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Abstract

Dispersion Free Finite Difference Scheme
for Time Harmonic Wave Equation

In this work, we construct novel central finite difference schemes for solving the
Helmholtz equation by following the idea of Nehrbass and Yau Shu in one and
two dimensions. We present an alternative construction by which not only central
finite difference schemes but all types of schemes (forward, backward) can be
made exact for Helmholtz equation. We give explicit expressions for the coefficient
of the central node in the standard central finite difference scheme of any order
which makes the novel scheme dispersion free in one dimension and optimal in two
dimensions. Such schemes add no cost for the implementation and one needs not to
write brand new code instead just need to change the central node coefficient with
the new one presented in this work to have highly accurate results. Comparison
of numerical solutions obtained using novel schemes with standard schemes for

Helmholtz equation in single and higher dimensions are given.
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Chapter 1

Introduction

1.1 Wave Propagation

In the old days, the time required to deliver a message depended on the speed
of a horse. In the end of 19th century, both distance and time limitations were
largely overcome. The invention of the telegraph made possible instantaneous
communication over long wires. Then after a short time, man discovered how to
transmit messages in the form of RADIO WAVES.

In solids, sound waves can propagate in four modes that are based on the way
the particles oscillate. Sound can propagate as longitudinal waves, shear waves,
surface waves and as plate waves. Longitudinal and shear waves are the two
modes of propagation most widely used in ultrasonic testing. Now the other type
of the wave propagation is seismic wave propagation and commonly generated by
the earthquakes. Mostly artificial sources also generate such type of waves like
chemical explosions, surface vibrators or weight dropping devices.

Body waves: There are two types of body waves: P waves and S waves.

Surface Waves: Surface waves are seismic waves that are guided along the surface
of the Earth and the layers near the surface. These waves do not penetrate the
deep interior of the earth, and are normally generated by shallow earthquakes,

named as Rayleigh waves and Love waves.
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Figure 1.1: Primary and Secondary waves

Rayleigh wave
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Figure 1.2: Love and Rayleigh waves

Atmospheric Propagation: Within the atmosphere, radio waves can be
reflected, refracted, and diffracted like light and heat waves.

The theory of wave propagation that we discussed in this introduction applies to
a wide range of electronic equipment, such as radar, navigation, detection, antenna
theory and in different communication equipments. The wave propagation is also
using in the Ground penetrating radar and Nondestructive testing There are two
major areas of research in computational wave propagation and they are as follows:
Direct scattering problem and Inverse scattering problem.

Firstly, we should know about scattering, and then we will come on direct and

3
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Figure 1.3: Radio waves

inverse scattering problem. So, what is scattering? It is study and understanding
of scattering of waves and particles. Wave scattering corresponds to the collision
and scattering of a wave with some material object. For example sunlight scattered
by rain drops to form a rainbow.

Now come on the direct scattering problem and inverse scattering problem.
They are the following:
Direct scattering problem:
It determines the distribution of scattered waves or particle flux basing on the
characteristics of the scattered.
Inverse scattering problem:
It determines the characteristic of an object (e.g, its shape, internal constitution)
from measurement data of waves or particles scattered from the object.

In the following section, we study the Helmholtz equation named for Hermann
von Helmholtz ( 1821 - 1894 ). Helmholtz equation also called Time harmonic

wave equation.

1.2 Model Problem

First of all we study the Helmholtz equation

u”(z) + K*u(x) = 0. (1.1)

4



whose general solution is
u(r) = Are* 4 Age™ k"

where A; and Ay € C are constants to be determined.

In this problem, we consider the following boundary conditions
u(0) =1 (Drichlet boundary condition)

uw'(1) —iku(l) =0 (Non — reflecting boundary condition).

From (1.2) and (1.3), we get
1=A,+4,

W' () = ik (A" — Aye™*7)
W' (1) =ik (Are™ — Aye™™)
iku(1) = ik (Are™ + Aye™™)
from (1.4) and (1.5), it becomes
u'(1) — iku(1) = 2ike™A; =0

A1:O and Agzl

Finally,

(1.2)

(1.3)

(1.4)

(1.5)



Exact wave, k=20

' L L 1
02 04 0.6 0.8 1

Figure 1.4: Exact wave with k£ = 20.

T T
Exact wave, k=200

0 02 0.4 0.6 0.8 1

Figure 1.5: Exact wave with wave number k£ = 200. The number of occilations

increase as we increase the wave number.

In the Figures 1.4, 1.5, 1.6, we can see the solution of Helmholtz equation with
real and complex wave numbers. In Figure 1.5, the number of oscillations increase
as we increase the wave number. In Figure 1.6, if we use the pure complex wave
number in which real part is greater than imaginary part then wave will dissipate
after a slight propagation. when we use the pure imaginary wave number then

wave will dissipate immediately as shown in Figure 1.7.

In the following section, we repeat the construction of different finite difference

schemes of first and second order derivatives which is done by many [4-6] for the

6



Exact wave with pure complex wave number k=20+i|

0 02 04 06 08 1

Figure 1.6: Exact wave with pure complex wave number k£ = 20 + i. If the
real part is greater than the imaginary part then wave will dissipate after a slight

propagation.

Exact wave with pure imaginary wave number k=20i

05

0 02 04 06 08 1

Figure 1.7: Exact wave with pure imaginary number k£ = 20i. The wave will

dissipate immediately.



sake of better understanding and clarity of our work.

1.3 Approximations of first and second order deriva-
tives for uniform mesh size

1.3.1 Construction of forward difference approximation of

first order derivative

We start with the Taylor series approximation of u(x + h) given by

2 3
u(x + h) = u(z) + h'(x) + ?u”(x) + Eu"’(x) +ee
which on rewriting, has the following form
h? h3 h*
u(z 4+ h) —u(x) = h'(z) + —u"(z) + —u"(2) + —u(x) +--- .
2 6 24
Dividing by A on both sides
h) — h h?
U(l’—l- ) ’U/(.f) :UI<ZL')+—U”([E)—F—U/”("E)—l—"' )
h 2 6
Solving above for u/(z), we get
UI(I) _ U(ZE + h) - U([E) . EUH(I) 4.

h 2

This is called first order accurate forward difference approximation of first order

derivative [9)].

1.3.2 Construction of second order accurate central finite
difference approximation of second order derivative

for uniform discritization

Again we start with the Taylor series expansion of u(z —h) and u(z+h). We must

consider three nodal grid with uniform mesh size in the following central finite

8



difference approximation of second order derivative to obtain the desired accuracy.

(1) = u(w) — b (x) + "ot )~ () 4 Do) -
u(x = u(z (@) + Fu(2) — (@) + Gput(e
2 h3 h4
w(x + h) = u(z) + h'(x) + ?u”(as) + Eu”’(as) + ﬂu‘l(x) 4
Rearranging
h4
u(z — h) — 2u(z) + u(z + h) = h*u"(z) + Eu4(a:) +--
Dividing by h? on both sides, we have
u(x —h) — 2u(x) +u(z + h) , h?
2 :u’(x)—l—ﬁu‘l(x)—l—-'-
—h) =2 2
U”(m) _ U(iU h) 12(233) -+ U(l’ + h) . %u4(x) 4o (16)

Hence the expression (1.6) is known as second order accurate central finite differ-

ence approximation of the second derivative [9].

1.3.3 Code for second order accurate central finite differ-

ence approximation
We now present code for second order accurate central finite difference scheme for
the following problem
u”(z) + Ku(r) =0
where u(0) =1 and v/(1) — iku(1) =0

u(z — h) — 2u(x) + u(x + h)
12

+ K*u(x) =0

u(z — h) + (=2 + hK*kHu(z) + u(z +h) =0
uj—1 + (—2+ th‘Z)Uj + ujp1 =0

where j =1,2,3,.... N — 1
up=1 for j=0.

9



Now when we put j = N, we will have the fictitious node uy,; which will not in
our domain

UN—1 + UN(—2 + k2h2) +uni1 =0 for j=N. (17)

In order to find the value at fictitious node, we use central finite difference
approximation of first derivative up to second order accurate in the non-reflecting
boundary condition «'(1) — iku(1) =0

u(z +h) —u(zx —h)
2h

—iku(z) =0
u(z + h) —u(z — h) — 2ikhu(x) =0
Ujp1 — Uj—1 — 22ku] =0.

For j =N

Uyt — Un—1 — 2tkhuy =0
Uny1 = un_1 + 2itkhuy.
On substituting the value of uy4; in (1.7)
un_1 +un(—2+ k*h?) +un_1 + 2ikhuy =0
un_1 +un(—2+ k*h* + 2ikh) + uy_1 = 0
2uy_1 +un(—2 + k*h* + 2ikh) = 0.
Finally, we have the system of equations
up =1 for 57 =0;

U1+ (=2 + Pk )u; +uj =0, Vj=1,2-- N—1

2un_1 + un(—2+ k*h* 4+ 2ikh) =0 for j = N.

10



Exact wave
Finite difference wave

15F

0 0.2 0.4 0.6 0.8 1

Figure 1.8: Comparison of exact wave and the wave obtained by second order
accurate standard central finite difference scheme with the wave number & = 20

and number of elements N = 20. One can easily see the ( phase lag ) dispersion.

Exact wave
Finite difference wave

15F

0 02 0.4 0.6 0.8 1

Figure 1.9: Comparison of exact wave and the wave obtained by second order
accurate Standard C.F.D scheme. Dispersion is reduced when we increase number

of elements from N = 20 to N = 40 with £ = 20.
11



Exact wave
Finite difference wave

0.2 0.4 0.6 0.8 1

Figure 1.10: Dispersion is almost eliminated with £ = 20 and N = 100.

