Solution of Differential Equations by Lindstedt-
Poincare Techniques

Shakeel Tariq

CHT/FA14-BSMATH-003/LHR
BS
In

Mathematics
COMSATS University Islamabad

Lahore Campus

Spring, 2018



COMSATS University Islamabad

Solution of Differential Equations by Lindstedt-
Poincare Techniques

A Report Presented to

COMSATS University Islamabad, Lahore Campus

In partial fulfillment

of the requirement for the degree of

BS (Mathematics)

By
Shakeel Tariq

CIIT/FA14-BSMATH-003/LHR

Spring, 2018



Solution of Differential Equations by Lindstedt-
Poincare Techniques

A Final Year Report is submitted to the Department of Mathematics as partial

fulfillment of the requirement for the award of Degree of BS Mathematics.

Shakeel Tariq CIIT/FA14-BSMATH-003/LHR

Supervisor

Dr. Mohsan Hassan
Assistant Professor, Department of Mathematics
COMSATS University Islamabad, Lahore Campus

25 May, 2018



Final Approval

This report titled
Solution of Differential Equations by Lindstedt-
Poincare Techniques

By
Shakeel Tariq

CIIT/FA14-BSMATH-003/LHR

Has been approved

For the COMSATS University Islamabad, Lahore Campus

External Examiner:

Dr.

Supervisor:

Dr. Mohsan Hassan
Department of Mathematics /CUI, Lahore Campus

HoD:

Dr. Sarfraz Ahmad
Department of Mathematics, Lahore Campus



Declaration

| Shakeel Tariq registration number CIIT/FA14-BSMATH-003/LHR hereby declare that |
have produced the work presented in this report, during the scheduled period of study.

Date:

Shakeel Tariq

ClIT/FA14-BSMATH-003/LHR



Certificate

It is certified that Shakeel Tarig (CIIT/FA14-BSMATH-000/LHR) has carried out all the work
related to this report under my supervision at the Department of Mathematics, COMSATS
University Islamabad, Lahore Campus, and the work fulfills the requirement for award of BS

degree.

Date:

Supervisor:

Dr. Mohsan Hassan
Assistant Professor

Head of Department:

Dr. Sarfraz Ahmad
Associate Professor
Department of Mathematics

Vi



DEDICATION

To

Father and Mother

vii



ACKNOWLEDGEMENTS

In the name of Allah Almighty, the most Beneficent, the most Merciful. First and foremost, | want
to thank Allah Almighty for giving me the strength to complete my B.S program. Afterwards, I
would like to express my gratitude to my respected supervisor Dr. Mohsan Hassan for the
continuous support of my B.S study and research. This project would not have been completed
without his effort, motivation and generous guidance. It was a pleasure working with him. I would
also like to thank our head of mathematics department, Dr. Sarfaraz Ahmad and all faculty
members for their guidance during my B.S Course work. 1 would like to thank my B.S coordinator
Dr. Hani Shaker for his coordination in my four-year program. | would like to thank my friends
Muhammad Azeem, Adnan Khalil, Shahzeb Magsood, Shahid Imran and Muhammad Azeem Ali
for their help and motivation. Finally, yet importantly, I want to give my special thanks to my

parents for their concern and moral support encouraged me during my studies.

Shakeel Tariq
CIIT/FA14-BSMATH-003/LHR

viii



Preface

Many of the problems facing physicists, engineers, and applied mathematicians involve such
difficulties as nonlinear boundary conditions at complex known or unknown boundaries that
preclude solving them exactly. Consequently, solutions are approximated using numerical
techniques, analytic techniques, and combinations of both. Foremost among the analytic
techniques are the systematic methods of perturbations (asymptotic expansions) in terms of a small
or a large parameter or coordinate.

Although the techniques are described by means of examples that start with simple ordinary
equations that can be solved exactly and progress toward complex partial-differential equations,
the material is concise and advanced and therefore is intended for researchers and advanced
graduate students only. The purpose of this techniques, however, is to present the material in an
elementary way that makes it easily accessible to advanced undergraduates and first-year graduate
students in a wide variety of scientific and engineering fields. As a result of teaching perturbation
methods for eight years to first-year and advanced graduate students at Virginia Poly-techniques
and amplified their description considerably. The techniques are described by means of simple
examples that consist mainly of algebraic and ordinary-differential equations.

