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Abstract

The concentric n-layer flow for PTT fluid model and two-layer
flow for Oldroyed six constant model through cylindrical pipe
are considered. Such flows have great significance both
theoretical and applications in the chemical processing
industries, polymer extraction, mining industry, oil
transportation etc and are also useful for biologists for
biomedical fluid flow problems. The exact solutions of PTT
fluid flow for velocity fields and volume flow rates are derived.
Approximate analytical solutions of Oldroyed six constant fluid
flow for velocity and volume flow are also presented. In PTT
fluid flow problem, the effects of appropriate parameters on the
velocity profiles are shown graphically for two-layer and multi-
layer flows. In Oldroyed six constant fluid flow problem the
effect of model parameters on the velocity profiles are also
shown graphically.
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Chapter 1

Preliminaries and Basic Concepts



1.1 Fluid

A fluid is a substance that flow continuously under the action of shear stress, it does
not matter how shear stress may be smaller or larger. Fluids are classified as liquid,

gases. For example air, oxygen, water, oil , paint etc.

1.2 Properties of Fluids

These properties of fluids have much significance to the study of fluid mechanics.

1.2.1 Density

Density is define as the quantity which contained in unit volume of the substance, there

are following four types of density, given that

Mass Density

Mass density p of a substance represent the mass per unit volume. Mass density at a
given point is derived by choosing the mass dm with small volume 0V surrounding

the point. To maintain the concept of continuum SV can not be smaller then x°.

. om
o= i, 5 12

Specific Weight

The specific weight w of a particle is define as the weight per unit volume. Specific
weight varies from one point to another point because weight depends on the gravita-
tional attraction. Using the value of gravitational acceleration g , connection between

w and p can be conclude from Newton second law.



Relative Density

Relative density o of a particle is the ratio between the mass density of particle with
standard mass density. For example for solids and liquids picked standard mass density
is the maximum density of water at 4°C atmospheric pressure.

o = Bubance i 40C
PHy0

Specific Volume

Specific volume of a substance is define as the ratio of mass density.

1.2.2 Viscosity

Viscosity of the fluid is basically internal resistance between the layer of fluid, which

resist the fluid flow . For example viscosity of honey is so high.

Coefficient of Dynamic Viscosity

The coefficient of dynamic viscosity i can be defined as shear force per unit area re-
quired to drag one layer of the fluid with unit velocity past another layer a unit distance

away from it in the fluid.

T
p= (1.2.2)
dy

where T = % and % is the local shear velocity.

Kinematic Viscosity

The kinematic viscosity v is define as the ratio of dynamic viscosity to mass density.

== 1.2.3
=5 (1.2.3)

where U is dynamic viscosity and p is the density of fluid.



1.2.3 Pressure

Pressure is ratio of applied force F and area A . Mathematically the pressure p at a
point s is written as ,
OF

= lim — 1.2.4
p &{glo 0A ( )

where A is the area of an element around point s and 0 F is the normal force due to

fluid on 0A.

1.3 Types Of Fluids

There are following types of fluids classified as:

1.3.1 Newtonian Fluids

Newtonian fluids are those fluids in which shear stress is directly proportional to the

rate of change or fluids which satisfy the Newton law of the viscosity Mathematically

Toc U— (1.3.1)

Examples of such fluids are air , water etc.

1.3.2 Non-Newtonian Fluids

Non-Newtonian fluids are those type of fluids which does not satisfy the Newton law
of viscosity. .
For example toothpaste, blood, paint etc.

The stress might be given by,for example :

du

T:K(d—y

Yin#1 (13.2)

where n is flow behavior index and K is the regularity index. Above equation can

be changes into Newton’s law of viscosity for n = 1. Most fluids in nature are non-



Newtonian.

1.3.3 Real Fluids (Viscous Fluids)

All fluids for which u # 0 are called real fluids.

1.3.4 Ideal Fluids (Inviscid Fluids)

All fluids for which yu = 0 are called ideal fluids.

1.4 Continuum Concept of a Fluid

While the properties of a fluid emerge from its molecular structure, usually engineer-
ing problems are scrutinize with the immensity of fluids. Normally at a microscopic
level, a fluid consists of molecules with a lot of space in between. Mostly involved
number of molecules are extensive, and separation between these molecules is nor-
mally negligible in comparison to the distance involved in the practical situation being

studied. Under these conditions, it is usual to consider a fluid as a continuum.

1.5 Dimensions and Units

The measurement of physical quantities has physical importance in science and engi-

neering. The primary or basic quantities are length L, mass M, and time 7.

1.5.1 Units

Basically arbitrary names are units which are assigned to the fundamentals dimensions
adopted as a standard for measurement.e.g the basic dimensions for length would be

measured in terms of standardize unit of length such as meter.



1.5.2 Dimensions

It is used to refer any measurable quantity .e.g we refer to physical quantity such as

length , time , mass and temperature as dimension.
1.6 International System of Units
There are many system of units that consider different quantities as fundamentals e.g

1.6.1 SI System

Mass {M}, Length {L}, Time {z}, Temperature {7}

1.6.2 British Gravitational System

Force {F}, Length {L}, Time {t}, Temperature {7 }

1.6.3 English Engineering System

Force {F }, Mass{M}, Length {L}, Temperature {7 }.

In fluid mechanics only 4 of the fundamentals quantities length, mass, time and tem-
perature are needed.

Some commonly used derived quantities along with their units and dimensions are

given in the table below.

1.7 Types Of Fluid Flow

There are following types of fluid flows

1.7.1 Uniform Flow

Such type of flow in which the the velocity of liquid particle at all segment of channel

or pipe are not same.



Table 1.1: Dimensions and Units

Quantity Defining Equation Dimensions SI Unit
Length Length [L] m
Velocity Distanc/time (LT~ ms~!
Acceleration Velocity/Time [LT 2] ms~2
Force Massx Acceleration [MLT=?]  N(kgms™2)
Mass density Mass/Volume [ML73) kgm =3
Impulse Force x Time [MLT 1] kgms~!
Viscosity dynamic Shear stress/Velocity gradient — [ML™'T~!] Nsm™?2
Viscosity kinematic Dynamic Viscosity/Mass density ~ [L?T '] m?s~!
Pressure Force/Area [ML™'T~?]  Pa(=Nm™?)
Work,Energy Force x Distance [ML*T 2] J(=Nm)
Power Work/Time ML2T3]  Wart(Js™1)

1.7.2 Non-Uniform Flow

If the velocity changes instantaneously from point to point then flow is called non-

uniform flow.

1.7.3 Steady Flow

A fluid flow is steady if different quantities like velocity, pressure and cross-section,

vary from point to point but do not change with time.

1.7.4 Unsteady Flow

If at a given point velocity, pressure and cross-section changes with time is known as

unsteady flow.

1.7.5 Steady Uniform Flow

A steady uniform flow is a flow in which Conditions do not changes with position or

time.



1.7.6 Steady non-uniform Flow

A flow in which quantities like velocity, pressure, cross-section may changes form

point to point but do not changes with time.

1.7.7 Unsteady Uniform Flow

A flow in which velocity, pressure and cross-section remain same at each point but
changes with time.

1.7.8 Unsteady Non-uniform Flow

A flow in which velocity, pressure and cross-section does not remain same at every
point and also changes with time.

1.7.9 Laminar Flow

Laminar flow is a flow in which each particle have a specific path, none of particle

cross each other.

1.7.10 Turbulent Flow

Turbulent flow is the flow in which each none of the particle have specific path. Each
particle cross the other particle.

1.7.11 Incompressible Flow

Incompressible flow is the flow in which density remain constant throughout, do not

changes with time and position.

1.7.12 Compressible Flow

A compressible flow is the flow in which density does remain constant with time and

position.



1.7.13 Irrotational Flow

If curl vector v = 0 and v = 0 is the fluid velocity vector then flow field is Irrotational.
Mathematically :
Vxvy=0 (1.7.1)

1.7.14 Rotational Flow

If curl vector v # 0 then flow field is rotational.
Mathematically :
Vxv#0 (1.7.2)

1.8 Equations Governing Fluid Flows:-

1.8.1 Continuity Equation

Continuity equation in vector form is,

ap B
5 +V-(pv) =0 (1.8.1)

In which p is the density of fluid at time ¢ and v is the velocity field of the fluid.

For a fluid of constant density or incompressible fluid above equation becomes ,
Vv=0 (1.8.2)

1.8.2 Two Dimensional Continuity Equation For Incompressible Flow

For incompressible flow p = constant therefore , continuity equation becomes

dvy, @_

M Fy 0 (1.8.3)



1.8.3 Continuity Equation For steady Flow
For steady flow % =0

div(pv) =0
1.8.4 Momentum Equation

Vector Form of Momentum equation is,

DV
“Y _V1_Vp+pb
Py = VT Vptp

1.8.5 Momentum Equation In Cartesian Coordinates

e X-component

Du dp  OJTu JdTy  OTy
Por =P ox T ax oy T a;

e y-component
Dv dp 0ty dt, OJT
— =pb,— X Y yy zZy
Poc =P =55 T o Ty T ez

e z-component
p@ :pbz—a—p 07Ty, 8ryz+8rzz
Dt dz  dx dy dz

1.8.6 Momentum Equation In Cylindrical Coordinates

(1.8.4)

(1.8.5)

(1.8.6)

(1.8.7)

(1.8.8)

The equations of momentum for incompressible Newtonian fluid in cylindrical coor-

dinates (r, 0, z),

e r-component

Dt r

or r Or +r89 r

Du, 20 0 19(rt,, 1 d7p,
( u u ) b, p (r‘L‘ ) To Tog
e O-component

D , 0 2(r’z, 107 ot
p<ﬂ—uf9>:pbg ap (r"70) 10799 0Tzp

1
Dt _86+ﬁ or r 00 Z

10

(1.8.9)

(1.8.10)



e z-component

Du, dp 19d(rt;) 1019, 7y

PE:PZ 8z+r dar r 00 z

(1.8.11)

e Differential Equations
Such type of equations in which derivative of one or more dependent variable w.r.t
independent variable involved is known as differential equation. These types of equa-
tions play a important rule in many disciplines including physics,engineering,economics
and biology. Differential equations can be divided into many types.
¢ Ordinary Differential Equations
Ordinary differential equations are those differential equations contains one or more
functions of one independent variable and its derivative.

d’y dy

— — —4+4y=0 1.8.12
dx? dx+ 4 ( )

¢ Partial Differential Equations
Partial differential equations are those equations which consist on multi-variables and

their partial derivatives. e.g
’u  d°u
—+=5=0 1.8.13
ox? + dy? ( )
e Order of Differential Equations
Order of differential equations is the order of maximum derivative involve. e.g
d*y dy

2 4y =0 1.8.14
dx? dx+ 4 ( )

so order of above equation is 2.
¢ Linear Differential Equations

Linear differential equation variables of an equation does not appear in the power of

11



one or appear in the power of more then one e.g

dy 1
é =0 (1.8.15)
ra

¢ Non-Differential Equations
Linear differential equation means such type of equations in which variable of an equa-
tion occur only in the the power of one.

(1—y)22+2y:e<x) (1.8.16)
X

1.9 Some Basic Flows in Fluid Mechanics

1.9.1 Couette Flow

The couette flow or shear flow is the such type of flow in which two parallel plates
are placed as one of which y = 0 is at rest and other at y = 47 movies uniformly with
velocity U as shown in figure 1.1. Flow is along x-axis as shown in the figure. There
is no pressure gradient in this case % = 0. Thus such types of flow just depends on
the motion of the upper plate. Since flow is steady , laminar and unidirectional then

momentum equation reduces to

ap d%u
Loy = 1.9.1
ox Moy R
Integrating above w.r.t 'y’
1dpy?
_ 4PV L AviB 1.9.2
“ELde 2 YT (192

Conditions for this problem becomes,

u=0aty=0andu=Uaty=nh (1.9.3)

such that
u(0)=0and u(h) =U (1.9.4)

12



y-axis Plate moving with

velocity Y ——=

_
—_—
h :
ufy)
—
_;\,,,

- T J,X-D'st

o Fix plate

Figure 1.1: Couette Flow

As pressure gradient is equal to zero,then above equation for couette flow reduces to

u(y)=Ay+B (1.9.5)
Using condition (1.9.4)
U
A=— 1.9.6
A (1.9.6)
then (1.9.5) will become as,
U
u(y) = 57 (1.9.7)

Yy
=7 (1.9.8)

Above velocity distribution induced in a fluid is due to the motion of upper plate at

constant velocity. Couette flow is called plan couette flow.

