
 

 

Degree-Distance Base Topological Indices 

from Some Graphs Operations 

 

 

 

 

By 

 

Aqib Ali 

 

CIIT/SP17-RMT-002/LHR 

 

MS 

 

In 

 

Mathematics 

 

COMSATS University Islamabad 

Lahore Campus 

Fall, 2018 

 

 



         ii  

 
 

                   COMSATS University Islamabad 

 
 

Degree-Distance Base Topological Indices 

from Some Graphs Operations 
 

 

                                         

A Thesis Presented to 
  

 

COMSATS University Islamabad, 
 

 

In partial fulfillment 

 

                    

of the requirement for the degree of 

 
 

 

MS (Mathematics) 

 
 

By 

 

Aqib Ali 

CIIT/SP17-RMT-002/LHR 

Fall, 2018 



         iii  

Degree-Distance Base Topological Indices 

from Some Graphs Operations 
 
 

A Post Graduate Thesis submitted to the Department of Mathematics as 

partial fulfillment of the requirement for the award of Degree of MS 

Mathematics. 
 

 

 
 

Name 
 
 
 

Shj 

Registration Number 

Aqib Ali CIIT/SP17-RMT-002/LHR 

 

 
 

 

Supervisor 
 

Dr. Kashif Ali 

Associate  Professor,  

Department of Mathematics 

COMSATS University Islamabad, Lahore Campus 

Jan 2019    



iv  

 

 

 

Final Approval 

 
This thesis titled 

Degree-Distance Base Topological Indices from Some Graphs Operations 

 
By 

 

                                           Aqib Ali 

CIIT/SP17-RMT-002/LHR 

Has been approved 
 

For the COMSATS University Islamabad, Lahore Campus 
 

 
External Examiner:  

 

Dr.  

 

 

Supervisor:   

Dr. Kashif Ali 

Department of Mathematics /CUI, Lahore Campus 

 

 

 

HOD:  

Dr. Sarfraz Ahmad 

Department of Mathematics /CUI, Lahore Campus 

 

 

 

 

 

 



v  

 

Declaration 
 
 

I Aqib Ali registration number CIIT/SP17-RMT-002/LHR hereby declare that I 

have produced the work presented in this thesis, during the scheduled period of 

study. I also declare that I have not taken any material from any source except 

referred to wherever due, that amount of plagiarism is within acceptable range. If a 

violation of HEC rules on research has occurred in this thesis, I shall be liable to 

punishable action under the plagiarism rules of the HEC. 

 

 

 

 

Date:                                                                                            

 

Aqib Ali 

CIIT/SP17-RMT-002/LHR 



vi  

 

Certificate 

 

It is certified that Aqib Ali (CIIT/SP17-RMT-002/LHR) has carried out all the 

work related to this report under my supervision at the Department of Mathematics, 

COMSATS University Islamabad, Lahore Campus and the work fulfills the 

requirement for award of MS Mathematics. 

 
 

 
Date:  

 

Supervisor: 
 

 
 

 

 

 

Dr. Kashif Ali 

Associate Professor

 

Head of Department: 

 

 

 
 

Dr. Sarfraz Ahmad 

Associate Professor 

Department of Mathematics 

 

 

 

 

 

 

 

 

 

 

 

 



vii  

 

 

 

 

 

 

 

 

DEDICATED 
 

 

To 

 

My Family   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



viii  

 

 

                                  

ACKNOWLEDGEMENTS 

 

First of all, I am grateful to Almighty Allah, Most Gracious and 

Merciful, for enabling me to complete research thesis.  

Secondly, I owe my acknowledgements to my learned supervisor, Dr. 

Kashif Ali, for many useful discussions, suggestions that led me to the 

completion of thesis.  

I also thanks My loving Father Mr. Muhammad Rasheed  and My 

loving Mother Mrs. Muhammad Rasheed to give me best education  as 

they can. 

I also thanks my teachers who helped, encourage or support me to go for 

specialization in the subject of mathematics. 

 

Aqib Ali  

CIIT/SP17-RMT-002/LHR 

 

 

 



ABSTRACT

In this thesis, firstly we find the degree based topological indices andM-polynomial

for line graph oft-subdivided graphs of probabilistic neural networksL[PNN(q,c∗,c)]

for t ≥ 1. We also find the fourth and fifth version of atomic bound connectivityABC4,

ABC5 index and fourth and fifth version of geometric-arithmeticGA4, GA5 index of

line graph of 1-subdivided graphs of probabilistic neural networksL[PNN(q,c∗,c)].

Secondly, we find the degree based topological indices andM-polynomial for line

graph ofm-subdivided graphs for the chain of Bismuth Tri-IodideL[m−Bil3] for m≥
3. Lastly, we find the first and third zagreb eccentric index andM-polynomial of

sierpinski networksS(n,k).
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Introduction

Chapter 1



The solution to seven bridges problem of Knigsberg by Leonhard Paul Euler was the

beginning of graph theory in1736. He proved that this walk isnot possible in one

time. Graph theory has tremendous applications in various fields of everyday sciences.

Computer scientists use graphs to highlight the complicated networking of communi-

cation, computational devices, data organization and the flow of computation. Branch

of graph theory that discusses chemical structures of molecules is known as chem-

ical graph theory by which problems of chemistry can be dealtby using set theory

and combinatorics as well. The main purpose of this theory isto clarify molecular

characteristics of chemicals like isomers etc.

1.0.1 Graph

A graphG is an ordered pair of set of nodes known as vertices V(G) and set of lines

known as edges E(G); each edge connects two vertices. In the following graph, if

vertex set of a graphV(G) = {v1,v2,v3,v4,v5} then | V(G) | represents the order of

graph and if edge set of the graphE(G) = {e1,e2, . . . ,e10} then| E(G) | is termed as

size of the graph.

v1

v3v4

v2
v5

e1

e8

e10

e9

e6
e7

e5

e4

e3

e2

Figure 1.1: The GraphG

1.0.2 Subgraph

A subgraph(H) is a graph originates from graph(G) in which every vertexV(H) and

edgeE(H) belongs toV(G) andE(G) respectively.
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G

H

H

1

2

Figure 1.2: The SubgraphsH1 andH2 of graphG

1.0.3 Degree

The number of edges incident on a vertex is called degree of a vertex and denoted by

degG(v). In the following graph all vertices have degree 4.

v1

v3v4

v2
v5

Figure 1.3

1.0.4 Distance

The distanced(u,v) is the length of shortest path between verticesu andv.
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u

v

d(u,v)=6

Figure 1.4: Distance of a vertex

1.0.5 Neighbourhood of a vertex

The graph neighbourhood of a vertex in a graph is the set of allthe vertices adjacent to

it. In the following graph neighbourhood of a vertex isδ (v) = 10

3

4

3

δ(υ)=10

Figure 1.5: Neighborhood of a vertex

1.0.6 Cycle

A simple cycle is closed walk without repetition in verticesand edges having same

starting and ending point. Cycle onn vertices is symbolized asCn.
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C

C

3

4

Figure 1.6: Cycle

1.0.7 Isolated vertex

An isolated vertex is known as vertex of that graph which is not the end point of any

edge.

1.0.8 Adjacent vertices

If two vertices connected by an edge is known as neighbors or adjacent vertices.

1.0.9 Even vertex

Any vertex having even degree is known as even vertex.

1.0.10 Odd vertex

Any vertex having odd degree is named as odd vertex.
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1.0.11 Loop

A loop is an edge with two coincident vertices.

1.0.12 Line graph

Let G be a simple graph. The line graph ofG is obtained when edges ofG is trans-

formed into vertices and two vertices inL(G) are connected if and only if the adjacent

edges inG have an end in common.

G

L(G)

Figure 1.7: Line graph ofG

1.0.13 Complete graph

A complete graph is a graph in which each pair of different vertices is joint by an edge

of graph.

6



Figure 1.8: Complete GraphsK2, K3, K4

1.0.14 Acyclic

A graph is acyclic if there is no cycle in it.

1.0.15 Connected Graph

An undirected graph is said to be connected when there is a path between every pair

of vertices.

1.0.16 Tree graph

An acyclic connected graph is called tree graph. In this graph, if we take|V | = m in

tree then| E | = m−1 and there is only one track between every two vertices.

1.0.17 Bipartite Graph

A bipartite graphG(Y,Z,E) is a graph that has two set of verticesY, Z and there will

be edges between two vertices ofY andZ. No edge exists between vertices ofY and

vertices ofZ itself.
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a

b

c

d

e

Figure 1.9: Bipartite Graph

1.0.18 Complete Bipartite Graph

A graph is called a complete bipartite graph in which all vertices ofY will be connected

with all the vertices ofZ. It is symbolized byKn,m.

a

b

c

d

e

Figure 1.10: Complete Bipartite GraphK2,3

1.0.19 Walk

Walk is a sequential path from starting vertex to end vertex,where number of vertices

covered during this path is called length of walk.