Exact wave
Finite difference wave

15F

0 0.2 0.4 0.6 0.8 1

Figure 1.11: Comparison of exact wave and the wave obtained by second order
accurate Standard C.F.D scheme with high wave number £ = 40 and number of

elements N = 20. Here, Standard C.F.D dissipates.
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Exact wave
Finite difference wave

15F

0 0.2 0.4 0.6 0.8 1

Figure 1.12: Both exact and S.F.D wave dissipates when k& = 20 +¢ and N = 20
after a slight propagation.

Exact wave
Finite difference wave

0.2 0.4 0.6 0.8 1

Figure 1.13: Increasing the imaginary part of the complex number reduces the
propagation of exact wave and wave obtained by second order accurate S.C.F.D

scheme. Here, k = 20 4+ 52 and N = 20.
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Exact wave
Finite difference wave

_1 5 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 1.14: The exact and second order accurate Standard C.F.D wave dissi-

pates immidiately when wave number is pure imaginary.

1.3.4 Construction of fourth order accurate central finite
difference approximation of second order derivative

for uniform discritization

As we take three nodal grid in the construction of second order accurate central
finite difference approximation of second order derivative, similarly we must take
five nodal grid to obtain fourth order accurate central finite difference approxima-
tion of the second order derivative. Consider the Taylor series approximations of

u(x — 2h), u(x — h), u(z + h) and u(x + 2h)

4h3 2h* 4h?
u(z — 2h) = u(z) — 20/ (x) + 2h%u" () — %u’”(x) + %u(‘l) (z) — 1—};u(5) (7)
4h8
+ EU(& (z) +
h2 h3 h4 h5 h6

u(z—h) = u(a:)—hu’(:c)—i—?u”(az)—Eu’”(a:)—l—ﬁu(‘*) (m)—l—%u(5)(:c)+%u(6) (z)+

/ h? " h? mn ! (4) h? (5) h° (6)
u(x+h) = u(x)+hu (m)+?u (:(:)—l—g (x)—l—ﬂu (x)—i—mu (x)—i-%u (z)+



4h3 2h* 4h5
u(z + 2h) = u(z) + 2 () + 2h*u" (z) + ?u’”(x) + ?u“) (x) G

+ 4_5u(6)(a':) + ..

Rearranging the above Taylor series approximations as follows.

u(x —h) — 2u(x) +u(z+h) R 6
2 =u"(x) + Th (:1:)+360u (x) +
u(x — 2h) — 2u(z) + u(z + 2h) R, Rt
5 :u”(l’)—i-gu()(1‘)"‘%”()(‘%)"‘"' )

Let

A=u(x —h) —2u(z) +u(z+h)

B =u(x — 2h) — 2u(x) + u(x + 2h)

A " h? (4) h' (6)
2 v 1.
g = U (x) + T (x) + 360" (x) + (1.8)
B h? 2h4
ARz u'(x) + 3 u®(z) + Eu(ﬁ)@) +oee (1.9)

Multiplying (1.8) by « and (1.9) by 5 and adding, we have

a(%) + 5(%) = (a+ B)u"(z) + (% - g) h2u® ()

o 28N 4 )
+<360+45)hu (@) +--- . (1.10)

In order to obtain approximation of second derivative with accuracy of order four,

it is necessary to have

a+p=1
a fp
E+§_o.

Solving the above equations simultaneously, gives



Substituting these values of o and  in (1.10)
A/A\ 1/(/B i )
(22 (=) = — 4h4©
3<h2> 3(4]12) u”"(z) — 4h '™ (z) +

() = % <u(x —h) —2u(x) + u(z + h)) 1 (u(x —2h) — 2u(x) + u(z + Qh))

h? 3 4h?
+ 4n*u® () + - -

or, alternatively

—u(x — 2h) + 16u(x — h) — 30u(z) + 16u(z + h) — u(z + 2h)

u'(z) = 1212

+ 4h4u(6)(x) R

which is the required fourth order accurate central finite difference approximation

of the second order derivative. This is already done in Gray Cohen [§]

1.3.5 Implementation of fourth order accurate central fi-

nite difference scheme

We reconsider (1.1), Replacing second order derivative v”(z) in (1.1) with fourth

order accurate central finite difference scheme, we have

—u(z — 2h) + 16u(x — h) — 30u(x) + 16u(x + h) — u(z + 2h)
12h2

+ K*u(z) =0
or rearranging
u(z — 2h) — 16u(z — h) + 30u(z) — 16u(z + h) + u(z + 2h) + 12h%k* = 0

wj_o — 16uj_1 + (30 — 12h%k*)u; — 16u;11 + ujo = 0.

For j =1,
Here we use fourth order accurate seven point forward difference scheme presented

in [3].

—9ug + 9uy + 19uy — 3dug + 21ug — Tus + ug — 12h%k*u; = 0
16



u1(9 — 12h2k?) + 19uy — 34us + 21uy — Tus + ug = 9.

For j = N — 1, we use fourth order accurate seven point backward difference

scheme presented in [3].
un—g — Tun—5 4 2luy_s — 34uy_3 4+ 19un_o + Yun_1 — Yuy — 12h%K?uy_41 = 0

un_ — Tun_5 + 2luy_g — 3dun_3 + 19uy_o + uy_1(9 — 12h%k?) — Quy = 0.

Now for j = N,
we need fourth order accurate finite difference approximation of first order deriva-

tive presented in [3], given by
, 1
u (1) = m(3u1\;_4 - 16uN_3 + 36UN_2 - 48uN_1 + 25UN)
which on inserting into the following
(1) —iku(1) =0

gives

Sun_gq — 16uny_3 + 36un_9 — 48un_1 + (25 - 12ik;h)uN =0

finally, we have the following system
up =1 for 57 =0;

u1(9 — 12h%k?) + 19uy — 34ug + 21luy — Tus +ug =9  for j =1,

—16uy + (30 — 120°k*)ug — 16uz +ug = -1 for j =2;

wj_y — 16u;_3 + (30 — 12R%k*)uj_o — 16u; 1 +u; =0 for 3<j< N —2;

uN_ﬁ—7uN_5—|—21uN_4—34uN_3—|—l9uN_2—|—uN_1(9—12h2k2)—9u]\/ =0 for j=N-1;

SUN_4 — 16UN_3 + 36UN_2 — 48UN_1 + (25 — 122kh)uN =0 for ] =N.
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Exact real wave
----- Fourth order Stantdard FDS
181 — — — Second order Stantdard FDS |

Figure 1.15: Comaprison of exact wave, numerical wave obtained by second
order accurate Standard C.F.D scheme and numerical wave obtained by fourth
order accurate Standard C.F.D scheme with wave number k£ = 20 and number
of elements N = 20. One can see that wave obtained by fourth order accurate
Standard C.F.D scheme performs better than second order accurate Standard

C.F.D scheme.
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Exact real wave
----- Fourth order Stantdard FDS
15F — — — Second order Stantdard FDS

Figure 1.16: Comparison with wave number £ = 20 and number of elements
N = 40. Fourth order accurate Standard C.F.D scheme behaves like an exact in a
very less computational cost as compare to second order accurate Standard C.F.D

scheme.

Exact real wave
----- Fourth order Stantdard FDS
15F — — — Second order Stantdard FDS

Figure 1.17: Comparison with k& = 40 and N = 40. Again fourth order accu-
rate Standard C.F.D scheme performs better as compare to second order accurate

Standard C.F.D scheme at high wave number.
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Exact real wave
----- Fourth order Stantdard FDS
151 — — — Second order Stantdard FDS

0 0.2 0.4 0.6 0.8 1

Figure 1.18: Comparison with complex wave number k£ = 20 + ¢ at number of
elements N = 20. Still fourth order accurate Standard C.F.D scheme performs

superior than second order accurate Standard C.F.D scheme.

Exact real wave
----- Fourth order Stantdard FDS
151 — — — Second order Stantdard FDS

Figure 1.19: Comparison with pure imaginary wave number k& = 20 at number

of elements N = 20
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1.3.6 Construction of sixth order accurate central finite
difference approximation of second order derivative

for uniform discritization

As we discussed in the above sections, similarly we must take seven nodal grid
to obtain sixth order accurate central difference approximation of second order
derivative. Again consider the Taylor series approximations of u(x—3h), u(x—2h),

u(x — h), u(z + h), u(x + 2h) and u(z + 3h)

h? h3 27h*
u(x —3h) = wu(zr)—3hu'(z) + gTu"(x) — 9Tu’”(m) + 78 u (z)
8hS 81h° 24307 729h8
_2r 0 P (O] _ (7 (®) _
" @+ 5grute) = e+ g (@)
4h3 2h*
u(z —2h) = u(x) —2hu'(z) + 2% (z) — ?u"’( )+ Tu(‘l) (7)
4h® 4hS 8h” 2h8
_ (5) (6) _ () (®) .
15 @)+ gput@) = gpue) 4 gput(@)
h? h3 h* h®
. — . / o o m 4 e (5)
uw(x — h) u(z) — hu'(z) + 5 U (x) U (z) + Ve (x) 150 (x)
e W ®)
70" @) " 5o @ F qoga @ T
/ h? " ¥ " ht (4) h? (5)
u(z+h) = u(x)+ hu'(z)+ Z U (x) + e (x) + oY (x) + 120 (x)
h' h? h®
(6) (7 (®) ..
T T gaaet T gz )
/ 2,1 4n? " 2h* (4)
uw(x+2h) = wu(x)+ 2hu'(x) + 207" (z) + 5 U (x) + U (x)
AR o AR 8hT 21

