*y* + %(541% —24b)x%y}
+ = (54bc —24b)x%y?

1
2
1
3
1 1
1 (24b + (k—2)e)x*y* + < (54bc - 24b)x%y?
1
5 (54bc— 24b)x>y?

k—2
SeSy(h(x,y)) = (6b+ (4—)e)xzy2 + (9bc — 4b)x*y’

+ (6bc— 83—b)x3y3

2"(24b + (k — 2)e)x*y* + 3" (54bc — 24b)x*y’

)
~
=
—~
=
~
~—
~—
I

3™M(54bc — 24b)x>y?

_I_

DD (h(x,y)) 2.2 (24b + (k—2)e)x*y* +2.3"(54bc — 24b)x%y’

3.3™(54bc — 24b)x>y?

+

DD} (h(x,y)) 22" (24b + (k —2)e)x*y* +2".3"(54bc

—  24b)x%y} +3M.3"(54bc — 24b)x>y?
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S8y (h(x,y))

$¢8y (h(x,y))

8¢Sy (h(x,y))

8¢Sy (h(x,y))

SyD(h(x,y))

SxDy(h(x,y))

Jh(x,y)

S Jh(x,y)

JD.Dyh(x,y)

+

_|_

+

22" (24b+ (k—2)

e)x*y* + 6" (54bc — 24b)x*y’

9" (54bc — 24b)x’y>

1
o (2404 (k—2)e

)y + 5, L (sabe—24b)ay

1
o (34bc 24b)x%y?

2.0m

24b)x*y3 + ——
1

om m

24b —
a2y’ + 3 3

3.3m

22

(24b+ (k -

L abt (k= 2)e)2y? + L (54bc

2.3m

(54bc — 24b)x>y?

2)e)x*y* + (54bc

2m 3m
(54bc — 24b)x>y?

1 1
(24b + (k—2)e)x*y* + — o — (54bc — 24b)x*y’

9—m (54bc — 24b)x°y?

4im (24b+ (k—2)e )x v+ — & (54bc —24b)x?y
91 (54bc — 24b)x’y

(24b+ (k—2)e )x2y+§(54bc —24b)x?y’
(54bc —24b)x3y

(24b+ (k—2) )x2y2 + %(54bc —24b)x%y?
(54bc — 24b)x’y

(24D + (k—2)e)x* + (54bc — 24b)x°

(54bc — 24b)x5

i (24b + (k—2)e)x* + %(54bc —24b)x°
é(54bc —24b)x"

4(24b+ (k—2)e)x*

9(54bc — 24b)x"
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SxJDyDyh(x,y)

D;h(x,y)

Djh(x,y)

DD;h(x,y)

D}D3h(x,y)

DD;h(x,y)

JDiDgh(x, y)

Q-2JD;D;h(x,y)

Q_zjz)f;D;h(x,y)

SXQ,ZJDiD;h(x, y)

SYQ-2JDD}h(x,y)

$3Q-2JD;D;h(x,y)

(24b + (k —2)e)x* + < (54bc — 24b)x°

S e

%(54bc — 24b)x"

(2%)(24b + (k— 2)e)x*y? + (3%) (54bc
24b)x%y’ + (3%) (54bc — 24b)x’y
8(24b + (k — 2)e)x*y* +27(54bc — 24b)x*y>
27(54bc — 24b)x’y’

223 (24b + (k— 2)e)x*y? + (6%) (54bc
24b)x*y + (9%)(54bc — 24b)x>y?
20(24b+ (k- 2)e)x*y* + (6%) (54bc
24b)x%y* 4 (9°)(54bc — 24b)x>y?
64(24b + (k—2)e)x* +216(54bc
24b)x° + 729 (54bc — 24b)x°

64(24b + (k—2)e)x* 2 +216(54bc
24b)x° 2 +729(54bc — 24b)x°?
64(24b + (k—2)e)x* 2 +-216(54bc
24b) x> 2 +729(54bc — 24b)x°~2
64(24b+ (k—2)e)x* +216(54bc
24b)x° +729(54bc — 24b)x*