8



1.0.20 Path

A path in a diagram is a limited or unbounded grouping of edgeswhich interface a

succession of vertices which, are on the whole particular from each other.

1.0.21 Eccentricity

The eccentricity of a vertexu1 is the maximum of distances ofu1 from elements of

V(G) i.e, ecc(v) = max{d(u1,v) : v∈ V(G)}. Theecc(u1) will be ∞ if u1 belongs to

the disconnected graph. In the following graph eccentricity of v is 7 and symbolically

it is ξ (v) = 7.

ξ(υ)=7
υ∗

υ

Figure 1.11:ξ (v) = 7

1.0.22 Subdivision of Graph

A subdivision of a graphG is a graph obtained by adding vertices in each edge set of

a graphG. It is denoted byS(G).

v1

v2

e1

v1

v3

v2

e2

e1

Figure 1.12: Subdivision of Graph
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1.1 Topological Indices of Graph

”A topological index of a graph is actual number identified with the graph; it doesn’t

rely upon pictorial representation or labeling of a graph. The descriptors of molecular

structure (can be called topological indices) are used for pharmacologic, biological

modeling physicochemical, toxicological and other properties of chemical compounds

in theoretical chemistry [11]. There exist several kinds oftopological indices.

Topological index is categorized in three aspects.”

1. Distance based.

2. Degree based.

3. Spectrum based.

1.1.1 Degree based topological indices

Some familiar Degree based topological indices are writtenbellow:

• Atom-bond Connectivity (ABC) index

• Geometric-arithmetic (GA) index

• Randic(Rγ) index

• Zagreb (M) index

• Augmented Zegreb (AZI) index

• Harmonic (H) index

• Sum-connectivity (SCI) index

Atom-bond connectivity index

”According to Estrada et al. [5] a notable Atomic bound connectivity index usually

depends on degree of graphG, known asABC(G). The ABC index can be mentioned

10



as”

ABC(G) = ∑
αβ∈E(G)

√

dα +dβ −2

dαdβ

Randic index

”Randic index is named after a mathematician Milan Randic who derived it, in 1975.Af-

terwards, it is known as generalized Randic index due to its differenciation for some

real numeralα. In chemoinformatics Randic index consists a large number of appli-

cations, such as to discover organic compounds.

Randic index is symbolized as”R− 1
2
(G). The Randic index elaborated as:

R− 1
2
(G) = ∑

αβ∈E(G)

1
√

deg(α)deg(β )

The general Randic indexRα(G) is defined as:

Rα(G) = ∑
αβ∈E(G)

(deg(α)deg(β ))α

For α = 1 ,

1
2 , -1 , −1

2

In [17] Imran et al. recently computed topological descriptors of certain interconnec-

tion linkages. They found various indices for butterfly, benes network system, silicates

and discover outcomes of generalized Randic indexRα(G).

Zagreb index

”Trinajstic and Gutman presented Zagreb index. Balaban et al. categorized zagreb

index into two types,M1 denotes fisrst zegrab index and defines as”

M1(G) = ∑
αβ∈E(G)

[deg(α)+deg(β )]

while M2 represents second zagreb index written as

11



M2(G) = ∑
αβ∈E(G)

[deg(α)deg(β )].

”In [27], Siddiqui et al. at Zegreb indices, Zagreb polynomials, first numerous Zagreb

index, second various Zagreb index and hyper Zegren index for some dendrimers and

nanostars.”

”Ghorbani et al. [10] in 2010, presented the fourth form of ABC index, which depends

on nieghbourhood degree of graph, which is formulated as”

ABC4(G) = ∑
αβ∈E(G)

√

Sα +Sβ −2

SαSβ

Imran et al. [17] calculatedABC4 of silicates, honeycomb, and hexagonal networks.

Augmented Zagreb index

”Furtula et al. [8] by the accomplishment of the ABC index, set forward its altered

adaptation, that they named augmented Zagreb index. It is characterized as”

AZI(G) = ∑
αβ∈E(G)

(
dα(G)dβ (G)

dα(G)dβ (G)−2
)3

Geometric-arithmetic index

”Vukicevic et al. put forward Geometric-arithmetic denoted asGA index of any graph

G, whose mathematical form is

GA(G) = ∑
αβ∈E(G)

2(
√

dα(G)dβ (G))

(dα(G)+dβ (G))

In 2011, fifth form of GA index symbolized asGA5 is presented by Graovac et al. it

defined as”

12



GA5(G) = ∑
αβ∈E(G)

2(
√

Sα(G)Sβ (G))

(Sα(G)+Sβ (G))

In [18], Bokhary and Imran worked onGA5 for some categorizes of dendrimers and

formulate them.

Nadeem et al. computedGA5 of wheel, ladder and line graph of tadpole by subdivid-

ing them in [27].

Harmonic index

Zhang put forward the concept of harmonic index as:

H(G) = ∑
αβ∈E(G)

2
dα(G)+dβ (G)

Sum-connectivity Index

sum connectivity index is presented by Zhou and Trinajstic

SCI(G) = ∑
αβ∈E(G)

1
dα(G)+dβ (G)

1.2 M-polynomial

”The M-polynomial ofG is defined as

M(G,x,y) = ∑
δ≤i≤ j≤△

mi j (G)xiy j

whereδ = min{dv : v∈V(G)}, △ = max{dv : v∈V(G)}, andmi j (G) the number of

edgesvu∈ E(G) such that{dv,du}= {i, j}”

13



1.2.1 First zagreb index

”The First zagreb index narrated as”

M1(G
m
n ) = ∑

vu∈E(G)

(dv)
2

1.2.2 Second zagreb index

”The Second zagreb index described as”

M2(G
m
n ) = ∑

vu∈E(G)

dvdu

1.2.3 Second modified zagreb index

”The Second modified zagreb index described as”

mM2(G
m
n ) = ∑

vu∈E(G)

1
dvdu

1.2.4 General Randic Index

”The GRI known as General Randic Index of G stated as”

∑
vu∈E(G)

(dvdu)
α

whereα is an arbitrary real number see [24]

1.2.5 Symmetric Division Index

”The SDI known as Symmetric Division Index described as”

SDI(Gm
n ) = ∑

vu∈E(G)

{min(dv,du)

max(dv,du)
+

max(dv,du)

min(dv,du)
}

14



1.2.6 Harmonic Index

”The HI known as Harmonic Index H(G) is another variant of Randic index stated as”

H(Gm
n ) = ∑

vu∈E(G)

2
dv+du

[33,34]

1.2.7 Inverse sum topological index

”The inverse sum topological index ISI stated as”

ISI(Gm
n ) ∑

vu∈E(G)

dvdu

dv+du

1.2.8 Augmented Zagreb Index

”The AZI known as Augmented Zagreb Index of G stated as”

AZI(Gβ
α) = ∑

vu∈E(G)

{ dvdu

dv+du−2
}3

”Derivation of some degree-based topological indices fromM-polynomial”

Topological Index Derived formM(Gβ
α ,α,β )

First zagreb (Dα +Dβ )[M(Gβ
α ,α,β )]β=α=1

Second zagreb (DαDβ )[M(Gβ
α ,α,y)]β=α=1

Second Modified zagreb (SαSβ )[M(Gβ
α ,α,β )]β=α=1

General Randic (GR)m∈ N (Dm
αDm

β )[M(Gβ
α ,α,β )]β=α=1

General Randic (GR)m∈ N (Sm
α Sm

β )[M(Gβ
α ,α,β )]β=α=1

Symmetric Division Index (SDI) (DαSβ +Dβ Sα)[M(Gβ
α ,α,β )]β=α=1

Harmonic Index (HI) 2SαJ[M(Gβ
α ,α,β )]β=α=1

Inverse Sum Index (ISI) SαJDαDβ [M(Gβ
α ,α,β )]β=α=1

Augmented Zagreb Index (AZI) S3
αQ−2JD3

αD3
β [M(Gβ

α ,α,β )]β=α=1

15



WhereDα f = α ∂ ( f (α,β ))
∂α ,Dβ f = β ∂ ( f (α,β ))

∂β ,Sα =
∫ α

0
f (β ,t)

t dt, Sβ =
∫ β

0
f (α,t)

t dt,

1.2.9 Distance based topological indices

”The separation between the vertices ofG is described as, the distance between two

verticesα∗ andβ ∗ of graphG length of the is equivalent to the length of the most

restricted way interfacing and indicated asd(α∗
,β ∗|G). The historical backdrop of

distance based topological indices climb down to 1947, whenWiener figured the boil-

ing points of alkanes, he utilized the distance in the sub-atomic charts of alkanes. This

exploration of topological index is called wiener list thatmoved toward becoming most

well known sub-atomic structure descriptors. We portray some distance based topo-

logical indices”.

