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Abstract

Mathematical inequalities contribute highly to error estimation. In the
past few decades, many authors have done their studies about the error
analysis of some quadrature rules of Newton-Cotes type. Moreover,
Convexity is highly recognized for its vital and primary task in the
expansion of numerous section of mathematics, for example,
mathematical finance, economics, management sciences and optimization
theory. Hence, in this dissertation we are focusing on the detailed studies
of the function of convexity in the theory of inequalities and
generalizations of new integral inequalities for differentiable mapping
along with the Simpsons type as well as Hermite-Hadamards type. Here,
we derive some explicit bounds for the mid-point, Trapezoid and
Simpsons quadrature rule with the aid of modern theory of inequalities
and general Peano-Kernel approach in coherent with the convexity
(s,m)—convex at most first derivative.

In our monograph we shall generalize some integral inequalities for
generalized convex function and, in parallel, developments shall be
made on concavity.

With the above mentioned technique, we are able to focus on the larger
classes of functions allowing us to conduct different quadrature rule that
have restrictions on the behavior of the integrand. By applying the Holder
inequality and power mean equality, different generalizations and
melioration for a formal inequalities and differentiable mapping of the
functions where the function under specific condition is convex are
considered. The results presented here extend various inequalities of the
Simpson’s and Hermite-Hadamard.
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Chapter 1
Preliminaries and Introduction



1 Preliminaries and Introduction

In the field of mathematics, the term ’inequality’ indicates an inconsistency concerning
two inequalities, which is applied to imitate the association between two substances. There-
fore, an ’inequality’ is merely two quantities that are equivalent with each other. As cal-
culus started to surface in the 19¢h century, the position and function of the inequalities
gradually became vital and important.

When referring to modern mathematics, inequalities practically plays an imperative part in
all areas of mathematics. There are numerous applications of inequalities that are discov-
ered in a variety of sciences fields such as, physical and engineering sciences.

Within the numerical investigation of a definite integral of a real function f(¢) over an in-
terval [a ,b], the estimation is incredibly a remarkable predicament. For that reason, nu-
merous ways have emerged in literature to solve these predicaments there of, introducing
us to one of the most common process used, which is the Newton-Cotes formulas (for
example Simpson, trapezoidal, and midpoint, formulas).

Therefore bounds for these estimations deals with the involvement of higher order deriva-
tives, such as, for the midpoint and the trapezoidal formulas, the error bound deals with
the involvement of a second-order derivative.

Specifically, the error bound of Simpson’s approach deals with the involvement of a fourth-
order derivative, and for that reason this approach encompasses numerous difficulties. For
instance, it expects countless differentiation (Let say our supposition the derivatives hold),
with bounded derivatives, that builds and create this set of functions to be ineffective and
rigid in solving such conundrum.

Latest developments show that the usage of modern theory of inequalities is exercised
largely and that a lot of dedicated and committed work is being done in order to insti-
tute more than a few generalization of the Simpson’s, trapezoid and midpoint, these are
intended for mapping of bounded variation and for Lipschitzian, monotonic, and abso-
lutely continuous mapping additionally for n-times differentiable through kernels to purify
the error bounds of existing inequalities.

This dissertation is highly focused on investigating, numerous inequalities modification of
Simpson’s and Hermite-Hadamard’s type using convexity, (s,m)—convex, functions and
consequently, get exact bounds utilizing the Peano kernel approach and the modern theory
of inequalities to attain overt and unequivocal bounds.

The involvement of these error bounds were derived simply up to first derivative.

With the application of Holder and power mean inequalities, and overview of the ac-
quired outcome were to be measured. Moreover, developments for the primal inequalities
in the literature for functions under specific condition are convex are specified. Lastly,
a number of error estimates and some special means for trapezoid, midpoint and Simp-
son’s rules will be derived.

By all means, this will allow this thesis to impart on a study of various prominent and pri-
mary inequalities investigated by Hermite-Hadamard, through the different forms of con-
vex functions. It will then be able to bring about in this area of research a number of re-
cent discoveries, and in doing so, within a cohesive time frame.



1.1 Problem Statement

The focal statement of this dissertation is committed into instituting and conferring nu-
merous inequalities of Hermite-Hadamard via Riemann Livouille fractional integral nature
through the usage of the different types of convexities , like as (s,m)—convex function.
We are then able to acquire inequalities referred to above by means of these convexities.
Moreover, in places where the trapezoid , midpoint and Simpson’s quadrature rules is not
functional, it will be conferred to within this dissertation.

1.2 Aims and Objectives

The problem related to the expansion of integral inequalities that present error bounds on
the physical magnitudes. That is, inequalities of Hermite- Hadamard’s type are aimed to be
overseen in this dissertation in such a way:

1) To expand the function of convexity within the theory of inequalities.

2) Deliberation of distinctive inequalities, thus, is creating within the theory of opti-
mization the evident relevance of these inequalities.

3) Deliberation of special means with relation to its purpose in discovering unequivo-
cal connections of these means.

4) The estimation of the optimal error bound for such inequalities under the assumptions
under consideration.

5) Extending the variations of Hermite-Hadamard’s type therefore, working on to achieve
some more inequalities of Hermite-Hadamard’s type.

6) To present some new inequalities of Hermite-Hadamard’s utilizing different kind
of convexity (such as (s,m)—convex).

This dissertation is attempt towards simplifying some findings on Hermite-Hadamard
type inequalities via Riemann Livouille fractional integral taking the view the above nar-
rative aims. The tracks in which the generalized versions of Hermite-Hadamard type in-
equalities via Riemann Livouille fractional integral are aimed to be applied are its uses in
numerical integration and some special means will also be given.

1.3 Invesgative Technique

With the usage of two sets of convexities chartered collectively and the general Peano ker-
nel and Montgomery distinctiveness, they are used in terms of second derivatives of a real
functions to create alternative inequalities of Hermite-Hadamard type via Riemann Livouille
fractional integral.

With the application of the Holder and power-mean inequalities, numerous generalities,
alterations and developments for the equivalent form of power of these inequalities are
measured. As a result, a number of new error estimates for some quadrature rules and for
some special means are derived.



