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ABSTRACT

New Measures of Intuitionistic Inclusions and Similarity with
Applications

Similarity and inclusion are two most important conceptual ways for looking at
any possible relationships between objects (sets). A similarity measure is used for
estimating the degree of resemblance/similarity between two objects while an inclusion
measure expresses the degree to which one of the two is covered by the other one.

In this dissertation, we have presented two different yet equally important
approaches of defining similarity and inclusion measures for intuitionistic fuzzy sets.
The first approach can be regarded as a logical approach implanting intuitionistic fuzzy
implication, bi-implications and t-norms while the second one is a purely set theoretic

approach having cardinalities and sets operations involved in its construction.

In the logical approach, the degree of inclusion/ similarity was obtained by
composing the intuitionistic logical operators (implications and bi-implications) with
fuzzy measures on intuitionistic fuzzy sets. For this purpose we initially defined some
new normal fuzzy measures on intuitionistic fuzzy sets along with a class of scalar
cardinality measure for intuitionistic fuzzy sets. Later, we introduced different classes
of intuitionistic fuzzy bi-implication operators having axiomatic as well as constructive
approaches. A study on the properties of these bi-implication operators by utilizing
Lukasiewicz intuitionistic fuzzy implicator revealed some remarkable results. The
intuitionistic fuzzy bi-implication operators along with new defined fuzzy measures
gave rise to multiple classes of intuitionistic fuzzy bi-implicator based similarity
measures for intuitionistic fuzzy sets. Also the same normal fuzzy measures were
employed to obtain the degree of inclusion between two intuitionistic fuzzy sets when
composed with intuitionistic fuzzy implication operators. The new implication based
classes of inclusion and similarity measures fulfilled almost all of the universally

accepted criteria’s.

In the set theoretic approach, we employed one of the members of new introduced scalar
cardinality of intuitionistic fuzzy sets to construct a four parametric family of
cardinality based similarity and inclusion measures. Both of these parametric families,

Xi



for different combinations of parameters, generated intuitionistic fuzzy versions of

some of the famous crisp measures of time.

Lastly, the utility of the new measures (similarity, inclusion, cardinality and
others) of intuitionistic fuzzy sets introduced in this work is exhibited by utilizing them
as a part of solution techniques to the problems arising in real life situations.
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Chapter 1

Introduction



According to Zadeh, the ultimate goal of fuzzy set (FS) was to provide the best
possible explanation of how a human mind acquires and manipulates a piece of
information. It was soon realized that the fuzzy concepts existed and were exten-
sively used by a human brain, which can processes many hedges such as: good,
very good, long, tall, very tall, brilliant, more brilliant and many more alike, rather
conveniently than the numbers. Thus, one of the most important fact of human
thinking is its capability of summarizing an information into a F'S that possesses an
approximation relation to the primary data. In a F'S; a membership function allo-
cates to each element of the universe of discourse X a value from the unit interval
[0,1], specifying its level /degree of belongingness to that set. A non-belongingness
of an element in a FS is naturally defined as the complement of its belongingness
value which is 1 minus the degree of membership. This relationship of an element’s
membership degree and a non membership degree to FS was argued by many who
considered it to be too restrictive for a human mind that can change its decisions
under many influences. Moreover, there is a fair chance that a human being who
expresses the level of membership of an element in a FS may not consider its non
membership to be the complement of its membership. This psychological fact that
the linguistic negation not always identifies with logical negation led to different
generalizations of fuzzy sets (FS’s) namely, Interval valued fuzzy sets (IVFS’s) ,
Vague sets (VS’s) , Grey sets (GS’s) and Intuitionistic fuzzy sets (IFS’s).

The interval valued fuzzy set was introduced by Zadeh [172] himself while
Gau [70] proposed the notion of Vague set. The intuitionistic fuzzy set was in-
troduced by Atanassov [7], enriched the fuzzy set with a notion of indeterminacy
expressing hesitation or abstention. An intuitionistic fuzzy set is specified by two
degrees of freedoms, namely, the membership degree and a non membership de-
gree such that the sum of two degrees should remain less than 1. Among all the
other higher order fuzzy sets, the intuitionistic fuzzy sets and intuitionistic fuzzy
logic have motivated the research interest of scientific community for the past few
decades. They have been successfully applied to scenarios where the description of
a problem by a linguistic variable defined in terms of a membership function only,
seemed too rough. Such problems appear when we come across with the human

opinions involving two or more answers such as "Yes", "No", "I don’t know", "I



am not sure" etc., indicating an inadequate knowledge or lack of a background
information. Voting is a reasonable example of such a situation, as voters may be
classified into following three categories:

(1). Those who vote in favour;

(2). Those who vote against;

(3). Those who abstain or give invalid votes.

The third group of voters is of great interest since they exhibit the true ambiguities
of real life situation that is very well represented by an IFS. Thus, an intuitionistic
fuzzy set theory (IFS-theory) enjoys a special interest which is evidenced by the
recent books [11, 13]. Moreover a study on inter-relationships between different
higher order sets revealed a close connection between IFS and other generalizations
of FS’s. For instance, in [31], it was proved that a vague set is an intuitionistic fuzzy
set. Similarly, a strong connection between intuitionistic fuzzy set and interval
valued set was claimed to exist in [61, 154].

The emergence of all different types of higher order fuzzy sets tended to a sig-
nificant trend in mathematics, a trend towards generalizations of existing mathe-
matical concepts and theories. Each generalization not only enriched our insight
but also developed our abilities to model the intricacies of the real world in the
best possible way. The search for the most appropriate generalizations of logical
operators as well as measures on intuitionistic fuzzy sets can be regarded as one
of the core area of interest for those who have been following this trend.

Measure on a set is one of the most fundamental concepts of mathematics. In
classical measure theory, a measure on an ordinary set (crip set) is characterized
by its additivity property. This characterization is very effective and convenient,
but in many real life situations have proved to be too rigid and thus unrealistic. As
a solution to this rigidness, the fuzzy measure was proposed. A fuzzy measure is a
generalization of the classical measure which is obtained by replacing the additivity
axiom of a classical measure with a weaker axiom of monotonicity related to the
inclusion of sets.

By the origin of fuzzy measure theory, fuzzy measures like similarity, inclusion,
entropy, distance, compatibility, cardinality and many more have been proposed

and applied in different fields such as: multicriteria decision making, decision mak-



ing under uncertainty, risk analysis, game theory, welfare theory and combinatorics
etc [74]. Moreover, the concept of fuzzy measure has not been restricted to the
fuzzy sets only. Many different forms of measures have been developed and gener-
alized to other higher order fuzzy sets. For instance, in case of intuitionistic fuzzy
set, the concept of measure has evolved into two directions namely, fuzzy measures
on intuitionistic fuzzy sets and intuitionistic fuzzy measures on intuitionistic fuzzy
sets. Both of these measures are defined on sigma algebra of intuitionistic fuzzy
sets. A detailed study on this area is made in [18].

Although, wider applicability and mathematical rigor of this area has devel-
oped a substantial scientific literature, yet the search for the most appropriate
measure remained open as most of these measures were developed according to
the context of their applications. In this thesis, we have firstly introduced in
chapter 3, titled as ‘New Measures on Intuitionistic Fuzzy Sets’, some new normal
fuzzy measures on intuitionistic fuzzy sets. Also, under the same heading a class
of a new scalar cardinality measure on intuitionistic fuzzy set called the weighted
average cardinality measure is proposed and studied for its properties. The car-
dinality and the other fuzzy measures introduced in this chapter are extensively
used throughout the dissertation in accomplishing the core target of this research;
i.e., the development of new classes of intuitionistic fuzzy similarity and inclusion
measures between intuitionistic fuzzy sets.

Measuring similarity and inclusion between objects have been two basic con-
cepts in human cognition. Similarity plays a vital role in our daily life. It defines
an organizing principle for the classification of objects, formation of human con-
cepts and generalization of ideas. Numerous definitions of similarity measure have
already been proposed in literature as according to Zadeh, "Formulation of a valid,
general purpose definition of similarity is a challenging problem". However, a gen-
eral understanding of its ordinal interpretation is: greater the value, the more
similar the objects are. In fuzzy literature, the similarity measures are classified
into three categories:

(a) Set theoretic based measures;

(b) Metric based measures;

(¢) Implication based measures.



The first two approaches of fuzzy similarity measures root back to the technique
which was originally adopted and applied in the field of numerical taxonomy for
developing suitable measures (similarity and inclusion) between ordinary sets. It
was in fact the simplest way of comparing two objects. Based on an appropriate
set of features typical for those two objects, a binary vector for each of the two
objects was constructed which encoded the presence (1) or absence (0) of each
of the features. Any comparison (similarity or inclusion) between these feature
vectors was simply equal to comparing the objects themselves. The degree of
similarity or inclusion of two objects is often expressed in terms of the cardinalities
of the later sets. These measures used set theoretic operations and they were
called set theoretic based measures. In case of fuzzy set theory, the cardinality
based set theoretic fuzzy measures (similarity or inclusion) used the feature vectors
scaled to real unit vector [0,1] as the representatives of the fuzzy sets involved.
The fuzzy similarity measures developed by this technique originated as genuine
extensions of some of the most popular similarity measures of ordinary sets like
Jaccard coefficient [30, 39, 85, 118], the Simple Matching coefficient [30, 87, 136],
the Rogers and Tanimoto coefficient [130], the Sokal & Sneath coefficient [87,
137], the Dice coefficient [39, 64, 118], the cosine coefficient [113, 115], Restle’s,
Gregson’s and Enta’s Model [179] and most importantly the Tversky’s contrast
model [30, 131, 146, 151].

The distance (metric) based fuzzy similarity measures also utilized the repre-
sentative vectors for the fuzzy sets. In the first step the representative vectors for
the fuzzy sets were used to obtain a distance measure for the fuzzy sets and in the
next step one of the relationship between similarity and distance was utilized to
define a degree of similarity between the fuzzy sets [94, 131, 158|.

The last approach of measuring a similarity between fuzzy sets was introduced
in [155]. They used fuzzy logical operators such as bi-implicators to formulate the
similarity relations between objects (sets). It was extensively studied by Beg [25,
26], who experimented in its structure with different fuzzy measures, implicators
and t-norms.

The bi-implication/bi-implicator operator is an important concept of fuzzy

logic which is not only related in defining a similarity relation between objects but



has also been utilized in introducing new algebras along with the interpretation of
fuzzy logical phenomenons. A bi-implication operation has appeared with many
different names in fuzzy literature [32, 77, 108, 111], however, due to the struc-
tural constraints of the underlying lattice, not much of it has been extended to
intuitionistic fuzzy environment [109]. Thus, any new construction of a similarity
relation between sets based on bi-implicator formally requires, firstly, development
of a new bi-implicator operator.

Working on these lines, the Chapter 4 of this dissertation is reserved for an
intuitionistic fuzzy version of the classical bi-implication, that is, an extension
of classical bi-implication to the canonical domain of mathematical intuitionistic
fuzzy logics, the intuitionistic fuzzy lattice L*. Our approach to intuitionistic fuzzy
bi-implications may be summarized as follows: Firstly, we present intuitionistic
fuzzy extensions of a well known approach to bi-implication by Fodor-Roubens via
a direct axiomatization of the properties of the corresponding class of operators
supported by an evident example. Next, we turn towards an investigation of a
particular defining standard of classical bi-implication (p = ¢Agq = p) in
terms of intuitionistic fuzzy t-norms and intuitionistic fuzzy R-implicators, and
we proposed three different classes of intuitionistic fuzzy bi-implications having
constructive approach.

Later, the axiomatic definition proposed earlier is further utilized to classify
these new constructive classes of intuitionistic fuzzy bi-implicators depending upon
their level of obedience to the presented set of axioms. It was found that some
of the constructive classes completely obeyed while other slightly disobeyed the
given set of axioms. We believe that such a classification of intuitionistic fuzzy
bi-implicator operators can lay a background for constructing new intuitionistic
fuzzy logical phenomenons. Moreover, in order to have a deep insight into the
structural characteristic of one of the classes, we have fixed and chosen a specific
combination of the intuitionistic fuzzy connectives involved in its definition, which
disclosed its properties closer to those proposed by Sinha for fuzzy inclusion. Thus,
we provide a suitable framework towards defining any similarity relation between
intuitionistic fuzzy sets.

The researchers working on intuitionistic fuzzy set theory have tried to cap-



ture the essence of most of the approaches of defining a similarity measure of
fuzzy sets. For instance in [58, 81, 82, 140, 143, 156, 164], the authors have de-
fined different expressions for distances and distance based similarity measures
for intuitionistic fuzzy sets along with methods to demonstrate their applications
in medical diagnosis. A full guide on these measures is provided in [117]. Like-
wise, in [83], we find some extensions of set theoretic based similarity measures
of crisp set proposed in [51] to their intuitionistic version. Moreover, in [166] a
generalization of Ochiai/Cosine coefficient to IFS is attempted . An other pos-
sibility to compute the similarity between two intuitionistic fuzzy sets was pro-
posed in [80] based on J-divergence. Lie et al [101] made comparative analysis
for similarity measures between VS’s/IFS’s and found inadequate conditions for
similarity measures. These measures were said to be inefficient although they had
involved in their construction both membership and a non-membership degrees.
As a remedy to the problem, the degree of indeterminacy was introduced to these
similarity measures between VS’s/IFS’s [139, 165, 174]. Zhang [175] introduced
some new similarity measures for IFS’s, fuzzy rough sets and rough fuzzy sets.
He also worked with the degree of indeterminacy in the similarity measure for
IFS’s in order to improve distinguished precision. Numerical examples given in
[175] showed the effectiveness of proposed method however, in certain cases, this
method failed and needed modifications for acceptable results. Such modifica-
tions were made by [169] in order to obtain the best results in accordance to the
usage of degree of indeterminacy in a measure. Recent papers have brought at-
tention of researchers to the new results on intuitionistic fuzzy similarity measures
[15, 27, 40, 41, 42, 57, 106, 110].

Although, many different ideas of defining similarity measures between IFS
have been presented, yet a discussion and a comparison between these measures
reveals that there is not a single similarity measure existing so far which is capable
of recognizing every pattern provided to it. Moreover, a historical preview of these
measures unveils that in contrast to similarity measures for fuzzy sets, the simi-
larity measures for IFS’s are mostly based on distances and rarely on set theoretic
approach. However, the concept of similarity measure between any two intuition-

istic fuzzy sets based on intuitionistic fuzzy bi-implications is not introduced so



far. Therefore, in Chapter 5 of this thesis we have attempted to define two differ-
ent classes/ families of similarity measures for intuitionistic fuzzy sets which are
structured by utilizing bi-implications and set theoretic operations. The first class
of similarity measures called the intuitionistic fuzzy bi-implicator based similarity
measures and are constructed by composing the new defined fuzzy measures in
Chapter 3 with the different classes of intuitionistic fuzzy bi-implicators presented
in Chapter 4. The proofs of the properties of this new similarity measure between
IFS’s utilizes the set of properties of intuitionistic fuzzy bi-implication operators
explored in Chapter 4. Moreover, a particular choice of intuitionistic fuzzy con-
nectives used in its definition uncovers the fact that this new similarity measure
defines a fuzzy equivalence on set of all intuitionistic fuzzy sets on X (IFS(X)).
The second family of similarity measures for IFS’s is based on the set theoretic ap-
proach, having four parameters involved in its definition. A different combination
of these parameters generates a variety of reasonable similarity measures suitable
in any intuitionistic fuzzy environment.

Similarity, however, is only one of the conceptual ways for looking at a possible
relationship between the objects. It is natural to ask for a measure expressing the
degree to which one of the two given objects is contained in another, or in other
words, the degree to which one of the two is covered by the other. In an attempt to
answer this question, one is naturally drawn to the concept of inclusion measure.
The search for a chemical compound, the query about a data base or even an
understanding of how well a phylogenetic tree is included in a tree of life are few
of the many applications of measuring inclusion between objects.

Fuzzy inclusion/Fuzzy subsethood is considered as one of the major concepts
of fuzzy set theory. The foremost attempt to define a fuzzy subsethood was made
by Zadeh [173]. For two fuzzy sets A and B, he defined a fuzzy subset hood as:
AC B & (Vr e X, A(xz) < B(x)). Graphical interpretation of this definition is
stated as: a F'S ‘A’ is a subset of another FS ‘B’, if the graph of A never lies above
the graph of B. Many researchers tried to relax the rigidity of Zadeh’s definition of
inclusion to perceive a softer approach that could have a better compatibility with
the spirit of FS-theory. Thus, instead of giving crisp decisions about subsethood

of sets they proposed that since they are dealing with fuzzy sets that assigns a



graded membership to their elements therefore, the subsethood/inclusion between
them should also be allowed a graded assignment of somewhat being a subset of
other.

A typical approach adopted by the majority of the researchers to define a fuzzy
subsethood was the fuzzification of the three distinct yet, equivalent definitions of

crisp subsethood stated as:

A C B VreX)(reA=ux€B) (1.1)
|AN B|
& A=¢por —— =1 (1.2)
Al
|A°U B|
& — =1 1.3
X (1.3)

The first one is purely logical in terms while the other two are cardinality based
and therefore it has a probabilistic touch in them. Unlike their crisp version, it was
observed that the new fuzzified version of these definitions ceased to be equivalent.
This observation has led to a research of defining an appropriate fuzzy subsethood
to the following two different tracks:

(a) logical based approach;

(b) frequency based approach.

One can construct various inclusion indicators using different tools and ap-
proaches, however, we could impose some elementary conditions on this indicator
in order to come up with a genuine implementation of inclusion. The first con-
tribution in this direction was made by Kitainik [91] in 1987. Moreover, the two
more axiom systems that seem to prevail notably in literature are the ones pro-
posed by Young [168] and Sinha [134]. Both of these axiom systems required a
fulfillment of the reflexive property by an inclusion indicator Inc(A, B) stated as:
A C B implies Inc(A, B) = 1. The major difference between these systems lie
on how each of them treated inclusion of crisp sets. While Sinha and Dougherty
[134] demanded that Inc(A, B) € {0,1} for crisp sets A and B, Young [168] did
not impose it.

In case of intuitionistic fuzzy sets, an inclusion measure is defined to be a pair
wise relation between two IFS’s that indicates the degree to which one IFS is

contained in another and represents a generalized inclusion relation. The first and



direct generalization of an inclusion relation between intuitionistic fuzzy sets may

be defined as:

A C Be (VrelX, A(x) <p« B(z))

& (Vo e X, ual) < us(X) and valx) > va(X)

Some authors have investigated inclusion measures of IFS’s. Cornelis and Kerre
[49] introduced the intuitionistic-valued inclusion measures of IFS’s. Grzgorzewski
[75] proposed the axioms characterizing the inclusion measures (subsethood mea-
sure) of IFS, which are similar to those given by Young [168] about fuzzy sets.
Park [120], defined a kind of sophisticated inclusion measure of IFS and applied it
to interval valued fuzzy topological spaces. Xie [163], proposed couple of cardinal-
ity (frequency) based inclusion measures for IFS along with some other measures.
A similar effort is made in [176, 177], while [90] gave a generalized vision of an IFS
inclusion measure by defining L-valued inclusion indicators for all types of higher
order fuzzy set.

One of the major targets of this research thesis is the development of new ideas
for defining reasonable inclusion measure (the one satisfying most of the axioms
of inclusion) of intuitionistic fuzzy sets and which could be successfully and eco-
nomically applied in real life situations. Therefore, in contrast to an intuitionistic
valued measure we believe that a fuzzy valued measure of inclusion for intuition-
istic fuzzy set would serve the purpose well. Thus, in Chapter 6, of this thesis we
have attempted to define two different classes of fuzzy measures of intuitionistic
fuzzy inclusions. The first class of inclusion measures introduced in this chapter
can be regarded as an effort put forward in defining a direct and most appropriate
generalization of (1.1). The basic working technique behind such a generalization
is a two step method: In step one, we formulate the concept of a local intuitionistic
fuzzy inclusion indicator IInc as an [FS(X) x IFS(X) — IFS(X) mapping
which allocates to every pair of A, B € IFS(X) an intuitionistic fuzzy set of in-
clusion IInc(A, B), based on intuitionistic fuzzy implication operator. The set
IInc(A, B) provides, an information about a local degree of inclusion, as well as,

a non inclusion of every element of A into B. In the next step we obtain a global
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evaluation of IFS A into B by composing the operator [Inc(A, B) with the new
defined normal fuzzy measures of intuitionistic fuzzy sets formally introduced in
Chapter 3. This will result into a mapping my,. : IFS(X) x IFS(X) — [0,1]
which will assign a global (single) inclusion degree of one IF'S into other. The prop-
erties of the new fuzzy inclusion indicator my,. depends upon the properties of
intuitionistic fuzzy implications implanted in IInc(A, B). Since a lot of variations
is possible in the properties of implications, instead of working with general im-
plication, it seems appropriate to particularize the implication in use. Therefore,
in this thesis we have restricted our selves within the frame work of intuitionistic
fuzzy Lukasiewicz implicator. The study of the properties of this new fuzzy in-
clusion indicator m;yy,. shows that it enjoys the fulfillment of most of the set of
axioms as stated by Sinha and Young [134, 168]. Our second approach, of defining
an inclusion indicator of intuitionistic fuzzy sets, captures the essence of inclusion
by taking into consideration the other two definitions (1.2,1.3) of subsethood for
ordinary sets. We have called this the weighted average cardinality based para-
metric family of intuitionistic fuzzy inclusion measure. This family also generates
multiple fuzzy inclusion indicators for two intuitionistic fuzzy sets. A study on
the properties of different members of this family indicates their obedience to the
set of criterias as set by Young [168].

In Chapter 7, the fuzzy measures on IFS’s introduced in Chapter 3,5, and 6
are applied to real life situations, such as, the diagnosis of a disease in a patient or
the selection of the best employee in an organization. Various techniques in this
regard are constructed and demonstrated there.

Lastly, taking into consideration the close relation between IFS’s and the other
generalized fuzzy sets such as IVFS’s and VS’s, we are in a position to claim that,
all the results on intuitionistic fuzzy set theory and logic produced in this thesis
can be easily modified and adapted to the extended frame works of any of the
mentioned higher order fuzzy sets.

Before we proceed, let me provide to the reader an outline of this dissertation.
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Outline
This thesis targets to develop different classes of intuitionistic fuzzy similarity
and inclusion measures between intuitionistic fuzzy sets and studies their applica-

tion in real life situations.

e Chapter 2 gives preliminaries for intuitionistic fuzzy set theory and logical

operators, t-norms, conorms, negators, implicators etc.

e Chapter 3 presents different new normal fuzzy measures on intuitionistic
fuzzy sets along with a new class of scalar cardinality measure for intuition-

istic fuzzy set

e Chapter 4 introduces multiple new classes of intuitionistic fuzzy bi-implicator
operators having axiomatic as well as constructive approaches. It also inves-

tigates the relation between these classes.

e Chapter 5 works on constructing new classes of intuitionistic fuzzy bi-implicator
based similarity measures that utilize intuitionistic fuzzy bi-implicator op-
erators and measures introduced in previous two chapters along with a new

cardinality based parametric family of similarity measure.

e Chapter 6 targets towards proposing diverse classes of intuitionistic fuzzy
inclusion measures based on intuitionistic fuzzy implications and fuzzy mea-
sures on intuitionistic fuzzy sets. Moreover, it also presents a new cardinality

based parametric family of inclusion measure for intuitionistic fuzzy sets.

e Chapter 7 exhibits the utility of the measures introduced in this thesis in

the fields of medical diagnosis and organizational management.

e The last chapter concludes the research conducted in this thesis and provides

an indication for a future research in these directions.

The List of Research Papers Derived From Thesis
This thesis is based upon the following published, accepted and submitted

papers:

e Measure of intuitionistic fuzzy inclusion. Comptes Rendus Del’ Academie

Bulgare Des Sciences, 69(8), 971-980.
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The intuitionistic fuzzy multicriteria decision making based on inclusion de-

gree. Comptes Rendus Del” Academie Bulgare Des Sciences, 70(7), 925-934.

Intuitionistic fuzzy bi-implicator and properties of Lukasiewicz intuitionistic
fuzzy bi-implicator, accepted for publication in TWMS Journal of Applied

and Engineering Mathematics.
Weighted average cardinality measure of IFS and its application, submitted.

A novel intuitionistic fuzzy bi-implicator based similarity measure and its

application to student evaluation, submitted.

A weighted average cardinality based parametric family of intuitionistic

fuzzy inclusion measures, submitted.

Intuitionistic Jaccard similarity measure and its application to Medical Di-

agnosis, submitted.
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Chapter 2

Preliminaries
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Several mathematical models have been presented in history to dissolve uncer-
tainties in various types of systems. The inception of Fuzzy Logic or Fuzzy Set
Theory is one such attempt which is based on the extension of ordinary set the-
ory. In 1965, Zadeh [173] introduced the notion of fuzzy sets as a method for
representing uncertainties. Then, the theory of fuzzy sets has become a vigorous
area of research in different disciplines including logic, topology, algebra, analysis,
information theory, artificial intelligence, operations research, neural networks and
planning etc.

The intuitionistic fuzzy sets (IFS’s) and interval valued fuzzy sets (IVFS’s)
appeared independently as appropriate generalizations of fuzzy sets. The IVFS’s
reflected the ambiguous situations unanswered by fuzzy sets in the form of closed
interval membership function [y, p5] such that uy, uy € [0,1] and p; < py. The
intuitionistic fuzzy sets however, are equipped with a nonmembership degree v
along with the membership degree p such that p, v € [0,1] and p+v < 1. Though
the equivalence of these two approaches has been addressed in [61], but each of
these generalizations have successfully generated an extensive literature covering
multiple aspects of their applications and the possible extensions of fuzzy logical
operators along with the set theoretic concepts [6, 10, 16, 45, 46, 60, 61, 62, 102].

For the past two decades, fuzzy connectives such as fuzzy triangular norm,
conorms, negators and implicators have been extensively employed within the
research focused on fuzzy sets and fuzzy logic. The t-norms, conorms and nega-
tors have played a prominent role in defining a generalized intersection, union and
complementation of fuzzy sets while fuzzy implicators have proved their usefulness
in a rule based (expert) systems. These connectives have served many different
purposes like defining measures such as measure of inclusion and the measure of
guaranteed possibility and necessity. Also, they have been utilized for character-
izing fuzzy rough sets and linguistic modifiers and for extending the composition
of fuzzy relations. Not only this but also they have been implanted in prefer-
ence modelling, aggregation, decision making, pattern classification, fuzzy logic
programming and for many other purposes.

With the interest in intuitionistic fuzzy relational calculus in particular and

intuitionistic fuzzy set theory in general, the scientific communities have invested
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time and efforts in expanding these connectives to an intuitionistic fuzzy frame-
work so that these connectives, just as their fuzzy counterpart, could be formerly
investigated for their effectiveness in different applications and constructions.

In this chapter, we have presented the necessary concepts of intuitionistic fuzzy
set theory along with an overview of fuzzy connectives and their possible intuition-
istic fuzzy extensions that are extensively used throughout this research work.

However, before we proceed to relevant definitions, let us familiarize our reader
with important notations associated to certain general terminologies particularly

specified for this dissertation only given in Table 2.1:

Notation | Terminologies

T Fuzzy t-norm

S Fuzzy t-conorm

T Fuzzy t-norm different from 7T’

S’ Fuzzy t-conorm different from S

N Fuzzy negator/negation

1 Fuzzy implicator /implication

T Intuitionistic Fuzzy t-norm

S Intuitionistic Fuzzy t-conorm

T Intuitionistic Fuzzy t-norm different from 7

S’ Intuitionistic Fuzzy t-conorm different from S
N Intuitionistic Fuzzy negator /negation

I Intuitionistic Fuzzy implicator /implication

T* Dual of Intuitionistic Fuzzy t-norm 7T

S* Dual of Intuitionistic Fuzzy t-conorm S

T t-representable Intuitionistic Fuzzy t-norm

S t-representable Intuitionistic Fuzzy t-conorm

T Non t-representable Intuitionistic Fuzzy t-norm
S Non t-representable Intuitionistic Fuzzy t-conorm

Table 2.1:General terminologies and notations
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2.1 A Review of Fuzzy Logic

The study on fuzzy logic is classified into two main branches, namely, The fuzzy
logic in the narrow sense and The fuzzy logic in the broad sense 77, 112].

Constructed in the spirit of classical binary logic, the first branch ( The fuzzy
logic in the narrow sense) is formed by many valued logic [129] and is more or
less taken as a symbolic logic concerned with syntax, semantics, axiomatization,
soundness, completeness, etc [72, 77].

The second branch (The fuzzy logic in the broad sense) is usually perceived
as an extension of the fuzzy logic in the narrow sense as it taken to be a way of
interpreting natural language to model human reasoning [112].

One of the main focuses of the research in fuzzy logic (both in the narrow sense
and in the broad sense) was an extension of the classical binary logical operators
negation ( denoted as —), conjunction ( denoted as A), disjunction ( denoted as
V) and implication ( denoted as —) to fuzzy logic operators.

Now, before proceeding towards an overview of the fuzzy extensions of above
mentioned binary logical connectives, let us formally define the term of fuzzy set,
complete lattice and an L-fuzzy set. These definitions are stated in [46, 71, 173].

Throughout this dissertation, we shall use the notation X for the crisp set
(universe of discourse) and ¢ for the crisp empty set.

Definition 2.1.1 "A fuzzy set (FS) on a universe X is an object of the form
A = {(z,A(x)) | z € X}, where the function A(x) € [0,1] defines the degree of
membership of x in the set A. The class of all fuzzy sets on X is denoted by F'S(X).
A fuzzy set is called finite if universe X if finite, writing it as X = {z1, 29, ...2,,} .

For a fuzzy set A = {(z, A(z)) | = € X} we define the complement of A in X
as A° = {(z,1— A(x)) | x € X}, the Support of A in X as a subset of X given
by Supp(A) = {x € X | A(z) # 0}, the Kernel of Ain X as Ker(A) = {x € X |
A(x) = 1}. Moreover, we denote 1x = {(z,1) | x € X} and 0x = {(z,0) | z € X}
the fuzzy sets corresponding to entire universe X and empty set ¢ respectively.
Also, for A € FS(X), we define an a — cut of A as A* ={zx € X | A(z) > a}."
Definition 2.1.2 "A complete lattice is a partially ordered set (L, <) such that
every non empty subset of L has a supremum and infimum. A complete lattice

with negator N is a triplet (L, <p, N), where (L, <p) is a complete lattice and N
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is a unary, involutive and order reversing operator on L.”

Definition 2.1.3 "An L-fuzzy set on a universe X is an X — L mapping, where
(L, <r,N) is a complete lattice with negator N. The class of all L-fuzzy sets on a
universe X is denoted by F(X).”

2.1.1 Fuzzy Negation, Conjunction and Disjunction

All the definitions, results and examples stated in this section are taken from
(92, 133].

In fuzzy logic, the t-norms, t-conorms and the negators defined on complete
bounded lattice [0,1] are widely used to model fuzzy conjunction, disjunction and
negation operations.

In many-valued logic the classical binary negation/negator is extended to the
unit interval as [0, 1] — [0, 1] mapping given as follows:

Definition 2.1.1.1 "A fuzzy negator is a decreasing [0,1] — [0, 1] mapping N
that satisfies N(0) = 1 and N(1) = 0.
Moreover, a fuzzy negator N is said to be strict if IV is continuous and strictly
decreasing mapping. A fuzzy negator is said to be strong (or at times involutive)
if N(N(z)) =x, Vz € [0,1]."
Remark 2.1.1.2 Notice that a strong/involutive fuzzy negator is strict and is
continuous mapping. We now present examples of non-continuous fuzzy negator,
a continuous but non strict fuzzy negator, a strict but non strong fuzzy negator
and a strong fuzzy negator.
Example 2.1.1.3
(a). "The fuzzy negator Ny, :

0ifx =1,

Nla(IL‘) = , T & [0, 1]
1 otherwise

and Ny :

1if x =0,
Nlb(l') = NS [0, 1}

0 otherwise

are not continuous.
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(b). The fuzzy negator Ns :

1—zifxe€]0,0.4],
Ny(z) = 0.6 if 2 € [0.4,0.6] ,z € [0,1]
—1.52 + 1.5 otherwise

is continuous but not strict.

(c). The fuzzy negator Nj :
Ni(z) =1—2% 2¢€][0,1]

is strict but not strong.

(d). The fuzzy negator Nj :
Ny(z)=1-—2z, x€l0,1]

is strong (involutive). The mapping Ny is called the standard fuzzy negator."

In many-valued logic the classical binary conjunction is extended to the unit
interval as a [0,1]> — [0, 1] mapping called t-norm defined as follows:
Definition 2.1.1.4 "A fuzzy t-norm is an increasing, commutative, associative
[0,1]> — [0, 1] mapping T satisfying T'(1,z) = x for all z € [0,1].”

Proposition 2.1.1.5 "A t-norm 7 satisfies T'(z,z) < z, for all z € [0, 1].”
Example 2.1.1.6 "The following are the basic t-norms: For z,y € [0, 1],
(i). Minimum t-norm (Ty) is given by Ty (x,y) = min(z, y);
(ii). Product t-norm (Tp) is given by Tr(z,y) = zy;
(iii). Lukasiewicz t-norm (717) is given by Tt (z,y) = max(z +y — 1,0);
(iv). Drastic product t-norm (Ty) is given by

min(z,y), if max(z,y) =1

TW (I’, y) =
0, otherwise

With respect to pointwise order T}, and Ty, are the largest and the smallest t-
norms respectively."
Example 2.1.1.7 "The following are some of the most important parametric

families of t-norms:
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(i). Family of Frank t-norms:

TM(xay)a ifw=0
TP(xvy)a ifw=1

T (x,y) =
TL(xay)y if w=+o0

\ log,, (1 + W”—i)#) , otherwise

7

(ii). Family of Hamacher t-norms:

LY

T () = w+(1l—w)(z+y—ay)

w € [0, +o0].

(iii). Family of Yager t-norms:

TW(xay)a ifw=0
Tf)/('ray): TM<x7y>7 if w=+o00
max (0, I1-(1—2)*+(1— y)‘“)%> , otherwise

(iv). Family of Sugeno t-norms:
T5(z,y) = max((z +y — 1)(1 + w) — wzy,0), w €] —1,00[.”

The disjunction in fuzzy logic is often modelled as follows:
Definition 2.1.1.8 "A fuzzy t-conorm is an increasing, commutative, associative
[0,1]> — [0, 1] mapping S satisfying S(0,z) = x for all z € [0,1].”
Proposition 2.1.1.9 "A t-conorm S satisfies S(x,z) > z, for all x € [0, 1].”
Example 2.1.1.10 The following are the basic t-conorms: For x,y € [0, 1],
(i). Maximum t-conorm (Sy;) is given by Sy (z,y) = max(z,y);
(ii). Probabilistic sum t-conorm (Sp) is given by Sp(z,y) =z +y — zy;
(iii). Lukasiewicz t-conorm (Sr) is given by Sp(x,y) = min(x + y, 1);
(iv). Drastic sum t-conorm (Sy ) is given by:
max(z,y), if min(z,y) =0

SW(xa y) =
1, otherwise

With respect to pointwise order S); and Sy are the smallest and the largest
t-conorms respectively.