1.9.2 Plane Poiseuille Flow

As we have already discussed that for simple Couette flow one plate is at rest but other
plate is moving with velocity U but for plane poiseuille flow both upper and lower
plates are fixed at a constant distance from the x-axis as shown in figure 1.2.

x-axis is along the center between these two fixed parallel plates. The fully developed

13



-axis
¥ Fixed plate
L

uly)

X-QXis

™1 7
Fixed plate

Figure 1.2: Plan Poiseuille Flow

flow between the plates referred to plan poiseuille flow. Also consider that both fixed
plates be situated at y = —% and y = % while pressure gradient is %. So boundary
conditions are u =0 aty = i%.

Then velocity distribution is written as,

Ldpy
= ——L2 L Ay+B 1.9.9
u W dx 2 +Ay+ (1.9.9)

Using conditionsu =0 aty = +5

Wdp  h
0=——+A5 1.9.10
wdx 2 (1.9.10)
Using conditions u =0 at y = _g
Wdp  h
0=——"—-A7 1.9.11
u dx 2 ( )
From (1.9.10) and (1.9.11)
2
A=0p=—1"0P (1.9.12)
8u dx

By substituting values of A and B in (1.9.9) then,

h? dp v\ 2
‘=g [1-4(5) ] (1.9.13)

14



1.9.3 The Hagen Poiseuille Flow

Consider steady laminar flow of viscous incompressible fluids flow through an infinite
long straight horizontal circular pipe of radius R as shown in figure 1.3. We will use
cylindrical coordinates to describe the flow geometry. We also consider that z — axis
is along the axis of pipe. Such type of axially symmetric flow through a circular pipe
is called Hagen poiseuille flow. As flow is along the z-axis then velocity along radial

and tangential components will be zero.

10 1dvg O,
i B i 1.9.14
r&r(rvr)+r89+8z 0 (1.9.14)
velocity is the function of /7.
v, = v, (r) (1.9.15)

Momentum equation in cylindrical coordinates becomes ,

10
_Ea_]: —0 (1.9.16)
10
_p_r£ —0 (1.9.17)
1dp %v, 1dv,
e Z 22222 1.9.18
p8z+v[9r2+r8r} ( )
d d
P _ (1.9.19)
S0,
dp d>v, ldv,
Py [er 2 (1.9.20)
Integrating twice w.r.t'r/,
r* dp
v, = ﬂd_z +Alnr+B (1.9.21)

15



M\ x-axis

y-axis

Figure 1.3: Hagen Poiseuille Flow

In which constants A and B are determined using boundary conditions.

because v, is infinite at r = 0 , then

¢ 4udz

But second boundary condition is no-slip condition at the wall i.e ,
v,=0atr=R

Using no-slip boundary condition then

|
po_ L dPp
4u dz

substituting value of B then velocity will become as,

B R2dp [1_(1)2}

VZ——md—Z R

SoA=0

(1.9.22)

(1.9.23)

(1.9.24)

(1.9.25)

1.10 Approximate Analytical Techniques for Solving Non-linear

Equations

Sometime exact solution of non-linear differential equation is not possible or difficult

to find. In such situation we use some approximate analytical techniques to solve those

equations. We will use one of the following approximate techniques
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1.10.1 Homotopy Perturbation Method

To understand the basic idea of homotopy perturbation method first we consider a

non-linear differential equation

Liw)+N(w)=f(r),reQ (1.10.1)
With boundary conditions
d
C:(W,a—:),rel" (1.10.2)

Where L is linear operator and N is non-linear operator, C is the boundary operator, w
is dependent variable and r is the independent variable. I is the boundary of domain
Q and f(r) is analytical function.

we will construct a homotopy

v(rs): Q% [0,1] = R (1.10.3)

which satisfies
M(v,s) = (1 —=s)[L(v) —L(wo)] +s[L(v) +N(v) — f(r)] =0 (1.10.4)
M(v,s) = L(v) — L(wg) +sL(wp) + s[N(v) — f(r)] =0 (1.10.5)

Where s € [0, 1] is an embedding parameter, wy is initial approximation which satisfy
the boundary conditions.

From (1.10.5) and (1.10.4) ,

M(v,0) = L(v) — L(wp) =0 (1.10.6)

M(v,1) = L(v) +N(v) — f(r) (1.10.7)



By changing 's’ from 0 to 1, v(r,s) changes from wg(r) to w(r). In topology this is
called a deformation and L(v) — L(wg) and L(v) +N(v) — f(r) are known as homotopic.

(1.10.5) and (1.10.4) can be expresses as power series of s’ .
V=10 + s+ 57+ (1.10.8)

Using (1.10.8) into (1.10.5) , we solve for different orders of the problem by comparing

like coefficient of 's” on both sides. Then approximate solution becomes ,
w= limv=vyg+vi+va+... (1.10.9)
s—1

1.10.2 Modified Homotopy Perturbation

Consider a non-linear differential equation

Lw)+N(w)=f(r),reQ (1.10.10)
With boundary conditions
d
C(w,a—:),rel“ (1.10.11)

where L is linear operator and N is non-linear operator. C is the boundary operator, I"
is the boundary of domain Q and f(r) is analytical function.
Modified homotopy perturbation method depends on the idea of replacing f(r) by a

series of infinite components And in Tayler series form,

f0) =Y £0) (1.10.12)
n=0

According to supposition f(r) = fi(r) + f2(r)

we will construct homotopy,
v(y,q) : @ x[0,1] — R (1.10.13)
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N(v,q) = (1 =q)[L(v) = L(wo)] +¢[L(v) +N(v) Zq fy) = (1.10.14)

equivalent to
N(v,q) = (L(v) = L(wo) +qL(wo) +gN (v Zq faly (1.10.15)

where ¢ € [0,1] is an embedding parameter, wy is initial approximation we assume

solution in the form of

v(y) =Y q"va(y) (1.10.16)
0

if we choose fi=fand fo=fi=fo=..... = 0 then (1.10.15) reduces to homotopy
method. So Modified homotopy method depends on the selection of fy, f1, f2, ... then
the solution of w(r) of (1.10.10) can be obtained fast as HPM,

v(y.q) = limv(y,q) =vo+qvi +q*va+.... (1.10.17)
q

If we solve the problem using HPM the resulting expressions for velocity profile con-
tain high power constant and solution of theses constants are not easy then use MHPM

. Such problem arises for Poiseuille problems and for CouettePoiseuille flow problems.

1.10.3 Homotopy Analysis Method

Let us consider a non-linear differential equation such as,

Aw)+f(r)=0 (1.10.18)
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where A is non-linear operator, f(r) is known function, For homotopy analysis method

we construct a family of equation which is

(1= q)£[v(r,q) —=wo(r)] = gh{A[v(r,q)] = f(r)} (1.10.19)

where £ is linear operator, wy(r) is initial guess, & is auxiliary parameter, g € [0, 1] is
an embedding parameter, Liao [21] [22] expended v(r,q) in Tyler’s series about em-

bedding parameter

v(r,g) =wo(r)+ Y wn(r)p” (1.10.20)
m=1
where
1 9™v(r,q)
Wi (1) = MW'FO (1.10.21)

The convergence of (1.10.20) depends upon the parameter £, if convergent at g = 1,

then
w(r) =wo(r)+ Y, wn(r) (1.10.22)

Differentiating zeroth-order deformation of (1.10.19) m-times w.r.t ¢ and the deviding

by m! and finally substitute ¢ = 0 we obtain

Wi (r) = XmWm—1(r)] = AR (r) (1.10.23)
In which
Xn =1z (1.10.24)
1 av! = .
Rin(r) = e 1),{dq,HA[wo(r)] +n;1 win(r)q" }g=o (1.10.25)

we can solve non-linear equations using this technique at different order of approxi-

mation.
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1.11 Thesis Plan And Layout

Our proposed research work is based upon the analytical study of concentric flow of
n-layers of PTT fluids and two-layer flow of Oldroyd six constant fluids. All the flows
are considered to be immiscible and incompressible, through a cylindrical pipe. These
types of flows are encountered in many industrial and manufacturing processes. In
industry, the fluids that are mostly used are complex in nature and exhibit a variety
of characteristics and rheological properties. Our aim is to study these complex non-
Newtonian fluids in this thesis.

The thesis is planned as follows: In first chapter we have discussed some preliminaries
and basic concepts. In second chapter we analyze the multilayer flow of PTT fluids
through a cylindrical pipe. Using MATLAB for graphing purposes, we also discuss the
effect of different parameters on the velocity profile. In third chapter we also analyze
the two-layer flow of Oldroyd six constant fluids through a cylindrical pipe. Finally,
the effect of different parameters on the velocity profile is presented graphically. In

last chapter, we discuss conclusions and future work.
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Chapter 2

The n-Layers Concentric Flow of
(PTT) Fluids Through a Cylindrical
Pipe
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2.1 Introduction

Majority of scientists and engineers deal with different flow of different fluids which
are Newtonian in nature. In most practical situations, Newtonian flow behavior is not
valid and rather more complex non-Newtonian flow response must be modeled. Flow
of multiple layers of fluids arises in chemical processing industries, polymer extrac-
tion, mining industry, oil transportation and also useful for biologists for biomedical
fluid flow problems.

For example, in polymer processing, materials with desired characteristics can be pro-
duced with combination of various melt streams. Non-Newtonian fluids are also en-
countered in mining industry where slurries and muds are often handled. Use of dou-
ble layer in non-Newtonian fluids is of much interest like double layer coating, double
layer paints in different chemical processes.

In oil transportation when crude oil is transported through long pipelines, pumping
costs can be reduced using low viscoelastic fluids which reduces the pressure gradient.
The study of multiple layer flows is also important due to its logical connection to
biomedical fluid flow applications.

Most of present work deals with two-layer fluid flows. Bird et al. [1] have analyzed the
two-phase flow of incompressible, immiscible Newtonian fluids. Kapur and Shukla [2]
investigated the flow of Newtonian fluids between two parallel plates. Lohrasbi et al.
[3], Malashetty et al. [4], [5] have analyzed the Magnetohydrodynamics heat transfer
in two-phase flow. Shail [6] have investigated the laminar two- phase flow in Magne-
tohydrodynamics.

In [7], [8], [9] instability analysis and stability analysis of two-phase flow for Newto-
nian fluids have been discussed. But [10], [11], [12], [13], [14] also investigated the
stability analysis for non-Newtonian fluids. Peristaltic flow of two-layers of Power law
fluids have been studied by Usha and Ramchandra Rao in [15]. Recently Taza Gul et
al. [16] have investigated the exact solution of two thin film non-Newtonian immisci-

ble fluids on a vertical belt.
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Though most people worked on two- layers flow and these results are useful but their
applicability is restricted because some industrial processes require addition of multi
fluid layers. There is not much literature available on n-layer fluid flows in cylindri-
cal pipe geometry because most of the above work deals with two-layer fluid flows.
In present literature, Brauner et al. [17], [18] and Leib et al. [19] have worked on
multilayer of Newtonian fluids. Siddiqui et al. [20] also worked on exact solutions of
concentric n-layer flows of viscous fluids in pipe. Mostly fluids used in industry can
only be modeled realistically using non-Newtonian fluid models.

So in this problem we have considered n-layer flows for non-Newtonian fluids through
cylindrical pipe. Both linear PTT model and exponential PTT model are used. In
both linear PTT model problem and exponential PTT model problem, we obtain non-
linear differential equation for velocity which is accompanied by different boundary
conditions for fluid velocity and shear stress. Exact solutions for some useful physical
quantities like velocity profile and flow rates are derived. Some special cases of these
problems for flow rate also discussed. Using MATLAB the effects of different param-
eters on the velocity profiles are presented graphically for two-layer and multi-layer

flows.

2.2 Problem Formulation

2.2.1 Geometry of the Problem

We will consider the concentric n-layers flow for immiscible and incompressible PTT
fluids through cylindrical geometry. Let z — axis is along the axis of pipe and '’ is
radially outward from the axis. The pressure gradient ‘fl—f = —P is along axis of pipe.
We denote the radius of pipe by R;.