• Wiener (W) index

• Wiener polarity (WP) index

• Hyper Wiener (WW) index

• Terminal Wiener (TW) index

• Electric Connectivity(ξ ) index

• Schultz (MTI) index

• Gutman (Gut) index

1.2.10 Eccentricity based topological indices

”Eccentricity is of any vertexα is the longest path number among any of other vertex

in G. One of the mist famous topological index based on eccentricity is New Atomoc

16



bound connectivity indexABC5 is defined as:

ABC5(G) = ∑
u,v∈E(G)

√

ecu(u)+ecu(v)−2
ecu(u)ecu(v)

Another one is eccentric connectivity index depends on eccentricity and degree of that

vertex as”

ξ c(G) = ∑
α∈V

eccG(α)degG(α)

1.3 Literature Review

”Randi’c index and Zagreb indices [23] are illustration of topological indices based on

degree [24] for aspect on Randi’c index. In 1975, Milan Randi’c comprehended lead-

ing degree based topological index [28]. Gutman et al. introduced second geometric-

arithmetic index [7]. Ghorbani at al. [10] elaborated the second atomic-bond con-

nectivity index of chemical compounds. Estrada et al. [5] introduced degree based

topological index which is known as the atomic bond connectivity index (ABC). ABC

index turned out to be a practical device to demonstrate the thermodynamic posses-

sions of molecular compounds. Imran et al. recently computed topological descriptors

of certain interconnection linkages. They found various indices for butterfly, benes

network system and silicates. Bokhary et al. [18] studied these indices for dendrimers.

Nadeem at al. utilized several indices for line graph (in which edges transformed ver-

tices and vice versa) of 2D lattice, nano tubes and nanotaurus in [26, 27]. The eccentric

connectivity index for star, bipartite graph, path, cycle,lollipop, broom and volcano

graph was piled up in [4, 25]. Hayat generalized(ABC)4 and(GA)5 index of nancones

CNC; With respect to(GA)5 he also generalized the features of K-regular graphs;

Hayat estimated theABCandGA index of networks of chains of silicates and oxides.

By using the concept of subdividion (a graph attained by substituting edges of graphs

17



by P2.Young Hao et al. describes the(GA) index of nanotubes Graovac et al. studies

the 5th member of the class ofGA index.

The distance base topological invariants are extensively used to describe the struc-

ture of molecular graph and relationship between particles[15]. Wiener [33] uti-

lized the distances in the molecular graphs of alkanes to analyze the boiling points.

Gao et al. [9] defined distance-based topological indices and polynomials of friend-

ship graphs. Moreover, distance-based topological indices which are launched are

the vertex-Szeged index [12, 20] edge-Wiener index [22, 29]the edge-Szeged index

[14] the PI index [21] etc. For the part of distance-sum-based molecular descriptors

in a drug discovery process we illustrate [32] and the references in that. Jamil [19]

studied some distance based topological indices for general double graphs He calcu-

lated the Harary index, Wiener index, additively weighted Harary index, multiplicative

weighted Harary index (ECI) and total (EI) of D[G], where D[G] is the double graph

of G. He verified the results forSm, Pm, Km andCm be the star, path, complete and

cyclic graph respectively with m vertices. The eccentricity connectivity index (ECI)

of a graph G was characterized by Doli [4]. Distance base index specified by eccentric

atom-bond connectivity index was defined by Farahani [6]. Madan at al. [32] intro-

duced the (ECI) of the molecular graph G, denoted asζ (G). Lokesha at al. [30] studied

the (ECI) of the subdivision graph of wheel graphs, tadpole graphs, complete graphs.

Hua and Das [16] considered the relationship between the Zagreb indices and (ECI).

De [2] generalized expressions for the (ECI) and its polynomial of the thorn graphs.

Rao and Lakshmi [31] yielded explicit formulas for (ECI) of phenylenic nanotubes.”
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Chapter 2

Topological Indices from Some             
            Graphs Operations



2.1 Probabilistic Neural NetworksPNN(q,c∗,c)

”A Probabilistic neural networkPNN(q,c∗,c) is a feedforward neural network, which

is widely used in classification and pattern recognition problem. It always move in

one direction it never goes backward. A feedforward neural network is an artificial

neural networks wherein connections between the nodes do not form a cycle. An arti-

ficial neural network is an interconnected group of nodes, similar to the vast network

of neurons in a brain. In this section we find out the atomic-bound connectivity(ABC)

index, geometric arithmetic(GA) index for line graph oft-subdivided probabilistic

neural networksL[PNN(q,c∗,c)] for t ≥ 1. We also find fourth version of atomic

bound connectivity(ABC4) index and the fifth version of geometric-arithmetic(GA5)

index for line graph of 1-subdivided probabilistic neural networksL[PNN(q,c∗,c)].

We also calculate eccentric version of atomic bound connectivity ABC5 index and ec-

centric version of geometric-arithmeticGA4(G) index for line graph of 1-subdivided

probabilistic neural networksL[PNN(q,c∗,c)]. Furthermore, we formulate first zagreb

index, second zagreb index and modified zagreb index for linegraph of 1-subdivided

probabilistic neural networksL[PNN(q,c∗,c)].”

In Fig. 2.1, a probabilistic neural networksPNN(q,c∗,c) shown forq = 3, c∗ = 2,

c= 2

Figure 2.1: probabilistic neural networksPNN(3,2,2)
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In Fig. 2.2, a line graph of 1-subdivided probabilistic neural networksL[PNN(q,c∗,c)]

shown forq= 3, c∗ = 2, c= 2

Figure 2.2: Line graph of 1-subdivided probabilistic neural networksL[PNN(3,2,2)]

Theorem 2.1.1.Let G be a line graph of1-subdivided probabilistic neural networks

then atomic bound connectivity index of G is given as

ABC(G) =
q(cc∗−1)

√

(cc∗−1)
2

+
qcc∗

√
q√

2
+

c∗(c−1)
√

(c−1)√
2

+
qcc∗

√
cc∗+q−1

√

cc∗(q+1)

+
cc∗

√
c+q−1

√

c(q+1)
.

Proof.

Let G be line graph of 1-subdivided Probabilistic neural networks in which there are

three layers called input, hidden and output layers havingq nodes,c∗ classes in which

each class containc nodes. The following table shows the partition of edges of line
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graph of 1-subdivided probabilistic neural networks w.r.t. degrees and there count are

Type of edges Count

(cc∗,cc∗) (cc∗−1)qcc∗

2

(q+1,q+1) qcc∗(q+1)
2

(c,c) cc∗(c−1)
2

(cc∗,q+1) qcc∗

(q+1,c) cc∗

Now we find the atomic bound connectivity index of line graph of 1 subdivided

probabilistic neural networks. Then according to formula of atomic bound connectivity

index

ABC(G) = ∑
u,v∈E(G)

√

du+dv−2
dudv

,

Now,

ABC(G) =
qcc∗(cc∗−1)

2

√
cc∗+cc∗−2
(cc∗)2 +

qcc∗(q+1)
2

√

(q+1)+(q+1)−2
(q+1)2

+
cc∗(c−1)

2

√
c+c−2

c2 +
qcc∗

√
cc∗+q+1−2

cc∗(q+1)
+

cc∗(q+1+c−2)
c(q+1)

=
q(cc∗−1)

√

(cc∗−1)
2

+
qcc∗

√
q√

2
+

c∗(c−1)
√

(c−1)√
2

+
qcc∗

√
cc∗+q−1

√

cc∗(q+1)

+
cc∗

√
c+q−1

√

c(q+1)

Verification.

Step 1. If L[PNN(3,2,2)] be a graph have following edge types according to degree

(4,4), (2,4) and(2,2) having accounts 54, 4 and 2 respectively. Then according to

formula

ABC(G) = ∑
u,v∈E(G)

√

du+dv−2
dudv
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ABC[PNN(3,2,2)] = 54

√

4+4−2
(4)(4)

+2

√

2+2−2
(2)(2)

+4

√

4+2−2
(4)(2)

= 54

√
6

4
+

2√
2
+4

√

1
2

=
27
2

√
6+

√
2+2

√
2.

Step 2. If PNN(3,2,2) be a graph having order 32, then according to theorem 2.1.1

Atomic bound connectivity index ofPNN(3,2,2) is

ABC[PNN(3,2,2)] =
3(3)

2

√

2(3)+
12
2

√

2(3)+
2
2

√
2+12

√

4+2
4(4)

+4

√

3+1
2(4)

=
9
2

√
6+6

√
6+

√
2+3

√
6+4

√

1
2

=
27
2

√
6+

√
2+2

√
2.