The material in Chapters 1 and 2 is about solution of differential equations by different
perturbation Methods. Chapter 1 discusses “The Straightforward Expansions” method.
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CHAPTER 1
The Straightforward Expansion

In this chapter, we find approximate solution of differential equations that depend on a small
parameter. To find the approximate solution, we use the Straightforward expansion method
which is based on asymptotic expansion. The solutions of differential equations are represented

as an asymptotic expansion in terms of small parameter.
1.1 Example 1

Consider that
U+u+sud=0 (1.1.1)
initial conditions are
u(0)=x, u(0)=x, (1.1.2)
The solution u of our problem is a function of the independent variable t and the parametere¢.
Hence, we writeu =u(t;¢), where the parameter ¢ is separated from the independent variable t
by a semicolon.
Whene¢ =0, (1.1.1) reduces to
U+u=0 (1.1.3)
Whose general solution is
Uy =8, cos(t + ) (1.1.4)
Where a, and g, are arbitrary constants. When ¢ is small but different from zero, the general
solution of (1.1.1) is no longer given by (1.1.4), and a correction must be added to it. We try a
correction in the form of a power series in¢, that is, we let [1, 2]
u(tie)=uo (t)+au, (t)+&u, (t)+ luy (t) +... (1.1.5)
Here, we restrict our discussion to the first term in the correction series. Thus, we seek an

approximate solution in the form

u(t;g)=u0(t)+gu1(t)+0(52) (1.1.6)



Since only one term is kept in the correction series, we call (6) a first-order expansion. We
substitute (1.1.6) into (1.1.1) and obtain

3
(iy + £l +O(52)+u0 +eu, +O(52)+g[uo +eu, +O(52)J =0 (1.1.7)
Using the binomial theorem to expand the last term, we have

[uo +eu +0 (gz )T =u,’ +3u, [.9u1 +0 (52 )} +3u, [gu1 +0 (52 )T

s (1.1.8)
+ [gul + O(g2 )J =U,® +3suy’u; + 0(52)
Substituting (1.1.8) into (1.1.7) and collecting coefficients of equal powers of ¢, we obtain
U‘O+u0+s(l'j1+u1+uo3)+o(52):0 (1.1.9)

We note that since we are only interested in terms up toO(&), we need only the terms that are

independent of ¢ from the quantity inside the brackets in (1.1.7). This fact can be used to

minimize the algebra. Setting ¢ =0 in (1.1.9) gives

Uy +Uy =0 (1.1.10)
Then, (1.1.9) becomes
8(U1+U1+u03)+0(82)=0 (1.1.11)
Dividing (1.1.11) by ¢ yields
b, +u, +u,’ +O(g)=0 (1.1.12)
Setting £ =0 in (1.1.12) gives
Gy +u, +u,> =0 (1.1.13)

Comparing (1.1.10) and (1.1.13) with (1.1.9), we note that the former equations can be obtained
by simply setting each of the coefficients of ¢ equal to zero in (1.1.9). This is how one usually

derives the equations governing u, andu,. Moreover, we note that (1.1.10) and (1.1.13) have to
be solved in succession. One first solves (1.1.10) foru,, substitutes the result into (1.1.13), and
then solves foru;.
The general solution of (1.1.10) can be written as

Uy =8y cos(t+ ;) (1.1.14)
Where a, and g, are arbitrary constants. Substituting for u, into (1.1.13) yields



U, +u, =—a,’ cos®(t+ ;) (1.1.15)
Equation (1.1.15) is an inhomogeneous equation whose general solution consists of the sum of a
homogeneous solution and a particular solution. To determine a particular solution, we find it
convenient to express the inhomogeneous term in a Fourier series using the trigonometric

identity given as
cos® 0= L cos30+ S coso
4 4
And rewrite (1.1.15) as
1
l'j1+ul:—%a03 cos(t+,80)—za03 cos(3t +34,) (1.1.16)

The homogeneous solution of (1.1.16) can be expressed as
u, =acos(t+4) (1.1.17)
Where a, and g, are arbitrary constants. Since (1.1.16) is linear, one can be use the principle of

superposition and determine particular solutions as the sum of two particular solutions
corresponding to the two inhomogeneous terms. That is, one determines a particular solution by

adding two particular solutions of the following equations:

G, +U =—%a03 cos(t+f3,) (1.1.18)
.. 1 5
Uy =78 cos(3t+34,) (1.1.19)
A particular solution of (1.1.18) is
0, W= 3asin(t 1.1.20
1p—§ao (t+4) (1.1.20)
A particular solution of (1.1.19) is
ulp(z) =3—12a03 cos(3t+34,) (1.1.21)
Hence, according to the principle of superposition, a particular solution of (1.1.16) is
U, = —ga(ftsin(t +/30)+3—12<';103 cos(3t+34) (1.1.22)

Therefore, the general solution of (1.1.16) is



u, =@, cos(t +/31)—§a03tsin(t +/5’0)+3—12a03 cos(3t+34) (1.1.23)

Substituting for u, and u, from (14) and (1.1.23), respectively, into (1.1.6) yields the following

first-order expansion for the general solution of (1.1.1):
U = a,cos(t +ﬂ0)+g[a1 cos(t +ﬂl)—§ao3tsin(t +ﬂ0)+éao3 cos(3t+34, )} . (1.1.24)

Where a,, a,,3,,and g, are arbitrary constants. We started a second-order equation that can

satisfy two initial conditions but it appears that we ended up with four arbitrary constants. It

turns out that the constants a,, a,, 5,,and B, are not arbitrary and that the two initial conditions

(1.1.2) are enough to determine them. To see this, we substitute (1.1.24) into (1.1.2) and obtain

Xo =a0cosﬂ0+g(a1cosﬂl+3—12a03c033ﬂoj+... (1.1.25)

X, =—8,Sin A, —g(alsinﬁ1 +§ao3 sin 3, +3—32a03 sin 3ﬂ0)+ " (1.1.26)

Transposing all terms to one side and equating the coefficients of the powers of ¢ to zero in
(1.1.25) and (1.1.26) is equivalent to equating the coefficients of like powers of ¢ on both sides

of these equations. The results are

Order &°
X, = 8, COS /3, (1.1.27)
X, =—a,sin A, (1.1.28)
Order ¢
a, Cos 3, =—éao3 cos34, (1.1.29)
. 3 . 3 .
alsmﬂlz—gaO smﬂ0—§a0 sin34, (1.1.30)

Squaring and adding (1.1.27) and (1.1.28) yields
Xoo + %> = a,” cos® B, +a,>sin® B, =a,’



Or

8= (%2 +%7) (1.1.31)
Then, solving (1.1.27) and (1.1.28) for g, gives
fo=—sin”’ {%] =cos™’ {%1 (1.1.32)
(x02+>'<02) (x02+>'(02)
Similarly, solving (1.1.29) and (1.1.30) yields
a =éa03 [cos2 3, +9(sin3p, +4sin )ZT/Z (1.1.33)

S, =-sin

3% (sin3, +4sin 4,) :COSI[_M} (1.1.34)

328, 323,
Thus, once a, and g, are calculated from (1.1.31) and (1.1.32), a, and g, are calculated from
(1.1.33) and (1.1.34).
Let us return to (1.1.24) and note that
a, Cos(t+ S, )+ &3, cos(t + B, ) = a, costcos 5, —a, sintsin S, + £a, cost cos B, — ea, sintsin S,

= (@, C0S 3, + &8, 0S 3, ) cost — (@, Sin B, + £a, sin 3, )sint
=acostcos S —asintsin g

a, cos(t+ By )+ea, cos(t+ B, ) =acos(t+ 3) (1.1.35)
Where
acos 3 = a, cos B, +£a,cos f; (1.1.36)
asin = a,sin g, + ea, sin g, (1.2.37)
It follows from (1.1.36) and (1.1.37) that
a,=a+0(¢) B,=p+0(¢) (1.1.38)

Using (1.1.35) and (1.1.38), we rewrite (1.1.24) as
u=acos(t +ﬁ)+g{—g[a+o(g)ftsin[t +ﬂ+0(8):|+é|:a+0(5):|3 cos| 3t +3ﬁ+0(g)]}+ .

