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Abstract 

 

 
Mathematical inequalities contribute highly to error estimation. In the 

past few decades, many authors have done their studies about the error 

analysis of some quadrature rules of Newton-Cotes type. Moreover, 

Convexity is highly recognized for its vital and primary task in the 

expansion of numerous section of mathematics, for example, 

mathematical finance, economics, management sciences and optimization 

theory. Hence, in this dissertation we are focusing on the detailed studies 

of the function of convexity in the theory of inequalities and 

generalizations of new integral inequalities for differentiable mapping 

along with the Simpsons type as well as Hermite-Hadamards type. Here, 

we derive some explicit bounds for the mid-point, Trapezoid and 

Simpsons quadrature rule with the aid of modern theory of inequalities 

and general Peano-Kernel approach in coherent with the convexity 

(s,m)−convex at most first derivative. 

In our monograph we shall generalize some integral inequalities for 

generalized convex function and,  in parallel,  developments shall be 

made on concavity. 

With the above mentioned technique, we are able to focus on the larger 

classes of functions allowing us to conduct different quadrature rule that 

have restrictions on the behavior of the integrand. By applying the Holder 

inequality and power mean equality, different generalizations and 

melioration for a formal inequalities and differentiable mapping of the 

functions where the function under specific condition is convex are 

considered. The results presented here extend various inequalities of the 

Simpson’s and Hermite-Hadamard. 
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1 Preliminaries and Introduction
In the field ofimathematics, theiterm ’inequality’iindicates ani inconsistencyiconcerning
twoi inequalities, which isiapplied toiimitate theiassociationibetween two substances. There-
fore, an ’inequality’iis merelyitwo quantitiesithat areiequivalent withieach other. As cal-
culus started toisurface in the 19th century,ithe positioniand function of thei inequalities
graduallyibecamei vital and iimportant.
When referring toimodernimathematics, inequalitiesipractically playsian imperativeipart in
all areas ofi mathematics. There areinumerous applicationsiof inequalitiesithat are discov-
erediin a varietyiofisciencesifieldsisuch as,iphysicaliandiengineeringisciences.
Withinithe numericaliinvestigation ofia definiteiintegral ofia realifunction f (t)iover an in-
terval [ai,b],ithe estimationiis incrediblyia remarkable predicament.iFor thatireason, nu-
merousiways haveiemerged iniliterature toisolve thesei predicaments there of,iintroducing
us ito oneiof the mosticommon process used,iwhich is the iNewton-Cotes formulasi(for
example Simpson,i trapezoidal, andimidpoint, formulas).
Therefore boundsifor theseiestimations dealsiwith theiinvolvement ofihigher order deriva-
tives, such as, forithe midpointiand the trapezoidaliformulas, the erroribound dealsiwith
theiinvolvement ofia second-orderi derivative.
Specifically,ithe erroribound ofiSimpson’s approachideals with theiinvolvement ofia fourth-
orderiderivative, and forithat reasonithis approachiencompassesinumerousidifficulties. Fori
instance, itiexpects countlessidifferentiation (Letisay ourisupposition the iderivatives hold),
with boundediderivatives, thatibuilds andicreate thisiset of functionsito beiineffective and
rigid inisolving suchiconundrum.
Latest developments show that the usage of modern theory of inequalities is exercised
largely and that a lot of dedicated and committediwork is beingidone iniorder to insti-
tuteimoreithan a fewigeneralization ofithe Simpson’s, trapezoidiandimidpoint, these are
intendedifor mappingiof boundedivariation andifor Lipschitzian,i monotonic, and abso-
lutelyicontinuousimappingiadditionally forin-times differentiableithrough kernelsito purify
the erroribounds ofiexistingiinequalities.
This dissertationiis highlyifocused oniinvestigating, numerousiinequalities modification iof
Simpson’s andiHermite-Hadamard’sitype using iconvexity,i(s,m)−convex, functionsiand
consequently, getiexact boundsiutilizing the Peanoikernel approachiand the modernitheory
ofiinequalities toiattain overtiand unequivocalibounds.
The involvementiof theseierror boundsiwere derivedisimply up toifirst derivative.
With theiapplication ofi Hölder andi power meaniinequalities, andioverview ofithe ac-
quiredioutcome were ito be measured.iMoreover,idevelopmentsifor theiprimal inequalitiesi
in theiliteratureifor functionsiunder specifici conditioniare convexiareispecified. Lastly,
ainumber ofierror estimatesiand some specialimeans foritrapezoid, midpointiand Simp-
son’sirules will bei derived.
By allimeans, this williallow thisithesis toiimpart on aistudy of variousiprominent and pri-
mary inequalitiesiinvestigated byiHermite-Hadamard,ithrough theidifferent formsiof con-
vexifunctions. It willithen be ableito bringiabout inithis areaiof researchia numberiof re-
centidiscoveries, andiin doing so, withinia cohesiveitime frame.

2



1.1 Problem Statement
The focalistatement of this dissertationiis committediinto institutingiand conferring nu-
merous inequalities ofiHermite-Hadamardivia Riemann Livouilleifractional integralinature
throughi the usageiof theidifferent typesiofi convexitiesi, like asi(s,m)−convex function.
We areithen ableito acquireiinequalities referredito aboveiby meansiof these convexities.
Moreover, iniplaces whereithe trapezoidi, midpoint andiSimpson’s quadratureirules isinot
functional,iit willibe conferredito withinithis dissertation.