Interfaces of two fluids starting from Ry, R3, ..., R, from the axis of pipe as shown in

figure.We also consider that fluid flow is steady, unidirectional and fully developed.
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Figure 2.1: Geometry Of The Problem

2.2.2 Basic Equations
The basic equations governing the motion of an incompressible fluids flow with con-
stant density are mass conservation

v.vh =g (2.2.1)

and momentum equation

Kk
® dV K

7 = divt® —vp+p®p (2.2.2)

p

where the superscripts (k= 1,2, ...,n) denote the number of different fluid layers. k=1
indicates the first layer (outermost) along with solid boundary of pipe , and k =2 is
for the fluid layer which is adjacent to first layer (outermost) and so on. Innermost
layer will be around the axis of cylindrical pipe. v represents the velocity of kth
layer of fluid, 4 77 expresses material derivative, p is the fluid pressure, 1) is the extra

stress tensor, p( ) is density of fluid and b is the body force vector. General form of
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constitutive equation defining Phan-Thien Tanner (PTT) fluid will be written as,
f@dﬂ”»r®+x“%:2n®A® (2.2.3)

Where f (tr(‘c(k))> is the trace of stress tensor , 1) is relaxation time and A® is de-
formation rate tensor and 7 represent upper convected derivative. And A® s defined
as,

L& 4+ (L(k))T (2.2.4)

Where L& is defined as,
LK =vyvk (2.2.5)

And upper convected derivative is given by,

d't(k)
£ = — 0 (vv®) — (vvE)T £0) (2.2.6)

According to Tanner’s classification, Linear form of (PTT) fluids model can be written

as,
(k) p, (k)
0y — 148727 e®)
fler(t)y =14 @ tr(z") (2.2.7)
Exponential form of (PTT) fluid model is,
(k) . (k)
Fler(z®) = exp (8 TI()’:) tr(r("))> (2.2.8)

2.2.3 Boundary Conditions

The flow characteristics used for the boundary conditions of this problem are symmetry
of flow about the axis of pipe. The continuity of stresses and velocities of fluids at the
interfaces and there is no-slip conditions at the wall of the pipe.
Mathematically ,

t —0atr=0 (2.2.9)

26



and at axis of pipe,
(k) (k+1)

T, =T, atr=Rgy, k=1,2,...,n—1.

u®) = k=1 atr=R,, k=2,3,...,n.

at the interfaces.

No-slip conditions at the wall of pipe,
e =0atr=Ry
Velocities and extra stresses becomes,

v = [0,0,M(k)(r)] and T = (0 ()

2.3 Exact Solution of the Linear (PTT) Fluid Model

2.3.1 Shear Stresses

(2.2.10)

(2.2.11)

(2.2.12)

(2.2.13)

By substituting (2.2.13) into (2.2.1) and (2.2.2) then (2.2.1) is identically satisfied z-

component of (2.2.2) in the absence of body forces we get,

d 1d
T =0 k=12

integrating w.r.t 'r’ we will get,

2

k) _dpr )
Sl SENNe
Tz 122 +

(2.3.1)

(2.3.2)

where C¥) are constant of integration. In view of condition (2.2.9), C (") — 0 and above

expression will be written as,
[m _drr
& dz 2
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Equation (2.3.3) with conditions (2.2.10) when used in (2.3.2) then
= ) =,

This result in the general expression,

k) _dpr,

=5 k=12...n (2.3.4)

for shear stresses of the fluids.

2.3.2 Velocities

Now we need to find the velocities for the k fluids. First of all we incorporate geometry

of our problem.From equation (2.2.4) we know that

Al — % L 4 (L®)7 (23.5)
Where L&) is
L® = graav(® (2.3.6)
El
or
L = |12\ [0,0,ut) () (23.7)
9
dz
0O 00
LD=10 o0 o (2.3.8)
% 00
Replacing ag(rk) = dz(rk) then
0O 00
LD=10 0 o0 (2.3.9)
% 00
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oodu_U‘)

dr
LNT"=10 0 o0
00 0

Substituting values of L*) and (L(k))T into (2.2.4) we obtain

du®)
oo
(k) _
Aj =5 0O 0 O
du®
0 o
Now using equation (2.2.6)
df(k)
29T vy py R0
t=—r-7 ( )—( )T
r,(f) *cr(lg) Tr(f ) 0O 00 00 dfl(:) r,(f) rr(g)
t=— |7 0 1o ool-[o0o o)
W rz((];) d;—(rk) 0 0 00 0] |[W ‘L'Z(l(;)
Wi o o] [l ahy wn
t=— |0 o 0| —| 0 0 0
wh 8 o 0 0 0 0
) _(k ® _(k W6k
_der Tr(z) _d':lr TZ(G) _ddr TZ(Z)
A du® _(k)
= - Zr To; 0 0
X 0

Substituting (2.2.7) ,(2.3.15) , (2.3.11) in (2.2.3) then

_2du(k> T(k) . dut®) _(k) . du®

1 @ tr(r()) Py J O _%Téz) 0 0
du® _(k)

T dr "% 0 0
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Z

(2.3.10)

(2.3.11)

(2.3.12)

(2.3.13)

(2.3.14)

(2.3.15)




So

()2, w o o —242 )
eWp
[1+ T‘](k) tr(r(k))] Tor Teo Toz +Ar(k) —dz(:)fg?
u(
Tz(i]f) Tz6 Tz(zk) _dd:)fz(zk)

du® _(k) du®) (k)-
& % Tar =
0 0
0 0
du®]
0 0 %
n®l o o o
dut®)
dr 0 0 |
(2.3.17)

Now in component form we omit 8 component altogether since there is no rotational

flow and none of the fluid velocities or stresses depends on 6.

(k)2 (4) ®
[14—8”(/1) tr(f(k))] fr(f)_z;t(k)(dzr )Tg) _ (2.3.18)
g ®) du®) 2o
R er(z®)y | 7 20 Zr ®) _ p®) Zr (23.19)
g ®) du® 2
@ tr(®) | 7 — A0 Zr 20— o Zr (2.3.20)
(k) p, (k)
[Hgn(;/t) ”(T(k))] 7 =0 (2.3.21)
From (2.3.21),
o =0 (2.3.22)
From (2.3.18),
e ) I
©)Y | 75— 93 (®) (k)
[” n® (T | o =240 )T (2.3.23)
From (2.3.19),
MG Ju®
[1+ @ tr(t®) | ) = n® Zr (2324)



Dividing by (2.3.23) and (2.3.24) we get,

(k)
) = %(rﬁi‘))z (2.3.25)

using equation (2.3.25) into equation (2.3.18) we obtain,

(k)
o = 2’“")<er )k (2.3.26)

)

(k) (k)
€ (k) , (k)
[1+ i (T’ + 72

As from (2.3.22) we know that 74 = 0 and 7 = 22 (7%))2 then above (2.3.26)

=25
equation will become as,
(K)p (k) 2 (k) 2 (k) du®
€ u
[1 n® p® o) ] W(Tr(f))z =240)( o )b (2.3.27)

Ly, 229A0)? gy du®
W( rZ ) + (n(k))3 rz 4 rZ (2.3.28)
5o (k) (k) (3, &)
dulk 1w 2elk (A k )2 (K)\3
ar Wfrz + —(n(k)>3 (Tr2") (2.3.29)
From equation (2.3.4) Tr(f ) = d—’;% so equation(2.3.29) will becomes
du®) rodp WA dp ;.
dr W dz | an®y G (2:330)
using i—é’ = —P in above equation
(k) (k) (3 (k)2 p3
du _ rP € (A)=pP 3 (23.31)
dr 2n %) 4(n k)3
Fork=1 (1 (A0
1 1 1)\2 p3
du _ rP € (A )Pr3 (2.3.32)
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Integrating w.r.t "7/

PR eA2p3A
(D) — _ (1)
u'’(r) 417(1) 16(71(1))3 +C

From boundary condition (2.2.12) , we get

PR2 8(1)(2{(1))2P3R4
_ 1 + 1
an) = 16(n(h)3

ch

substituting value of C(!) then u(!)(r) becomes

P PRe(D (A (D)2
My — L p2_ 2y 8T AT a4
u (I") 417(1) (Rl r )+ 16(17(1))3 (Rl l")
Now for k =2
du® P e@(@)2p3
dr @ am@p "
After integrating

2 2 201\2p3.,4
u(z)(}"):— Pr _8( )(l( ))Pr —I—C(Z)
an@ - 16(n)?

By using B.C (2.2.11) then we will find value of c®

2 2) (. (2)\2 p3 pt
[u(l)(r)} _ PR3 B el )()L( )) PR} +C(2)
r=R; 4n(2) 16(n?))3

PR2 8(2)(1(2))2P3R4
2) — |,M 2 >

¢ [u (’ﬂ r=R, * 4n2) + 16(n?))3

50,
e PR EOORPR P pa pa PEO0)
4n®) 16(n@)3 T anM T T g ()3
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(2.3.33)

(2.3.34)

(2.3.35)

(2.3.36)

(2.3.37)

(2.3.38)

(2.3.39)

(R1—R3) (2.3.40)



by substituting values of C?) in (2.3.37)

P P3g(2)()t(2))2 p3g(l)(1(1))2

(Ri—

@) () = 2_ .2 4 a, P
W= et ey )T R R+ e m
o (2.3.41)
2, P 2 oy, PPEP@y? 1
) = o =)+ e G (R =) 4 e, @342)

The kth velocity can be written as,

P p3g(k)(;t(k))2
(k) 2 2 4 4 (k—1) _
u (r)—4n(k)(Rk r°) + 16(n @) (Rg =)+ " V(r),=r, k=2,3,...,n.
(2.3.43)
The generalized form of velocity for k=1,2.3,... n.
P P3ek)(A))2
(k) — 2 .2 e "\ A7) (pd 4
u (r)_4n(k)(Rk r )+ 16(n(k))3 (Rk I")
(2.3.44)

p3g(k)(,1(k))2
2 2 4 4
+i§: 471(]‘) (Ri _Ri—i-l)_'_ 16(7‘1(1‘))3 (Rk_Rk—H)

2.3.3 Volume Flow Rates

Total volume flux or volume flow rate 'Q’ for n — layer’s fluid flow is given by,

k=1
where
R
o :zﬂ/ C P (dr k=1,2,...,n—1 (2.3.46)
Rt
and
Ry
Q(”) = 27r/ ru(")(r)dr (2.3.47)
0
Fork=1
Q(l) =2r /Rl ru(l)(r)dr (2.3.48)
Ry
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R P P3g(1)(;L(1))2
(1) _ 2_ 2oy TETAT)T a4
0 _27r/R2 r [417(1) (RT—r1°)+ T6(n ()3 ( ri) | dr (2.3.49)

PR? [R R P3e() (A (D\2R4 (R
Q(l) - / 1ra’r——ﬂP / ]r3a’r—|—n e () 1/ lrdr
2nM Jr R,

_np3g(1)(,1(1))2 /R1 )
8(77(1))3 Ry

So after integration w.r.t 'r’ the above expression , we have

(2.3.50)

wP3eM(A )R

N 4 pa 2 o2
(RT —R3) 817(1)(R1 R>)+ T6(n () L(RT —R3)

(2.3.51)

(2.3.53)

Fork=2
ru (r)dr (2.3.54)

@3
16(n) (2.3.55)

Pre (102
+ T(R% —R3)+ W(lﬁ —R3))dr

2 R 3.(2)(7(2)\2p4 (R
Q(z) 7rPR2/ rdr——ﬂP / 2r3dr+ Pe (A )Rz/ 2rdr
2n@ Jg, 8(n2))3 Rs

1(2))2 Ry P, ) R)
" /R3 Sdr +2n()(R Rz)/R3 rdr (2.3.56)

(1)y2 R
EA ) (R?—Rg)/ 2mlr
R3
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So integrating

0 — 4n<2§ (R; — R3) e (RS —RY) o (RE - R2)
- 48(17((2))3) (RS —RS) + 1y (Ri = Ro) (B3 — R3) (2.3.57)
aP3e(M ()2
+ 16(1’]((1))3) (R?_RLZ‘)(R%_R%)