Hence,



u=acos(t+j)+ea’ [—gtsin(t +ﬂ)+écos(3t +3ﬂ)} +... (1.1.39)

Note that above expansion is nonuniform or breakdown for long times and call it expansions
pedestrian expansions. The reason for the breakdown of this expansion is the presence of the

termtsin(t+ ), a product of algebraic and circular terms. Such terms are called mixed-secular

terms. Thus, for the expansion to be uniform, the corrections must be free of secular terms.
1.2 Example 2

Consider that

U+u+a,u +au’=0
. ‘ (1.2.1)
u(0)=x, u(0)=%,
Where «, and «, are constants.

We determine a second-order straightforward expansion to the solutions of (1.2.1) for small but finite
amplitudes. To carry out a straightforward expansion for small but finite amplitudes for (1.2.1), we need
to introduce a small parameter because none appear explicitly in this equation. To this end, we seek an
expansion in the form [1. 2]

u=eu, (t)+&%u,(t)+&us(t)+... (1.2.2)
Where ¢ is a small dimensionless parameter that is a measure of the amplitude of oscillation. It can be
used as a bookkeeping or crutching device and set equal to unity if the amplitude is taken to be small as
described below.
Substituting (1.2.2) into (1.2.1) gives

gty + &2, + &%s +...+ eu, + £°U, +g3u3+...+o:2(¢c;ul+gzu2 +E%U + ... )2

2 (1.2.3)
+053(<9u1+<92u2 +&%U + ... ) =0

Using the Binomial theorem to expand the terms in parentheses in (1.2.3) and keeping terms toO(g?’) , We
obtain
(U +uy)+&° (U'2 +U, +a,U,’ ) +&° (U'3 +Ug + 2a,U,U, + a3u13)+ ..=0 (1.2.4)

Equating each of the coefficients of & to zero in (1.2.4) yields

ul+Ul=O (125)



.. _ 2
U, +U, =—-a,U,

iy + Uy = —2a,U,U, — asu,®
Which can be solved sequentially foru,,u, andu,.
The general solution of (1.2.5) can be expressed as
u, =acos(t+ 3)

Where a and g are constants. Then, (1.2.6) becomes

U, +U, =—a,a’cos’ (t+ f) = —%%az —%%az cos(2t +2)

(1.2.6)

(1.2.7)

(1.2.8)

(1.2.9)

As before, we do not include the solution of the homogeneous problem foru,. Moreover, a particular

solution for (1.2.9) can be obtained as the sum of two particular solutions, one for each of the following

equations:

i,V +u,® = —%ozza2

(i, +u,® = —%aza2 cos(2t +243)

A particular solution of (1.2.10) is

Whereas a particular solution of (1.2.11) is
1
u,? :gocza2 cos(2t+2)
Hence,

Uy =y, +u,, ) = —%ozza2 + %ozza2 cos(2t +2)

Substituting (1.2.8) and (1.2.13) into (1.2.7) gives

Uy + Uy = —2a,acos(t +ﬂ)[—%a2a2 +%a2a2 cos(2t+ 2,8)} —aza’cos® (t+ B)

Or

iy + Uy =[%a22 —%%Ja3 cos(t +,B)—(%a3 +éa22Ja3 cos(3t+3p3)

Since (1.2.15) is linear,

(1.2.10)

(1.2.11)

(1.2.12)

(1.2.13)

(1.2.14)

(1.2.15)



Uy = Uy, +uy,? (1.2.16)

Where u3p(l) and u3p(2) are particular solutions of the following equations:

i, +u,? = —(%as + %azzja3 cos(3t +34) (1.2.18)
It follows that
5 3 .
Uap(l) :(Eazz —§a3jagtsm(t+ﬂ) (1.2.19)
0, =g G g ot eos(a ) @220

Substituting (1.2.19) and (1.2.20) into (1.2.16) yields

U, :(%azz —gasja%sin(t + ) +%(%a3 + %azzjaE’ cos(3t +3p) (1.2.21)

Substituting (1.2.8), (1.2.14), and (1.2.21) into (1.2.2) yields the following third-order [up to 0(53)]
straightforward expansion:
(%azz —gagjtsin(t + )

u:gacos(t+ﬂ)+%a252a2[cos(2t+2ﬂ)—3]+g3a3 1 +o0 (1.2.22)

1(1 1
+§(Za3 +€a22jcos(3t +3p)

We note that the dependence of U on ¢ and a is in the combinationga. Thus, one can set € =1 and

consider a as the perturbation parameter. The straightforward expansion (1.2.22) breaks down for
tzo(e’la’l) because the second correction term is the same order or longer than the first correction

term, owing to the presence of the mixed-secular term.