1.2 Aims and Objectives
The problemirelated toithe expansion ofiintegraliinequalities thatipresent erroribounds on
theiphysical magnitudes.iThat is, inequalities ofiHermite- Hadamard’s type areiaimed toibe
overseen inithis dissertationiin such a iway:

1) To expand theifunctioniof convexityiwithinithe theory ofiinequalities.

2) Deliberationiof distinctiveiinequalities, thus, isicreatingiwithin theitheory of opti-
mizationi the evidentirelevanceiof theseiinequalities.

3) Deliberationiof specialimeansiwith relation toiitsipurpose inidiscovering unequivo-
caliconnections ofithese means.

4) The estimation ofithe optimal error boundifor such inequalitiesiunder theiassumptions
undericonsideration.

5) Extending theivariations ofiHermite-Hadamard’s type therefore, working on to achieve
some moreiinequalities ofiHermite-Hadamard’s type.

6) To presenti someinew iinequalitiesiof iHermite-Hadamard’siutilizing different kind
oficonvexity (suchias (s,m)−convex).

Thisidissertation isiattempt towardsisimplifying someifindings oniHermite-Hadamard
typeiinequalitiesivia RiemanniLivouille fractionaliintegralitaking the viewithe above nar-
rativei aims. The tracksiin which theigeneralized versions of Hermite-Hadamarditype in-
equalities viaiRiemanniLivouilleifractionaliintegral are aimedi to be appliediare its uses ini
numerical integrationiand some specialimeansi will alsoibe given.

1.3 Invesgative Technique
With theiusage of twoisets of convexitiesichartered collectivelyiand the generaliPeano ker-
nel andiMontgomery distinctiveness,ithey are used in termsiof secondiderivatives of aireal
functions toicreate alternativeiinequalities of Hermite-Hadamarditype via Riemann Livouille
fractional integral.
With the application ofithe Hölder andipower-mean inequalities, numerousigeneralities,
alterationsiand developments forithe equivalent formiof power of these inequalitiesiare
measured. Asia result, ainumber of newierror estimatesifor some quadratureirules andifor
someispecial meansiare derived.
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1.4 Summary
Thisidissertation setiout to introduce theigeneralization andiapplication ofiinequalities in
relation to theiHermite-Hadamardiand Simpson’s type. In order toiacquire such general-
izations, it hasibeen takeniinto accountito adjust andialter the Peanoikernel concernediby
bringing intoibeing arbitraryiparameters. The dissertationicomprisesifour chapters.
This brieflyidescribes asiunder:

Chapter 1 depicts anioutlineiof where theiincentiveiand aimsiare identifiediwithin the
study.

Chapter 2 illustratesinumerous basic concepts oficonvex functionsias wellias a num-
ber ofiits properties. Leadingion toithe briefidiscussioniassociated withiseveral modifica-
tionsiand generalizationsiin relation toiprior studiesiapplicable to theiHermite-Hadamard
and Simpson’s type.
It is withithe full intention ofirecapitulating ainumber ofichorologicalicontributionsiby sev-
eraliresearchersithat hasifused integraliinequalitiesiwith erroriestimations.

Chapter 3 presentsithe differentimodifications, improvementiandinewivariations ofithe
Hermite-HadamarditypeiinequalitiesiviaiRiemanniLivouilleifractionaliintegral through con-
vexiand (s,m)−convexifunction.

Chapter 4i initiates theisome findingsiregarding toithe currentistudy withirefrence to
Simpson’s typeiinequality. Moreoveri, severali modifications, improvementiand new vari-
ationsiof the Simpson’sitype type throughi(s,m)−convexifunction are considered.
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Chapter 2
Literature Review
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2 Literature Review
Weistart thisisection byinarrating someiimportant integraliinequalities giveniin ([1], i[2])
and theirifurther developments. To startiwe would like to introduced some notions with
some assumptions.

2.1 Function
In mathematics, a functioniis a relationibetween aiset of inputsiand a set ofipermissible
outputsiwith theiproperty thatieach inputiis related to exactlyione output. An exampleiis
the functionithat relatesieach realinumber y toiits squareiy2.
In mostifields ofimodern mathematicsivarious typesiof functionsiare regarded asi”the cen-
traliobjects of investigationi”. A functionican beirepresented oridescribed in ainumber of
waysi. A formula orialgorithm hasialso been usedito define someifunctions byiexplaining
thatihow to computeithe outputifor a giveniinput. As well asiother functionsiare defined
byia picture, calledithe graph ofithe function.

2.1.1 Definition

A functioni f fromi A to Biis a subset ofithe Cartesian productiA×Bisubject to the follow-
ingi condition:ievery elementiof A is thei firsticomponent of oneiand onlyione orderedipair
inithe subset.