Alternatively , we can write

3¢2)(L2))2
o _ ®P 4 wP ., wP o, wP o, wPe(AY)T ¢
e A TR T M TICTE)
B nP3e®(A(2))2 42 nP3e@)(2(2)2 6, 7-L-P3g(2)()t(2))2R6 (2.3.58)
16(n@)* "FE 48(n@)y 2T 4g(n@)d -
n nP3eM (A (1))2
- U~ ) (R R+ 16(n§1) R
So
2 3¢(2) (2232 P32 (1) _ R
o _ mP 4 wP 5 Ry wPeY(AWY) s wPle W (AY)T 5 Ry,
0 gr,(2>R2 4n(2)R3(2 R+ 24(n(M)3 ot 16(n@))3 K3 R
nP nP3eM(A(1))2
- = BB R+ 16(n§1))3> (R} — RS (R — )
(2.3.59)
For k=3
R3
0¥ =21 /R rul® (r)dr (2.3.60)
4
() —» RS[ P R2_ 2 P38(3)<l(3))2 4 4
0¥ = E/R4 r4n(3)( 3 )+ T6(n0) (R5—r")
P o P3e@(22)2 -
—|—4n(2)(R2—R3)—|- TCIE (Rs—R3) (2.3.61)
P P (22
o R =)+ T (ki — R
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o 7rPR2/ R3r3dr+ P (A0))2RS /R3rdr
Ry 8(n®)3 Ry
7TP3 3) P R;3
(g) >/ rsdr—l——(z)(R%—R%)/ rdr
8(m)* Ik, 2N Ra (2.3.62)
P32y ., P, Rs o
T (Rz—R3)/R4 rdr 5y (K] Rz)/R4 rdr
aP3eM () R;
(U(E))3 i (R?—R%)/R rdr
4
So after integration
PR P wP3eB)(AG))2RS
01 = T = R — o R+ P e v
nP3eB)(A0))2 TP
R ) T (= ) (R )
aPe@ (AN e e, P o o (2369
+ T6(n2)3 (R; —R3)(R3 —Ry) + (1)(R1 R3)(R5 — R})
aP3eM () (1))2
e R R (1 &Y
33102
@ _ P 4 WP 5o WPy P 4 wPeR) (AP
e R B T Y e T R A T O ER
aP3e®(AG)? nP3eB)(A(3))2 7rP3£(3)(7L(3))2R6
16 S8BT P as(me)r
AP o v oo APRER@AP)? s (2369
+4n(2)(R2—R3)(R3—R4)+ T6(n@)3 (R; —R3)(R5 —Ry)
AP o oo oo wPEW@AW? s
+4n(1)(R1 R3)(R3 —Ry) + T6(n(0)3 (R{ —R3)(R5 —Ry)

36



> 33) (2,302 P (102 gt

@) _ P 4 wWP 5 Ry wPPeV(AY)T s wPle (AY)T 5 Ry g

0 gn(3>R3 4n(3)R4(2 &) 24(n0B))3 K3t 16(n3))3 ’(3 -8

P aP3e2) () (2))2
+4n(2) (R2 R3)(R3 R4)+ 16(n(<2))3) (Rg—Rg)(R%—Ri)
P 5 aPeMAW)2 o o
+4n(1)(R —R3)(R3 —R3) + T6(n(0)3 (RT —R;)(R3 —Rj)
(2.3.65)

Finally the generalized form of 0¥ for k= 1,2,3,....n—1.

2
k) _ TP 4 TP Riv1 o
Q Sn(k)Rk+4n( )Rk—l—l( 2 Rk)
ﬂP3 ”(/1( )? 6 ﬂP38(")(l(">)2 > Ri 4
— P (l)( )2P3
+ ;(417()(R2 RZ ) (R — Ri2+2)+ T6(n )3 (R{ =R (Riy —RE)
(2.3.66)
Now we will find Q(”) such as
Ry
0" — 27 / ™ (r)dr (2.3.67)
0
After integrating
o0 _ TP i 7e) (2,00 Y2p3R(©) - [ 1) )} (2.3.68)
~ g 24(n()3 G R P -
2.3.4 Special Case For First-layer
We have a special case for or n = 1 just for the one layer flow
R
ol = 2717/ ru(l)(r)dr (2.3.69)
0
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P e )p3
— = (Ri =)+ W(R? —r*)|dr

2 R R 3o (1)\2p4 (R
Q(]) = ﬂPRl/ 1rdr— P / 1r3a’r+ zhe (A7) Rl/ 1rdr
0 0 0

217(1)
_77;P3g(1)(l(1))2/131 5
8(m)*  Jo

After integrating w.r.t 'r/

8(n(M)3

) _ 7Z'PR‘11 7'1:PR‘11 7TP38(1)(}L(1))2R? B 7FP3£(1)()L(1))2R?

(1 _ PPRy
ST R TR TTCTNE 48(n()?

S0,

2.3.5 Special Case For Second-Layers

Now we have a special case for two layers flow for this we substitute n = 2

Ry

Q(z) = 27r/ ru(z)(r)dr

0

@ (1(2))2p3
16(n()3

(R =)

8(n®)3

(A@)2 (R P o oy (R
2 /Ordr+—2n(1)(R1—R2)/() rdr

38

PR? (R P (R P3c@(L2)2R4 /R
) 2/ rafr——yr )/ rd e () 2/ rdr
0 0

(2.3.70)

(2.3.71)

(2.3.72)

(2.3.73)

(2.3.74)

(2.3.75)

(2.3.76)



After integration,

00 — TP TP 4+7rP3¢3(2)(/1(2))2
- 4n () 8n(2 2 16(17(2))3

aPe@ (A o P o,
 48(n@)3 R2+4n(1>(R1_R2)R2+

RS

4
R; —

(2.3.77)

S0,

nP3eM (212

2/ p4 4

Rz(Rz R3)+

(2.3.78)

2.3.6 Special Case For Third-Layer
We have a special case of three layers flow for which we substitute n = 3

R3

0¥ =27 /

0

ru® (r)dr (2.3.79)

(R3—R3) (2.3.80)

() _ PR / TP /R3r3 s TPEDQCPRS /R3rdr
2n0) 8(n®))3 0

“ars T ®r) [
E /Or r+2n()(2 3)/0 rdr
R3

4 ph P o /
(R R3)/0 rdr+2n()(R ~83) [ rar

(2.3.81)
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After integrating

(2.3.82)

So,

_ P 7rP38(3)(A(3))2R6
TE® ey
P

2 o p2
+ W(Rz —R3)R3 +

(R3 —R3)R3 (2.3.83)

P
+ W(R% —R5R; +

2.4 Exact Solution for the Exponential PTT Fluid Model

Now we solve for the exponential form of PTT fluid. Geometry of the

problem remains same as used in linearized form.

2.4.1 Velocities:-

Substituting (2.2.8) and values of £ and A\ in (2.2.3) then

k) (k _ndu® (k) qu® (k) du®
exp (ﬁtr(f(k)v 70 42 [ 2 dr % ] = [ 0 °F

n (k) _ dz(rk> ,L.Z(é") 0 dcui(rk) 0

(2.4.1)
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So

(k) 5 (k) ALY _pdu® L) dul (k)
ll—l—%tr(r(k))] i’ (1) +2A W a(lkr) (kZ) dr "% — k)
n T’ Tz _d?,rr Tz 0
components form becomes,
(k) , (k) duf
E u
ETAT (2N ) 2 R) g (k) (GH N (K)
exp( mP tr(t )) Ty —2A (dr)rzr 0
k) (k) duk du®
AT (| K)o (k) (A (K)o (k)
exp( n® tr(T) | T’ — A <dr )Tz dr
gk K duF du®)
Ry | ~(K) 5 (k) G\ (k) _ (k)
exp( n® tr(v) | ' — A <dr )Tz dr
(k) , (k)
€
exp ( @ tr(fc(k))) fz(é‘) =0
Using result of (2.4.6),
fz(f )0
From (2.4.3) and (2.4.4)
(k) 7, (k) du®
£ u
S (W (k) _ »4 (k) (k)
exp( mP tr(t )) Ty = 2A%( o )Tz
(k) , (k) du®
€ u
2 i@y ) 20 = p®)
exp ( P tr(t )) T =N

Dividing (2.4.8) by (2.4.9) , we obtain
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(2.4.3)

(2.44)

(2.4.5)

(2.4.6)

(2.4.7)

(2.4.8)

(2.4.9)

(2.4.10)



using (2.4.10) into (2.4.8)

ek (0 du®
exp< (e ) |l =220 e

ey (k) 29 (k) 22 k) du®
exp ( (W( (k))2)> W(Tg{))z :M(k)( ) (k)

du®) 1 2eOA®)? o) w
—:_XP<WTrZ) (7r:")

Substituting (2.3.4) in the above equation (2.4.13)

du® 1 28(k)(7t(k))2{d_p£}2 dpr
dr 0 P\ T Wy ezl ) \az2

Using ‘Zl—lz’ =-P

du® Pr elD(A0)2p22
dr . 2q® P\ T o)
Fork=1
du) _ Pr 8(])(1(1))2P2r2
ar  2q0 TP\ T oMy
P e(A)2p2y2
My = _
u'’(r) 200 /exp( 22 rdr
Substituting,
8(1)(1(1))2P2r2
2
8(l)(/'L(l) 2p2
()2 rdr = dw
(Y2
() dw = rdr
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(2.4.11)

(2.4.12)

(2.4.13)

(2.4.14)

(2.4.15)

(2.4.16)

(2.4.17)

(2.4.18)

(2.4.19)

(2.4.20)



Using (2.4.18),(2.4.19),(2.4.20) in (2.4.17) , we have

(1)

(S —
wn) = = Semamyzp | SR dw (2.4.21)
After integrating
(1)
Wy 17 (1)
)= 26 (AMy2p P (w)+C (2.4.22)
) (1) (2, (1))2p2,2
u (}’) 28(1)(1(1))2P exp ( 2(77(1))2 +C (2423)
Using boundary conditions in equation (2.2.12) we obtain
(1) M (A M2p2R2
¢ 2e()(A()2p exp ( 2(nM)2 (2.4.24)

(1) (1) (3 ()\2p2p2 (1) (3 ()\2p2,2
uD(r) = n exp e (AW) PRy exp e (AW Par
2M(A0)2P 2 2
(2.4.25)
Now for k =2 - 200
du'? Pr e?)(A2)2p2y?
= _217(2) exp ( L)L (2.4.26)
P @ (A2)2p2;2
@) = _
u'“(r) 0@ /exp( 2 )2 rdr (2.4.27)
After integrating , we obtain
(2) 2)(222p2,2
@) n € ) Pr (2)
u(r)= 22D )P exp < 20 ) +C (2.4.28)
By using boundary conditions (2.2.11) then we will find value of C (2)
() 2)(2))2p2R2
(1) _ n e (AY) 2
« (”)L_Rz ~ T 2:0(202p P ( 2moe T (2:4.29)



(2) (2) (21 (2))2p2R2
@ _ [.0) n e (AY)PRS
c® = [u (r)] + )>2Pexp< (2.4.30)

(2.4.31)

Using C® into the equation(2.4.28) then,

(2) (2) (7 (2)\2p2 p2 )7 @2\2p2,2\ |
D)= T leXp<8 (A )PRZ)_CXP<8 (A )Pr)

26D(20))2P 22 2(n@)2
(1) (1) (7 (1)\2 p2 p2 My (M2p2p2 |
n n exp e (AW) PRy ~exp eW(AW)*P°R;
2¢((AM)2P 2(n'V)?2 2(n(V)2
(2.4.32)
So the generalized form of velocity profile for &k =2,3,...,n. becomes ,
(k) (V) (A (K))2 p2R2 (k) (2 (K))2p2,2
(k) () — n e"( K\ eV (AM) P (k—1)
T e (AW)zp eXp( 2(n))2 ) eXp( 2(n))2 + [0 Ry

(2.4.33)