—l—gu (2) + —uO(z) + —u(z) + —u®(z) + - -



9h? 9h3 27h4
w(z +3h) = wu(x)+ 3hu'(x) + 71/’(96) + 7u”’(x) + 3 u'® ()
8h’ 81hS 243h7 729h8
2,0 u'©® (M u®
Tt @ g @ e @ g @)
After rearranging, we have following three expressions
27h* 81hS
A=u(z —3h) — 2u(z) +u(z +3h) = 9h*u"(z) + u® () + 0 u® (z)
729h8
(8) . 1.11
4p* 8hS
B =u(z —2h) — 2u(z) + u(z +2h) = 4h*u"(z) + ?u(‘”( x) + 4—5u( )(z)
e
ikl . 1.12
s (z) + (1.12)
h* h’
C=u(z —h) —2u(z)+ulx+h) = hu"(z)+ 1—2u(4) (z) + %U(G)(l‘)
i u® () + - (1.13)
20160
Dividing (1.11),(1.12) and (1.13) by 922 4h* and h? respectively
A 3h? 9h* 81h°
e 2 u@ u® P ¢ 1.14
A = @+ @)+ 2o T 4 )
B R, oMt -
E = u”(x)%—gu()(x)—l—ﬁ ()(m)—kﬁu()(x)%— (1.15)
C " h? (4) ht (6) h (8)
- v S (116
= T @)t g o) g () F (1.16)

Multiplying (1.14) by a , (1.15) by 8 and (1.16) by v and adding, gives

(9£2>+B(4h2> <%> :(a+5+7)u"(x)+<%+§+12) )
+<%+i§+360>h4 @

8la B ¥ 5
oy T ) p5,® e (11
* (2240 TR 20160) wz) + (L.17)
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In order to obtain approximation of second order derivative with accuracy of order

six, it is necessary to have

atf+y=1
9o +48+v=0
8lar+ 1653 +~ = 0.

Solving above system, we get the following values of o, 5 and ~

Inserting these values of «, 5 and 7 in (1.17), gives

1/ A 3(B 30\, 1 6 )
m(%) 5(@)*5(@)—“@)*@’” () +

oo LAY 3(BY.3/C\ 1 4
”<x>_10<9h2> 5<4h2>+2<h2> sl @)+

1
" o
w(T) = 15072

{2u(:c —3h) —2Tu(x —2h) +270u(x — h) —490u(z) +270u(x + h)—
1
27u(x + 2h) + 2u(x + 3h)} - ﬁghﬁu@) (z)+ -

which is the required sixth order accurate central finite difference approzimation

of the second order derivative.

1.4 Numerical dispersion

1.4.1 Dispersion relation of second order accurate central

finite difference approximation for the Helmholtz equa-
tion
Reconsider the Helmholtz equation (1.1)

u’(z) + k*u(x) = 0.
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Replacing second order derivative by second order accurate central finite difference

approximation in (1.1), gives

u(z — h) — 2u(x) + u(x + h)
h2

+ K*u(z) = 0. (1.18)
Now, we consider a plane wave solution of the form
u(w) = Ace + B
u(z +h) = Aeikth) 4 po—ik(a+h)
w(x — h) = Ae*@h) 4 pe-ik@=h),

Adding the above equations, we have

U($+h> +U(£E— h) _ Aeikx(eikh+e—ikh) —{—Be_ikx(eikh—{—e_ikh)
— u(x)(eil}h_i_e—ifch)

= 2cos khu(x)

which on inserting into (1.18), gives

2coskhu(z) — 2u(x) 2 _
( = ) + k*u(x) =0

2 .
u(x) (ﬁ(coskh —1)+ k2) =0
where u(z) # 0, so
2 8
ﬁ(coskh — 1)+ k=0

k*h?
2

~ 272
kh = arccos (1 — k2h >

coskh =1 —

3h3

24
~ 3h3
kh —kh = +—— +--.
+ 51 +

kh = kh + 4+

24



k3h?

F—k=+—

oo (1.19)

In the following section, we discuss the idea presented in [1] in which dispersion
free central finite difference scheme was obtained by just modifying the coefficient

of the central node in the standard central finite difference scheme.

1.4.2 Modified central finite difference scheme proposed
by Nehrbass [1]

Reconsider the Helmholtz equation (1.1)
u”(z) + K*u(r) = 0.

Replace coefficient of the middle node 2 by « in the central finite difference scheme,

then the scheme will become

u(z — h) — au(z) + u(x + h)
72

+ K*u(x) = 0. (1.20)

We know that
u(z 4+ h) + u(z — h) = 2 cos khu(x)

2coskh — a
(T) u(z) + K*u(r) =0
2coskh — «

2 __
e + k=0
a = 2cos kh + h2k2.

Substituting the value of a in (1.20) and performing ordinary simplification, we
have

uw(x — h) — 2cos khu(z) + u(x + h) = 0. (1.21)

Inserting plane wave solution of the form
u(z) =e
w(x — h) + u(z + h) = 2cos khu(z).
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Exact wave
Second order accurate finite difference scheme
Exact fintie difference scheme (NhrBass Idea) [q

15F

0.2 0.4 0.6 0.8 1

Figure 1.20: Comaprison of Exact, second order accurate Standard C.F.D scheme
and Modified finite difference scheme proposed by Nehrbass, with wave number
k = 20 and number of elements is N = 20. Nehrbass claims that this is an exact
finite difference scheme but one can see that it is not an exact. It just reduces

dispersion rapidly.

Equation (1.21) becomes
(2 cos kh — 2 cos kh)u(z) = 0
kh = kh

k—k=0. (1.22)

Nehrbass claims that there is no dispersion when the difference between exact
wave number and discrete wave number is zero but here we can see dispersion
when we use the idea of Nehrbass. This is because of inexact derivative boundary
conditions.

Now we consider expression (1.19) obtained for standard finite difference scheme

in which the difference of exact wave number and discrete wave number is not zero.

. %
-
"
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Exact wave
Second order accurate finite difference scheme
Exact fintie difference scheme (NhrBass Idea) [q

0.2 0.4 0.6 0.8 1

Figure 1.21: Comaprison with fine mesh size, where k£ = 20 and N = 40

2 T
Exact wave
Second order accurate finite difference scheme
15F Exact fintie difference scheme (NhrBass Idea) |q

0 0.2 0.4 0.6 0.8 1

Figure 1.22: Standard C.F.D wave dissipates when we increase the wave number
but scheme proposed by Nehrbass performs better at high wave number k£ = 40
N =20
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Exact wave
Second order accurate finite difference scheme
Exact fintie difference scheme (NhrBass Idea) [q

15F

0.2 0.4 0.6 0.8 1

Figure 1.23: Comparison with complex wave number k£ = 20 + ¢ and N = 20

For this difference to be zero required very fine mesh size and results into pro-
hibitive computational cost. Which is much more problematic when one deals
with problems posed in higher dimensions.

As we know dispersion is the difference between exact wave number and discrete
wave number. Hence dispersion relation (1.22) shows that there is no dispersion.
This idea is presented in [1] just for second order accurate central finite difference
approximation but not for fourth and sixth order accurate central finite difference
approximation. Modification of the coefficient of the middle node in fourth and
sixth order accurate central finite difference approximation will be different from
the second order accurate central finite difference approximation. In the following
section, we extend the idea presented in [1] for fourth and sixth order accurate
central finite difference schemes and finally we will make efforts to generalize this

concept.
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1.4.3 Construction of fourth order accurate novel central

finite difference scheme

Reconsider the Helmholtz equation (1.1)
u”(z) + K*u(r) = 0.

Replace coefficient of the central difference scheme at the middle node 2 by «, then

the scheme will become

)= (u(:z: — h) — ou(z) + u(z + h))_l (u(x — 9h) — au(z) + u(z + 2h)) |

h?2 3 4h2

Helmholtz equation becomes

;1 (u(x —h) — au(z) +ulx + h)) 1 (u(x — 2h) — au(z) + u(x + 2h)

h? 3 4h2

3 )+k2u(x) = 0.

(1.23)

The following solution satisfies the Helmholtz equation
u(z) =e

We know that
u(z 4+ h) + u(z — h) = 2 cos khu(x)

u(x + 2h) + u(z — 2h) = 2 cos 2khu(z)

4 (2coskh —a\ 1 [2cos2kh — LR =0
3 h? 3 4n? N

16(2cos kh — o) — (2cos 2kh — a) 4+ 12k*h* = 0
32 cos kh — 16a — 2 cos 2kh + o + 12k*h* = 0
15 = 32 cos kh — 2 cos 2kh + 12k%h?

52 2 12)2p2,

a = —coskh — —cos2kh +
15 15 15
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Substituting the value of a in (1.23) and performing ordinary simplification, we

have

16u(x —h)+16u(x+h) —u(x —2h) —u(x+2h) — 32 cos khu(x) 4+ 2 cos 2khu(x) = 0.
(1.24)

Inserting plane wave solution u(z) = e™** in (1.24)
16 (e_“;h + e“zh) u(x) — (e_%’;m - 62“;“3) u(x) — 32 cos khu(x) 4 32 cos 2khu(x) = 0
(32 cos kh — 2 cos 2kh — 32 cos kh + 2 cos 2k;h> u(z) =0
32 cos kh — 2 cos 2kh — 32 cos kh + 2 cos 2kh = 0
32 cos kh — 2 cos 2kh = 32 cos kh — 2 cos 2kh
kh = kh
k—k=0.

We conclude that there is no dispersion after replacing the coefficient of the middle

node.