2.1.2 Examples

(1) 2x1i+3x2 = i6 is a function,i because you cani solve for x1i:

2x1i+3x2 = i6

2x1i =−i3x2i+ i6

and
x1 = i

−3
2

x2i+3

(2) On theiother hand, z2i+3t = i6 is not a functioni, because you cannotisolve for aiunique
z.

z2 + i3t = i6

z2 = i−3ti+6

z =±
√
(−i3t + i6)

(3) The equationia = b2 is notia function becauseiboth (1,1) andi(1,−1) satisfy the equa-
tioni, and a functioniby definition cannotihave twoidifferent b-valuesifor the same aivalue.
(4) The domain is chosenito be theiset of naturalinumbers(1,2,3,4...)i, and the codomaini
is the set of integersi(...,−3,−2,−1,0,1,2,3...)i.The function associatesi to any natural
numberin the number 4− in. For example, to 1 itiassociates 3 andito 10 it associatesi−6.
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2.2 Continuity
A function whichiinstinctively leadsito small changes inioutput as resultiof small changes
in inputiis defined as aicontinuous function([3]). If notia function isisaid to beia ”discontin-
uousifunction. A continuousifunction alongiwith a continuousiinverse function isiknown
as ”bi-continuousi”. functions continuityiis one of theifundamental notionsiof topology.
A functionifrom the setiof real numbers to theireal numbers canibe representedibyia graph
in the Cartesianiplane, such aifunction is continuousiif, the graphiis a single unbrokenicurve
with noi”holes” ori”jumps”.
When weiplot functionivalues generatediin a laboratoryior collectediin the fieldi, we of-
teniconnect theiplotted pointsiwith an unbrokenicurve to show whatithe functions valuesiare
likely to haveibeen at theitimes we did noti measure. In doingiso, we are assumingithat
we areiworking with aicontinuous function, so its outputsivary continuouslyiwith the in-
putsiand do notijump from oneivalue to anotheriwithout takingion the valuesiin between.
The limit of aicontinuous functionias x approachesic can beifound simply byicalculating
theivalue of theifunction at c.
Any functioniwhose graph withoutilifting the pencil, can be sketchediin one continuous
motioniover its domainiis an exampleiof a continuousifunction. Now what it meansifor a
function toibe continuous weiscrutinize it moreiaccurately.
What is Continuity?

2.2.1 Definition

The functioni f is continuous at someipoint c of its domainiif the limitiof f (y) as y ap-
proaches c throughithe domain ofi f exists andiis equal toi f (c). In mathematicalinotation,
thisiis written as

lim
y→ic

f (y)i = f (c)

In detail thisimeans three conditionsi. first, f hasito be definediat c. Second, the limitsion
theileft handiside and right hand side ofithat equation has toiexist. Third, theivalue ofithis
limit mustiequal f (c).

2.2.2 Examples

(1) Theifunction

f (t) =
2ti− i1
ti+ i2

is defined foriall real numbersit ̸= −2 and isicontinuous at everyisuch point. The ques-
tioniof continuity atit =−2 does notiarise, since t =−2iis not in the domain of f .
(2) The sineifunction g(t) = sinti

t defined for all t ̸= 0iis continuousiat theseipoints.
(3) Theifunction

f (t) =
{

ti+i1
ti−i1

i f t>2i
i f t<2ii

Here.
Wheni t > 2, f (t) = t + i1 is a polynomial, so it is continuousi. When t < 2, f (t) = ti− i2

7



is alsoia polynomial, so itiis continuous. At t = 2i, f is notidefined, so itiis not continuous.
Thus, f is continuous everywherei, except ati2.

2.3 iDifferentiation
In calculus, a derivativeihelps to determineithe rate atiwhich a functioni changes, and itiis
regarded as oneiof the mostiimportant ideasiin calculus. There areinumber ofiapplications
ofiderivatives asiit isiused to calculateivelocity andiacceleration, to setilevels ofiproduction
so asito maximize, efficiencyito estimate the rateiof spread ofia disease, andifor many
otheriuses. With theihelp of derivativeiwe can estimateicomplicatedifunctions.

2.3.1 The Derivativeias a function

The derivativeias a functioniderived from f iby considering theilimit at eachipoint of the
domainiof f .
Defination
The derivativeiof the functioni f (x) with respect toithe variable xiis the function f ′ whose
valueiat x is

f ′(x)i = lim
hi→0

i
f i(xi+ ih)i− i f (x)

h
provided theilimit exists. Theidomain of f isithe set of pointsiin the domain ofi f for which
theilimit exists, andithe domainimay beithe same orismaller thanithe domain ofi f . Ifiexists
at a particularix, we sayithat f is differentiablei(has a derivative)at x. Ifiexists at every
pointiin the domainiof f , we calli f differentiable.

2.3.2 Differentiable onian interval;iOne-sided derivatives

A function y= f (x)iis differentiableion an open intervali(finite or infinite) if itihas a deriva-
tiveiat each point of theiinterval. It is differentiableion a closed intervali[a,b] if itiis differ-
entiable on theiinterior (a,b)iand if the limits

lim
h→i0+

f (ai+ ih)− i f (a)
h

Right-handiderivativeiat a.

lim
h→i0−

f (bi+ ih)− f (b)
h

left-handiderivative at b.
exist at theiendpoints. Right-hand andileft-hand derivativesimay be defined atiany point
of a functionsidomain. A functionihas a derivativeiat a point if andionly if it hasileft-
handiandiright-handiderivatives there,iand theseione-sided derivativesiare equal.

2.3.3 When doesia functioninot haveia derivativeiat a point?

How aboutia function thatiis continuous alliover but is notidifferentiableiin all places?.
Theseiresults prettyioften with piecewiseifunctions, althoughitwo intervalsimight be con-
nected, the slope canichange radicallyiat theirijunction.
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2.3.4 Can weidifferentiate anyifunction anywhere?

The Functionsithat look likeistraight lines inithe neighborhoodiof the pointi, (at which
youiwant to differentiate), toithose functionsionly the differentiationican be applied. Dif-
ferentiatingiis findingithe slope ofithe line. It looks likei(the tangentiline toithe function
we areiconsidering). No tangent lineimeans no derivative. Alsoiwhen the tangent lineiis
straightivertical theiderivative would beiinfinite and thatiis no good either.