4 21
% (24b + (k—2)e)x* + 76 (54bc

729
24b)x* + — = (54bc — 24b)x*

64 216
o (240+ (k= 2)e) + =2

2m
72
24b)x> + 4—m9 (54bc — 24b)x*

64 216
> (24b + (k—2)e)x* + S5 (54be

729
24b)x° + - (54bc — 24b)x*

(54bc
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64 216
S30_2JD{D}h(x,y) = §(24b+(k—2)e)x2+7(54bc

729
— 24b)x° + o (34bc - 24b)x*

S70-2JD;D}h(x,y) = 8(24b+ (k—2)e)x* +8(54bc — 24b)x°

729 4
+ e (54bc —24b)x

Degree Based Topological Indices of Line Graph of k-subdivided graph of H
”First Zagreb:

(Dy+Dy) ML, %, y)lyemt” = 4(k—2)e +594bc — 168)
Second Zagreb:
(D.D))[M(LIH]B, %, y)]y—ec1 = 4(k—2)e+810bc —264b
”Second Modified Zagreb:

k—2 2b
(SxSy) M(LIHE x,9)lymeet” = e+ 15pc— 22

General Randic (GR):

(DD M(LIHE, x,y) )1 = 47(24b) + 4™ (k—2)e + 6™(54bc) — 6™ (24b)

+ 9"(54bc) —9™(24b)
General Randic (GR):

(SIS M(LIH )yt = 4lm x (24b+ (K —2)e) + 6im % (54bc —24b)

1
g x (54be—24b)
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”’Symmetric Division Index (SDI):
(DiSy+ DySOM(LIHE x,3)]y—em1” = 2(k—2)e+225bc —52b

Harmonic Index (HI):

(k—2)e 198bc  28b

2SI MLHe v =™ = e =
Inverse Sum Index (ISI):
SUDDMLIH S x st = (=2t 20— 220
”Augmented Zagreb Index (AZI):
$0 UDDIMILHY x ) = 8(k—2)e+ TAIbe 1T

64 64

]

In the following lemma, we find the type of edges of lien graphs of k-subdivded grahp
of 2D graph lattice of W = Wb, c|.

Lemma 7: Let Gy (k) be the line graph of k-subdivided graph of 2D graph lattice
of W[b,c|, where k > 2. The number of vertices, edges and type of edges of Gy (k)

with respect to degree are as follows:

VLW])] [ECWD| | [E(LWD[=122)] | |E2(LW])] =1(2,3)] | [E3(LW])] =1(3,3)]

27bc —2c+ke | 108bc —12¢ 12¢+ (k—2)e 54bc —12¢ 54bc —12¢

where e represents the size of line graph of W[b, |, and e = 27bc — 2c.

Proof:

For k > 2, the graph L|W] has |V (L[W])| = 27bc — 2¢ + ke and |E(L[W])| = 108bc —
12¢. There are three types of the edges in L[W]. We name [E|(L[W]) = (2,2)] as type
1, [E2(W) = (2,3)] as type 2 and [E3(L|W]) = (3,3)] as type 3. By calculating these
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Figure 2.9: Line Graph of 2-subdivided Graph of W

edge types, we get that 12¢ + (k — 2)e, 54bc — 12¢ and 54bc — 12¢ are counts of the
edges of type 1, type 2 and type 3 respectively. [

In the following theorem, we find the M-polynomial of line graph of k-subdivided
graph of 2D graph lattice of Wb, c].

Theorem 7:

The M-polynomial of Gy (k) is as follows:

M(LW]=L[Wb,c];x,y] = (12c+ (k—2)e)x*y* + (54bc — 12¢) x*y* + (54bc — 12¢) x*y?

Proof:

Suppose the lien graphs of k-subdivded grahp lattice of 2D W|[b,c| then by using
Lemma 7, we have three edge types as : Ej(L[W])=[e=mncE(L[W]): d,,=d,=2],
E>(LIWD=[e=pqeE(L[W]): d)=2, d;=3], E3(LIW])=[e=rs€E(L[W]): d,=3, d;=3] with
|E1(LW])|=12¢+ (k —2)e, |E2(LIW])|=54bc — 12¢, |E3(L[W])|=54bc — 12¢.
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Figure 2.10: 3D Graph of 2-subdivided M-Polynomial of W

Now by using definition of M-polynomial, we have:

M(L[W]:L[W[b7cu;x,y) = Zmijxiyj

i<j
2.2 2.3 3.3
= Zmzzxy +Zm23x y +Zm33x y
22 23 3<3

= [E1(LW)®Y + |E2(LIW])%Y + | Es(LIW]) [y’
= (12c+ (k—2)e)x*y* + (54bc — 12¢)x%y

+  (54bc —12¢)x°y’

By using the Table 2.1 we have following:
Let

M(LW] = ([W[b,c]];x,y) = (12c+ (k— 2)e)x2y2 + (54bc — 12¢)x%y?