1.4.4 Construction of sixth order accurate novel central

finite difference scheme

Reconsider the Helmholtz equation (1.1)
u”(z) + k*u(x) = 0.

Replace coefficient of the central difference scheme at the middle node 2 by «a, then

the scheme will become

' (z) = 3 { u(x —h) — au(z) +u(x + h) } 3 { u(z — 2h) — au(z) + u(x + 2h) }

h2 5 4h?

_|_

1 | u(x —3h) — au(x) + u(x + 3h)
10 Oh? '
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Helmholtz equation becomes

3 u(x—h)—au(x)+u(x+h) 3 | u(x —2h) — au(x) + u(z + 2h)
2 h? B 4h?

1 | u(x —3h) — au(x) + u(x + 3h)
10 Oh?

} + kK*u(z) = 0. (1.25)
Consider the solution of the Helmholtz equation
u(z) =e
We know that
u(x + h) +u(x — h) = 2cos khu(z)
u(x + 2h) + u(z — 2h) = 2 cos 2khu(z)
u(z 4 3h) + u(z — 3h) = 2 cos 3khu(z).

Substituting the values in (1.25)

3 (2coskh—a\ 3 (2cos2kh — +i 2cos 3kh — « L =0
2 h? 5 4h? 10 9h? a

270(2 cos kh — ) — 27(2 cos 2kh — ) + 2(2 cos 3kh — ) + 180k*h* = 0 (1.26)
540 cos kh — 270a — 54 cos 2kh + 27a + 4 cos 3kh — 2a + 180k*h? = 0

2450 = 540 cos kh — 54 cos 2kh + 4 cos 3kh + 10h%k>

108 54 4 36 5 5
a—Ecosk:h %cos2kh+%cos3kh+5kh.

Substituting the value of « in (1.26), we have

1 4 4
270{u(x—h)+u(x+h)— (ﬁ cos kh — o cos 2kh + — cos 3kh + ﬁkziﬂ) u(m)}

49 245 245 49
108 54 4 36 , ,
—27{u(x—2h)+u(x+2h)— (4—9 cos kh — 45 ©08 2kh + 345 ¢S 3kh + 4—9k h ) u(x)}

108 54 4 36 , ,
+2{u(m—3h)+u(x+3h)— (E cos kh — 15 €08 2kh + 545 ¢ 3kh + Ek h ) u(x)}

+ 180k*h*u(z) = 0.
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on performing ordinary simplification, we arrive

270u(x — h) 4+ 270u(z 4+ h) — 27Tu(x — 2h) — 27u(x 4+ 2h) + 2u(x — 3h) 4+ 2u(z 4+ 3h)—

540 cos khu(x) + 54 cos 2khu(x) — 4 cos 3khu(z) =0 (1.27)

Inserting plane wave solution u(z) = e in (1.27), we have
970 (ei/%x_e—ifch I eil::x.eifch> _ 97 <€il-cx‘€—2il~ch n eil::x_eZiI;:h> ) (6ikx_e—3i1}h I eil}x'efﬂikh)
—540 cos khe'™ + 54 cos 2khe™ — 4 cos 3khe'™™ = 0
270(2 cos kh — 27(2 cos 2kh) + 2(2 cos 3kh) — 540 cos kh + 54 cos 2kh — 4 cos 3kh = 0
540 cos kh — 54 cos 2kh + 4 cos 3kh = 540 cos kh — 54 cos 2kh + 4 cos 3kh
kh=kh=k—k=0.

Hence by dispersion relation, we conclude that there is no dispersion.

1.4.5 An alternative way for the construction of exact cen-
tral finite difference scheme for the Helmholtz equa-

tion proposed by Yau Shu Wong [2]

In this section we discuss the alternative way presented in the paper [2] for the
construction of exact central finite difference scheme for the Helmholtz Equation.

Reconsider the Helmholtz Equation,
u”(z) + K*u(xr) =0

u'(z) = —k*u(x) (1.28)
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Therefore, we have the following recursive relation

u®(z) = (=1)"(k*)"u(z) where n=1,2,3,...

2 3 4
Dl (@) + (@) () 4

3!
uw(x —h) = u(x) — hu'(x) + %u"(m) — 3 (z) + %u‘%x) —

w(x + h) = u(z) + ha'(x) +

2h? 2h4 2h5
wx+h)+ulz—h) = 2u(z)+ —u"(z)+ TU(‘Q () + Fu(ﬁ) () +---
h? ht h®

(
= 2 (u(o) - o) + ) = L)+

2! 4! 6!

kh)*  (kh)*  (kh)®
= 2u(x)(1—(2!) +(4!> _<6!) —i—)

Now consider the modified central finite difference scheme presented in [1]

u(x — h) — au(x) +u(x + h)
B2
2 cos khu(z) — au(x)
h? '

u'(x) =

Inserting the value of v”(x) in (1.28), then we will get
2 cos khu(zx) — au(x)
12
2coskh —
12
2coskh — a = —h*k?

= —Kku(x)

E—

a = 2cos kh + h2k>.

This is the coefficient of the middle node in the central finite difference scheme
same as the a presented in [1].

Now Substituting « in the central finite difference scheme,
u(z + h) — 2cos khu(x) + u(x —h) =0
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uny1 — 2coskhuy +uy_1 = 0. (1.29)

In [1] the solution of discretized equations satisfies the solution of Helmholtz equa-
tion exactly only at the interior nodes, but in [2], Yau Shu Wong introduce a new
finite difference approach which satisfies the solution of Helmholtz equation exactly
the interior nodes of the Helmholtz equation at any wavenumber. He also derive
the finite difference for the non-reflecting boundary conditions so that the solution
of discretized equations satisfies the solution of Helmholtz equation exactly at the
interior nodes as well as at boundary nodes which is discussed in the following

section.

1.4.6 Finite difference scheme for Non-Reflecting bound-

ary condition
Consider the non-reflecting boundary condition
u'(z) — iku(x) = 0.

Using the second order accurate central finite difference scheme of first derivative

u(x + h) —u(z — h)
2h

—iku(x) = 0.

Working on same steps which we have already discussed

h? h3 ht
w(x + h) = u(z) + ha'(x) + au"(m) + au’”(x) + IU4($> +
/ h o, o h
2h° 2h°
U((E i h) B U(ZL“ . h) _ 2hu’($) + ?um(f) 4 Hu(5)(;[;> 4.
uw(x +h) —u(z—h , n? ht
( )2h ( ) :u(l,)_’_au (x)_’_au(5)(x)+...

Rewrite the non-reflecting boundary condition
u'(x) = iku(x)
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u'(z) = iku(z)
= —Ku(x)

u"(x) = (=k*)u(2)
= (—k*)(iku(x))
= —ikPu(x)
similarly,
W (z) = k'u(z)
0 (2) = iku().

Therefore, we have the following recursive relation of the odd order derivatives
u® ) (z) = (=1)"ik* M u(z)  where n=1,2,3,...

u(z + h) —u(z —h) h? ht

= vy —u®
o7 u(:c)—i-S'u (I)+5!U () +

, in2k? ihk
= iku(z) — 3 u(x) + =
- (kh)?  (kh)!
= zku(:c){l— i + I

i (kh)®  (kh)®

w(x) — -

Hence
u(x +h)—u(x—h) i .
5% = 5 sin khu(z)

u(z + h) —u(x — h) = 2isin khu(zx)

Unt1 — Un—1 = 2tsin khuy.

From this equation, putting the value of uy; in (1.21), finally we get

2(—coskh + isinkh)uy + 2uy_1 = 0.
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Exact wave
Second order accurate finite difference scheme
Exact fintie difference scheme (Yau Shu Idea) [q

15F

0.2 0.4 0.6 0.8 1

Figure 1.24: Comaprison of exact, second order accurate Standard C.F.D scheme
and Exact C.F.D scheme proposed by Yau Shu Wong at wave number k& = 20 and
number of elements N = 20. One can easily see that the wave generated by the
scheme proposed by Yau Shu satisfies the exact wave at interior nodes as well as

boundary nodes.
1.4.7 Implementation of exact central finite difference scheme
up=1 for j=0;
—2coskhu; +uy = -1 for j =1;
uj_1 —2coskhu; +ujp1 =0 V j3j=23,...,N—-1;
un_1 — 2coskhuy +unyy =0 for j = N.

We know the value of uy;y from (1.29) by using the second order central finite

difference scheme of first derivative in the non-reflecting boundary condition

2un_1 — 2(coskh —isinkh)uy =0  for j = N.
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2 T T T T

Exact wave

Second order accurate finite difference scheme
Exact fintie difference scheme (Yau Shu Idea) 1

0.2 0.4 0.6 0.8 1

Figure 1.25: Comaprison with wave number £ = 20 and N = 40

2 T T T T
Exact wave
Second order accurate finite difference scheme
15F Exact fintie difference scheme (Yau Shu Idea) [q

Figure 1.26: Exact finite difference scheme also satisfies the solution of Helmholtz
equation exactly at interior and boundary nodes at high wave number, that is

k =40 and N = 20.
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Exact wave

Second order accurate finite difference scheme
Exact fintie difference scheme (Yau Shu Idea) |q

15F

0.2 0.4 0.6 0.8 1

Figure 1.27: Comparison with complex wave number & = 20 + ¢ at number of

elements N = 20
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Chapter 2
Dispersion free finite difference schemes for
Helmholtz equations
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Chapter 2

Dispersion free finite difference

schemes for Helmholtz equation

Wave propagation phenomena is very important in various fields of engineering sci-
ences. Helmholtz equation is the time harmonic case of wave equation. Solution
of Helmholtz equation required in different applied sciences such as acoustic wave
scattering, geophysical problems, radar theory, antenna theory, archaeology, civil
engineering and many more. Finite difference methods are important in simula-
tions of waves. Analytic methods to find the solution are not much efficient so we
are interested in finding the numerical solution by using finite difference methods
which helps us to simulate such wave problems.