1.4 Summary

This dissertation set out to introduce the generalization and application of inequalities in
relation to the Hermite-Hadamard and Simpson’s type. In order to acquire such general-
izations, it has been taken into account to adjust and alter the Peano kernel concerned by
bringing into being arbitrary parameters. The dissertation comprises four chapters.

This briefly describes as under:

Chapter 1 depicts an outline of where the incentive and aims are identified within the
study.

Chapter 2 illustrates numerous basic concepts of convex functions as well as a num-
ber of its properties. Leading on to the brief discussion associated with several modifica-
tions and generalizations in relation to prior studies applicable to the Hermite-Hadamard
and Simpson’s type.

It is with the full intention of recapitulating a number of chorological contributions by sev-
eral researchers that has fused integral inequalities with error estimations.

Chapter 3 presents the different modifications, improvement and new variations of the
Hermite-Hadamard type inequalities via Riemann Livouille fractional integral through con-
vex and (s,m)—convex function.

Chapter 4 1initiates the some findings regarding to the current study with refrence to
Simpson’s type inequality. Moreover , several modifications, improvement and new vari-
ations of the Simpson’s type type through (s,m)—convex function are considered.



Chapter 2
Literature Review



2 Literature Review

We start this section by narrating some important integral inequalities given in ([1], [2])
and their further developments. To start we would like to introduced some notions with
some assumptions.

2.1 Function

In mathematics, a function is a relation between a set of inputs and a set of permissible
outputs with the property that each input is related to exactly one output. An example is
the function that relates each real number y to its square y>.

In most fields of modern mathematics various types of functions are regarded as “’the cen-
tral objects of investigation ”. A function can be represented or described in a number of
ways . A formula or algorithm has also been used to define some functions by explaining
that how to compute the output for a given input. As well as other functions are defined
by a picture, called the graph of the function.

2.1.1 Definition

A function f from A to B is a subset of the Cartesian product A x B subject to the follow-
ing condition: every element of A is the first component of one and only one ordered pair
in the subset.

2.1.2 Examples

(1) 2x; +3x, = 61is a function, because you can solve for xj :

2x1 +3x= 6
2x1 =—3x + 6
and
X1 = sz —|-3

(2) On the other hand, 72 4+ 3t = 6isnotafunction , because you cannot solve for a unique
Z.

Z+3t=06
P?= -3t +6
z==%(—3t+ 6)
(3) The equation a = b? is not a function because both (1,1) and (1,—1) satisfy the equa-
tion , and a function by definition cannot have two different b-values for the same a value.
(4) The domain is chosen to be the set of natural numbers(1,2,3,4...) , and the codomain

is the set of integers (...,—3,—2,—1,0,1,2,3...) .The function associates to any natural
number n the number 4 — n. For example, to 1 it associates 3 and to 10 it associates —6.
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2.2 Continuity

A function which instinctively leads to small changes in output as result of small changes
in input is defined as a continuous function([3]). If not a function is said to be a ’discontin-
uous function. A continuous function along with a continuous inverse function is known
as ’bi-continuous . functions continuity is one of the fundamental notions of topology.

A function from the set of real numbers to the real numbers can be represented by a graph
in the Cartesian plane, such a function is continuous if, the graph is a single unbroken curve
with no "holes” or ”jumps”.

When we plot function values generated in a laboratory or collected in the field , we of-
ten connect the plotted points with an unbroken curve to show what the functions values are
likely to have been at the times we did not measure. In doing so, we are assuming that
we are working with a continuous function, so its outputs vary continuously with the in-
puts and do not jump from one value to another without taking on the values in between.
The limit of a continuous function as x approaches ¢ can be found simply by calculating
the value of the function at c.

Any function whose graph without lifting the pencil, can be sketched in one continuous
motion over its domain is an example of a continuous function. Now what it means for a
function to be continuous we scrutinize it more accurately.

What is Continuity?

2.2.1 Definition

The function f is continuous at some point ¢ of its domain if the limit of f(y) as y ap-
proaches ¢ through the domain of f exists and is equal to f(c). In mathematical notation,
this is written as

lim f(y) = f(c)

y—c

In detail this means three conditions . first, f has to be defined at c. Second, the limits on
the left hand side and right hand side of that equation has to exist. Third, the value of this
limit must equal f(c).

2.2.2 Examples
(1) The function

2t — 1
ft) =
t+ 2
is defined for all real numbers # # —2 and is continuous at every such point. The ques-
tion of continuity at r = —2 does not arise, since ¢t = —2 is not in the domain of f.

(2) The sine function g(t) = = defined for all  # 0 is continuous at these points.
(3) The function

if 1>2
fo={*1 53
Here.
When ¢t > 2, f(t) =t+ 1 is a polynomial, so it is continuous . When ¢t < 2, f(¢t) =t — 2



is also a polynomial, so it is continuous. Atz = 2, f is not defined, so it is not continuous.
Thus, f is continuous everywhere , except at 2.

2.3 Differentiation

In calculus, a derivative helps to determine the rate at which a function changes, and it is
regarded as one of the most important ideas in calculus. There are number of applications
of derivatives as it is used to calculate velocity and acceleration, to set levels of production
so as to maximize, efficiency to estimate the rate of spread of a disease, and for many
other uses. With the help of derivative we can estimate complicated functions.

2.3.1 The Derivative as a function

The derivative as a function derived from f by considering the limit at each point of the
domain of f.

Defination

The derivative of the function f(x) with respect to the variable x is the function f’ whose

value at x is

[+ h) - fx)
h
provided the limit exists. The domain of f is the set of points in the domain of f for which
the limit exists, and the domain may be the same or smaller than the domain of f. If exists
at a particular x, we say that f is differentiable (has a derivative)at x. If exists at every
point in the domain of f, we call f differentiable.

f(x) = lim

2.3.2 Differentiable on an interval; One-sided derivatives

A function y = f(x) is differentiable on an open interval (finite or infinite) if it has a deriva-
tive at each point of the interval. It is differentiable on a closed interval [a, b] if it is differ-
entiable on the interior (a,b) and if the limits

i @+ D)= £

h— 0t h

Right-hand derivative at a.
b+ )= ()
h— 0~ h

left-hand derivative at b.

exist at the endpoints. Right-hand and left-hand derivatives may be defined at any point
of a functions domain. A function has a derivative at a point if and only if it has left-
hand and right-hand derivatives there, and these one-sided derivatives are equal.