+ (54bc —12¢)x%y?
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Dow(x,y) = 2(12c+ (k— 2)e)x2y2 +2(54bc — 12¢)x%y’
+ 3(54bc —12¢)x%y?
Dow(x,y) = (24c+2(k— 2)e)x2y2 + (108bc — 24¢)x*y’
+  (162bc —36¢)x>y?
Dyw(x,y) = 2(12c+ (k— 2)e)x2y2 +3(54bc — 12¢)x%y°
+ 3(54bc —12¢)x%y?
Dyw(x,y) = (24c+2(k— 2)e)x2y2 + (162bc — 36¢)x%y’
+  (162bc —36¢)x>y?
DyDyw(x,y) = 4(12¢c+ (k— 2)e)x2y2 +6(54bc — 12¢)x%y°
4+ 9(54bc — 12¢)x%y?
DyDyw(x,y) = (48c+4(k— 2)6)x2y2 + (324bc — 72¢)x%y’
+  (486bc — 108¢)x’y’
1
Sy(w(x,y)) = z(12c+ (k— 2)e)xzy2 + 5(54190 —12¢)x%y°
+ = (54bc — 12¢)x°y’

1
SeSy(w(x,y)) = —(12c+ (k—2)e)x*y* + < (54bc - 12¢)x%y?

1
2
1
3
1
4
1
5 (54bc— 12¢)x°y?
k—2
SeSy(w(x,y)) = (3c+ %)xzy2 + (9bc — 2¢)x%y?

4
+ (6bc— ?C)x3y3

D' (w(x,y)) 2" (12¢+ (k— 2)e)x2y2 +3"(54bc — 12¢)x%y°

3M(54bc — 12¢)x°y

_I_

DDy (w(x,y))

v 2.2"(12¢ + (k—2)e)x*y* +2.3" (54bc — 12¢)x*y?

3.3™(54bc — 12¢)x°y’

+

DD} (w(x,y)) 22" (12¢ + (k — 2)e)x*y* +2™.3" (54bc

—  12¢)x%y* 4+3™.3™(54bc — 12¢)x%y?
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DDy (w(x,y))

Sy (wlx,y))

xSy (w(x,y))

S¢Sy (wlx, )

S8y (w(x, )

S¢Sy (w(x,y))

SyDx(w(x,y))

SxDy(w(x,y))

Jw(x,y)

SJIw(x,y)

JDDyw(x,y)

SxJDDyw(x,y)

_|_

+

_|_

_l_

2" (12¢ + (k — 2)e)x*y* + 6™ (54bc — 12¢)x%y’

9™ (54bc — 12¢)x°y?

1
2—m(12c+(k—2) )x y +3

1
o (34be = 12¢)x°y?

(54bc — 12¢)xy

12 2 — (54
——(12¢+ (k—2)e)x*y* +23m(5bc

12¢)x°y?

2.2m

12¢)x%y* + —— (54bc —

3.3m
(120 + (k —2)e)x*y? +

4
S o (54bc

12¢)x?

2m 3m

(54bc — 12¢)x°y’

3m 3

1 1
22 (12¢+ (k—2)e)x*y* + o

9—m (54bc —12¢)x°y?