Other methods such as finite element method [5, 6], finite volume method [15],
boundary element method [7] and spectral method [12,13,15,16] are also com-
monly used to simulate the wave in time-dependent as well as in time-harmonic
problems. Many people working to develop finite difference methods from decades
[1,2,4-6,11,13,15,16, 19], especially working to reduce dispersion between exact
wave and wave obtained by finite difference schemes [1,2,5-7,16]. Most of them
reduce dispersion by refining mesh size but it increases computational cost signif-
icantly.

Nehrbass [1] constructed the finite difference scheme by modifying the coef-
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CHAPTER 2

ficient of the central node in the standard central finite difference scheme which
makes it exact finite difference scheme, but evidently, that scheme is not as ex-
act finite difference scheme because of inexact boundary conditions. It should be
noted that all numerical schemes required a fine mesh size in order to obtain the
desired accuracy of the numerical solutions at high wave number.

Yau Shu Wong [2] presented a tremendous work in the field of computational
wave propagation. He presented an exact finite difference scheme by making the
exact finite difference scheme for derivative boundary condition, but just up to
second order accuracy.

We extend the idea of Yau Shu wong [2] to construct novel finite difference
schemes with accuracy of order four in one dimensions as well as in two dimensions.
It performs better at high wave number with less computational cost. We also
present the generalized expression for the coefficient of the middle node for any

order accurate modified finite difference scheme.

2.1 Central finite difference scheme of any order

We start with the following expression given in the book of Cohen [§]

I=1,l#i
Where n is the order of the scheme.
Example for fourth order scheme:
24 4
M=llr=s
1
\ G -1
, = - -
1#2,0=1 " 4 3
and for sixth order scheme:
SR 3
)\1 — - =
2Z2Z—-1 2
1#1,1=2
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1£2,1=1
3 2
Aa = ll 9 %
1£30=1
u(x — ih) — 2u(x) + u(x + h)
Ai h") . 2.1
Z { - o). @

This is the generalized expression for the central finite difference scheme of
any order. Now we started with the idea presented in the paper [1]. In this
paper, a scheme called modified central finite difference scheme for the Helmholtz
equation is constructed by replacing the coefficient of the middle node in the tra-
ditional central finite difference schemes.

In [1] the solution of discretized equations satisfies the solution of Helmholtz equa-
tion exactly only at the interior nodes .

Now we replace ‘2" by ‘e’ in (2.1), gives

u(x —ih) — au(z) + u(x + ih) N
Z)\{ )2 }+O(h)

A () = Zl Ai{ 2 COS“{(:fh)_Z aJu(w) } O (Y.

This is the any order accurate central finite difference scheme of second order

derivative.

2.2 Generalization of the coefficient of the mid-

dle node

The time is to generalize the coefficient of the middle node «, which gives us the
finite difference scheme so that the solution of discretized equations satisfies the

solution of the Helmholtz equation exactly at the interior nodes. Consider the

42



CHAPTER 2

Helmholtz equation and substitute the above expression in
u”(z) + K*u(r) =0

gives

n
2

Z /\i#@ cosikh — a) | u(z) + kK*u(x) = 0

(AM - Ai,%) R =0
] 7

.
Il 0|3
—

n

i (AM) - Z (N3 ) + %2 =0

i=1 i=1
H 2 costkh H a
()\l ; ) 02 =3 (A
i=1 =1
7 2cosikh 99 7 1
i=1 =1

i%:l ()\iZCc;sQikh) + h2k2

2 (k)
=1 ZZ2
Which is the general form of the coefficient of the middle node in the modified

central finite difference scheme.

2.3 The use of bloch wave property

In this section, we discuss an alternative and a simple way for the construction of
exact central finite difference scheme for the Helmholtz equation.

Reconsider the Helmholtz equation,

On differentiating twice, gives
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Inserting the value of v”(x) in the above expression
u(z) = —k*(=k*u())

u () = ku(x).

u®(z) = (=1)"(k*)"u(z) where n=1,2,3,....

This is the recursive relation for even order derivative.

Consider the non-reflecting boundary condition
u'(z) — iku(x) = 0.
Making twice differentiation, gives
u"” (z) = —ik*u(z).

Similarly
u® (z) = iku(x).

u® D (@) = (=1)"ik* u(r)  where n=1,2,3,....

This is the recursive relation for odd order derivative.
Consider the Taylor series approximation of u(x — 2h)

/ 2,1 AR° " 2h* (4)
u(lx —2h) = wu(z)—2hu'(z) + 2h°u" () — —u" (z) + —u'(x)

3 3
4hd 4hS
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Inserting the even or odd order derivative in terms of u(z)

u(z —2h) = u(x) — 2hiku(z) + 2h*(—k*)u(x) — %(—zk?’)u(x) + %k%(x)
—%ik%(x) + %(—kﬁ)u(x) —

4ih3k3 2hKY 4ihPKS ARSES
p— —_ 1 —_ 2 2 —_ —_ DY
= (1 2ikh — 2h°k* + 3 + 5 B I + )u(m)

- o (2kR)? (2ikh)* (2ikR) (2ikR)S (2ikh)°
_<1_Mh+ o w ta m Ta )i

= e 2y ().
Similarly, we have
u(z + 2h) = **u(x)
u(z + h) = e u(x)
u(z — h) = e *u(z).

Reconsider

u’(z) + k*u(x) = 0.
Replacing second order derivative by second order accurate standard central finite
difference scheme, gives

u(z — h) — 2u(x) + u(x + h)
R2

+ K*u(x) = 0.
Rearranging
u(z — h) = 2u(z) + u(z + h) + P’k*u(z) = (e7™ — 2+ ™" + k*h?) u(z).

Finally
u(zx — h) — 2cos khu(x) + u(x + h) = 0.

This is the Fzact central finite difference scheme obtained without introducing the

« as introduced in [1] and [2].
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2.4 Exact finite difference scheme for Helmholtz
equation constructed from fourth order ac-
curate standard C.F.D scheme.

Consider the Helmholtz equation (1.1)

u"(z) = —k2u(z).

Using the fourth order accurate central finite difference approximation of second
order derivative, that is

—u(z — 2h) + 16u(x — h) — 30u(x) + 16u(z + h) — u(z + 2h)

u'(z) = 1212

+ 4h4u(6)($) 4o
On substituting the above approximation in (1.1), we have
u(z — 2h) — 16u(x — h) + 30u(z) — 16u(x + h) + u(x + 2h) — 12h%*K*u(z) = 0.
We know that
u(x—2h) = ey (x), u(z—h) = e *u(z), wlzt+h) =e*u(z), u(x+2h) = ** u(z).
Inserting in the above scheme,
u(z—2h)—16u(z—h)+30u(z)—16u(z+h)+u(z+2h)—12h*k*u(x) = {e2ikh—16eikh+

30 — 16e*h 4 e2kh 1 12h2k2}.

u(x —2h) —16u(x —h) + {2 cos 2kh — 32 cos kh} — 16u(x +h) +u(x+2h) = 0.

This is the Ezact central finite difference scheme constructed from fourth or-

der accurate central finite difference scheme valid for the nodes x; where i =
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2,3,..,.N—2.
For ¢ = 0, we have
u(0) = 1.
For ¢ = 1, we use the fourth order accurate seven point forward difference approx-

imation presented in [3], we have
u(x—h)—9u(x)—19u(z+h)+34u(s+2h) —21u(2+3h)+Tu(x+4h) —u(z+5h)+12R%*k*u(x) = 0
using the bloch wave property

u(x—h)—9u(z)—19u(x+h)+34u(x+2h) —21u(x+3h)+Tu(z+4h) —u(z+5h)+
1202k u(x) = {96ikh—9—19eikh+34e2ikh—2163ikh+7€4ikh—e5ikh—|—12h2k2}u(:l:).
Finally, we obtain

u(x—h)— {96_ikh — 19 4 347 91 3Fh y Tetikh e5ikh}u(x) —19u(x+h)+

34u(x + 2h) — 21u(x + 3h) + Tu(x 4 4h) — u(x + 5h) = 0.

Hence, this is Ezact finite difference scheme constructed from fourth order accurate
seven point forward difference approximation for Helmholtz equation at the node

xI.

For the node zn_;.
Here we use the fourth order accurate seven point backward difference approxima-

tion of second order derivative and replacing it in Helmholtz equation, we have
u(z—>5h)—Tu(x—4h)+21u(x—3h)—34u(x—2h)+19u(x—h)+9u(x) —u(z+h)+
12h%K*u(z) = {6_5ikh—76_4ikh+21e_3ikh—346_2ikh+196_ikh+9—9eikh+12h2k‘2}u(a:)
rearranging
w(x—5h)—Tu(r—4h)+21u(x—3h)—34u(x—2h)+19u(x—h)— {e5ikh—7e4ikh+

21e~3ikh _ 340=2ikh 4 1ge—ikh _ 9€ikh}u(x> —u(z+h)=0
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Hence, this is Fract finite difference scheme constructed from fourth order accurate

seven point backward difference approximation for Helmholtz equation at the node

TN—-1-

Now we construct the scheme for the node x5, here we need the fourth order
accurate finite difference approximation of first order derivative presented in [3],
given by

1

u'(1) = 157 (

3’&]\[,4 — 16uN,3 + 36UN,2 — 48UN71 + 2516]\[)
which on inserting into the following

u'(1) —iku(1) =0

3u(x—4h)—16u(z—3h)+36u(r—2h)—48u(x—h)+25u(xr) —2ikhu(z) = {36—4“%_
16e%*" 1 36e~ 2k _ 48¢~ N 1 25 — Qikh}u(:n)
rearranging
3u(z — 4h) — 16u(x — 3h) + 36u(z — 2h) — 48u(z — h) — {3e4ikh — 16e 3y
36e %M 486—ikh}u(a;) =0
Hence, this is Ezact finite difference scheme for Helmholtz equation at the bound-

ary node xy.