So, we can find Atomic bound connectivity index of any graph ofthe formL[PNN(q,c∗,c)]

by using their orders instead of degree.

Step 1 and 2 validates our result.

Theorem 2.1.2.Let G be a line graph of2-subdivided probabilistic neural networks

then ABC atomic bound connectivity index of G is given as

ABC(G) = q(cc∗−1)

√

cc∗−1
2

+c∗(c−1)

√

c−1
2

+
2cc∗√

2
[
q
√

q

2
+q+1]

Proof.

Let G be line graph of 2-subdivided Probabilistic neural networks in which there are
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three layers called input, hidden and output layers havingq nodes,c∗ classes in which

each class containc nodes. The following table shows the partition of edges of line

graph of 2-subdivided probabilistic neural networks w.r.t. degrees and there count are

Type of edges Count

(cc∗,cc∗) (cc∗−1)qcc∗

2

(q+1,q+1) qcc∗(q+1)
2

(c,c) cc∗(c−1)
2

(cc∗,2) qcc∗

(2,q+1) qcc∗+cc∗

(2,c) cc∗

Now we find the atomic bound connectivity index of line graph of 2-subdivided prob-

abilistic neural networks. Then according to formula of atomic bound connectivity

index

ABC(G) = ∑
u,v∈E(G)

√

du+dv−2
dudv

,

Now,

ABC(G) =
qcc∗(cc∗−1)

2

√
cc∗+cc∗−2
(cc∗)2 +

qcc∗(q+1)
2

√

(q+1)+(q+1)−2
(q+1)2

+
cc∗(c−1)

2

√
c+c−2

c2 +
qcc∗

√
cc∗+2−2
2cc∗

+(qcc∗+cc∗)

√

(q+1)+2−2
2(q+1)

+ cc∗
√

c+2−2
2c

= q(cc∗−1)

√

cc∗−1
2

+c∗(c−1)

√

c−1
2

+
2cc∗√

2
[
q
√

q

2
+q+1]

Verification.

Step 1. If PNN(3,2,2) be a graph have following edge types according to degree

(4,4), (2,2) and(4,2) having accounts 42, 6 and 28 respectively. Then according to
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formula

ABC(G) = ∑
u,v∈E(G)

√

du+dv−2
dudv

ABC[PNN(3,2,2)] = 42

√

4+4−2
(4)(4)

+6

√

2+2−2
(2)(2)

+28

√

4+2−2
(4)(2)

=
42
4

√
6+

6√
2
+

28√
2

=
21
2

√
6+

34√
2
.

Step 2. If PNN(3,2,2) be a graph having order 48, then according to theorem 2.1.2

Atomic bound connectivity index ofPNN(3,2,2) is

ABC[PNN(3,2,2)] = 3(4−1)

√

4−1
2

+2(2−1)

√

2−1
2

+
2(4)√

2
[
3
√

3
2

+3+1]

= 9

√

3
2
+

2√
2
+12

√

3
2
+

32√
2

= 21

√

3
2
+

34√
2

=
21
2

√
6+

34√
2

So, we can find Atomic bound connectivity index of any graph ofthe formL[PNN(q,c∗,c)]

by using their orders instead of degree.

Step 1 and 2 validates our result.

Theorem 2.1.3.Let G be a line graph for t-subdivided probabilistic neural networks

for t ≥ 3 then atomic bound connectivity (ABC) index of G is given as
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ABC(G) = q(cc∗−1)

√

cc∗−1
2

+c∗(c−1)

√

c−1
2

+
2cc∗√

2
[
q
√

q

2
+q+1+

(q+1)(t−2)
2

]

Proof.

Let G be line graph fort-subdivided Probabilistic neural networks fort ≥ 3 in which

there are three layers called input, hidden and output layers havingq nodes,c∗ classes

in which each class containc nodes. The following table shows the partition of edges

of line graph fort-subdivided probabilistic neural networks fort ≥ 3 w.r.t. degrees and

there count are

Type of edges Count

(cc∗,cc∗) (cc∗−1)qcc∗

2

(q+1,q+1) qcc∗(q+1)
2

(c,c) cc∗(c−1)
2

(cc∗,2) qcc∗

(2,q+1) qcc∗+cc∗

(2,c) cc∗

(2,2) cc∗(q+1)(t−2)

Now we find the atomic bound connectivity index of line graph for t-subdivided prob-

abilistic neural networks fort ≥ 3. Then according to formula of atomic bound con-

nectivity index

ABC(G) = ∑
u,v∈E(G)

√

du+dv−2
dudv

,

Now,
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ABC(G) =
qcc∗(cc∗−1)

2

√
cc∗+cc∗−2
(cc∗)2 +

qcc∗(q+1)
2

√

(q+1)+(q+1)−2
(q+1)2

+
cc∗(c−1)

2

√
c+c−2

c2 +
qcc∗

√
cc∗+2−2
2cc∗

+(qcc∗+cc∗)

√

(q+1)+2−2
2(q+1)

+ cc∗
√

c+2−2
2c

+cc∗(q+1)(t−2)

√

2+2−2
2(2)

= q(cc∗−1)

√

cc∗−1
2

+c∗(c−1)

√

c−1
2

+
2cc∗√

2
[
q
√

q

2
+q+1+

(q+1)(t−2)
2

]

Verification.

Step 1. If L[PNN(3,2,2)] be a graph have following edge types according to degree

(4,4), (2,2) and(4,2) having accounts 42, 22 and 28 respectively. Then according to

formula

ABC(G) = ∑
u,v∈E(G)

√

du+dv−2
dudv

ABC[PNN(3,2,2)] = 42

√

4+4−2
(4)(4)

+22

√

2+2−2
(2)(2)

+28

√

4+2−2
(4)(2)

=
42
4

√
6+

22√
2
+

28√
2

=
21
2

√
6+

50√
2
.

Step 2. If PNN(3,2,2) be a graph having order 64, then according to theorem 2.1.3

Atomic bound connectivity index ofPNN(3,2,2) is
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ABC[PNN(3,2,2)] = 3(4−1)

√

4−1
2

+2(2−1)

√

2−1
2

+
2(4)√

2
[
3
√

3
2

+3+1+
(3+1)(1)

2
]

= 9

√

3
2
+

2√
2
+12

√

3
2
+

48√
2

= 21

√

3
2
+

50√
2

=
21
2

√
6+

50√
2

So, we can find Atomic bound connectivity index of any graph ofthe formL[PNN(q,c∗,c)]

by using their orders instead of degree.

Step 1 and 2 validates our result.

Theorem 2.1.4.Let G be a line graph of1-subdivided probabilistic neural networks

then geometric-arithmetic index of G is given as

L[GA(G)] =
qcc∗

2
[(cc∗+q)+

4
√

cc∗(q+1)
cc∗+q+1

+
cc∗

2
[(c−1)+

4
√

c(q+1)
c+q+1

Proof.

Let G be line graph of 1-subdivided Probabilistic neural networks in which there are

three layers called input, hidden and output layers havingq nodes,c∗ classes in which

each class containc nodes. The following table shows the partition of edges of line

graph of 1-subdivided probabilistic neural networks w.r.t. degrees and there count are
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Type of edges Count

(cc∗,cc∗) (cc∗−1)qcc∗

2

(q+1,q+1) qcc∗(q+1)
2

(c,c) cc∗(c−1)
2

(cc∗,q+1) qcc∗

(q+1,c) cc∗

Now we find the geometric-arithmetic index of line graph of 1 subdivided probabilistic

neural networks. Then according to formula of geometric-arithmetic index

GA(G) = ∑
u,v∈E(G)

2
√

dudv

du+dv

Now,

L[GA(G)] =
qcc∗(cc∗−1)

2
2
√

(cc∗)2

2cc∗
+

qcc∗(q+1)
2

√

(q+1)2

2(q+1)

+
cc∗(c−1)

2
2
√

c2

2c
+

2qcc∗
√

cc∗(q+1)
(cc∗+q+1)

+
2cc∗

√

c(q+1)
(c+q+1)

=
qcc∗

2
[(cc∗+q)+

4
√

cc∗(q+1)
cc∗+q+1

+
cc∗

2
[(c−1)+

4
√

c(q+1)
c+q+1

Verification.

