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Abstract

In this thesis, we study the effects of thermal fluctuations on Dyadosphere

of Reissner-Nordström, Janis-Newman-Winicour and the fragmentation of

f(R) global monopole black holes. In the presence of these fluctuations,

we obtain various thermodynamic quantities like entropy, pressure, specific

heat, Gibb’s free energy and Helmholtz free energy. We discuss the stability

of these black holes using the γ (the ratio of heat capacities). We also discuss

the phase transition, grand canonical ensemble and canonical ensemble. It is

demonstrated that in Dyadoshpere of Reissner-Nordström, Janis-Newman-

Winicour and fragmentation of f(R) global monopole black holes become

locally and globally stable with respect to increasing value of horizon radius.
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Chapter 1

Introduction
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The black hole solution is one of the most important topics in general rel-

ativity. It is an open problem to understand the inner nature of black hole

(BH). The BH is first predicted by Einstein in 1916, with his theory of

general relativity and was first discovered in 1971. Because of Bekenstein-

Hawking entropy and Hawking temperature BH behaves as thermodynam-

ics objects [1]-[7], and because the existence of horizon deep connection

exists between the laws of classical general relativity, thermodynamics and

quantum mechanics [1]-[10]. According to the second law of thermody-

namics objects, if an entropy was not associated with a BH then this law

is violated. This happens whenever entropy of BH is absent and cause a

spontaneous reduction in entropy of the universe.

black holes are objects of maximum entropy. Objects are of the same

volume have less entropy than BHs [11, 12]. This entropy is proportional

to the area of BH [13] .This entropy is determined by S = A
4
, where S

represent the entropy of matter outside BH and A represent the surface

area of event horizon. Importance of quantum fluctuation occur when BH

contract its size , due to this entropy of BH it required to be corrected,and

expected from this to modify the holographic principle [14, 15]. As the BH

reduce it’s size because of hawking radiations, quantum fluctuation required

to correct the relation between area and the entropy of BH.

To evaluate these corrections there are many approaches, one is non-

perturbative quantum general relativity [16]. It was showed that the leading

order relation between entropy and area of BH is Bekenstein entropy-area

relation. This pattern also given logarithmic correction terms to the Beken-

stein entropy-area relation. Cardy formula has also been showed that log-

arithmic correction terms should take place in all BHs whose microscopic
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degree of freedom are described by a conformal field theory [17, 18]. In

the presence of BH, matter field have also been studied, and this study has

also generated logarithmic correction terms for the Bekenstein entropy-area

formula [19]-[21]. By evaluating exact partition function these logarithmic

corrections have been obtained for three-dimensional BTZ BH [22]. To ob-

tain logarithmic correction to the entropy of a BH Rademacher expansion

of the partition function also has been used [23].

The vacuum mimetic f(R) gravity with Lagrange multiplier and mimetic

scalar potential have solution by the conditions of Reissner-nordstron(RN)

anti-de sitter BH [24]. The thermal interpretation of the Schwinger effect

for charged scalars and spinors in an extremal and near-extremal RN BH

[25]. Thermodynamics method is the statement of RN BHs in arbitrary

dimensions [26].

In general theory of relativity the gravitational divergence of light ray

is a considerable prediction. In Janis-Newman-Winicour (JNW) geome-

try the gravitational deflection increases with charge and decreases with

the charge in RN geometry [27]. We obtain the calculations for Kerr BH

and JNW solution, that have naked singularity on surface at finite radius

[28]. The geodesic formation of JNW space-time obtain a strong curvature

naked singularity [29]. The thermodynamic quantities are explore as the

local temperature, heat capacity, free energy and the stability of BH in-

clude a global monopole within or outside the f(R) gravity [30]. The Chen

and Cheng also work on f(R) global monopole [31]. Because the entropy

difference is negative the f(R) global monopole BH remains stable instead

of splitting without the generalization [32].
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Thermal stability of BH is the most important thermodynamical quan-

tities. BHs should stable in dynamics and thermodynamics models because

of their physical nature. The instability of BH is that it may have a phase

transition or if it is completely unphysical. In the present thesis, the orga-

nization of thesis is as follows:

i) Some basic definitions and mathematical formulae are given to under-

stand the thesis work in nxt chapter.

ii) In Chapter 2, we consider RNBH and check the thermodynamic quanti-

ties like entropy, pressure, specific heat, Gibb’s free energy and Helmholtz

free energy in the presence of thermal fluctuation. We check the stability of

BH. We also discuss the phase transition of BH and discuss the local and

global stability of BH.

iii) Chapter 3 represents the thermodynamics of Janis-Newman-Winicour

space-time and fragmentation of f(r) global monopole. we consider RNBH

and check the thermodynamic quantities like entropy, pressure, specific

heat, Gibb’s free energy and Helmholtz free energy in the presence of ther-

mal fluctuation. We check the stability of BH. We also discuss the phase

transition of BH and discuss the local and global stability of BH.

iv) The last chapter contains the summary of the results.
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Chapter 2

Preliminaries
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This chapter has the basic concepts to understand the thesis work.

2.1 Fundamental Hypotheses and Postulates

of General Relativity

General relativity is based on the following set of fundamental principle,

which guided its development. These are in the following:

1. The general principle of relativity-The laws of physics must be the same

for all observers (accelerated or not).

2. Physical events are described in a four-dimensional space-time manifold,

the metric of which is

ds2 = gµνdxµdxν , (2.1.1)

3. Principle of covariance: The laws of physics must take the same form in

all coordinates systems.

4. Local Lorentz invariance: The laws of special relativity apply locally for

all inertial observers.