2.3.3 When does a function not have a derivative at a point?

How about a function that is continuous all over but is not differentiable in all places?.
These results pretty often with piecewise functions, although two intervals might be con-
nected, the slope can change radically at their junction.
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2.3.4 Can we differentiate any function anywhere?

The Functions that look like straight lines in the neighborhood of the point, (at which
you want to differentiate), to those functions only the differentiation can be applied. Dif-
ferentiating is finding the slope of the line. It looks like (the tangent line to the function
we are considering). No tangent line means no derivative. Also when the tangent line is
straight vertical the derivative would be infinite and that is no good either.

2.4 Integration

Integration is referred as an elegant technique or tool which is used to calculate the vol-
umes and areas of general shapes like spheres, cones etc. As a tool its usability range is
very wide because its use is not restricted up to calculation of areas and volumes but also
have number of application in several other fields like sciences, engineering , and statis-
tics. Basically the concept at the back of integration is the effective computation of sev-
eral quantities by splitting them in small pieces and then summing the contributions from
each small part.

2.4.1 Estimating with finite sums

Finite sums are effectively estimate the area average, values and the distance that an object
covered over time. Finite sums play key role in order to define the integral. By taking sum
of collection of rectangle areas, the area of a region with a curved boundary can be esti-
mated. More rectangles can contribute towards the more accuracy of the approximation.

2.4.2 Indefinite integral

An anti-derivative of a function g is a function G, if G’ = g. In order to find out func-
tion g anti-derivative, most often we can reverse the process of differentiation. The no-
tation used to refer to anti-derivatives is the indefinite integral. [ g(7)dr means the anti-
derivative of g with respect to ¢ . If G is an anti-derivative of g, we can write [ g(7)dt =
G+ ¢, where c is known as the constant of integration.

2.4.3 Definite integral

The definite integral that is used to represent the left-hand and right-hand approximations is
a suitable notation. ff g(x)dx means the area of the region bounded by g, the y — axis

and the lines x = @ and x = b. Writing || ab g(x)dx is equivalent to writing

n—1
lim l;)g(ck)Axk

on the interval [a, D).
Where Ax; is the width of kth rectangle and ¢y is the x-coordinate of the point where the
kth rectangle touches g(x).



2.4.4 Integrable and non-integrable functions

That functions which are continuous on the interval |a,b] are integrable on that particu-
lar interval and the functions which are not continuous may or may not be integrable.
Those discontinuous functions that are increasing on [a ,b] are included in integrable func-
tion as well as the piecewise-continuous functions are also integrable.

There are numerous function that are non-differentiable in nature for example those hav-
ing discontinuities, sharp turns, and vertical slopes.

Discontinuous functions are also known as non-differentiable, though sharp turns and ver-
tical slopes functions are called integrable.

Let’s say, the function s = |¢| has a sharp point at # = 0, so the function is non-differentiable
at this point. Though, for all values of ¢ the same function is integrable. Its one of the
extremely numerous illustrations of a function which is not differentiable but integrable.
So, the set of differentiable functions is actually a subset of the set of integrable functions.
However, practically the integral computing of most functions is more difficult than deriva-
tive computation. For integrability to fail, a function needs to be appropriately discontinu-
ous so that the region between its graph and the x-axis cannot be approximated well.
Example A non-integrable function on the interval [0, 1] is the function

o 1 if tis rattional
g<t> - {0 if t is irrational
2.4.5 The mean value theorem for integrals

The mean value theorem for integrals asserts as if g is a continuous function on [a, b], there
exists at least one ¢ on [a , b] such that

1 b
8= g [ 80 ar

That is to say the mean value theorem for integrals states that every continuous function,
at least once on an interval attains its average value.

2.5 Integral inequalities

Various type of integral inequalities are utilized in most subjects involving mathematical
analysis. They are particularly useful for approximation theory and numerical analysis
in which estimates of approximation errors are involved. Integral inequalities provide ex-
plicit bounds on unknown functions. Integral inequalities are a necessary tool in the study
of various classes of differential and integral equations. They are now used not only in
mathematics but also in the areas of physics, computer and biological sciences. Many
nonlinear dynamical systems are too complicated to be effectively analyzed by integral in-
equalities. In the study of qualitative behavior of solutions of certain nonlinear differential
and integral equations, some specific types of inequalities are needed in various situations.

(4D
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1. Midpoint inequality:
The mid point inequality is known as

/xyg(t)dt _(y_x)g(x;y)‘ g%’g

Let g : [x,y] — R be a twice differentiable mapping such that g’ () exists on (x,y)
and H g (1) ‘m = SUPte(xy) ’g (t>‘ < eo.

gl

2. Trapezoid inequality:

/xygmdr—(y—x)g . <P

¢ )

(x) + g(y)’ _ = |

3. Hermite- Hadamard’s inequality:

o(*57) <1 [ewar <5500

2 y — xJx 2

4. Simpson’s type inequality:
Let g [x ,y] — Rbea fourtimes continuously differentiable mapping on (x,y) and

H g H = SUP;¢(y ‘g ’ < oo, then we have the following inequality:

ge3e(T32) o) -1 [ ear) < s oo

y—Xx

5. Power means inequality:
Let r be a non-zero real number. We define the » — mean or rth power mean of non-
negative numbers ay, .. .,a, an as follows:

12
Mr(al,... = ;Z
i=1

\\._

If » <0, and a; = 0 for some k, we define (ay,.. .,a,) = 0.

The ordinary arithmetic mean is M 1 M2 is the quadratic mean, M —1 is the har-
monic mean.