2.4 Integration
Integration isireferred as an elegantitechnique or tooliwhich is usedito calculateithe vol-
umes andiareas of general shapesilike spheres, conesietc. As aitool its usabilityirange is
very wideibecause itsiuse is notirestricted up to calculationiof areas andivolumes butialso
haveinumber of applicationiin severaliother fieldsilike sciences, engineeringi, and statis-
tics. Basicallyithe concept at theiback of integration isithe effective computationiof sev-
eral quantities byisplitting them inismall piecesiand then summingithe contributionsifrom
eachismall part.

2.4.1 Estimating withifinite sums

Finiteisums areieffectively estimate theiarea average, valuesiand the distance thatian object
covered overitime. Finite sumsiplay key role iniorder to define theiintegral. By taking sum
of collectioniof rectangle areas, theiarea of a regioniwith a curved boundaryican be esti-
mated. Moreirectangles can contributeitowards the moreiaccuracy ofithe approximation.

2.4.2 Indefinite integral

An anti-derivativeiof a function g isia function G, if G′ = g. Iniorder to findiout func-
tion gianti-derivative, mostioften we can reverse theiprocess ofidifferentiation. The no-
tation usedito refer to anti-derivativesiis the indefinite integral.

∫
g(t)dt meansithe anti-

derivativeiof g with respect toit . If G is anianti-derivative ofig, we can write
∫

g(t)dti =
G+ ic, where c isiknown as theiconstant of integration.

2.4.3 Definite integral

The definite integralithat is used toirepresent the left-handiand right-hand approximationsiis
a suitableinotation.

∫ b
a g(x)dx meansithe area of theiregion boundediby g, the y − axis

andithe lines x = a and x = b. Writing
∫ b

a g(x)dx isiequivalent toiwriting

lim
n→∞

n−1

∑
k=0

g(ck)∆xk

on theiinterval [a,b].
Where ∆xk is the width of kth rectangle and ck is the x-coordinate of the point where the
kth rectangle touches g(x).
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2.4.4 Integrable and non-integrable functions

That functionsiwhich are continuousion the intervali[a,b] are integrableion that particu-
lariinterval and theifunctions which areinot continuous may or mayinot be integrable.
Those discontinuousifunctions thatiare increasingion [ai,b] are includediin integrable func-
tionias well as theipiecewise-continuous functionsiare alsoiintegrable.
There are numerousifunction that areinon-differentiableiin natureifor exampleithose hav-
ingidiscontinuities, sharp turns, andivertical slopes.
Discontinuous functionsiare alsoiknown asinon-differentiable,ithough sharp turnsiand ver-
tical slopesifunctions are callediintegrable.
Let’s say, theifunction s= |t| has a sharpipoint at t = 0, so theifunction isinon-differentiable
atithis point. Though, foriall values of t the sameifunction isiintegrable. Its oneiof the
extremely numerousiillustrations of a functioniwhich is not differentiableibut integrable.
So, theiset of differentiableifunctions is actuallyia subset of the setiof integrable functions.
However, practicallyithe integral computingiof most functionsiis more difficultithan deriva-
tiveicomputation. For integrabilityito fail, a function needsito be appropriately discontinu-
ousiso that the region betweeniits graph and theix-axis cannot beiapproximated well.
Example A non-integrableifunction on theiinterval [0,1] isithe function

g(t) = i
{

1
0

i f t is rattional
i f t is irrational

2.4.5 The mean value theorem for integrals

The mean valueitheorem for integralsiasserts as if g is aicontinuous functionion [a,b], there
exists atileast oneic on [ai,b] suchithat

gi(c) =
1

(b− ia)
i
∫ b

a
g(t)idt

That is to sayithe mean value theoremifor integrals statesithat every continuousifunction,
at least once on aniinterval attains itsiaverage value.

2.5 Integral inequalities
Various type ofiintegral inequalitiesiare utilizediin most subjectsiinvolving mathematical
analysis. They are particularlyiuseful for approximationitheory andinumerical analysis
in which estimatesiof approximation errors areiinvolved. Integral inequalitiesiprovide ex-
plicitibounds on unknownifunctions. Integraliinequalitiesiare a necessaryitool inithe study
of variousiclasses of differentialiand integral equations. Theyiare now usedinot onlyiin
mathematics but alsoiin the areasiof physics, computer andibiological sciences. Many
nonlinearidynamical systems areitoo complicated to beieffectively analyzediby integral in-
equalities. In the study ofiqualitative behavior ofisolutions of certain nonlinearidifferential
and integral equations,isome specific typesiof inequalities are needediin various situations.
([4])
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1. Midpointiinequality:
Thei mid pointiinequalityiisiknown ias∣∣∣∣∫ y

x
ig(t)dti− (yi− ix)g

(
xi+ iy

2

)∣∣∣∣ i ≤ (yi− ix)3

12

∥∥∥g
′′
(t)
∥∥∥

∞

Let g : i[x,y] → R be a twice differentiableimapping such that g
′′
(t) existsion (x,y)

and
∥∥∥ig

′′
(t)i
∥∥∥

∞
= isupt∈(x,y) i

∣∣∣g′′
(t)
∣∣∣ i < ∞.