Definition 2.1.1.11 "The dual of t-norm 7'(¢t — conorm S) w.r.t. a negator N is
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a mapping T*[ respectively S*| defined by, for z,y € [0, 1],

T*(x,y) = N(T'(N(z),N(y)=1-T(1-=z,1-y)
[respectively S*(z,y) = N(S(N(x),N(y)))=1-S5(1 —z,1—y)]

Where T*[respectively S*] is a t-conorm (respectively t-norm) on [0,1]."

We denote by (7, S) the pair formed by t-norm 7" and its dual S. Obviously,
(Tr, Smr), (T, Sp), (11, S) and (Tw,Sw) are pairs of t-norms and t-conorms
which are mutually dual to each other.

Example 2.1.1.12 "The following are some of the most important parametric
families of t-conorms:

(i). Family of Frank t-conorms:

SM(‘Tay)v ifw=0

SF< ) SP(ajay)7 ifw=1

w\hY) =
SL(xvy)u if w= 400

| 1 —log, (1 + (wl_mfl)(wl_y71)> , otherwise

w—1

Vs

It is easy to verify that SE is the dual of X' for every w € [0, +o00[;

(ii). Family of Hamacher t-conorms:

H _rFy+(w— 2y
S (2y) = 14 (w—1)xy

- , w € [0, +o0].

(iii). Family of Yager t-norms:

SW(«T,y), ifw=0
S (@) = Su(z,y),  ifw=too
min (1, (x* + y“’ﬁ) , otherwise

(iv). Family of Sugeno t-norms:
S5(z,y) = min(z + y — wry, 1), w €] — 1, 00].

Clearly, S¥ is the dual of T, SY is the dual of T and S5 is the dual of T3 for
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every w € [0, 4o00[.”

Theorem 2.1.1.13 "Let (7,)aca be a family of t-norms and (]aq, ba|)aca be a
family of pair wise disjoint open subintervals of [0,1]. The function T : [0,1]*> —
0, 1] defined by:

o + (Do — o) T (2, =2 ) if (2, y) € [aa, ba)?
T(CC, y) — ba @ ba (e%

min(z,y), otherwise

is a t-norm called the ordinal sum of the summands (ay, ba, T )aca:”
Theorem 2.1.1.14 "The family of Frank t-norms 7" and the family of Frank
t-conorms ST together with ordinal sums of these are the unique t-norms and

t-conorms which satisfy the relation:
TS () + SS(wy) =a+y

for every z,y € [0, 1].”

2.1.2 Fuzzy Implication

The implication/implicator operator in the classical binary logic worked on two
truth values 0 and 1 while a fuzzy implication is a [0, 1]* — [0, 1]. In early litera-
ture, different authors have proposed several individual definitions of fuzzy impli-
cators. Among others individual definitions, Trillas et al. [147, 148] proposed two
classes of fuzzy implicators ( The Strong implicators also called the S —implicators
and The Residuated implicators, commonly known as R — implicators) that were
generated from the three basic fuzzy logic connectives namely, negation, conjunc-
tions and disjunction. The S-implicators were based on classical binary logical
statement p — ¢ = —p V ¢ where p and ¢ are two propositions while the R-
implicators were defined on the basis of the fact that an implication in classical
binary logic is, residuated with an ‘and’ in it. Besides these two classes of fuzzy
implicators, there was another class of fuzzy implicators called the Quantum Logic
implicators (Q L —implicators), which originated from quantum logic and involved
the fuzzy logical operators negation, conjunction and disjunction in their defini-

tion.
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All the definitions, results and examples stated in this section are taken from
[133, 135].
Definition 2.1.2.1 "A fuzzy implicator is an [0, 1]> — [0, 1] mapping I satisfying
1(0,0) = 1,1(0,1) = 1,1(1,0) = 0,I(1,1) = 1. Moreover, we require I to be
decreasing in its first and increasing in its second component."
Remark 2.1.2.2 (Axioms of Smetz and Margrez for a fuzzy implicator)
In [135], Smetz and Margrez proposed a set of six axiom scheme for implica-

tors on [0,1]; by driving a number of tautologies from classical logic and translat-
ing them into four algebraic axioms along with the two additional conditions of
monotonicity and continuity imposed on fuzzy implicators. This set of axioms is
given as follows:
(a.1). (Vy € [0,1])({(.,y) is decreasing)

(Vz € [0,1])(I(x,.) is increasing);

(monotonicity law)
(a.2). (Vz €[0,1))(I(1,x) = x);

(neutrality principle)
(a.3). (va,y € [0,1))(I(w,y) = I(N(x), N(y)));

(contrapositivity w.r.t. a fuzzy negator N)
(a.4). (¥a,y,2 € [0,1)) (I (2, (9, 2)) = (9, [(x,2)));

(interchageability principle)
(a.5). (Vz,y € [0,1])( 2z <y <= I(z,y) =1);

(confinement principle)
(a.6). I is continuous.

(continuity)
Definition 2.1.2.3 "Let S be a t-conorm and N a negator on [0,1] The S-
implicator generated by S and N is the mapping Ig y : [0, 1]> — [0, 1] defined as
follows: for all z,y € [0, 1]

[S,N(l',y) = S(N(x)vy>'”

Remark 2.1.2.4 Here N is supposed to be a strong negation [33], however it has
been shown in [17, 92] that N is not necessary supposed to be strong, not even

continuous.
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Definition 2.1.2.5 "Let T be a t-norm on [0, 1]. The R-implicator generated by

T is a mapping I defined as follows: for all z,y € [0, 1]

Ir(z,y) = sup{y € [0,1] [ T(z,7) < y}."

Definition 2.1.2.6 "Let S be a t-conorm, N be a strong negator and 7" be a

t-norm. A QL — implication is defined as follows: for all z,y € [0, 1]

Isn,le.y) = S(N(2), T(x, ).

Example 2.1.2.7 "Some of the famous fuzzy implicators are as follows: for
z,y € [0,1]

(i). Kleen-Dienes (1I}) is given by I,(z,y) = max(1l — x,y);

(ii). Reichenbach (I,) is given by I,.(x,y) =1 — x + xy;

(iii). Lukasiewicz (I) is given by I (x,y) = min(1 — z + y, 1);

1, ifz<y
(iv). Godel (I,) is given by I (x,y) = ;
v, ifxr>y
1, ite <y
(v). Goguen (Ip) is given by Ia(z,y) = 5
ylr, ifx>y

T ”

(vi). Yager (Ig) is given by Ig(z,y) = y*.
Remark 2.1.2.8 Unlike the other proposed fuzzy implicators the Lukasiewicz
implicator I, satisfies all the above mentioned six axioms (a.l to a.6). Moreover,
it is an R-implicator with respect to t-norm 77, and an S-implicator with respect
to conorm Sy and negator N,. It is also a QL-implicator with respect to a

combination of T}, .S, and Nj.

2.1.3 Operations and Relations Between Fuzzy Sets In-
duced by Fuzzy Connectives

All the definitions and results stated in this section are taken from [25, 86].
Triangular norms were first introduced in the context of probabilistic metric

spaces [132]. In fuzzy literature, the fuzzy t-norms (7'), t-conorms (), negators

(N) and implicators (1) have been successfully employed in defining fuzzy relations

such as transitivity and equivalence. Moreover, the first three of the mentioned
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connectives have modeled the basic set theoretic operations namely, the gener-
alized intersection (N),union (U) and complementation operations between fuzzy

sets. Thus, for A, B € F'S(X) and for all z € X, we define:

ANy B(z) = T(A(x),B(x)); (2.1)
AUs B(z) = S(A(), B@)) (22)
coA(r) = N(A(z)); (2.3)

where if we fix N = N, in (2.3), then we obtain coA(z) = A°(x) as given in
Definition 2.1.1.
Definition 2.1.3.1 "A fuzzy relation R between two universes X and Y is defined

as a fuzzy set on X x Y. Thus, we can write

R=A{((z,y), R(z,y)) | (x,y) € X x Y}

where the function R(x,y) € [0,1] defines the degree to which x is in relation R
to y."

Definition 2.1.3.2 "Given a t-norm T, a T —equivalence relation on a set X is a
fuzzy relation E' on X that satisfies:

(a). E(z,z) =1 for all z € X (Reflexivity);

(b). E(x,y) = E(y,x) for all z,y € X ( Symmetry);

(c). T(E(x,y), E(y,2)) < E(z,z2) for all z,y,z € X (T-transitivity)."

Definition 2.1.3.3 "Let R be a fuzzy relation on X. The fuzzy set of transitivity

trT(R) is a fuzzy relation on X defined as:

tr'"T(R)(z, 2) = inf I(T(R(z,y), R(y, 2)), R(z, 2)). (2.4)

yeX

The transitivity function so defined, assigns a degree of transitivity to the relation
at each point of X x X. The superscripts I and T highlight the dependence of
pointwisely transitivity upon the implicator I and the t-norm 7', where R denotes
the fuzzy relation for which the fuzzy relation of transitivity is being constructed."

Definition 2.1.3.4 "The measure of fuzzy transitivity is a mapping 75T : F(X x
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X) — [0, 1] defined as:
Tr'"(R) = inf(tr’"(R)),

where F'(X x X) denotes the set of all fuzzy relations on X. A fuzzy relation R is
called an € — fuzzy transitive if TrlT(R) = e.

A fuzzy relation R is called fuzzy transitive if Tr’T(R) > 0, strong fuzzy
transitive if € > 0.5 and R is non-transitive if Tr""(R) = 0.”
Remark 2.1.3.5 It has been proved in [24] that if Lukasiewicz implicator I,
is used in the calculation of degree of transitivity then the T, —transitive relation
enjoy the degree of transitivity equal to 1. Therefore, in this work we have specified
I and T of (2.4) by I, and T7.
Definition 2.1.3.6 "A fuzzy relation E on a universe X is local fuzzy equivalence
relation on F'S(X), if the following conditions hold for all z € X :
(a). E(A(x), A(z)) =1 (local fuzzy reflexivity);
(b). E(A(x), B(x)) = E(B(x), A(x)) (local fuzzy symmetry);
(©). I(TL(E(A(z), B(x)), E(B(x),C(x))), E(A(x), C(x))) = € > 0 (local fuzzy
transitivity)."
Definition 2.1.3.7 "A fuzzy relation R on F'S(X) is called a fuzzy equivalence
relation on F'S(X), if forallz € X and A, B,C € F'S(X), the following conditions
hold:
(a). R(A, A) =1 (fuzzy reflexivity);
(b). R(A,B) = R(B,A) (fuzzy symmetry);
(c). I,(TL(R(A,B),R(B,C)),R(A,C)) = € > 0 (fuzzy transitivity)."
Definition 2.1.3.8 "A fuzzy relation R on F'S(X) is called a fuzzy quasi-order
relation on F'S(X), if for all z € X and A, B,C € FS(X), the following properties
hold:
(a). R(A, A) =1 (fuzzy reflexivity);
(b). I, (TL(R(A,B),R(B,C)),R(A,C)) = € > 0 (fuzzy transitivity)."

Now we move towards the relevant topics of intuitionistic fuzzy set theory and

logic which are extensively used throughout this dissertation.
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2.2 The Basics of Intuitionistic Fuzzy Set The-
ory

All the definitions, results and examples stated in this section are taken from
[7, 8, 49, 63].

Definition 2.2.1 "An intuitionistic fuzzy set (IFS ) on a universe X is an ob-
ject of the form A = {(:U,HA(X),VA(X)) |z € X}, where the functions #A(X) and
va(X) € [0, 1] define respectively the degree of membership and the degree of non
membership of = in the set A, while y, and v 4 satisfy (Vo € X)(#a() +va(X) < 1).
The class of all intuitionistic fuzzy sets on X is denoted by IFS(X). An IFS is
called finite if universe X is finite, writing it X = {x1, 22, ...z, } .

Note that a fuzzy set in X is then just an intuitionistic fuzzy set for which
1A() + va(X) = 1 holds for every z € X. For an intuitionistic fuzzy set A =
{(:L’,HA(X),VA(X)) |z € X} we define the complement of A in X as:

A¢ = {(x,vA(X),HA(X)) |z € X} , the Support of A in X as a subset of X given
by Supp(A) = {x € X | #a¥) # 0 or va(X) # 1}, the Kernel of A in X as
Ker(A) = {z € X | #a(¥) = 1 and va(X) = 0}."

Moreover, we denote by 1x = {(2,1,0) | z € X} and Oy = {(2,0,1) |z € X}
the intuitionistic fuzzy sets corresponding to entire universe X and empty set
¢ respectively.

"Also, for all A, B € IFS(X), the some expressions and operators are defined as

follows:

A C Bifand only if (Vo € X)(#a(X) < #8(X) and va(X) > va(X));
A = Bifandonly if AC B and B C A;
A = B ifand only if (Vo € X)(#a(X¥) < #s(X) and va(X) < va(X));

AW = {(r, (09" 1 — (1~ (vaO)")) | = € X}:

( )
(A = {(z,(va0O)", 1 — (1 — (#a)™)) | 2 € X };
(M)A = {(z,1— (1 — @a0)", (val)")) |z € X};
( )

()A° = {(z,1— (1 — (va0O)"), (AG)") | 2 € X}

Definition 2.2.2 "The set L* = {(z1,22) € [0,1)* | 71 + 75 < 1} is a complete
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and bounded lattice (L*, <;+) equipped with order <., which is defined as:
(x1,22) <p+ (y1,92) if and only if 1 < y; and x5 > yo. The elements 1, = (1,0)
and 0z« = (0,1) are the greatest and the smallest elements of the lattice L* re-
spectively."
Note 2.2.3 From now on, we will assume that if € L*, then x; and x5 denote
respectively the first and the second component of z, i.e. x = (xy, z3).
Remark 2.2.4 The intuitionistic fuzzy set A = {(.I, 1a¥),va(X) | z € X} is thus
a special case of L—fuzzy set [see Definition 2.1.3] in the sense of [71], where L = L*
i.e. a mapping A : X — L*: © — (HA(X),va(X)). In the sequel we will use the
same notation for an intuitionistic fuzzy set and its associated L*—fuzzy set. So
for the intuitionistic fuzzy set A we will also use the notation A(x) = (HA(X), va(X)).
Interpreting intuitionistic fuzzy sets as L*—fuzzy sets gives a way to greater
flexibility in calculating with membership and non membership degree. The pair
formed by the two degrees is an element of L*, and often allows to obtain more
compact formulas and well build operations between intuitionistic fuzzy sets.
Definition 2.2.5 For any A, B € IF'S(X), A is said to be point wise comparable
with B if for all x € X either A(z) <« B(z) or B(z) <p- A(x). Moreover, it may
be noted that:
1. A is point wise comparable to A for all A € IFS(X)
2. If A is pointwise comparable with B then B is pointwise comparable to A.
3. If A is pointwise comparable to B and B is point wise comparable to C' then
A is comparable to C.
Definition 2.2.6 "An intuitionistic fuzzy relation R between two universes X
and Y is defined as an intuitionistic fuzzy set on X x Y. Thus, we can write
R = {((z,y), pp(z,y), vr(z,y)) | (r,y) € X x Y}, where the functions pg(z,y)
and vg(z,y) € [0, 1] define respectively the degree to which z is in relation R to
y and the degree to which z is in non relation R to y, while ug(x,y) and vg(z,y)
satisfy (V(z,y) € X x Y)(ug(z,y) + vr(x,y) < 1)
Since <y is a partial order on L*, an order theoretic extension of classical
negation, conjunction, disjunction and implication on L* under the notion of
intuitionistic fuzzy ([F) — negators, IF —t — norms, IF —t — conorms and

I F — implicators respectively arises quite naturally. Thus, to have a better un-
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derstanding of the work presented in this thesis let us review these connectives in

detail.

2.2.1 The Intuitionistic Fuzzy Negation, Conjunction and
Disjunction

All the definitions, results and examples stated in this section are taken from
[46, 60).

Definition 2.2.1.1 "An intuitionistic fuzzy negator is a decreasing L* — L*
mapping N that satisfies N(0+) = 1z- and N(1z.) = 0z-. If N(N(z)) = 2, Vx €
L*, N is called an involutive/strong intuitionistic fuzzy negator. The mapping
N, defined as: N,(z1,29) = (22,71) ¥(x1,25) € L* will be called the standard
intuitionistic fuzzy negator. An involutive negator on L* can always be related to
an involutive negator on [0, 1]."

In [60] Deschrijver, Cornelis and Kerre have established a representation theo-

rem for involutive intuitionistic fuzzy negators: any involutive intuitionistic fuzzy
negator can be represented using involutive fuzzy negator N satisfying N(0) = 1
and N (1) = 0.
Theorem 2.2.1.2 "Let N be an involutive intuitionistic fuzzy negator, and let
[0,1] — [0, 1] mapping N be defined by, for all a € [0,1], N(a) = priN(a,1 — a).
Then for all z € L*, N(2) = (N(1 —x5),1 — N(z;)). Moreover, N is an involutive
fuzzy negator. Conversely, if N is an involutive fuzzy negator, then the L* — L*
mapping N defined by, for all # € L*, N(z) = (N(1 — x3),1 — N(x1)) is an
involutive intuitionistic fuzzy negator."

For instance if N = N, where N, denotes the fuzzy standard negator defined
as, for all x € [0,1], N, = 1 — x, then we obtain the intuitionistic fuzzy standard
negator N;.

Definition 2.2.1.3 " An intuitionistic fuzzy t-norm is an increasing, commutative,
associative (L*)? — L* mapping T satisfying T'(1-,2) = « for all 2 € L*.

Definition 2.2.1.4 "An intuitionistic fuzzy t-conorm is an increasing, commuta-
tive, associative (L*)? — L* mapping S satisfying S(0p-,z) = x for all x € L*.”

Definition 2.2.1.5 "The dual of an intuitionistic fuzzy t-norm T'(t — conorm S)
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w.r.t. a negator N is a mapping T*[ respectively S*] defined by, for =,y € L*,

T*(w,y) = N(T(N(z),N(y)))
[respectively S*(z,y) = N(S(N(z),N(y)))].

It can be verified that 7* is an intuitionistic fuzzy conorm and S* is an intuitionistic
fuzzy t-norm."

Definition 2.2.1.6 "An intuitionistic fuzzy t-norm 7' = T (respectively t-conorm
S =9) is called t-representable if there exists a t-norm 7" and a t-conorm S on

[0,1] (respectively a t-conorm S” and a t-norm 7" on [0,1]) such that, for x,y € L*,

T(x,y) = (T(v1,91),5(72,92))

[respectively S(x,y) = (S (z1,11), T (z2,92))]

where T and S (respectively S’ and T") are called the representants of T' (respec-
tively S)."

Next, we state two very important theorems related to t-representability of
intuitionstic fuzzy t-norms (respectively, t-conorms). The first theorem states the
condition under of which a pair of connectives on [0,1] gives rise to a t-representable
intuitionistic t-norm (t-conorm) while, the second theorem assures the
t-representability of the dual of a given t-representable intuitionistic fuzzy t-norm
or t-conorm.

Theorem 2.2.1.7 "Given a t-norm 7" and t-conorm S satisfying T'(a,b) < 1 —
S(1—a,1—10) for all a,b € [0, 1], the mappings T (respectively S ) defined by, for
x,y € L*,

T(z,y) = (T(r1,91),5(72,92))

[respectively S(z,y) = (S(x1,91), T(22,2))]

is intuitionistic fuzzy t-norm (respectively t-conorm)."
Remark 2.2.1.8 If S is the dual of 7' (or equivalently 7" is the dual of S) then
T(a,b) =1—S(1—a,1—0) for all a,b € [0, 1] and therefore, the hypothesis in the

above theorem is satisfied.
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We obtain the most important t-representable intuitionistic fuzzy t-norms:

TM(xay)

TP(xa y)

TL(xay)

(Tar (@1, 1), S (22, 92))
(min(zy, y1), max(zs, ya));
(Tp(z1,91), Sp(w2, y2))
(T1Y1, T2 + Y2 — Tay2);
(Tr(z1,41), SLz2, 92))

(

max (0,21 +y; — 1), min(1, zo + y2));

the most important intuitionistic fuzzy t-conorms:

SM(‘TJy)

Sp(z,y)

SL(ny)

Su(x1, 1), T (22, y2))
max (21, y1), min(xy, ys));

Sp(x1,91), Tp(x2,42))

(
(
(
(1 + Y1 — T1y1, T2y2);
(Sp(@1,91), TrL(22,92))
(

min(1, z; + y1), max(0, x2 + yo — 1));

and the families of intuitionistic fuzzy t-norms and t-conorms:

Tf $1>3/1),55(372,y2))3

) 55(9027?42));
Se
S

s

H
Tw Z1,Y1),

TY (21,11), T2,Y2));

(
(
( )
( )

Tf z1,Y1), S (37273/2));
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respectively that are based on the families of t-norms and t-conorms given in
Example 2.1.1.7 and Example 2.1.1.12.

It must be noted that the greatest t-norm with respect to ordering <. is

Ta(x,y) = (min(21, y1), max(z,, y2)) which is an t-representable extension of Ty
to L*. Moreover, T has this property that if z <;« z and z <;+ y then 2z <
Ty(x,y) for all z,y,2 € L*. Similarly, the smallest t-conorm with respect to
ordering <y~ is Sy (7,y) = (max(z1, y1), min(x2,y2)) which is an extension of Sy,
to L*.
Theorem 2.2.1.9 "The dual intuitionistic fuzzy t-norm with respect to an in-
volutive negator N on L* of t-representable intuitionistic fuzzy t-conorm is t-
representable. The dual intuitionstic fuzzy t-conorm with respect to an involutive
negator N on L* of a t-representable intuitionistic fuzzy t-norm is t-representable."
Remark 2.2.1.10 It must be noted that not all intuitionistic fuzzy t-norms (t-
conorms) are t-representable, i.e., the converse of Theorem 2.2.1.7 is not always
true. In other words, we don’t have that for every intuitionistic fuzzy t-norm T
or a t-conorm S there exist a t-norm 7 and a t-conorm S such that 7' = (T, S) or
S =(S,T).

For instance the following extension of probabilistic sum Sp to L*

gp(m,y) = Y if v =0~

(max(1l — z3,1 — y2), min(xs, yo)), otherwise

was proved to violate the converse of Theorem 2.2.1.7 hence is a non t-representable
extension of Sp to L*, for all z,y € L*.

Its dual is given by:

x ify=1p-
Tp(z,y) = Y if v =1p-

(min(zq,y;), max(l —xq,1 —y;)), otherwise

which is a non t-representable extension of Tp to L*.
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Moreover, following are some of the examples of non t-representable Lukasiewicz
intuitionistic fuzzy t-norms and their dual intuitionistic fuzzy t-conorms given in
[59].

(a). Tp(z,y) = (max(0,z1 4+ y1 — 1), min(1, 25 + 1 — y1, 90 + 1 — 11))

Sp(z,y) = (min(1, 1 + 1 — ya, y1 + 1 — 2), max(0, x5 + 1o — 1)) are one of the
extension of Lukasiewicz t-norm and t-conorm to L*. It is interesting to note that
for all x,y € L*, Sp(x,11+) = Sp(1p-,y) = 1p-.

The other non t-representable extensions of Lukasiewicz t-norm and t-conorm on
[0,1] to L*are:
(b). f;(a:, y) = (max(0,z1 + y1 — xay2 — 1), min(1, zo + y2));
S (z,y) = (min(1, 21 + 1), max(0, 25 4 y2 — 11 — 1)).
(c). fg(x,y) = (max(0, min(z; — Yo, y1 — x2)), min(1, 5 + y2));

ST (2, y) = (min(1, z; + y1), max(0, min(zs — y1, yo — 21))).

(d). T} (z,y) = (max(0, 21 +y, — 1), min(1, yo 4+ 2(1 — 21), 22+ 2(1 — 1), 1 — 1 +
1—w));

§g (z,y) = (min(1,y; + 2(1 — x9), 21 + 2(1 —y2),1 — 22 + 1 — y5), max(0, xo +
y2 — 1)).

(e). fg”(x, y) = (max(0,z1 +y; — 1), min(1, xo + y2 + %, 1—214y2, 1 —y1 +22));

ggl (z,y) = (min(1, 27 + 11 + %, 1—zo+y1,1 —yo + x1), max(0, 29 + yo — 1)).
(f). fg”’(a:,y) = (max(0, 21 +y; — 1), min(1, z2 + y2));

S (z,y) = (min(1, 21 + 1), max(0, x5 + yo — 1)).

Theorem 2.2.1.11 "Let T be an intuitionistic fuzzy t-norm. If supT(z,z) =

z2€Z
T(x,supz), for all non-empty subsets Z of L*, then T is intuitionistic fuzzy left
z€Z
continuous."

2.2.2 The Intuitionistic Fuzzy Implication

All the definitions, results and examples stated in this section are taken from
[46, 60].

Definition 2.2.2.1 "An intuitionistic fuzzy implicator is an (L*)?> — L* map-
ping I satisfying [(0p+,05+) = 17+, [(0p+, 1+) = 1, I(170,072) = Ope, [(110,114) =
1.+. Moreover, we require I to be decreasing in its first and increasing in its second

component."
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Definition 2.2.2.2 "The intuitionistic fuzzy implicator I is said to satisfy the left
ordering property (LOP), if 2 <z y, then I(x,y) = 1, for all 2,y € L*."
Definition 2.2.2.3 "Let S be a t-conorm and N a negator on L*. The S-implicator
generated by S and N is the mapping [ sx @ (L*)? — L* defined as, for all
r,y € L*:

Is y(z,y) = S(N(2),y).” (2.5)

Example 2.2.2.4 Let S = S); and N = N,. Then

v

IFM,NS (1’, y) = (maX(an 91)7 min(xlv y2)>

is a S-implicator and an extension of the Kleen Dienes (I(x,y) = max(1 — z,y))
implicator on [0,1] to L*.

=t

Example 2.2.2.5 Let S =S, and N = N,. Then

v

]§g”’,1(rs (z,y) = (min(1, 22 + y1), max(0, v +y2 — 1))

is a S-implicator and an extension of the Lukasiewicz (I(x,y) = min(1,1 —z+7y))
implicator to L*.
Definition 2.2.2.6 "Let 7" be a t-norm on L*. The R-implicator generated by T

is the mapping fT defined as follows: for all x,y € L*
I(z,y) = sup{y € L* | T(x,7) <p- y}." (2.6)

Example 2.2.2.7 Choosing T' = T, in (2.6) we get the following intuitionistic

fuzzy R-implicator:

( 3

1p- if v1 <y and 22 > ¥
N (1 —yo,y1) if 21 <y and z9 < yo
[TM(‘r7y) = . )
(y1,0) if z1 >y and 29 > Yo
(Y1, 92) if x1 >y and 25 < o

which is an extension of Godel implicator to L*.

i~y

Example 2.2.2.8 Choosing T = T, in (2.6) we get the following intuitionistic
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fuzzy R-implicator:
qug’” (.ZU, y) = (mln(l — Y2 + X2, 1 + U — 1‘1)792 - Ig),

which is an extension of Lukasiewicz implicator to L*.
Example 2.2.2.9 If we take S = S; and N = N; in (2.5), then, [ngN(:my) =
(min(1,y; +1 — 21, 290+ 1 —y2), max(0, x1 + yo — 1)) is an extension of Lukasiewicz
implicator on [0,1] to L* and is a S-implicator on L*. Also this extension can
be obtained by taking 7" = T}, in (2.6) which makes it a R-implicator extension
on L*. Thus we have f§L7NS(x,y) = ffL(x,y) = (min(l,y1 + 1 — 21,29 + 1 —
y2), max(0,z; + y2 — 1)). It is a contrapositive intuitionistic fuzzy extension of
Lukasiewicz implicator to L*.
Remark 2.2.2.10 In order to check the suitability of intuitionistic fuzzy impli-
cators for a variety of purpose the criteria Smetz and Margrez were generalized
for intuitionistic fuzzy implicators in [45]. Also it was shown that ]}L (z,y) =
(min(1,y; + 1 — 21,22+ 1 —ys), max(0, 1 + yo — 1)) is the only intuitionistic fuzzy
implicator that satisfies all the axioms of Smetz and Margrez developed for TF'S.
Remark 2.2.2.11(Axioms of Smetz and Margrez for an intuitionistic
fuzzy implicator)

Taking into consideration the importance of Smetz-Margrez axioms, that stood
as a yardstick to test the suitability of fuzzy implicators, [45], generalized these

axioms for intuitionistic fuzzy implicators as follows:

(A.1). (Vy e L*)(I(.,y) is decreasing)
(Vz € L*)(I(x,.) is increasing);
(monotonicity law)
(A.2). (Vo € L*)(I(1p+,z) = z);
(neutrality principle)
(A3). (Y(z,y) € (L) (z,y) = [N(), M)
(contrapositivity w.r.t. an intuitionistic fuzzy negator N)
(Ad). (Wz,y,2) € (L)@, 1y, ) = Iy, Iz, 2)));
(interchageability principle)
(A5). (V(w,y) € (L)) (@ <oy <= (2,y) = 114);

(confinement principle)

35



(A.6). I is continuous.

(continuity)
Definition 2.2.2.12 (Residuation principle) "An intuitionistic fuzzy t-norm
T satisfies the residuation principle if and only if, for all z,y, z € L*, T(z,y) <p-
2=y <p~ fT(x, z) where I denotes the residual implicator generated by 7.
Theorem 2.2.2.13 "Let 7" be a left continuous t-norm and ¢ € [0, 1]. Define an

(L*)? — L* mapping T, by, for all z,y € L*,

TT,t('ra y) - (T(xlayl)vmin{l - T(l - ta T(l — X2, 1— 92))7

1 -T(1 —yo,21),1 =T(1 —x2,y1)}).

Then TT,t is an intuitionistic fuzzy t-norm satisfying the residuation principle."

Note 2.2.2.14 Note that TVT,t is t-representable if and only if ¢ = 0. Then, clearly
Tro(x,y) = (T(x1,y1), 1=T(1—m9, 1—15)). If t # 0, then Tr,((0,0), (0,0)) = (0,1).
So T T+ is not t-representable since for an intuitionistic fuzzy t-representable t-norm

7((0,0)(0,0)) = (0,0).

2.2.3 Operations on Intuitionistic Fuzzy Sets Induced by

Intuitionistic Fuzzy Connectives

Likewise to FS-theory, in IFS -theory the generalized intersection (N),union (U)
and complementation operations between IFS’s is modeled by intuitionstic fuzzy

t-norms 7', intuitionstic fuzzy t-conorms S and intuitionistic fuzzy negator N.

Thus for A, B € IFS(X) and for all x € X, we define:

ANy B(z) = T(A(z), B(z)); (2.7)
AUz B(x) = S(A(x), B(z)); (2.8)
coA = N(A(z)); (2.9)

where T (respectively S) used in (2.7) and (2.8) could be t-representable or non t-
representable intuitionistic fuzzy t-norm (respectively conorm). In case, we define
generalized N and U between IFS’s by t-representable intuitionstic fuzzy t-norm

(respectively dual t-conorm), expressions (2.7) and (2.8) can be redefined as fol-
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lows:

AnzB = T(A(w),B(z)) (2.10)
- {(x,T(HA(X) (X)), S(va00, va(x)) | xeX}; (2.11)
AUsB = S(A(x), B(z)) (2.12)
- {(x, S(ua(), 1e09), T(va(), ve()) | a:eX}. (2.13)

such that A(z) = (Ka(X),va(X)) and B(z) = (#8(X),va(X)) and T and S are t-norm

and t-conorm on [0, 1],respectively, satisfying the following two relations:

T(HAX), 1B(X)) + S(1 — 1a(¥), 1 —1e(X) < 1; (2.14)

S(Ha), ue(X) + T(1 — HA), 1 —ue(X)) < 1. (2.15)

Now if we work with the pair (77, ') which are duals of each other then the relations
(2.14) and (2.15) are verified by equality [Remark 2.2.1.7].

In this dissertation, we have fixed the t-representable intuitionstic fuzzy pair (T, E)
in (2.10) and (2.12) by the family of intuitionistic fuzzy frank t-norms T(z,y) =
(TF(z1,v1), SE (29,72)) and their dual intuitionistic fuzzy frank conorms S(z,y) =
(SE(z1,y1), TF (29, 92)) where z,y € L*, such that their representant family of t-

norms 71 and their dual t-conorms S¥ satisfy the valuation property stated as:

T (a,b)+SE(a,b) = a+bforall a,b € [0,1] and w = 0, 1, 400 [Theorem 2.1.1.14].
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Chapter 3

Fuzzy Measures on Intuitionistic Fuzzy Sets
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In the late of 19"" century, there was a growing need for more precise mathematical
analysis, induced primarily by rapidly advancing science and technology. As a
result, new questions regarding measurement emerged. Considering for example,
the set of real numbers between 0 and 1, which may be viewed as points on a real
line, mathematicians asked what was the measure of the remaining set (or the
length of the remaining interval of real line). Questions like these and many more
were carefully examined by a french mathematician Emile Boral (1871-1956). He
developed a theory to deal with questions which were an important step towards
a more general theory that we now refer to as the classical measure theory.

A classical measure is a set function [78] satisfying the additivity property. The
additivity property of classical measure although is convenient to apply it as yet is
too restrictive. Consequently, unrealistic results in many reasoning environments
of real world have been given. For example, if we want to measure the efficiency of
a set of workers then the efficiency of the same group of people doing team work
is not the addition of the efficiency of each individual working on his own. The
solution to the above problem was appeared in the late of 70’s and 80’s of the
previous century with a notion of fuzzy measure theory. A fuzzy measure is a non
additive set function having additivity axioms of classical measure replaced with
the axioms of monotonicity related to the inclusion of sets.

Since an intuitionistic fuzzy set is a special case of F.S(X) in the sense of
Gougen [71], where L = L*, an attempt to generalize the concept of set func-
tion for intuitionistic fuzzy sets resulted into two diversions namely, a real valued
intuitionistic fuzzy set function which laid the background of fuzzy measure on
intuitionistic fuzzy sets and an intuitionistic valued set function that played the
key role in defining an intuitionistic fuzzy measure on intuitionistic fuzzy set. For
a detailed study we refer to [18].

Among other different measures on a set, the cardinality of a set(crisp) is an
elementary measure on a set referring to a number giving the count of the elements
belonging to the set. In the case of fuzzy sets, the partial belongingness of elements
to a fuzzy set leds to different approaches presented in fuzzy literature which were
presented from time to time in order to define the most appropriate generalization

of this measure. The proposals presented in this regard can be roughly classified
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into the following three groups:

(i) scalar cardinalities;

(ii) fuzzy cardinalities;

(iii) integer cardinalities.