5. The principle that inertial motion is geodesic motion. The world lines

of particles unaffected by physical forces are time-like or null geodesic of

space-time.

6. Space-time is curved. This permits gravitational effects, such as free fall

to be described as a form of inertial motion.

7. Space-time curvature is created by stress-energy within the space-time.

This is described in general relativity by Einstein’s field equations, which

in the presence of matter are

Rµν − 1

2
gµνR + Λµν = −κTµν , (2.1.2)

6



where Tµν is the energy-momentum tensor and we express this energy-

momentum tensor

Tµν = (ρ + p)uµuν ± pgµν , (2.1.3)

Or

T µν = (ρ + p)uµuν ± pgµν . (2.1.4)

In empty space, T µν = 0, and the equation becomes

Rµν = 0. (2.1.5)

The equivalent principle, which served as a starting point for the develop-

ment of general relativity, ended up being a consequence of general principle

of relativity and the principle that inertial motion is geodesic motion.

2.2 Schwarzschild Line-element

It is intended to find a line-element for an interval in the vicinity of a

gravitating point particle, for instance, the sun. In the empty space, the

spacetime would be flat and in spherical polar coordinates and time, the

line element is given by

ds2 = dt2 − dr2 − r2dθ2 − r2 sin2 θdφ2. (2.2.1)

In this equation, the velocity of light c is taken to be unity in order to

use relativistic units. The isolated particle is assumed to be static and

spherically symmetrical and hence, the gravitational field will depend on

r alone and not on θ, φ. The line-element would be spatially spherically

7



symmetric about the point and static. Thus, the line-element in the most

general form is

ds2 = −eλdr2 − r2(dθ2 + sin2 θdφ2) + eνdt2, (2.2.2)

where λ = λ(r) and ν = ν(r). However, the gravitational field due to the

particle decreases as we move away from it and the line-element, Eq.(2.2.2)

will become the Galilean line-element at r = ∞. Thus, λ = 0 = ν at r = ∞.

Rewriting the line-element, Eq.(2.2.2) as

ds2 = gµνdxµdxν , (2.2.3)

with x0 = t, x1 = r, x2 = θ, x3 = φ. The metric tensor gµν is

gµν =




eν 0 0 0

0 −eλ 0 0

0 0 −r2 0

0 0 0 −r2 sin2 θ




(2.2.4)

The inverse metric tensor gµν is

gµν =




e−ν 0 0 0

0 −e−λ 0 0

0 0 −r−2 0

0 0 0 −1
r2 sin2 θ




(2.2.5)

Let us evaluate the Christoffels 3 − index symbols Γα
µν , Γα,µν for the

static and spherically symmetric line-element, Eq.(2.2.3). Recalling that

Γα,µν =
1

2(∂νgαµ + ∂µgαν − ∂αgµν)
, (2.2.6)

Γα
µν = gαλΓλ,µν . (2.2.7)

In view of the symmetry relation, Eq.(2.2.6), only 40 are independent out

of the 64 3 − index symbols. In addition, for the line-element, Eq.(2.2.3),
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31Christoffels 3 − index symbols are zero and the following nine are non-

zero. Further, it is clear that since gµν is diagonal, the 3 − index symbols

with all the three indices different, are zero.

Γ0
10 =

1

2
v′, Γ2

12 =
1

r
,

Γ1
00 =

1

2
v′ev−λ, Γ2

33 = −r sin θ cos θ,

Γ1
11 =

1

2
λ′, Γ3

13 =
1

r
, (2.2.8)

Γ1
22 = −re−λ, Γ3

32 = cot θ

Γ1
23 = −r sin2 θe−λ,

where ν ′ = dv
dr

and λ′ = dλ
dr

. Einsteins law of gravitation for empty space is

Rµν = 0, (2.2.9)

where Rµν is the contracted curvature tensor. Making use of the 3− index

symbols Equation Eq.(2.2.8), we calculate the different components of Rµν ,

given by

Rµν = −∂αΓα
µν + ∂νΓ

α
µα + Γρ

µαΓα
νρ − Γα

µνΓ
ρ
αρ, (2.2.10)

Thus

R00 =− ∂αΓα
00 + Γρ

0αΓα
0ρ − Γα

00Γ
ρ
αρ (2.2.11)

=− ∂1Γ
1
00Γ

0
01 + Γ0

01Γ
1
00 − Γ1

00(Γ
0
10 + Γ1

11 + Γ2
12 + Γ3

13)

=− ∂1(
1

2
v′ev−λ) + 2

1

4
v′2ev−λ − 1

2
v′ev−λ

(
1

2
v′ +

1

2
λ′ +

2

r

)

=− 1

2
[v′′v′(v′ − λ′)]ev−λ +

1

2
v′2ev−λ − 1

4
v′ev−λ(v′ + λ′)− v′

r
ev−λ.
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Analogously, we calculate R11.

R11 =− ∂αΓα
11 + ∂1Γ

α
1α + Γρ

1αΓα
1ρ − Γα

11Γ
ρ
αρ (2.2.12)

=− ∂1Γ
1
11 + ∂1Γ

0
10 + ∂1Γ

1
11 + ∂1Γ

2
12 + ∂1Γ

3
13 + Γ0

1αΓα
10

+Γ1
1αΓα

11 + Γ2
1αΓα

12 + Γ3
1αΓα

13 − Γ1
11(Γ

0
10 + Γ1

11 + Γ2
12 + Γ3

13)

=∂1(Γ
1
11 + Γ2

12 + Γ3
13) + Γ0

10Γ
0
10 + Γ1

11Γ
1
11 + Γ2

12Γ
2
12 + Γ3

13Γ
3
13

−Γ1
11(Γ

0
10 + Γ1

11 + Γ2
12 + Γ3

13)

=∂1

(
1

2ν ′
+

2

r

)
+

ν ′2

4
+

λ′2

4
+

2

r2
− λ′

2

(
ν ′

2
+

λ′

2
+

2

r

)

R11 =
1

2
ν ′′ +

1

4
ν ′2 − 1

4
ν ′λ′ − λ′

r
.