2. Trapezoid inequality:∣∣∣∣∫ yi

xi
g(t)dti− (yi− ix)

g(x)i+ ig(y)
2

∣∣∣∣ i ≤ (yi− ix)3

12

∥∥∥g
′′
i(t)
∥∥∥

∞

3. Hermite-i Hadamard’s inequality:

g
(

xi+ iy
2

)
i ≤ 1

yi− ix

∫ y

x
g(t)dti ≤ g(x)i+ ig(y)

2
.

4. Simpson’s type inequality:
Let g : [xi,y] → iR be ai four times continuouslyidifferentiable mappingion (x,y)iand∥∥∥g(4)

∥∥∥
∞
= supt∈(x,y)

∣∣∣g(4) (t)∣∣∣< ∞, then we haveithe followingiinequality:

∣∣∣∣[1
6

g(x)+
2
3

g
(

x+ y
2

)
+

1
6

g(y)
]
− 1

y− x

∫ y

x
g(t)dt

∣∣∣∣≤ 1
2880

∥∥∥g(4)
∥∥∥

∞
(y− x)4 .

5. Power means inequality:
Let ribe a non-zeroireal number. We define their−mean or rthipower mean ofinon-
negative numbersia1, ..i.,an an asifollows:

Mr(a1, .i..an) = (
1
n

n

∑
i=1

(ai)
r)

1
r

If r < 0,iand ak = 0ifor some k,iwe definei(a1, ..i.,an) = 0.
The ordinary arithmetic mean is M1,iM2 is theiquadratic mean, M−1 isithe har-
monicimean.
Furthermore weidefine the 0-meanito beiequal to theigeometric mean:

M0(a1, .i..an) = (
n

∏
i=i1

(ai))
1
n

Then foriany real numbersir, s such thatir < s, the followingiinequality holds:

Mr(a1, ..i.an)≤ Ms(a1, .i..an)

Equality holdsiif and onlyiif a1 = i...= ian, or s ≤ 0iand ak = i0 for someik.
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6. Holder’siinequality:
Let [ξi]

n
i=1 and [Φi]

n
i=1 be positive n-tuples and p,q be two non-zero numbers such

that 1
p +

1
q = 1 then

(Σn
k=1ξkΦk)≤ (Σn

k=1ξ p
k )

1
p (Σn

k=1ϕ q
k )

1
q

Equality holds if and only if ξ p
1

Φq
1
=

ξ p
2

Φq
2
... ξ p

n
Φq

n
.

2.6 Convex function
The modern viewipoint on convex functionsiimplies a strong and cleariinteraction be-
tweenianalysis, engineeringiand geometry, making the reader toishare a sense of excite-
ment. In aniarticle R. J. Gardner [5], describedithis reality inibeautiful words ” con-
vexityilike an octopus tentaclesiand changes its color and shape, cruise areaito another
andiobviously, the research opportunitiesiabound”. In recent years, theiconcept of con-
vexifunctions generalized onia largeiscale. Many fields of modern analysisidirectly or in-
directlyiincludes the applicationsiof convex functions.
Someidefinitions, characterizations theoremsiand remarks abouticonvex functionsiare given
below whichiare related to ouriresearch work. (see [5]Ch:1)

2.6.1 Convex set

A set C ⊂ Rn is convex if [αi,β ]⊂C for every α , iβ ∈C then λα + i(1− iλ )β must also
belongito C for each λ ∈ [0,1].
Example:

Let v = (3,2) . show that the set C = {u ∈ R 2 | u.v ≤ 9} is a convex set
Let C = {u ∈ R 2 | u.v ≤ 9}
The set C is convex if for any u,w ∈ C , ∀ t ∈ [0,1],
The point tui+ i(1i− it)w ∈ C , ∀ t ∈ [0,1],
Let u,w ∈ C , ∀ t ∈ [0,1],

(tui+ i(1i− it)w) .v
= (tu).vi+ i [(1i− it)w] .v
= t(u.v)i+ i(1i− it)(w.v)
≤ t ×9i+ i(1i− it)×9
= 9.

2.6.2 Convex function

A functioniΨ : I → Riiis called convex (i.e I ⊂ R)iif foriall ξ1,ξ2 ∈ I andi λ ∈ [0i,1],ithe
inequality

Ψ
(

λξ1 +
(
1− iλ

)
ξ2

)
≤ λΨ(ξ1)+

(
1− iλ

)
Ψ(ξ2),

holds. If theistrict inequalityiholds in aboveiinequality then the functioniis said to beistrictly
convexifunction.
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2.6.3 Concave function

If ”−Ψ” isiconvex then Ψ isicalled concave function.

2.6.4 Geometric interpretation of convex function

The geometricaliinterpretation oficonvex functioniis thatithe graph ofiΨilies belowiits chords.

Ψ
(
λξ1 +

(
1−λ

)
ξ2
)
≤ λΨ(ξ1)+

(
1−λ

)
Ψ(ξ2). (1)

Examples:

• ex, ixp(p ≥ 1,x > 0), 1
x (x ̸= 0)iare convex functions.

• logx(x > 0), isinx(0 ≤ xi ≤ π),cosx(−π
2 ≤ xi ≤ π

2 )iare concave functions.

Remarks:

1. For ξ1,ξ2 ∈ I, p,q ≥ 0, p+q > 0, then

Ψ
(
λξ1 +

(
1−λ

)
ξ2
)
≤ λΨ(ξ1)+

(
1−λ

)
Ψ(ξ2), (2)

is equivalent to

Ψ(pξ1 +qξ2)

p+q
≥ pΨ(ξ1)+qΨ(ξ2)

p+q
.