Furthermore we define the 0-mean to be equal to the geometric mean:

n

Mo(al,. --Cln) = (H(al))

i=1

S

Then for any real numbers r, s such that » < s, the following inequality holds:

M (ay,.. .ap) < M*(ay,. ..a,)

Equality holds if and only if a; = ... = a,, or s <0 and a; = O for some k.

11



6. Holder’s inequality:
Let [§]7 , and [®;]7_, be positive n-tuples and p,g be two non-zero numbers such
that § + 2 = 1 then

Q=

(51 &Dr) < (T4, ED) 7 (T, 07)

Eauali , ey gy
quality holds if and only if Z7 = Z7...27.
1 2 n

2.6 Convex function

The modern view point on convex functions implies a strong and clear interaction be-
tween analysis, engineering and geometry, making the reader to share a sense of excite-
ment. In an article R. J. Gardner [5], described this reality in beautiful words ~ con-
vexity like an octopus tentacles and changes its color and shape, cruise area to another
and obviously, the research opportunities abound”. In recent years, the concept of con-
vex functions generalized on a large scale. Many fields of modern analysis directly or in-
directly includes the applications of convex functions.

Some definitions, characterizations theorems and remarks about convex functions are given

below which are related to our research work. (see [5]Ch:1)

2.6.1 Convex set

A set C C R" is convex if [ ,B] C C forevery o, B € Cthen Aa+ (1 — A)B must also
belong to C for each A € [0, 1].
Example:

Let v = (3,2). show that the set C = {u € R ? | u.v < 9} is a convex set

LetC={ucR?|uv<9}

The set C is convex if for any u,w € C, ¥Vt € [0,1],

The pointtu + (1 — t)we C,Vt€[0,1],

Letu,we C, Vte€[0,1],

(tu + (1 — t)w).v

=(tu)v + [(1 — t)w].v

=t(uv) + (1 — 1)(wv)

<tx9 4+ (1 —1)x9

=0.

2.6.2 Convex function

A function W : I — R is called convex (i.e I C R) if for all §;,&, € Iand A € [0, 1], the
inequality

\p(/xgl+(1_ l)éz) <SA¥(END) + (1- 4)¥ (&),

holds. If the strict inequality holds in above inequality then the function is said to be strictly
convex function.

12



2.6.3 Concave function

If ”—¥” is convex then W is called concave function.

2.6.4 Geometric interpretation of convex function

The geometrical interpretation of convex function is that the graph of W lies below its chords.

W(LE + (1-A)&) < AW(E) + (1- 1) ¥(E), M
Examples:
o & XP(p>1,x>0), %(x # 0) are convex functions.
e logx(x > 0), sinx(0 <x < 7),cosx(=£ <x < %) are concave functions.
Remarks:
1. For&,& €l,p,gq>0,p+q > 0,then
(A& + (1-2)&) <AP(E) +(1-2)¥(&), ©)
is equivalent to

Y(péi+48&) . PY (&) +4q¥(5)
p+q = p+q

2. ¥ is both convex and concave if and only if ¥(&) = A& + v, for some A,y € R.

3. If &, &, &5 are three points in I such that & < & < &3, then 2 is equivalent to

g W) 1

& W(S) 1| =(&— &)¥(C)+ (81— &)¥(&)+(&2— &1)¥(&) >0,

& ¥(&) 1
which is equivalent to

S2— & E-&
HOE Ol S
or more symmetrically and without the condition of monotonicity on &;,&;, &3
P(S1) ¥(&) (&)

>0

&E—&)(&— &)

G-L)E-&)  G-&)& &) |

13



4. If ¥ is a convex function on [ and if & < @1,& < 0,1 # &, 01 # @, then the
following inequality

W(E)—W(E) _ W(e) —¥(e)
&—& a P2 — @1 ’

holds.

5. The area of the triangle whose vertices are (&1,'¥(&1)), (&2, ¥(&2)) and (&3,¥(&3))
is given by

1160 (&) 1
52 Y(&) 1|,
G wiE) 1

The area of the triangle depends on the rotation if the rotation is anticlockwise then
area will be positive and if the rotation is clockwise then area will be negative. P > 0
represent a convex function and P < 0 express a concave function.

2.6.5 Properties of convex function

1. Composition of convex function is convex.i.e if W; is convex and increasing and a
function ¥, is convex then the composition W1 (¥, (&)) is convex.

2. Addition of convex function is convex.i.e ¥, ¥, convex then ¥ + ¥, convex.

3. Scalar multiplication of convex function is convex.i.e ¥ convex = ¥ convex, o >
0.

4. Function of the form Ax + b is convex(Affine).
5. Pointwise maximum.i.e ¥, ¥, convex = max(¥(&;),¥(&,)) convex.
6. Pointwise superimum.i.e ¥y convex = sup 4 ¥ convex([6],([7]).

In [8], Dragomir et. al proved the following recent developments on Simpson’s inequality
for which the remainder is expressed in terms of derivatives lower than the fourth.

Theorem 1. Let f:[a,b] — R isa differentiable mapping whose derivative is continuous
on (a,b) and f' € L[a,b]. Then we have the following inequality:

Héf() if(““’) f] o [ rwa '

where || f]l, = [71f/(x)] dx.

The bound of (3) for L-Lipschitzian mapping was given in by 35—6 (b —a).

In ([9]) Hwang et. al presented inequalities for differentiable convex functions
which are linked with Simpson’s inequality, and the main inequality in ([10]),([11]),([12])
pointed out, is as follows.