CHAPTER 2
The Lindstedt-Poincare Technique

As discussed in the preceding chapter, the breakdown in the straightforward expansion is due to
its failure to account for the nonlinear dependence of the frequency on the nonlinearity. Thus,
any expansion that does not account for a nonlinear frequency is doomed to failure. A number of
techniques that yield uniformly valid expansions have been developed. In this chapter, we find
approximate and uniform solution of chapter one’s differential equations by Lindstedt-Poincare

Technique.
2.1 Example 1

Consider that Eq. (1.1.1) subject to Eq. (1.1.2). To account for the nonlinear dependence of the
frequency, we explicitly exhibit the frequency @ of the system in the differential equation. To
this end, we introduce the transformation [1, 2]

=t (2.1.1)
Where @ is a constant that depends one. Then, we need to change the independent variable
from t toz. Using the chain rule, we transform the derivatives according to

d drd _ d
—_— = =n—
dt dtdr dt
d>  d*>  drd? ,d?

¢ “dtdr Cdtde? © del
Hence, (2.1.1) becomes
®’U" +u+su® =0 (2.1.2)
Where the prime indicates the derivative with respect to . We note that the actual frequency of
the system now appears explicitly in the equation. Until now, both u and @ are unknowns. We

seek approximate solutions for them in the form of power series in terms of ¢ . That is, we let

U=Uy(7)+eu(7)+... (2.1.3)

o=1+¢cw +... (2.1.4)



We note that the first term in the expansion of w is the linear frequency; in this case, the linear
frequency is unity. The corrections to the linear frequency are determined in the course of the
analysis by requiring the expansion of u to be uniform for all 7 .
Substituting (2.1.3) and (2.1.4) into (2.1.2) gives

(1+gco1+...)z(u(’j+gu1”+...)+(u0+gu1+...)+,9(u0+,9ul+...)3 =0
Which, upon expansion, becomes

Uy + 26U + Uy + ...+ Uy + Uy + ...+ &Uy° +...=0

Or

ug+u0+g(ul”+u1+u03+2a)lug)+...=0 (2.1.5)

Equating each of the coefficients of ¢° and ¢ to zero yields

Us+Uy, =0 (2.1.6)
Uy + Uy =—Ug° + 2] (2.1.7)

The general solution of (2.1.6) is
Up =acos(z + 3) (2.1.8)

Where a and g are constants. Then, (2.1.7) becomes

uy+u, =-a’cos®(z + B)+ 2wacos(z + )

Or
" 3 3 1 3
Uy +u, = Zwla—za cos(r+ﬁ)—za cos(3r +34) (2.1.9)
The particular solution of (2.1.9) is
1 3. . 1,
W=7 Za)la—za rsm(r+ﬂ)+§a cos(3r+3p) (2.1.10)

We note that the particular solution of u, contains a mixed-secular term. Which makes the

expansion nonuniform. For a uniform expansion, we cannot permit such secular terms to appear

inu,,u,,u,.... In contrast with the straightforward expansion, where the secular term cannot be

annihilated unless a=0 (i.e., trivial solution foru), in this case, we still have to choose the

10



parameter o, . Thus, we choose it to annihilate the secular term. To this end, we set the coefficient

of the secular term zero. That is,
2w1a—%a3=o (2.1.11)
Then, (2.1.10) becomes
U, =éa3 cos(3r +3p) (2.1.12)
Disregarding the trivial casea =0, we find that (2.1.11) is satisfied if
3 2
= ga (2.1.13)

We note that, to determine the condition (2.1.11) for the elimination of the secular term fromu,,

we do not need to determine the particular solution first as done above. Instead, we only need to

inspect the inhomogeneous terms in (2.1.9) governing u, and choose the coefficient of
cos(z + ) to be zero because this is the term that produces the secular term inu, .