Similarly,we calculate R22

R22 =− ∂αΓα
22 + ∂2Γ

α
2α + Γρ

2αΓα
2ρ − Γα

22Γ
ρ
αρ (2.2.13)

=− ∂1Γ
1
22 + ∂2Γ

3
23 + Γρ

2αΓ1
2ρ + Γρ

22Γ
2
2ρ + Γρ

23Γ
3
2ρ

−Γ1
22(Γ

0
10 + Γ1

11 + Γ2
12 + Γ3

13)

=∂1(−re−λ) + ∂2(cotθ) + Γ2
21Γ

1
22 + Γ1

22Γ
2
21 + Γ3

23Γ
3
23

+re−λ(
1

2ν ′
+

1

2λ′
+

2

r
)

=e−λ − rλ′e−λ − csc2 θ − 2e−λ + cot2 θ

+re−λ(
1

2ν ′
+

1

2λ′
+

2

r
).
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Lastly we calculate R33.

R33 =− ∂αΓα
33 + ∂3Γ

α
3α + Γρ

3αΓα
3ρ − Γα

33Γ
ρ
3ρ

=− ∂1Γ
1
33 + ∂2Γ

2
33 + Γρ

31Γ
1
3ρ + Γρ

32Γ
2
3ρ + Γρ

33Γ
3
3ρ

−Γ1
33

(
Γ0

10 + Γ1
11 + Γ2

12 + Γ3
13

)− Γ2
33

(
Γ3

23

)

=− ∂1(−r sin2 θe−λ)− ∂2(− sin θ cos θ) + Γ3
13 + Γ1

33 + Γ3
23 + Γ2

33

+Γ1
33Γ

3
31 + Γ2

33Γ
3
32 − Γ1

33(
ν ′

2
+

λ′

2
+

2

r
)− Γ2

33(cot θ)

= sin2 θe−λ − rλ′ sin2 θe−λ + cos 2θ + 2(− sin2 θe−λ − cot θ sin θ cos θ)

+r sin2 ϑe−λ(
ν ′

2
+

λ′

2
+

2

r
) + sin θ cos θ cot θ

= sin2 θe−λ(1− rλ′) + cos 2θ +
1

2r
sin2 θe−λ(ν ′ + λ′)

+2 sin2 θe−λ − 2 sin2 θe−λ − 2 cos2 θ + cos2θ

= sin2 θe−λ
[
1 +

1

2rν ′
− 1

2rλ′
]
+ cos 2θ − cos2 θ

= sin2 θe−λ
[
1 +

1

2rν ′
− 1

2rλ′
]− sin2 θ. (2.2.14)

Also

R33 = sin2 θR22 (2.2.15)

We summarized the final form of components as

R00 =− 1

2eν−λ
(ν ′′ +

1

2ν ′2
− 1

2ν ′λ′
+

2ν ′

r
),

R11 =
1

2ν ′′
+

1

4ν ′2
+

1

4ν ′λ′
− λ′

r
,

R22 =e−λ(1 +
1

2rν ′
− 1

2rλ′
)− 1,

R33 = sin2 θR22. (2.2.16)

11



Now the field Eq.(2.2.9) becomes using Eq.(2.2.16) as

e−λ(ν ′′ + (
1

2
)ν ′2 − (

1

2
)ν ′λ′ +

2ν ′

r
) = 0, (2.2.17)

ν ′′

2
+

ν ′2

4
− ν ′λ′

4
− λ′

r
= 0, (2.2.18)

e−λ(1 +
1

2rν ′
− 1

2rλ′
)− 1 = 0, (2.2.19)

[
e−λ(1 +

1

2r(ν ′ − λ′
))− 1] sin2 θ = 0. (2.2.20)

Obviously, Eq.(2.2.19) and Eq.(2.2.20) are identical. The three independent

Eqs.(2.2.17), (2.2.18) and (2.2.19) enable us to determine the unknown

functions ν and λ. Dividing Eq.(2.2.17) by e−λ, we obtain

ν ′′ +
1

2ν ′2
− 1

2ν ′λ′
+

2λ′

r
= 0. (2.2.21)

Rewriting Eq.(2.2.18), we get

ν ′′ +
ν ′

2
− ν ′λ′

2
− 2λ′

r
= 0. (2.2.22)

Subtracting Eq.(2.2.22) from Eq.(2.2.21), we get

2

r(ν ′ + λ′)
= 0. (2.2.23)

Integrating Eq.(2.2.23), we obtain

ν + λ = C, (2.2.24)

where C is a constant of integration. The gravitational field (disturbance

from flat space-time) due to the particle, diminishes as we record to the

infinite distance. It implies that the line-element, Eq.(2.2.2), must assume

the form of Galilean line-element at r = ∞. Thus, we must take ν = 0 = λ

at r = ∞. Thus, C = 0 in Eq.(2.2.24). Therefore,

ν + λ = 0 (2.2.25)

12



or ν = −λ In view of Eq.(2.2.25), the Eq.(2.2.19) becomes

e−λ(1− rλ′)− 1 = 0, (2.2.26)

d

dr
(re−λ) = 1, (2.2.27)

re−λ = r + C1, (2.2.28)

e−λ = 1 +
C1

r
. (2.2.29)

putting C1 = −2m, we get

eν = e−λ = 1− 2m

r
. (2.2.30)