(54bc — 12¢)x?y

1
4—m(12c+(k—2) )xy +— (54bc—12c)

6™
9L (54bc — 126)

(12¢+ (k—2)e)x*y’ + %(5419(: —12¢)x%y?
(54bc — 12¢)x°y’

(12¢+ (k—2)e)xy* + %(54bc —12¢)x%y?
(54bc — 12¢)x°
(12¢+ (k—2)e)x* + (54bc — 12¢)x°
(54bc — 12¢)x°

1 41 s
1 (12¢+ (k—2)e)x* + 5(54bc —12¢)x
é(54bc —12¢)x®

4(12¢ + (k—2)e)x* +6(54bc — 12¢)x°
9(54bc — 12¢)x°

(12¢+ (k—2)e)x* + - (54bc — 12¢)x°

| N

3
5 (54bc— 12¢)x
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D}D}w(x,y)

D}Dw(x,y)

D}D}w(x,y)

JDiDSw(x, y)

Q-2JD;Djw(x,y)

313
0_2JD3D3w(x,y)

SxQ_2JDD3w(x,y)

S{Q-2JDiD}w(x,y)

$30-2JD;Djw(x,y)

$30-2JD;Djw(x,y)

(2%) (12¢ + (k- 2)e)x*y* + (3%) (54bc

120)x2y3 +(3%) (54bc — 120)x3y3

8(12¢+ (k—2)e)x*y* +27(54bc — 12¢)x%y’

27(54bc — 12¢)x°y?

223 (12¢ + (k —2)e)x*y* + (6%) (54bc
12¢)x%y* + (9%) (54bc — 12¢)x°y?
28(12¢ 4 (k—2)e)x*y* + (6%) (54bc
12¢)x%y 4 (93) (54bc — 12¢)x°y?
64(12¢ + (k—2)e)x* +216(54bc
12¢)x° +729(54bc — 12¢)x°

64(12¢ + (k—2)e)x*"* +216(54bc

)
12¢)x°"% 4729 (54bc — 12¢)x°~2
64(12¢ + (k—2)e)x*2 +216(54bc
(

12¢)x° 2 +729(54bc — 12¢)x°2
64(12¢ + (k —2)e)x* +216(54bc

12¢)x° +729(54bc — 12¢)x*
% (12¢+ (k— 2)e)x2 + %6(54%
12¢)x + ? (54bc — 12¢)x*
g—i (12¢+ (k—2)e)x* + 23%
12¢)x° + 74% (54bc —12¢)x*
g—j (12¢+ (k—2)e)x* + %(5419(:
12¢)x° + % (54bc — 12c)x4
64 216

2
< (12¢+ (k—2)e)x” + 7(54bc

729
12¢)x° + o (346 — 12¢)x*

(54bc
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S30_2JDiDyw(x,y) = 8(12c+ (k—2)e)x*+8(54bc — 12¢)x’
729

fes . 4
+ ca (54bc 120)x

Degree Based Topological Indices of Line Graph of k-subdivided graph of W

”First Zagreb:
(Dy+ D)) [M(LWE, x,3)]y—cc1” = 4(k—2)e+594bc — 84c
Second Zagreb:
(DD [M(LIWE, x,3)]y—e1 = 4(k—2)e+810bc— 132¢

”Second Modified Zagreb:

(SeS)MLIVE ) yet” = et 15be - :

General Randic (GR):

(DY'DY) [M(L[W]g,x,y)]y:le = 4"(12¢) +4"(k—2)e+ 6™ (54bc)

— 6"(12¢) +9™(54bc) —9™(12c)
General Randic (GR):
(S;”Sy)[M(L[W]E,,x,y)]y:le = 4im x (12¢+ (K —2)e) + 6im x (54bc —12c)
+ 9im X (54bc —12¢)

”Symmetric Division Index (SDI):

(DSy+DyS)[M(LIW]G,x,3)]y—xe1” = 2(k—2)e +225bc —26¢
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Harmonic Index (HI):

(k—2)e 198bc l4c

28, [M(L{W]G,x,5)ly=a1 St
Inverse Sum Index (ISI):
SUDDUMLWE %)t = (k—2)e+ 722” c_ 10526
Augmented Zagreb Index (AZI):
S0 UMW xy) ey = 8(k—2)e+ b ST

64 64

[1 In the following lemma, we find the type of edges of lien graphs of k-subdivded

grahp of 2D graph lattice of Z[b, .
Lemma 8: Let Gy (k) be the line graph of k-subdivided graph of 2D graph lattice of

N v.v N N
N PN ZaN N

Figure 2.11: Line Graph of 2-subdivided Graph of Z

)




Z|b,c|, where k > 2. The number of vertices, edges and type of edges of Gz (k) with

respect to degree are as follows:

[V (L[Z])|

E(L[Z])|

[E(LIZ])] = 1(2,2)]

[E2(LIZ])| = 1(2,3)]

E3(LIZ])| = 1(3,3)]

27bc + ke

108bc¢

(k—2)e

S54bc

54bc

where e represents the size of line graph of Z[b,c|, and e = 27bc.