2. Ψ is bothiconvex and concaveiif andionly ifiΨ(ξ )i = λξ i+ γ , for someiλ ,γ ∈ R.

3. If ξ1, iξ2,ξ3iare three pointsiin I such thatiξ1 < ξ2 < ξ3,ithen 2 isiequivalent to∣∣∣∣∣∣
ξ1 Ψ(ξ1) 1
ξ2 Ψ(ξ2) 1
ξ3 Ψ(ξ3) 1

∣∣∣∣∣∣= (ξ3 − iξ2)Ψ(ξ1)+ i(ξ1 − iξ3)Ψ(ξ2)+(ξ2 − iξ1)Ψ(ξ3)≥ 0,

which is equivalent to

Ψ(ξ2)≤
ξ2 − iξ3

ξ1 − iξ3
Ψ(ξ1)+

ξ1 − iξ2

ξ1 − iξ3
Ψ(ξ3),

or more symmetrically and without the condition of monotonicity on ξ1,ξ2,ξ3

Ψ(ξ1)

(ξ1 − iξ2)(ξ1 −ξ3)
i+ i

Ψ(ξ2)

(ξ2 −ξ3)(ξ2i−ξ1)
i+

Ψ(ξ3)

(ξ3 − iξ1)(ξ3 − iξ2)
≥ 0.
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4. If Ψ is aiconvex functionion I andiif ξ1 ≤ iφ1,ξ2 ≤ iφ2,ξ1 ̸= iξ2,φ1 ̸= iφ2, thenithe
following inequality

Ψ(ξ2)−Ψ(ξ1)

ξ2 −ξ1
≤ Ψ(φ2)−Ψ(φ1)

φ2 −φ1
,

holds.

5. The areaiof theitriangle whoseivertices arei(ξ1,Ψ(ξ1)),(ξ2,Ψ(ξ2)) and (ξ3,Ψ(ξ3))
is given by

P =
1
2

∣∣∣∣∣∣
ξ1 Ψ(ξ1) 1
ξ2 Ψ(ξ2) 1
ξ3 Ψ(ξ3) 1

∣∣∣∣∣∣ ,
The area of the triangle depends on the rotation if the rotation is anticlockwise then
area will be positive and if the rotation is clockwise then area will be negative. P > 0
represent a convex function and P < 0 express a concave function.

2.6.5 Properties of convex function

1. Composition of convex function is convex.i.e if Ψ1 is convex and increasing and a
function Ψ2 is convex then the composition Ψ1(Ψ2(ξ )) is convex.

2. Addition of convex function is convex.i.e Ψ1,Ψ2 convex then Ψ1 +Ψ2 convex.

3. Scalar multiplication of convex function is convex.i.e Ψ convex ⇒ αΨ convex, α >
0.

4. Functioniof the form Ax+b is convex(Affine).

5. Pointwise maximum.i.e Ψ1,Ψ2 convex ⇒ max(Ψ(ξ1),Ψ(ξ2)) convex.

6. Pointwise superimum.i.e Ψα convex ⇒ supα∈A Ψα convex([6],([7]).

In [8], Dragomiri et. al provedi the followingi recent developmentsioniSimpson’siinequalityi
for which theiremainderiis iexpressediin termsiof derivativesilower thanithei fourth.

Theorem 1. Leti f : [a,b]→ iRi is aidifferentiablei mappingiwhoseiderivativei isicontinuousi
oni(a,b) andi f ′ ∈ iL[a,b]. Then weihaveitheifollowingiinequality:

∣∣∣∣[1
6

i f (a) i+ i
2
3

f
(

a+ ib
2

)
+ i

1
6

f (b)
]
− i

1
b−a

i
∫ b

a
f (x)dxi

∣∣∣∣ i ≤ i
(b− ia)

3

∥∥ f ′
∥∥

1 , (3)

wherei∥ f ′∥1 i = i
∫ b

a | f ′(x) | idx.
The boundiof (3) fori L-Lipschitziani mapping wasi given ini by 5

36 (bi−a) .
In ([9]) Hwangi et. al presentedi inequalitiesi fori differentiablei convexi functionsi

whichi are linkedi withi Simpson’si inequality, andi the maini inequalityi in ([10]),([11]),([12])
pointedi out, is asi follows.
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Theorem 2. Let Ii ⊂ Ribe ani openiintervali, a,b ∈ iI with ai < b andi f : [a,b] → iR
beiaidifferentiablei functioni suchithat i f ′ isiintegrablei and 0 < iα ≤ 1 oni (a,b) iwith
ai < b. Ifi| f ′| iis convexion i[a,b], theni the followingiintegraliinequalityiholds:∣∣∣∣Γ(α + i1)

2(b−a)α [Jα
a+ f (b)i+ Jα

b− f (a)] i−
[

5α i−1
6α f

(
a+ ib

2

)
i+

6α − i5α +1
6α

f (a) i+ f (b)
2

]∣∣∣∣
≤ i

[
1

α +1

(
2α + i1
2α+1 − i

5α+1 + i1
6α+1

)
i+
(

5α − i1
12.6α

)]
(b− ia)( | f ′(a)|i+ i| f ′(b)| ) (4)

Proposition 1. Underitheiassumptionsiof Theoremi2 withiαi= 1, weihaveithe followingiinequality,∣∣∣∣16
[

f (a)i+ i4 f
(

a+ ib
2

)
i+ i f (b)