The constant of integration is put equal to −2m, in order to facilitate the

physical interpretation of m as the mass of gravitating particle. The line-

element. Eq.(2.2.2), due to static, isolated gravitating mass point is, in

relativistic units (c = G = 1)

ds2 =
(
1− 2m

r

)
dt2 −

(
1− 2m

r

)−1

dr2 − r2(dθ2 + sin2 θ.dφ) (2.2.31)

In c.g.s. units, if the mass is M , the line-element is

ds2 =
(
1− 2MG

rc2

)
dt2 −

(
1− 2MG

rc2

)−1

dr2 − r2(dθ2 + sin2 θdφ). (2.2.32)

As it was obtained first by Schwarzschild in the closed form, it is called

Schwarzschilds exterior solution. As is obvious, in the limit r → ∞, it

goes over to the metric of spacetime of special relativity. This solution is of

fundamental importance. We included the cosmological constant Λ, then

for empty space, the solution corresponding to the field equations

Rµν = Λgµν , (2.2.33)

can be obtained by taking Tµν = 0 and the resulting metric is

ds2 =

(
1− 2m

r
− Λr2

3

)
dt2 −

(
1− 2m

r
− Λr2

3

)−1

dr2 − r2(dθ2 + sin2 θdφ2).

(2.2.34)
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Comparing the two metrics, Eq.(2.2.31) and Eq.(2.2.34), we see that the

effect of term Λ on the field surrounding the attracting particle, increases

with r, i.e., the size of the region considered. But as we will see in the

next section, the motion of planets is described with great accuracy by

Eq.(2.2.32), we infer that the cosmological constant Λ, is so small that it

does not produce tangible effects within regions of the size comparable to

the solar system.

2.2.1 Schwarzschild Singularity

Schwarzschild solution, Eq.(2.2.31) has the following singularities:

• r = 0. But this type of singularity is usual and also occurs in the

Newtonian theory of gravitation.

• r = 2m. The value of r is called the Schwarzschilds radius. At

r = 2m, g00 becomes zero and g11 becomes infinite. For points 0 ≤
r ≤ 2m, ds2 < 0, i.e., the interval is purely space-like.

Let us estimate the singular region for the sun. If it has the radius r, then

r = 2m =
2mG

c2
= 2.956. (2.2.35)

The physical radius of sun is 6.960105km, thus, the singular region is ex-

treme deeply embedded in it. For a region inside, the Schwarzschild solution

of Einsteins field equations, does not hold as Tµν will not be zero. This is

the situation long before the singular region starts. The Schwarzschilds ra-

dius is always much smaller than the physical radius of the body, say earth,

electron.
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However, it may be noted that Einstein and Rosen have shown that the

singularity in the Schwarzschild solution, Eq.(2.2.31), can be removed by

the transformation

r − 2m = u2 (2.2.36)

The line-element, Eq.(2.2.31), then becomes

ds2 = −4(u2 + 2m)du2 − (u2 + 2m)2(dθ2 + sin2 θdφ2) +
u2

u2 + 2m
(2.2.37)

The singularity is no more there in the line-element, but the singularity

r = 2m has been shifted from the line-element, Eq.(2.2.31) to the transfor-

mation, Eq.(2.2.36). The Jacobian of this transformation is zero at u = 0.

But in general relativity, only non-singular transformations are allowed so

that the Jacobian has to be non-zero and finite within its domain. Fur-

thermore, the line-element, Eq.(2.2.37), is free of singularity only if m is

positive, implying thereby that only positive values of mass are permissi-

ble. However, this is only a tentative argument.

2.3 Black Hole

Black hole represents an infinitely dense object whose gravitational force

is so strong that anything (matter and radiation) cannot escape from its

gravitational field. It is produced through the process of gravitational col

lapse in which the massive objects or stars collapse under their own gravity

and form an object with infinite density. It is impossible to analyze inside

of the BH by naked eyes as light cannot reflect back from it due to its

strong gravitational force. However, it can be detected by its effects on

neighboring celestial objects.
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Generally, a BH is characterized by its mass, charge and angular mo-

mentum (spin). The simplest BH is the Schwarzschild BH that has no

charge and spin. The example of BH which has both mass as well as charge

is called Reissner Nordstrom (RN) BH while the Kerr BH has both mass

and spin. The BH which has all the parameters, i.e., mass, charge and spin

is called Kerr-Newman BH.

2.3.1 Singularity

Singularity indicates the location where gravitational field measuring quan-

tities, i.e., scalar invariant curvature of spacetime, are independent of co

ordinate system and become infinite. In BH, this is the point at its center

where spacetime does not exist and matter is compressed to in?nite density.

There are generally two types of singularity:

True singularity: It is the point in spacetime where all physical laws be

come invalid. It is also known as essential singularity and is non-removable.

Coordinate singularity: The coordinate or removable singularity can be

removed by a suitable coordinate transformations.

2.3.2 Event Horizon

Event horizon is the boundary of space time beyond which events cannot be

observed by any external observer. It is a boundary around the singularity

that encloses the BH. Anything (even light) may fall into it but cannot

escape back.
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2.3.3 Entropy

The entropy of black hole is one fourth of the event horizon. Hawking

proposed the famous formula of entropy

S =
A

4
. (2.3.1)

where A represent area of event horizon.
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Chapter 3

Thermodynamics of
Dyadosphere of
Reissner-Nordström Black
Hole
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In this chapter, we consider RNBH and check the thermodynamic quan-

tities like entropy, pressure, specific heat, Gibb’s free energy and Helmholtz

free energy in the presence of thermal fluctuation. We check the stability of

BH. We also discuss the phase transition of BH and discuss the local and

global stability of BH.