Finally, we have the system

u(0) =1 for N =0;

9uj—1 . {9e—ikh . 19€ikh 4 3462ikh . 21€3ikh 4 7e4ikh o €5ikh}uj - 19u3+1+

34Uj+2 — 2]_Uj+3 + 7Uj+4 — Ujps = 0 for ] = 17
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Exact real wave
------- Fourth order Stantdard FDS
15F — — — Fourth order Exact FDS

0.2 0.4 0.6 0.8 1

Figure 2.1: Comparison of Exact, fourth order accurate Standard C.F.D scheme
and Fourth order Exact F.D scheme with wave number & = 20 at number of

elements N = 20.

Uj_2—16Uj_1+{G_Qikh—16€_ikh—166ikh+€2ikh}—16Uj+1+Uj+2 =0 for j=2,3,...

Uj—5 — 7Uj,4 + 21’&]‘,3 — 34Uj72 + 19u]',1 — {e‘mh — 7674ikh—|—

21 — 34672 4 197 — 9e“€h}uj —9ujpy =0 sfor j=N-—1

Buj_g — 16u;_3 + 36u;_o — 48u;_1 — {36_4ikh — 16e %4

36 2ikh _ 48€ikh}u]- =0 for j=N.
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2 T T T T

Exact real wave

------- Fourth order Stantdard FDS
15F — — — Fourth order Exact FDS

Figure 2.2: Fourth order Exact F.D scheme again exactly satisfies the solution of

Helmholtz equation at high wave number k = 40 with number of elements N = 20.

2 T T T T

Exact real wave

------- Fourth order Stantdard FDS
15F — — — Fourth order Exact FDS

0 02 0.4 0.6 0.8 1

Figure 2.3: Comparison of Exact, fourth order accurate Standard C.F.D scheme
and fourth order Exact F.D scheme with wave number & = 20 + ¢ at very less
number of elements N = 7. Fourth order Exact F.D scheme satisfies the solution
of Helmholtz equation exactly at very less number of elements with complex wave

number.
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2.5 Reduced modified central finite difference scheme
in two dimensions

In this section we will study the two dimensional Helmholtz equation, it is defined
as follows
Pu  0*u

Here k? = k? + k2, whereas k; = kcos and ky = ksin .

Let us suppose that the exact solution of (2.2) is;
u(z,y) = 'ethey) (2.3)

or

_ _ik(xcosf+ysin0).
U(Q?,y) =e ( Y )

Now let us see how the finite difference schemes have been developed before, that

is;

Uge =

%{u(:c —h,y) = 2u(z,y) +uz + h, y>}
%{u(gj’y —g) — 2u(z,y) +u(z,y + 9)}-

Uyy =
For square mesh we have
u(e = hyy) +u(z,y = h) = (4 = PR )u(z,y) + ule,y + h) + ule + h,y) = 0.

By using the Nehrbass idea [1], this time we replaced u,, and wu,, by the following,

1

Upy = ﬁ{u(m’ — h,y) — au(z,y) + u(z + h, y)}
Uy = g—g{u(x, y—g) —ou(z,y) +u(z,y+ g)}.

Here we have taken the square mesh size. After substitution we have from equation

(2.2), the form
w(z—h,y)+u(z,y—h)— (2a — K°k*) u(z,y) +u(z,y+h) +u(z+h,y) = 0. (2.4)
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To find the value of «, we take the exact solution (2.3) and simplifying we have

the form,
{2 cos(khcos ) — (2a — h%k?) + 2 cos(kh sin (9)}u(x, y) =0.
Since u(z,y) # 0 hence,
2 cos(khcos ) — (2a — h*k?) + 2 cos(khsin ) = 0

1
a= §h2k2 + cos(kh cos ) 4 cos(khsin ).

Substituting the value of a in equation (2.4), we obtained the following exact

scheme;

u(z—h,y)+u(z, y—h)—2(cos(kh cos 0)+cos(kh sin 0))u(z, y)+u(x, y+h)+u(z+h,y) = 0.
(2.5)

This is the modified central finite difference scheme in two dimensions.

2.6 The Dirchlet problem for the Helmholtz equa-
tion in two dimensions

We consider the Helmholtz equation in two dimensions
Uy + Uy + Ku(z,y) =0 (2.6)
and solve it with the following Dirchlet boundary conditions
u= fo(x) along y=0, and 0 <z <1
u= fi(x) alongy=1, and 0 <z <1
u=go(x) along x=0, and 0 <y <1
u=g¢gi(x) along x=1, and 0 <y <1.

The simplest region R is the unit square bounded by the linesz =0, x =1,y =0

and y = 1 in (x, y) plane, these lines form 0R on which the values of u is specified.
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M am e®N - | - LM (-1 (LW
@N-) QN-D Q@N-D -~ | — (N-2LN-D@-LN-D) N
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©)  an @) - - ®-20 H1lyg ("

Figure 2.4: Grid

A square mesh is now superimposed on R and the value of u calculated at each
point of the mesh. Usually, the mesh consists of equally spaced straight lines par-
allel to z, y-axis. Number of total points in a grid is (M + 2)2, number of interior
points in a grid is M? and number of boundary points is 4M +4. First we construct
the schemes for the corner points (1,1), (1, N —1),(N —1,1) and (N —1,N — 1)

of interior of the grid.

Implementation for the point (1,1)

In order to construct the scheme for the point (1,1), replacing the second or-
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der partial derivatives by the fourth order accurate seven point forward difference
approximation along x and y-axis in (2.6), which is presented in the thesis of S. A

Taj [3], gives

{9ui_1,j — ;5 — 1915 + 34Uigo 5 — 21Uiqsj + TUipa; — Ui+5’j}+

{9ui,j—1 — ;5 — 19, 41 + 34w, jro — 21U, jo3 + T jpa — Ui,j+5}+
12h%k2u, ; — {96—¢k1h 9 19¢ikih | 34p2kih _ o1k | polikih _ €5ik1h}+
{ge—ikgh 9 19¢ikeh 4 g4p2ikah _ o Siksh | 7 diksh _ esth} + 1212k, = 0.

On rearranging

9Ui_17j—{96_Zk1h—19€Zk1h+3462Zk1h—21€3Zk1h+7641k1h—65Zk1h+9€_7’k2h—1961k2h+
2ikah 3ikah 4ikoh 5kah
34e2 —2] "2 +7e 2l goh2 }ui,j—19u,~+1,j+34uz~+27j—21ui+37j+7ui+4,j—ui+5,j+
i1 — 19u; j11 + 34w, jo — 2104 o3 + Ty jra — Uijes = 0.

This scheme is used for the corner node u; ; of interior of the grid.

Implementation for the point (N —1,1)

In order to construct the scheme for the point (N — 1,1), we replace the sec-
ond order partial derivative with respect to x by the fourth order accurate seven
point backward difference approximation which is also presented in [3]and second

order partial derivative with respect to y by fourth order accurate seven point
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forward difference approximation in (2.6), gives

{ui_&j — TUi—gj + 21u;_3 5 — 34u;—9; + 19u;—q ; + u, 5 — 9Ui+1’j}+

{9“@7]‘_1 — 9, 5 — 19, j41 + 34w, jro — 21U, jo3 + T jpa — Uz‘7j+5}+

12022, = {6—5ik1h _ 7e—tikih | g1 o=Bikih _ g4 =2ikih | (go=ikih 4 g _ ggikih {4
{9€—ik2h _ 0 10¢ik2h 4 3g2kah _ 9 gBikeh | 7 dikah eSith} + 1212k, = 0.
On rearranging

Ui — TUi_gj+21u; 35 — 34w o+ 19u; 1 j — {e—fﬂ‘klh — Te kil 91 Bikih
346—2ik1h+196—ik1h_geik1h+96—ik2h_196ik2h+3462ik2h_2163z’k2h+764ik2h_65k2h}um‘_

9Ui+1,j + 9ui7j_1 — 19ui7j+1 + 34Ui,j+2 - 21uz~,j+3 + 7Ui,j+4 — Ui j4+5 = 0.

This scheme is used for the corner node uy_;; of interior of the grid.

Implementation for the point (1, N — 1)

We replace the second order partial derivative with respect to = by the fourth
order accurate seven point forward difference approximation and second order
partial derivative with respect to y by fourth order accurate seven point backward
difference approximation in (2.6) to construct the scheme for the point (1, N — 1),

gives
{9“%'—1,]‘ — i — 191 j + 3uigoj — 21Uiyg; + Tlivaj — Uits,; }+
{um-g) — T j—a + 21u; j_3 — 34u; j—o + 19u; j—1 + u; j — 9ui7j+1}+
1202k, ; = {geiklh _ 9 — 19¢tkh 4 34e2ikh _ o1 Bikih | 7 dikih _ €5ik1h}+

{e5ik2h—7e4ik2h+21e3ik2h—34e2ik2h+196ik2h+9—9eik2h} +120°K?u; 5 = 0.
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On rearranging
i1 — {ge—iklh _ 19tk 4 34p2ikih _ o1 Bikih | g dikih _ Sikih | ,=Sikah _
Temtheh 4917kl — 34e720h2h 4 19 theN — 9ei’f2h} —19uq1j+34uip0 ; — 21uiys 1+
TUitaj — Wirsj + Uij—s — TUij—a + 21u; 55 — 3du; j—o + 19u; 1 — Y, j41 = 0.