Step 1. If PNN(3,2,2) be a graph have following edge types according to degree

(4,4), (2,2) and(4,2) having accounts 54, 2 and 4 respectively. Then according to

formula

GA(G) = ∑
u,v∈E(G)

2
√

dudv

du+dv
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GA(L[PNN(3,2,2)]) = 54
2
√

4(4)
4+4

+2
2
√

2(2)
2+2

+4
2
√

4(2)
4+2

=
8(54)

8
+

16
√

2
6

+
8
4

= 56+
8
√

2
3

.

Step 2. If PNN(3,2,2) be a graph having order 32, then according to theorem 2.1.4

geometric-arithmetic index ofPNN(3,2,2) is

GA(L[PNN(3,2,2)]) =
12
2
[7+

4
√

4(4)
4+3+1

]+
4
2
[(2−1)+

4
√

2(3+1)
2+3+1

]

= 6[7+
16
8
]+

4
2
[1+

8
√

2
6

]

= 56+
8
√

2
3

So, we can find geometric-arithmetic index of any graph of theform PNN(q,c∗,c) by

using their orders instead of degree.

Step 1 and 2 validates our result.

Theorem 2.1.5.Let G be a line graph for2-subdivided probabilistic neural networks

then geometric-arithmetic index of G is given as

L[GA(G)] =
qcc∗

2
[cc∗+q+4

√
2(

√
cc∗

cc∗+2
+

√
q+1

q+3
)+cc∗[

c−1
2

+2
√

2(

√
q+1

q+3
+

√
c

c+2
)]

Proof.

Let G be line graph for 2-subdivided Probabilistic neural networks in which there are

three layers called input, hidden and output layers havingq nodes,c∗ classes in which

each class containc nodes. The following table shows the partition of edges of line
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graph for 2-subdivided probabilistic neural networks w.r.t. degrees and there count are

Type of edges Count

(cc∗,cc∗) (cc∗−1)qcc∗

2

(q+1,q+1) qcc∗(q+1)
2

(c,c) cc∗(c−1)
2

(cc∗,2) qcc∗

(2,q+1) qcc∗+cc∗

(2,c) cc∗

Now we find the geometric-arithmetic index of line graph for 2-subdivided probabilis-

tic neural networks. Then according to formula of geometric-arithmetic index

GA(G) = ∑
u,v∈E(G)

2
√

dudv

du+dv

Now,

L[GA(G)] =
qcc∗(cc∗−1)

2
2
√

(cc∗)2

2cc∗
+

qcc∗(q+1)
2

2
√

(q+1)2

2(q+1)
+

cc∗(c−1)
2

2
√

c2

2c

+
2qcc∗

√
2cc∗

(cc∗+2)
+2(cc∗+qcc∗)

√

2(q+1)
2+q+1

+2cc∗
√

2c
c+2

=
qcc∗

2
[cc∗+q+4

√
2(

√
cc∗

cc∗+2
+

√
q+1

q+3
)+cc∗[

c−1
2

+2
√

2(

√
q+1

q+3
+

√
c

c+2
)]

Verification.

Step 1. If PNN(3,2,2) be a graph have following edge types according to degree

(4,4), (2,2) and(4,2) having accounts 42, 6 and 28 respectively. Then according to

formula

GA(G) = ∑
u,v∈E(G)

2
√

dudv

du+dv
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GA[PNN(3,2,2)] =
42(2)

√

4(4)
4+4

+
6(2)

√

2(2)
2+2

+
28(2)

√

2(4)
2+4

= 42+6+
112

√
2

6

= 48+
56

√
2

3

Step 2. If PNN(3,2,2) be a graph having order 48, then according to theorem 2.1.5

geometric-arithmetic index ofPNN(3,2,2) is

GA[PNN(3,2,2)] =
12
2
[4+3+4

√
2(

√
4

6
+

√
4

6
)]+4[

2−1
2

+2
√

2(

√
3+1

3+3
+

√
2

2+2
)]

= 42+24
√

2(
4
6
)+4[

1
2
+

2
√

2
3

+
4
4
]

= 48+
56

√
2

3

So, we can find geometric-arithmetic index of any graph of theform PNN(q,c∗,c) by

using their orders instead of degree.

Step 1 and 2 validates our result.

Theorem 2.1.6.Let G be a line graph for t-subdivided probabilistic neural networks

for t ≥ 3 then geometric-arithmetic (GA) index of G is given as

L[GA(G)] =
qcc∗

2
[cc∗+q+4

√
2(

√
cc∗

cc∗+2
+

√
q+1

q+3
)+cc∗[

c−1
2

+(q+1)(t−2)

+ 2
√

2(

√
q+1

q+3
+

√
c

c+2
)]

Proof.
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Let G be line graph fort-subdivided probabilistic neural networks fort ≥ 3 in which

there are three layers called input, hidden and output layers havingq nodes,c∗ classes

in which each class containc nodes. The following table shows the partition of edges

of t-subdivided probabilistic neural networks fort ≥ 3 w.r.t. degrees and there count

are

Type of edges Count

(cc∗,cc∗) (cc∗−1)qcc∗

2

(q+1,q+1) qcc∗(q+1)
2

(c,c) cc∗(c−1)
2

(cc∗,2) qcc∗

(2,q+1) qcc∗+cc∗

(2,c) cc∗

(2,2) cc∗(q+1)(t−2)

Now we find the geometric-arithmetic index oft-subdivided probabilistic neural net-

works fort ≥ 3. Then according to formula of geometric-arithmetic index

GA(G) = ∑
u,v∈E(G)

2
√

dudv

du+dv

Now,

L[GA(G)] =
qcc∗(cc∗−1)

2
2
√

(cc∗)2

2cc∗
+

qcc∗(q+1)
2

2
√

(q+1)2

2(q+1)
+

cc∗(c−1)
2

2
√

c2

2c

+
2qcc∗

√
2cc∗

(cc∗+2)
+2(cc∗+qcc∗)

√

2(q+1)
2+q+1

+2cc∗
√

2c
c+2

+2cc∗(q+1)(t−2)

√

2(2)
2+2

=
qcc∗

2
[cc∗+q+4

√
2(

√
cc∗

cc∗+2
+

√
q+1

q+3
)+cc∗[

c−1
2

+(q+1)(t−2)

+ 2
√

2(

√
q+1

q+3
+

√
c

c+2
)]

Verification.
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Step 1. If PNN(3,2,2) be a graph have following edge types according to degree

(4,4), (2,2) and(4,2) having accounts 42, 22 and 28 respectively. Then according to

formula

GA(G) = ∑
u,v∈E(G)

2
√

dudv

du+dv

GA[PNN(3,2,2)] =
42(2)

√

4(4)
4+4

+
22(2)

√

2(2)
2+2

+
28(2)

√

2(4)
2+4

= 42+22+
112

√
2

6

= 64+
56

√
2

3

Step 2. If PNN(3,2,2) be a graph having order 64, then according to theorem 2.1.6

geometric-arithmetic index ofPNN(3,2,2) is

GA[PNN(3,2,2)] =
12
2
[4+3+4

√
2(

√
4

6
+

√
4

6
)]+4[

2−1
2

+(3+1)+2
√

2(

√
3+1

3+3
+

√
2

2+2
)]

= 42+24
√

2(
4
6
)+4[

1
2
+4+

2
√

2
3

+
4
4
]

= 64+
56

√
2

3

So, we can find geometric-arithmetic index of any graph of theform PNN(q,c∗,c) by

using their orders instead of degree.

Step 1 and 2 validates our result.

Theorem 2.1.7.Let G be a line graph of1-subdivided probabilistic neural networks

then the fourth version of atomic bound connectivity ABC4 index of G is given as
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ABC4(G) = qcc∗[
(cc∗−1)√

2

√

(cc∗)2+q−1
cc∗(cc∗−1)+q+1

+
(q−1)√

2
(

√
q2+q+cc∗−1

q(q+1)+cc∗
)

+

√

2q2+2q+cc∗+c−2
√

(q(q+1)+cc∗)(q(q+1)+c)
+

√

(cc∗)2+q2+2q−1
(cc∗(cc∗−1)+q+1)(q(q+1)+cc∗)

]

+ cc∗[
c−1√

2

√

c2−c+q
c(c−1)+q+1

+

√

q2+c2+2q−1
√

(q2+q+c)(c2−c+q+1)
]

Proof.