Proof:

For k > 2, the graph L[Z] has |V (L[Z])| = 27bc+ ke and |E(L|Z])| = 108bcb. There are
three types of the edges in L[Z]. We name [E; (L[Z]) = (2,2)] as type 1, [E2(Z) = (2,3)]

as type 2 and [E3(L[Z]) = (3,3)] as type 3. By calculating these edge types, we get

that (k —2)e, 54bc and 54bc are counts of the edges of type 1, type 2 and type 3

respectively.

]

In the following theorem, we find the M-polynomial of lien graphs of k-subdivded

grahp of 2D graph lattice of Z[b, c|. Theorem 8:

The M-polynomial of Gyz)(k) is as follows:
M(L[Z) = L[Z[b,c);x,y] = ((k—2)e)x*y* + 54bcx?y® + 54bcxy?

Proof:

Figure 2.12: 3D Graph of 2-subdivided M-Polynomial of Z

Suppose the lien graphs of k-subdivded grahps lattice of Z[b, c] then by using Lemma

8, we have three edge types as : E|(L[Z])=[e=mncE(L[Z]): d,,=d,=2],
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E>(LIZ))=[e=pq€E(LIZ)): d,=2, d,=3], E3(L[Z])=[e=rs€E(LIZ]): d, = 3, d; = 3] with
|EV(L[Z])|=(k —2)e, |E2(L[Z])[=54bc, |E5(L[Z])|=54bc.

Now by using definition of M-polynomial, we have:

M(L[Z]:L[Z[b,c]];x,y) = Zmijxiyj

i<j
2.2 2.3 3.3
= Zmzzx y +Zm23xy +Zm33xy
22 2<3 33

= |E\(L[Z])]¥*Y? +|E2(L[Z]) 1Y + |Es(L[Z]) 1y

= ((k— 2)e)x2y2 + 54bex?y? 4 54bexy?

By using the Table 2.1 we have following:
Let M(L[Z]) = ([Z[b,c]];x,y)=z(x, y)=((k — 2)e)x*y*+(54bc)x*y*+(54bc) x>y’

Dyz(x,y) = 2((k—2)e)xy +2(54bc)x*y? +3(54bc)x’y?
Dyz(x,y) = (2(k—2)e)x*y* + (108bc)x*y® + (162bc)x’y’
Dyz(x,y) = 2((k—2)e)x*y* +3(54bc)x*y® +3(54bc)x’y’
Dyz(x,y) = (2(k—2)e)x*y* + (162bc)x*y* + (162bc)x’y’
D,D,z(x,y) = 4((k—2)e)x2y +6(54bc)x*y? +9(54bc)x>y?
DyDyz(x,y) = (4(k—2)e)x*y*+ 324bc)x y +(486bc) 3y3
Sy(z(x,y)) = %((k 2)e )x y +3(54bc)x y +3(54bc)
8:5,(2(x,y)) = %((k 2)e) 2y +é(54bc)x2y3—|—é(54bc)x3 3
(k—2)e

)x%y? + (9bc)xy? + (6bc)x’y?

o
N'gl
—

I
—~
=
~
~—
N~—

I
—~

4
Di'(z(x,y)) = 2" ((k— 2)e)x2y2 +3™(54bc)x’y? + 3™ (54bc)x’y?

DDy (z(x,y)) = 2.2"((k—2)e)x*y* +2.3"(54bc)x*y’ +3.3"(54bc)x’y’
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SY'Q-2JD;D;z(x,y)

22" ((k—2)e)xy* +2".3"(54bc)x*y’

22'“( k—2)e)xy +6m 54bc)x2y3—|—9m(54bc)x y
e)x y +

54bC)x.y +-3 (54bc)x’y

-

—— ((k—2)e)x*y* +23 (54bc)x*y? 4+ ——

((k—2)e)x?y* +
22—m((k 2)e)x’y +61 (54bc) Xy + —

—((k—2)e)x*y +61

3.3m
(54bc)x*y° +

m 3m 3m 3m

1
o — (54bc)x’y’

1
(54bc)x*y® + — om (54bc)x’y
e)x y —|— (54bc)x*y* 4 (54bc)x’y?