]
− i

1
b−a

∫ b

a
f (x)dx

∣∣∣∣≤ i
5(b− ia)

72
( | f ′(a)|i+ i| f ′(b)| ). (5)

Theorem 3. Leti f : I ⊂ [0,∞) i → R be a differentiableimappingion I0 suchi that f ′ ∈
iL1 [a,b]i wherei a,b ∈ I withi ai < b. If | f ′|q is (s,m)−convex on [a,b], fori someifixed
s ∈ (0,1] and qi ≥ 1, then thei followingi inequalityiholds:

1
6

[
f (ma)i+4 f

(
ma+ ib

2

)
i+ f (b)

]
− i

1
b−ma

∫ b

ma
f (x)dx

≤ i
(b− ima)

2

(
5

72

)1−1/q

×
{(

u1
∣∣ f ′(b)∣∣q i+mu2

∣∣ f ′(a)∣∣q)1/q
+i
(
u3
∣∣ f ′(b)∣∣q i+u4

∣∣ f ′(a)∣∣q)1/q
}
. (6)

u1 = i
(3−α)

(
21−α) i+3(α)

(
21−α)+ i3(2−α)

63 (α +1)(α +2)
, u2i = i

(
5

72
−u1

)
,

u3i =

(
5α+2

)
(3−α)

(
21−α) i−3(α)

(
21−α) i− i21(2−α) i+6(α) i−24

63 (α +1)(α +2)
,

u4i = i
(

5
72

−u3

)
.

Proposition 2. Underithe assumptionsiof Theorem 3 with αiii = 1, if | f ′(x)|q i ≤ Q ∀ xi ∈ I,
wei havei the followingi inequality,∣∣∣∣16

[
f (a)i+4 f

(
ai+b

2

)
i+ f (b)

]
− i

1
b−a

∫ b

a
f (x)dx

∣∣∣∣ i ≤ 5(b− ia)
36

.Q. (7)

In [13] iDragomiriandiAgarwali,iobtainediinequalitiesiforidifferentiableiconvex mappings which
areiconnectediwithithe right-handiside of Hermite-iHadamard’s (trapezoid) inequalityiand appliedi
them to obtainisome elementaryiinequalitiesifor realinumbersiand ininumerical integrationiwhich
follows
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Theorem 4. Let ig : I ⊂ Ri → Ribe aidifferentiableimappingion Ioiwhere x,y ∈ I iwithi x < y. If
i|g′|qiisiconvex oni[x,y], ifor somei qi ≥ 1ithen the ifollowingiinequalityiholds:∣∣∣∣g(x)i+ ig(y)

2
i− i

1
y− x

i
∫ y

x
g(u)dui

∣∣∣∣≤ i
y− ix

8
i
[∣∣g′(x)∣∣ i+ i

∣∣g′(y)∣∣] (8)

In [14], a variant of Hermite−Hadamard type inequalities was obtained, which follows
as:

Theorem 5. Let f : I◦ ⊆ R→ R be a differentiable function on I◦ and let a,b ∈ I◦ with
a < b. If | f ′| is convex function on [a,b], then the following inequality holds:∣∣∣∣ 1

y− x
i
∫ y

x
g(u)dui−g

(
x+ y

2

)∣∣∣∣≤ i
y− ix

8
i
[∣∣g′(x)∣∣ i+ i

∣∣g′(y)∣∣] (9)

In [15] Yang, obtained Hermite-Hadamard’s (trapezoid ) inequalities for differentiable
mapping for concave function.

Theorem 6. iLet I ⊂ iRibeian openi intervali,il,m,n,P,Q∈ Ii with il ≤Pi≤ ni≤Q≤mi(n ̸= l,m)
and g : [x,y]→ iR beia differentiableifunctioni. If |g′|qiis concaveioni[x,y] and i1i ≤ θ i ≤ q,ithen∣∣∣∣(P− il)g(l) i+ i(m− iQ)g(m) i+ i(Q− iP)g(n)−

∫ y

x
g(u)du

∣∣∣∣ i ≤ K (P,Q,n,θ) .J (P,Q,n,θ)

(10)

Where

K (P,Q,n,θ) i = i
(

1
2

[
(P− il)2 i+ i(n−P)2 i+ i(Q−n)2 i+ i(m− iQ)2

])i (θ−1)
θ i

,

and

J (P,Q,n, iθ i)

i = i

1
2

[
i(P− il)2 i+ i(n− iP)2

]∣∣∣∣∣∣g′
(Pi− il)2 i+ i(n− iP)2 (2n− i3l +P)

3
[
(P− l)2 +(n−P)2

] + il

∣∣∣∣∣∣
θ


(θ−1)
θ

i +i

1
2

[
(Qi− in)2 +(m− iQ)2

]∣∣∣∣∣∣g′
m− (Qi− in)2 (3mi− i2n− iQ)+(mi− iQ)3

3
[
(Q−n)2i + i(m−Q)2

]
∣∣∣∣∣∣

θ


(θ−1)
θ

Proposition 3. Underitheiassumptionsiof Theoremi(6) with P = iQ = ni = (l + im)/2 iand θ i =
1, theniwe getithe followingiinequality,∣∣∣∣g(x)i+ ig(y)

2
− 1

y− x
i
∫ y

x
ig(u)dui

∣∣∣∣≤ yi− ix
8

[
i
∣∣∣∣g′(5xi+ y

6
)