2.4.2 Volume Flow Rates:-

Total volume flux or volume flow rate *Q’ for n-layer’s fluid flow is given by,

0= Z Q(k) (2.4.34)
k=1
where,
Ry
0% = 27r/ m(k)(r)dr, k=1,2,....n—1 (2.4.35)
Ri
and
Ry
Q(”) = 27r/ ru(")(r)dr (2.4.36)
0



fork=1

R
Q(I):27r/ lru(l)(r)dr (2.4.37)
Ry
Ry (1) (D2 ())2p2R2 8(1)(1(1))2102,,2
(1) — _n eV(AT)PRY Y
O =27 fe 2 (A 2P [p< TCICIEN Rl G TEIOTEN | R
(2.4.38)
(1) (M 1Y)2p2R2 R (1) R M A 1y2p2,2
Q(l): 17”7 exp € AT PR /1;’dr—L 1exp e AP rdr
eM(AM)2P 2002 ) e " €D Sy, 2(nM)?
(2.4.39)
Substituting,
8(1)(1(1))2P2r2
2P =w (2.4.40)
(1)(3 (1)\2 p2
£ ((,7/1(1))2 rdr = dw (2.4.41)
(n'V)?
8(1)(1(1))2P2dw =rdr (2.4.42)
Using (2.4.40),(2.4.41),(2.4.42) in equation (2.4.39) so above expression will become
as,
(1) (M (A2 p2R2 Ry 7( (1))3 R
1y _ ™ eV (AY)"PRy / B n /
¢ 8“>(7t<1>>2PeXp< 200 ) ey T GRS Jy, PO
(2.4.43)
After integrating,
(1) (M2 (1))2p2R2 (1))3
(1 _ n e (A) 1 2R n(n'") R
0 _28(1)(1(1))21)6@( 2(nMy2 [r}Rz (eD)2(AM)4p3 [lexp(w)]g,
(2.4.44)
(1) (1) (9 ()2 p2 p2 (1))3 (1) ()2p2,2\ 15
Qm:—zg(l’;a TR (s ;/(1 (1)))1; R1> [rzﬁi—(8<1;r)(z?;t<1)>)4p3 lexp (e é? (3)5 r )]
n n R
(2.4.45)
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(1) (M (p(1Y2p2R2
1) _ n eV (A)T PRy 2 2
ol = 26 (2 ()2p eXP( 2(nM)2 [Ri — Ry
(1))3 (1) (9 (1)\2p2 p2 (1) (3 ()\2p2p2
~__zm(n'V) exp eW(AW) PRy exp eW(AW)°P°R;
(e (AW)P? 2(ny 2(np
(2.4.46)
So,
(1) () (p (12 p2R2
n__mm eV (A) PR 2 2
Q() 28(1)()‘(1))2Pexp< 2(17(1))2 [Rl RZ}
(1))3 (1) (7 ()\2p2p2 (1) (3 ()\2 p2p2
n r(n') exp eW(AW)°P°R; exp eW(AW) PRy
(eM)2(a(l))4p3 2(n)? 2(n1)?
(2.4.47)
fork=2
0® =2z / e (r)dr (2.4.48)
— . 4.
R> (2) 2) (1 @)2p2R2 @(2@y2p2,2\ |
) _ n eV A PR W (A Pr
CT T 2ema@p e"p( 2@y ) e )|

R (1) (1) (7 (1)\2p2p2 (3 M2p2p2\ ]
+2r N lexp (8 (A7)°P Rl) —exp (8 AT)P R2> rdr
(2.4.49)
Ry 7'[1”(2) Ry 8(2)(1(2))2P2]"2
/R3 rdr — —8(2)(1(2))2}) /R3 exp 222 rdr

Ry 7[17(1) g(U(A(U)ZPZR% Ry
/R3 rdr — —8(1)(1(1))21" exp 2(n0)2 /R3 rdr

(2.4.50)

2 2) (7 (2)\2 p2 p2
00 _ n® xp (s()(/l( ))2P2R2
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After integrating,

R
Q(2) —_ L(Z)ex e (1(2))2P2R% [rz]Rz _ n(n(z))3 o 8(2)(),(2))2P2r2 g
28(2)(1(2))2P P 2(’7(2))2 R; (8(2))2()«(2))4P3 p 2(’7(2))2 N
M (MH(A))2p2R? (1) (1) (7 (1)\2 p2 2
+Lexp e AT PR [rZ]RZ— n exp eV(AY) PR, [rz]Rz
2eM(AM)2p 2(n)2 Ry 2e()(A(1))2p 2(n)2 R
(2.4.51)
(2) 2) (3 (2)\2p2p2
2)_ TN eWADVPRSN 5,
Q() 23(2)()‘(2))2pexp< 2(17(2))2 [RZ R3}
(

[\

(n®)? £
E@palye [T 2@

(1) (1) (7 (1)\2p2p2
n eV (AWM)=PR
* ))ZPCXP( 1) [R; —Rj]

2e(M (0 2(n(M)2
(1) (1) (3 (1)\2p2p2
— dal e (AV)PR; 2 2
28(1)(1(1))2])6@( 2(nM)2 [R? — Rj]
(2.4.52)
So,
) (2)(2(2)\2p2R2
2_ __ 7N eVAD)PR (n
© 23(2)(1(2))2P6Xp< 2(n2))?2 [RZ R3}
(

%(n(z))3 € 2)(1(2))2})21{’% 8(2)(1(2))2P2R%
Te@paeye TP\ T amer ) TP ame)
)

(2.4.53)

fork=3
0% =2z [ rul(r)dr (2.454)
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R3 (3) (3) 2{(3) 2P2R2 (3) 1(3) 210 2
(3) = _ eDAM)?PRE) B (20)2p2,
0= | e oo exp i

2 R3 n® @ (A (2))2p2R2
eV e R TCTC) S R G TUC T | M
R; (1) i (1) (3 (1)\2p2 p2 (1) (4 (1\2 p2 p2 7
n eW(AW)=PR] eDAM)*PR
2 _— _ 2
T k260 (A0 2P exp( TCI) R W T | M
(2.4.55)
(3) 3)(103) 2p2R2 (3) R3 (3)(3 (3)\2p2,2
(3)___ 7N e (A) / . eB(A3)2p2y
Q g<3>(x<3>)2pe"p< 2(n?)2 ke T eOAOp Jp, TP\ T 2me )
(2) 2)(1(2))2p2R2 (2) 2 (A@2p2R2\ (R
mn W (A9)*P°R; / n e (A))2P2R] 3
+ 8(2)(2,(2))2Pexp ( 2(1,’(1))2 ) Rs rdr — WCXP 2(17(2))2 /R4 rdr
(1) (D2 M2p2R2 (1) (1) (3 ()\2p2p2 R
zn eW(AW) PRy / I eW(AW) P°R; 3
+ 8(1)(2,(1))2Pexp ( 2(1,’(1))2 ) R rdr — WCXP 2(1’](1))2 /R4 rdr
(2.4.56)
After integrating,
Q(3) _ 7”7(3) o 3(3)(1(3))2])2]3% [ 2}R3 B n(n(3))3 ()’ )2P2 2 18
e amr o \ oy ) Uk e [ g X
4
(2) 2)(1(2)2p2R2 (2) e@(Q@)2p2R2
n T exp W (A9)*P°R; [rz}&— n exp (A))7P°R3 [ }R3
2e@(A@)2p 2(n2)2 Ri 26 (A(2))2p 2(n®3))2 Ry
(1) M M))2p2R2 (1) (1) (3 (1)\2p2p2
n n exp eW(AW) PRy [rz}zg . m exp eW(AY)°P°R; [rz}&
2e(M(A()2p 2(n)2 Re e(AM)2p 2(n(D)2 Ry

(2.4.57)
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3) _ 77;1’,(3) 8(3)(1(3))2P2R2
0 = e P\ o ) KRl
n(n(3))3 8(3)(1(3))2P2R2 3)73)\2p2p2
B . 3\ eP(AV))*P°R
@ paoye | “P\ T 2wy ) exp( R
nn@ @ (1(2)2p2R2
_I_
reTrE -l Ty e U]
7[1"(2) 8(2)(),(2))2P2R2
26 (1 @)2p P 2(n@)2 * )[R —Ri]
(1) (Dqa(MY2p2p2
n eW(AM) PR
_I_
2P | oo ) KR
M (1 (A(1)2p2R2
n eW(AW) PR
2P | oo ) KR
(2.4.58)
So,
3 (3)(A3))2p2R2
0B = mn VAP PRI o
260G (10)2p P 2(n®)2 R~ Ry
x(n®)3 3 (A0))2p2R2 (3) (3 3)\2p2p2
N o i) eCI(AL))2P*R
E@2a0yE | TP\ amey exp( 2R
7”1(2) i 8(2)(1(2))2P2R2 )1 @\2p2p2\ |
N . 2\ e [ £ AT PRS
26D (AD)2P P( 2(n2))2 eXP( e ) | Rl
an® 8(1)(7L(1))2P2R2 (1) (2 (1)\2p2p2 7
n ox 1) eV (AW) PR
2¢M(2)2P p( 2(n1)? e""( 2z ) | R Rl
(2.4.59)
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So,it’s k" term will be written as,

(k) (k) (2 ())2p2R2
(k) _ T e™( k 2 2
¢ 2g<k>(z<k>)2pexp( 2t ) R Rl
7(n)? e®AW)2 PR, e® (A1) PR?
TRy TP\ T 2Py P\ 2wy
k—1 ﬂn(l) g(l)(l(l))ZPZR% g(i)(l(i))ZPZRlZ+1 5 5
+i:1 2e(A0)2p °xp 2(n(M)2 Xp 2(n(®)2 [Rii — Ricy1]
(2.4.60)
Now we will find Q) such that
Ry
Q("):Zﬂ:/ ru(")(r)dr (2.4.61)
0
After integration
Q(”) B nn(”)R% ex g(”) (A(”))ZPZR%
~2em(Amyzp P\ T 22
L "y’ l_expe(")(l(”))szRﬁ (2.4.62)
(s(n)>2(l(n))4 3 (n(n)>2
2|, (n—1)
+ R;, |u (r)] -
2.4.3 Special Case For First-Layer
For n=1
Ry
Q(l):27r/0 ru(l)(r)dr (2.4.63)
R (1) g(l)(g(l))2p2R2 g(l)(g(l))2p2r2
(1) — - L) _
Oy 2e(atyp leXp< 2(n)?2 P Ty rdr
(2.4.64)
an® eMAN2p2R2\ Ry an® R e Wy2p2,2
0 = e ( (1)> R ( <1)> I R
e(A))2p 2(n) 0 e(AM)2P Jo 2(n)
(2.4.65)
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After integrating,

(1) (1) (3 (N2 p2 p2 (133 (1) (H\2p2,2 R
mn eV (AWM) PR R n(n') e (AN Py
o' D 2p P 1))2 : [rz]ol M2 (naps |XP 1))2

2¢el )(JL( )) P 2(17( )) (8( )) (),( )) P 2(17( )) 0

(2.4.66)

So,

(DR2 (DA M))2p2R2 (1))3 (1) (3 (1)\2p2p2
ot mR] exp<£ (A )PR1>_ x(nM) _ ll_exp(e (A )PRl)]

~ 20 (RM)p 2(nM)2 (eMP2(AM)4p3 2(nM)2
(2.4.67)
2.4.4 Special Case For Second-Layer
We have a special case for two layers so we will substitute n=2
Ry
o® = 271:/ ru(z)(r)dr (2.4.68)
0
R> (2) 2) (3 (2)2p2R2 2 (2 @)2p2;,2\ |
2) _ _oon- e (AY) 2| _ e (A Pr
Q 2n 0 2D(A0)P [eXp< 2072 exp rdr

< 2(n®)?
1 N\2p2p2\ |

eM(A)2p2R3 r
2(nM)?

o W e (A 2p2R2
+2rn A —28(1)(1(]))2P exp 2(17('))2 —exp

(2.4.69)
(2) 2) (1 (2))2p2R2 R (2) R (2)(7(2)\2p2,2
0V = (2)7”12 2p EXP it 2)§R2 /zrdr_ 27”12 2 /zeXP Akl 2)5? rdr
e (A@)2p 2(n2) 0 e (A@)2p Jo 2(n®)

(1) (DA (1)y2p2R2 R (1) (1) (3 (1)\2p2p2 R
I exp (8 (A )PRI)/ zra’r——g(l)?rn exp (8 (A )PR2>/ " rdr
0 0

2(n)2 A)2p 2(n)2
(2.4.70)
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After integrating,