3)
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Theorem 2. Let I C R be an open interval, a,b € I with a < b and f : [a,b] — R
be a differentiable function such that f' is integrable and 0 < a <1 on (a,b) with
a <b. If|f'| is convex on [a,b], then the following integral inequality holds:

e )] - [Tt (50 ) S T
: [ajrl (2:;11 - Sa;v: 1) + (51062_6;” (b—a)(|f' (@] + |f(b)) (4)

Proposition 1. Under the assumptions of Theorem 2 with o0 = 1, we have the following inequality,

slr@ s ar () o= g [ < 2O D 0r@i e ©

<

Theorem 3. Let f:1 C [0,00) — R be a differentiable mapping on I° such that f' €
Ly|a,b] where a,belwith a <b. If |f'|7 is (s,m)—convex on [a,b], for some fixed
s € (0,1] and g > 1, then the following inequality holds:

é[f(ma) +4f<ma;r b) +f(b)}— : /h f(x)dx

(b— ma) (5 1=1/q
< T
- 2 72

< @)@ | f @)+ (s B sl @] ©6)

upy =

(37 (2"7%) +3(a) (2" + 3(27%) vy — <5 )

6 (a+1) (o0 +2) 72"

() (27 3@ 2127 +6(a) ~24
uz = 6% (a+1)(a+2) |

Proposition 2. Under the assumptions of Theorem 3 with o =1, if |f'(x)|? <QVx €1,
we have the following inequality,

5(b— a)
< T-Q- (N

1 b
b—a/a f(x)dx

In[13] Dragomir and Agarwal , obtained inequalities for differentiable convex mappings which

'é [f(a) +4f<“ 2“’) +f(b>]—

are connected with the right-hand side of Hermite- Hadamard’s (trapezoid) inequality and applied
them to obtain some elementary inequalities for real numbers and in numerical integration which
follows

15



Theorem 4. Let g:1 C R — R be a differentiable mapping on I° where x,y € I with x <y. If
|g’|? is convex on [x,y], for some q > 1 then the following inequality holds:

9 £ 500 [,

> T < 2 el + lgo)l] ®)

8

In [14], a variant of Hermite—Hadamard type inequalities was obtained, which follows
as:

Theorem 5. Let f:I° CR — R be a differentiable function on I° and let a,b € I° with
a < b. If|f'| is convex function on [a,b], then the following inequality holds:

= [etoa - (S| < 2 lewl + ko) ©

In [15] Yang, obtained Hermite-Hadamard’s (trapezoid ) inequalities for differentiable
mapping for concave function.

Theorem 6. LetI C R be anopen interval , I,m,n,P,Q €1 with [<P <n <Q<m (n#1l,m)
and g : [x,y] — R be a differentiable function . If |g'|* is concave on |x,y] and 1 <0 < gq, then

(P_ l)g(l) + (m_ Q)g(m) + (Q_ P)g(n)_/);yg(u)du SK(P7Q7na9)'J(P7Q7n?9)

(10)
Where
| s
k(on0) = (5[ 1P+ w-pP + @-n? + - 0P])
and
J(P,O,n, 8)
6-1)
0\ o6
2 2
_ %[ P17 + (n— P)Z} g ((P -+ (n; P) (2n—2 3l+P)+ l)
3[(P—1) +(n—P)}
(0-1)
1 —n)?(GBm — 2n— m — Q)° T
n %{(Q — 24 m— 0)] | m_(Q )-(3 22 Q)+(2 0)
: 3[(@—n + (m—0)’]

Proposition 3. Under the assumptions of Theorem (6) withP= Q=n = (I+ m)/2 and 6 =
1, then we get the following inequality,
x +5y
()]

‘g(X) ;g(y) yix /xy o(u)du

5x +y
6

/
g g(

gy_x[

)| +
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Proposition 4. Under the assumptions of Theorem 6 with P =x,Q = y,n = (I+ m)/2 and
0 =1, then we get the following inequality,
x4+ 2
(5]

f(57) - [ s =25

- 8
Definition 1. Let f € L'[a,b]. The left— sided and right—sided Riemann —Liouville fractional
integrals of order @ > 0 with a > 0 are defined by

2x +y
g(—5 )‘Jr

79 f(x) = F(la) [ =0 ywar, <
and | .
BI6) = f / (t — 0% F()dr, x <b
respectively , where I'(.) is Gamma function and its definition is I'(a) =[5 e “u® " 'du. Itis

to be noted that  J%. f(x) = J) f(x) = f(x). In the case of o = 1, the fractional integral re-
duces to the classical integral.

Properties relating to this operator can be found in[16] and for useful details on Simpson’s type in-
equalities connected with fractional integral inequalities.

the interested readers are directed to[17] ,[18],[19] ,[20].
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3 Simpson’s type inequalities

3.1 Introduction

Our aim in this section is to give some improvements and furture generalizations for Hwang
and Shahid Qaiser et al [21] results, which are of trapezoid type via (s,m)—convex functions
in second sense.

After that, we introduce some inequalities of midpoint type via (s,m)—convex function.
Interested readers are directed to [22],[23],[24],[25],[26].

In [27] Hudzik and Maligranda considerd, among others, the class of functions which are
s—convex in the first and second sense.

Definition 2. A function f:[0,00) — R is said to be s—convex or f belongs to the class
K; if

flux+vy) <u’f () +v°f (y) (13)

holds for all x,y € [0,00),u,v € [0, 1] and for some fixed s € (0, 1]

Note that, if u* +1v* = 1, the above class of convex function is called s—convex in the
first sense and represented by K! and if u+v = 1,the above class is called s—convex in the
second sense and represented by KS2

In [28] V.G.Mihesan presented the class of (s,m) —convex fuction as reproduced below:

Definition 3. The function f :[0,b] — R is said to be (s,m)—convex, where (s,m) €
[0,1]?, if for every x,y € [0,b] and 7 € [0, 1] we have if

flx+(1=0)y) <'f (x)+m(1=2") f(y) (14)

Note that for (s,m) € {(0,0),(s,0),(1,0),(1,m),(1,1),(s,1)} one receive the follow-
ing classes of functions respectively: increasing, s—starshaped, starshaped, m-convex and
s§—convex.

where (o, m) € [0,1]?, for some fixed s € (0,1].

3.1.1 Inequalities of Simpson’s type for (s,m)—convex

In order to prove our main results via (s,m)—convex function. we need the following
lemma.