3.1 Dyadosphere of Reissner-Nordström Black

Hole

Dyadosphere of Reissner-Nordström (DSRN) metric is the solution of the

Einstein field equation. It draws the space time geometry around a spheri-

cally non-rotating charged BH. Large part of the universe appear electrically

neutral, so it is unlikely to found a macroscopic objects that have a large

amount of net charge. Therefore, DSRN solution is not relevant to realistic

solution in astrophysics. However, it contributed in understanding the fun-

damental nature of space and time. The geometry for static and spherically

symmetric solution is

ds2 = A(r)dt2 − A−1(r)dr2 − r2dθ2 − r2 sin2 θdϕ2, (3.1.1)

where A(r) is determined by field equations. We have expression for A(r)

is

A(r) = 1− 2m

r
+

κQ2

2r2
− καQ4

5r6
, (3.1.2)

where m is the mass, Q represents the charge, α is an arbitrary constant

and κ is the Newtonian constant and it’s formula is κ = 8πG
c4

. Solving Eq.

(3.1.2), by putting A(r) = 0, we get

m =
10r6 + 5κQ2r4 − 2καQ4

20r5
, (3.1.3)
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which implies that r 6= 0. The entropy of DSRN which associated with the

area of BH horizon is S0 = πr2 and the volume is

V =
4

3
πr3. (3.1.4)

Temperature of RN is defined as

T =
A′(r)
4π

=
10r6 − 5κQ2r4 + 10καQ4

40πr7
. (3.1.5)

3.2 Entropy of Dyadosphere of RN Black

Hole

The correction entropy can be written as

S = S0 − 1

2
ln S0T

2. (3.2.1)

In the geometry of a BH quantum fluctuation give rise to the important

problem of thermal fluctuation in thermodynamics of BH. So it is suffi-

cient to contribute this correction term when size of BH is small and its

temperature is large. Hence, we can avoid the quantum fluctuation to the

geometry of large BH. It is obvious that thermal fluctuation only become

significant for BH having large temperature and size of BH reduces as its

temperature increases. Hence, we can conclude that this correction term

will only contribute when the size of BH is sufficiently small.

S = S0 − b

2
ln(S0T

2).

Thus, we added the parameter b to handle the logarithmic correction terms

coming from thermal fluctuations. By setting b = 1 one can recover expres-

sion for entropy without any correction. So for large BH whose temperature
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Figure 3.1: Plot of pressure versus horizon radius.

is small, one can take limit b → 0. We can obtain the following entropy

S = πr2 − b

2
ln

(10r6 − 5κQ2r4 + 10καQ2)2

(40)2πr12
. (3.2.2)

It is clear that in the presence of logarithmic correction entropy of BH

decreases. We can calculate the value of pressure by using Eqs. (3.1.4),

(3.1.5), (3.2.2) which is

P = T

(
∂S

∂V

)

V

=
10π2(2r6 − κQ2r4 + 2καQ2)− 10κQ2r4b + 60καQ4b

160π2r10
. (3.2.3)

In the Fig.3.1, we discuss the behavior of pressure for three values of charge

Q by taking b = 1, κ = 8π and α = 2. We see that the value of pressure

first increases but after then it decreases. We see that due to logarithmic

correction value of pressure decreases. Pressure decreases when the value

of radius horizon increases. When r = 1.6 the pressure approaches to zero

but at r = 1.8 pressure increases. For r > 2 the value of pressure remains

constant.
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3.3 Stability and Phase Transition of Dya-

dosphere of RN Black Hole

In this section, we analyze the thermodynamic stability of DSRN due to the

effect of thermal fluctuations. An important measurable physical quantity

in BH thermodynamics is thermal capacity or heat capacity. It recognizes

the amount of heat required to change the temperature of BH. The stability

or instability of BH depends on the nature of heat capacity. If heat capacity

is positive then the black hole is stable, and divergence of heat capacity

shows phase transition.

• CP : measure the heat capacity when heat is added to the system

under constant pressure.

• CV : measure the heat capacity when heat is added to the system

under constant volume.

We obtain the specific heat under constant volume by using the Eqs. (3.1.5)

and (3.2.2)

CV = T

(
∂S

∂T

)

V

CV =
4πr8 − 2κQ2r4b + 12καQ4b + 4καQ4πr2 − 2κQ2r6π

−2r6 + 3κQ2r4 − 14κQ4α
.(3.3.1)

We can find the thermodynamical stability of the BH is to determine the

sign of specific heat. The BH is locally stable for CV > 0. We can find

the point of the phase transition at CV = 0 and BH is locally unstable for

CV < 0.From the Fig.3.2 we observe that when Q = 0.5 then the horizon

radius for local stability is 1.3 < r < 2.7, when Q = 0.7 the horizon radius

for local stability is 2.7 < r < 3.7 and for Q = 0.3 the horizon radius for
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Figure 3.2: Specific heat at constant volume versus horizon radius.

local stability is 1.1 < r < 1.7. When Q = 0.3 the horizon radius for locally

unstable is 1.8 < r < 4 and for Q = 0.5 the horizon radius is 3.4 < r < 4.

Now we can find the critical point of the phase transition. The critical point

for Q = 0.7 is r = 1.5 and 2.2. The critical point for Q = 0.5 is r = 1.3

and critical point for Q = 0.3 is r = 0.9. We notice that phase transition of

Q = 0.3 is near to BH as compare to Q = 0.5 and Q = 0.7. Hence, we can

conclude that if we increase the value of Q the phase transition gets shifted

towards BH.