This scheme is used for the corner node uy_;; of interior of the grid.

Implementation for the point (N —1,N — 1)

In order to construct the scheme for the point (N — 1, N — 1), replacing the sec-
ond order partial derivatives by the fourth order accurate seven point Backward

difference approximation along x and y-axis in (2.6), gives

{Ui_&j — Mg j + 21u;_3 5 — 34u;—9; + 19u;_q ; + Yu, 5 — 9Ui+1’j}+

{ui’j_5 — T j—a + 21w g — 34u; j—o + 19u; j_1 + u; j — 9ui7j+1}+

12h%k2u; ; = {6—5ik1h _ 7e—dikih | 91o=Bikih _ g4,-2ikih | go—ikih | g _ 9€ik1h}+
{e—5ikz2h_76—4ik2h+216—3ik2h_346—2ik2h+196—ik2h+9_96ik2h} 1202k, = 0.
On rearranging

Ui — TUi_gj+ 21u; 35 — 34w o+ 19u; 1 j — {e—fﬂ‘klh — Te kil 4 91 etkih
34e2ikih | 1ge—ikih _ ggikih | o=Siksh _ qo—diksh | o1 o=Biksh _ g4,=2iksh | g —ikah_
9e“f2h} — Qi1+ Uiy — Tuijg + 21w 53 — 3du; o + 19u; ;1 — Yu; ;1 = 0.

This scheme is used for the corner node uy_; y—1 of interior of the grid.
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Left Boundary

We now construct the scheme for left boundary (excluding corner points) of in-
terior of the grid by replacing second order partial derivative with respect to x
by fourth order accurate seven point forward difference approximation and second
order partial derivative with respect to y by fourth order accurate central finite

difference approximation in (2.6).

Implementation for the points (1,2) and (1, N —2)
Firstly, we construct the schemes for the end points (1,2) and (1, N — 2) of the
left boundary respectively.
{9u,~_17]~ — 9, ; — 19uq1 ; + 34uigo 5 — 21Uiq3 5 + TUjpa; — ui+57]~}+
{ui,j—2 — 16w, j_1 + Oau; j — 16w; ;41 + umurg} + 12h%Ku; ; =
{9€ik1h _ 9 19eikh o gqe2kih _ o gSikih | dikih _ eSiklh}+

{eZith — 162" 4 0y — 16™" + e”’%h} + 12R%K?u;; = 0.

where

0y = 2 cos 2koh — 32 cos kqh.
On rearranging
. {96—ik1h . 196ik1h + 3462ik1h . 2163ik1h 4 764ik1h . 65ik‘1h 4 e—Qikzh_
166—ik‘2h _ 16€ik2h + 62ik2h} _ 19ui+1,j ‘I’ 34ui+2,j _ 21ui+3,j + 7ui+4,j_
Uit5,5 — 16’&2',]'_1 — 16Ui7j+1 + Uj j4+2 = —9€ik2y2 — Giklxl.

This scheme is used for the node u; 5 of interior of the grid.
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{Quiu —u;; — 19uiq1 5 + 340 — 21uiq3 5 + TUipa; — ui+5,j}+
{umg — 16w, j—1 + O j — 16u; ;41 + ui,jJFQ} + 12R%K*u; ; =
{9€¢k1h _ 9 _ 19¢thih | 342k _ o Bikih | 7 dikih _ 65ik1h}+
{e_Qith — 16e~ " 4 9, — 16e™" + e”’mh} + 12h%K*u; ; = 0.

where

0y = 2 cos 2koh — 32 cos kqh.

On rearranging

. {9e—ik1h . 19€ik1h + 3462i/€1h o 2163i/€1h 4 7e4ik1h . 65ik‘1h + G—Qikzh_

16e %" — 16e™" 4 e%’”h} — 19Uy + 3Uiyoj — 21 U3 + T ;—

Uit 4 Ui j o — 16ui7j—l - 16ui,j+1 — _geleyN—Q _ elklxN'HCQ.

This scheme is used for the node u; y_5 of interior of the grid.

Implementation for the points (1,3) to (1, N — 3)

We now construct the scheme for the points (1,3) to (1, N — 3). Again replacing

second order partial derivative with respect to x by fourth order accurate seven

point forward difference approximation and second order partial derivative with

respect to y by fourth order accurate central finite difference approximation in

(2.6).
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{9ui17]- — 9ui,j — 19Ui+17j + 34Ui+27]’ — 21ui+3,j + 7ui+4,j - Ui+57]’}+
{Uijjg — 16ui,j,1 -+ 92u1-7j — 16ui,j+1 + Ui’jJrQ} + 12h2]€2ui7]‘ =
{9€ik1h o 9 . 19€ik1h + 3462’ik1h _ 2163’ik1h 4 7e4ik1h - e5’ik1h}+
{6—2ik2h o 16e—ik2h + 02 o 166ik2h + e2ik2h} + 12h2k2ui’j —0.
On rearranging
o {geiklh o 19€ik1h + 3462’iklh - 2163ik1h + 7e4ik1h o e5’ik1h + e*2ik2h_
1662l _ 16eik2h €2ik2h} — 19u41 5 + 34uito; — 21uiq3 5 + Tuipg;—
Uit5,5 + U j—2 — 16ui,j_1 — 16ui7j+1 + Ui j+2 = —9€ik2ym

where m = 3,4,5,..., N — 3.
This scheme is used for the nodes of left boundary wu; 3 to u; y—3 of interior of the

grid.

Right Boundary

Implementation for the points (N —1,2) and (N — 1, N —2)

We now construct the schemes for the end points (N —1,2) and (N — 1, N — 2)
of the right boundary respectively. We use the fourth order accurate seven point

backward difference approximation along z-axis and fourth order accurate central

finite difference approximation along y-axis.
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{ui&j — Ti—aj + 21u;_3 ; — 34u;—9; + 19u;—q ; + u, j — 9Ui+1,j}+
{umg — 16w, j—1 + O j — 16w, j41 + ui,jJFQ} + 12R%K*u; ; =
{€5ik1h _ ge—tikih 4 91o=Bikih _ 34,=2ikih | go=ikih | g 9eik1h}+
{e—%’wh — 16e7 %" 4 9, — 16e™" + e”’mh} + 12h%k*u; ; = 0.

where

0y = 2 cos 2koh — 32 cos kqh.
On rearranging
Ui—5,5 — 7Ui_47j + 21Ui_37]‘ — 34ui_27j + 19ui—1,j — {G_Siklh — 76_4ik1h + 216_3ik1h—
346—2ik1h + 19€—ik1h o geiklh + e—Qikzh o 166—i/€2h o 16€ik2h + eZik‘zh}_
i(k1+kay2) 6ik1xN—1_

16ui,j—1 — 16Ui,j+1 + U j—2 = 9e

This scheme is used for the node uy_ 2 of interior of the grid.

{uiE,J — Tuj—aj + 21u;—3; — 34u;—oj + 19u; 1 j + Yu; ; — 9ui+1,j}+
{um-_g — 16w, j—1 + Oou; ; — 16w, j41 + U/i’j_i_z} + 12h2k2ui7]~ =
{6—5ik1h _ qe—tikih 4 91o=Bikih _ 34,2k | go=ikih 4 g 96ik1h}+
{6—2ik2h — 16e7*2h 4 9, — 16620 4 62ik2h} + 1212k, = 0.

where

0y = 2 cos 2koh — 32 cos kqh.
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On rearranging

Ui—5,5 — 7UZ’,4J‘ -+ 21UZ’,3J’ — 34’1,61‘,27]' —+ 19’&1',17]' — {G_Slklh — 76_4Zk1h -+ 216_3Zk1h—
34672lk1h + 19671k1h o gelklh + e*22k2h o 16677,]62]1 - 16elk2h + eZZkgh}+
Wijoa — 16us i1 — 16u; 1 = e'Fihavn—2) _ gilhion—ith),

This scheme is used for the node uxn_; y_2 of interior of the grid.
Implementation for the points (N —1,3) to (N —1,N — 3)

Here we use fourth order accurate seven point backward difference approxima-
tion along z-axis and fourth order accurate central finite difference approximation

along y-axis in (2.6).

{ui_m — TUj—aj + 21u;_3 5 — 34u;—9; + 19u;—q ; +u, j — 9Ui+1,j}+
{umg — 16w, j—1 + O j — 16w, j11 + ui,jJrg} + 12R%K*u; ; =
{€5ik1h _ getikih | 91o=Bikih _ 342k | jgo=ikih 4 g geiklh}+
{e_Qith — 16e~ %" 4 9, — 16e™" + e%’@h} + 12h%k*u; ; = 0.

where

0y = 2 cos 2koh — 32 cos kqh.
On rearranging
Ui—5,5 — 7Ui_47j + 21ui—3,j — 34Ui_27j + 19“1‘—1,]‘ — {6_5ik1h — 76_4ik1h + 216_3ik1h—
346—2ik‘1h + 19€—ik1h _ 96i/€1h + e—?’ik‘gh _ 16€—ik2h o 166ik2h + €2ik2h}+

_ i(k1+k2ym
Ui,j_g — 16Ui7j_1 — 16Ui7]’+1 + Ui,j—i—? = 9¢ (k1t+kay )
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where m = 3,4,5,..., N — 3.
This scheme is used for the nodes un_1 3 to uy_1 y_3 of right boundary of interior

of the grid.