0 — an® oxp <8(2>(A<2>)2P2R§> Bl 2(n@)3 lexp <g(z>(,1(z))zpzr2>r2
T he(2) (2 2))2p 2))2 0 (£(2)2(2(2))4p3 2))2
260 (ACI)2P 2(n®) (€DR(CI)P 2002 )],
N an™) o eM(A)2p2R? [rz}Rz_ an o eM(AM)2p2R3 [Z}Rz
260 (AM2p P\ T 2(p)2 0 " 2eMaMmRp P\ T 2(py2 0
(2.4.71)
So,
Q(z): nn@)]@% o 3(2)(1(2))21)213% N ﬂ(n(2))3 e 8(2)(;L(2))2192r2
2602 @)2p P\ T @2 (€@ 2(22)4p3 P\ T 2m@n
N R} exp eM(A)2p2R2 exp WA 1)2p2R3
2e(M(AM)2p 2(nM)2 2(n)2
(2.4.72)
2.4.5 Special Case For Third-layer
Now we have a special case for three layers then we use n =3
R3
Q(3)=27r/ ru(3)(r)dr (2.4.73)
0
Ry 3) (3)(A03))2p2R2 (3)()(3))2p2,2
() = _ n € ( ) 3y € ( ) r
CUTA ) 2emaee le"p< 2(n0))2 P\ Tmee )|
R3 n(z) g(z)(}t(z))ZPZR% 8(2)(/1(2))2]')2}3% i
+am 0o 2e@(A@)2p eXp( 2(n()2 —exp 2(n®)2 rdr
R; n(M [ e (A()2p2R2 e (A 2p2R2
P 26l ayzp eXp( 2y )P 2w )|
(2.4.74)
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(3) 3)(AB)2p2R2 Rs R; 2P2 2
3)_ 7N e (A) PR3 / 3 7”1 /
0 —8(3)(1(3))2Pexp< 2(77(3))2 A rdr 2P rdr
) )3 @2p2p2\ (R (2) ) )2P2R2
+ dl! exp eI PR, /Srdr— dal exp (l PR / rdr
e@ (AP 2 J o T @ a@yp 2(n2 > 0
(1) My (W2p2p2\ (R (1) (1)\2 p2 p2
+ adl exp e AT PR /3ra’r— ()L PRy / rdr
eM(AM)2p 2(n(0)2 0 eMAM)H2p 2(n)2
(2.4.75)
After integrating,
R
o0 - Y (EVROPPRY e aO) [ e0a2ee T
2eG)(A03))2p 2(n©))2 0 (eB3)2(A0))4p3 2(n®))2 .
N nn@ exp 8(2)(1(2))21321% [rz} Ry an® exp 8(2)(1(2))213213% [rz} Ry
2e)(A2)2p 2(n2)2 0 2@ (A@)2p 2(n®))2 0
N an™ exp g(l)(l(l))zsz% [rz}Rs_ an exp 8(1)(1(1))2P2R§ [rz}R3
2¢M(AM)2p 2(nM)2 0 2eMAM)2p 2(nM)2 0
(2.4.76)
SO,
O T N WO U ) G PO R0 s
260)(20))2P 2(n)2 (e3)2(20))*p3 (n®)?
L mPR 'exp e@(12)2p2R] exp e@(A)2p2RZ \ |
26D (2@)2p | 2(n@)2 2@ )|
L N L) o AN LD
26D(A0)2P | 2(n(M)? 22 )|
(2.4.77)

2.5 Graphical Results and Discussion

In this section we will discuss about the velocity distribution for linear and exponential

PTT fluid models plotted graphically against radius of cylinder for two layers and for

multi-layers flows for different values of different parameters emerging in this model.
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Graphs of linear PTT model for two-layers flow for (n = 2) are shown in figure 2.2,
figure 2.3, and figure 2.4 and multi-layers flow for (n = 5) are shown in the figure 2.5
and figure 2.6.

Graphs of exponential PTT model for two layers (n = 2) are shown in figure 2.7, fig-
ure 2.8 and 2.9 and for multi-layers (n = 5) are shown in figure 2.10 and figure 2.11
respectively.

e Graphical Discussion For Two-Layers

For two layers we fixed Rj =1, R, = 0.8

. One inference from figure 2.2 and figure 2.7 is the existence of an inverse propor-
tionality relationship between the ratio of viscosities (") and n(?) with fluid field. But
other parameters pressure p , A®) | e®) for k = 1,2 remain constant as shown in figure
2.2 and figure 2.7. This shows that fluid velocity is greater when fluid in outermost
layer is less viscous. And significance of this important application is for the pumping
of non-conducting. It also show that flow rate can also be controlled by adjusting rela-
tive viscosities of the fluid. In figure 2.2 (a) and figure 2.7 (a) we fixed n (2) and change
n(l) for different values of m but in figure 2.2 (b) and figure 2.7 (b) we fixed n(l) and
change n(z) for different values of m. when we increase the value of m then viscosity
also increases because viscosity is the multiple of m. But with increasing viscosity ,
velocity profile and flow rate decreases as shown in figure 2.2 and figure 2.7 .

For two-layer linear PTT model in figure 2.4 we change pressure gradient for p =1,
p = 1.2, p=1.5 and for two-layer exponential PTT model in figure 2.9 we change
pressure gradient for p = 0.6, p = 0.8, p =1 . For both models effect of pressure
gradient remain same , by increasing the pressure gradient velocity and flow rates in-
crease, as expected.

For linear model figure 2.3 (a) and for exponential model 2.8 (c) we fixed A1) and
change A @) for different values of n. By increasing the value of n, A @) also increasing
and by increasing A2, velocity also increases.

In figure 2.3 (b) and figure 2.8 (d) we fixed e and change e®@ by using different

values of s, its effect on velocity has shown in the figure 2.3 (b) and figure 2.8 (d).
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Figure 2.2: Effect of viscosities in two-layer flow (linear model)

¢ Graphical Discussion For Multi-layers

For multilayered flow we fixed Ry = 1, Ry 1 = R, — 0.2 for (k= 1,2,3,4) . Figure
2.6 and figure 2.11 shows the effect of pressure gradient on the velocity profile for
multilayered flows but as expected the effect of pressure gradient is same as it was for
two-layers.

Figure 2.5 (a) and figure 2.10 (a) shows the behavior of flow rate for different values
of A*+1) with fixed (1) for (k = 1,2,3,4) by varying n.

Similarly figure 2.5 (b) and figure 2.10 (b) shows the effect of 1) with fixed A ()
for k =1,2,3,4,5 on velocity profile.
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Figure 2.3: Effect of A®) and e® in two-layer flow (linear model)
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Figure 2.4: Effect of pressure gradient in two-layer flow (linear model)
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Figure 2.8: Effect of A8 and e®) in two-layer flow (Exponential model)
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Figure 2.10: Effect of A8 and e®) in five-layers flow(Exponential model)
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Chapter 3

Two-layer Flows of Oldroyd six
Constant Fluids through a Cylindrical
Pipe
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3.1 Introduction

It is known that mostly non-Newtonian fluid used in industry and technological ap-
plications. Non-Newtonian fluids include every day fluids like ketchup, certain oils
and greases, shampoo, toothpaste and many other emulsions. Due to multipurpose
behavior of fluids, there is no single model available in literature which exhibits all
the properties. Therefore, the different constitutive equations of non-Newtonian fluids
have been recommended. As we have already discussed that most of present work
deals with two-layer fluid flows. Bird et al. [1] have analyzed the two-phase flow of
incompressible, immiscible Newtonian fluids. Kapur and Shukla [2] investigated the
flow of Newtonian fluids between two parallel plates. Lohrasbi et al. [3], Malashetty
et al. [4] [5] have studied the Magnetohydrodynamics heat transfer in two-phase flow.
Shail [6] have investigated the laminar two- phase flow in Magnetohydrodynamics. In
[7] [8] [9] instability analysis and stability analysis of two-phase flow for Newtonian
fluids have been discussed. But [10] [11] [12] [13] [14] also investigated the stability
analysis for non-Newtonian fluids. Peristaltic flow for two-layer Power law fluids have
been studied by Usha and Ramchandra Rao in [15]. Recently Taza Gul et al. [16] have
investigated the exact solution for two-thin film non-Newtonian immiscible fluids on
a vertical belt. The aim of this work is to obtain the solutions of the equations which
behave the flow of two Oldroyd six constant fluids. Oldroyed six constant are fluids are
mainly used to describe fluids that exhibit a variety of a rheological properties. Exact
solution for Oldroyed six constant is not possible or difficult to find therefore we can
use one of the recent methodologies [24], [26] like homotopy perturbation, modified
homotopy perturbation techniques and homotopy analysis method. In present work,
we choose to the study the problem using homotopy analysis method [21], [22], [23],
[25].
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Figure 3.1: Geometry Of The Problem

3.2 Problem Formulation

3.2.1 Geometry of the Problem

We consider the two-layer Oldroyd six-constant fluid flow through cylindrical pipe
geometry as shown in figure. We also consider that z-axis is along with the axis of
pipe and r is radially in upward direction And pressure gradient ‘Zi—i = —P is along axis
of pipe. Radius of the pipe is R;.

Interface of two fluids is at R,.We also assume that fluid flow is steady,unidirectional

and fully developed.

3.2.2 Basic Equations:-

The basic equations governing the motion of an incompressible fluids flow with con-

stant density are mass conservation
v.vh =g (3.2.1)
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and momentum equation

Kk
® ALY,
dt

= divt® —vp+p®p (3.2.2)

where the superscripts kK = 1,2 indicate the fluid layer number . k = 1 indicates the
first layer (outermost) along with solid boundary of pipe so k = 2 is the inner layer
along the axis of pipe . y®) represents the velocity of the fluid, % expressing material
derivative, p is the fluid pressure, 7(K) is the stress rate tensor, p(k) is density of fluid

and b is the body force vector. General form of the Oldroyd six-constant fluid is,

ark 2% AW
® a0 % + 2 (¢ 04l +4{020) + 2 (e} AP
e (3.2.3)
_ ,u(k) <A§k) +7Lgk) d; —|—7L‘(1k)Agk)>
where
Agk) — L(k) + (L(k))T’ (3.2.4)
L® = graav® (3.2.5)

Here Agk) is the first Rivilien-Ericksen tensor, ,Lt(k),/ll(k),lz(k),)%(k),lik) and QLS(k) are
material constants.

The material time derivative % is define as,
df(. df(.
d() — i) _ L® () — (O@E)HT (3.2.6)

3.2.3 Boundary Conditions

Now we will discuss boundary conditions for two-layer flow of Oldroyed six constant

.Continuity of stresses and velocities of fluids at the interfaces and no-slip conditions
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at the wall of the pipe. Mathematically written as,
u(l)(r) =0atr=R,

u?(r)=uV(r)atr =Ry
Y —0atr=0

and

’L',(Zl)(r) = ‘L',(Zz)(r) atr =Ry

So velocities and extra stresses will be written as,

vk = [0,0,u(k)(r)] and t® = £0) (7).,

3.3 Solution of the Problem

3.3.1 Shear Stresses

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)

By substituting (3.2.11) into (3.2.1) and (3.2.2) then (3.2.1) is identically satisfied and

z-component of (3.2.2) in the absence of body forces we get,

d 1d k
d—’Z’ - ;E(mﬁ)) 0, k=1,2

integrating w.r.t ¥’ we will get,

k dpr
r’Cr(Z) = d—ij +C(k)

(3.3.1)

(3.3.2)

where C%) are constant of integration. In view of condition (3.2.9), C(™ = and above

expression will be written as,
o _apr
T dz2
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Equation (3.3.3) with conditions (3.2.10) when used in (3.3.2) then
= k) =0.

This result in the general expression,

W _drr.o 4
Trr 3 , (3.3.4)
for shear stresses of the fluids.
3.3.2 velocities
SCRFCIC
K| _(k k k
t® = 17 gl g (3.3.5)

Tzr Tz(lg() Tz(é( )

0
o
Lw = |12 [0 0 u(k)] (3.3.6)
Pl
0z
] .
LY=1 09 0o 0 (3.3.7)
Ju'b)
| 0 0]
(0 0 Y]
LY=10 0 o (3.3.8)
00 0
So
du'®)
0 0 55
du®
ar 0 0
and ® g
k k
™ _dt _ L0 (70 _ (z®) @07 (3.3.10)
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(k)

(k) (k)

0 0 Of |7 T4 7
L) = | 0 o of [ o)
B g of | ) W
0 0 0
LBy =1 o 0 0
oy ey s
0 0 28
LT =0 0 20el
00 28,

Using (3.3.12) and (3.3.13) in (3.3.10).