Lemma 1. Let I C R be an open interval, a, b € I with a <band f: [a,b] — Rbea
differentiable function such that f'is integrable and 0 < a <1on (a,b) witha <b.If
|f| is convex on [a,b], then the following integral inequality holds:

£ [r@ +ar (“50) w0 - S s -+ st

6 2 2(b—a)”
b—a o
< SaiT Ly +Ly +(2%— 1)(Ls+ Lg)],
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Ly = [y (1 =3(1—0)*) f(th + (1— 1)%L)dr,
Ly = [ L1 = 3(1—0)%) f(ta + (1 1)%L)dr,

Theorem 7. Let I C R be an open interval, a,b € I with a <b and f : [a,b] - R
be a differentiable function such that f’ is integrable and 0 < o < 1 on (a,b) with
a <b. If|f'] is (s,m)—convex on |a,b], then the following integral inequality holds:

sl var (50) ] - s e g s

< |{mlr@l camon - 0] e}

+{2(2i43_1) |£'(@)] mz(](?a:]y;) )'+ 2(2];43—1) ‘f/(b)‘}] 1
1

1
w = [
0o |6

(l— v)s—H (X(l— v)s+2 (1_ V)S-H

(s+1) (s+2)  3(s+1)
1 o 1

26+1) 2342  6(+1)

a+ b
2m

f1(

’dt

(1 =3(1—1)%)dt

- H/Olv (B(1—1)*—1)di+ 1iv(l -3(1— t)a)dt}
11 o 1
= 5 3V G T 20+ 1)’
M; = 2(2;1)/01 1— (1+0)* +2(2a3_1) rdt
22— 1) 1 a(c— 1) (- 1)
T 3(s+1) C A 6+2) TGt
C2(s+2)(2* = 1) 3o (s+ 1)
6(s+1)(s+2) ’
L[t 2(2%— 1) ! o 2(2%— 1)
My = U (1— (14 )%+ 3 >dt+ L <(1 +1)"— 1— 3 )dr]

Gtx+1

1 a, 1
3 (za—l)](“‘ Ve et er @ <2 ' 2>




Proof. Using (s,m)— convexity of |f’|, for allt € [0,1],we obtain

’J1| < /()12(1—3(1_t)a)’f/<[b+ (1—[)(1—;19

= [ a0 0o s mo- o

)|dt

1 a
/O é(l— 3(1—1)%) {ts\f’(b)\ +m(1— %) | f( ;_mb)‘}dt
= O] o= )| D)
A A R [T TR L1

= [ HB0 0T )@ tm - O
1 a
< [ g6a-om- n{eir@] +mt- o) E ) La

,,a+ b
el

s < ZQ;;04101+g“—1_2@:‘”>x

b+ (= 0 Da

- s, (00t 125

,,a+ b

F®) +m(1= ) ) ar

= 2(21—1)/ (“ “)“‘1—2(2:_1)>X

{e1rol wm - bar

= Ml‘f’(a)’ —|—m(M2— Ml)

2m
M , m(Ms— M) |, a+ b
B 2(2063—1) @)+ 2(240t—1)3 S )"
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| < 2(2;_1)/01 <(1 )% 1—2(20;_1)>><

Fa + (-2 jar

= 2(2;_1)/01 <(1 +6)%—1— 2(2:_1)>><

/! s\ £/ b
1 @) +m(1 = )7 (52 ar

< 2(2;_1)/01 <(1 Lo 1_2(2:‘1)>x

el @] +mi— ) D L
2m

B M , m(M4—M3) ,,a+ Db
T 2201 @l + 2ae=1) | |
Remark 1. If we take o« =s=m= 1 in Theorem 7 then inequality (15) reduces to inequality

(5)-

The corresponding version for powers of the absolute value of the derivative is incorpo-
rated in the following theorem.

Theorem 8. Let I C R be an open interval, a,b € I with a < b and f : [a ,b] — R be a differen-
tiable function such that ' is integrable and 0 < a < 1 on (a, b) witha <band 0 < A <1. if
|f'|7 is a convex on [a,b], with g > 1, then the following inequality holds:

(1 502) £ (57) AT Sz sy s

,(a+b
()

,(a+Db
()

Proof. Using the well -known power -mean integral inequality for ¢ > 1, and convexity of
|f'|7 we have

(b— a)
a

<

q\ 1/
(Mz)l—l/Q{<M1 |f ()" +m (M, — M) ) + <M1 |f' (a)|" +m (M, — M)

,(a+b
()

,(a+Db
()

(16)

)}
)]

a\ /4
+ (M4)1—1/‘I{<M3‘f/<b)‘q+m(M4—M3> > + <M3‘f’ (b)|q+m(M4—M3)

sl < (/01 L1301 -0 dt>11/q
X (1 =301=09||f (b +0 -1 dt
(4 ( 5)fa)”
< (/01 é(l -3(1-1)%) dt)ll/q

a+b
m

(1 =301 -10% )

(s

q 1/q
o)

{f\f’(b)\q (1 — )| £

q> 1/q

a—+ b

< (Mp)' Ve <M1 £/ @) +m(My — My) o

f( )
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1-1/q
dt)

f <ta+ (1 - t)a er b)

1-1/q
dt)

{ts 1f'(@)|"+ m(1 — )

L1
lJ| < (/
0

AU %)

><</01 é(l - 3(1 —1)%)
(L

8(1 -3(1 = 1%

(G

L= si-nm)

q 1/q
dt)

,,a+ b
)

q) 1/q
)1 1/q

b
’ (rb+ l—t)a;r >

1-1/q
dt)

)" + m@1 — )

f’(azmb >1/q

<(1 + )% -1 — 2(20‘1)) dz)l_l/q
1)

3
<(1 +0)%—1 — 2(2(13_ ‘f;(lt/a+(1t)a—;b>
> g

f( ”) )”"

Remark 2. If we take o =s=m = 1in Theorem 8, then inequality (16) reduces to inequality
as obtained in Proposition 2.(see inequality (7))

IA

q 1/q
ja)

a+b)
2m

IN

£

(M) (Ml F@| + m(y — M)

< Galh
(i
< (sw=h
(s

(M4)1—1/q <M3‘f,(b)’q + m(M4 B M3)

o s (i
(oo
S
Y,

(My)' 1/ <M3 |1 (@)|" + m(My — M3)

|77

((1 + 0% —

q 1/q
dt>

((1 +0)% —

((l—i-t) —1—

a—+ b

D)

)l
)
) 1
=20 Jo)”

<(l+t) —1—

IN

((1 + 1% —

IN

This completes the proof.