The first type of cardinality is a set function which is mapped to the set of positive
real numbers or in other words the cardinality of fuzzy set is defined to be a
positive real number [37, 38, 56, 73, 161]. In the second kind, cardinality of a
fuzzy set is described by some fuzzy quantity which may not be convex in nature
[29, 55, 66, 162, 171]. The last type of cardinality of a fuzzy set is obtained by
applying some defuzzification method on the fuzzy cardinality of that set and can
be equivalently defined as nothing more than counting the elements of 0.5— cut
of that fuzzy set [128] [see Definition 2.1.1, Section 2.1.1, Chapter 2].

Among all these three types the scalar cardinality of a fuzzy set is the most
acceptable due to its convenience in real life applications. Therefore, in this work
we shall restrict our self to the discussion of the scalar cardinality of fuzzy and
higher order fuzzy sets. The cardinality of fuzzy set was initially proposed by De
Luca and Termini who named it the power of finite fuzzy set. According to them
the scalar cardinality of a finite fuzzy set A is the sum of the membership degrees

of its elements, symbolically defined by |.|, and is given as:

A= #a® (3.1)
zeX
where X = {x1, 29, ...z, } and is called the Sigma count of A.

In fuzzy literature, the scalar cardinalities defined had axiomatic as well as
constructive approaches. A detailed study on scalar cardinalities of fuzzy sets that
covers all the historical approached had been made by Wygralak [160]. According
to him, a mapping card(A) : F'S(X) — [0,00) is called the scalar cardinality of
fuzzy sets if it satisfies the following postulates:

(i). Coincidence: For all € X, card(A(z)) = 1 when A(z) =1 € [0, 1].
(ii). Monotonicity: For all A, B € FS(X),

A C B implies card(A) < card(B). (3.2)
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(iii). Additivity: For all A, B € F.S(X),
Supp(A) N Supp(B) = ¢ implies card(AU B) = card(A) + card(B). (3.3)

In 1995, Atanassova [14] introduced the concept of a scalar cardinality of an in-
tuitionistic fuzzy set while Szmidt [141], presented it in the form of a numerical
interval with membership degree as lower bound and the sum of hesitancy and
membership degree as an upper bound. Tripathy [149], re-explored different prop-
erties of this numerical interval cardinality and further proposed the concept of
relative intuitionistic fuzzy count. The mean value of the cardinality interval was
defined as a scalar cardinality of IFS by Vlachos [153] while Kral [96, 97], devel-
oped an axiomatic approach towards the extensions of scalar cardinalities of fuzzy
sets to their intuitionistic versions. Moreover, some other related ideas to this
concept can be found in [44, 104, 150].

In this chapter, we have introduced four new normal fuzzy measures on intu-
itionistic fuzzy sets along with a new cardinality measure called weighted average
cardinality measure for intuitionistic fuzzy sets. We also studied in detail some
important properties of this new measure like valuation property, complementary
rule and its behavior with the famous logical model operator of necessity and
possibility as introduced by [7]. The measures in this chapter will be extensively
used in accomplishing the core target of this dissertation, i.e., construction of new

measures of similarity and inclusions between intuitionistic fuzzy sets.

3.1 Some New Fuzzy Measures on Intuitionistic

Fuzzy Sets

The results presented in this section are a part of our published paper [127].

In intuitionistic fuzzy literature, the notion of measure for the IFS has been
extended mainly by Ban [18] in two ways: as a fuzzy measure of intuitionistic
fuzzy sets and intuitionistic fuzzy measure of intuitionistic fuzzy sets. Both of
these measures were based on o—algebra of intuitionistic fuzzy sets in a crisp

universe X called an intuitionistic fuzzy o—algebra on X.
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Definition 3.1.1 [19] An intuitionistic fuzzy o—algebra on X is a family £ of
IFS’s on X satisfying the properties:

(i) 1y € £;

(ii) If A € £ then it implies A° € £;

(iii) Upen A, € £ for every sequence (A, )nen of IFS’s in £;

where 1x = {(z,1,0) | z € X} is the intuitionistic fuzzy set corresponding to the
universe X.

The sets in £ are called the IF measurable sets and the pair (X, £) is called an
intuitionistic fuzzy measurable space.

Definition 3.1.2 [18] Let (X, £) be an intuitionistic fuzzy measurable space. A
function m : £ — [0, 00] is called a fuzzy measure of intuitionistic fuzzy sets if it
satisfies the following conditions:

(i) m(0x) = 0;

(ii) For any A, B € £, A C B implies m(A) < m(B).

where Ox = {(2,0,1) | z € X} is the intuitionistic fuzzy set corresponding to the
empty set ¢. The measure m with the boundary condition m(TX) =1 is called a
normalized or normal fuzzy measure.

The following normal fuzzy measure of intuitionistic fuzzy sets was introduced

in [18] : For any A € IFS(X),

> 1Al + (1 - val)
m(A) _ zeX

2n

In this first section, we present some new fuzzy measures on intuitionistic fuzzy
sets. The first two measures are for any universe X while the next two are defined
on X = {x1,xs,...x,} with | X| =n.

(a). For all A e IFS(X),

mi(A) = %(Iig)f(ﬂA(x) + (1 - SIEJ)I?VA(X))). (3.4)

We can verify that m;(A) satisfies the conditions given in Definition 3.1.2:

(i). m1(0x) = %(;g}f{(O) + (1 - ilel)}?(l)) =0.
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(ii). For any A, B € £, where (X, £) be an intuitionistic fuzzy measurable space
A C B implies that #a(X) < pe(X) and va(x) > ve(X) for all z € X

implies that inf (HA(X)) < ;Ielf (#e(X)) and —sup(VA(X)) < - SEJ(p(VB(X»

implies that (meA(X) + (1 — supva(X))) < (1anB(X) + (1 — supve(X)))

implies that ml(A) < my(B). - “

In addition it can be easily verified that m;(I1x) = 1.

(b). For all A € IFS(X),

me(A) = 4(;g)f(.uA(X) +(1- ilgl)I?VA(X)) + gsclel)I?,UA(X) +(1- ;2)f<VA(X))) (3.5)

Similarly to mq, we can verify that measure ms satisfies the conditions of Definition
3.1.2; ie.,
(i). my(0x) = (mf (0) + (1 — sup(1)) 4+ sup(0) + (1 — inf (1))) = 0.
r€X r€X reX
(ii). For any A, B € £, where (X, £) be an intuitionistic fuzzy measurable space
A C B implies that #a(X) < #8(X) and va(X) > va(X) for all z € X

implies that mf (/JA(X)) < 1nf (IJB(X)) and sup(va(X)) > sup(va(X))

zeX zeX

and sup(HA(X)) < sup(.UB(X)) and mf (VA(X)) > inf (va(X))

zeX zeX zeX
implies that mf (.UA(X)> < mf (.UB(X)) and 1 — sup(va(X)) <1 —sup (va(X))

reX rzeX

and sup(IJA(X)) < sup(HB(X)) and 1 — 1nf (VA(X)) <1 —inf(va(X)

zeX zeX zeX
implies that (mf,UA(X) +(1-— supVA(X)) + supHa(X) 4 (1 — 1anA(X)))

reX reX
(mf.uB(X) + (1 — supva(X)) + supte(X) + (1 — meB(X)))

rzeX zeX
implies that ma(A) < ma(B).

Moreover, may(1x) = 1(inf (1) + (1 — sup(0)) 4+ sup(1) + (1 — inf (0))) = 1.
zeX zeX zeX zeX
(c). For all A e IFS(X),

ms(A) = Cardg(A) = Oua(z) + (1 —0)(1 —val¥) (3.6)
D Opa(z) + (1= 0)(1 = val¥)
mih) - Corbd S 1

where § € [0.5,1].

Cardg(A) is the weighted average cardinality measure of intuitionistic fuzzy set
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A which is family of cardinality measures of intuitionistic fuzzy sets for different
choices of § € [0.5, 1].
The difference between ms, and mg is that the first one has been normalized

which we focus on as a normal fuzzy measure.
> o) +a-0)1-)
(i). Using Definition 3.1.2 we obtain mg(0x) = 2% = 0.

(ii). For any A, B € IF'S(X) such that A C B

implies that #A(X) < uB(X) and va(X) > va(X) for all z € X

implies that Ou,(z) < Oug(x) and (1 —6)(1 —va(X)) < (1 —0)(1 —ve(X) for all
reX

D ona@ - 0)1®) > Oup(e)(1-0)(1-ve00)

zeX < reEX
n =

implies that

implies that my(A) < my(B).

D ow+a-0)1-0)

reX —
_ — 1.

Similarly, ms(1x) =
Next, we introduce the last normal fuzzy measure of intuitionistic fuzzy set that
also satisfies the conditions given in Definition 3.1.2.

(d). Forall A e IFS(X),

D Va1 = va()

ma(A) = ==X - . (3.8)

Y Voa
(ii). For any A, B € IF'S(X) such that A C B
implies that #A(X) < us(X) and va(X) > ve(X) for all z € X

implies that 1/#a®)(1 — va()) < \/#s()(1 — va(x))

zeX < zeX

implies that

n

implies that my4(A) < my(B).

Z 1(1-0)

Likewise, my(1x) = = =0=1
Remark 3.1.3 It is sometimes useful to require the fulfillment of the following
properties by a fuzzy measure m(A) of A € IFS(X) i.e.,

(a). m(A) = 1 implies that A = 1x;
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(b). m(A) = 0 implies that A = 0.

We shall verify that new defined measures my(A) and ms(A) satisfy both of these
properties while the measure m;(A) satisfies only the first property.

(1-a). Let mo(A) =1

implies that (lnflJA(X) + (1 — supva(X)) + supia(®¥) + (1 — meA(X)))

reX zeX
implies that lnf 1a(X) = supHa(X) = 1 and supva(X) = infva(X) =0
r€X z€X zeX

implies that A =1y.
(1-b). Let my(A) =0

implies that (meA(X) + (1 — supva(X)) + suptal¥) 4 (1 — meA(X)))
zeX reX

implies that 1anA(X) = supva(X) = 0 and (1 — supva(X)) = (1 — infva(X))) =
zeX zeX zeX

implies that NA(X) =0andva(X) =1 forall z € X
implies that A = 0.

(2-a). Let mg(A) =1

implies that Z O (z) + (1 —0)(1 —va(X) =

reX
implies that O, () + (1 —0)(1 —vaX) =1forall z € X

implies that O, (z) + (1 —0)vaX) =1 — (1 —6) forall z € X
implies that O, (z) + (1 — 0)va(X) = 6 for all z € X

implies that #A(X) = 1 and va(X) = 0 for all z € X

implies that A = 1y.

(2-b). Let ms(A) =0

implies that Z O (z) + (1= 0)(1 —va(X) =

zeX

now as Ha(X), (1 —va(X)),0 and (1 —6) € [0,1] for all z € X
implies that O, () + (1 —0)(1 —vaX) =0 for all z € X
implies that O, () — (1 —0)va(X) = —(1 —6) for all z € X
implies that #A(X) = 0 and va(X) =1 for all z € X

implies that 4 = 0.

(3-a). Let my(A) =1

implies that lnf 1a(X) + (1 — supva(X)) = 2
rzeX

implies that 1anA(X) =1 and supva(X) = 0
reX

implies that .UA(X) =landva(X) =0 forall z € X

implies that A = 1y.
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Next, we show that m; does not satisfy the second property i.e.
implies that in)f( (HA()) 4 (1 — supva(X)) = 0
Tre

reX
implies that inf (LA(X)) 4 1 = sup(Va(X))
zeX reX
implies that inf (£A(X)) = 0 and sup(va(X)) = 1
zeX zeX

it further does not implies that #a(X) =1 and va(X) = 0 for all z € X.
Hence A # 0.

3.2 A New Measure of Cardinality on Intuition-
istic Fuzzy Sets

The results produced in this section as well as the one following it are a part of
our submitted paper [124].

Since the main part of this thesis is based on cardinality based constructions,
it seems appropriate to study in detail the properties of m3 as the measure of
cardinality. We observe that mjs satisfies properties similar to the ones introduced
for fuzzy sets in [160]. Moreover, we have studied some basic characteristics of this
family of cardinality measure especially the valuation property, the subadditivity
property, the complementary rule defined using t-norms and negations on L*.
Definition 3.2.1 A mapping Cardy(A) : I[FS(X) — [0, 00) is called the weighted

average cardinality of intuitionistic fuzzy sets given as:

Cardg(A) = Y Opy(x) + (1 0)(1 = vak9); (3.9)
where 0 € 9[05.5, 1].

It is easy to observe that Cardy(A) satisfies the following properties for all 0 €
0.5, 1]:

(i). Coincidence: For all x € X, Cardy(A(z)) = 1 when A(x) = 1,- € L*.

(ii). Monotonicity: For all A, B € [FS(X),

A C B implies Cardy(A) < Cardy(B). (3.10)

46



(iii). Additivity: For all A, B € IFS(X),

Supp(A) N Supp(B) = ¢ implies Cardy(A U B) = Cardy(A) + Cardy(B).

Since we have, already, mentioned in Section 2.2.3, Chapter 2, for A, B €
IFS(X), we shall model the generalized U and N between two [ F'S by t-representable
intuitionistic fuzzy Frank t-norm T (z,y) = (T¥ (z1,1), SF (z2,72)) and their dual
intuitionistic fuzzy Frank conorms S(x,y) = (SE(x1,11), TE (22,92)) [see Exam-
ple 2.11, 2.15] where z,y € L*, such that their representant family of t-norms
TF(a,b) and their dual conorms S (a,b) satisfy the valuation property stated
as: TH(a,b) + SE(a,b) = a + b for all a,b € [0,1] and w = 0,1, +oc. Therefore,
this combination of t-norm 7' and conorm S becomes the most suitable choice to
study the properties of the new defined weighted average cardinality measure for
intuitionistic fuzzy sets.

Also, for an intuitionistic fuzzy t-norm T with no zero divisor, i.e., T(x,y) =
07+ implies © = 07+ or y = Oz« and its dual t-conorm S, the third property of
Cardy of IFS can be equivalently defined by the following statements:

(i). For A,B € IFS(X), Supp(A) N Supp(B) = ¢ implies Cardy(A Ug B) =
Cardy(A) 4+ Cardy(B);

(ii). For A,B € IFS(X), Ang B = Ox implies Cardy(A Us B) = Cardg(A) +
Cardy(B).

Proposition 3.2.2 Let A, B € [F'S(X). The following properties hold for Card,
(a). Valuation property: Cardy(A Ug B) + Cardy(A N B) = Cardy(A) +
Cardy(B);

(b). Complementary rule: Cardy(A) + Cardy(A°) = Cardy(X) if and only if
0 =0.5;

(c). Coincidence: Cardy(A) = |Ker(A)|, if A is a crisp set;

where generalized intersection Nz, union Ug, complement A° of intuitionistic fuzzy
sets are defined using three basic intuitionistic fuzzy Frank t-norms their dual
conorms and the standard negations operator defined on L*.

Proof

(a). We shall construct three independent results of valuation property using

t-representable intuitionistic fuzzy frank t-norms:

TM(A(J:)7 B(l’)) - (TM (‘uA(X)7 ‘uB(X))7 SM<VA(X)7 VR(X)))7
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) = (Tp(HA(), 1B(X)), Sp(val(X), va(X)))),

) = (T (1A, uB(X)), Sy (va(X),va(X)))) and, their dual conorms
Sa(A(x), B(z)) = (Sy (A, us(X)), Ty, (valX), va(X)))),

Sp(A(z), B(x)) = (Sp(ralX), u8(X)), Tp(va(X), va(X)))) and

SL(A(z), B(z)) = (T (#aX), 18(X)), S (Va(X), va(X))))

such that A(z) = (£a(X),va(X)) and B(z) = (#8(X),va(X)), i.e.; we shall prove:
(a-i). Cardg(AUg,, B) + Cardg(ANg,, B) = Cardy(A) + Cardy(B).

(a-ii). Cardg(AUg, B) + Cardy(ANg, B) = Cards(A) + Cards(B).

(a-iii). Cardg(AUg, B) + Cardg(ANg, B) = Cardy(A) + Cardy(B).

(a-i). For all A, B € IFS(X), (ANg,, B)(z) =

(Tar (1a(X), 1B(X)), Spr(va(X), va(X))) and

(AUg,, B)(z) = (Sn(#a09, #8(X), Ty (va(X),va(X))), implies that
Cardg(ANg, B) = Y Omin(ua(i), #8(X))+ (1—0) min((1—va()), (1-ve(Xi)));

r;€X
Cardy(AUg, B) = Z  max(ua(X), #8(Xi)) 4 (1—6) max((1—va(xi)), (1—VB(Xi)));

z,€X

which together implies that Cardy(A Ug, B) + Cardg(A Nz, B) = Cardy(A) +
Cardy(B).

(a-ii). For all A, B € IFS(X), (ANg, B)(z) =

(Tp(HA), 1B(X)), Sp(val(X), va(X)))

and (A Ug, B)(z) = (Sp(a(), 4s(X)), Tp(va(X),ve(X))), implies that
Cardg(ANg, B) = Y 0(1al)rs(i)) + (1 - 0)(1 —va() — Va(Xi)+ valxi)veXi);

x; €X
Cardy(AUg, B) = Z O(ual(Xi) 4 He(Xi) — ua(X)us(X)) + (1 — 0)(1 — valx)Ve(Xi)).

r,€X

Hence Cardy(A Ug, B) + Cardg(A Nz, B) = Cardy(A) + Cardy(B).

(a-iii). Forall A, B € IFS(X), (ANg, B)(z) = (T (#a(), #8(X)), Sp,(va(X), ve(X)))
and (A Ug, B)(z) = (S,(#a(), #s(X), T}, (va(X),va(x)), consider the right hand
side:

Cardy(AUg, B)+Cardy(ANg, B) = Z O min (1, La(Xi)+48(X)))+(1—0) max (0, La(Xi)+
z,€EX

us(Xi) — 1))

+ Y Amin(1, (1—valx))4(1—VeXi)))+(1—6) max(0, (1 —va(x))+ (1 —ve(Xi)) —

xr;€X

1)).
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Now without the loss of generality we take
min(1, #a(Xi) + pe(Xi)) = ua(X%i) + 1e(Xi) and max(0, 4a(%) + #s(i) — 1) = 0.

This choice leads to:

min(1, (1 —va(x)) + (1 — ve(Xi))) = 1 and

max(0, (1 —va(x)) + (1 —ve(Xi)) — 1) = (1 —valx)) + (1 — ve(Xi)) — 1

which leads to Cardy(A Ug, B) + Cardg(A Nz, B) = Cardy(A) + Cardy(B).
The other choice also leads to the same results.

(b). Let Cardy(A) + Cardy(A°) = Cardy(X)

if and only if Y Oy, (w) + (1 — 0)(1 — vald) + Y Owa(z) + (1 — 0)(1 — #ak9)

zeX zeX

=y 0+(1-0)=> 1

rzeX zeX
if and only if O () + (1 — 0)(1 —va(¥) + Ov4(x) + (1 — 0)(1 — #a(X)) = 1 for all

reX

if and only if 2(1 —0) =1

if and only if 1 — 0 = 0.5

if and only if 6 = 0.5.

(c). Let A be crisp set. Then in terms of intuitionistic fuzzy set

A={(z,1,0) | x € X} = Ker(A)

implies Cardy(A) = |Ker(A)|.

Theorem 3.2.3 For any A, B € [FS(X),

(a). Cardy((AUg,, B)) + Cardy((ANg,, B)°) = Cardy(A°) 4+ Cardy(B°);

(b). Cards((AUg, B)) + Cards((ANg, B)°) = Cardg(A°) + Cardy(B°);

(c). Cardy((AUg, B)°) + Cardy((ANg, B)°) = Cardy(A°) + Cardy(B°).

Proof

(a). Forall A, B € IFS(X), (ANg,, B)(z) = (Su(va(X),ve(X)), Ty, (1a(X), #a(X)))
and

(AUg,, B)*(z) = (Ta(valX),va(X)), Sy (#a(), #8(X))) implies that

Cardg(AUg,, B)® = Z 0 min(va(x), Ve(Xi))+ (1—0) min((1—ua(x)), (1—Hs(X)));

x; €X
Cardy(Ang,, B) = Z 0 max(vVa(Xi),VB(Xi))4(1—6) max((1—ua(X)), (1—Ha(XD)));

r,€X
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which together implies that Cardy(AUs,, B)®+ Carde(ANg,, B)® = Cardy(A°®) +
Cardy(B°).

(b). For all A, B € IFS(X), (ANg, B)*(z) = (Sp(va(X),va(X), Tp(ka(X), #a(X)))
and (A Ug, B)¢ = (Tp(va(X),va(X)), Sp(#a(X), #8(X))) implies that

Cards(AUg, B)® = Z O(va(i)VB(Xi)) + (1 — ) (1 — 1alxi) — #e(Xi) 4 a(Xi)a(Xi));

r,€X
Cardyg(ANg, B)® = Z O(valxi) +VB(Xi) —valx WB(Xi)) 4 (1 — 0) (1 — ualXi)ua(Xi).

r,eX

Hence Cardy(A Ug, B)®+ Cardy(ANg, B)® = Cardy(A°) + Cardy(B°).

(c). For all A, B € IFS(X), (AUg, B)*(z) = (T (va(X),ve(X)), Sy (4a(X), 1a(X)))
and (ANg, B)*(z) = (Sp(va(X),ve(X), T, (#a(X), #8(X))), consider right hand side:
Cardg(ANg, B)*+Cardy(AUg, B)* = > fmin(1,va()+V8(Xi))+(1-6) max(0, (1—

r,€X
ua(Xi)) + (1 — pe(Xi)) — 1))
+ Z 0 max(0,va(x) + Ve(Xi) — 1)) + (1 — ) min(1, (1 — ua(x)) + (1 — usx)).

r,€X
Now without the loss of generality we take

min(1,va(%i) + Ve(Xi)) = va(xi) + Ve(Xi) and max(0,va(i) + ve(Xi) — 1)) = 0.

This choice leads to:

min(1, (1 — #a(X)) + (1 — #s(X))) = 1 and

max(0, (1 — ua(Xi)) + (1 — ueXi)) — 1) = (1 — uaX)) + (1 — us(Xi)) — 1

which leads to Cardy(A Nz, B)° + Cardy(AUg, B)® = Cardy(A°) + Cardy(B°).

The other choice also leads to the same results.

3.3 Results of Cardy(A) on Possibility and Neces-
sity Operators

Among several interesting operators introduced in the family of all intuitionistic
fuzzy sets [7], the two operators called by Atanassov the necessity and possibility

operators have gained a substantial attention of the research community. For any

A € IFS(X), the necessity operator [ : IF'S(X) — [FS(X) is defined as:

OA = {(;Ui,uA(xi), 1 — 1ax)) | z; € X} (3.11)
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and the possibility operator ¢ : IF'S(X) — [FS(X) is defined as:
QA = {(wl, 1 —vaXi),va(xi)) | z; € X} . (3.12)

Both of these operators had exhibited many interesting properties. Besides their
connection with the well known possibility theory, the terms possibility and ne-
cessity are clear even to those practitioners who are not expert in this field. A
natural and straightforward interpretation of these two ideas made them useful in
many different fields. For example, let us mention the problem of ranking fuzzy
numbers, where hundreds of methods have been proposed but its formulation in
the setting of possibility theory have resulted in generally accepted tool; the pos-
sibility /necessity indices of dominance; which are successfully applied in many
situations.

In this subsection, we shall explore different aspects of the new defined weighted

average cardinality measure Cardy(A Z Opa(z) + (1 — 0)(1 — valX)) when

zeX
applied to modal operators [JA and QA.

Remark 3.3.1 For any A € IFS(X), the following hold:
(a). Carde(OA) = Cardy((QA)°);
(b). Cardg(OA) = Cards((DA%)°);
(c). Cardy(O0A) = Cards(A);
(d). Cardy(O0A) = Cardy(OA);
(e). Cardy(OOA) = Cardy(OA);
(£). Cards(OOQA) = Cards(QA);
(g). Cards(QOA°) = Cardy((DA)°);
(h). Cardy(0A) = Cardy((OA)°);
(i). Cardy(0A) < Cards(OA).
Theorem 3.3.2 For any A, B € [FS(X), we have:
(a). Cardyl(A Ug,, B) = Cardg(0A Ug, TIB);
(b). CardyO(A Us,, B) = Cardy(0A Ug,, OB);
(c). CardyO(ANg,, B) = Cardg(0A Nz, OB);

( B) =

(

Y

)

(d). CardyO(A N7, Cardy(OA N7, OB);
(e). Cardy(A Usg, B) = Cards(0A Ug, OB);
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(f). CardyO(AUsg, B) = Cardy(0A Us, OB);
(g)- Cardgl)(A Nz, B) = Cardg(OA Ny, OB);
(h). CardyO(A Nz, B) = Cardy(OA Nz, OB);
(i). Cardy0(A Ug, B) = Cardy(0A Ug, OB);
(J)- CardyO(AUg, B) = Cards(OA Ug, OB);
(k). CardgO(ANg, B) = Cardy(JA Nz, UB);
(D). CardyO(A Nz, B) = Cards(OANg, OB).
Proof

(a). For any A,B € IFS(X),

O(AUs,, B) = {(a:,max(uA(Xi),HB(Xi)), 1 — max(ua(Xi), us(X))) | z; € X}
= {(x,max(uA(Xi),lJB(Xi)),min(l —ua(%i), 1 — pe(X))) | z; € X}

= DAug, OB.

Since the two sets are equal, by the basic monotonicity property of Cardy
CCLng(D(A UEM B)) = CCLTd@(DA U§M DB)
(b). For any A, B € IFS(X),

O(AUg, B) = {(x, 1 — min(va(),ve(X)), min(va(x),ve(X))) | z; € X}
= {(x, max(1 — va(x), 1 — ve(Xi)), min(va(x:), ve(Xi))) | z; € X}

0AUg, OB.

Since the two sets are equal, by the basic monotonicity property of Cardy
CardyQG(A Ug,, B) = Cardy(QA Ug,, OB).

The proofs of the remaining parts can be constructed in similar manner.

Theorem 3.3.3 For any A, B € [FS(X),

(a). Cardyl(A Ug,, B) + Cardg0(A Nz, B) = Cardy(A) + Cardy0(B);

(b). CardyO(AUg,, B) + CardyO(A Nz, B) = CardsQ(A) + CardyO(B);

(c). Card(A Ug, B) + CardglT(A Nz, B) = Cardyl)(A) + Cards(B);

(d). CardyO(AUg, B) + CardgQ(ANg, B) = CardsQ(A) + CardyQ(B);

(e). Cardy0(A Ug, B) + Cardy0(A Ny, B) = Cardy0(A) + Card,0(B);

(f). CardyO(AUg, B) + CardgO(ANg, B) = CardyQ(A) + CardyO(B).
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Proof
(a). From Theorem 3.3.2 (a) and (c) we have that, for any A, B € IFS(X),
Cardy(AUsg,, B)+Cardy0(ANg,, B) = Cardy(OAUg, OB)+Cardy(CDANz
OB)
=) Omax(ua(xi), #s00)) + (1 - 6)(1 — min((1 — #a(x0), (1 — #a(x))))

r,€X

+ Z O min(#a(Xi), k8(X)) + (1 — 0)(1 — max((1 — #a(X)), (1 — #s(Xi))))
x;€X

= Z O max(ua(Xi), 18(X)) + (1 — 0) max(ua(Xi), ne(Xi)
z,€X

+ Z O min(1a(Xi), 18(X)) + (1 — 0) min(#a(Xi), ue(X))

zr,€X

= Cardy0(A) + Cardy0(B).
(b). From Theorem 3.3.2 (b) and (d) we have that:

CardsQ(A Us,, B)+CardyQ(A N7, B) = Cardy(QA Us,, OB)+Cards(OA N7,
0B)

= > fmax(1 —va(i), 1 — VB(Xi)) + (1 — 0)(1 — min(va(x),Ve(Xi)))

r,€X

+ Z f(min(1 —va(x), 1 —ve(Xi))) + (1 — 0)(1 — max(va(xi), Ve(Xi)))
zr,€EX

=Y fmax(l —va(x), 1 - ve(Xi)) 4 (1 - §)(max(1 — va(x), 1 — ve(Xi))
z,€X

+ ) O(min(1 — va(xi), 1 —ve())) + (1 — )(min(1 — va(x), 1 — va(Xi))

r,€X

= CardyQ(A) + CardyO(B).
(c). From Theorem 3.3.2 (e) and (g) we have that:

CardyO(AUg, B)+CardyO(ANg, B) = Cards(OAUg,0OB)+Cardy(OANE,
0B)

= Z O(ualXi) + uB(Xi) — ua(Xi)us(Xi)) + (1 — 0)(1 — ((1 — 1alxi))(1 — us())))

z,€X

+ Z O(uax)uB(Xi)) + (1 —0)(1 — ((1 — #a(Xi)) + (1 — us(i)) — (1 — ua(Xi)(1 —
LlA(Xi)g;i)e
= 7 Bpuals) + O () + (1= 0)(1 — (1 —#a00))) + (1) (1 — (1 — #a(x))

= Cardyd(A) 4+ Cardyd(B).
(d). From Theorem 3.3.2 (f) and (h) we have that:

CardyQ(AUs, B) +CardsQO(ANg, B) = Cardg(0AUg, OB) + Cards(OANF,
0B)

93



= ) 0((1 = val)) + (1 = vB(Xi)) — (1 = vali))(1 — ve(i)) + (1 — 6)(1 —
z,€X
va(xi)Ve(Xi))
+ ) 0((1 = va))(1 —vB(i)) + (1 — 6)(1 — (vakxi) + VB(Xi) — va(xive(Xi))
r,€X
= Z (1 = va(x)) + (1 — V(X)) — (1 — va(x)(1 — ve(Xi)))

+(1 —0)((1 = va(x)) + (1 — ve(X)) — (1 — va(x))(1 — vB(Xi)))
+ 3 01— vali)(1 = ve(Xi)) + (1 — 0)(1 — va(xi))(1 — va(Xi)

r,€X

= CardyQ(A) + Cardyd(B).
(e). From Theorem 3.3.2 (i) and (k) we have that:

Cardg(AUg, B)+Cardy0(ANz, B) = Cardy(OAUg, OB) + Cardy(OANz,
0B)

= Z O min(1, Ha(Xi)+48(X)) + (1 —0)(1 —max(0, (1 —ua(X))+ (1—us(i))—1))

z,€X

- Z 0 max (0, La(Xi) +u8(Xi)— 1)+ (1—0) (1 —min(1, (1 —#alXi))+(1—#usX))))
r,€X

= Z O min(1, 4a(Xi) + He(X)) + (1 — 0) min(1, £a(Xi) + ua(Xi))
T, €X

+ Z 0 max(0, La(Xi) + 18(Xi) — 1) + (1 — 0) max(0, ua(Xi) + Ha(Xi) — 1)
x; €X

= Cardg(A) + Cardy0(B).

(f). From Theorem 3.3.2 (j) and (1) we have that:
CardyQ(A Us, B)+ CardsO(A N7, B) = Cardy(QA Us, OB)+ Cardy(OA N7,

0B)

T, €X

+ Z O min(1, (1—va(x))+ (1 —ve(Xi)))+ (1—6)(1—max(0,valx)+Ve(Xi)—1))
T, €EX

= Z 0 max (0, (1 — va(x)) + (1 — ve(Xi)) — 1) 4 (1 — #) max(0, (1 — va(x)) +
r,€X

+29mln(1 (1—va0()+(1—-ve(Xi)))+(1—0) min(1, (1—va(x))+(1-Ve(Xi)))

= C(I’Fd@O( ) + C(ZTd@O(B)
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Chapter 4

Intuitionistic Fuzzy Bi-implicator Operators
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The investigation of fuzzy logic in a narrow sense, as subfield of multi-valued logic
as initiated by Hajek [77], opened a lot of debate about ‘the most reasonable way’
of extending the most common operators from the classical domain {0,1} into the
continuum of [0,1]. In the mean while, if some classical connectives appeared as
their well established fuzzy counterparts, others remained largely as a matter of
contention. For instance, the fuzzy interpretation of conjunction was well settled in
the framework of triangular norms, similar to the conjunction which was dealt by
its dual conorm. Likewise, the classical negation, in its both weak or strong form
owns a reasonably well-studied associated fuzzy logical operator. Furthermore,
fuzzy literature is rich in many different competing fuzzy versions of implication
operators as well.

The classical bi-implicator operator also does not fall short of fuzzy interpre-
tation, and we may find it appearing in fuzzy literature under the appellations
of T-equivalence [108], fuzzy similarity [77], fuzzy equality [111] and restricted
equivalence functions [32]. Some of these approaches had axiomatic definitions
while other were constructive in structure. However, in all of these approaches
the operators defined were more or less required to satisfy reflexivity, symmetry
and even T-transitivity. Moreover, in some cases they were bound to be compa-
rable with the notion of metric in [0,1] like in [111], where the concept of fuzzy
bi-implicator appeared with the notion of fuzzy equality which was utilized as a
basic connective in defining a class of algebras called EQ-algebras. Furthermore,
these connectives were later utilized in the development of a generalization of fuzzy
logic called Fuzzy Type Theory. The condition of T-transitivity was relaxed under
the notion of fuzzy resemblance relation [53, 54].

In intuitionistic fuzzy theory, the structural constraints of the underlying lattice
such as the existence of incomparable elements has resulted into a large hollow
space of unanswered questions existing in this particular area of logic. The fact
that besides its wide range of applicability, in contrast to its fuzzy counterparts,
one rarely finds any development of intuitionistic fuzzy bi-implication operator
[109] which has attracted our motivation towards, developing a generalized vision
of Intuitionistic Fuzzy Bi-implicators (IBI).

The aim of this chapter is a two fold: The foremost is to convey to our reader,
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a comprehensive picture of some new generalized classes of intuitionistic fuzzy
bi-implicators having axiomatic and constructive definitions along with their mu-
tual relationship. To be more specific, we have introduced three different classes
of intuitionistic fuzzy bi-implicators called the class of intuitionistic fuzzy k—bi-
implicator, the class of intuitionistic fuzzy [—bi-implicator and a larger class of
intuitionistic fuzzy T' S —bi-implicator based on different intuitionistic fuzzy t-
norms, R-implicators and intuitionistic fuzzy conorms. A mutual relation between
these constructive classes has reveals that formally mentioned two classes fall in the
third class making it a more generalized class of intuitionistic fuzzy bi-implicators.
Such a study is expected to lay a groundwork for the development of new intu-
itionistic fuzzy logic or algebra having different intuitionistic fuzzy bi-implicators
as basic connective operators. The second and an equally important aim of the
above mentioned study is to develop a firm structural bi-implication framework for
constructing some new classes of bi-implication based similarity measures for in-
tuitionistic fuzzy sets. For that we have studied the properties and characteristics
of one of the newly defined constructive bi-implicator called intuitionistic fuzzy
f—bi-implicator by utilizing the intuitionistic fuzzy Lukasiewicz implicator fTL [see
Example 2.2.2.9, Chapter 2| along with a t-representable intuitionistic fuzzy Min
t-norm (T'/) in its definition. The properties exhibited by this particular combi-
nation of intuitionistic fuzzy t-norm and R-implicator has been found to resemble
the properties of inclusion introduced by Sinha [134]. In fuzzy literature, these
properties have been categorized as a set of most reasonable properties for defin-
ing not only an inclusion indicator but also a stable similarity relation between
fuzzy sets. We believe that these can be reworked for their intuitionistic versions
in defining a new measure of similarity between intuitionistic fuzzy sets which is
one of the core targets of this dissertation.