4
((k—
((k—2)e)x*y* + 54bc)x 2y3 + (54bc)x>y?
((k—
1

2)e)x* 54bc + (54bc)x®
(( 2)e)x* + (54bc) + é(54bc)x6
((k —2)e)x*+ 6(54bc)x5 +9(54bc)x®
((k—2)e)x*+ 2(54bc)x5 + %(54bc)x6
(2%)((k —2)e)x?y* + (3%) (54bc) 22y + (3%) (54bc) Py

8((k—2)e)x?y* +27(54bc)x*y’

27(54bc)x>y?

223 ((k—2)e)x?y? + (6%)(54bc)x*y® + (9%)(54bc)x’y?
(k—2)e)x* +216(54bc) x> +729(54bc)x°
(k—2)e)x* 2 +216(54bc) x> % + 729 (54bc) 072
(k—2)e)

(k—2)e)

216 729
~—(54bc)xX + T (54bc)x*
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+ 3’".3”1(54190)x3y3

(54bc)x’y?

(54bc)x’y?



64 216 729
S:0-2IDDz(x,y) = o3 ((k—2)e)x’ + S5 (54be)x’ + - = (54bc)x*

64 216 729
S30-2JD}D}z(x,y) = < ((k—2)e)x* + 7(5419(:)x3 +er (54bc)x*

72
S30-2JD{D}z(x,y) = 8((k—2)e)x* +8(54bc)x’ + 6—49 (54bc)x*

Degree Based Topological Indices of Line Graph of k-subdivided graph of Z
”First Zagreb:

(Dx+D,) [M(L[Z]g,x,y)]y:le 7 = 2(k—2)e+270bc+2(K —2)e+324bc
Second Zagreb:
(DD M(LIZ]Gx)]ymemt = 4(k—2)e+810be

”Second Modified Zagreb:

k—2
(S8 M(LIZIx,)]yemt” =~ e+ 15be
General Randic (GR):
(D)’C”D;”) [M(L[Z]g,x,y)]y:le = 4"(k—2)e+6"(54bc)+9™(54bc)
General Randic (GR):
" om B 1 1 1
(SESIMLIZ % ymemt = s % (K =2)e) + o x (S4be) + gy X (S4be)

”Symmetric Division Index (SDI):

(DsSy+DyS) M(L[ZIG, x,))]ymxet” = 2(k—2)e +225bc
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Harmonic Index (HI):

(k—2)e 198bc

25, M(L][Z]fr%.7)]v=11 >+t
Inverse Sum Index (ISI):
S DD M(LIZE X, 3)|yoret = (k—2)e+ 722196
Augmented Zagreb Index (AZI):
S0 UDDIMLZ eyt = 8k —2)et+ T

2.5 M-Polynomial For Graph (G+ H)

Theorem 2.5.1. Let my, my be the orders and wi, wy be the sizes of finite graphs G

and H respectively. "Then M-polynomial of G+ H” is

wi w2
M(G-I—H;OC,B) _ (Xa(xdx“+m2ﬁdy“+m2 + Z ﬁbadxb-i—mlﬁdyb—i-ml
a=1 b=1
mj np

+ Z Z adxa* +m2ﬁdyb* +m )

a*=1b*=1

Proof.