Let G be line graph of 1-subdivided Probabilistic neural networks in which there are

three layers called input, hidden and output layers havingq nodes,c∗ classes in which

each class containc nodes. The following table shows the partition of edges of line

graph of 1-subdivided probabilistic neural networks w.r.t. degrees and there count are

Type of edges Count

cc∗(cc∗−1)+q+1,cc∗(cc∗−1)+q+1 (cc∗−1)qcc∗

2

q(q+1)+cc∗,q(q+1)+cc∗ qcc∗(q+1)−2qcc∗

2

q(q+1)+cc∗,q(q+1)+c qcc∗

c(c−1)+q+1,c(c−1)+q+1 (c−1)cc∗

2

cc∗(cc∗−1)+q+1,q(q+1)+cc∗ qcc∗

q(q+1)+c,c(c−1)+q+1 cc∗

Now we find the fourth version of atomic bound connectivityABC4 index of the line

graph for 1-subdivided probabilistic neural networks. Then according to formula of

atomic bound connectivityABC4 index

ABC4(G) = ∑
u,v∈E(G)

√

Su+Sv−2
SuSv
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Now,

ABC4(G) =
qcc∗(cc∗−1)

2

√

2[cc∗(cc∗−1)+q+1]−2
√

[cc∗(cc∗−1)+q+1]2
+

qcc∗(q+1)−2qcc∗

2

√

2[q(q+1)+cc∗]−2
√

[q(q+1)+cc∗]2

+ qcc∗
√

q(q+1+cc∗+q(q+1)+c−2)
√

[q(q+1)+cc∗][q(q+1)+c]
+

cc∗(c−1)
2

√

2[c(c−1)+q+1]−2
√

[c(c−1+q+1)]2

+ qcc∗
√

[cc∗(cc∗−1)+q+1]+ [q(q+1+cc∗]−2
√

[cc∗(cc∗−1)+q+1][q(q+1)+cc∗

+ cc∗
√

q(q+1)+c+c(c−1)+(q+1)−2
√

[q(q+1)+c][c(c−1)+q+1]

= qcc∗[
(cc∗−1)√

2

√

(cc∗)2+q−1
cc∗(cc∗−1)+q+1

+
(q−1)√

2
(

√
q2+q+cc∗−1

q(q+1)+cc∗
)

+

√

2q2+2q+cc∗+c−2
√

(q(q+1)+cc∗)(q(q+1)+c)
+

√

(cc∗)2+q2+2q−1
(cc∗(cc∗−1)+q+1)(q(q+1)+cc∗)

]

+ cc∗[
c−1√

2

√

c2−c+q
c(c−1)+q+1

+

√

q2+c2+2q−1
√

(q2+q+c)(c2−c+q+1)
]

Theorem 2.1.8.Let G be a line graph of1-subdivided probabilistic neural networks

then fifth version of geometric-arithmetic GA5 index of G is given as

GA5(G) = qcc∗[
(cc∗−1)

2
− 1− (cc∗)2

2[(cc∗)2+q]
+

q−1
4

+
(q2+q+cc∗)(q2+q+c)

2q(q+1)+c(c∗+1)

+
[(cc∗)2−cc∗+q+1][(q2+q+cc∗)]

[(cc∗)2(q+1)2]
+cc∗[

c−1
4

+
(q2+q+c)(c2−c+q+1)

(q2+c2+2q+1)
]

Proof.

Let G be line graph of 1-subdivided Probabilistic neural networks in which there are

three layers called input, hidden and output layers havingq nodes,c∗ classes in which

each class containc nodes. The following table shows the partition of edges of line

graph fort = 1-subdivided probabilistic neural networks w.r.t. degrees and there count

are

36



Type of edges Count

cc∗(cc∗−1)+q+1,cc∗(cc∗−1)+q+1 (cc∗−1)qcc∗

2

q(q+1)+cc∗,q(q+1)+cc∗ qcc∗(q+1)−2qcc∗

2

q(q+1)+cc∗,q(q+1)+c qcc∗

c(c−1)+q+1,c(c−1)+q+1 (c−1)cc∗

2

cc∗(cc∗−1)+q+1,q(q+1)+cc∗ qcc∗

q(q+1)+c,c(c−1)+q+1 cc∗

Now we find the fifth version of geometric-arithmeticGA5 index of line graph of 1-

subdivided probabilistic neural networks. Then accordingto formula of fifth version

of geometric-arithmeticGA5 index

GA5(G) = ∑
u,v∈E(G)

2
√

SuSv

Su+Sv

Now,

GA5(G) = qcc∗(cc∗−1)[
cc∗(cc∗−1)+q+1

2(cc∗)2+2q
]+

qcc∗(q+1)−2qcc∗

2
[

q(q+1)+cc∗

2[q(q+1)+cc∗]
]

+ qcc∗[
[q(q+1)+cc∗)][(q(q+1)+c)]

q(q+1)+cc∗+q(q+1)+c
]+

cc∗(c−1)
2

[
c(c−1)+q+1)

2[c(c−1)+q+1]
]

+ qcc∗[
[cc∗(cc∗−1)+q+1][q(q+1)+cc∗)]
[cc∗(cc∗−1)+q+1][q(q+1)+cc∗]

]+cc∗[
[q(q+1)+c][c(c−1)+q+1]
(q+1)q+c+c(c−1)+(q+1)

]

= qcc∗[
(cc∗−1)

2
− 1− (cc∗)2

2[(cc∗)2+q]
+

q−1
4

+
(q2+q+cc∗)(q2+q+c)

2q(q+1)+c(c∗+1)

+
[(cc∗)2−cc∗+q+1)][(q2+q+cc∗)]

[(cc∗)2((q+1)2)]
]+cc∗[

c−1
4

+
(q2+q+c)(c2−c+q+1)

(q2+c2+2q+1)
]

Theorem 2.1.9.Let G be a line graph of1-subdivided probabilistic neural networks

then the eccentric version of atomic bound connectivity ABC5 index of G is given as

ABC5(G) = qcc∗(
16+8

√
5−6

√
6

48
)+cc∗(

8
√

5−6
√

6
48

)+

√
6c2(c∗)2q

8
+

√
6c2c∗

8
+

cq2c∗

3
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Proof.

Let G be line graph of 1-subdivided Probabilistic neural networks in which there are

three layers called input, hidden and output layers havingq nodes,c∗ classes in which

each class containc nodes. The following table shows the partition of edges of line

graph for 1-subdivided probabilistic neural networks w.r.t. degrees and there count are

type of edges count

(4,4) cc∗
2 [q(cc∗−1)+(c−1)]

(3,4) cc∗(q+1)

(3,3) qcc∗(q+1)
2

Now we find the the eccentric version of atomic bound connectivity ABC5 index of

line graph of 1-subdivided probabilistic neural networks.Then according to formula

of the eccentric version of atomic bound connectivityABC5 index

ABC5(G) = ∑
u,v∈E(G)

√

eu+ev−2
euev

Now,

ABC5(G) =
cc∗

2
[q(cc∗−1)+c−1]

√

4+4−2
4(4)

+cc∗(q+1)

√

3+4−2
3(4)

+
qcc∗(q+1)

2

√

3+3−2
3(3)

= qcc∗(
16+8

√
5−6

√
6

48
)+cc∗(

8
√

5−6
√

6
48

)+

√
6c2(c∗)2q

8
+

√
6c2c∗

8
+

cq2c∗

3

Theorem 2.1.10.Let G be a line graph of1-subdivided probabilistic neural networks

then eccentric version of geometric-arithmetic GA4(G) index of G is given as

GA4(G) =
c2q(c∗)2

2
+

c2c∗

2
+cc∗(

4
√

3
7

− 1
2
)+

4
√

3qcc∗

7
+

cq2c∗

2

Proof.

Let G be line graph of 1-subdivided Probabilistic neural networks in which there are
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three layers called input ,hidden and output layers havingq nodes,c∗ classes in which

each class containc nodes. The following table shows the partition of edges of line

graph for 1-subdivided probabilistic neural networks w.r.t. degrees and there count are

type of edges count

(4,4) cc∗
2 [q(cc∗−1)+(c−1)]

(3,4) cc∗(q+1)

(3,3) qcc∗(q+1)
2

Now we find the eccentric version of geometric-arithmeticGA4 of this graph. Then

according to formula of eccentric version of geometric-arithmeticGA4 index

GA4(G) = ∑
u,v∈E(G)

2
√

euev

eu+ev

Now,

GA4(G) =
cc∗

2
[q(cc∗−1)+c−1]

2
√

16
8

+cc∗(q+1)
2
√

12
7

+
qcc∗(q+1)

2
2
√

9
6

=
c2q(c∗)2

2
+

c2c∗

2
+cc∗(

4
√

3
7

− 1
2
)+

4
√

3qcc∗

7
+

cq2c∗

2

Theorem 2.1.11.Let G be generalized M-polynomial of line graph for1-subdivided

Probabilistic neural networks. Then

M1(P,x,y) = cc∗[c2q(c∗)2+4q2+3q+c2+1]

Proof.