The specific heat under constant pressure can be obtained by using the

value of M and T as

CP =

(
∂M

∂T

)

P

CP =
2πr2(−2r6 + Q2r4κ− 2Q4ακ)

2r6 − 3Q4r4κ + 14Q4ακ
. (3.3.2)

23



0 1 2 3 4

-0.5

0.0

0.5

1.0

1.5

2.0

r

Γ

Q = 0.7

Q = 0.5

Q = 0.3

Figure 3.3: γ verses horizon radius.

Using Eqs.(3.3.1) and (3.3.2), we get

γ =
CP

CV

(3.3.3)

γ =
πr2(2r6 −Q2r4κ + 2Q4ακ)

2πr8 + Q2(−r4(b + πr2) + 2Q2(3b + πr2)α)κ
. (3.3.4)

We can determine the value of γ by using this expression γ = CP /CV .

From Fig.3.3 we observe that the value of γ decreases due to logarithmic

corrections. We obtain the maximum value of γ for Q = 0.3 and γ → 1.4

when r = 1.2. We note that γ → 1.3 when Q = 0.5, 0.7 for large horizon.

We can see that the value of γ approaches to zero at r = 0.2 for Q = 0.3, 0.5

and 0.7. We observe that the value of γ is stable for r > 1.2. As the value

of r increasing the value of γ become constant. It is interesting to note that

the value of γ show a unstable behavior for r < 0.8.
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Figure 3.4: Gibb’s free energy in terms of horizon radius.

3.3.1 Grand Canonical Ensemble

The free energy in grand canonical snsemble is called Gibb’s free energy.

Gibb’s free energy can be used to determine the small/large BH phase

transition . Gibb’s free energy is define as

G = M − TS (3.3.5)

G =
10r6 + 5κQ2r4 − 2καQ4

20r5
−

(
10r6 − 5κQ2r4 + 10καQ4

40πr7

)

×
(

πr2 − ( b

2

)
ln[

(10r6 − 5κQ2r4 + 10καQ4)2

(40)2πr12
]

)
. (3.3.6)

We observe from the Fig.3.4 that Gibb’s free energy is maximum at r = 1.4

due to logarithmic correction terms. it is clear that logarithmic correction

can also decrease Gibb’s free energy. We notice that at Q = 0.7 Gibb’s

free energy is greater than the energy at Q = 0.3, 0.5. We see that the

free energy is globally stable when r > 1.2. It is interesting that Gibb’s

free energy becomes negative in the range of 0.5< r < 0.9. At that phase
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Figure 3.5: Helmholtz free energy in terms of horizon radius.

transition, Gibb’s free energy is unstable. If the value of Q is higher then

free energy become more stable.

3.3.2 Canonical Ensemble

The free energy in the canonical ensemble is known as the Helmholz free

energy. To find this energy we can use Gibb’s free energy, pressure and

volume given in Eq. (3.1.4), (3.2.3) and (3.3.6).

F = G− PV (3.3.7)

=
1

(240πr7)

(
2πr8 + 2Q2

(
πr2(55r4 − 62Q2α) + 10b(r4 − 6Q2α)

)
κ

+ 15b(2r6 −Q2r4κ + 2Q4ακ) ln[
(2r2 −Q2r4κ + 2Q4ακ)2

64πr12
]

)
. (3.3.8)

From the Fig.3.5 we see that logarithmic correction term reduce the Helmholtz

free energy. The free energy first negative at the radius horizon of 0.5< r <1

and unstable but after that it increases. The Helmholtz free energy is max-

imum at r = 1.5. The free energy for Q = 0.7 is high then Q = 0.3, 0.5. As
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the horizon radius increases the free energy remains constant.
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Chapter 4

Thermodynamics of
Janis-Newman-Winicour
Space-Time and Fragmentation
of f (R) Global Monopole
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In this chapter, we consider BH and obtain thermodynamic quantities

like entropy, pressure, specific heat, Gibb’s free energy and Helmholtz free

energy in the presence of thermal fluctuation. We check the stability of

black hole. We also discuss the phase transition of BH and check local and

global stability of BH.

4.1 Janis-Newman-Winicour Space-Time

The Janis-Newman-Winicour (JNW) solution gets as an extension of Schwarz-

schild space-time when a scalar massless field (with vanishing potential) is

introduced. This is not a vacuum solution reference. Hence the singularity

coordinates in the Schwarzschild space-time come to be a naked singularity

in JNW space-time. There are several astrophysical aspect distinguishing

a BH from a naked singularities. Moreover gravitational lensing features

have also been explored because of naked singularities[33, 34]. In literature

many forms of JNW metric is available but we adopt the following form

[35].

A(r) =

[
2r − r0(µ− 1)

2r + r0(µ− 1)

] 1
µ

, (4.1.1)

where µ is scalar charge which define in the interval (1,∞), and r0 is related

to mass by r0 = 2M . By solving Eq.(4.1.1) and take A(r) = 0, we get

M =
r

µ− 1
. (4.1.2)

The temperature and entropy for this BH become

T = −
r0(−1 + 2(r0+2r)

r0+2r+r0µ
)

1
µ

−π(b + 2r)2 + r2
0πµ2

, (4.1.3)

S = πr2 − 1

2
b ln

[
r2
0r

2(−1 + 2(r0+2r)
r0+2r+r0µ

)
2
µ

π((r0 + 2r)2 − r2
0µ

2)2

]
. (4.1.4)
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Figure 4.1: Plot of pressure versus horizon radius.