The results produced in this chapter are a part of our accepted for publication

paper [5].
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4.1 Some New Approaches of Intuitionistic Fuzzy
Bi-implicators

This section is divided into two subsections. In the first subsection, a deep study of
an intuitionistic fuzzy bi-implicator is presented by defining three different classes
of intuitionistic fuzzy bi-implicator operators having intuitionistic fuzzy logical
connectives such as different intuitionistic fuzzy t-norms, their residual intuition-
istic fuzzy implications and t-conorms implanted in their definitions. Moreover,
their mutual relation is also presented there.

In the second subsection, we have build a more generalized view of intuitionistic
fuzzy bi-implicators by giving an axiomatic approach of an intuitionistic fuzzy bi-
implicator. This axiomatic definition is further utilized to classify the new classes
of intuitionistic fuzzy bi-implicators presented in the first subsection depending
upon their level of obedience to the presented set of axioms. It was found that
some of the constructive classes completely obeyed while other slightly disobeyed
the given set of axioms. We believe that such a classification of intuitionistic
bi-implicator operators can lay a background for constructing new intuitionistic

fuzzy logical phenomenons and some new algebras.

4.1.1 Classes of Intuitionistic Fuzzy Bi-implicators having

Constructive Approaches and their Mutual Relation

Inspired by the classical (in fact, intuitionistic) equivalence between p <= ¢
and (p = ¢) A (¢ = p), in this subsection, we have proposed several
new constructive approaches for defining an intuitionistic fuzzy bi-implicator using
intuitionistic fuzzy t-norms and their residual implicators. Moreover, their mutual
relationship and properties are studied and it is proved that there exists a non hull
intersection between these classes.

Definition 4.1.1.1 Let T be a left continuous intuitionistic fuzzy t-norm and
fT be the corresponding intuitionistic fuzzy R-implicator. Then the intuitionistic

fuzzy k—bi-implicator is the (L*)> — L* mapping I BI, defined as:

IBI,(z,y) = T(I(z,y), I(y,2)).
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Definition 4.1.1.2 Let 7° be an intuitionistic fuzzy t-norm, 7' a left continuous
intuitionistic fuzzy t-norm and fT be the corresponding intuitionistic fuzzy R-
implicator. Then the intuitionistic fuzzy B—bi-implicator is the (L*)*> — L*

mapping [ Bl defined as:

IBIQ(ZE, y) = T/(jT(ZL’, y)7 jT(yv l’))

Definition 4.1.1.3 Let 7" be an intuitionistic fuzzy t-norm, 7" a left continuous in-
tuitionistic fuzzy t-norm, fT be the corresponding intuitionistic fuzzy R-implicator
and S" be an intuitionistic fuzzy conorm. Then the intuitionistic fuzzy T' S — bi-

implicator is the (L*)*> — L* mapping [ Bl & defined as:

IBIpg (v,y) = Ip(5 (2,y),T (z,y)).

Proposition 4.1.1.4 Let T be a left continuous intuitionistic fuzzy t-norm and

jT be the corresponding intuitionistic fuzzy R-implicator then it holds:

x SL* Yy = TM(IUT(ZE,y),IUT(y,JZ)) = jT(SM(may)vTM(may))

Proof Suppose x <« y. Then we obtain,

Ii(z,y) = 10, T (x,y) = = and Sy (z,y) = y.

Hence, Ty (I (. ), Iy () = Tar(1e, Ty, )

= It(y,7) = Ip(Su(@,y), Tu (2, ).

Proposition 4.1.1.5 Let 7" be an intuitionistic fuzzy t-norm, 7' a left contin-
uous intuitionistic fuzzy t-norm and fT be the corresponding intuitionistic fuzzy
R-implicator, then the intuitionistic fuzzy B—bi-implicator 1Bl satisfies the fol-
lowing properties for all x,y € L*:

(b'1). IBIg(x,y) = 11+ if # = y (reflexivity).

(b'2). IBIg(x,y) = IBIs(y,x) (symmetry).

(v'3). IBlIg(x,y) = T'(I(z,y), Ip(y, ) = Tn(Lp(2,y), Ip(y. v)) provided & <.
)

!

(b'4). IBIs(x,y) = fT(gM(x,y),TM(x,y)) provided = <p- v.
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Proof

(0'1). IBIs(z,x) =T (I3(x, ), Ip(z, x))
(62). [BIs(x,y) = T (Ip(e.y), Ipy,2)) = T
(b'3). From z <. y we get [p(z,y) = 1,

and hence IBIg(x,y) = T (Ix(z,y), Iz(y,z)) = T (11+, Iz(y, x))

= Ip(y,2) = Tullp(y, 0), 10e) = Ta (e, Iy, 7)) = T (g (2, ), I (y, @)

(b'4). Let  <- y.

Then IBlIs(w,y) = Tr(Ip(z,y), I(y, ) = Ip(Su(w,y), Tar(x,y)) (By Proposi-
tion 4.1.1.4).

Proposition 4.1.1.6 An intuitionistic fuzzy bi-implicator I BI is an intuitionistic
fuzzy k—bi-implicator if and only if it is an intuitionistic fuzzy S—bi-implicator.
Proof By taking 7" = T in the definition of intuitionistic fuzzy S—Dbi-implicator
we can get an intuitionistic fuzzy k—bi-implicator. Conversely, we need to show
that a x—bi-implicator is an intuitionistic fuzzy S—bi-implicator. Let I BI,, be an
intuitionistic fuzzy x—bi-implicator. Then we show that it satisfies all the axioms
of Proposition 4.1.1.5 to become a S—bi-implicator.

(b'1). Suppose z = y.

Then we obtain I BI,(z,z) = T(Iz(z, z), Ii(z,x)) = T(15+,1;+)) = 1.-[Definition
2.2.2.2 and Definition 2.2.1.3]

(62). [BL(z.y) = T(Ir(x,y), Ir(y,2))

= T(Ip(y, ), Ip(x,y)) = IBL(y, ).

(b'3). Supposing z <. y we get jT(m y) =1~

and hence IBI,.(z,y) = T(Ip(z,y), I;(y, ) = T(1z+, I;(y, x))

= Ip(y, @) = Tas(Lp(y, ), 10-) = Tar(Lpe, Iy, @)

= Tu(Ip(x,y), Ir(y, ).

(b'4). Suppose = <y .

Then it follows: 1B, (z,y) = Ta(Ip(z,y), Ii(y, z))

— I:(Sa(x,y), Tar(z,y)) (by Proposition 4.1.1.4).

Remark 4.1.1.7 It must be noted that if we restrict ourself to the choice of all
those x,y € L* such that either z <;« y or y <« x and T to be a left continuous
intuitionistic fuzzy t-norm and fT be the corresponding intuitionistic fuzzy R-

implicator then, the class of all intuitionistic fuzzy x—bi-implicators and the class
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of all intuitionistic fuzzy B—bi-implicators satisfies (b'4). Thus they become the

subclasses of the class of all intuitionistic fuzzy T’ S —bi-implicators.

4.1.2 An Axiomatic Approach of Intuitionistic Fuzzy Bi-

implicator and its Relation with Constructive Classes

As it happens with implication, for bi-implication < there is no universal agree-
ment on what should constitute its fuzzy counterparts. The most well known class
of fuzzy bi-implication was investigated by Fodor and Roubens [68]. In this section,
we have presented an axiomatic definition of intuitionistic fuzzy bi-implicator oper-
ator which can be regarded as intuitionistic fuzzy generalization of Fodor-Roubens
fuzzy bi-implicator. Furthermore, we have studied its relation with the differ-
ent classes of intuitionistic fuzzy bi-implicators having constructive approaches as
presented in the previous subsection.

Definition 4.1.2.1 An intuitionistic fuzzy bi-implicator is an (L*)?> — L*mapping
I BT satistying for all w,z,y,z € L*:

(b1). IBI(z,y) = IBI(y,x);

(b2). IBI(0p+,17+) = 0ps;

(b3). IBI(x,z) = 1p+;

(b4). If w <p+ & <p+y <p» 2, then IBI(w, z) <p- IBI(x,y).

Example 4.1.2.2 Let for all w, x, y, 2 € L* such that w = (wq, ws), x = (21, 22),y =

(y1,y2) and z = (z1, z2). Then the operator defined as:

1 * lf xr =
IBI(z,y) = : ’

(min(1 — 22, 1 — yo), max(za, y2)) if x # y
is an intuitionistic fuzzy bi-implicator.

Indeed we will show that I BI(x,y) satisfies the four axioms of Definition 4.1.2.1,
ie.,

(b1). IBI(x,y) = IBI(y,x). Straightforward.

(b2). IBI(0p+,17+) = IBI((0,1),(1,0)) = (min(1—1,1—-0),max(1,0)) = (0,1) =
Op~.

(b3). IBI(x,z) = 1p+, by its definition.

(b4). Let w <y« x <p+ y <p» 2. This

implies w; < 2y <y < 2y and wy > 23 > Yo > 2
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implies 1 —ws <1 —2o <1 -1 <1—2

implies I BI(w, z) = (min(1 — wq, 1 — 29), max(ws, 29)) = (1 — wa, wo)

implies min(1 — wq, 1 — 29) < min(1 — yo, 1 — x5) and max(ws, 22) > max(ys, xs)
implies (min(1 — wy, 1 — 29), max(ws, 22)) <r+ (min(1 — y2, 1 — z3), max(ys, x2))
and hence IBI(w, z) <« IBI(x,y).

Remark 4.1.2.3 If we take w = x in axiom (b4) of Definition 4.1.2.1 then axiom
(b4) can be equivalently replaced by axiom (b°4) provided I BI satisfies (b1):
(6°4). If v <p« y <g» z, then IBI(x,z) <« IBI(z,y) and IBI(z,z) <p-
IBI(y, z).

Proof

(i). (b4) = (b°4).

Indeed putting w = x in (b4) implies

IBI(x,z) <« IBI(z,y) i.e. IBI(z,.) is decreasing for all z € L*.

From z <« y <p+ z <y« z it follows with (b4)

IBI(x,z) <« IBI(y,z) i.e. IBI(.,z) is increasing for all z € L*.

(ii). (b°4) = (b4).

Suppose w <p+ x <px Yy <y« 2.

From I BI(w,.) being decreasing and = <. z we get:

IBI(w,z) <p« IBI(w,x). (4.1)

From IBI(.,x) being increasing and w <y y we get:

IBI(w,z) <p- IBI(y,z). (4.2)

From (4.1) and (4.2) we get:

IBI(w,z) <p« IBI(y,x)

and hence if I BT satisfies (b1) :

IBI(w,z) <p« IBI(z,y).

Proposition 4.1.2.4 An intuitionistic fuzzy k—Dbi-implicator satisfies the axioms
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of definition 4.1.2.1.

Proof Let T be a left continuous intuitionistic fuzzy t-norm and fT be its intu-
itionistic fuzzy R-implicator and I BI, be the intuitionistic fuzzy x— bi-implicator
based on 7" and fT Then we only have to prove that an intuitionistic fuzzy x—
bi-implicator satisfies the axioms (b2) and (b4), as (b1) = (b'2) and (b3) = (b'1)
have already been proved in Proposition 4.1.1.6.

(b2). IBI(0p+,17+) = T(I7(0p+,11+), I5(11,0p4)) = T(1p+,0p+) = Op-.

(b4). Suppose w <p+ <z« y <7~ z. Then we obtain:

IBI,(w, 2) = Ty (Ii(w, 2), Ij(z,w)) by (b'3)

implies that IBI,(w, z) = Ta (11, Ii(z,w)) = Ii(z, w)

implies that IBI,(w,2) = Ii(z,w) <p Li(y,w) <p» I#(y,z) as y <, z and
w <y

implies that IBI,(w, z) <p« Ip(y,x) = Tar(1p+, Ip(y, 2)) = Tar(Ip(x, ), Ip(y, x))
implies that I Bl (w, z) <p« IBl(z,vy).

Proposition 4.1.2.5 An intuitionistic fuzzy 7" S’ —bi-implicator satisfies the prop-
erties (b1) and (b2) but may fail to satisfy the properties (b3) and (b4).

Proof Let 7' be an intuitionistic fuzzy t-norm, T a left continuous intuitionistic
fuzzy t-norm, fT be its intuitionistic fuzzy R-implicator and S” be an intuitionistic
fuzzy conorm. Let /Bl g be the intuitionistic fuzzy T' S —bi-implicator based
on T, Iy and S'. Then we show that I BI g satisfies the properties (b1) and (b2)
but may fail to satisfy the properties (b3) and (b4). For all z,y € L*

(01). IBIprg(2,y) = I:(8 (2,9), T (,9)) = [:(8 (9,2), T (3, 2)) = [BIp g (y, 2).
(b2). IBIpg (0, 1) = Lp(S (0, 11+), T'(0p+, 11+)) = Lp(1p+,0p+) = Op-.

In order to show that IBI; g fails to satisfy (b3) and (b4) we shall present the
following counter examples:

Let x = (0.7,0.1) € L*. Then by Remark 2.2.1.7 and Example 2.2.2.7 we take
S'(z,z) = Sp(z,2) = (0.91,0.01)

and T'(x,2) = Tr(z,z) = (0.4,0.2),

which implies that [Bl7 5, (7, 7) = jTM (Sp(x, ), Tr(x,z)) = (0.4,0.2) # 1.
Hence I Bl ¢ fails to satisty (b3).

Let w = (0.2,0.7),2 = (0.3,04), y = (0.5,0.3), z = (0.8,0.1) € L*. Then
Sp(w,z) = (1,0),Tp(w,2) = (0.16,0.73) and Sr(z,y) = (0.8,0),Tp(z,y) =
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(0.15,0.58).

Which implies that I BI7 3, (w,2) = Iz, (Sp(w,z), Tp(w, 2)) = (0.16,0.73) and
IBI; 35, (2,y) = Iz, (Si(z,y), Tp(z,y)) = (0.15,0.58).

Clearly, we see that IBI; 5, (w,2) £ IBl7,3, (x,y) as 0.16 > 0.15 and 0.58 <
0.73.

Hence, I Bl 5, fails to satisfy the property (b4).

Remark 4.1.2.6 Since it has been already proved in Proposition 4.1.1.6 that an
intuitionistic fuzzy bi-implicator I Bl is an intuitionistic fuzzy x—bi-implicator if
and only if it is an intuitionistic fuzzy S—bi-implicator, we can claim that intu-

itionistic fuzzy S—bi-implicator also fulfill the requirements of Definition 4.1.2.1.

4.2 Lukasiewicz Intuitionistic Fuzzy Bi-implicator

In the previous section we have presented a broader view of intuitionistic fuzzy
bi-implicator operators. In this section we shall have a deep look into properties
of one of the new bi-implicator classes presented here called intuitionistic fuzzy
—bi-implicator by utilizing intuitionistic fuzzy Min t-norm (T');) and intuition-
istic fuzzy Lukasiewicz implicator l}L in its definition. The motivation for this
particular combination is a fact that T, is the largest t-norm and intuitionistic
fuzzy Lukasiewicz implicator jTL serves as the basic connector for intuitionistic
fuzzy Lukasiewicz logic. The properties exhibited had close resemblance with
the general properties of any similarity relation between intuitionistic fuzzy sets.
Such a knowledge not only provides a better understanding about the structural
details of the particular class but also signifies the role of a bi-implicator in defin-
ing any similarity relation between two intuitionistic fuzzy sets. Thus for all

A, BeIFS(X)and x € X we have:

IBIs(A B)(z) = Tu(lf, (A2), B(x)), Iz, (B(2), A(x))) (4.3)
= (min(1,by —a1 +1l,a2 —ba+ 1,00 — by + 1,00 —az + 1),

max(0,a; + by — 1,0y + ay — 1)) (4.4)

where A(x) = (a1, as) = (A, va(X)), B(z) = (b, by) = (#8(X),ve(X)) € L*.
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Proposition 4.2.1 For all A, B € [FS(X),
a). IBIg(A, B)(z) = 11+ if and only if A(x) = B(z);
b). IBI4(A, B) = 1y if and only if A = B;
c). IBIg(A, B)(xz) = 0r« if and only if 2 € Ker(A)N(Supp(B))or z € Ker(B)N
)

(d). IBIg(A, B) = Oy implies Ker(A)N(Supp(B))¢ # ¢ or Ker(B)N(Supp(A))© #

Proof Let A,B € IFS(X)

(a). IBIg(A, B)(x) = 1. for any x € X,

if and only if T (I7, (A(z), B(x)), Iz, (B(x), A(z))) = 1z

if and only if (min(1,b; — a1 + 1,a0 — by + 1,417 — by + 1,by — as + 1), max(0, a; +
by —1,by +ay— 1)) =1~

if and only if min(1,b; — a; + 1,a5 — by + 1,47 — by + 1,09 —as + 1) = 1 and
max(0,a; + by — 1,01 +az — 1) =0

ifand only if by —a; +1>1,a0—bs+1>1,a; —by+1>1,bs —as+1>1 and
a4+ by —1<0,b+as—1<0

if and only if by > ay,as > by and a; > by, by > as

if and only if a1 = b; and as = by

if and only if A(z) = B(x).

(b). IBIs(A,B) =1x

if and only if IBIg(A, B)(xz) = 11+ for all x € X

if and only if A(x) = B(x) for all x € X

if and only if A = B.

(c). IBI3(A, B)(x) =0p for any x € X,

if and only if T (I7, (A(x), B(v)), I3, (B(x), A(z))) = O

if and only if (min(1,by —a; + 1,a2 — by + 1,a1 — by + 1,65 — as + 1), max(0, a; +
by — 1,0y + a3 — 1)) = 0p-

if and only if min(1,b; — a; + 1,a3 — by + 1,47 — by + 1,05 —az + 1) = 0 and
max(0,a; +by — 1,0y + a2 — 1) =1

if and only if either {b; — a; + 1 = 0 and max(0,a; + by — 1,b1 +as — 1) =1}

or {ag — by +1 =0 and max(0,a; + by — 1,b; + as — 1) = 1}

or {a; — by +1 =0 and max(0,a; + by — 1,b; + as — 1) = 1}
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or {bs —as +1 =0 and max(0,a; + by — 1,b; + as — 1) = 1}.

Next, we discuss all these cases one by one such that they have a mutual relation
of "or" between them.

Case 1: If by —a;+1 = 0 then we have by = 0, a1 = 1, as = 0 and by, < 1. However,
the condition max(0,a; + by — 1,b1 + as — 1) = 1 will enforce by = 1.

Thus, we have (a1,as) = (1,0) and (by,b2) = (0,1) and hence x € Ker(A) N
(Supp(B))*.

Case 2: If as — by +1 = 0 then we get a; =0, by = 1, by = 0 and a; < 1. However,
the condition max(0,a; + by — 1,0y + ay — 1) = 1 will enforce a; = 1.

Thus, we have (a1,as) = (1,0) and (by,b2) = (0,1) and hence x € Ker(A) N
(Supp(B))*.

Case 3: If a; —b1+1 = 0 then we have a; =0, by = 1, by = 0 and a, < 1. Likewise,
to above two cases the condition max(0,ay + by — 1,0y + ag — 1) = 1 will enforce
as = 1.

Thus, we have (a1,a2) = (0,1) and (by,by) = (1,0) and hence z € Ker(B) N
(Supp(A))-

Case 4: If we choose by —as+1 = 0 then we get by =0, a, =1, a; =0 and b; < 1.
The condition max(0,a; + by — 1,b; + as — 1) = 1 will enforces b; = 1.

Thus, we have (ai,az) = (0,1) and (by,b2) = (1,0) and hence = € Ker(B) N
(Supp(A))°.

Thus, all of these situations lead to the result:

IBIz(A, B)(z) = 0p» implies x € Ker(A)N(Supp(B))‘r x € Ker(B)N(Supp(A))°.
Conversely,

let © € Ker(A) N (Supp(B))*

implies thate € Ker(A) and x € (Supp(B))°

implies that (a1, as) = (1,0) and x € (Supp(B))°.

Now, x € Supp(B) < (by # 0 or by # 1) and hence x € (Supp(B))® < (by =0
and by = 1) < (by,b2) = (0,1)

implies that [(a1,a2) = (1,0) and (b1, by) = (0,1)]

implies that min(1,b; —a; + 1,a9 — by + 1,a; — by + 1,60 —as + 1) = 0 and
max(0,a; +by — 1,b; +as — 1) =1

implies that(min(1,b; — a3 + 1,a9 — by + 1,a; — by + 1,by — ay + 1), max(0,a; +
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by —1,by +ay— 1)) =(0,1)

implies that I BIg(A, B)(x) = 0.

Similarly, for z € Ker(B) N (Supp(A))¢ we get IBIz(A, B)(x) = 0p-.

Thus, z € Ker(A)N(Supp(B))‘or z € Ker(B)N(Supp(A))¢implies I BIz(A, B)(x) =
Opx.

(d). IBIs(A, B) = 0x

implies that I Blg(A, B)(z) = 0r« for all 2z € X

implies that either [x € Ker(A) N (Supp(B))¢] or [z € Ker(B) N (Supp(A))] for
all z € X

implies that Ker(A) N (Supp(B))® # ¢ or Ker(B) N (Supp(A))¢ # ¢.
Proposition 4.2.2 For all A, B € [FS(X),

[BI4(A, B) = IBI4(B, A).

Proof The result holds due to commutativity of T'j;.

Corollary 4.2.3 For A € IFS(X),

(a). IBIg(A, A°)(z) = 1.+if and only if A(x) = (a1, az2) such that a1, as < 0.5;
(b). IBIg(A, A) = 1y if and only if A(x) = (a1, as) such that ay,as < 0.5 for all
r € X,

(c). IBIg(A, A%)(x) = O« if and only if either A(z) = 1« or A(z) = 0p~;

(d). IBI4(A, A°) = O if and only if A =1y or A= 0y.

Proof Let A € IFS(X),

(a). IBIg(A, A%)(z) = 11+ for any 2 € X

if and only if T (17, (A(x), A(x)), I, (A%(x), A(x))) = 1

if and only if (min(1,as —a; + 1,a2 — a3+ 1,a; —as + 1,a; — as + 1), max(0, a; +
a; —lyag+ag — 1)) =1+

if and only if min(1,as — a3 + 1,41 —az + 1) = 1 and max(0,2a; — 1,2a3 — 1) =0
ifand only if ag —a;+1>1and a; —as+1 > 1 with 2a; —1 <0 and 2a; —1 <0
if and only if a; = as with a; < 0.5 and as < 0.5

if and only if A(z) = (a1, az) such that a; = as and ay,ay < 0.5.

(b). IBI4(A, A¢) =1x

if and only if IBIg(A, A°)(z) = 11« for all z € X

if and only if A(z) = (a1, az) such that a; = as and ay,a, < 0.5 for all z € X.
(c). IBIg(A, A%)(x) =0« for any z € X
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if and only if T (17, (A(x), A%(x)), I, (A%(x), A(x))) = O

if and only if (min(1,as —a; + 1,a2 — a3+ 1,a; —as + 1,a; — as + 1), max(0, a; +
a; —1l,as + a3 — 1)) =0«

if and only if min(1,as — a; + 1,43 —as + 1) = 0 and max(0,2a; — 1,2a; — 1) =1
if and only if as —a; +1=0o0ra; —as+1=0and 2a; —1=1or2a, —1=1
if and only if ag =0 ora; =0and a; =1 or a; =1

if and only if either A(x) = 17« or A(z) = 0.

(d). IBI4(A, A¢) = 0x

if and only if IBIg(A, A°)(z) = 0z« for all z € X

if and only if either A(x) = 1y+or A(z) =0y« for all z € X

if and only if either A = TX or A= GX.

Proposition 4.2.4 For A, B € IFS(X),

IBIg(A, B) = IBls(B*, A°).

Proof The result holds due to contrapositivity of the Lukasiewicz intuitionistic
fuzzy implicator ]%L [see Remarks 2.2.2.10,2.2.2.11, Chapter 2] used in (4.3).

Proposition 4.2.5 For any A, B,C € IFS(X) such that A C B C C' we have:

IBIs(A,B) | . . .
(a). IBI3(A,C) C i.e., the first partial mapping I Bls(-,C) of
IBI4(B,C)

I Bl is increasing and the second partial mapping I Bls(A, ) is decreasing;

(b). IBIs(A,C) C Ty (IBIs(A, B),IBIs(B,C)).

Proof Let A, B,C € IFS(X) such that AC B C C.

(a). A(z) <p« B(z) <p+« C(z) for all z € X

implies that a; < b < ¢; and as > by > cs.

Now as, [a; < by and ay > by and a3 + ag < 1]

implies thatl < b; —a;+1andas —by+1>1

implies that min(1,b; —a; + 1,a3 — bs + 1) = 1 and max(0,a; + by — 1) =0
implies that [z (A(z), B(z)) = (min(1, b1 — ay +1, a2 — by +1), max(0, ay + by — 1))
= (1,0) = 1.

implies that IBI5(A, B)(z) = Ta(I7, (A(z), B(x)), Iz, (B(z), A(x)))

= I (B(z), A(z)) = (min(1,a; — by + 1,by — ap + 1), max(0,b; + az — 1)).
Similarly, we have IBIz(B,C)(z) = (min(1,b; —¢; + 1,2 — by + 1), max(0, ¢; +
by —1)) and IBI3(A,C)(x) = (min(l,a; —c1 +1,c2 —az + 1), max(0, ¢; +az — 1)).

Now as, [a1—b1+1 > a;—c1+1 and by—as+1 > ca—ag+1 also c;+as—1 > by+as—1]
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implies that [min(1,a; —¢; +1,¢0 —ag + 1) <min(1,a; — by + 1,05 — as + 1)
and max(0, c; + as — 1) > max(0,b; + ag — 1)]

implies that (min(1,a; —¢; + 1,2 — ag + 1), max(0,¢; + az — 1))

<p+ (min(1,a; — by + 1,by — az + 1), max(0,b; + as — 1))

implies that I BIg(A,C)(z) <p- IBI3(A, B)(z) for all x € X

implies that I BIg(A,C) C IBIz(A, B).

Moreover, [a;—c1+1 < by—c1+1, ca—ags+1 < ca—bo+1 and c1+as—1 > ¢1+by—1]
implies that min(1,a; —¢; + 1,3 —az + 1) <min(1,b; — ¢; + 1,69 — by + 1)

and max(0,c; + as — 1) > max(0,¢; + by — 1)

implies that (min(1,a; —¢; +1,¢2 — az + 1), max(0,¢; + az — 1))

<p« (min(1,b; — ¢; + 1,¢0 — by + 1), max(0, ¢; + by — 1))

implies that I B1g(A,C)(z) <p- IBI3(B,C)(z) for all z € X

implies that I BIg(A,C) C IBIz(B,C).

(b). A(z) <p« B(x) <+ C(z) for all x € X

implies that a1 < by < ¢y and as > by > ¢

implies that ffTvL(A(x), B(z)) = 1+, fTL(A(x), C(z)) = 1z+and ffL(B(x), C(x)) =
11+

implies that IBIz(A, B)(x) = (min(1l,a; — by + 1,b2 — ag + 1), max(0,b; + as —
1)), IBI3(B,C)(z) = (min(1,by — ¢1 + 1,¢0 — by + 1), max(0,¢; + by — 1)) and
IBIg(A,C)(z) = (min(1l,a1 — ¢; + 1,0 — ag + 1), max(0, ¢; + ay — 1)).

Now [a; —b1+1>a;—c1+ 1, ba—as+1>co—as+1,bp—c1+1>a; —c1 + 1,
co—ba+1>cy—as+lande; +bo—1<ci+ays—1,b+a—1<c+ay—1]
implies that min(1,ay —¢; +1,c0 —as + 1) <min(1,bs —as + 1,a1 — by + 1,01 —
c1+1,¢c9 — by + 1) and max(0,¢; + ag — 1) > max(0,¢; + by — 1,01 + ag — 1)
implies that min(1,a; — ¢; + 1,¢2 — ag + 1) < min(min(1,by — as + 1,a7 — by +
1),min(1,by —¢; + 1,0 — by + 1)) and max(0, ¢; + as — 1) > max(max(0, ¢; + by —
1), max(0,by + as — 1))

implies that (min(1,a; —¢; + 1,¢3 — az + 1), max(0, ¢; + az — 1))

<z (min(min(1, bs—as+1, a;—b1+1), min(1, by—c1+1, ca—be+1)), max(max(0, c;+
by — 1), max(0,b; + ay — 1)))

implies that IBIs(A, C)(x) <p- Ty (IBIs(A, B)(z), IBIs(B,C)(z)) for all x € X
implies that 1BI;(A, C) C Ta(IBIs(A, B), IBI4(B,C)).
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Proposition 4.2.6 For any A, B € [FS(X), such that A and B are pointwise
comparable (see Definition 2.2.5, Chapter 2):

(a). IBIs(A, Ty (A, B)) = IBIs(B,Sy(A, B));

(b). IBIg(A, Sy(A, B)) = IBIs(B, Ty (A, B)).

Proof

(a). Let A, B € IFS(X), such that A and B are pointwise comparable. Then for
all z € X, either A(x) <p+ B(x) or B(z) <y« A(z)

implies that either Ty, (A(z), B(x)) = A(x) and Sy, (A(x), B(x)) = B(z)

or Ty (A(z), B(x)) = B(x) and Sy (A(x), B(z)) = A(x)

implies that I BIs(A(x), Ty (A(x), B(z))) = IBI3(A(z), A(x)) = 11~

and TBI5(B(x), Su(A(2), B(@)) = [BI5(B(2), B()) = 1.

or IBI,(A(x), Tar(Alx), B(x))) = IBI5(A(x), B(x))

and IBIy(B(x), Su(A(x), B(x)) = IBI5(B(z), A(x)) = IBI5(A(x), B(z))
implies that IBIs(A, Ty (A, B))(z) = IBIs(B, Sy (A, B))(x)

implies that TBI5(A, T (A, B)) = IBIs(B,Sw(A, B)).

(b). The proof can be constructed in a similar way as part (a).

Proposition 4.2.7 For any A, B € IFS(X), such that A and B are pointwise
comparable, the following intuitionistic fuzzy sets are equal:

(a). TBI4(A, B);

(b). TM(IBlg(TM(A B), A),IBIs(A, Su(A, B)));

(¢). Tn(IBIs(Ty (A, B), B), IBIs(B, Sy(A, B)));

(d). IBIg(Ty(A, B), Su(A, B));

(e). Tan(IBIs(A,Sy(A, B)), IBIs(B,Syu(A, B)));

(f). Ty (IBIs(A, Ty(A, B)), IBIs(B, Ty(A, B))).

Proof Let A, B € [FS(X), such that A and B are pointwise comparable. Then,
for all x € X, either A(z) <p+ B(x) or B(x) <« A(x)

implies that for any z € X, either Ty/(A, B)(z) = A(z) and Sy (A, B) = B(x)
or Ty(A, B)(x) = B(x) and Sy (A, B) = A(z).

For simplicity of proofs we consider the cases of all those = € X for which A(x) <p-
B(z)

i.e., Ty(A, B)(x) = A(z) and Sy (A, B) = B(x) then,

(b)=(a). Tar(IBIs(Tr(A(z), B(2)), A(z)), I BIs(A(x), S (A(z), B(2))))
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Chapter 5

Intuitionistic Fuzzy Similarity Measures
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Similarity is a core element in achieving an understanding of variables that moti-
vate behavior and mediate affect. In fact, in terms of human psychology it acts
as a basic organizing principle by which a human mind not only classifies objects,
but also, forms conceptual thinking and build different generalizations. There-
fore, its importance has been not only been realized in the field of psychology,
but also, in many scientific domains such as decision making, pattern recognition,
information retrieval, biology, chemistry, machine learning and market prediction.
In mathematics, geometric methods for assessing similarity are used in studies of
congruence as well as in allied fields such as trigonometry. Topological methods
are applied in fields such as semantics. Graph theory is widely used for assessing
cladistic similarities in taxonomy. Thus, similarity of objects can be regarded as a
central concept in data mining and knowledge discovery, which is applicable in all
those fields that require a clear analyzation of data sets, in order to get patterns
and regularities containing crucial information about the given set of data. Be-
sides, its wide range of applicability in many real life problems, there are certain
aspects of the concept of similarity that have eluded its formalization; resulting
into its numerous different forms and definitions that are still appearing in scien-
tific literature. Some of these proposed similarity measures were limited to their
use in a particular domain while others were designed to capture their maximum
utility in wider spread areas and disciplines. Thus, it is a worth mentioning fact
that so far there does not exist a general purpose, mathematically valid, defini-
tion of similarity, rather; it is at times, specified by many different set of axioms
exhibiting its properties as a measure.

In fuzzy literature, fuzzy similarity measure has appeared in several ways and in
various domains. The two most popular techniques of defining any new similarity
measure for FS’s that have evolved by the passage of time, and been adopted
by most of the researchers in this area, are either; derivation of an axiomatic
structured fuzzy similarity measure from the scratch [25, 26, 94, 131, 155, 158], or
by starting from a similarity measure for ordinary sets and then establishing a set
of fuzzification rules by which this measure is transformed in a consistent manner
from an ordinary to a fuzzy measure [64, 85, 130, 136, 137].

In the setting of IFS-theory, similarity has drawn the attention of many re-
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searchers who have proposed multiple similarity measures based on distances
[58, 81, 82, 140, 143, 156, 164], a few with set theoretic operations [83], or the ones
having their own independent axiomatic structures [15, 42, 57, 65, 89, 106, 119],
yet, it is hard to find any with implications based constructions. In this chapter,
we have tried to fill this gap and have defined two different classes of similarity
measures for IFS’s; the first one involving the intuitionistic fuzzy bi-implications
and the second one having cardinality based structures.

As far as the bi-implicator based similarity measures are concerned, in [20] a
generalization of the classical equivalence/bi-implication relation A = B <= A C
B and B C A, to a class of fuzzy similarity measures was defined as:

E;(A, B) = min(inf I(A(z), B(z)), inf I(B(z), A(z))) (5.1)

zeX zeX

where [ stands for fuzzy implications and A, B € F\S(X). A different version of
the above similarity measure between two fuzzy sets was established and studied
in [25]. Then, an extensive study on fuzzy similarity measures have been done
with bi-implicators serving as a back bone of several new theories on measuring a
similarity between two fuzzy sets [25, 26].