Let P(x,y) be the M-polynomial ofPNN(x,y). Then

(Dx+Dy)[M(Ix,y)]y=x=1

Dy= y∂M
∂y

Dy= y[c
2q(c∗)2(cc∗−1)

2 xcc∗ycc∗−1+
qcc∗(q+1)2

2 xq+1yq+
c∗c2(c−1)

2 xcyc−1

+qcc∗(q+1)xcc∗yq+2 c∗xq+1yc−1]

Dy= c2q(c∗)2(cc∗−1)
2 xcc∗ycc∗ +

qcc∗(q+1)2

2 xq+1yq+1+
c∗c2(c−1)

2 xcyc
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+qcc∗(q+1)xcc∗yq+1+c∗c2xq+1yc

Dx= x∂M
∂x

Dx= x[c
2q(c∗)2(cc∗−1)

2 xcc∗−1ycc∗ +
qcc∗(q+1)2

2 xqyq+1+
c2(c∗)(c−1)

2 xc−1yc

+c2q(c∗)2xcc∗−1yq+1+cc∗(q+1)xqyc]

Dx= c2q(c∗)2(cc∗−1)
2 xcc∗ycc∗ + qcc∗(q+1)2

2 xq+1yq+1+ c2(c∗)(c−1)
2 xcyc

+c2q(c∗)2xcc∗yq+1+cc∗(q+1)xq+1yc

(Dx+Dy) = c2q(c∗)2(cc∗−1)xcc∗ycc∗ +qcc∗(q+1)2xq+1yq+1+c2(c∗)(c−1)xcyc

+qcc∗(cc∗+q+1)xcc∗yq+1+cc∗(c+q+1)xq+1yc

(Dx+Dy)x=y=1 = cc∗[c2q(c∗)2+4q2+3q+c2+1]

Theorem 2.1.12.

M1(P,x,y) =
mnk

2
[(mk+1)3+(n+1)3−4m2k2−mk+2mnk+2m]+m2k[

m2

2
− m

2
−1]

Proof.

Let P(x,y) be the M-polynomial ofPNN(x,y). Then

(DxDy)[M(P,x,y)]x=y=1

Dy= m2nk2(mk−1)
2 xmkymk+

mnk(n+1)2

2 xn+1yn+1+
m2k(m−1)

2 xmym

+mnk(n+1)xmkyn+1+m2kxn+1ym

DxDy= x[m
3nk3(mk−1)

2 xmk−1ymk+ mnk(n+1)3

2 xnyn+1+ m3k(m−1)
2 xm−1ym

+m2nk2xmk−1yn+1+m2k(n+1)xnym]

DxDy= m3nk3(mk−1)
2 xmkymk+ mnk(n+1)3

2 xn+1yn+1+ m3k(m−1)
2 xmym

+m2nk2xmkyn+1+m2k(n+1)xn+1ym]

(DxDy)x=y=1=
mnk

2 [(mk+1)3+(n+1)3−4m2k2−mk+2mnk+2m]+m2k[m
2

2 − m
2 −1]

Theorem 2.1.13.Let G be generalized M-polynomial of line graph for1-subdivided

Probabilistic neural networks. Then

M2(PNN) =
mk−1
2m3k2 +

mk
2n(n+1)

+
k(m−1)

2m3 +
mk

n(n+1)2 +
k

m3

Proof.
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(SxSy)[M(P,x,y)]x=y=1

Sy= mk−1
2m xmkymk+ mk

2 xn+1yn+1+ k(m−1)
2m xmym+ mk

n+1xmkyn+1+ k
mxn+1ym

SxSy= mk−1
2m3k2 xmkymk+ mk

2n(n+1)x
n+1yn+1+

k(m−1)
2m3 xmym+ mk

n(n+1)2 ymkxn+1+

k
m3xmyn+1

(SxSy)x=y=1 =
mk−1
2m3k2 +

mk
2n(n+1) +

k(m−1)
2m3 + mk

n(n+1)2
+ k

m3
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2.2 The chain of Bismuth Tri-Iodide (m−Bil3)

”Bismuth Tri-Iodidem−Bil3 is the inorganic compound with the formulaBil3. Bis-

muth Tri-Iodide is gray-black solid that is the product of the reaction of dismuth and

iodine.” In Fig. 2.3, The chain of bismuth tri-iodide shown form= 3

Figure 2.3: 3−Bil3

In Fig. 2.4, a line graph ofm-subdivided bismuth tri-iodidem−Bil3 shown for

m= 3

Figure 2.4:L[3−Bil3]

Theorem 2.2.1.Let G be a line graph of m-subdivided Bismuth Tri-Iodide m−Bil3

for m≥ 3 then the atomic-bond connectivity (ABC) index of G is given as
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ABC(G) = 12
√

2m2+(10
√

10+11
√

2)m+(5
√

10+
√

2)

Proof.

Let G be line graph ofm-subdivided Bismuth Tri-Iodidem−Bil3 for m≥ 3. The

following table shows the partition of edges of line graph ofm-subdivided Bismuth

Tri-Iodidem−Bil3 for m≥ 3 w.r.t. degrees and there count are

type of edges count

(6,6) 30(2m+1)

(2,6) 12(2m+1)

(2,2) 24m2−6m−18

(1,2) 4m+8

Now we find the atomic-bond connectivity (ABC) index of this graph. Then according

to formula of atomic-bond connectivity (ABC) index

ABC(G) = ∑
u,v∈E(G)

√

du+dv−2
dudv

,

Now,

ABC(G) = 30(2m+1)

√

6+6−2
6(6)

+12(2m+1)

√

6+2−2
6(2)

+(24m2−6m−18)

√

2+2−2
2(2)

+ (4m+8)

√

2+1−2
2(1)

= 12
√

2m2+(10
√

10+11
√

2)m+(5
√

10+
√

2)

Verification.

Step 1. If G be a line graph ofm≥ 3-subdivided Bismuth Tri-Iodidem−Bil3 graph

have following edge types according to degree bases(6,6), (2,6), (2,2) and (1,2)
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having accounts 210, 84, 180 and 20 respectively. Then according to formula

ABC(G) = ∑
u,v∈E(G)

√

du+dv−2
dudv

ABC[3−Bil3] = 210

√

6+6−2
6(6)

+84

√

6+2−2
6(2)

+180

√

2+2−2
2(2)

+20

√

2+1−2
2(1)

=
210
6

√
10+

84
2

√
2+

180
2

√
2+20

1√
2

= 35
√

10+142
√

2

Step 2. If G be a line graph ofm-subdivided Bismuth Tri-Iodidem−Bil3 for m≥ 3

having order 336, then according to theorem 2.2.1 Atomic bound connectivity index

of 1−Bil3 is

ABC[3−Bil3] = (12
√

2)9+(10
√

10+11
√

2)3+(5
√

10+2)

= 108
√

2+30
√

10+33
√

2+5
√

10+
√

2

= 35
√

10+142
√

2

So, we can find Atomic bound connectivity index of any graph ofthe formm−Bil3 by

using their orders instead of degree.

Step 1 and 2 validates our result.

Theorem 2.2.2.Let G be a line graph of m-subdivided Bismuth Tri-Iodide m−Bil3

for m≥ 3 then the geometric-arithmetic (GA)index of G is given as
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GA(G) = 24m2+(54+12
√

3+
8
3

√
2)m+(12+6

√
3+

16
3

√
2)

Proof.

Let G be line graph ofm-subdivided Bismuth Tri-Iodidem−Bil3 for m≥ 3 in which

there are following types of edges are found.

type of edges count

(6,6) 30(2m+1)

(2,6) 12(2m+1)

(2,2) 24m2−6m−18

(1,2) 4m+8

Now we find the geometric-arithmetic (GA) index of this graph. Then according to

formula of geometric-arithmetic (GA) index

GA(G) = ∑
u,v∈E(G)

2
√

dudv

du+dv

Now,

GA(G) = 30(2m+1)
2
√

6(6)
6+6

+12(2m+1)
2
√

6(2)
6+2

+(24m2−6m−18)
2
√

2(2)
2+2

+ (4m+8)
2
√

2(1)
2+1

= 24m2+(54+12
√

3+
8
3

√
2)m+(12+6

√
3+

16
3

√
2)

Verification.