0 0 0
dt®)
- 0 0 0
(k) (k) (k)
e
So
0 0
df(k)
DT 0 0

k k
ul )‘C(k) Jul )T(k)

| or T Jr 'r@

(k) (k) (k)

T Ty T
A= o) ol ol
4 b

ag—(rk)rrz 0

ePAl) = far, o
ag—ik)rzz 0
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0 0 2 ®

dr 1T

_ Jult) (k)
0 0 “5-1p,

(k)
00 %z,

du®) (k)
T gr trr
du® (k)
or TGr
(k)
22,

(3.3.11)

(3.3.12)

(3.3.13)

(3.3.14)

(3.3.15)

(3.3.16)

(3.3.17)



0 0 9] [0 W
AP0 0 o || <
w0 o ][44
u® (k) gu® _(k)  guk)
dr & Jr “z0 or
APz = | ¢ 0 0
du® (k) 9u® _(k)  9uk)
o T he Cor
0 020 o
2 r
(A(lk)) =0 0o o 0 0
Juk) Ju®)
o 0 0 | |%- 0
(k)
, (%) 0 0
(AY”) = 0o o o0
0 0 (X2
aay  aald i K
_ _L® A%y _ 40y, 0NT
)T L0a®) - (4l w)
0o oo0[|l0 o
LWa =10 o0o0||0 o
Ju) ou®)
% 0.0] %~ 0
00 0
LA =100 o
0 0 (22
0 221 10 0
APL =10 0o o |]oo
b 9 0 |00
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(3.3.18)

(3.3.19)

(3.3.20)

(3.3.21)

(3.3.22)

(3.3.23)

(3.3.24)

(3.3.25)



AVLET =19 o ¢ (3.3.26)

Using (3.3.26) and (3.3.24) into (3.3.22),

dA"
dt

00 0
0 (3.3.27)

=10 0
u®)
0 0 —2(%")?

Substituting (3.3.5) , (3.3.15) , (3.3.17) , (3.3.19) , (3.3.27) in (3.2.3) we obtain

ol o I
A I
W ] [ a e
o (% 0 2] ot atey s
+ 5| |2t 0 225, +| 0 0 0
e o ol | [0 sl an
A% 0 0 %
B () 00 o | -
L
0 0 as<rk> 0 0 0 (83(:))2
uD o o olf+2%loo o [+2P] o
TV 0 0 —2(2u)2 0
(3.3.28)
So in components form it becomes ,
o4 de(rk) o) = o (dz(:) ) : (3.3.29)
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W, MY du®

K _
T + -1l =0 (3.3.30)
(k) 20 49 (K) du® du®
K o wdu w AT FAs) o w  _w)du du
ne -S4 22 ( ZZ) S =u— (333D
2 (k)
g ~ lfk)—%] dzr 7y =0 (3332)
du® du®
o) — 22 Y] S = u (A}“—Mé“)( = (3.3.33)
From (3.3.30) and (3.3.32) ,
) =) =0 (3.3.34)

Adding (3.3.29) and (3.3.33) , we get

2
du®) dut®)
G o) 2 (102 0) 0 gy (w_z;@)( I} 6aas)

Substituting (3.3.35) into (3.3.31) we obtain

(k) 2{ (k) l(k) (k) (k) 2 (k)

w du®

dr

(3.3.36)
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Using value of 7.¥) from (3.3.29) into (3.3.36)
2

(k) (k) (k) (k)

(k) _ 5 (k) du (k) (k) [ du o du” k) (k) du

v =h dr [ﬂ My (dr A dr N dr

GG () ©\*| gu®
_( 3 + 5 2(7Ll(k)—l3(k))du Tr(éc)—i—zﬂ(k)(lik)_lz(k)) du du

dr

(3.3.37)

3 2 )

0 _ 0 ® 0 [du W, 0 (dON @ w,w (e
TVZ :,Ll' 2‘1 2‘4 dr _A‘l 13 dr Trz _).«3 241 7 Trz
(k)2 [ du ’ 0 k), k) [ du® ’ ®) (k) q k) [ du ? )
5 ar ) " M s T tAs A R

k), 0 ) [ du® Y (4@ e w [ du® ’
—13 A«4 ‘u 7 +A3 12 7 _AS 2«4 ‘u 7

3
du® du®
+/Iék);tz(k)‘u(k) (7) +“(k) —

(3.3.38)

dr

2
du®)
1+(uf");gk)—(/13(">)2+7Lfk>/1§k)—xs(ku;"))( “ ) ] —

3
du'®) du®
u [ 0 (AP~ AP 4 20 202 +20020) ( ‘

dr dr
(3.3.39)
We also take as,
ol = 2020 2020 L2020 200 420070 5340

ot =229 — (A2 4 20 20
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2 3
(k) (k) (k)
k) [ du _ 0 du k) [ du
1+ o, ( r )] U |:dr + o e (3.3.41)

M= |1+a aul)’ 3.3.42
= |1+, o (3.3.42)
3
®) | g, du®)
(k) _ u"Y | du (k) [ du
e = !dr +a ( - >] (3.3.43)
Using (3.3.4),
dPr 1y g 4 || a® 4o (4 3 (3.3.44)
dz 2 2 dr —H dr 1 dr e
2 3
du® du® dP r du® dPr
(k) _ oK) aPr (k) _dpPr
W — % ( ar ) a2 TR, 4z 2 (3.345)

3.4 Velocity of First-layer

For first-layer we will use k = 1.

3.4.1 Homotopy Analysis Method (HAM)

To apply homotopy analysis method for first-layer,for this first of all we select linear
operator L = a% ,fi—f =A

Now we construct homotopy,

(1-9) 2 (s (rq)) — ) ()]

1) (1) W) 2 () ’
_qh {au air’”—i‘iﬁ(a” <r,q>> e gl (m) _ Ao
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Together with boundary conditions,
u(r) =u* D at r =Ry (3.4.2)
Now
8u§1) 8u§1) 5 au(()l) (?ugl) 8ugl) 5
(1—q)< 3 q-+ 5 4 +...]—qh 5, + 3, g+ 5 4 +...

(1) (1) (1) (1) 2 (1) (1) (1)
o, 'A du, du; duy,’ (1)  9u, du, duy,’ ,
+2H(1)qh< 5 + o q+ P g +...| rto 5 + o qg+ o q +..

A
+ mth =0 (3.4.3)

1 1 1 1 1 1
q&u(l ) +q28ug) _qzauﬁ ) _q38u§) _qhau(()) _q2h8u(1 ) _q3h8ug)
or or or or or or or
(1) (1) (1) 5,.(1) (1)
o, ‘A duy’ duy’ du, 50Uy’
+2u<1>qh<( el i ra rall B el )

(1) (1) (1) (1) (1) (1)
oy Qug s 5,0uy s duy’ ,du, 20Uy’ o dug A

augl) 23”9) 33”51) 3‘9”9) a”(()]) 2 3 2 0 \2
5, +a or 179, 17y, —ah or 1 hT_qh ar Q+qh2u(1)( ar yr

1 1 1 1 1 1 1 1
+q2ha2( )Aaué)aug)r+q3ha2( )A(aug))zr_ ha 1)(81"(() )3 3 Zh (1)(81’!8))28”5)
u)  adr dr 2u® ™ dr ! ar ! oar ar
(1) (1) (1)
23 (1)duy * du; 2 4y (1) duy 5 _
3q°ha 3, ( 3 ) hoy ( P ) +th2u(1) =0 (34.5)
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3.4.2 For Zeroth-Order Velocity

So our initial guess is,

8\/(()1) A
3 = 2 r (3.4.6)
The zeroth-order velocity is
Ly =L(V) (3.4.7)
) =y (3.4.8)
| A
ul) = ™o [ —R}] (3.4.9)

3.4.3 For First-Order Velocity

Differentiating (3.4.5) w.r.t'q’ (3.4.5)

oul ol oV Lad) aul) o aulV o, adl) VA g
gy Mg T2y, 3 g T hy Tk =3 oy
(14 5,1 5,1 (4 5,0 (1) (1)
AT R e A U R B R A B P
(1) 5 (1) (1)

o2 (1)duy duy 2 4.3 (1) duy "5 A

9¢°hay =0 (=51-)? —dg’hey (S5 +hrs Ty =0 (410)
Using ¢ = 01in (3.4.10) then
augl) au(()l) Ocz(l)A au(()l) 5 (1) au(()l) 3 A
S het +h2u(l)( o) —hay (=) throp =0 (4D
oul aul VA aul ) aul A
5o =h - 2“(1)( 5 ) rhey (=) —hr—2u(1) (3.4.12)
Substituting (3.4.7) we get ,
Jul! A A A L, A A
o :h(zu(l)r)— 2“(1)(2u(1)r) +hoyy (2u<1>r) —hrs G413



b (1) 3
Uy — hA <(X1(1) — a2(1)> r3 (3.4.14)
Now integrating ,
hA3
u(ll)(r) <a1(1) _%(1))> A e (3.4.15)

using ugl)(r) =0atr=R;

hA3
ch) = T (Oﬁm _ %51)) R} (3.4.16)

Substituting C(!) into above equation

3
ugn(r) __ hA <al(1) _ a2(1)> (- RY) (3.4.17)

3.4.4 For Second-Order

Now for 2" order we will differentiate (3.4.10) w.r.t ¢’ then

28u§1) _281451) 6 8u§1) _2h8ug1) 6 h&ug) N Zhaz(l)A au(()l) 81451)

or  “oar Tor or 1T T A Tar ar |

(1) o (1) (1) (1) (1) o (1) (1)
6ghoy * du; "o (1) Fty " 29Uy (1)9Uy " Juy s 2y (Dy 9 3 _
2u(y g VT Bhen (g m g — 8gho U5, ~(75 m ) ~ Taghe T)(=5,m)7 =0
(3.4.18)
Using g = 0 into (3.4.18)

Jouy) au!  ouy! s 2hoy A duy 9 <aug‘> 2

ar ar ar u)  dr  Ir : ! 8r> or

(3.4.19)
dut!) _au§1>+hau§”_ha§”Aau§> dull) ang! (aug“ ,oull) 1420
ar  or or u  ar 8rr % 8r)7 (3.4.20)
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. ouD uy" 33
Substituting %41 = 547 and %41 = M () — oY) so,

Bugl)
or

(1) 24541

_ () _ iy hA 5 R ) ) s 3P o)) s
_(1+h)(al 29) )8(u)3r 16(“(1))5(0‘1 2 ) 32(u(1))5 (OC )l’
Integrating w.r.t 7 we obtain ,

hA3 h*A>
ugl)(r) _ (1—1—/1)32(“(1))3 (al(l) . (1))’,4_ (X(l)( (1) (1))1,6

Using ugl)(r) =0atr=R;

hAY )

h?A3 h?A3
2 _ _ = _ 4, A M), () ()6 (1)1 (1) 56
= (1+h)32(“(1)>3(0‘1 %) )R1+96(,u(1))5a2 (o > )R] 64(u)s N (0" =0y )Ry
(3.4.23)
Substituting value of C () in ¢ two eq
() = (14 h) "2 (@D Dy 4 gy = A G0 ) [ - &6]
2 32(u(0)3 1 2 1 96(u(1)3 2 1 2 1
WA () () 0\ [6_ 6
e @ - )[10-RS| G424
(1) (1)
() — A ) (A RAT )y (A% (6 s
Uy (r)—(1+h)32<“(1))3(061 > ) [r R1]+8(‘u(1))5(a1 o) 3 12 [r Rl]
(3.4.25)

u(r) = uf!) () + 21 ,(r) 10, (3.4.26)
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Finally , we obtain

A hA3
(1) (N 2 p21, A () (1) 4 pd
u (r)—4u(]) [r R1}+32(,LL(1))3 (Oc1 o, >[r Rl}
hA> ) ()14
+(1+h)m(a1 ) )[r _Rl}

PN A A A
+16(u(1))5(a1 B T [r _Rl]

3.5 Velocity of Second-Layer

So velocity of second layer will be written as,

3.5.1 For Zeroth-Order Velocity:-

Our 1nitial guess is,
(9v(()2)(r) A
ar  2u®

The zeroth-order velocity is is

(2) (1)

Integrating and using Boundary conditions u; (r) = u, ' (r) at r = R;.