Let graph G has w type of edges g, = (dx4,dy,), with respect to degrees having count
o, and graph H has w; type of edges h, = (dxy,dyy), with respect to degrees having
count f8,. "Then in G+ H, the edges g, becomes” (dx,+my,dy,+m3), 1 <a<w; and
edges h, becomes (dx; +my,dy,+m;) where 1 <b < w,. Further, (dxg +my,dyp- +

my), is a third degree based edge in G+ H, where 1 < a* <mj and 1 <b* < mj.
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”The M-polynomial of G+ H, is calculated as follows”:

MG+H:a,B)= Y mjo'B’, (2.5.1)
xy€E(G)

now,

wi w2

M(G-I—H;OC,B) _ Z aaadxa+mzﬁdya+m2 + Z ﬁb(xdxb+mlﬁdyb+ml
a=1 b=1
mp myp

+ Z Z adxa*—i-mzﬁdyb*—b—ml'

a*=1b*=1

wi w2
MG+H:aB) = o™B™ Y a,a® B @ Y foltpo
a=1 b=1

mp my
+ (szﬁml Z Z adxa*ﬁd)’b*'
a*=1b*=1

2.6 M-Polynomials For G(k)

Lemma 2.6.1. Let G(p,q) be a graph with degree sequence dy < dp, < dz < ..... <d,
and (dyi,dy;) type of edge according to its degree with count N; then graph G(k) has
following type of edges according to degree,

(2,du) | (2,2) | (2.dv)
Ni [ (k=D)g| Ni

where; 1 <i<z

Proof:
Since the edge (d,;,d,;) becomes path having degree sequence d;,2,2,2, ....,2,2,2,d,;.
Therefore we will have three types of edges (d,;,2),(2,2) and (2,d,;) in G(k) with
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count N;, (k— 1)g and N; respectively.

M(G(k);x,y) = Zmijxiyj

i<j
du 2 2.2 2. d,.
= Z mg, 2X"1y~ + Zmzzx Yo+ Z mad, X“y™"
;<2 2<2 2<d,,

Nixtay? 4 (k= 1)gx?y® + NPy 4 Noxay? 4 Nox?ya

Nax¥usy? 4 Nax?ys . 4 Noxuy? 4 Nx?y®hs

+

Y2 (N x4 4 Noxo 4 Naxus 4. 4 Noxbe) + (k— 1) gx’y?

PNy ™1 4 Ny 4 Nay®s 4 Ny™s)

Z Z
= VY Nx¥i 4 (k= 1)gx%y? +27 ) Niyhs
i=1 i=1

_I_

2.7 M-Polynomials For Line Graph of G(k)

Lemma 2.7.1. Let G(p,q) be a graph with degree sequence dy < dp, < dz < ..... <d,
and (dy;,d,;) type of edge according to its degree with count N; then the line graph of
graph G (k) has following type of edges according to degree,

(2,dui) | (2,2) | (2,dvi) | (duirdui)
dui(dui_l
Ny | (k=2)q| N; | dul%=l

where; 1 <i<z

Proof:
Since the edge (d,;,d,;) becomes path having degree sequence d;,2,2,2, ....,2,2,2,d,;.
Therefore we will have these types of edges (d,;,2),(2,2), (2,d,;) and (dy;,d,;) in G(k)
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dyi(dyi—1)

with count N;, (k—2)q, N; and =“=5— respectively.

M(G(k);x,y)

+ 4+

Z mi jxiyj

i<j
) 2.2 2. dy,
Y ma oxMiy £ Y mopx®yt 4 Y mag, x5y
i <2 252 2<d,,
;s
Y My dy, XY
duigdui

Nyxuy? 4 (k— 2)qxzy2 + N2y ™1+ Noxboy? 4 Npx?ye

N3xs y2 + N3x2ydv3 +.....+N, Zxd“z y2 + N, szyd"z

deuiydui
2
YA (N1 4 Noxho + Naxis .+ Noxe) + (k — 2) gy
dyi(dyi—1 o

xz (ledvl +N2de2 —|-N3yd“3 + ... —{—Nzyd"Z) —+ %xdmydm

2% Nl 22 2N wody o Gildui =) 4 g,
Yo Y Nixi 4 (k= 2)qx’y? +x° ) Niy™i Ty

i=1 i=1
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Chapter 3

Conclusion
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3.1 Conclusion

In this proposal we have found M-Polynomials for different families of chemical
graphs.We found M-polynomials for k-subdivided and line graphs of k-subdivided of
nanotubes. We have also found the M-Polynomials for the new families of graphs
obtained by using some graph operations. We focussed on M-Polynomials of G +
H,G(k),L|G(k)], where G,H are simple connected graphs and L[G (k)] is line graph
of uniformly k-subdivided graph of G, for k 1. We have found M-Polynomials for

different families of chemical graphs.
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