Bottom Boundary
Implementation for the points (2,1) and (N —2,1)

We use fourth order accurate central finite difference approximation along x-axis
and fourth order accurate seven point forward difference approximation along y-

axis in (2.6) for the bottom boundary.

{ui_zj — 1611@'_1,]' + 6’1um- — 161/4'4_1,]’ + ui+2,j} + {9ul~,j_1 — 9ui,j — 19u,;,j+1+
34ui7j+2—21ui’j+3—|—7ui7j+4—ui7j+5}—1—12h2k2ui7]~ = {G_Qiklh—lfs&_iklh—f—gl—16€ik1h+
€2ik1h}+{96_ik1h—9—19€ik1h+34€2ik1h—2163ik1h+7€4ik1h—65ik1h}+12h2k2u2‘7j — 0

where

0, = 2cos 2k h — 32 cos k1 h.

On rearranging

o 16“/1'—17]' - {e—2lk1h - 166—2k1h o 16€lk21h 4 e?zklh + 96—Zk2h o 1961k2h_|_
2ikoh 3ikah 4ikoh 5ikoh
34472 — 2122 4 Te R — g2 } — 16Ui+17j + U425 — 19ui,j+1+
ik ik
B jo — 210y s + Ty jas — Ui jus = —€2¥ — 9e172),

This scheme is used for the node us; of interior of the grid.
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Again we use fourth order accurate central finite difference approximation along x-
axis and fourth order accurate seven point forward difference approximation along

y-axis in (2.6)

{Uigjj — 16114;1,]' + 91ui7j — 16ui+1,j + ui+2,j} + {Qui,jl — 9ui,j — 19'LLZ'J+1+
34ui,j+2—21ui7j+3+7ui,j+4—ui7j+5}+12h2k2ui,j = {62ik1h_16€ik1h+01—166ik1h+
62ik1h}+{Qe_ith—S)—19eik2h+34e2ik2h—2163ik2h+764ik2h—e5ik2h}+12h2k2ui7j = 0.

where

0, = 2cos 2k h — 32 cos k1 h.

On rearranging
Uiia — 161 — {e—Zikzlh _1Ge ik _ 1geikih 4 g2ikih | go—ikah
19¢ik2h 4 34e2ikah _ o g3ikah | 7 dikeh eSikgh} — 16wt — 19U 41+
ei(k1+k2y1) _ 9€ik1$N—2_

34w jpo — 21w jys 4 Tl jra — Ui jys = —

This scheme is used for the node uy_o; of interior of the grid.
Implementation for the nodes u3; to un_31

We now construct the scheme for the points (3,1) to (N —3,1) by using the fourth
order accurate central finite difference approximation along z-axis and fourth order

accurate seven point forward difference approximation along y-axis in (2.6)
{uigyj — 16’&1;1,]' + Hluiyj — 16ui+1,j + Ui+2,j} + {Quml — 9Ui7]’ — 19ui7j+1+
34ui,j+2—21ui7j+3+7ui,j+4—ui7j+5}+12h2k2ui,j = {62ik1h_166ik1h+91—166ik1h+

e%’“h}Jr{geikzh—g—19e“f2h+34e2@"f2h—2163ik2h+7e4“€2h—efﬂ‘kzh}+12h2k2% = 0.
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where

01 = 2cos 2k h — 32 cos k1 h.

On rearranging

Uj—2,5 — 16“1'717]' _ {teklh - 16672k1h - 16€lk1h 4 e2zk1h + 9671];2}7,_

19€zk2h + 34621k2h _ 2163zk2h + 7e4zk2h — e51k2h} — 16Ui+1,j + Ujgoj — 19ui,j+1+
ik1Tm

34ui,j+2 - 21U¢7j+3 + 7u,;7j+4 — Ui j45 = —9e

where m = 3,4,5,..., N — 3.

This scheme is used for the nodes u3; to uy_s3; of interior of the grid.

Top Boundary

Using the fourth order accurate central finite difference approximation along x-
axis and fourth order accurate seven point backward difference approximation

along y-axis in (2.6).
Implementation for the nodes (2, N — 1) and (N —2, N — 1)

Firstly, we construct the schemes for the end points (2, N —1) and (N —2, N —1)

of the top boundary respectively.

{ui2,j — 16u;_1; + Ohu;; — 16u41 5 + ui+2,j} + {ui,j5 — Tuij—g+ 21u; 53—
34ui,j_2+19ui,j_1+9ui,j—9ui,j+l}+1zh2k2ui,j = {e_%klh—lfie_iklh—i—@l—16eik1h+
€2ik1h}+{e—5z’k2h_76—4ik2h+216—3ik2h_346—2ik2h+196—ik2h+9_96ik2h}+12h2k2ui’j —0.

where

01 = 2cos 2k h — 32 cos ki h.
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On rearranging
—16u_ — {e—mlh _1Ge b _ 1geikih 4 g2ikih | ~Bikah _ g —dikoh | o o =Bikoh _
3de 2h2h 4 19emikh 9e“‘f2h} — 16uiy1j + Uiyaj — TUija + 21w j 53—
3du;j o+ 19u; ;1 — Quyjpq = —eF2uv-1  gilhrathe),

This scheme is used for the node uy y_1 of interior of the grid.

{ui—2,j — 16u;—1,; + b — 1615 + ui+2,j} + {Uz‘,j—5 = T j—g + 21u; 53—
34ui,j_2+19ui,j_1+9ui,j—9ui,j+1}+12h2k2ui,j — {e—%’ﬂh—lﬁe—“ﬂhwl—16e““h+
€2ik1h}+{€5ik2h_7€4ik2h+21€3ik2h_34€2ik2h+19€ik2h+9—9€ik2h}+12h2k2ul'7j — 0

where

0, = 2cos 2kih — 32 cos ki h.

On rearranging
Ui—Q,j—16Uz‘—1,j_{6_21’“1"—166_”‘31}1—16€Zk1h+€21k1h+6_5m2h—76_4Zk2h+216_31k2h_
34— 2ik2h 4 1ge—ikah _ 9€zk2h} — 16u415 — Tujj—g + 21u; j_3—
ki+koyn—1 __ ei(klxl\’—?Jer)

34ui,j,2 + 19'&1'7]',1 — 9ui,j+1 = —Gi(

This scheme is used for the node ux_2 y—1 of interior of the grid.

Implementation for the points (3, N —1) to (N —3,N —1)

We now construct the scheme for the points (3, N — 1) to (N —3, N — 1) by using

the fourth order accurate central finite difference approximation along x-axis and
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fourth order accurate seven point backward difference approximation along y-axis

in (2.6)

{Ui2,j — 16u;—1; + bhu;j — 16w ; + ui+2,j} + {ui,j5 — T g + 21u; 55—
34Ui7j_2+19Ui,j_1+9Ui,j—9Ui,j+1}+12h2k2ui’j = {6_2iklh—166_ik1h+01—166ik1h+

eQik1h}+{€—5i/€2h_76—4ik2h+216—3ik2h_346—2ik2h+196—ik2h+9_9€ik2h}+12h2k2ui’j — 0

where

01 = 2cos 2k h — 32 cos k1 h.
On rearranging
Uj—o j_16ui—1 i {G—Qik‘lh_lGe—ik1h_166ik1h+62’ik‘1h+6—5ik2h_76—4ik2h+216—3ik‘2h_
34e 22l 4 19em el 9e“€2h} — 16ui15 + Uivaj — TUij—a+
_ei(k1mm+k2)_

21’&1'7]',3 — 34“1’,]‘72 + 19ui,j,1 — 9ui,j+1 =

Where m =3,4,5,..., N — 3.
This scheme is used for the nodes of the top boundary from us n_; to uy_gn_1 of

interior of the grid.

66



CHAPTER 2

Figure 2.5: Comparison of two dimension exact wave, wave obtained by fourth
order accurate Standard C.F.D scheme and wave obtained by fourth order Exact

F.D scheme with wave number k£ = 40 at number of elements N = 30.
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Figure 2.6: Comparison of two dimension exact wave, wave obtained by fourth
order accurate Standard C.F.D scheme and wave obtained by fourth order Exact
F.D scheme with wave number k£ = 40 at number of elements N = 50. Refining
the mesh size in fourth order accurate S.F.D scheme reduces dispersion error but
fourth order accurate exact F.D scheme gives an optimal results at high wave

number with less computational cost.
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Figure 2.7: Comparison of two dimension exact wave, wave obtained by fourth
order accurate Standard C.F.D scheme and wave obtained by fourth order Exact
F.D scheme with pure complex wave number k = 20 + ¢ at number of elements

N = 50. Complex

69



Chapter 3
Conclusions

70



Chapter 3

Conclusions

In this work, the novel central finite difference schemes are constructed by following
the ideas of Nehrbass [1] and Yau shu [2] first by modifying the standard second
order accurate central finite difference scheme. Later on relying only on the idea of
Yau Shu in which he not only made differential equation exact but also boundary
conditions exact. Novel central finite difference schemes were constructed by mod-
ifying standard central finite difference schemes accurate to arbitrary even order
only for one dimensional Helmholtz equation. The generalized expression for the
central node of scheme of novel scheme is given as well. Furthermore, the one di-
mensional exact operators were used for the approximation of Helmholtz equation
in two dimensions. Detailed dispersive and dissipative properties of novel schemes
are studied for Helmholtz equation and quantitative expressions are given. Finally
accuracy of the novel schemes is shown to be superior compared with standard cen-
tral finite difference scheme for the propagation of waves with any wave number

with the help of numerical examples.
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