As a foremost attempt towards defining a similarity measure for IFS’s, in the
first section of this chapter, we have generalized the above mentioned idea from
fuzzy to intuitionistic fuzzy measure. The new defined class of similarity measures
has been studied in the perspective of axioms presented in [134].

Next, we worked on the extension of cardinality based set theoretic similarity
measures for ordinary sets existing in the field of numerical taxonomy, where the
comparable objects are represented by a set of binary feature vectors representing
the presence or absence of a feature in an object. In fuzzy environment, the same
measures are constructed using feature vectors with components scaled to real
unit interval [0,1]. Such a feature vector can be described as vector in which the
decision about the presence or absence of a feature in any object is not given in
a clear cut manner, rather, it is characterized by a membership degree in [0,1].
Higher the degree of membership the more the feature is present.

Since an intuitionistic fuzzy set (IFS) is one of the higher order fuzzy sets

having each element characterized by its membership and a nonmembership degree
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respectively, any feature comparison vector representing an intuitionistic fuzzy set
must have components that are naturally scaled to lattice L* i.e., each feature
of this comparison vector is assigned a degree of presence and a degree of non
presence (absence) from [0,1] with a condition that the sum of these two degrees
should not exceed one. Any similarity measure constructed using these feature
vectors will be regarded as a similarity measure for IFS’s.

In second section of this chapter, we have constructed a parametric family
of cardinality based similarity measures for IFS’s using the intuitionistic fuzzy
feature vector approach. The new measures can be regarded as an extension of
set theoretic approach similarity measures for ordinary of fuzzy sets given in [87].

The results of this chapter are submitted as [4, 125].

5.1 Intuitionistic Fuzzy Bi-implicator based Sim-

ilarity Measure (IFBSM)

This section is reserved for a composition of the new classes of intuitionistic fuzzy
bi-implicator operators and the new normal fuzzy measures on IFS’s introduced
in chapter 3 and 4, to create different [0,1]-valued classes of Intuitionistic Fuzzy
Bi-implicator based Similarity Measures (IFBSM).

Since each of the intuitionistic fuzzy bi-implicator operator represented a class
of bi-implicators, fixing a class of bi-implicator operator and any of the new fuzzy
measures in IFBSM will generate a single family of IFBSM. Moreover, after in-
troducing a generalized vision of the classes of IFBSMs, we shall present to our
reader an insight view of the properties exhibited by one specific family of IFBSM
called Intuitionistic Fuzzy B— Bi-implicator Based Similarity Measure (IF5BSM).
Among many different choices of intuitionistic fuzzy t-norms and intuitionistic
fuzzy R-implicators, the properties of IFSBSM are constructed by implanting
Lukasiewicz intuitionistic fuzzy implicator jTL [see Example 2.2.2.9, Chapter 2] and
Min intuitionistic fuzzy t-norm (T';), which is believed to be the most suitable
choice for modeling an implication operation (fuzzy or its extension). A study on
the properties of IFFBSM with this particular combination of intuitionistic fuzzy

t-norm and intuitionistic fuzzy implicator has generated some remarkable results.
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Definition 5.1.1 An intuitionistic fuzzy bi-implicator based similarity measure
(IFBSM) is a mapping Qg : [FS(X) x [FS(X) — [0,1] that assigns to all
A, B € IFS(X) avalue in [0, 1] defined as:

where I BI(A, B) is the intuitionistic fuzzy of bi-implicator from A to B and m is
the normal fuzzy measure on intuitionistic fuzzy set.

Now using the new normal fuzzy measures given in Chapter 3 and Definition
5.1.1 we get:
(a).

1.
Q}B](Aa B) = 5[22){;#131(,4,3) (z) +(1— SE)I?VIBI(A,B) (2))]-

(b).

1.
Q?BI(‘LL B) = Z[;g)f(MIBI(A,B) () + (1 — SUPVIBI(A,B) (z))

rzeX

+SUuPLpr(a,B) () + (1 — inf vipr(a,p) ()]
zeX rxeX

(c).

Z Ourpriap) () + (1 —0)(1 —vipras)(r))
1B1A.B) =

X x X| n2
where 6 € [0.5,1].

Q?BI (A7 B)

(d).

Q?BI(A B) \/MIB[ A, B )(1— VIBI(4, B)( 7)).
aceX

In order to have a better look into the properties of the above new similarity
measures we shall restrict our self to the choice of the class of intuitionistic fuzzy
f—bi-implicator in (5.2).

Definition 5.1.2 An intuitionistic fuzzy [—bi-implicator based similarity measure

(IFSBSM) is a mapping g1, : [FS(X) x I[FS(X) — [0, 1] that allocates to all
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A, B € IFS(X) a value in [0, 1] defined as:
Q[B[ﬂ(A, B) :m(IBIB(A, B)) (53)

where IBI3(A, B) = T'(I#(A, B), I#(B, A)) such that T" is any intuitionistic fuzzy
t-norm, 7 is a left continuous intuitionistic fuzzy t-norms, fT is the corresponding
intuitionistic fuzzy R-implicator and m is the normal fuzzy measure on intuition-
istic fuzzy set.

Clearly, from the above construction one can deduce that different combina-
tions of 7"and fT will generate different IBIg—operators. Thus, Q;p;, will rep-
resent different families of IFSBSMs. Therefore, for a deep examination of the
properties of one of the family of IFSBSM, let us restrict our self to the combi-
nation 7" = T, and I; = VTL in (5.3). leading us to the following properties of
QIBIB:

Proposition 5.1.3 If the fuzzy measure m on IFS possesses the property stated
in Remark 3.1.3, then for all A, B € I[FS(X) we have:

(a). Qrpr,(A,B) = 1if and only if A = B;

(b). Qsp1,(A, B) = 0implies Ker(A)N(Supp(B))¢ # ¢ or Ker(B)N(Supp(A))°© #
;

(c). Qpi,(A, A°) = 1 if and only if for all z € X, A(x) = (a1,az) such that
ay,ay < 0.5;

(d). Qup1,(A, A°) =0 if and only if A =Ty or A= 0x.

Proof Let A, B € IFS(X),

(a). A=B

if and only if A(z) = B(z) for all x € X

if and only if a; = by and ay = by

if and only if by > a1, as > by,and a; > by, by > ao

if and only if by —a; +1>1,a0—bo+1>1,a1—b;+1>1,bp—as+1>1and
a1 +by—1<0,by +as—1<0]

if and only if min(1,b; — a; + 1,a3 —bs + 1,a1 — by + 1,bp —az + 1) = 1 and
max(0,a; +by — 1,0 + a2 — 1) =0

if and only if (min(1,b; — a3+ 1,a9 — by + 1,41 — by + 1,by — ay + 1), max(0, a; +
by —1,by +ay— 1)) =1~
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if and only if T (17, (A(z), B(x)), Iz, (B(x), A(z))) = 11+ for all 2 € X

if and only if IBIg(A, B)(x) = 11+ for all x € X

if and if IBI3(A, B) = 1x

if and only if m(IBIs(A, B)) = m(1x)

if and only if Qrp7,(A4, B) = 1.

(b). Qip1,(A,B) =0

implies that m(IBIs(A, B)) = m(0x)

implies that IBI5(A, B) = Ox

implies that I Blg(A, B)(z) = 0p« for all z € X

implies that either z € Ker(A) N (Supp(B))¢ or x € Ker(B) N (Supp(A))° for all
x € X [by Proposition 4.2.1 (d)]

implies that Ker(A) N (Supp(B))° # ¢ or Ker(B) N (Supp(A))¢ # ¢

(c). A(x) = (a1, a9) such that a;,as < 0.5 forall z € X

if and only if ag —a; +1 > land a; —as+1 > 1 with 2a; — 1 <0 and 2a; — 1 <0
if and only if min(1,as — a; +1,a; —az + 1) = 1 and max(0,2a; — 1,2a; — 1) =0
if and only if (min(1,as —a; + 1,a2 — a3+ 1,a; —as + 1,a; — as + 1), max(0, a; +
a; —lyag+ag — 1)) =1p-

if and only if Th(I7, (A(x), A%(x)), I7, (A%(z), A(x))) = 1~ for all 2 € X

if and only if IBIg(A, A°)(z) = 11+ for all z € X

if and only if IBI3(A, A°) = 1x

if and only if m(IBIz(A, A°)) = m(1x)

if and only if Qrp7,(A4, A°) = 1.

(d). A=TIxor A=0x

if and only if either A(zx) = 1 +or A(z) =0z« for all z € X

if and only if ap =0 ora; =0and a; =1 oras =1

if and only if min(1,as — a; +1,a1 —az + 1) = 0 and max(0,2a; — 1,2a, — 1) =1
if and only if (min(1,as —ay + 1,a2 — a3 + 1,41 —as + 1,41 — as + 1), max(0, a; +
a; —1l,as +ag — 1)) = 0p«

if and only if Ty (17, (A(x), A%(x)), I, (A%(x), A(x))) = 0p« for all z € X

if and only if IBIg(A, A°)(z) = 0r« for all z € X

if and only if IBIz(A, A¢) = Oy

if and only if m(IBIs(A, A°)) = m(0x)
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if and only if Qrp7,(A, A°) = 0.

Proposition 5.1.4 For all A, B € [F'S(X) we have:

(a). Qpi1,(A,B) = Qpr,(B, A);

(b). Qupr, (A, B) = Qpp1, (B, A°).

Proof

(a). By Proposition 4.2.2 and Definition 5.1.2 we get Q;p;1,(A, B) = Qrpr,(B, A).
(b). By Proposition 4.2.4 and Definition 5.1.2 we get Q;p1, (A, B) = Q;py, (B¢, A°).
Proposition 5.1.5 For any A, B,C € IFS(X) such that A C B C C we have:

Qupr (A, B
(a)‘ QIBIB(A7 C) é ]BI@( )
QIBIg(B7C)
(b) Q[B[B(A,C) S IIliIl(Q[B[B(A,B),Q[B[ﬁ(B,C)).

Proof

(a). Let A € B C C. Then from Proposition 4.2.5 we have IBIg(A,C) C
IBIs(A, B
IBI4(B,C
Qrpr1,(A, B)

Qrpr,(B,C)
(b). Let A,B,C € [FS(X) such that AC BCC

implies that A(x) <p« B(x) <p« C(z) for all z € X

) . Then by applying the measure m on both sides we get Qr57,(A4,C) <
)

implies that a1 < by < c¢; and as > by > co.

Now as, [a; < by and ag > by and a3 + as < 1]

implies that 1 < by —a;+1and as — by +1>1

implies that min(1,b; —ay + 1,a2 — by + 1) = 1 and max(0,a; +by — 1) =0
implies that I}L(A(x), B(z)) = (min(1, by —a; +1,a2 —be+ 1), max(0, a; + by — 1))
=(1,0) = 1~

implies that TBI(A, B)(z) = Tar(I7, (A(z), B(x)), I7, (B(x), A(z)))

=I5 (B(z), A(z)) = (min(1,a; — by + 1, by — as + 1), max(0,b; + az — 1)).
Similarly, we have IBI(B,C)(z) = (min(1, by —c14+1, co—bo+1), max(0, ¢;+by—1))
and IBI(A,C)(x) = (min(1,a; —¢; + 1,0 — as + 1), max(0, ¢; + ag — 1)).

Now [a; —b1+1>a1—c1+ 1, by—as+1>co—as+1,bp—c1+1>a;—c; +1
and cg—bs+1>co—as+lalsoci+by—1<ci4+as—1,b1+ay—1<c;+as—1]
implies that [min(1,a; —c¢; +1,c0 —as +1) < min(1,by —as+ 1,a1 — by + 1,01 —
c1+1,c0—by+1)

79



and max(0,c; + az — 1) > max(0,¢; + by — 1,b1 + ag — 1)]
implies that [min(1l,a; —c¢; +1,¢2 —as+ 1) < min(1,bp —as + 1,a; — by + 1) and
min(l,a; —c; + 1,0 —ag+ 1) <min(1,b; —¢; + 1,0 — by + 1))]
and [max(0, ¢; +as —1) > max(0, ¢; + by — 1) and max(0, ¢; +as — 1) > max(0, by +
a— 1))
implies that I Blg(A, C)(z) <« IBI3(A, B)(x)
and IBIz(A,C)(x) <y« IBI3(B,C)(x) for all x € X
implies that IBIz(A,C) C IBIg(A, B)
and IBI5(A,C) C IBIs(B,C)
implies that Qrpr,(A4,C) < Qrpr,(A, B) and Qrpr,(A,C) < Qrpr, (B, C)
implies that nglﬁ(A,C) < min(QIBIB(A, B), QIBIB(B, ).
Proposition 5.1.6 For any A, B € [FS(X), such that A and B are pointwise
comparable [see Definition 2.7]:
(@). Qp1, (A, Ty(A B)) = Qpi, (B, Su(A, B));
(b). Qp1, (A, Sy(A, B)) = Qg (B, Ty(A, B)).
Proof For any A, B € IFS(X),
(a). By Proposition 4.2.6 (a) and Definition 5.1.2 we get Q;p5;,(A, Tr(A, B)) =
Qp1,(B,Su(A, B)).
(b). By Proposition 4.2.6 (b) and Definition 5.1.2 we get Qp1,(A4, Sy (4, B)) =
Qrp1, (B, Tu(A, B)).
Proposition 5.1.7 For any A, B € IFS(X), such that A and B are pointwise
comparable. Then for all x € X, the following fuzzy sets are equal:
(a). g1, (A, B);
(b). min(Qp1,(Tum(A, B),A), g, (A, Su(A, B)));
(). min(Qrpr, (Ta(A, B), B), Ui, (B, Su(A, B)));
(d). Qupr, (Tar(A, B), Sui(A, B));
(A, Sm(A, B)), Qup1,(B, Su(A, B)));
(A, Th(A, B)), Qup1, (B, Tu(A, B))).

(e). min(Q;p;,
(f). min(Q;ps,
Proof

Let A, B € IFS(X), such that A and B are pointwise comparable then, for
all x € X, either A(x) <;» B(z) or B(z) <y« A(z) implies that for any z € X,
either [Ty (A, B)(z) = A(x) and Sy (A, B) = B(z)] or [Ty(A, B)(x) = B(r) and
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Sm(A,B) = A(x)]. For simplicity of proofs we consider the cases of all those
x € X for which A(x) <~ B(x) i.e., Ty(A, B)(z) = A(x) and Sy (A, B) = B(x)
then,
(b)=(a). min(Qpr, (T (A, B), A), Qp1, (A, Su(A, B)))

= min(Qrpr, (A, A), Qpr,(A, B)) = min(1, Qrpr,(A, B)) = Qrp1,(A, B).
(c)=(a). min(Qp1,(Tyu(A, B),B),Qp,(B,Su(A, B)))

= min(;pr, (A, B), Q1 (B, B)) = min(Q;p1,(A, B),1) = Q1. (A, B).
(d)=(a). Qp,(Tu(A,B),Su(A,B)) =Qp1,(A,B).
(e)=(a). min(Qpr, (A, Su(A, B)), Qpi, (B, Su(A, B)))

= min(Qspr, (A, B), Qrp1, (B, B)) = min(Q 1, (A, B),1) = Qrp1,(A, B).
(£)=(a). min(Qp1, (A, Tr(A, B)), Qpi, (B, Tu(A, B)))

= min(Qrpr1,(A, A), U1, (B, A))

= min(1, Qrpr, (B, A)) = U, (B, A) = Qrpr,(A, B).
The above results also hold for all those # € X for which B(z) <p« A(z).
Theorem 5.1.8 If the fuzzy measure m satisfies the property stated in Remark
3.1.3, then Q;p;, defines a fuzzy equivalence relation [see Definition 2.1.3.7, Chap-
ter 2] on [FS(X).
Proof
(a). Forall A € IFS(X), Qrp1,(A, A) = 1 by Proposition 5.1.3.
(b). For all A, B € IFS(X), Qip1,(A, B) = Qip1,(A, B).

(c). On contrary let us suppose that Q;p;, is not fuzzy transitive. Then,
I (TL(Qupr, (A, B), Qpr, (B, 0)), Qp1,(A,C)) = 0.

It implies that Q[B[B(A, B) = 1;QIBIB(B7 C) =1 and, Q[Bjﬁ(A7C> =0.
It further implies that A = B = C but Q;p,(A, C) = 0 which is a contradiction.

So g1, is fuzzy transitive.
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5.2 Weighted Average Cardinality based Para-
metric family of Intuitionistic Fuzzy Simi-

larity Measures

Some of the results presented in this section are a part of our submitted paper [4].

Using the feature vector based approach, [87] presented a parametric family of
cardinality based similarity measures for ordinary sets. Some of the famous simi-
larity measures like Jaccard coefficient [85], Simple matching coefficient [136], Dice
coefficient [64], Rogers and Tanimoto [130], Sokal and Sneath family of measures
[137] were the members of this family.

Getting our inspiration from the work done of [87], in this section, we have
defined a new Weighted Average Cardinality based Parametric family of Intuition-
istic Fuzzy Similarity Measure for IFS’s involving family of intuitionistic fuzzy
frank t-norms in their basic constructions. Also we have studied their properties,
which were found closer to the set axioms satisfied by any similarity measure in
general.

Before proceeding towards the main definition of the new similarity measure,
we want to first provide certain specifications which are important in order to
understand the constructions of new introduced family of similarity measure i.e.,
(a). Through out this section we shall specify the generalized U and N between
A, B € IFS by three basic t-representable intuitionistic fuzzy frank t-norms Tj
and conorms S; given as:

AUg B = { 2, 8;(HAG), 1B(X)), Ty (Va(X), va(¥))) | z € X}

7 (

(2, 1a00 + B(X) — T, (1A(X), 16(X)), T;(va(X), va(¥)) | z € X}
(, S, (1AM, 18(9)), 1 — S;(1 — va(¥),1 — va()) | = € X}
(2, Ty (A(X), 1809), S; (va(¥), va(X))) | z € X}

(2, T; (409, 14800, VA(X) + Va(X) — T;(va(X), va(¥)) | = € X}
( )

Xz

{
{
ANy B = {
{
{

(HAG) 1B(X¥)), 1 — T5(1 —va(¥), 1 —ve(X¥)) | z € X}

where j = M, P, L.

82



(b). For the scalar cardinality of intuitionistic fuzzy set A where X = {x1, xo...x,},

we shall use |A| = Cardys5(A) where Cardys(A) = 3 Z Ba(Xi) + (1 — vax)).
r,€X
(c). Moreover, we shall use the following classical set theoretic identities which

will be converted to their intuitionistic fuzzy versions as follows:
(). |A¢| = n — | A| will be modelled by
Cardos(A%) = n—Cardos(A) = 2+ 1 )" pa(xi) — va(xi).

XieX
(ii). |[A\B| = |A| — |AN B| will be modeled by

CCLTdO.5(A\B) = CaTd0.5<A) - CCLTdOf)(A N B)
Z A=V A)=Tj(a(Xi) X))+ (valXi),ve(Xi))

_ XjeX
- 2
D AtV 06)-Ti A G X))-Ty (A B0X0)
_ XjeX
- 2

D a0 LTy (X)) Ty (va(x).1-v5(X,)

XX

2
(iii). |A A B| = |A\B| + |B\A| = |A| + |B| — 2|A N B| will be modelled by
CGTng,(A JAN B) = CGTng,(A) + Card0,5(B) — QCGTd().g)(A N B)
Z 1A +uB(X)=v AX)—vB(Xi)—2Tj (ua(Xi)u(X)+2S (va(Xi)ve(Xi))

XjeX
o 2

D HaCKBK)HAC) B0 2Ti 1A CK): X)) 2T VA0 Y 00)
_ XjeX
- 2

Z HAG 8061y A () (-v(6) 2T (a(X0) 115(x))~2T; (1-vA(X) 1-5(x)))
xjeX

2

Definition 5.2.1 A weighted average cardinality based parametric family of intu-
itionistic fuzzy similarity measure is a binary relation 6 : IF.S(X) x IFS(X) —

0, 1] defined as:

(5(14 B) _ z(Cardo.5(AAB))+y(Cardy.s(ANB))+z(Cardy.s ((AUB)))

’ 2’ (Cardo 5(AAB))+y(Cardg.5(ANB))+2(Cardg. 5 ((AUB)C))

_ z(Cardp.5(A)+Cardy.5(B)—2Cardy.s (ANB))+y(Cardo.5s (ANB))+z(n—Cardy.5(AUB))
2’ (Cardp 5(A)+Cardo 5(B)—2Cardo 5(ANB))+y(Cardo 5 (ANB))+z(n—Card.5(AUB))

where x, 2, y, z are positive real numbers.

Remark 5.2.2 Since 6(A,B) € [0,1], 0 < 2 < 2, which makes §(A, B) define
a class of [0,1]—valued similarity measures that are rational expressions in the
cardinalities of the sets involved. In case of ordinary sets, it was proved in [87]

that some of the famous similarity measures known in literature are a member of
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this parametric family. They obtained the expressions for these similarity measures
by setting different combinations of the parameter involved. The results obtained

can be represented as follows:

Measure Expression |z |2/ |y |z
Jaccard (d) ﬁgg 0O[1 |10
Simple Matching (5g) 1 - 225 01 ]1]1
Dice Coefficient (6p) % 01|20
Rogers and Tanimoto (0rr) | ﬁig 012 |1]1
Sokal and Sneath 1 (dsk1) % 02|10
Sokal and Sneath 2 (Jsx2) | 1— gioag |0 [1 |22

Table 5.2.1: Some well known similarity measures for ordinary sets
Now for intuitionistic fuzzy sets we have transformed all the similarity measures
for ordinary sets given in Table 5.2.1 as follows:
(1). Jaccard:

j _ Cardo.5(ANB)
6{](‘4’ B) - Cardg.Z(AUB)

Z T (aki) B (X)) +1-S (VAGKD) W B(X0))

XieX

Z S (UA() B0+ L-Ti (VA Ve (D)

XijeX

Z T (AGD B D)LV A VB XD+ T (VA (X))

xjeX

D HARHEO0-T(HACD BTV AK) VBX)
XieX
Z T (AGD O (v AkD) V(i)

XijeX

Z S (A B0 (1-V A, 1-Va(x1)

xjeX

(2). Simple Matching:

ng<A B) — 1 o Card0,5(AAB)

n

20 A O B0 A VBK)-2T, (A X)) 25 VA0 Y 49)
x;eX

2n

2m2 HAGK)HBOXE VA V06 ~2T; (A (K) 106))~2T; (vACK),vB(XD)
XiGX

2n
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ZH—Z A+ (X (1=v A(i))+(1=ve(Xi)-2Tj (ua(Xi) B (Xi)=2Tj (1-va(Xi),1-vB(Xi))

XieX

n

(3). Dice Coefficient:

7 _ 2Cardo.5(ANB)
5D(A’ B) ~ Cardoy.5(AAB)+2Cardo.5(ANB)

2 ) " TiACD )+ (AG) (X0)

XjeX

D a6+ 1-vaG)HI-e(60)

XieX

2 ) Ty WACD B+ A -VB(X)+T) (VA 5(X0)

xjeX

D at) a1 AGKD) AV )

XjeX
2 ) T ua )BTy (v ACK) ()
xjeX

D B0+ AGKIH(A-VB(x0)

XijeX

(4). Rogers and Tanimoto:

i _ n—Cardo.s5(AAB)
0rr(A, B) = i Starde 25

20~ HAC) B~ AV B0)-2T| (ACK) HE(X)HH2S (VAXD.VB(X0)

xjeX

204 HAKI+HBO) -V AXD—VBO)-2T) (HAXD M)+ 25 (VAKDVB(X))

XieX

20- " LA B+ A VB 2T AGK) B () ~2T (VA GK) B OX))

XjeX

204> HAHHHBXI+Y A VB0 2T (AGK) B D) 2T (VACK) VB OXD)

XjeX

2n- E HAXD)+uB(Xi)+(1=v A(Xi))+(1-vB(Xi)—2Tj(1a(Xi),u8(Xi)) 2T (1-v a(Xi),1-vB(Xi))

XjeX

2n+ E HAXD)+pe(X)+(A-vAXi)+(A-ve(Xi))—2T; (ua(Xi),us(Xi))—2Tj(1-v a(Xi),1-va(Xi))

xjeX

(5). Sokal and Sneath 1:

7 _ Card0,5(AﬂB)
5SK1(A7 B) — CardoA5(AﬁB)+2CardoA5(AAB)

D TUAGD B L-S (A VB XD)

XjeX

Z 2upa(Xi)+2us(Xi)+2(1=v A(Xi))+2(1-ve(Xi))—3Tj (aXi) 1B (X)) —3+3F (v A(Xi) v B(Xi))

XjeX

D Tia )0 VACK)-B0) Ty (A 500)

xjeX

Z 2pa(Xi)+2up(Xi)+2(1-v A(Xi)+2(1-vB(Xi))-3T; (HAXi).uB(Xi))=3+3v A)+3vB(X)-3Tj (va(Xi).vB(Xi)

XjeX



D TiHAKD DT (A-vAGK) LV (X0)

xjeX

E 2pa(Xi)+2pp(Xi)+2(1-v A(Xi)+2(1-ve(Xi))—3Tj (1a(Xi) 1 (Xi))—3Tj(1-v a(Xi), 1-va(Xi))
xjeX

(6). Sokal and Sneath 2:

j o Cardy.5(AAB)
5{‘5’K2(A7 B> =1- 2n70a7?d50.5(AAB)

402 ) " uAG) B AKD—VBOX)-2T (HAXD B ()2 (VA V8(X0)

XijeX

A0~ AR HBO) -V ACK)-VBOK)-2T) (1A KK M8 X))+ 25 (VAK) VB (X))

XieX

4an-2 Z HAXDF+uBXD)+V AXD+VB(Xi))—2T) (na(Xi)us(Xi))—2Tj(v a(Xi) V(X))
XjeX

4n—2 A+ ps(Xi)+vaXi)+ve(Xi)—2T; (ua(Xi).us(Xi))=-2Tj(va(Xi),ve(Xi))
XjeX

an-2 E HAXD+uB(Xi)+(A-v AXi))+(1-ve(Xi))—2Tj(LaXi),us(Xi))—2T; (1-v a(Xi),1-ve(Xi))
XjeX

4n— E HaAXiD)+us(X)+(1=v AXi))+(A-ve(Xi))=2Tj(LaXi) 1 (Xi)—2Tj(1-v A(Xi) , 1-vB(Xi))
XjeX

such that j = M, L, P.

Moreover, from here onward we shall use the notation (5{;, k=J SM,D,RT,
SK1,SK?2 to specify the above transformed six members of the weighted average
cardinality based parametric family of intuitionistic fuzzy similarity measure (9).
Theorem 5.2.3 The members 5{;, k=JSM,D,RT,SK1,SK?2 of § satisfy the
following properties: For all A, B,C € [FS(X),

(a). §.(A, A) = 1 holds for j = M;

(b-1). 07(A, A°) = 0 iff either A =1y or A =0y for j = M, P;

(b-2). 61(A, A°) = 0 iff A is a fuzzy set where j = L;

(c). 0L(A, A°) = 1 if and only if 4a(X)) = va(x:) for all z; € X, where j = M;

(d). ¢.(A, B) = §.(B, A) holds for j = M, P, L;

(e). If AC B C C, then §,(A,C) < §,(A, B) and §,(A,C) < §.(B, C) holds for
k=J and j = M.
Proof

(a-i). 051(A, A) =

Z min(ua(Xi),ua(Xi)+min(1=va(xi),1-va(Xi))

XjeX

D a0 (X)) V()

xjeX

=1

(a-ii). o5h, (A, A) =
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ZHfZ BAXDFRAXD+H(=v A X)) +(1=v A(Xi))=2min(ua(Xi) 1 a(Xi))-2MIN(1-v A(Xi)), (1= A(Xi)))
XjeX =1
2n o

(a-iii). 0} (A, A) =
2 ) min(uAGKi) AGD)HTINI-VAXD) LV ACX0)
xjeX

D A HA) LV AKD)HLY ACKD)

Xiex

= 1.

(a-iv). 63 (A, A) =

ZH—Z HAGD+HAXD+(A=v AX))+(1=v AXi))=2mIN(u (X)) 1A X)) =2 MiN(1-v A(X)), 1=V A(X}))
XjeX

=1.
2014~ AGK)HIAOK M LV GG MLV A 00)) 2N 1A (X))~ 2LV AGK) 1= ACK)
XxjeX
M
(a-v). d5p1 (A, A) =
D minGua(x).sA0)) LV A(K). 1V ACKD)
XjeXxX -1
) 2UA i) 2HAGK) 2LV A2V A0 -3 1)) -3 TINCL- A (X)), LV A(K0)
XjeX
o oM
(a-vi). Ogxo(A A) =
402 ) HACK)HACK Y1 ALV K -2TICH A, HACKD)) 2N A X)LV AK(D)
xjeX -1
A1) UAGK A+ (A AG)) (L AXE)-2TINAK() A GK)) 2NV AGK) -V A(K))
XjeX

(b-1-i). ¢(A, A%) =0
if and only if Z T (A, va(Xi)) + Tj(1 — valXi), 1 — ua(Xi)) =0

r,€X
if and only if

Ti(pg(zi), vali)) + Tj(1 — valXi), 1 — ualXi)) = 0 for all z; € X. (5.4)

(Case 1): Let us fix j = M in (5.4).

Then min(#a(Xi),va(Xi)) = 0 and min(1 — va(Xi),1 — ua(Xi)) =0 for all z; € X

if and only if either [a(Xi) = 0 and 1—va(Xi) = 0] or [va(Xi) = 0 and 1 —#ua(Xi) = (]
for all x; € X

if and only if either [a(Xi) = 0 and va(Xi) = 1] or [va(Xi) = 0 and #a(Xi) = 1] for
all z; € X

if and only if either A = T1x or A=0y.

(Case 2): Let us fix j = P in (5.4).

Then Tp(Ha(Xi), va(Xi)) + Tp(1 —valXi),; 1 — ualXi)) =0 for all z; € X
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if and only if (Ha(Xi)va(Xi)) = 0 and (1 —va(X))(1 —ua(Xi)) =0 for all z; € X

if and only if either [a(Xi) = 0 and 1—va(Xi) = 0] or [va(Xi) = 0 and 1 —#a(Xi) = (]
forall x; € X

if and only if either [ua(Xi) = 0 and va(Xi) = 1] or [va(Xi) = 0 and ua(Xi) = 1] for
all z; € X

if and only if either A = TX or A= 6X.

(b-1-ii). ¢%,,(A, A°) =0

if and only if 2n — Z [HA(K) + valXi) + (1 —vaX)) + (1 — ualxi))

r,€EX

—2T;(ua(Xi),va(Xi)) — 2T;(1 — va(Xi)), (1 — ua(Xi)))] =0
if and only if Z [HA(X) +va(Xi) + (1 —va(X)) + (1 — ualxi))

r;€X

—2T;(ua(Xi), va(Xi)) — 2T;(1 — va(Xi)), (1 — ua(Xi)))] = 2n

if and only if [HA(Xi) +va(Xi) + (1 — va(Xi)) + (1 — ua(Xi))

—2T;(HA(Xi), va(Xi)) — 2T;(1 — va(Xi)), (1 — ua(Xi)))] = 2 for all z;; € X

if and only if Tj(Ha(Xi), va(Xi)) + T;(1 — valXi), 1 — ua(Xi)) = 0 for all z; € X
which is equation (5.4). The rest of the proof form part (b-1-i) gives

6% (A, A°) = 0 if and only if either A = Ixor A=0x;j=M,P
(b-1-iii). &§7,(A, A°) =0

if and only 2 Z T; (A, va(Xi)) + T;(1 — valXi), 1 — ua(Xi)) =0

xr;€X

if and only if Tj(Ha(Xi), va(Xi)) + T;(1 — valXi),1 — ua(Xi)) = 0 for all z; € X
which is equation (5.4). The rest of the proof is similar to (b-1-i) and gives
(5%(%1, A°) = 0 if and only if either A = Ixyor A=0y; j=M,P

(b-1-iv). 0% (A, A°) =0

if and only if 2n — Z [A(K) + valXi) + (1 —valX)) + (1 — 1alxi))

r,€X

—2T;(ua(Xi), va(Xi)) — 2T;(1 — va(Xi), 1 — ua(Xi))] = 0
if and only if Z [A(X) +va(Xi) + (1 —va(X)) + (1 — ualxi))

r,€X

—2T;(ua(Xi), va(Xi)) — 2T;(1 — va(Xi)), (1 — 1a(Xi)))] = 2n

if and only if [HA(Xi) +va(Xi) + (1 — va(Xi)) + (1 — ua(Xi))

—2T;(HA(Xi), va(Xi)) — 2T;(1 — va(X)), (1 — ua(Xi)))] = 2 for all z;; € X

if and only if Tj(Ha(Xi), va(Xi)) + T;(1 — va(Xi),1 — ua(Xi)) = 0 for all z; € X
which is equation (5.4) and the rest of the proof is similar to part (b-1-i) and gives
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&, (A, A°) = 0 if and only if either A =1x or A =0x; j = M, P.
(b-1-v). 6§, (A, A°) =0
if and only if > T;(ta(X),va()) + Tj(1 — va(xi), 1 — ta(x)) = 0

r,€X
if and only if Tj(#a(Xi),va(X)) + T;(1 — va(Xi), 1 — uaXi)) = 0 for all z; € X

which is again equation (5.4) giving

5{91{1(147 A°) = 0 if and only if either A = Iyor A=0y; j=M,P
(b-1-vi). 05}o(A, A°) =0

if and only if 4n — 2 Z [A(Xi) +Vva(Xi) + (1 — valXi)) + (1 — ua(Xi))

r,€X

—2T;(HA(Xi), va(Xi)) — 2T;(1 — va(Xi), 1 — ua(Xi))] = 0
if and only if Z [HA(X) +valXi) + (1 —valX)) + (1 — ualxi))

r,€X

—2T;(HA(Xi), va(Xi)) — 2T;(1 — va(Xi)), (1 — ualXi)))] = 2n

if and only if [HA(Xi) +va(X) + (1 —va(X)) + (1 — ualxi))

—2T;(ua(Xi), va(Xi)) — 2T;(1 — va(X)), (1 — ua(Xi)))] = 2 for all z; € X

if and only if Tj(#a(Xi),va(X)) + T;(1 — va(Xi), 1 — uaXi)) = 0 for all z; € X
which is equation (5.4) and the rest of the proof is the same as done in part (b-1-i)
which gives 5{91{2(147 A°) = 0 if and only if either A = Iyor A=0y; j=M,P
(b-2-i). §5(A, A°) =0

if and only if Z Tr(ra(Xi), va(X)) + T (1 — valxi), 1 — ualX)) =0

r,€X
if and only if

Tr(ua(i), va(Xi)) + T (1 —vaXi), 1 — ualXi)) =0 for all z; € X (5.5)

if and only if max(0, #a(Xi) +va(Xi) — 1) + max(0, (1 —va(Xi) + (1 —ua(Xi)) —1) = 0
for all x; € X

if and only if either [max(0, Ha(Xi) +va(Xi) — 1) =0

and max(0, (1 — va(Xi) + (1 — ua(Xi)) — 1) = 0]

or [max(0, ua(Xi) +va(Xi) — 1) = —max(0, (1 — va(Xi) + (1 — ualXi)) — 1) = 0]

if and only if either [Ha(Xi) +Vva(Xi) —1 < 0 and (1 —va(Xi)+ (1 —uaXi)) —1) < 0]
or [Ha(Xi) +va(Xi) — 1 = —((1 —val%) + (1 — ualXi)) —1))]

if and only if either [Ha(Xi) +va(Xi) < 1 and Ha(Xi) 4+ va(Xi) > 1]

or [Ua(Xi) +va(Xi) — 1 = —1 4 valXi) — 1 + ua(Xi) + 1]
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if and only if [Ha(Xi) +va(Xi) = 1] for all x; € X

if and only if A is fuzzy set.