Step 1. If G be a line graph ofm-subdivided Bismuth Tri-Iodidem−Bil3 for m≥ 3

have following edge types according to degree bases(6,6), (2,6), (2,2) and (1,2)
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having accounts 210, 84, 180 and 20 respectively. Then according to formula

GA(G) = ∑
u,v∈E(G)

2
√

dudv

du+dv

GA[3−Bil3] = 210
2
√

6(6)
6+6

+84
2
√

6(2)
6+2

+180
2
√

2(2)
2+2

+20
2
√

2(1)
2+1

+

= 210+42
√

3+180+
40
3

√
2

= 390+42
√

3+
40
3

√
2

Step 2. If G be a line graph ofm-subdivided Bismuth Tri-Iodidem−Bil3 for m≥ 3

having order 336, then according to theorem 2.2.2 of geometric-arithmetic index of

3−Bil3 is

GA[3−Bil3] = 24(3)2+(54+12
√

3+
8
√

2
3

)3+(12+6
√

3+
16

√
2

3
)

= 390+42
√

3+(8+
16
3
)
√

2

= 390+42
√

3+
40

√
2

3

So, we can find geometric-arithmetic index of any graph of theform of line graph of

m-subdivided Bismuth Tri-Iodidem−Bil3 for m≥ 3 by using their orders instead of

degree.

Step 1 and 2 validates our result.

Theorem 2.2.3.Let G be generalized M-polynomial of line graph for m-subdivided
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Bismuth Tri-Iodide m−Bil3 for m≥ 3. Then

M1(m−Bil3) = 4[24m2+225m+102]

Proof.

Let m−Bil3(x,y) be the M-polynomial ofm−Bil3. Then

(Dx+Dy)[M(m−Bil3(x,y))]y=x=1

Dy= y∂M
∂y

Dy= y[180(2m+1)x6y5+72(2m+1)x2y5+12(4m2−m−3)x2y+8(m+2)xy]

Dy= 180x6y6(2m+1)+72x2y6(2m+1)+12x2y2(4m2−m−3)+8xy2(m+2)

Dx= x∂M
∂x

Dx= x[180(2m+1)x5y6+24(2m+1)xy6+12(4m2−m−3)xy2+8(m+2)y2]

Dx= 180x6y6(2m+1)+24x2y6(2m+1)+12x2y2(4m2−m−3)+4xy2(m+2)

(Dx+Dy)=360x6y6(2m+1)+96x2y6(2m+1)+24x2y2(4m2−m−3)+12xy2(m+2)

(Dx+Dy)x=y=1 = 4[24m2+225m+102]

Theorem 2.2.4.Let G be generalized M-polynomial of line graph for m-subdivided

Bismuth Tri-Iodide m−Bil3 for m≥ 3. Then

M1(m−Bil3) = 16[6m2+152m+73]

Proof.

Let m−Bil3(x,y) be the M-polynomial ofm−Bil3(x,y). Then

(DxDy)[M(I ,x,y)]x=y=1

Dy= 180x6y6(2m+1)+72x2y6(2m+1)+12x2y2(4m2−m−3)+8xy2(m+2)

DxDy= x[1080x5y6(2m+1)+144xy6(2m+1)+24xy2(4m2−m−3)+8y2(m+2)]

DxDy= 1080x6y6(2m+1)+144x2y6(2m+1)+24x2y2(4m2−m−3)+8xy2(m+2)

(DxDy)x=y=1 = 16[6m2+152m+73]
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2.3 Sierpinski NetworksS(n,k)

”Sierpinski networksS(n,k) is isomorphic to the graphs of Tower of Hanoi withn

disks.” In Fig. 2.3, The chain of bismuth tri-iodide shown form= 3

Figure 2.5: Sierpinski NetworksS(2,5)

Theorem 2.3.1.Let G be a graph of sierpinski networks S(n,k); then First Zagreb

eccentric index of G is given as

M∗
1(G) = (kn+1−k)(2n−1)

Proof.

Let G be sierpinski networkS(n,k). Then following table shows the partition of edges

of sierpinski network w.r.t. eccentric and there count are

Type of edges Count

(2n−1
,2n−1) kn+1−k

2

Now we find the First Zagreb eccentric index of sierpinski networks S(n,k). Then
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according to formula of First Zagreb eccentric index

M∗
1(G) = ∑

u,v∈E(G)

[ε(u)+ ε(v)],

Now,

M∗
1(G) =

kn+1−k
2

(2n−1+2n−1)

=
kn+1−k

2
2(2n−1)

= (kn+1−k)(2n−1)

Verification.

Step 1. If S(n,k) be a graph have following edge type according to eccentricities

(3,3) having accounts 60. Then according to formula

M∗
1(G) = ∑

u,v∈E(G)

[ε(u)+ ε(v)]

M∗
1[S(n,k)] = 60(3+3)

= 360

Step 2. If S(n,k) be a graph having order 25, then according to theorem 2.3.1 First

Zagreb eccentric index ofS(n,k) is
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M∗
1[S(n,k)] = (52+1−5)(22−1)

= (125−5)(3)

= 360

So, we can find First Zagreb eccentric index of any graph of theform S(n,k) by using

their orders instead of eccentricities.

Step 1 and 2 validates our result.

Theorem 2.3.2.Let G be a graph of sierpinski networks S(n,k); then Third Zagreb

eccentric index of G is given as

M∗
1(G) = (

kn+1−k
2

)(2n−1)2

Proof.

Let G be sierpinski networkS(n,k). Then following table shows the partition of edges

of sierpinski network w.r.t. eccentric and there count are

Type of edges Count

(2n−1
,2n−1) kn+1−k

2

Now we find the Third Zagreb eccentric index of sierpinski networks S(n,k). Then

according to formula of Third Zagreb eccentric index

M∗
2(G) = ∑

u,v∈E(G)

ε(u)ε(v)

Now,
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M∗
2(G) =

kn+1−k
2

(2n−1)(2n−1)

= (
kn+1−k

2
)(2n−1)2

Verification.

Step 1. If S(n,k) be a graph have following edge type according to eccentricities

(3,3) having accounts 60. Then according to formula

M∗
2(G) = ∑

u,v∈E(G)

[ε(u)+ ε(v)]

M∗
1[S(n,k)] = 60(3)(3)

= 540

Step 2. If S(n,k) be a graph having order 25, then according to theorem 2.3.2 Third

Zagreb eccentric index ofS(n,k) is

M∗
2[S(n,k)] = (

53−5
2

)(22−1)2

= (
120
2

)(9)

= 540

So, we can find Third Zagreb eccentric index of any graph of theform S(n,k) by using

their orders instead of eccentricities.

Step 1 and 2 validates our result.
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Theorem 2.3.3.Let S(n,k) be generalized sierpinski networks. Then

M1[S(n,k)] = k2[2+
kn−5

2
]+k[2(k−1)+(

kn+1−5k
2

)]

Proof.

Let S(n,k)[x,y] be the M-polynomial of S(n,k). Then

(Dx+Dy)[M(S(n,k)(x,y))]y=x=1

Dy= y∂M
∂y

Dy= y[2k(k−1)xkyk−2+
k(kn+1−5k)

2 xkyk−1]

Dy= kxkyk[2(k−1)y−1+ (kn+1−5k)
2 ]

Dx= x∂M
∂x

Dx= x[2k2xk−1yk−1+k(kn+1−5k
2 )xk−1yk]

Dx= k2xkyk[2y−1+ kn−5
2 ]

(Dx+Dy) = k2xkyk[2y−1+ kn−5
2 ]+kxkyk[2(k−1)y−1+

(kn+1−5k)
2 ]

(Dx+Dy)x=y=1 = k2[2+ kn−5
2 ]+k[2(k−1)+ (kn+1−5k)

2 ]

Theorem 2.3.4.Let S(n,k) be generalized sierpinski networks. Then

M1[S(n,k)] = k2[2y−1(k−1)+
(kn+1−5k)

2
]

Proof.

Let S(n,k)[x,y] be the M-polynomial of S(n,k). Then

(DxDy)[M(I ,x,y)]x=y=1

Dy= kxkyk[2(k−1)y−1+ (kn+1−5k)
2 ]

DxDy= x[kxk−1yk[2(k−1)y−1+ (kn+1−5k)
2 ]]

DxDy= kxkyk[2(k−1)y−1+
(kn+1−5k)

2 ]

(DxDy)x=y=1 = k2[2y−1(k−1)+ (kn+1−5k)
2 ]
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Conclusions

Chapter 3



Conclusions

In this thesis, we have calculated the degree based topological indices andM-polynomial

for line graph oft-subdivided graphs of probabilistic neural networkL[PNN−(q,c∗,c)]

for t ≥ 1 and also for line graph ofm-subdivided graphs of Bismuth Tri-IodideL[m−
Bil3] for m≥3. We calculated the eccentric version of atomic bound connectivityABC5

index and eccentric version of geometric-arithmeticGA4(G) index for line graph of

1-subdivided probabilistic neural networksL[PNN(q,c∗,c)]. We also found the neigh-

bourhood degree based topological indices for line graph of 1-subdivided graphs of

probabilistic neural networksL[PNN(q,c∗,c)] We formulated first and third Zagreb

eccentric index andM-polynomial of sierpinski networksS(n,k).
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