We can find the pressure from Eq. (3.1.4), (4.1.3) and (4.1.4)

P = r0(−1 +
2(r0 + 2r)

r0 + 2r + r0µ
)

1
µ (4r2(+2πr2) + r0(−4br + 8πr3)

+ r2
0(b− 2πr2)(−1 + µ2))(4π2r3(r0 + 2r − r0µ)2

× (r0 + 2r + r0µ)2)−1. (4.1.5)

From the Fig.4.1 we discuss the pressure for three values of µ where b = 1

and r0 = 1. We notice that the value of pressure is maximum at r = 3.2. We

observe that the graph of pressure decreases due to logarithmic correction

terms. It is interesting to note that the graph of pressure decreases as the

range of horizon radius are increases.

4.1.1 Stability and Phase Transition

Using Eq. (4.1.2) and (4.1.3) specific heat under constant pressure becomes

CP = −
π((r0 + 2r)2 − r2

0µ
2)2

(
− 1 + 2(r0+2r)

r0+2r+r0µ

) 1
µ

8r0r(µ− 1)
. (4.1.6)
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Figure 4.2: Specific heat at constant volume versus horizon radius.

We determine the value of CV by using Eq. (4.1.3), (4.1.4)

CV = − 1

8r2
(4r2(b + 2πr2) + r0(−4br + 8πr3) + (r0)

2

× (b− 2πr2)(−1 + µ2)8r2). (4.1.7)

From the Fig.4.2 we see that the values of CV first increase and after some

time it decreases due to the logarithmic correction. We notice that when

µ = 4 the range of horizon radius for local stability is 0.4 < r < 1.5. It

is interesting to note that the local stability for µ = 6 and the range of

horizon radius is 0.4 < r < 2.4. The range of horizon radius for un stability

at µ = 4 is 1.5 < r < 3 and range for µ = 6 is 2.5 < r < 3. We note

that when µ = 2 the value of CV is locally unstable for all values or horizon

radius. Furthermore, we can find the critical point for phase transition.

The critical point for µ = 4 is r = 1.5. The point for µ = 6 is r = 2.5. We

note that critical point of µ = 4 is near to BH.
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The value of γ = CP /CV yields

γ = πr((r0 + 2r)2 − r2
0µ

2)2

(
− 1 +

2(r0 + 2r)

r0 + 2r + r0µ

) 1
µ

×
(

r0(−1 + µ)(4r2(b + 2πr2) + r0(−4br + 8πr3)

+ r2
0(b− 2πr2)(−1 + µ2))

)−1

. (4.1.8)

From the Fig. 4.3 we see the value of γ is maximum for µ = 2 and γ → 50.

For µ = 4 the γ → 10.3. It is interesting to note that as we increase the

value value of r the values of γ are also increase. We observe that the graph

is stable for all three values of µ.
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4.1.2 Grand Canonical Ensemble

By using Fq.(4.1.2), (4.1.3) and (4.1.4) the Gibb’s free energy is define as

G =

b

(
− 1 + 2(r0+2r)

r0+2r+r0µ

) 1
µ

(
2πr2 − b ln

[
(r0)2r2(−1+

2(r0+2r)
r0+2r+r0µ

)
1
µ

π((r0+2r)2−(r0)2µ2)2

])

−2π(r0 + 2r)2 + 2(r0)2πµ2

+
r

µ− 1
. (4.1.9)

From the Fig. 4.4 , we see the behavior f Gibb’s free energy for three

values of µ. It is interesting to see that Gibb’s free energy is maximum

when µ = 2 then G → 50 and minimum for µ = 4, 6 the range of G → 10.3.

We observe that for all values of µ the free energy is locally stable.
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Figure 4.5: Helmholtz free energy in terms of horizon radius.

4.1.3 Canonical Ensemble

The Hlmholtz free energy is determine from Eq. (3.1.4), (4.1.5) and (4.1.9)

F = − b

(3π((r0 + 2r)2 − r2
0µ

2)2)

(
− 1 +

2(r0 + 2r)

r0 + 2r + r0µ

) 1
µ

×
(

4r2(b + 2πr2) + r0(−4br + 8πr3) + r2
0(b− 2πr2)(−1 + µ2)

)

+
r

µ− 1
+

r0

(−2π(r0 + 2r)2 + 2r2
0πµ2)

(
− 1 +

2(r0 + 2r)

r0 + 2r + r0µ

) 1
µ

×
(

2πr2 − c ln[
r2
0r

2(−1 + 2(r0+2r)
r0+2r+r0µ

)
2
µ

π((r0 + 2r)2 − r2
0µ

2)2
]

)
. (4.1.10)

We observed from the Fig.4.5 that Helmholtz free energy is maximum at

µ = 2 and F → 50. When µ = 4 the F → 10.4 and for µ = 6 the F → 10.

We see that the values of free energy are increases as the range of horizon

radius is increase .
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4.2 The Fragmentation of a Black Hole with

a f (R) Global Monopole

We discuss the entropy of BH with global monopole in the f(R) gravity.

The spherically symmetric metric was define in [35, 36]

ds2 = A(r)dt2 −B(r)dr2 − r2(dθ2 + sin2 θdϕ2). (4.2.1)

Where

A(r) = 1− 8πGη2 − 2GM

r
− ψ0(r), (4.2.2)

G is Newtonian constant. η is monopole parameter of the order 106 GeV

in a typical grand unified theory, and 8πGη2 ≈ 10−5 [37]-[40]. M is the

mass parameter. The factor ψ0 indicate the extension of Einstein’s general

relativity.

According to A(r) = 0 we will obtain the value of M

M = −r(−1 + 8Gπη2 + rψ0)

2G
. (4.2.3)

The temperature and entropy of BH is

T =
2GM − r2ψ0

4πr2
(4.2.4)

S = πr2 − 1

2
b ln[

r2(2GM
r2 − ψ0)

2

16π
]. (4.2.5)

The value of P can be obtained by using Eqs.(3.1.4), (4.2.4) and (4.2.5).