(b-2-ii). 65,,(A, A°) =0

if and only if 2n — Z [a(Xi) + valXi) + (1 — valXi)) + (1 — ualXi))

r,€X

=27 (1a(Xi), va(Xi)) — 2T (1 — va(X)), (1 — ualX)))] = 0
if and only if Z [AX) +va(Xi) + (1 — va(Xi)) + (1 — ualxi)

r,€X

=21 (1a(Xi), va(Xi)) — 2T, (1 — va(Xi)), (1 — ualX)))] = 2n

if and only if [HA(Xi) +Va(Xi) + (1 — va(Xi)) + (1 — ua(Xi))

=27 (1a(Xi), va(Xi)) — 2T (1 — val(X)), (1 — ualX)))] = 2 for all x; € X

if and only if T (ka(Xi), va(Xi)) + Tp(1 — va(Xi), 1 — ua(Xi)) = 0 for all z; € X
which is equation (5.5). The rest of the proof is straight forward from part (b-2-i)
giving 05,,(A, A°) = 0 if and only if A is a fuzzy set.

(b-2-iii). 65 (A4, A°) =0

if and only 2 Z Tr(Ma(Xi), vaX)) + T (1 — va(Xi), 1 — ualXi)) =0

T, €X

if and only if Ty (ua(Xi), va(X)) + Tr (1 — vaXi); 1 — pa(Xi)) = 0 for all z; € X
which is equation (5.5) and the rest of the proof is the same as done in part (b-2-)
giving

65 (A, A°) = 0 if and only if A is a fuzzy set.

(b-2-iv). dh (A, A¢) =0

if and only if 2n — Z [A(X) + valXi) + (1 —vaX)) + (1 — ualxi))

T, €X

=27, (ua(Xi), va(Xi)) — 2T (1 — valXi), 1 — ualXi))] = 0
if and only if Z [HA(Xi) +Va(Xi) + (1 — va(Xi)) + (1 — ua(Xi))

r,€X

=27 (1a(Xi), va(Xi)) — 2T (1 — va(Xi)), (1 — ualXi)))] = 2n

if and only if [HA(Xi) +va(Xi) + (1 — va(Xi)) + (1 — ua(Xi))

=27 (ua(Xi), va(Xi)) — 2T (1 — va(Xi)), (1 — ua(Xi)))] = 2 for all z; € X

if and only if Ty (Ha(Xi), va(X)) + Tr(1 — vaXi), 1 — pa(Xi)) = 0 for all z; € X
which is again equation (5.5) giving

5hr(A, A¢) = 0 if and only if A is a fuzzy set.

(b-2-v). 045 (A, A°) =0

if and only if Z Tr(ma(Xi), va(X)) + Tr(1 —valXi), 1 — ualXi)) =0

r,€X
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if and only if T, (Ha(Xi), va(X)) + Tp(1 — va(Xi), 1 — ua(Xi)) =0 for all z; € X
which is equation (5.5).

Thus, 65, (A, A°) = 0 if and only if A is a fuzzy set.

(b-2-vi). 03 5(A, A°) =0

if and only if 4n — 2 Z [HAX) +va(Xi) + (1 —valX)) + (1 — ualxi))

r,€X

=277, (ua(Xi), va(Xi)) — 2T (1 — valXi), 1 — ua(Xi))] =0
if and only if Z [Ha(Xi) +va(Xi) + (1 — valXi))+

r,€X

(1 — ua(Xi)) — 2T (M), va(Xi)) — 2T (1 — va(Xi)), (1 — ualXi)))] = 2n

if and only if [HA(Xi) +va(Xi) + (1 — va(Xi)) + (1 — ua(Xi))

=277, (HA(X), va(Xi)) — 2T (1 — va(X), (1 — 1alXi)))] = 2 for all z; € X

if and only if T, (Ha(Xi), va(X)) + Tp,(1 — va(Xi),1 — ua(Xi)) =0 for all z; € X
which is equation (5.5) and the rest of the proof is similar to part (b-2-i) and gives
051y (A, A°) = 0 if and only if A is a fuzzy set.

(c-i). 65(A,49) =1

if and only if min(#a(Xi),va(Xi)) + min(1 — va(Xi), 1 — ua(Xi))

= max(Ha(Xi), va(Xi)) + max(1 — va(Xi), 1 — ua(X)) for all z; € X

if and only if #a(Xi) = va(X) for all z; € X.

(c-ii). dgn (A, A9) =1

if and only if [HA(Xi) +Va(Xi) + (1 — va(Xi)) + (1 — va(Xi)

—2min(Ha(Xi), va(Xi)) — 2min(1 — #a(Xi)), (1 —va(X)))] = 0 for all z; € X

if and only if min(#a(Xi), va(Xi)) + min(1 — va(Xi),1 — ua(Xi)) =1 for all z; € X

if and only if either [min(#a(Xi),va(Xi)) = #a(Xi) and min(1 — va(Xi), 1 — ua(xi)) =
1—va(Xi)] or [min(#a(Xi), va(Xi)) = va(Xi) and min(1—va(Xi), 1 —ua(Xi)) = 1—Ha(Xi)]
if and only if #a(Xi) = va(X) for all z; € X.

(c-iii). 0} (A, A°) =1

if and only if Z 2min(Ha(Xi), va(Xi)) + 2min(1 — va(xi), 1 — ua(Xi))
r,€X
= Z BA) +valXi) 4+ (1 —valXi)) + (1 — ualXi))
T, €X
if and only if [HA(X) +va(Xi) + (1 —va(Xi)) + (1 — va(Xi))

—2min(#a(Xi), va(X)) — 2min(1 — (X)), (1 —vaX)))] = 0 for all z; € X
if and only if min(#a(Xi),va(X)) + min(1 — va(Xi), 1 — ua(Xi)) =1 for all x; € X

if and only if either [min(#a(Xi),va(Xi)) = ua(Xi)
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and min(1 — va(Xi), 1 — ua(Xi)) = 1 — va(X)] or [min(#a(Xi),va(Xi)) = va(Xi) and
min(1 —va(Xi), 1 — ua(Xi)) = 1 — 1alXi)]

if and only if #a(Xi) = va(X) for all z; € X.

(c-iv). 64 (A, A% =1

if and only if 2n — Z [A(K) +valXi) + (1 —vaX)) + (1 — nalxi))

r,€X
—2min(#a(Xi), va(Xi)) — 2min(1 — valXi), 1 — La(Xi))]

=2n+ Z [HA(X) +Va(Xi) + (1 — valXi)) + (1 — ualXi))
r,€X
—2min(#a(Xi), va(Xi)) — 2min(1 — valXi), 1 — va(Xi))]

if and only if [HA(Xi) +Va(Xi) + (1 — va(Xi)) + (1 — va(Xi)

—2min(#a(Xi), va(Xi)) — 2min(1 — #a(Xi)), (1 —va(X)))] = 0 for all z; € X

if and only if min(#a(Xi),va(Xi)) + min(1 — va(Xi), 1 — ua(Xi)) =1 for all x; € X

if and only if either [min(#a(Xi), va(Xi)) = ua(Xi)

and min(1 — va(Xi), 1 — ua(Xi)) = 1 — va(X)] or [min(ka(Xi),va(Xi)) = va(Xi) and
min(1 —va(Xi), 1 — ua(Xi)) = 1 — 1a(Xi)]

if and only if #a(Xi) = va(Xi) for all z; € X.

(c-v). 6are (A, A9) =1

if and only if Z min(#a(Xi), #a(Xi)) + min(1 — va(Xi), 1 — va(X))
r,€X
= [2ua060) + 2v4 () + 2(1 = VA(K)) + 2(1 — 1a(x0))
z,€X
—3min(Ha(Xi),va(Xi)) — 3min(1 — va(Xi), 1 — 1a(Xi))]

if and only if [HA(Xi) +va(Xi) + (1 —va(Xi)) + (1 — va(Xi))

—2min(ua(Xi),va(Xi)) — 2min(1 — #a(Xi)), (1 —va(X)))] =0 for all z; € X

if and only if min(#a(Xi),va(Xi)) + min(1 — va(Xi), 1 — ua(Xi)) =1 for all z; € X

if and only if either [min(#a(Xi),va(Xi)) = ua(Xi)

and min(1 — va(X), 1 — ua(Xi)) = 1 — va(X)] or [min(#a(Xi),va(Xi)) = va(Xi) and
min(1 —va(Xi), 1 — ua(Xi)) = 1 — 1alXi)]

if and only if #a(Xi) = va(X) for all z; € X.

(c-vi). O5heo(A, A) =1

if and only if 4n — 2 Z [HA(X) +va(Xi) + (1 —valX)) + (1 — ualxi))

xr; €X
—2min(#a(Xi),va(Xi)) — 2min(1 — va(Xi), 1 — ua(Xi))]

=4n — Z [A(X) +valXi) + (1 —va(X)) + (1 — ualxi))

r,€X
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—2min(#a(Xi), va(Xi)) — 2min(1 — valXi), 1 — ua(Xi))]

if and only if #a(Xi) + Va(Xi) + (1 — va(Xi)) + (1 — va(Xi))

—2min(#a(Xi), va(X)) — 2min(1 — #a(Xi)), (1 — vaX))) = 0 for all z; € X

if and only if min(#a(Xi), va(Xi)) + min(1 — va(Xi),1 — ua(Xi)) =1 for all 7; € X

if and only if either [min(ua(Xi),va(Xi)) = ua(Xi)

and min(1 — va(Xi), 1 — ua(Xi)) = 1 — valX)] or [min(ka(Xi),va(Xi)) = va(Xi) and
min(1 —va(Xi), 1 — ualXi)) = 1 — ualXi)]

if and only if #a(Xi) = va(Xi) for all x; € X.

(d). From Definition 5.2.1, clearly, 5i(A, B) = (51(3, A) holds for all j = M, P, L.
(e). ACBCC,

implies that ua(Xi) < (i) < uc(x) and va(xi) > ve(Xi) > vc() for all z; € X
implies that min(#a(Xi), #8(Xi)) = min(ua(Xi), nc(x))

and min(1 — va(Xi),1 — Ve(Xi)) = min(1 — va(xi), 1 — vc(X))

implies that max(#a(Xi), #8(X)) < max(#a(Xi), uc(x))

and max(1 — va(x), 1 — ve(Xi)) < max(1 —va(Xi),1 — vc(x))
min(#ali),uc(x))+min(1—va(i),1—ve())
max (#ati), ucx))+max(1—vaki),1—ve))

i (x3),1806) ) +min(1—vax),1—ve(Xi))
< mmin(n®), : for all z; € X
— max(uati),#s())+max(1—vali),1—veX)) i €

implies that 6%/ (A4,C) < 6% (A, B)
similarly we can obtain 63 (A, C) < §5/(B, 0).

implies that

Theorem 5.2.4 The intuitionistic fuzzy similarity measure (5?,, j = M defines a
fuzzy equivalence relation on [FS(X), i.e., for all A, B,C € IFS(X),

(a). &(A, B) = 1 if and only if A = B (reflexivity);

(b). (A, B) = 5(B, A) (symmetry);

(c). I,(TL(6"(A, B),5 (B, C)),5 (A, C)) > 0 (Tr-fuzzy transitivity).

Proof

(a). (A, B)=1;j=M

implies that

Tar(ma(Xi) us(Xi)) = Spr(alxi), us(Xi)) and (5.6)

Ta(1 —vai), 1 —ve(Xi)) = Sy (1 —vatxi),1—VveXi)), vz, € X.

implies that #a(%i) = #8(i) and va(x) = ve(Xi) for all z; € X
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implies that A = B

Conversely, for A = B we get Thy(Ha(Xi), ka(Xi)) 4+ Ty (1 — valXi), 1 — va(Xi))
= Spr(uali), 14e(X)) 4+ Sy (1 —valxi), 1 — ve(Xi)) for all z; € X

implies that ¢’ (A, B) =1, j = M.

D T a ) )T (0 v, 1w ()

(b). ¢(A,B) = 2= ,J =M.
D Siale) @)+ 850w aw) 1w ()
;€X
Interchanging the role of A and B will yield the same expression thus,

8(A, B) = §5(B, A); j = M.

(c). On contrary, let suppose that ¢’ ; j = M is not fuzzy transitive. Then,
I(Ty(85(A, B).55(B, 0)), 65(A, C)) = 0.

It implies that 6’(A, B) = 1,6’ (B,C) = 1 and, §(A,C) = 0; j = M.
It further implies that A = B = C but (5?,(14, C) = 0; j = M,a contradiction.

Hence 5?']; j = M is Ty, —fuzzy transitive.
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Chapter 6

Intuitionistic Fuzzy Inclusion Measures
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In fuzzy set theory, subsethood/inclusion is, by default, defined by Zadeh himself
as: for two Ay, Ay € FS(X), A1 C Ay & py, (2) < py,(x) for all z € X where
4, and p,, are membership functions of A; and A, respectively. A direct impli-
cation of this definition states that: the subsethood (inclusion) of two fuzzy sets
is described by a bivalent function; i.e. a set is or is not a subset of another set.
The restrictive nature of this definition of subsethood of fuzzy sets was challenged
by many researchers [20, 34, 67, 69, 95, 159], who proposed different alternative
inclusion operators Inc that takes value in [0,1] giving the level of inclusion of
F'Ss; and introduced different systems of axioms [50, 134, 168].

The plethora and importance of the potential applications of IFS’s have drawn
the attention of many researchers who treated subsethood in various ways [49, 75,
90, 120, 163, 168, 176, 177], however, the search for the most reasonable, truly com-
parable and computationaly economical inclusion indicator of intuitionstic fuzzy
sets is still opened. Keeping all these factors in mind, we believe that a two de-
gree inclusion indicator for an intuitionistic fuzzy set as stated by many searchers
[49, 75, 90, 120, 163, 176] may not fulfill these requirements, and hence, we direct
our attention towards the search of a single degree (fuzzy) inclusion indicator of
IFS. We believe that a fuzzy inclusion measure in an intuitionistic environment is
capable of capturing the true essence of vagueness as well as the delicacy of mathe-
matical computation. In this chapter, we have extended the existing knowledge of
subsethood/inclusion of sets to intuitionistic fuzzy sets (IFS’s). These extensions
are based on two different approaches of inclusion existing in fuzzy literature.

The first approach is based on a well known hypothesis that: an implicator
plays a fundamental role in defining an inclusion between sets. In case of fuzzy
set theory, the first effort in this regard was made by Bandler and Kohout [20].
They defined the inclusion degree of A into B by an inclusion indicator given as:

Ine(A, B) = inf (I(A, B)) (6.1)

zeX

where I stands for fuzzy implicator and A, B € F.S(X). This definition gave rise to
an extensive research in the area of graded fuzzy inclusion. A valuable contribution
in this regard has been made by [22, 23|, in which the authors have modified the

definition (6.1) by replacing the quantifier ‘inf” with different fuzzy measures. The
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resulting inclusion measure satisfied the axioms of Sinha and Dougherty [134].

In intuitionistic fuzzy set theory we rarely find any inclusion indicator which
is based on the above approach of intuitionistic fuzzy implication and hence it
remained an open question until now. Thus, as a first attempt towards defining
an inclusion measure for IFS’s we have generalized the above mentioned idea from
fuzzy to intuitionistic fuzzy measure. The new defined class of inclusion measures
for intuitionistic fuzzy sets possessed properties similar to the axioms of Sinha and
Dougherty [134].

The second approach is based on a parallel idea of inclusion existing in liter-
ature where inclusion between sets (ordinary) is defined by cardinalities of sets
and different set theoretic operations. This approach specifies the two comparable
ordinary sets (objects) by their feature binary vectors. It then formulate differ-
ent techniques involving the count of the elements of sets (cardinality of ordinary
set) to get the degree of inclusion between these representative binary vectors of
sets. Getting our inspiration from one of the idea presented in [87], we have con-
structed a weighted average cardinality based parametric family of intuitionistic
fuzzy inclusion measure for IF'S’s. The new family have properties similar to those

proposed by Young [168].

6.1 An Implication based Intuitionistic Fuzzy In-
clusions Measure (IIFIM)

The results produced in this section are a part of our published paper [127].

In intuitionistic fuzzy literature, we may find some approaches to IFIM (In-
tuitionistic Fuzzy Inclusion Measures) but very little is available about the intu-
itionistic inclusion measures based on intuitionistic fuzzy implicators.

In this first section of our chapter, we have utilized the results presented in
[45, 46, 60, 102] about the intuitionistic fuzzy implicators and intuitionistic fuzzy t-
norms to define an implication based intuitionistic fuzzy inclusion mapping which
is an extension of the idea given in [22].

Next, we have defined the degree of inclusion between two intuitionistic fuzzy

sets by composing the new fuzzy measures of intuitionistic fuzzy sets presented in
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chapter 3 with the new defined intuitionistic fuzzy inclusion maps. This will result
into a measure called Implication based Intuitionistic Fuzzy Inclusion Measure
(IIFIM). The objective behind such a construction is that the new measure of
inclusion should be well equipped with the capablility of capturing not the amount
of overlap but also the orientation of one IFS with respect to the other IF'S. This,
surely is, in accordances with the true spirit of IFS-theory.

The properties exhibited by these measures are familiar to the well established
axioms of inclusion measures existing in literature.

In this work we have used Lukasiewicz intuitionistic fuzzy implicator IVTL [see
Example 2.2.2.9, Chapter 2] to explore these properties. Since a Lukasiewicz
intuitionistic fuzzy implicator chooses between the values depending on the region
of its domain, i.e., for A, B € IF'S(X), if A is a subset of B in the sense of Zadeh
( A C B if and only if A(x) <z« B(z) i.e., #a(X) < #8(X) and va(X) > va(X)
for all € X) then this implicator will assign at each point of the domain an
inclusion value equal to 1. Next, when measure m is applied to obtain the
complete inclusion degree, it results into the degree of inclusion of A into B equals
to 1. Clearly, in this case the new measure completely agrees to the idea of Zadeh’s
inclusion. It however, differs from Zadeh’s inclusion on points of the domain where
A(x) £+ B(x). In such cases, Zadeh’s idea of inclusion fails while the new defined
inclusion measure does capture inclusion of sets involved. Thus, the new measure
is capable of tackling the real life situations and uncertainties in more practical
manner.

Definition 6.1.1 An intuitionistic fuzzy inclusion [Incisan [FS(X)xIFS(X) —
IFS(X) mapping that assigns to all A, B € IFS(X) an intuitionistic fuzzy set
IInc(A, B) on X defined as:

IIne(A, B)(x) = (H11nea5) (%), Vimme(an (@) = [(A(2), B(z))  (6.2)

where I stands for intuitionistic fuzzy implicator and for all z € X, Alx) =
(a1,as), B(x) = (b1,by) € L*. The set of all intuitionistic fuzzy inclusions on X
will be denoted by IInc(X).

Definition 6.1.2 An implication based intuitionistic fuzzy inclusion measure (IIFIM)

is a mapping my. : IFS(X) x IFS(X) — [0, 1], which assigns to all A,B €
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IFS(X) a value in [0, 1] defined as:
Mmrme(A, B) = m(IInc(A, B)) (6.3)

where IInc(A, B) is the intuitionistic fuzzy inclusion of A into B and m is a
normal fuzzy measure of intuitionistic fuzzy sets. Now using the new normal
fuzzy measures on IFS given in chapter 3 and Definitions (6.1.1, 6.1.2) we get :
(i). Forall A,B € IFS(X)

1.
mMarme(A, B) = 5 (10f prmea sy (2) + (1 = SU)I?Van(A,B)(Jf)))-
z TE€

(ii). For all A, B € IFS(X)

1.
Marme(A, B) = Z( 12)f(,u11nc(A,B) (z) + (1 — Su)I?Van(A,B) (z))
r T€

+SUPH e ) (T) + (1 = inf virpe(a ) (7))
rzeX reX
(iii). For all A, B € [FS(X)

> Oprtneam (@) + (1= 0)(1 = Vine(an) (@)
|IInc(A, B)| _ zex

X x X| n2
where 6 € [0.5,1].

mgIInC(A7 B)

(iv). For all A, B € IFS(X)

1
Marme(A, B) = 2 Z \/Mnnc(A,B) (@)(1 = Vimne(a,B)(2)).

reX

Remark 6.1.3 Now if we take I = I}L in (6.2) we get
IInc(A, B)(z) = (min(1,b; — a3 + 1,a2 — by + 1), max(0,a; + by — 1)).  (6.4)

Moreover, for A, B € F(X), it is easy to verify that: IInc(A, B)(x) = (min(1, b; —
a; +1),max(0,a; —by)). Hence the degree of being included is: min(1,b; —a; +1)
and degree of not being included is: max(0,a; — by).

Next, we shall establish certain results on intuitionistic fuzzy inclusion mea-
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sure defined in (6.3) by taking [Inc(A, B)(x) = (min(1,b; —a; + 1,a2 — be +
1), max(0, ay + by — 1)).

Proposition 6.1.4 If the measure m satisfies the additional property stated in
Remark 3.1.3, then for all A, B € IFS(X) we have:

(a). mime(A, B) =1if and only if A C B;

(b). myme(A, A°) = 1 if and only if A is a fuzzy set with constant membership
degree #a(X) = 0.5;

(c). Mirme(A,B) =0 if and only if A =1y and B = O;

(d). myrne(A, A°) =0 if and only if A = 1x.

Proof Let A, B € IFS(X),

(a). ACB

if and only if A(x) <p- B(x) for all z € X

if and only if a; < b; and as > by and a; + as < 1
ifandonlyif 1 <b; —a;+1landas —by+1>1

if and only if min(1,b; —a; + 1,a3 — by + 1) = 1 and max(0,a; + by — 1) =0

if and only if IInc(A, B)(z) = (min(1, by — a3 + 1, a2 — by + 1), max(0, a; + by — 1))
=(1,0) =1z forall z € X

if and only if ITnc(A, B) = 1x

if and only if mrr.(A, B) = 1.

(b). mrme(A, A°) =1

if and only if ITnc(A, A9) = 1x

if and only if IInc(A, A%)(x) = 1+, Vo € X

if and only if (min(1,as — a3 + 1,a2 — a; + 1), max(0,a; + a3 — 1)) = 1-

if and only if ay —a; +1=1and 2a; —1 =0

if and only if A(z) = (0.5,0.5)

if and only if A is a fuzzy set with constant degree of membership #a(X) = 0.5.
(c). A=1x and B = 0y

if and only if A(z) = 1+ and B(x) = 0z« for all Vo € X

if and only if a; =1, b, =0, a, =0 and by = 1

ifand only if by —a1 +1=0,a—by+1=0anda; + by —1=1

if and only if min(1,b; — a3 + 1,a2 — by + 1) = 0 and max(0,a; + by — 1) =1

if and only if (min(1,b; — ay + 1,a2 — by + 1), max(0,a; + by — 1)) = (0, 1)
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if and only if ITnc(A, B)(x) =0y« for all x € X

if and only if ITnc(A, B) = Oy

if and only if m,.(A, B) = 0.

(d). A=1y

if and only if A(z) = 1.« forall z € X

if and only if IInc(A, A°)(x) = 0p- for all x € X

if and only if IInc(A, A°) = 0x

if and only if m (A, A°) = 0.

Proposition 6.1.5 For all A, B € [F'S(X) we have:

Mirne(A, B) = myp.(B¢, A°).

Proof

Let A, B € IFS(X).

For mym.(A, B) = mym(B° A°) we simply need to prove that IInc(A,B) =
IInc(B¢, A°).

Then, for any x € X if A(x) = (a1, az) then A°(x) = (ag,a1) and if B(x) = (by, bs)
then B¢(z) = (b, by).

Thus using (6.4), we have:

IInc(A,B)(z) = (min(1,by —ay+ 1,a2 — by + 1),
max(0,a; + by — 1)) (6.5)
IInc(B¢ A% (x) = (min(l,ay — by + 1,0y —a; + 1),

maX(O, b2 +ap — 1)) (66)

Thus from (6.5), and (6.6), we get [Inc(A, B) = IInc(B¢, A°).
Proposition 6.1.6 For any A, B,C' € IFS(X)

(a). BC C = mymc(A,B) <mym.(A,C);

(b). BC C = mym(C,A) <myme(B,A).

Proof

(a). BCC

implies that B(x) <;« C(z) for x € X

implies that (b1,b2) <p+ (¢1,¢2)

implies that b; < ¢; and by > cs.
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Now IInc(A, B)(z) = IInc(A(z), B(z)) = (min(1, by—a;+1, ag—be+1), max(0, a;+
by — 1))

and I'Tnc(A, C)(z) = IInc(A(z),C(x)) = (min(1, ¢c;—ay+1, ag—co+1), max (0, a; +
o —1)).

Thus, if by < c;and by > o thenas —bo+1<as—co+1, by —a1+1<c¢1—a;+1
anda; +by—1>a;+cp—1

implies that min(1,b; —a; + 1,a2 —bs + 1) < min(1,¢; —a; + 1,a2 — ca + 1) and
max(0,a; + by — 1) > max(0,a; + co — 1)

implies that (min(1,b; —a; +1,as — by + 1), max(0,a; + by — 1)) <y« (min(1,¢; —
a; +1,a9 — ¢ + 1), max(0,a; + co — 1)

implies that ITnc(A, B)(x) <p« [Inc(A,C)(x), for all x € X

and hence IInc(A, B) C IInc(A,C) and mime(A, B) < mim(A, C).

(b). BCC

implies that B(x) <« C(z) for x € X

implies that (b1, bs) <p« (c1,¢2)

implies that b, < ¢y and by > cs.

Now I Inc(C, A)(z) = [Inc(C(z), A(x)) = (min(1, a3 —c1+1, ca—az+1), max(0, c;+

ag — ].))
and [Inc(B, A)(z) = IInc(B(z), A(x)) = (min(1, by —c;+1, co—bo+1), max (0, ¢, +
by — 1)).

Thus, if b1 < ¢y and by > ¢co thena;—bi+1 > a;—c1+1, by—as+1 > co—as+1and
bi+a—-1<a+a—1
implies that min(1,a; —¢; + 1,¢0 —ag +1) <min(1,b; — ¢; + 1,¢3 — by + 1) and
max(0,c; + by — 1) < max(0,¢; +ay — 1)
implies that (min(1,a; —¢; + 1,03 — ag+ 1), max(0,¢; +ag — 1)) <p« (min(1,b; —
c1+1,¢c0 — by + 1), max(0,c; + by — 1))
implies that [Inc(C, A)(x) <p« IInc(B, A)(x) for all x € X
and hence IInc(C, A) C IInc(B, A) and my,.(C, A) < my.(B, A).
Proposition 6.1.7 For all A, B € [FS(X),

Sr(mime(A, B),mime(B,A)) =1 if and only if either A C B or B C A.
Proof For all A, B € IFS(X), let Sp.(mme(A, B),mim.(B,A)) =1
if and only if either my,.(A, B) = 1 or my.(B, A) =1
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if and only if either A C B or B C A (by Proposition 6.1.4 (a)).

Theorem 6.1.8 If a fuzzy measure of intuitionistic inclusion m possesses the
additional property stated in Remark 3.1.3, then it is a fuzzy quasi order [see
Definition 2.1.3.8, Chapter 2] on [FS(X).

Proof

(a). For all A € IFS(X), mimc(A,A) =1 by Proposition 6.1.4 (a).

(b). Suppose on the contrary that m;,. is not fuzzy transitive so,
I (To(mrmme(A, B),mrme(B, C)),mrme(A,C)) = 0 for some A, B,C € IFS(X).

It implies that m (A, B) = 1, mip.(B,C) = 1 and myp,.(A,C) = 0.
It further implies that A C B C C but my,.(A, C) = 0 leading to a contradiction.

Hence, myy,. is fuzzy transitive.

6.2 Weighted Average Cardinality based Para-
metric family of Intuitionistic Fuzzy Inclu-
sion Measure

The results produced in this section are a part of our submitted paper [126].

In [52], a rational family of cardinality based inclusion measures for ordinary
sets was proposed. It was parametric in nature and was based on eight parameters.
This family was modified by [87], who reduced the number of parameters from
eight to four, but still satisfying the basic requirement of inclusion i.e., A C B =
Inc(A, B) = 1. Both of these families involved some basic set theoretic operations.

In this section, we have defined a Weighted Average Cardinality based Para-
metric family of Intuitionistic Fuzzy Inclusion Measure for intuitionistic fuzzy sets
that involves intuitionistic fuzzy frank t-norms as their basic structural tool.

Likewise to Section 5.2 (Chapter 5), in this section also, we have used |A| =

Cardys(A) = 3 Z 1aXi) 4+ (1 — va(X)) where X = {x1, 25 ..., } as scalar cardi-
z,€X
nality of an A € IF'S(X), and the expressions for generalized U and N between

A, B € IFS(X) when the pair (T, .S) is modelled by three basic intuitionistic fuzzy
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frank t-norms and its dual conorms (T], E) such that 7 = M, P, L respectively:

AUy B = { 2, S, (A0, 1B09), T (va(¥), va(¥))) | z € X}
2, BA00 + 1800 — T, (HAG), 1e(x))), T (Va(X), va(¥))) | z € X}
x, S

HAG, 1B()), 1 — S;(1 — va(X), 1 — va(X)) | z € X};

<.

<

{
{
AngB = {
{

x, T
= {JJ,T

Moreover, in Section 5.2, using the above expressions we converted some of the

<

(

(

(, S5( )

(2, Ty (HAC), 180)), 8, (va(0,ve()) | 2 € X |

(z, T (HAX) 18(X)), va(X) + va(X) — T;(va(X),ve(X)) | x € X}
(@, T5( )

<

1a() ue(X)), 1 — T5(1 —va(¥), 1 —ve(X)) | z € X} :

classical set theoretic identities to their intuitionistic fuzzy versions. In this section

also, we shall use the same identities given as follows:

(i). Cardys(A°) =n — Cardys(A) =2+ 3 Z HAXi) — va(Xi);
r,€X

(li) CCLT’dO.E,(A\B) = Card0,5(A) — Cardo.g,(A N B)
Z A=V AXD=Tj (A us(X))+S (Va(Xi).ve(Xi))

xieX
- 2

D AtV 06)-TiGiA G, X))-Ty (AR 7B0X0)
_ XjeX
- 2

D AP vAG)=T; (A X)-Ty (VA 1-v6(0)
XjeX

2

(iii) OCLT’d().g,(A A B) = OCLT’ng,(A) + CCLTdoﬁ(B) - 20(17”d0.5(14 N B)
Z uaXi+up(Xi)=v a(Xi)-vB(Xi)=2Tj(ua(Xi).ua(X)+25 (v aXi).va(Xi))

XiEX

2

D atxy B0 A VB0 2T A (X b 060)-2T, (A 60)

XiEX

2

Z BAXD+ue(Xi)+(A=va(Xi)+(1-ve(Xi))-2Tj(ualXi).ue(Xi))-2Tj(1-va(Xi), 1-ve(Xi))
XjeX

2

Definition 6.2.1 A weighted average cardinality based parametric family of intu-
itionistic fuzzy inclusion measure is a binary relation A : IFS(X) x IFS(X) —

0, 1] defined as:

A(A B) _ :B(Cardo.s(A\B))—s—az/(Cardo,s(B\A))—&-y(Cm‘do‘g,(AﬁB))-f—Z(Cardo's((AUB)C))
’ z' (Cardo.s(AAB))+y(Cardo.s(ANB))+2z(Cardy. 5 ((AUB)®))

! o .
where x, x ,y, z are positive real numbers.
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Remark 6.2.2 Since A(4, B) € [0,1], 0 <z < a’, which A(A, B) defines a class
of [0, 1]—valued inclusion measures on IFSs that are rational expressions in the
cardinalities of the sets involved.