In the following theorem , we obtain estimate of Simpson’s inequality for concave functions.
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Theorem 9. Let f : [a,b] — R be a differentiable function on (a,b) such that f' € L' |a,b]. If
|f'|2 is concave on [a,b)], for some fixed q > 1 then the following inequality for fractional inte-
grals holds for o >0 :

5@ 437 (52) + o) - St re) + g sla)

6 2 2(b—a)®

<oy, { r (Msb - <M2M—2 Ms) (“éb)>|+ r (Msa - <M2M—2 Ms) (W)) ‘}
M, (2a _ 1) f/ (Méa + (M4M— M6) (‘1+2b)>| N f’ <M6b + (M4]VI— M6) (anrb)> u '
4 4
(17)
Ms = /01 é(l =3(1 —1)%)|edt
—6(1 —v)(v)*"! 6(v)*+2 (1-v)?
(+1) C(a+1)(a+2) 2
3 1

* (a+1)(a+2) 2

2(2%— 1
1 —(1+ 0%+ 227- Vg

1 1
My = ——
6 2(2a—1)/0

3
(- 1?7 2(0)*'(c -1 2(0)**
B 3 (a+1) 29=1) " (a+2)(a+1)(2%—1)
(6— 1) 1
+2(2a—1) C 2(a+2)(a+1)(2%—1)
(2(x _ 1) 2a+1 2oc+2 1

6(2—1) "2(a+1)(2%—1) 202°—D)(a+2)(a+1) 4(2¢—1)"

Proof. Using the concavity of |f'|7 and the power -mean inequality, we obtain

e+ (1= ol
(e + (1= lf ).

1

IN A

Hence

[f(tx + (1 = )< o f/ )] + (1 =)' O)].

So |f’| is also concave . By the Jensen integral inequality , we have
S(1-3(1- 1%

il < </01 : dl) r (fol [g (1 =301 0%)]eb +(1- r>“;b>dt>‘

fol\%(l— 3(1—1)%)|at
, [ Msb + (M, —Ms) (452)
f 0 .

:Mz
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Lo o |8 =31 %) |(ta+ (1—1)4FL)dr
</0 6(1 3 t))dt>f< Jo [l (1=3(1—1)%)|ar

, [ Msa + (M, —Ms) (“52)
f i .

10 < (2(2;_1)/01 <(1+t)0‘_1 _2(2"‘3—1>> dt)
r m%lK(H‘f)a—l —%)‘(mjL (1—1)

sy o | (140 = 1= 225203 | r

, <M6a+ (Mg — M) (HJE )> ‘
a|f M :
2(2% —1)>

=M
Vii| < (2(2;_1)/01 <(1+ n%—1- 3 dt>
s o | (1 0% = 1 =265 @b +(1- )

sy o [(( 407 =1 2250 [ an
F Meb+ (Ms— Me) (“52)
4 M, .

| Jo|

IN

=M,

a—gb)dl

agb)dl'

/!

=M

This completes the proof.

Corollary 1. If we take o =1 in Theorem (9), then inequality (17) becomes as:

[er@ + 27 (“50)+ g - ot [ s

_ 5(b-a) [ ,(29a;)61b>‘

- 72 90

. f,< 6la-+ 29b)H' a8)

Discussion
We have presented some generalizations of the inequalities of Simpson’s type for differentiable
mappings in the sense of (s — m)-convex functions utilizing Riemann-Liouville fractional inte-
grals, which refines the results of [21], Theorem 2 inequality (5), S. Qaiser [21] Theorem 3 in-
equality (7). From Corollory, it is clear that Theorem 8 for a specified value refines M.Alomari
[Theorem(8),[29]].
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4 Hermite-Hadamard’s type inequalities

4.1 Introduction

This work brings results together for inequalities of Hermite-Hadamard’s type and thus giving explicit
error bounds in trapezoidal and midpoint rules. Interested reader can read [30],[31],([32].[33]).([34]).
In this chapter we refine inequalities of Hermite-Hadamard’s type via (s,m)—convex function [13].
Some error estimates for the trapezoid and midpoint are obtained in terms of firts derivative.

Let us introduce some notations, these are very helpful to express our results in compact form.

4.1.1 Inequalities of Hermite-Hadamard’s type for (s,m)—convex
In order to prove our main results via (s,m)—convex function. we need the following lemma.

Lemma 2. Let I C R be an open interval, a,b € I witha < b and f : [a ,b] — R be a differentiable
function such that ' is integrable and 0 < ot < 1 on (a,b) with a < b,then the following identity for
Riemann—Liouville fractional integrals holds:

(1 Z2)r(“52) + h2O IO Tt D)+ )
b—

<
— 2(x+1

[Ll + L, + (L3 + L4)],

where fl[l * — Al f (ta+ (1 -
=[x - 1—t)°‘]f(tb+(1
1[2a — A= 2-0"r(
L4_f0 A — 2%+ 2 = )% f (1L +(1 - 1)b)ar.
t

Proof. Integrating by parts and substituting u =ta + (1 — )a;b
—/ (1 —1)” —k]f(taJr(l—t)anrb)d;
C2[(1 = )% = A]f(ta + (1 — )*FE)dr)'
B a—>b 0
2 1 o b
+c¢_(xz?/() (1-1) f(’C’JF(l—f)anr >dt
_ 22 2(1 = A) .(a+b 20+ 1y e "]
. af(a> + b—a f< ) > - (b—Cl)aH/a (M — Cl) f(u)du
Analogously
22 2(1=A) ,(a+ b 20+ 1g b .
szb_af(b)‘i‘ b—a f( D) ) - (b—a)a‘l‘l/a;rh(b_u) f(u)du
22 20 =1 —A), [a+b 20+ 1 atb .
13*b_af(a)+ b — a f( ) )_(b—a)a"‘l/a (b—u) f(u)du
27 22%—=1-A) . (a+b pa+l gy b .
Iy = b—af(b)+ b a f( 2 >— (b—a)o /a;b (b—uw)""" f(u)du