P =
2hM(b + 2πr2) + r2(b− 2πr2)ψ0

16π2r5
. (4.2.6)

From the Fig.4.6 we determine the pressure by using three values Of ψ0

where b = 1, 8Gπη2 = 10−5 and h = 1. We see that the values of p are

decreasing due to logarithmic correction terms. As we increase the range

of r the values are decreases. At r = 8 the graph is approaches to zero.
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Figure 4.6: Plot of pressure versus horizon radius.

4.2.1 Stability and Phase Transition

The expressions for CV and CP are

CV =
−2hM(b + 2πr2) + (−br2 + 2πr4)ψ0

4hM
. (4.2.7)

From the Fig. 4.7 we see that the range of horizon for local stability at

ψ0 = 0.12 is 6 < r < 8 and local stability for ψ0 = 0.1 the range of radius

horizon is 6.9 < r < 8. The ψ0 = 0.05 is unstable for all values of r .We see

that the range of horizon radius for ψ0 = 0.05 is greater then ψ0 = 0.12.

The critical point for phase transition at ψ0 = 0.1 is r = 6.8 and critical

point for ψ0 = 0.12 is r = 6. It is interesting to see that the critical point

for ψ0 = 0.12 is near to BH.

The value of CP is obtained by using the Eq. (4.2.3) and (4.2.4)

CP =
2πr2(−1 + 2rψ0

1−8hπη2 )

h
, (4.2.8)
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Figure 4.7: Plot of pressure versus horizon radius.
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Figure 4.8: Plot of pressure versus horizon radius.
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whereas

γ =
4πr2(−1 + 8hπη2 + r)ψ0(−1 + 8hπη2 + 2rψ0)

h(−1 + 8hπη2)((b + 2πr2)(−1 + 8hπη2) + 4πr3ψ0)
. (4.2.9)

We see from the Fig. 4.8 that first the value of γ increases and after some

time the value decreases. The value os γ is maximum when ψ0 = 0.05 at

r = 1.5 and γ → 1.6. The values of γ are decreasing due to logarithmic

correction terms. The value of γ is minimum for ψ0 = 0.12 when r = 1.5 and

γ → 1.4. When ψ0 = 0.05 the γ is stable when 0 < r < 10. For ψ0 = 0.1

the range of horizon radius for stable is 0 < r < 4 and 5.5 < r < 10. The

range for stability of ψ0 = 0.12 is 0 < r < 4 and 4.5 < r < 8. The graph

shows an unstable for all three values of ψ0 when 10 < r < 0.

4.2.2 Grand Canonical Ensemble

Gibb’s free energy is determine by using the value of M, T and S

G = (2πr2 + b ln[16π]− b ln[(−1 + 8hπη2 + 2rψ0)
2]

× (−1 + 8hπη2 + 2rψ0))

(8πr)
− r(−1 + 8hπη2 + rψ0)

2h
(4.2.10)

From above graph Fig. 4.9 we see that as we increase the value of r

the value of Gibb’s free energy is also increases. All the three values of ψ0

achieve their maximum at the same value of r = 4. The Gibb’s free energy

is unstable when 0.6 < r < 0.9. After that the graph become stable for

greater range of horizon radius.
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Figure 4.9: Plot of pressure versus horizon radius.

4.2.3 Canonical Ensemble

By us Eq. (3.1.4), (4.2.6) and (4.2.10) the Helmholtz free energy is define

as

F =
1

24hπr

(
(−1 + 8hπη2)(2(−6 + 5h)πr2 + bh(2 + 3 ln[16π])

− 3bh ln[(−1 + 8hπη2 + 2rψ0)
2]) + 2r(2(−3 + 5h)πr2

+ 3bh ln[16π]− 3bh ln[(−1 + 8hπη2 + 2rψ0)
2]ψ0

)
. (4.2.11)

Farom the Fig. 4.10 we see that the free energy is increases as we increase

the value of r. We see that the free energy is maximum when F → 14 for

ψ0 = 0.12 and r = 18. It is interesting to see that the free energy is

minimum when F → 6.5 for ψ0 = 0.05 and r = 18. We observe that the

free enegy is increases as we increase the value of ψ0 and value of event

horizon.
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Chapter 5

Conclusion
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In this thesis, we have discussed the effect of thermal fluctuation on

DSRN, JWN and fragmentation of BH with a f(R) global monopole. We

have calculated the mass, entropy and temperature. By using these terms,

we have studied the effect of thermal fluctuation on BHs. We have also

used the logarithmic correction of entropy and discussed the behavior of

pressure and specific heat. We have observed that the pressure decreases

due to logarithmic correction in RN, JNW and f(R) global monopole.

We have also determined the ratio of specific heat under constant volume

and pressure (γ), we noticed that for RNBH the value of γ is stable for large

horizon and it becomes unstable for small horizon radius. In JNW BH, the

value of γ is stable for for large horizon radius and for BH of f(R) global

monopole the value of γ is unstable for large and small range of horizon

radius. We have also determine the phase transition for three BHs. We see

that in RN and f(R) global monopole BH the graph is stable for greater

range of horizon radius and in JNW BH the graph is unstable for higher

values of horizon radius.

We also investigated the Gibb’s free energy and Helmholtz free energy.

We see that the free energy is induced in the presence of logarithmic correc-

tion terms. It is notice that in all the three BHs the free energy is stable as

we increase the values of constants. The graph of free energy is increasing

as we increase the value of horizon radius. We noticed that RN, JNW and

f(R) global monopole BHs are locally and globally stable.
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