(3.4.27)

(3.5.1)

(3.5.2)

(3.5.3)

(3.54)

(3.5.5)

(3.5.6)



A
(1) _ 2 p21 2
C mel [R5 —R7] —4‘u(2>R2 (3.5.7)
Substituting value of C (1) then
@y A 12 A o
Uy (l”) - 4,[1(2) [r RZ} +4 ) [RZ R]] (358)
3.5.2 For First-Order Velocity:-
o mA o) @) s
or  8(u®)3 (e” =) (3-5.9)
So integrating
2 hA? 2 2
u?(r) = PO (0 = o)) R+ (3.5.10)
using u(lz)(r) = ugl)(r) atr =R,
(1) A @) O\ pd A2
“ mL_RQ BEVIE)E (@~ o)) Ri+C (3.5.1)
hA’ (1) (1) 4 pdl hA® (2) 2) 4 )
W (O‘l ) )) [RZ_RI] = W (061 -0, )) Ry+C (3.5.12)
So
hA? hA3
@___ " (52 @) p4 1 (1) 4 b
¢ 32(,[,1,(2))3 (al a2 )) R2+32(‘u(1))3 (a] 2 )) |:R2 Rl] (3513)
Substituting value of C(?)
@0 A o) 4 PAT ) () ed el
uy (I’) - 32(‘u(2)>3 <OC1 1%9) )> [I‘ RZ} + 32([.L(1))3 <OC1 129) )> [Rz Rl}
(3.5.14)
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3.5.3 For Second-Order velocity

Now we will find ugz) (r) and we also know that

Jus? o o bAoA o o) 3RS )
o~ e =0 ) s ey (M % ) T ey |
(3.5.15)

Integrating w.r.t 'r/

hAS )

()N
”22 (r) = (1+h)m

(@ —al)o+c® 3.5.16)

(3.5.17)

hA3 h2A5
2 — _ (2) _ (2 ps @2 (2 pb
PAS )0 g8 A () e
64(u@)y (0™ — o™ )R3 + (1 +h)32(“(1))3 (' — oy ) [R5 —R]

(3.5.18)
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Substituting the value ofC(?)

hA3
us? (r) = (1 ) @) _ @

e

(3.5.19)

@)y Mo ot e, A o o (e e
(1) = (100) 0 oo™ = ™) [ = ]+ g s (e = o™ | S = 5 0~ RS
hA3 (1) (1) hZAS OC(I) (X(l)
14p) _ 4 L _ O\ X % 6 pb
U gmpe e ) R—R]+grmsler e ) | S =53 LR
(3.5.20)
2) @)
() = ul? (r) + 21 lfr) + uzzfr) ¥ (3.5.21)
A A hA3
(2) . 2 p2 2 p2 (2) (2) 4 4
u(r)= 40 [r Rz] +4N(1) [Rz Rl] +32(/.L(2))3 (al -0 )) [r —Rz]

]’ZA3 hA3
+ sy (4! —d”)) RSl + (1 8) s (o) e o~ )

Ao o (e e
TG Rl il ]

hAS oy

(o' — oy )[Rézl—Rl}

N L R R N
g’ —a) | - ) [l

(3.5.22)
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3
4200 = i 7 =18+ s (ol - od™) -

4u2) 32(u2)3
hAY @) @)\ [4
) y (@ — o) [ R (3.5.23)

Ao o (4 e el T
+16(u(2))5<°‘1 e\ g T [r _th[” <r)L_R2

3.6 Volume Flow Rate:-

We know that
Ry
o = 2717/ ru(")(r)dr (3.6.1)
0

3.6.1 Volume Flow Rate Of First-Layer

Forn=1
R
Q(l):27r/ ru(l)(r)dr (3.6.2)
0
Ry A hA3
1) _ 2 p2 (1) _ (D4 pé
Q<>_zn/0 a7 R+ g -l - kY
hA3
+(1+h)64(u(1))3(0‘1(])—“él))(#—Rl) (3.6.3)
h2A3 (1) ) 0‘1(1) 0‘2(1) 6 pb
To(u(ys (@1~ % g U Rildr
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A R AR2 [Ri hA3 Ry
= [ o [ Il [
0 0 0

2u® 2u® 16(uD)3
R [ e EL A 0l [
16(uM)3 Jo 32(uM)3 0
Th(1+mARY ) ), R
BT )/0 rar oY
A3 " o a1(1) az(l) Ri
T ASRS . (1) () o) o h
_S(H(l))s (al -0 )(T_E)/O rdr
After integrating,

2 3 R

(1) . TA 41k . TL'ARl 1Ry TThA (1) _ (1) 6 !
Q - 8‘11(1) [}” ]O 4‘u(1) [r }O 96(‘[1(1))3 (al ) ) [r :|

ThASR} R, Th(1+h)A3 Ry
R (L+R)AT 1) _ g0y ]

)3
mTh(1+hA’R}, 1 R
o 64(uM)? Loy - ") [P]" (3.6.5)
Th*A> 07 o R
" 64(u(1'))5‘(061(1) — o) (=== =) [y

Th’ARY 1) 1)y, % o) 21R1
"oy @ @ )
(1) _ ARl TmAR! = mhA’R{ (@ — ol ThA3RS
T g ap (M T )T 3(um)

nh(1+h)A3R?( (1) (1))_nh(1+h)A3R?<a(1)_a(1))
192(u(M)3 e4(um)y
1 1 1 1
N Th’ASRS (a(l) _a(l))<051( : _ é ))_ ”h2A5R§( (1 _ (U)(ﬁ_ﬁ)
6a(uMys 1 T2 A T (M5t T2 g T )
(3.6.6)

1 2
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So

o' = 1))3 1))3 2 1
48 96
(uth) (uth) (3.67)

1 1
n 377:hZA5R§1g (Oc(l) B a(l))(al( ) B 062( ))_ 7'L'AR‘11
64(u()s 22 ! 8 127 8u®

7'L'hA3R?( (1) (1)) J'L'h(l—{—h)A3R?( (1) 06(1))

2 1

3.6.2 Volume Flow Rate of Second-Layer

Usingn =2
Ry
Q(z):27r/ ru(z)(r)dr (3.6.8)
0
Ry hA
2) _ 2 2 2 _ @2 4 p4
0@ =2z /0 M I B+ 3507 (of? — ) [ - &)
hA3 )
+(1+h)m(0‘1( )—0‘2(2)) [¥* — R3] (3.6.9)
A o) o (o) o\ e e
_ _ (1)
16(u<2>)5(°‘1 )\ 12 [ R2]+[” (”L_Rz dr

+(1%)64(“(2))3 %% 2

16}(1;1?25))5(061(2)_ 2()><¥ %WLRS)* (B2 = Ri)
+32(hj(31))3(a1(1)_ 2(1))(1?3_1?‘1‘”(1+h)64(hj(31))3(051(1)— ) (RS~ Ri)
+%< f”—@”)(%—%)@%—ﬁﬂm

(3.6.10)
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2 R 3 R
@_ T /R2 3, FAR / . ThA® @) ) / > s
0 2@ Jo rdr 20 Jo rdr+ 16(H(2))3(a1 o) A rdr
nhA3RY (R mh(1+h)A3 . (2 o), (R
ey i gy @ o) [P
Th(1+WARS o) @) [® A o) o) o o)
_ 2O) (0" —ay )/ rdr + (u(z))s(al —a,7)( S
Th2ASRS a?  a® R R,
_S(H(2))52(a1(2)_%(2))(1?_%)/0 rdr+ o (R %)/0 rdr
ThA> ) )y ety [
Py - JEE=RY) [ rar
ThA3 Ry
+(1+h)m(af” o) (R~ Ry) [ rdr
w25y oy oo e e R
W(Oﬁ —a, ) g 2 )( 2—R1)/0 rdr
After Integrating finally Q) will become as,
36 36
@) _ ThA R @ @ wh(l+h)A R3 2 2
BEop AT ey (A
37rh2A5R§ (2) (2) 061(2) O£2(2) 7'L'AR£11 EAR% ) >
+64(u(2))5 R T )_4u(2> 4u(1)(R2_R1)
ThAPRS | (1) (\ims o4 ThARS (1) (1)) pa
—_— = — R5 —R 1+h)——= — R5 —R
"‘32(“(1))3(0‘1 o )( D+ (+ )64(,u(1))3( o) 1)
AR o)y 0w e
+W(0‘1 — 0 ) (g~ 5 ) (R —RY)
(3.6.12)

3.7 Graphical Results And Discussion

In this section the velocity behavior of Oldroyed six constant is plotted graphically

against different parameters .

Figure (3.2) show the behavior of velocity, against different values of viscosity. If
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(@) i i i i (b)

0.6 T 0.9 T
I I
m=0.6 ; 08 :
05 <4 I m=0.8 I
- m=0.6 l
m=0.8 } 07 N !
I I
0.4 F | 06 :
¥ | X .
| 05 m=1 l
o3 m=1 | = :
| 0.4 |
I I
} |
02f | 03 I
! 2 o0 !
R ——— ‘ oo muP=m x4 V=04, h=0.2, p=1 I
0.1 ry(f):n (1(11), n=2, (,Y(J):O.S | (,y(12)=n (,Y(J), n=2, cr:1)=0.4 :
I
01 2)_ 1 _ 1)_ |
ry(22)=sry(21), s=14, r,y‘;)=1 4 } r.‘z(z )—SLY(Z ), s=1.5, r.‘z(z )=0.6 :
1 L 1 1 L L
DD 01 02 03 04 05 06 07 08 09 1 DD 01 02 03 04 05 06 07 08 09 1

r r

Figure 3.2: Effect of viscosity on two-layer flow of oldroyed six constant

viscosity is the ratio of u(!) and /.1(2). In figure (3.2) (a) we fixed u® and change
[,L(l) using different values of m and in figure (3.2) (b) we fixed u(l) and change [J(Z)
using different values of m other parameters remain same as shown in figure (3.2). By
decreasing the viscosity , velocity profile increases as shown in figure (3.2) . We fixed
Ry =1,R; =0.8 and h = —1 for all figures.

Figure (3.4) shows the effect of pressure gradient on velocity, which shows pressure

gradient is directly relate to the velocity. In figure (3.3) (c) we fixed the afl) and change

Oél) using different values of n, we observe that velocity increases by increasing the
value of n. And figure (3.3) (d) shows the effect of 062(2) with fixed al(Z) , for the

different values of s.
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Figure 3.3: Effect of Ocl(k) and Otz(k)
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Figure 3.4: Effect of pressure gradient on Oldroyed six constant
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Chapter 4

Conclusion and future work
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In this thesis, we analyzed the n-layers flow of PTT fluids through cylindrical ge-
ometry. We also worked on the two-layer flow of Oldroyd six constant fluid with same
geometry. Both the types of flows considered were under the influence of a constant
pressure gradient alone. We concluded that the flows of these layers of fluids are af-
fected greatly by varying material parameters and the level of pressure applied. This
effect on the flow of all layers is also observed when the material parameters of even
one of the layers are changed.

It is well-known that the fluids used in industry are mostly non-Newtonian in nature.
This is because these fluids have a variety of characteristics like elasticity, shear-
thinning and thickening etc that the Navier-Stokes equations are unable to capture.
Our work in this thesis is based on cylindrical pipe geometry and addresses two differ-
ent kinds of non-Newtonian fluids. There are many other future research openings in
this area of multilayer flows.

Firstly, one can consider various types of stresses depending on different non-Newtonian
fluids. Secondly, the flow geometry can be varied for these flows. For example mul-
tiple layer flows of fluids can studied in planar channel geometry, annulus of a pipe
etc. Thirdly, the flows can also be generalized by considering the effects of heat trans-
fer and MHD. Similarly, there are many more generalization of these types of layered
flows in biological problems like peristaltic transport etc.

We aim to submit two papers from this thesis. The first one from chapter 2 about PTT
fluids is in preparation. We intend to also apply heat transfer to the problem of chapter

3 and submit it as another paper for publication.
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