Multiplying above equalities by %, then adding , to get required identity.
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Theorem 10. Let I C R be an open interval, a,b € I with a < b and f : [a ,b] — R be a differ-
entiable function such that f' is integrable and 0 < ot < 1 on (a, b) with a <band 0 < A <
1. If | f'| is a convex on [a,b], then the following inequality for Riemann—Liouville fractional inte-
grals holds:

'<1 . ;;L)f(“ + ”) @S T@ D) e gy e )

2 20 2(b — a)*
< HQI |f'(a)| +2m(Q2 — Q1) f’(“;mb)’ + Ql\f’(b)!}

f’(“;,;b)‘ + 0; M(b)\H - 19)

+ {Q3 1£(@)] + m(Qs — 03)

_ ! a S 7. (s)! A
Ql—/()'(l‘t) S A = T G+

1 — 2(1 _ C)(XJrl

1
0 :/O (1 — )% —Aldr = o (1= 2002,
1 o o B 2(1 B o 1 B o B A,
Q3_/0 e T B rrwray Ry s v Bl sy
T e A I LA
0: = [ p*—@-n*-a|di= —t L -0 - 28)
where {=1 - Aa and E=2 - (2% - )L)i

Proof. Using (s,m) convexity of |f’|, for allz € [0,1],we obtain

Llos [0t Al + 0 -0t
= [0 - Do)+ m - e
< [ om-n{eirol - ol b
=l s 0|,
1 a
Ll < [ -0t -a)ira 0 -0t
= [0 - pEr@ + om0 -
! a s | gt o| @t Db
< [ - nleir@l vm -l b
- alf@] +m@ - o0t
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Ll = [ e - -0t -n{ire + o -0 b
= et e-om - n{ere) o0 - el hha
< /01(2“—(2—t)" l){ts}f | +m1—t)f(a2+mb)‘}dt
= O3|f'(b)| + m(Qs — Q3) f’(a;nb)’-

Ll o< et e-o-nfire s a -0 S Ola
! a a s gl o @+ Db
= [ e -n{Er@ v n - oS Dila
1
< /O(za_(z_t)a—z){:s]f’(a)\ m(1— 1)

= ailr@] +mie - o|r*5h)
Corollary 2.
a+b fla)+£(b) 1P
(=SB [ pa|
< (2R -+ 11 £ @]+ FB)).

(20)

Remark 3. If we take A = 1 in inequality 20 then inequality (20) reduces to inequality (8).

Remark 4. If we take A = 0 in inequality 20 then inequality (20) reduces to inequality (9).

The corresponding version for powers of the absolute value of the derivative is incorporated

in the following theorem.

Theorem 11. I C R be an open interval, a,b € I witha < b and f : [a ,b] — R be a differen-
tiable function such that ' is integrable and 0 < a < 1 on (a,b) witha <band 0 <A < 1. if|f'|

is a convex on [a,b|, with q > 1, then the following inequality holds:

(- 32) r(757) + A1 e+ st

/ q /1 (a q 1/a
0u- 1 (Qilf @I +m(02 — onlf (552)]") L
+ (Qulf O +m(@: — o] f (5:2)])

oy ] (@IFER E e - eor@r)”
(0l (52 + mios — 0)lF @)

<

29

(b— a)

2D



Proof. Using the well -known power -mean integral inequality for ¢ > 1, and convexity of

|f'|7 we have
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Corollary 3. Under the assumptions Theorem 11, with o0 = s =m =1, A = 0 in inequality (21),

then the following inequality holds,
— 1 2 a+b\|? : 1 2 a+b
a / / ! / /
- z - b el

'f<“+b>bia/abf<x)dx

Corollary 4. Under the assumptions Theorem 11, with o =s =m =1, A = 1 in inequality (21),

then the following inequality holds,
1
—al(2, , 1|, (a+b\|"\7 2. . 1|,[(a+b
z z z b Z
[<3|f(a)|+3f< : ) )+ Girors sl (4

Corollary 5. Under the assumptions Theorem 11, withaa =s=m=1,A = 3 in inequality (21),
then the following inequality holds,

‘ {2f<a+b>+f();f } - a/f y
(r@+ 2 (42 )‘1’ ( by 22 (;b)”

Theorem 12. Let I C R be an open interval, a,b € I witha < b and f : [a ,b] — R be a differ-

entiable function such that f' is integrable and 0 < . < 1 on (a,b) witha <band 0 <A < 1. If

lf \é for g > 1 is a convex on [a,b], then the following inequality for Riemann—Liouville frac-
tional integrals holds:

q 1/q
dt)
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This completes the proof.
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Proof. Using the concavity of |f’|7 and the power -mean inequality, we obtain

A1 < Af1T + (= )l
< df1? + (1= 0lf "

Hence
[f'(tx + (1= 0)y)| < t|f' ()] + (1 =) f )]

So |f'|is also concave . By the Jensen integral inequality , we have
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This completes the proof.
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Remark 5. Under the assumptions Theorem 12, with & = s = 1, A = 1 in inequality (22), re-
duces to inequality (11).

Remark 6. Under the assumptions Theorem 12, with oo = s = 1, A = 0 in inequality (22), re-
duces to inequality (12).

Corollary 6. Under the assumptions Theorem 12, withx =s=1, A = % in inequality (22), then
the following inequality holds,:

@+ 2 (2 + 470 -1 [ rtoas

5(b—a) [|,, (29a+61b , (6la+29b
(Bl ()] e
DISCUSSION.

72
In this chapter, we highlighted the function of convexity as well as convacity and established some
inequalities for celebrated HermiteHadamard type integral for differentiable mapping, which are
associated with (s,m) — convex function utilizing Riemann-Liouville fractional integrals. It is clear
that Theorem 4 under a specified value refines S. S. Dragomir [13], Theorem 5 presents new results
see Corollory 3,4 and 5 and Theorem 6 refines G. S. Yang [15].
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