Substituting (2.1.8) and (2.1.12) into (2.1.3) yields
u=acos(r+,8)+3—12a3cos(3r+3,8)+... (2.1.14)
Substituting for o, from (2.1.13) into (2.1.4) yields
" =1+§ga2 o (2.1.15)
Sincer =t , we rewrite (2.1.14)
3 2 1 3 3 2
u :acosK1+§ga jt+ﬁ’}+§ga cos{3[l+§ga )t+3ﬂ}+... (2.1.16)

Thus, the expansion (2.1.16) is uniform to first-order because secular terms do not appear in it
and the correction term (the term proportional to ¢) is small compared with the first term.

Next, we compare the period obtained in this section by using the Lindstedt-Poincare technique
with the approximate period obtained in the preceding section by expanding the integrand in the

exact solution. Since the value u=-x, is the intersection of the closed trajectory with u axis,

u=0whenu =-x, . Using these values as initial conditions in (2.1.16), we have

11



—X, =acosﬂ+3i25a3 cos3fB+... (2.1.17)
It follows from (2.1.17) that a® = x,* because B =0 fort(0)=0. Hence, (2.1.15) becomes
3 2
=1+— +...
0] 86‘X0
ButT, =27/, therefore
3 . 3
Ta=27r(1+§gx02+...j =27r[1—§gx02j+... (2.1.18)

Which is in full agreement with approximate period obtained in the preceding section in the
exact solution.
2.2 Example2

Introducing the transformation r = at [1, 2],

@’ +U+au” +au’=0 (2.2.1)
Where the prime denotes the derivative with respect to . Next, we expand @ and u in power of
€ as

u=eu, (z)+&’u,(r)+&%us(z)+- (2.2.2)

0=1+¢cw, + @, +-- (2.2.3)
As discussed in the preceding chapters, the first term in the expansion of @ is the linear
frequency, which is unity in this case. Substituting (2.2.2) and (2.2.3) into (2.2.1), we have

2
(1+5a)1+52a)2+---) (gul"+£2u§’+£3ué’+---)+8u1+82u2+53u3+---
2 3 2 2 3 3_0
+a, (el +&°Uy +&7Us +++) +ag(eU + U, + U +-) =

Using binomial theorem to expand the exponentiated quantities and keeping terms too(g”) , We

obtain
(1+ 2em, + 20 + 26%w, )(gul”+ g°up + g3u§’) +eUy +&°U, + &%, +
+a, (szul2 +2&°u,u, ) + 0%+ =0
Multiplying the first two terms and equating the coefficients of like powers of ¢ to zero yields
u/+u, =0 (2.2.4)

12



Uy +U, = —2@Uf — o, U, (2.2.5)

Uz + Uy = —2c0Uj —(a)lz + 2w, )ul”— 2a,UU, — azu,® (2.2.6)
The general solution of (2.2.4) can be expressed as
u, =acos(z + 3) (2.2.7)
Where a and B constants. Then, (2.2.5) becomes
u; +U, = 2acos(z + B)— a,a’ cos® (r + )
Or
Uj +U, = 2wacos(z + ) —%ozza2 - %oxza2 cos(2z +2) (2.2.8)
Eliminating the secular terms from u, demands that », =0. Then, the solution of (2.2.8) can be

obtained as
1 , 1
Up = =2 @ + a8 cos(2r+2/3) (2.2.9)

Substituting (2.2.7) and (2.2.9) into (2.2.6) and using the fact that w, =0, we obtained

2
——Q,a
2 2

Uy + U, = 2,acos(z + B) — 2a,acos(z + ) —aza’cos’(r+B)  (2.2.10)

+Ea2a2 cos(2z +28)
Using trigonometric identities, we rewrite (2.2.10) as
" _ 3 3 S 2,3 1 1 2 3
Up + Uy = 2w2a—za3a tgaa cos(z+f)- Jotee 2 cos(3r +3p) (2.2.11)

Eliminating the secular term from (2.2.11) demands that

3 5

20,8 — Za3a3 + gazza?’ =0

Or

o, =§a3a2 - —a,%a’ (2.2.12)

13



Substituting (2.2.7) and (2.2.9) into (2.2.2) yields, whereas substituting (2.2.12) into (2.2.3),
using r=wt , and recalling that », =0 yields (2.2.30). Thus, the Lindstedt-Poincare technique
produced an expansion that is in full agreement with that obtained.
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