In case of ordinary sets, it was proved in [87] that some of the famous inclu-
sion measures known in literature were members of this parametric family. They
obtained the expressions for these inclusion measures by setting different combi-

nations of the parameter involved. The results obtained can be represented as

follows:

Measure | Expression x| x|yl z
Mi(4,B) | 5 01 ]0]0

|A°]
Ay (A, B) TANB) 0(1 0|1

|B|
A3(A, B) TAUE)] 0(11]1]0
A4(A, B) | BN 0|1 |1]1

2|A\B|

Table 6.2.1. Some well-known inclusion measures for ordinary sets
Now for intuitionistic fuzzy sets we have transformed all the inclusion measures

for ordinary sets given in Table 6.2.1 as follows:

Cardp.5(B\A)
(1) AJ (A B) W(AAB)

D HB)-vBO)-Ty (A B (VAKD). V8 (X))

XiEX

D HACK B0V AGKD)-VBOK)-2T (4ACKD) HB(X0))+ 25 (VAK) B (X))

XieX

E ue(XD+VAXi)=Tj(uaX),usXi))=Tij(valXi),ve(Xi))

XiEX

E HAXD+us(Xi)+V AXiD)+vB(X)—2Tj (La(Xi),us(Xi))=2T; (v A(Xi),vB(Xi))
XjeX

D B+ A-vBe)-T (A sE())-Tj(L-VAK) 1-Ve(x)

_ XjeX

E HAXD+uB(Xi)+(1=v A(Xi))+(A-ve(Xi))—2Tj (a(Xi)1u(Xi))—2T;(1-v A(Xi),1~-vE(Xi))
xjeX

Cardg.5(A°)
(ii). AY(A,B) = Cardo. 5(2(5AHB))

2n72 A1V AK)

XjeX

20 Ty (Gea)ip6))H+1-§ (VA V8(X0)

XjeX
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20 " pa(+L-VAK)

XiEX

20 Ti(uACDHB0DHLVAKD VB0 Ti(AK).VB (K1)

XiEX
2“*2 HAX)+1-va(Xi)
_ XiGX
2n—E Tij(uaXi),us(Xi))+Tj(1-va(Xi),1-ve(X;))
xjeX

ees j Cardy.5(B
(111)' A?’)(A7 B) = Cardo.gti‘gu)B)

Z pE()+1-vp(X)

XieX

Z S (UAG) B0 +1-T; (VAKD VE(X1))

XieX
D uaxiyi-ve(xi)

XieX

Z BAGHB D -T; (AGD B0+ 1-T; (VA V(X))

XieX
E pue(Xi)+1—ve(Xj)
. xjeX .
E T (uaXi),u(Xi)+Tj(1-va(Xi),1-ve(Xi))
xijeX

(iv). Ai(A, B) = Cardos((A\B))

n
2”*2 HAD)=v AT (paXi),ue X))+ (valXi),ve(Xi))
XieX
= 2n
20- > uACHHVBXD-Ti A HB0))-TiVAKDVB(X0)
XieX
= 2n

20- )~ AV AGD)-T (A B 0))-T (VA 1-vB (X))

XjeX

2n ’

j __ 1 _ _2Cardy.5(A\B)
(V)' AS <A7 B) =1 n+Cardy.s(AAB)
204 (Xi)+(1-vB()—HAK)-(-VAGKD)

XjeX

200> A HHBO) -V AXD-VBK) 2T (HAGD) HBXDH2S (VAK).VB(X0)
xjeX

2n+ E He(Xi)+(1=v(Xi))—pa(Xi)—(1-va(Xi))

xjeX

2n+ E HAXD)+us(XD+V AXi)+vBe(Xi) 2T (La(Xi) 1B (Xi))—=2T;(va(Xi),vB(Xi))
xjeX
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200 )~ g+ (LB (X)) A~ (1-VA(X0)

xjeX

2n+2 HAXD)+uB(Xi)+(1=v AXi)+(1=ve(Xi))—2Tj(ua(Xi),1e(Xi))—2Tj(A-v A(Xi), 1-vE(Xi))
XjeX

where j = M, L, P.

Also, throughout this work we have used the notation Ai, k= 1,2,3,4,5 to
specify the above transformed five members of the weighted average cardinality
based parametric family of intuitionistic fuzzy inclusion measure (A).

Theorem 6.2.3 The members Ai, k= 1,2,3,4,5 of A satisfy the following
properties: For all A, B,C € [FS(X),

(a). Al(A, B) =1 if and only if A C B, holds for j = M;

(b). AJ(A,A°) = 0, j = M implies either A = Ty or ua(%) > va(x:), for all
z; € X,

(c). If B C C, then AL(A,B) < AL(A,C), k = 2,4, j = M holds for all
A, B,C e IFS(X);

(d). If B C C, then AL(B, A) > AL(C, A),k =3, j = M holds for all A,B,C €
IFS(X).

Proof Let A, B € [FS(X),

(a-i). AM(A,B) =1

if and only if %

if and only if Cardys(B\A) = Cardys(A A B)
if and only if Cardys(A\B) =0

if and only if Cardys(A) = Cardys(AN B)

if and only if 1 Z pua(Xi) + 1 —valxi)

zEX
=1 Z min(HA(;),ﬂB(Xi)) + 1 — max(va(xi), ve(Xi))
if arfélej)(nly if ua(%i) = min(ua(x),u8(X)) and va(x) = max(va(xi),ve(Xi)) for all
r;, € X
if and only if #a(Xi) < #8(%i) and va(xi) > ve(Xi) for all z; € X
if and only if A(x;) < B(x;) for all z; € X
if and only if A C B.
(a-ii). AM(A,B) =1

Cardy.5(A°) -1

if and only if ZZ 2= =
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if and only if n — Cardys(A) =n — Cardys(AN B)
if and only if and only if A C B.

(a-iii). AY(A,B) =1

if and only if —Cffgjgafg) =1

if and only if Cardy5(B) = Cardys(AU B)
if and only if £ Z ue(Xi)4+1—ve(Xi) = 3 Z max(Ua(Xi), He(X0))+1—min(va(Xi), Ve(Xi))

r,€X T, €X
if and only if #8(Xi) = max(ua(Xi), #8(Xi)) and V8(Xi) = min(va(x),vs(Xi)) for all

z, € X

if and only if ua(Xi) < #s(X) and va(x) > ve(Xi) for all z; € X
if and only if A(z;) < B(x;) for all z; € X

if and only if A C B.

(a-iv). A¥(A,B) =1

if and only if ¥ dos(NB) _ 4

if and only if n — Cardy5(A\B) =n

if and only if Cardys(A\B) =0

if and only if A(z;) < B(x;) for all z; € X

if and only if A C B.

(a-v). A¥(A,B) =1

2Cardy.5(A\B) —1
n+Cardy.5(AAB) ~—

if and only if Cardys(A\B) =0
if and only if A C B.

(b-i). AM(A, A¢) =0

Cardy.5(A°\A) __ 0
CaT‘doAg,(AAAC) -

implies that Cardys(A°\A) =0
implies that Cardy5(A°) — Cardys(AN A°) =0

implies that ; Z ValXi) 4+ 1 — ualxi)
r,€X
=z Z min(Va(Xi), #a(Xi)) + 1 — max(va(Xi), La(Xi))
z,€X
implies that va(Xi) = min(va(X),#a(Xi)) and #a(Xi) = max(#a(Xi),va(x)) for all

if and only if 1 —

implies that

r; € X
implies that #a(Xi) > va(Xi) for all z; € X.
(b-ii). AY(A, A°) =0
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Cardp.5(A°) -0
Cardp.5((ANAc)c) o

implies that n — Cardys(A) =0

implies that

implies that Cardys(A) =n

implies that ; Z uaXi) +1 —valXi) =n
r,€X
implies that Z ualXi) +1 —valXi) = 2n
r,€EX
implies that #a(Xi) +1 —va(Xi) =2 for all 7; € X

implies that #a(Xi) = 1 4+ va(X) for all z; € X
implies that #a(Xi) = 1 and va(Xi) = 0 for all z; € X
implies that 4 = 1x.

(b-iii). AN (A, A¢) =0

Cardp.5(A°) -0
CaT‘do,5(AUAC) -

implies that n — Cardys(A) =0

implies that

implies that Cardys(A) =n

implies that Z uaXi) +1 —valXi) =n
r,€X
implies that Z ualXi) +1 —valXi) = 2n
r,€X
implies that #a(Xi) +1 —va(Xi) = 2 for all z; € X

implies that #a(Xi) = 1 +va(Xi) for all z; € X
implies that #a(Xi) = 1 and va(Xi) = 0 for all z; € X
implies that 4 = 1x.

(b-iv). AM(A, A%) =0

Ca’l‘do,5((A\AC)c) _ O

implies that Cardys(A\A°) =n
implies that Cardys(A) — Cardos(AN A°) =n
implies that Z ualXi) +1 —valXi)—
r,€X
Z min(va(Xi), #a(Xi)) + 1 — max(va(Xi), ua(Xi)) = 2n
r,€X
implies that #a(Xi) + 1 — va(Xi) — min(va(Xi), La(Xi)) — 1 4+ max(va(Xi), ua(Xi)) = 2

for all x; € X

implies that

implies that #a(Xi) — va(Xi) = 2 + min(va(Xi), ka(Xi)) — max(va(Xi), ua(Xi)) for all

.TiEX

109



implies that max(va(Xi),ua(Xi)) = ua(Xi) and min(va(xi),a(Xi)) = va(Xi) for all
z, € X

implies that #a(Xi) = 1 4 va(X) for all z; € X

implies that #a(Xi) = 1 and va(Xi) = 0 for all z; € X

implies that A = 1y.

(b-v). AM(A, A°) =0

2Cardp.5(A\A°) -0
n+Cardo.5(AAAC)

implies that n 4+ Cardys(A°\A) — Cardy5(A\A°) =0
implies that n 4+ Cardys(A°) = Cardys(A)

implies that Z va(Xi) +1 —uaXi) =0 forall z € X
r,€X
implies that #a(Xi) = 1 and va(Xi) = 0 for all z; € X

implies that 1 —

implies that A = 1.

(c-i). BCC

implies that #8(%) < uc(x) and vB(Xi) > vc(X) for all z; € X
implies that min(ka(Xi), #8(Xi)) < min(#a(Xi), uc(x))

and max(Va(x), Ve(Xi)) > max(va(xi),vc(X)) for all z; € X.
Case 1: If min(ua(Xi), (X)) = #s(Xi), then #s(Xi) < pa(Xi).
Now if min(#a(Xi), uc(x)) = #a(Xi) or min(Ka(Xi), uc(X)) = uc(xi)
then min(#a(Xi), #8(X)) < min(#a(Xi), uc(x)).

Case 2: If min(ua(Xi), u8(Xi)) = ua(Xi), then ua(xi) < pslXi).
Also if min(#a(Xi), uc(x)) = ualXi) as #s(i) < uclx),

then min(#a(Xi), #8(X)) = min(ua(Xi), uc(x:));

implies that ANBC ANC

implies that Cardys(AN B) < Cardys(ANC)

implies that n — Cardys(AN B) > n — Cardys(ANC)

: . n—Cardp.5(A) n—Cardp.5(A)
1mphes that n—Cardo.5s(ANB) — n—Cardgy.5(ANC)
Cardp.5(A°) Cardg.5(A°)

implies that &5 ~CaE5 < Cardos(ANC)T)

implies that A} (A, B) < AY(A,C).

(c-ii). BC C

implies that #8(%) < uc(x) and vB(Xi) > vc(X) for all z; € X
implies that ANB C ANC

implies that Cardys(AN B) < Cardys(ANC)
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implies that Cardys(A) — Cardys(AN B) > Cardys(A) — Cardys(ANC
p (A) ( ) (A) ( )

implies that Cardy;(A\B) > Cardys(A\C)
Cardg.5((A\B)°) < Cardy.5((A\C)°)

n - n

implies that
implies that A} (A, B) < AY (A, C).

(d). Let BC C

implies that #8(%) < uc(x) and vB(Xi) > vc(X) for all z; € X
implies that max(#a(Xi), #8(Xi)) < max(ua(Xi), uc(x))

and min(va(x),Ve(Xi)) > min(va(x),ve()) for all z; € X.
Case 1: if max(ua(Xi), #8(X)) = pa(Xi), then #s(Xi) < ua(Xi).
If max(ua(Xi), uc(xi)) = ua(Xi) as He(Xi) < ue(x),

then max(#a(Xi), 1e(X)) < max(ua(Xi), uc(x)).

Case 2: If max(ua(Xi), (X)) = us(Xi), then ua(xi) < uslXi).
Also if max(#a(Xi), uc(xi)) = ualXi) as us(Xi) < uc(x)

implies max(#a(Xi), #8(X)) = max(La(Xi), uc(x));

implies that BUACCUA

implies that Cardy (B U A) < Cardys(C'U A)

Ca'f‘do_s(A) CaTd0.5(A)
CaT‘do_s(BUA) — Card0,5(CUA)

implies that AY (B, A) > AY(C, A).
Theorem 6.2.4 The members Af;, k=1,2,3,4,5and j = M of A define a fuzzy

implies that

quasi order on [ FS(X).
Proof
(a). Af;(A, A)=1forall k=1,2,3,4,5 and j = M holds by Theorem 6.2.3 part
(a).
(b). Next we need to show that Af for all k = 1,2,3,4,5 and j = M is fuzzy
transitive i.e.,

I, (TL(AM(A, B), AM(B,C)),AM(A,C)) > 0 holds for all A,B,C € IFS(X).

On the contrary, let us assume that AZ: is not fuzzy transitive thus,
I (T (AY (A, B), AY(B,C)), AM(A,C)) = 0 for some A, B,C € [FS(X).

It implies that AM (A, B) = 1,AM(B,C) =1 and AM(A,C) = 0.
It further implies that A C B C C but AM(A,C) = 0 a contradiction.
So AM k =1,2,3,4,5 is fuzzy transitive.
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Chapter 7

Applications
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In human cognition, measures are the basic concepts. They play an essential role
in taxonomy, multi-criteria decision making (MCDM), recognition, case-based rea-
soning, diagnosis, artificial intelligence and many other fields. Due to their wide
acceptability and mathematical rigor, the literature on these areas have been devel-
oped substantially. In this chapter we have demonstrated the real life applicability
of the classes of different intuitionistic fuzzy inclusion, similarity and cardinality
measures proposed in this thesis.

The results produced in the first two sections of this chapter are a part of
our published paper [3] and the ones introduced in third and fourth sections are

contained in our submitted papers [124] and [4] respectively.

7.1 The Intuitionistic Fuzzy Multi-Criteria De-
cision Making based on Inclusion Degree (TOP-
IIS, Technique to Order Preference by Inclu-
sion of Ideal Solution)

In this section, we shall introduce an intuitionistic fuzzy inclusion based technique
for solving MCDM problems similar to the TOPSIS (The Technique for Order
Preferences by Similarity of Ideal Solution) method. The technique of TOPSIS
was introduced in 1981, by Huang Qinglai for the sorting of the optimal alternative
closest to the ideal solution.

The idea behind this technique can be summarized as follows: Taking into con-
sideration the weighted decision matrix, we initially search for the optimal scheme
and the worst one in the decision matrix. Next, we obtain the distances between
the object of evaluation and the optimal and the worse scheme respectively. Then,
we compute the degree of relative proximity of the evaluated object to the optimal
scheme, in order to judge the feasibility of each evaluation object.

Working on the similar lines, and instead of using distances as the basic tool
of comparisons of alternative schemes from ideal and non ideal solution, we wish
to use the concept of inclusion degree of intuitionstic fuzzy sets to obtain the best

scheme. Our technique will also create an Ideal solution and a Negative ideal solu-
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tion that can be regarded as the most excellent or worst solutions not existing in
the given set of alternative schemes that are to be judged. Then each alternative
scheme under consideration is judged according to its degree of inclusion in the non
ideal solution and the degree of inclusion of ideal solution in it. The most optimal
solution is the highest ranked alternative scheme which simultaneously contains
the ideal solution maximally and is contained in the negative ideal solution min-
imally. We shall call this technique TOPIIS(Technique to Order Preference by
Inclusion of Ideal Solution).

Let us consider a scheme set A = {A4;, Ay, As, ..., A} which is consisting of
m evaluated objects or alternatives. The indexes (criteria) of evaluation for the
evaluated objects can be given by index set U = {Uy, Uy, Us, ..., U, }. An evaluation
index system is a logical and comprehensive system of a sequence of mutually
connected and restricted indexes, which is designed to elaborate the features and
regularity of multilevel and multifactor complex phenomena . Moreovern, we shall
define the weight of an evaluation index U; as wy, such that w; > 0 and Z wy = 1.
The procedure can be outlined in the following steps: =
(i). Establish an intuitionistic fuzzy relation between A and U represented by the

following evaluation matrix:

(U17U11>V11) s (Usalulsayls) s (Umﬂlml/ln)

_(Ulalumluyml) - (Usalumgayms) S (U'rwlu’mn7ymn)_
The intuitionistic fuzzy relation matrix R clearly elaborates that each scheme

A, with respect to the evaluation index U; can be repressented by the intuitionistic
fuzzy set A, = (Uy, piy, Vi) where pu,, and v, indicate the degree of importance
and the degree of unimportance of U, € U to the scheme A, € A respectively,
satisfying 0 < p,, + v < 1 where r = 1,2,...m and t = 1,2,..n . The value of
evaluation of the scheme A, w.r.t. n indexes can be denoted by:

AT‘ = {(U1> M1, Vrl)’ <U27 Mg, VT?)a ceey (Una Moy s VTn>}'

(ii). Employ the intuitionistic fuzzy entropy method to calculate the weight of an
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evaluation index:

For an intuitionistic fuzzy set A = {(x,NA(X),VA(X)) |z e X }, the degree hes-
itancy of x in A is defined as: wa(x) = 1 — #alX) — va(X). Also \a(z) =
1 — [#a(X) —va(X)| is taken to be the fuzzy degree of z in the set A. Then we

define for an evaluation index U, its intuitionistic fuzzy entropy as:
1 <~ 72+ A2
E(U,) = — E Ry RS
(L) m 2

The greater value of the intuitionistic fuzzy entropy F(U;) means the uncertainty
level of index Uy is higher which results in a smaller weight for index U;. Thus the

weight of index U, is given as:

1— E(U,)

Wy = —;

> (11— E()

t=1
The above formula provides the weight vector w = (wq, ws..., wn)T of the evalua-
tion index set.
(iii). Extract the intuitionistic fuzzy set positive ideal solution A* (the best
scheme) and the intuitionistic fuzzy negative ideal solution (worst scheme) A~

given as:

At = {4 = {(Ut,uj,y:r)} - {(Ut’ \/“7“"/7

/\ Vrt)}

r—=

AT = {At_} = {(Utalut_ayt_)} = {(Uta /\H’rt? \/ Vrt)}

r=1

where the pair ( /\, \/) stands for fuzzy conjunction and disjunction respectively
which can be modeled by t-norms and their dual conorms respectively.

(iv). Calculate the weighted degree D(A™, A,) of inclusion of positive ideal solu-
tion AT in alternative A, and the weighted degree d(A,, A™) of inclusion of the
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alternative A, in negative ideal solution by formulas given below:

D(A+, Ar) = \/(wtmllnc(A?—a Art>>
t=1
d(AT, Ai) = /\(wtmllnc(ATt7 A;))

~~
Il
—

where we have defined my,.(A4, B)(z) = m(IInc(A, B)(z)) and IInc(A, B)(z) =
(min(1,b; —ay + 1,a9 — by + 1), max(0,a; + by — 1)) for all A, B € [FS(X) such
that A(z) = (a1, a9), B(x) = (b1,bs) € L*. Moreover, as mentioned in step (3)
/\ stands for fuzzy conjunction and \/ stands for fuzzy disjunction which can be
modeled by t-norms and their dual t-conorms.

(v). Define a ranking index of alternative scheme A, as:

D(A*, 4,)
Ty = -
D(AY,A,) +d(A,, A™)

where r = 1,2, 3..., m. The best scheme among A,, r = 1,2, 3...m is chosen on the
basis of its ranking index value 7,.. The highest ranking value -, assigns the scheme
A, as the most optimal solution of the multicriteria decision making problem since
the degree of inclusion of positive ideal solution in the respective scheme will be
maximum and the degree of inclusion of this scheme in negative ideal solution will
be minimal. However, in a situation when two schemes have the same degree of
inclusion with respect to ideal solution, the negative ideal solution plays its part
to discriminate which alternative is better than other. In such a situation, the
scheme with smaller degree of inclusion with respect to negative ideal solution is
the suitable choice. Similarly, if we may come across with the situation when two
or more schemes have equal d(A,, A7), then the scheme with greater D(AT, A,)
will be the better choice.
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7.2 The Application of TOPIIS to Employee’s
Performance Appraisal

The rapid globalization and developing economy has mounted the competition
among the enterprises. Performance appraisal is a core aspect of Human Resource
(HR) management. The effective performance appraisal of an employee in an
enterprise not only generates a better internal management with less flaws but
also improves its market competitiveness by retaining attracting the best employee.
The HR appraisal is a comprehensive evaluation with multiple levels, dimensions
and factors implicated in it and with a lot of fuzziness involved in quantifying
the performance indexes of the employees. Thus, it has gained and sustained
the interest of researchers of management theory for the past few decades [76,
123, 178]. This subsection is reserved for a rework on the case study originally
made in [167]. In [167], the authors designed a HR appraisal index system and
utilized the TOPSIS technique to rank the best employee based on the evaluation
indexes that they have developed. This subsection will elaborate and compare the
results obtained from the new TOPIIS method with the results appearing in [167].
The new results were supportive of the study done in [167]. However, our new
technique uses general fuzzy conjunction and disjunction that could be modeled by
different t-norms and their dual conorms. Moreover, a variety of fuzzy measures of
intuitionistic fuzzy sets can provide multiple choices for the degree of inclusion of
intuitionistic fuzzy sets used in the technique. This provides a more broader and
flexible framework to the decision maker who has to deal with any type of data
in a complex multiple attribute decision making environment of actual economic
management and similar fields.

But, firstly to build a background of the problem we present a short review of

the index system of employee appraisal developed by [167] in the form Table 7.1.1;
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The index system
of employee

performance

The first class index

The second class index

Talent quality
Ui

Enterprise Uqq

Responsibility Ui

Integrity Uis

Professional

responsibility U4

Personal ability
Uz

Professional skill Uy

Coordination ability Usy

Learning ability Uss

Decision making

ability Usy

Work performance

Us

The quantity of work Us;

The quality of work Ussy

The efficiency of work Uss

The effect of work Usy

The innovation of work Uss

Work attitude
U

Active learning

and training Uy

The enthusiasm of work Uy

Execution Uiz

Attendance rate Uy

Discipline Uys

Table 7.2.1: The index system of employee performance
Clearly, from Table 7.2.1 we see that authors have proposed an employee eval-
uation index system based on the four first class of indexes namely, talent quality
Uy, personal ability Us, work performance Us, and work attitude Uy . Each of these
first class of indexes is further subclassified into the second class sub indexes. For
a detailed study about the selection and this particular classifications of the first

class and the second class indexes we refer the reader to [167]. Next, we present

the case study as follows:

Let us assume that an enterprise selects five of its employees denoted by the

scheme set A = {A;, Ay, A3, Ay, A5} for their performance evaluation. Taking
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into consideration the characteristics of performance appraisal, we choose only
the first class indexes, which are: Talent quality U;, Personal ability Us, Work
performance Uz, and Work attitude Uy. These can be combined into a set of at-
tributes U = {Uy, Us, Us, Uy} to judge the employees work performance. Now
according to the above mentioned technique we shall first construct the intuition-
istic fuzzy evaluation matrix of schemes, then we determine the weight of every
index by entropy weight method, we define the optimal and worst schemes and
then for each alternative scheme we calculate the degree of inclusion of optimal
scheme in the given alternative scheme and the degree of inclusion of the same
alternative scheme in the worst scheme. Finally, we calculate the ranking index
for each alternative scheme. In particular:

(i). Using the present knowledge, research and experience of HR- managers we

can construct the intuitionistic fuzzy evaluation matrix as follows:

(U1,0.6,0.3) (Us,0.4,0.3) (Us,0.3,0.5) (Uy,0.6,0.3)
(U1,05,0.3) (Us,0.5,0.3) (Us,0.4,0.1) (Uy,0.4,0.1)
R=| (U;,08,0.1) (U3,0.3,0.2) (Us,0.6,0.1) (Uy,0.5,0.4)
(U1,0.7,0.2) (Us,0.1,0.6) (Us,0.5,0.3) (Uy,0.2,0.5)

(U1,0.6,0.2) (Uz,0.5,0.1) (Us,0.3,0.4) (Uy,0.6,0.2)
(ii). Determine the weights of each evaluation index by intuitionistic fuzzy entropy

method i.e.,
B 7rr1+)\ _ 1 [012+0.72 0.22 + (.82
/0 12 + 0.32 \/0 12 + 0.52 \/0.22 + 0.62)
2
= 0.423.

Similarly, we obtain E(Uy) = 0.581, E(Us) = 0.571, E(Uy) = 0.547. From the
given values the intuitionistic fuzzy entropy E(U;) = 0.423 is the smallest of all
which implies that the weight of U; should be biggest. Then since the entropy
E(Uy) = 0.547 which is slightly bigger than F(U;), hence the weight of Us should
be smaller than U;. The entropies E(U;) = 0.581 and E(Us) = 0.571 are very
close to each other and yet they have a greater value than E(Uy,), thus the weights
of Uy and U; should be big and closer to each other, but they should not exceed
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in value the weights of U, and U; respectively. Next, we use these entropies to

calculate the weight vector w = (wy, ws, w3, wy)? of the evaluation indexes where

1-E(Uy) 0577

wy = 5 = 1873 = 0.307.
> (1-EW)
t=1
 1-EU) 0419
Wy = 5 = 1878 0.223.
> (1-EW)
t=1
1 — E(Us) 0.429
= = = 0.229.
w3 5 1a7g V2%
> (1-EW))
t=1
v — L-B(U) _ 0453 _

~1.878
(1= E(Uh))

]

4~
Il
—

According to the above index system of any enterprise, talent quality of the
employee (U;) has the greatest weight w; = 0.307 that makes it the prior index
of evaluation in different departments. Moreover, the employee’s cognition of the
enterprise and his motivation to work is shown by the index work attitude (U,), and
an enterprise designates a larger value during any performance appraisal. However,
the entropies of personal ability (Us) and work performance (Us) are large and the
difference among them is small so their weight value in the performance appraisal
are closer and smaller than the other two indexes.

(iii). Next, we find the intuitionistic fuzzy positive ideal solution A* and the

intuitionistic fuzzy negative ideal solution A~ by formulas:

At = {Af} = {(Ut,,uj:’/;r)} = {(Uta \//l’rﬁ /\Vrt)}5

AT = {A;} = {(Utau;7y;)} = {(Uta /\Mrt,\/Vrt)}-

Now, among different choices for t-norm and their dual t-conorm we fix the

pair(/\, \/) by (Tus, Sus) where Tys(w,y) = min(z, y) and Sy(z,y) = max(z,y)

for all z,y € [0, 1]. The main motivation for this particular choice is the fact that
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we wish to compare our results with the result presented in [167].

A+ = {Ai‘_v A;_, Ag—7 AI} = {(U17 087 01)7 (U27 057 01)7 (U37 067 01)7 (U47 067 01)} ;
A- = {A7, Ay, A7, A7} = {(U1,0.5,0.3), (Us, 0.1,0.6), (Us, 0.3,0.5), (Us, 0.2,0.5)} .

(iv). Next, we calculate the weighted degree D(A™, A,) of inclusion of positive
ideal solution A™ in alternative A, and the weighted degree d(A,, A™) of inclusion

of the alternative A, in negative ideal solution by formulas given below:

D(AJF,AT) = \/(wtmllnc(AzraArt»;
t=1
d(A., A7) = /\(wtmllnc(ATt) AD)).

&
Il
—

Now, myrme(Af, Art) = m(IInc(A], Ay)(Uy)) and ITnc(Af, Ay)(Uy) = (min(1, v —
w4+ 1,y — v + 1), max(0, gy + vy — 1)).

Similarly, myne(Ar, Ay ) = m(IInc(An, A7 )(Uy)) and IInc(Ay, A ) (Uy) =
(min(1, vpy — o + 1, pty — vy +1), max(0, u,, + v, —1)). Moreover, we may choose
any fuzzy measure m introduced in [Section 3.1, Chapter 3]. However, for now we
restrict our calculations to the choice m;(A) = £ ( ;g}f{ 1A + (1 - :SCEEVA(X))) where
A € IFS(X) which leads to the expressions:

n

w
D(A+7AT) = \/[é(min(layz—_:u?__‘_l?#rt_yrt—{_l)

t=1
+1 — max(0, p” + vy — 1))].

n

A(An A7) = NGmin(Lve = iy + 105 = v7 +1)
t=1
+1 — max(0, ., +v; —1))].

Here, we have multiple choices for the pair of fuzzy ( /\, \/) due to the existence
of different pairs of t-norm and their dual t-conorm. In this case study, we shall
discuss three different scenarios for the degrees D(A', A,) and d(A,, A~) when
we model ( /\, \/) by three basic t-norms namely, Min (7)), Product (7p) and
Lukasiewicz (T},) and their dual t-conorms. The results of these calculations will

be exhibited by three different tables showing the degrees of inclusions D(A™, A,)
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and d(A,, A™) for each employee A, where r =1,2,3,4,5.
Table 7.2.2 : The Inclusion degree of employee w.r.t. (T, Sis) :

Ay Ay As Ay As

D(A*,A,) | 0.2609 | 0.2456 | 0.8330 | 0.6112 | 0.2763

d(A,, A7) | 0.1895 | 0.1672 | 0.1717 | 0.223 | 0.1561
Table 7.2.3 : The Inclusion degree of employee w.r.t. (Tp, Sp) :

Al AQ AS A4 A5
D(A*,A,) | 0.6168 | 0.6198 | 0.8330 | 0.6112 | 0.6508

d(A,, A7) | 0.0024 | 0.0018 | 0.0015 | 0.0033 | 0.0017
Table 7.2.4 : The Inclusion degree of employee w.r.t. (17, Sy):

Ay Ay As Ay As
D(A* A,) | 0.8558 | 0.8581 | 0.9415 | 0.8346 | 0.9229

d(A, A7) |0 0 0 0 0
(v). Next, corresponding to each Table in step (4) we calculate ranking index of

alternative scheme A, by formula:

D(A*, A,)
Ve = -
D(A*, A,) + d(A,, A-)

Now, using Table 7.2.2 we get the following set of ranking values:

vy = 0.579, 7, = 0.595, 75 = 0.829, v, = 0.733, 75 = 0.639;

and the ranking of employees as Az = Ay = A5 = Ay = A;.

Using Table 7.2.3, we get the ranking values:

vy = 0.9961, v, = 0.9971, 75 = 0.9982, v, = 0.9946, 75 = 0.9974;

and the ranking of employees as Az = A5 = Ay = A = Ay.

The data from Table 7.2.4 reveals that we are in a situation in which there
is no discrimination existing among all the alternatives A, on the basis of their
inclusions in the negative ideal solution. In such a case, we will rank the employees
on the basis of the degree of inclusion of positive ideal solution in them. Thus,
from the given data we get the ranking of employees as: A3 = A5 = Ay = Ay = Ay,

which is the same as obtained from Table 7.2.3.
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The above rankings reveal that the performance of employee As is highest
among his competitors, conforming to the calculation results of his inclusions.
That is to say that the data from the three tables show that the employee As
has maximum degree of inclusion of positive ideal solution in it. Not only this,
its inclusion degrees in negative ideal solution are negligible and even minimum
as appearing in Table 7.2.3 and Table 7.2.4. The enterprise should prioritize the
employee A3 when giving any promotions and rewards. Now, as far as the identi-
fication of the weakest performer is concerned, we see that there is a tie between
A; and A4. Although, A, has been ranked the weakest twice yet we confirm
his position in the given chain of performance appraisal by deeply analyzing the
given data. This analysis will also result in a final ranking chain. Now, in both
the chains we see that performance of the employee A; has been better than Aj.
Thus, A must be ranked higher than A; in any ranking chain. Moreover, the
employee As has been a good performer in both analysis and it is acceptable if he
or she is assigned a second or third ranking position in the given situation. Now,
as far as the decision about the positions of A; and A4 is concerned, we see that
in both Tables (7.2.3,7.2.4), the candidate A4 has the same degree of inclusion of
positive ideal in him or her, while in both situations he or she has a maximum
containment in negative ideal solution than any of the five candidates. Thus, be-
side his or her abilities, there are a few hidden factors which do not allow him
or her to position better than A; who is a moderate to weak performer. Finally,
we conclude that the ranking chain As = A5 = Ay = A; = Ay is more realistic
and thus the candidate A, is judged as the lowest performer among all the five
employees. The management should work as a team with the concerned employee
for the improvement of his/her self quality as well as of the work level, so as to
contribute towards the improvement of his or her performance as a whole. The

given ranking also matches with the result produced in [167].
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7.3 The Applications of Weighted Average Car-
dinality Measure to Ranking of Intuitionistic

Fuzzy Sets

In this section, we shall employ the new proposed weighted average cardinality
measure Cardy(A) for an intuitionistic fuzzy set A to define a new definition of
relative sigma count for intuitionistic fuzzy sets and then based on this concept we
will present a ranking technique for intuitionistic fuzzy sets. The notion of relative

sigma count of fuzzy sets was introduced by Zadeh [170] as: Z Count(A/B) =

r,€X
Z Count(ANB) Z min(KA(Xi) 1B(Xi))

z, €EX ;e€X . . . oy . .
B = 22 . The relative sigma count of an intuitionistic
E Count(B) E pe(Xi)
z,€X T, €X

fuzzy set was introduced as a numerical interval in [149]. We have presented a
new definition of this concept and quantified it to a scalar number which makes it
a more feasible object that could be worked upon in any situation.

Definition 7.3.1 Let A, B € [FS(X). The relative sigma count of set A with

respect to set B is defined as:

Cardg(AN B)
Cardy(B)

Z 0 min(ua(Xi), #8(Xi)) + (1 — #) min(1 — va(x), 1 — va(Xi))

r,€X

Cardy(A/B)

S Gu(w) + (1 - 0)(1 - velx))

r,€X

where § € [0.5,1].

Suppose that A and B are two fuzzy sets. Then:

Z min(ua(Xi), #e(Xi))
Cardg(A/B) = 25

Z pe(Xi)

r,€X

Now if A is an intuitionistic fuzzy set and B is a fuzzy set then:
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E O min(ua(Xi),18(Xi))+(1-60) Min(1—v a(Xi).1e(Xi))

xjeX
Z us(Xi)

xXjeX

Cardp(A/B) =

and if A is a fuzzy set and B = X then:

Z ua(Xi)

Cardg(A/B) = meX = % Z Ha(Xi),

n
Clearly, Cardy(A/B) € [0, 1] and

D ouali) + (1 6)(1 - valx))

x; €X

CardolA/4) = S 0ualx) + (1 0)(1 —vax)) !

zr,€EX

Definition 7.3.2 For a given class A, € [FS(X),l € L and for any fixed
B € IFS(X), we say A, dominates A, written as A, > A, if Cardy(A,/B) >
Cardy(A,/B) where 6 € [0.5, 1].

Definition 7.3.3 For a given class A, € IFS(X),l € L, the set ¢ € [FS(X) is
said to be the super IFS if

b = {@onelavele) | 7 € X}
where j1,,(;) = maxjer (4, (2:)) and vy(z;) = minger (v, (7).

7.3.1 Application of Relative Sigma Count to Medical Di-

agnosis and Organizational Management

In this subsection, we shall demonstrate the efficiency and simplicity of the pro-
posed ranking procedure of intuitionistic fuzzy sets by presenting two case studies.
The first one is related to the field of medical diagnosis while the second one ad-
dresses the employee appraisal problem of organizational management. In the first
case study we shall directly utilize the Definition 7.3.2 in the ranking procedure

of intuitionistic fuzzy sets. However, in the second situation we need firstly, con-
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struct the super set ¢ as defined in Definition 7.3.3 and then we rank the given
class of intuitionistic fuzzy sets with respect to the set 1. It must be noted that
through out this subsection we shall specify § = 0.5 in the definition of relative
sigma count for intuitionistic fuzzy sets.

Case Study 7.3.1.1: (Medical Diagnosis)

Suppose that a doctor has to make an judgement about a patient disease, who
is claiming the presence of symptoms such as Temperature, Cough, Chest pain,
Headache, Stomach pain that are collective symptoms of diseases like Viral fever,
Malaria, Chest problem, Typhoid, Stomach problem. We propose a diagnosis
procedure comprising of the following three simple steps:

(i). Determination of symptoms;

(ii). Formulation of medical knowledge based on intuitionstic fuzzy sets;

(iii). Determination of diagnosis on the basis of ranking procedure proposed in
Definition 7.3.2.

In the above situation the doctor will, firstly, formulate a crisp set of symptoms
o ={s1(temperature), so(cough), s3(chest pain), s4(headache), s5(Stomach pain)}.
As a next step he will assign to the patient P a degree of membership and a degree
of non membership with respect to each of the symptom s; € o,7 = 1,2...5 on the
basis of his/her medical examination and tests. Thus, for the doctor a patient is

now an intuitionistic fuzzy set P on the set of symptoms o given as say:

P(Patient) | (0.8,0.0) | (0.6,0.1) | (0.2,0.8) | (0.6,0.1) | (0.1,0.6)
Table 7.3.1: Patient w.r.t. symptons-1

Moreover, on the basis of his medical knowledge he will view each of the possible
diagnosis like, Viral Fever(VF'), Malaria(M), Chest Problem(CP), Typhoid(T),
Stomach Problem(SP) as intuitionstic fuzzy set over the set of symptoms o.

In the following case study, we formulate a matrix representing all these five dis-

eases as the intuitionistic fuzzy sets over the set of symptoms o.
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VF | (0.4,0.0) | (0.3,0.5) | (0.1,0.7) | (0.4,0.3) | (0.1,0.7)
M |(0.7,0.0) | (0.2,0.6) | (0.0,0.9) | (0.7,0.0) | (0.1,0.8)
CP | (0.3,0.3) | (0.6,0.1) | (0.2,0.7) | (0.2,0.6) | (0.1,0.9)
T 1(0.1,0.7) | (0.2,0.7) | (0.2,0.4) | (0.8,0.0) | (0.2,0.7)
SP | (0.1,0.8) | (0.0,0.8) | (0.2,0.8) | (0.2,0.8) | (0.8,0.1)

Table 7.3.2: Diseases w.r.t. symptoms-1
Then as the final stage he will find the relative sigma count for all of the diseases
with respect to patient P and adopt the ranking technique defined in Definition
7.3.2 to make his final judgement. The mathematical calculation regarding this

scenario is as following;:

Cardys(VF/P) = 0.707;
Cardys(M/P) = 0.745;
Cardys(CP/P) = 0.672;
Cardos(T/P) = 0.490;
Cardys(SP/P) = 0.327.

Thus, we obtain a ranking as M >V F > C'P > T > SP which indicates that the
patient is most likely facing the problem of Malaria.

Case Study 7.3.1.2 :(Organizational management) Consider the problem
of annual selection of the best employee in an organization. The characteristics,

which are used to determine this selection are:

Cy1 : Progressiveness;

Cy : Team work;

Cs Discipline;

Cy Punctuality;

Cs Efficiency;

Cs Stress management.

The people under consideration are: John, David, Billy and Brown.
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We formulate a matrix representing the four employee who are evaluated on the
basis of the above mentioned six characteristics. A team of experts has allocated
the following scores to the candidates with respect to corresponding criteria. For
example experts have allocated John 0.8 with respect to discipline while 0.1 is

given to him for non discipline.

c Cs Cs Cy Cs Co
John | (0.2,0.7) | (0.5,0.2) | (0.8,0.1) | (0.6,0.3) | (0.4,0.5) | (0.3,0.6)
David | (0.6,0.2) | (0.2,0.7) | (0.7,0.3) | (0.8,0.2) | (0.5,0.3) | (0.9,0.1)
Billy | (0.2,0.7) | (0.4,0.5) | (0.8,0.2) | (0.9,0.1) | (0.6,0.3) | (0.5,0.2)
Brown | (0.5,0.4) | (0.3,0.5) | (0.6,0.3) | (0.5,0.3) | (0.7,0.2) | (0.9,0.0)

Table 7.3.3: Employees w.r.t. selection characteristics
To apply the proposed technique we deal the data of John as a single IF'S. So we
are dealing with a class of four IFS’s: John, David, Billy and Brown.
First of all we construct the super intuitionistic fuzzy set 1 of the above mentioned
data which is also as an IF'S given in the form of a row matrix:

¥ 1 (0.6,0.2) | (0.5,0.2) | (0.8,0.1) | (0.9,0.1) | (0.7,0.2) | (0.9,0.0)
Table 7.3.4: Super IFS w.r.t. selection characteristics

A selector may have to consider the above characteristics and formulate their
judgement for each employee in a organization utilizing all the given information.
We shall use the technique of dominance defined in Definition 7.3.2 as the factor

of performance appraisal. So we observe that:

Cardys(John/¢) = 0.66;

Cardys(David/¢) = 0.822;

)

)
Cardy5(Billy/¢) = 0.77;

) = 0.812.

Cardys(Brown/1
Clearly,

Cardys(David/v) > Cardys(Brown/v) > Cardys(Billy /1) > Cardys(John/1).
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Thus, we have a ranking:

David > Brown > Billy > John.

7.3.2 Application of Relative Sigma Count in Defining Quan-

tification Rules

In this subsection, we shall once again illustrate some applications of relative
sigma count for intuitionistic fuzzy sets by defining extended quantified intuition-
istic fuzzy propositions and studying their truthfulness with the aid of practical
examples. We shall demonstrate the applications by taking # = 0.5 in the defini-
tion of relative sigma count for intuitionistic fuzzy sets.

Definition 7.3.2.1 For A, B € [ F'S(X), we define a quantified intuitionistic fuzzy
proposition as ‘Qx’s are A’'s’ and an extended quantified intuitionistic fuzzy propo-
sition by ‘QA’s are B's’, where the intuitionistic quantifier @) is specified by a
membership function ji,(7) and a non membership function v (z) for any partic-
ular x € X. Mathematically speaking, the truth value of the extended quantified
intuitionistic fuzzy proposition (QA’s are B’s) in a finite universe X is given by

(1g(r), vq(r)) such that:

C(M”doﬁ(A N B)

r = Ca?“do,f)(B/A) - Cardy 5<A>

In particular if A, B € F/'S(X), then the proposition ‘QA’s are B's’ is reduced to
Zadeh’s sense [170].

Moreover, as a special case when A = X and B € IFS(X), the extended quan-
tified intuitionistic fuzzy proposition ‘QA’s are B’s’ becomes a simple quantified
intuitionistic fuzzy proposition ‘Qx’'s are B’s’ and, then the truth value of this
intuitionistic quantified proposition is modelled by a situation:

truth(Qz's are B's) = (jug(ro), vq(ro)) such that:
1 Z ua(Xi)1-ve(Xi)

0= Cardas(B[X) = Syt = S

We demonstrate both the situations by the following case studies.

Case Study 7.3.2.2
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Let us consider the proposition ‘most cars are fast. We want to check its
truthfulness. Clearly it is a quantified intuitionistic fuzzy proposition of the form
‘Qx’'s are B's’.

To illustrate the problem we may restrict our self to the given situation where
X = cars = {x1,29,x3} is a finite universe of discourse and B = fast =
{(21,0.1,0.8), (22,0.6,0.2), (z3,0.8,0.2)} is the intuitionistic fuzzy set on X giving
the idea of fastness of each car (z; € X) and Q) = most is the intuitionistic fuzzy

quantifier with membership and non membership functions defined as:

(

0 0<¢<0.3
o) = ¢ 1—(1+(2t—.6)%)"" 03<t<0.7 ¢; (7.1)
\ 1 t>0.7
(1 0<t<04
vo(t) = ¢ (1+ (26— 8)2)"t 04<t<0.8 (7.2)
0 t>0.8

\

Now this is the case where the truth value of a quantified intuitionistic fuzzy
proposition ‘Qx’s are B's’ is modelled by a situation in which A = X and B €
IFS(X), ie.,
truth(Qx's are B's) = (ug(ro), vq(ro)) where,

1 Z 1e(Xi)41-vB(Xi))
ro = Cardys(B/X) = —== —
Thus ro = Cardys(B/X) = %3 = 0.55 where rq defines the proposition of B in X.
Now substituting 7o = 0.55 in (7.1), (7.2) we have 11,(0.55) = 0.2 and v(0.55) =

0.53.

The truth value may vary depending on how the quantifier )(most) and the set
B(fast) are defined.
Case Study 7.3.2.3

Let us consider a more general proposition, ‘Most fast cars are dangerous’.
Clearly this proposition is an extended quantified intuitionistic fuzzy proposi-
tion of the form ‘QB’s are A’s’. Now here we take the data for () = most,
B = fast and X = cars from the previous example, but we do need to define

the intuitionistic fuzzy set the dangerous over X. Let it be: A = dangerous =
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{(21,0.2,0.7), (22,0.5,0.4), (23,0.6,0.4)}. Then the truth value of this extended
quantified intuitionistic fuzzy proposition is calculated by:
truth(QB's are A's) = (ug(r),vq(r)) where,
1 Z min(HA) 280X tmin(1—v a(Xi),1-VB(Xi))

= do=(A/B) = 2% = 0.787.
r = Car 0.5( / ) %ZHB(Xi)Hl—VB(Xi))

r;€X

Finally, substituting the value of r in (7.1) and (7.2) we get 15(0.787) = 0.48 and
vo(0.787) = 0.46

The final results may vary depending on how the quantifier Q(most), the set
B(fast), and the set A(dangerous) are defined.

7.4 The Application of Weighted Average Car-
dinality Based Parametric Family of Intu-
itionistic Fuzzy Similarity Measure to Med-
ical Diagnosis

Fuzzy set theory and fuzzy logic [173] after their development were highly ac-
ceptable in medical industry for the development of knowledge based systems in
medicine, and for objectives such as interpretation of sets of medical findings, syn-
drome differentiations in medicine, disease diagnosis in modern medicine, the most
appropriate selection of medical procedure involving western and eastern medicine
and for actual and timely monitoring of patients record [79, 114, 121, 152]. How-
ever, with further development of knowledge the real time situations occurred in
which the description of a problem by fuzzy linguistic variable, given in terms of
membership function only seemed too rough. Thus, among many generalizations
of fuzzy sets Intuitionistic fuzzy set (IFS) introduced by Atanassov, dealt with
the situation more flexibly particularly in the case of decision making problem of
medical diagnosis, where there is a fair chance of presence of a non null hesitation
part at each moment of evaluation of an unknown object [7, 6].

Intuitionistic fuzzy similarity measures play a vital role in the field of medical

diagnosis as they serve as organizing tool by which one classifies and analyses
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the medical data sets in order to find the similar patterns and regularities that
contain important knowledge of the given data. The simplest class of similarity
measures is the one in which we construct a feature vector for each of the two
objects under consideration representing a collection of appropriate set of features
typical to both these objects. The feature vector takes its entries from the set
L* ={(ay,az) € L* | L =[0,1],a; + az < 1}, encoding the degree of presence and
degree of absence. The two objects are then compared by constructing different
intuitionistic fuzzy similarity measures using their vector representations.

In this section, we demonstrate an effective and easy method of diagnose of a
disease by the pattern recognition technique of the members 51;, k=JSM,D,
RT,SK1,SK2 and j = M, P, L, of the new weighted average cardinality based
parametric family of intuitionistic fuzzy similarity measure (0) proposed in Section
5.2, Chapter 5.

The method constructs a data base i.e., a description of a set of symptoms
o, a set of diagnosis () and, a state of patient knowing results of his/her medical
tests by using the notion of intuitionstic fuzzy sets and then applies the pattern
recognition technique to diagnose of the correct disease.

This technique can be summarized to the following three simple steps:

(i). Determination of symptoms;

(ii). Formulation of medical knowledge based on intuitionstic fuzzy sets;

(iii). Determination of diagnosis on the basis of pattern recognition tech-
nique involving different intuitionistic fuzzy similarity measures 5{; where k =
J,SM,D,RT,SK1,SK2 and j = M, P, L.

To be more specific, we suppose that there is a patient P whose initial medical
examination reveals the presence of symptoms like Temperature, Headache, Stom-
ach pain, Cough and Chest pain. Thus as a fist step, a medical expert will formu-
late a set o of symptoms which will be an ordinary set i.e., 0 ={s; (Temperature),
so(Headache), s3(Stomach Pain), sy(Cough), ss(Chest Pain)}. As a second stage
he will use his knowledge to list out all the possible diagnosis and formulate a
set of diagnosis say Q) ={Q1 (Viral fever), Q2 (Malaria), Qs (Typhoid), Q4(Stomach
Problem), Qs (Chest Problem)} such that, each of these diagnosis are intuitionistic

fuzzy sets on ¢ which in this situation can be viewed as follows:
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Q1 | (0.4,0.0) | (0.3,0.5) | (0.1,0.7) | (0.4,0.3) | (0.1,0.7)
Qs | (0.7,0.0) | (0.2,0.6) | (0.0,0.9) | (0.7,0.0) | (0.1,0.8)
Qs | (0.3,0.3) | (0.6,0.1) | (0.2,0.7) | (0.2,0.6) | (0.1,0.9)
Q4 | (0.1,0.7) | (0.2,0.4) | (0.8,0.0) | (0.2,0.7) | (0.2,0.7)
Qs | (0.1,0.8) | (0.0,0.8) | (0.2,0.8) | (0.2,0.8) | (0.8,0.1)

Table 7.4.1: Diseases w.r.t. symptoms-2
Moreover, according to the given technique the state of the patient P is also
given by an intuitionstic fuzzy set on the set of symptoms ¢ i.e. in our case it may
be represented by:

P(Patient) | (0.8,0.1) | (0.6,0.1) | (0.2,0.8) | (0.6,0.1) | (0.1,0.6)
Table 7.4.2: Patient w.r.t. symptoms-2

As a final stage of this diagnosis problem he will classify pattern P in one of
the classes 01, @2, Q3, @4, and ()5. The proper diagnosis (); is derived according

to the formula:

7 = arg Maz {6(P,Q;)} where k = J,SM,D,RT,SK1,SK2 and j = M, P, L.

(7.3)
Now particularly, for this example the diagnosis table representing the pattern
recognition results of different 5?;(P, Q:), k= J,SM,D,RT,SK1,SK2 and j =

M, P, L are given in the following tables:
(PQ)|t=1 |t=2 |[t=3 |t=4 |t=5

j=M |0.6724 | 0.6949 | 0.6491 | 0.3521 | 0.3143
j=P 0.4328 | 0.5083 | 0.3967 | 0.2468 | 0.2137
j=1L 0.2763 | 0.4085 | 0.2703 | 0.1294 | 0.1220

Table 7.4.3: Result with similarity 6/, j = M, P, L
Ty (PQ) [ t=1 [t=2 |t=3 |t=4 |[t=5
j=M 081 |082 |08 0.54 | 0.52
j=P 0.616 | 0.674 | 0.564 | 0.420 | 0.404
j=1L 0.4500 | 0.5800 | 0.4600 | 0.2600 | 0.2800

Table 7.4.4: Result with similarity (%M, j=MP L
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F(P,Q) | t=1 |t=2 |[t=3 |[t=4 |t=5
0.8041 | 0.82 | 0.7872 | 0.5208 | 0.4783
0.6091 | 0.674 | 0.5681 | 0.3958 | 0.3522

0.4330 | 0.5800 | 0.4255 | 0.2292 | 0.2174
Table 7.4.5: Result with similarity 83, j = M, P, L
Fpr(PQy) | t=1 |t=2 |t=3 |t=4 |t=5

SRR N
I
Ml =

j=M 0.649 | 0.6807 | 0.6667 | 0.3699 | 0.3514
j=P 0.4451 | 0.5023 | 0.4225 | 0.2658 | 0.2531
j=1L 0.2903 | 0.4085 | 0.2987 | 0.1494 | 0.1628
Table 7.4.6: Result with similarity cﬂéT, j=M,P,L
0r(PQy) [t=1 |t=2 |[t=3 |t=4 |t=5
j=M 0.5065 | 0.5325 | 0.4805 | 0.2136 | 0.1864
j=P 0.2762 | 0.3407 | 0.2475 | 0.1407 | 0.1196
j=1L 0.1603 | 0.2566 | 0.1563 | 0.0692 | 0.0649
Table 7.4.7: Result with similarity 5{91(17 j=M,P L
Spa(PQy) [ t=1 | t=2 |t=3 =4 |t=5
j=M 0.8950 | 0.9011 | 0.8889 | 0.7013 | 0.6842
j=P 0.7624 | 0.8053 | 0.7453 | 0.5915 | 0.5755
j=1L 0.6207 | 0.7342 | 0.6301 | 0.4127 | 0.4375

Table 7.4.8: Result with similarity 6%, j = M, P, L
Applying the formula (7.3) to the above Tables we deduce that all the eighteen
intuitionistic fuzzy similarity measures remarkably assigned the patient P the
same diagnosis ()2(Malaria) according to recognition principal. It is clear that
our diagnosis results for this case study are identical to those obtained by [116,
138, 157], however, a deep look into the data table reveals the fact that a use of
three different t-norms within the same similarity measure provides a variety in
the measure of similarity between the same pair of sets. For instance, considering
the Jaccard measure 5?, a variety of three basic t-norms could be more practically
utilizable in the sense that a decision maker has this choice of a selection among all
of these three measures depending upon the situation in which he is placed, and
his personal preference of being optimistic, pessimistic, or maintaining a neutral
behavior. Thus, we can claim that different intuitionistic Jaccard coefficients (and

any of the other proposed measures) provides a more flexible, reliable and a better
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workable environment for decision making situations.
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Chapter 8

Conclusion and Indication for

Future Research
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This final chapter will pointwise conclude the research conducted in this disserta-
tion along with the possible indications of any future research within the scientific
domain of this area.

The core target of this research activity was to formulate different measures
of similarity and inclusion between objects existing in an intuitionistic environ-
ment and to implement these measures in designing techniques that can act as an
effective solution to many real world problems.

The journey for the search of new measures of similarity and inclusions be-
tween intuitionistic fuzzy sets took us to the point where we required some new
fuzzy measures on intuitionistic fuzzy sets, especially a scalar cardinality for intu-
itionistic fuzzy sets and some other logical operators such as intuitionistic fuzzy
bi-implicators. Thus, in order to accomplish our main interest we systematically
proposed some new normal fuzzy measures on intuitionistic fuzzy sets, a class
of scalar cardinality measure followed by different classes of intuitionistic fuzzy
bi-implication operators. Afterwards, we used these new fuzzy measures and intu-
itionistic logical operators (implicators and bi-implicators) to construct for both
(similarity and inclusion measure on IFS’s) two different classes/families, generally
called implication/bi-implication based classes and the cardinality based paramet-
ric families.

Let us summarize the results presented in this thesis and some open problems

in the form of following listed points:
(1). The main target of our research was the formation of new similarity and
inclusion measures for intuitionistic fuzzy sets. Therefore, as an attempt to do so
we adopted a technique which composed the measures on a set with the logical op-
erators to define inclusion or similarity measures between sets. Thus in chapter 3,
we formally introduced four new normal fuzzy measures on intuitionistic fuzzy sets
and a new class of weighted average cardinality measure for IFS’s. Moreover, this
new defined weighted average cardinality was studied for the valuation property
by specifying the N and U between two IF'S with the t-representable intuitionistic
fuzzy Frank t-norms and their dual conorms. Similarly, its behavior with model
operators as defined by Atanassov [7] was also studied.

Since, an intuitionstic fuzzy sets is regarded as an L*— fuzzy sets in the sense of
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Gougen [71], therefore, in [18] it was proved that measures on intuitionistic fuzzy
sets can be classified as fuzzy valued measures on intuitionistic fuzzy sets and the
intuitionistic valued measures on intuitionistic fuzzy sets. In this thesis, we have
restricted our self to the study of the first class of measures i.e., the fuzzy measures
on intuitionistic fuzzy sets also called the fuzzy valued measures on intuitionistic
fuzzy sets. A broader view towards defining new measures on intuitionistic fuzzy

sets may lead to the following open problems:

e A similar or extended version of the fuzzy measures on intuitionstic fuzzy set
can be developed under the notion of intuitionistic fuzzy measures for intu-
itionistic fuzzy sets as introduced in [18] and it is believed to be a challenging

new area of research in this direction.

e Another variation that is possible with the fuzzy measures described in this
work is to assume their values in the set of normal fuzzy numbers or even
normal intuitionistic fuzzy numbers in stead of real interval [0,1]. A similar

effort in this direction for other fuzzy measures was attempted in [93].

e Within the framework of this thesis an investigation of different proper-
ties especially the valuation property of the new defined weighted average
cardinality measure by modeling the N and U between IFS’s by other t-
representable intuitionstic fuzzy t-norms and their dual conorms can give

interesting results.

e The same properties of this new scalar cardinality could be checked for a pair

of non t-representable intuitionistic fuzzy t-norms and their dual conorms.

e In [87], the authors showed that the Bell inequalities were of particular in-
terest in the context of cardinalities of fuzzy sets. Historically speaking,
the Bell type inequalities were proposed by Bell [28] in 1964, as an attempt
to answer the issue of existence of hidden variables in a quantum mechan-
ics which was believed to be incomplete as claimed by Einstein, Podolsky
and Rosen in their famous EPR-paradox. Later, Pitowsky [122] showed
that the original Bell inequalities could be derived in purely mathemati-

cal context without any reference to physics. He showed that the classical
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Kolmonorrovain probability model related to the situations where, for a set
of probabilities connected to the outcome of experiments are studied can
equivalently demonstrate the situations(environments) where the bell type

inequalities are satisfied i.e.,

If the probabilities of two random events A;, A; and their intersection A;NA;
are given as p; = P(4,;), p; = P(A;) and p;; = P(A;NA;) then the following
double inequality

pi+p;—1 < pi; <min(p;,p;)

or

Tr(pivi) < pij < Tu(pi,pj)

is regarded as the first Bell type inequality. Later, the following set of
inequalities were found by Pitowsky by experimenting with three or four

random events such that at most two events were intersected at a time.

0

IN

Pi — Pij — Dik + Pjk,

IN

Di + Dj + Pk — Pij — Pik — Pjk 1

?

0 < pi+pr—Dpik—DPa—pPjr+Dpj <1,

where 7, 7, k and [ are different variables.

(a). We believe that all these Bell type inequalities could be rewritten in the
context of the new defined scalar weighted average cardinality of intuition-
istic fuzzy sets such that the intersection between the events is modelled by

intuitionistic fuzzy t-norms which may or may not be t-representable.

(b). Moreover, these inequalities can be extended to four or more events in
which almost two events are intersected at a time. A similar effort for fuzzy

sets in this regard has been attempted in [87]

(c). Also, if we choose to model the intersection between events by para-
metric intuitionistic fuzzy t-norm families (especially the intuitionistic Frank
t-norm family) then we feel that it can be a fruitful effort to calculate the

range of the parameter for which each of the Bell inequality is satisfied since
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we believe that an intuitionistic fuzzified Bell-inequalities can be exploited
to develop a framework in which the validity of more general inequality on

the other cardinalities of intuitionistic fuzzy sets can be checked.

(2). For the construction of an intuitionistic fuzzy bi-implicator based similarity
measure we introduced in chapter 4 of our thesis several new classes of intuition-
istic fuzzy bi-implicators having axiomatic as well as constructive approaches. A
study on these classes revealed the existence of non hull intersection between these
classes. Moreover, one of the class called intuitionistic fuzzy J—bi-implicator was
investigated for its properties by implanting the intuitionistic fuzzy Lukasiewicz
implicator I}:L and the t-representable intuitionistic fuzzy t-norm T, in its de-
finition. The properties exhibited by this choice in intuitionistic fuzzy [B—bi-
implicator were close to the set of criteria given in [134].

We now list down, some out of many ideas, of possible research that may
be conducted in order to broaden the outlook of different intuitionistic fuzzy bi-

implication operators presented in this dissertation:

e By employing any of the constructive intuitionistic fuzzy bi-implicator and
some other operators we can study the defining standards for basic intuition-
istic operators such as intuitionistic fuzzy t-norms, t-conorms , implicators
and negators. For instance we can try to obtain a intuitionistic fuzzy t-norm
by the use of an intuitionistic fuzzy R-implicator and the intuitionistic fuzzy
T'S'—bi-implicator operator. In case, if failed to obtain some of those in-
tuitionistic fuzzy operators then this intuitionistic fuzzy T' S —bi-implicator

can be regarded as a restricted intuitionistic fuzzy operator.

e If by use of any of the intuitionistic fuzzy bi-implicator presented in this
thesis, we succeed in constructing all the above mentioned operators, then
this could lead us to a possibility of building a new sound and complete

intuitionistic fuzzy logic with respects to all those obtained operators.

e Moreover, a deep study into the properties all these intuitionistic fuzzy bi-
implicators especially the intuitionistic fuzzy 7' S —bi-implicator by use of

different intuitionistic fuzzy t-representable or non t-representable t-norms

140



and conorms can conclude to which properties are special cases or conse-

quences of others. For instance, we may want to analyze whether the con-

structive classes of intuitionistic fuzzy bi-implicators proposed in this work
. . . . o . . . !

are continuous for any combination of intuitionistic fuzzy t-norm 7" ,a left

continuous intuitionistic fuzzy t-norm 7', and an intuitionistic fuzzy conorm

!

S

e Axiomatization of the intuitionistic fuzzy T'S —bi-implicator in order to
obtain the definitions of a primitive connective could be a fruitful effort. If
concluded successfully, we can generate an extensive research activity with a
goal of deriving new axioms for other intuitionistic fuzzy connectives say t-
norms, conorms, implicators and negators that were previously constructed

with the help of intuitionistic fuzzy T"S —bi-implicator.

e In [107] a study on different concepts of operations fitting the K M P—fuzzy
bi-implicator was made. A similar effort can be made in an intuitionistic
fuzzy frame work by changing the role of a K M P—fuzzy bi-implicator with

any of the new intuitionistic fuzzy bi-implicator presented in this thesis.

(3). The fuzzy measures on intuitionistic fuzzy sets introduced in chapter 3 and
the classes of intuitionistic fuzzy bi-implicators presented in chapter 4 were com-
bined to define classes of intuitionistic fuzzy bi-implicator based similarity mea-
sures in section 5.1 of chapter 5. The properties of one of the class of intuition-
istic fuzzy bi-implicator based similarity measure were studied by specifying in
its definition the intuitionistic fuzzy S—bi-implicator based on intuitionistic fuzzy
Lukasiewicz implicator jTL and the t-representable intuitionistic fuzzy t-norm T'y;.
These properties were found to be similar to ones proposed in [134]. Moreover,
this particular class of bi-implicator based similarity measures was proved to be
Ty, — transitive and defined an equivalence relation on I F'S(X). Now, before pro-
ceeding to the conclusion of section 5.2, we believe that a list of open problems
related to the intuitionistic fuzzy bi-implicator based similarity measures can be of
great interest to our reader. An intuitionistic fuzzy bi-implicator based similarity
measure is constructed by composition of two types of operators (a fuzzy measure

and a bi-implicator operator) on IFS’s and therefore a variation in any of the two
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operators can bring about some great changes.

For instance,

e In this thesis, we have restricted our self to the study of fuzzy measures on
IF'S only. If we shift these fuzzy measures with intuitionistic fuzzy measures
on intuitionistic fuzzy sets then the resulting similarity measure will be also

be an intuitionistic fuzzy valued similarity measure.

o [f successful, such a construction of similarity measure for IFS can gen-
erate rigorous research on the study of its properties say in particular a
T—transitivity or symmetry, monotonicity and other famous set of axioms

and criteria required by any reasonable similarity measure to be satisfied.

e Moreover, as mentioned earlier, in this thesis we have studied the properties
of only one of the members of the intuitionistic fuzzy S—bi-implicator based
similarity measure with the fuzzy measures working in its background. This
particular class was proved to be T}, -transitive. An investigation of its T},

and Tp transitivity is still undiscovered.

e Likewise, it is still an open problem to examine the properties of other
classes of f—bi-implicator based similarity measures by choosing different
combinations of intuitionistic fuzzy t-norms 7", T, and an intuitionistic
fuzzy R-implicator fT other than the Lukasiewicz implicator jTL and the
t-representable intuitionistic fuzzy t-norm T,;. Also it will be interesting
to study the properties by choosing non-t-representable intuitionstic fuzzy

t-norms and their R-implicator.

e A fixation of fuzzy measures and a variation of different classes of new de-
fined intuitionstic fuzzy bi-implicators in the definition of an intuitionistic
fuzzy bi-implicator based similarity measure can provide different classes of
intuitionistic fuzzy bi-implicator based similarity measures and therefore we
can claim that this area of research has more to offer to all those who seek

knowledge in this dimension.

In section 5.2 of chapter 5, we introduced a weighted average cardinality based para-

metric family of intuitionistic fuzzy similarity measure. This family was based on
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set theoretic operations and the identities involved were converted to their intu-
itionistic versions by the use of weighted average cardinality measure as introduced
in chapter 3 and the t-representable intuitionistic fuzzy Frank t-norms along with
their dual conorms. This parametric family involved four parameters and for dif-
ferent combinations of these parameters the intuitionistic versions of some of the
famous crisp measures of time were generated. A study of their properties showed
some remarkable results. For instance, the intuitionistic fuzzy Jaccard coefficient
was found to satisfy most of all the axioms of a similarity measure as mentioned
in [134]. Moreover, it was proved to be T -transitive and it defined an equivalence
relation on [FS(X). Let us list down some of the open problems that could be
addressed:

e In this dissertation, we had only considered the family of similarity measures
that were based on the addition (or subtraction) of scalar cardinalities. In
mathematical literature, we find measures that were based on multiplications
of cardinalities like the cosine coefficient. Clearly, they cannot be a member
of the suggested family of similarity measures. Thus, a design of a new
family of similarity measures which could cover all such or similar measures

can definitely be regarded as an open challenge.

e Moreover, this parametric family of similarity measures was constructed us-
ing scalar cardinality for intuitionstic fuzzy sets. A choice of other types of
cardinality measures for intuitionstic fuzzy sets can lead to some remarkable
constructions of cardinality based similarity measures for intuitionistic fuzzy

sets

e Likewise, the choice of only four parameters in this family of similarity mea-
sures is appeared as an other constraint that cause the disappearance of an
intuitionistic version of some of the famous crisp measures (for example, the
first coefficient of Kulczynski [98]). We believe that this situation can be
tackled by considering six parameters instead of four. However, this new

direction definitely needs further research.

e Lastly, within the context of this thesis we have confined our self to the

choice of t-representable intuitionstic fuzzy Frank t-norms and their dual
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conorms for modelling the generalized N and U between intuitionistic fuzzy
sets. We believe that a variation of other intuitionistic fuzzy t-norms (t-
representable or non t-representable) and their dual conorms for modelling
generalized intersection and union can generate some interesting results on
T'— transitivity or even monotonicity of this new parametric family of simi-
larity measures for IFS’s. Even with intuitionistic fuzzy Frank t-norms used
in the definition, a test of Tp and T);— transitivity of the parametric family

of similarity measure is still an open problem.

(4). In chapter 6, we have worked on defining two separate classes/families of
inclusion measures for intuitionstic fuzzy sets based on two different approaches.
The first approach was based on the fact that an implication acts as a backbone
of any inclusion relation between sets. Thus, we introduced multiple classes of
inclusion measures for intuitionstic fuzzy sets by composing the fuzzy measures
of chapter 3 with different intuitionistic fuzzy implication operators. A study
on the properties of one of the classes was made by specifying the intuitionistic
fuzzy Lukasiewicz implicator jﬁ in its definition. The new class of inclusion
measures satisfied all the axioms of inclusion proposed by [134]. Moreover, it was
proved to be Tj,—transitive and it also defined a quasi-order relation on IFS(X).
Likewise to chapter 5, in the second section of this chapter 6, we have introduced
a four parametric family of weighted average cardinality based intuitionistic fuzzy
inclusion measure. Different inclusion measures of this family were extracted using
the set theoretic identities for intuitionistic fuzzy set that were previously defined
in chapter 5. The inclusion measures obeyed majority of the axioms presented in
[168]. Moreover, these measures also defined a quasi-order relation on IFS(X)
when they involved t-representable intuitionistic fuzzy Frank t-norms for defining

the generalized intersection between two intuitionistic fuzzy sets.

e As far as open problems related to this area are concerned, we can surely
restate all the points that are previously stated under the conclusion of

chapter 5 with the role of similarity interchanged with inclusion.

e Moreover, we feel that the intuitionistic fuzzy similarity and inclusion mea-

sure presented in chapter 5 and chapter 6 of this dissertation can be reworked
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for interval valued fuzzy sets which in itself is a new direction and definitely

requires more research.

(5). Chapter 7 of this thesis was reserved for the study of the applications of
these new defined measures in different fields of scientific and social domains.
Like in section 7.1, we developed a new technique to cater the MCDM problem.
The new technique involved intuitionistic fuzzy inclusion measure from section
5.1 and was called TOPIIS (Technique to Order Preference by Inclusion of Ideal
Solution). Likewise, to the famous TOPSIS (The Technique for Order Preferences
by Similarity of Ideal Solution) method, our new technique also formed an ideal
and a non ideal solution that could be regarded as the best and worst solutions
respectively not existing in the set of alternatives to be judged. It then generates a
degree of inclusion of each of the alternative in the non ideal solution and a degree
of inclusion of ideal solution in each of the alternative. The best alternative
is ranked on the basis of its minimum inclusion in non ideal solution and the
maximum inclusion of ideal solution in it. The technique was elaborated by the
help of a case study which was originally conducted in [167]. The new results
were supportive of the study done in [167]. However, our new technique used
general fuzzy conjunction and disjunctions that could be modeled by a different
family of t-norms and their dual conorms. Moreover, a variety of fuzzy measures of
intuitionistic fuzzy sets could provide multiple choices for the degree of inclusion of
intuitionistic fuzzy sets used in the technique. This provided a more broader and
flexible framework to the decision maker who had to deal with any type of data
in a complex multiple attribute decision making environment of actual economic
management and similar fields.

In section 7.2, we utilized the weighted average cardinality measures introduced
in chapter 3 to formulate a scalar valued relative sigma count for intuitionistic
fuzzy sets which was then employed in formulating a new ranking technique for
intuitionistic fuzzy sets and defining the intuitionistic fuzzy quantifiers. The case
studies conducted in the fields of medical diagnosis and organizational manage-
ment elaborated the simplicity yet effectiveness of the new ranking technique.

In the last section we demonstrated an effective and easy method of diagnose of

a disease by the pattern recognition technique of the members of the new paramet-
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ric family of cardinality based intuitionistic fuzzy similarity measures proposed in
Section 5.2. We constructed six tables demonstrating the results of 18 cardinality
based intuitionistic fuzzy similarity measures. All of the similarity measures diag-

nosed to the patient the same disease which in itself is a proof of their efficiency.

e Therefore, developing a further research on similar, to the main subject of
this thesis, results, open problems will be generated by studying applications

of new results to the real life world, as presented in the chapter 7.
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