∣∣∣∣ i+ i
∣∣∣∣g′(xi+5y

6

)∣∣∣∣ i] (11)
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Proposition 4. Underitheiassumptionsiof Theoremi6 with Pi = x, Qi = iy, ni = i (l + im)/2 iand
θ i = 1, theniwe getithe followingiinequality,∣∣∣∣g(xi+ iy

2

)
− 1

y− x
i
∫ y

x
ig(u)dui

∣∣∣∣≤ yi− ix
8

[
i
∣∣∣∣g′(2xi+ iy

3
)

∣∣∣∣ i+ i
∣∣∣∣g′(xi+ i2y

3

)∣∣∣∣ i] (12)

Definition 1. Leti f ∈ iL1[a,b]. The left−isided andi right−sidediRiemanni−Liouville fractionali
integrals ofi order αi > 0 with ia ≥ i0 are definedi by

iJα
a+ f (x)i = i

1
Γ(α)

i
∫ x

a
(xi− it)α−1 f (t)dt, ai < x

and

iJα
b− f (x)i = i

1
Γ(α)

i
∫ b

x
(ti− ix)α−1 f (t)dt, xi < b

respectivelyi, where Γ(.)iis Gammaifunctioniand itsidefinitioniis Γ(α)i = i
∫ ∞

0 e−uuα−1du.i Itiis
toibe noted that J0

a+ f (x)i = iJ0
b− f (x)i = i f (x). In theicase of αi = 1, the fractionaliintegral re-

ducesito the classicali integral.
Properties relatingito this operatorican be foundiin[16] and for usefulidetails oniSimpson’s type in-
equalities connected withifractional integraliinequalities.
the interestedireaders areidirected to[17]i,[18],[19]i,[20].
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3 Simpson’s type inequalities

3.1 Introduction
Our aim inithis section isito give someiimprovements and furtureigeneralizationsifor Hwang
and Shahid Qaiser et al [21] results, whichiare of trapezoid typeivia (s,m)−convexifunctions
inisecond sense.
After that, we introduceisome inequalitiesiof midpointitype via (s,m)−convexifunction.
Interested readersiare directed to [22],[23],[24],[25],[26].
In [27] Hudzik and Maligranda considerd, among others, the class of functions which are
s−convex in the first and second sense.

Definition 2. A function f : [0,∞)→ R is said to be s−convex or f belongs to the class
Ki

s if

f (ux+ vy)≤ us f (x)+ vs f (y) (13)

holds for all x,y ∈ [0,∞) ,u,v ∈ [0,1] and for some fixed s ∈ (0,1]
Note that, if us + vs = 1, the above class of convex function is called s−convex in the

first sense and represented by K1
s and if u+v = 1,the above class is called s−convex in the

second sense and represented by K2
s .

In [28] V.G.Mihesan presented the class of (s,m)−convex fuction as reproduced below:

Definition 3. The function f : [0,b] → R is said to be (s,m)−convex, where (s,m) ∈
[0,1]2 , if for every x,y ∈ [0,b] and t ∈ [0,1] we have if

f (tx+(1− t)y)≤ ts f (x)+m(1− ts) f (y) (14)

Note that for (s,m) ∈ {(0,0) ,(s,0) ,(1,0) ,(1,m) ,(1,1) ,(s,1)} one receive the follow-
ing classes of functions respectively: increasing, s−starshaped, starshaped, m-convex and
s−convex.

wherei(α,m) ∈ i [0,1]2, forisome fixedis ∈ i(0,1] .

3.1.1 Inequalities of Simpson’s type for (s,m)−convex

Iniorder toiprove ourimain results via (s,m)−convexifunction. we needithe followingi
ilemma.

Lemma 1. Leti I ⊂ iR be ani openi interval, a, ib ∈ I withi ai < b and f : i[a,b]→ iR be ai
differentiablei functioni such thati f ′ is integrablei and 0 < iα ≤ 1 on i(a,b) with ai < b. If
i| f ′| is convexi on [a,b], theni the followingi integrali inequalityi holds:

1
6

[
f (a)i+4 f

(
a+ ib

2

)
i+ f (b)

]
− i

Γ(α + i1)
2(b−a)α [Jα

a+ f (b)i+ Jα
b− f (a)]

≤ i
b− ia
2α+1 [L1i+L2i+(2α − i1)(L3 + iL4)] ,
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where
L1i =

∫ 1
0

1
6

(
1i− i3(1− it)α) f ′(tbi+ i(1− it)a+b

2 )dt,
L2i =

∫ 1
0

1
6

(
1i− i3(1− it)α) f ′(tai+ i(1− it)a+b

2 )dt,

L3i =
∫ 1

0

(
1

2(2α−1) i(1+ t)α i− i 1
2(2α−1) i−

1
3 i
)

f ′(tbi+ i(1− t)i a+b
2 )dt,

L4i =
∫ 1

0

(
1

2(2α−1) i− i 1
2(2α−1) i(1+ t)α i+ i 1

3 i
)

f ′(tai+(1− t)i a+b
2 )dt.

Theorem 7. Let Ii ⊂ Ribe ani openiintervali, a,b ∈ iI with ai < b andi f : [a,b] → iR
beiaidifferentiablei functioni suchithat i f ′ isiintegrablei and 0 < iα ≤ 1 oni (a,b) iwith
ai < b. Ifi| f ′| iis (s,m)−convex ion i[a,b], theni the followingiintegraliinequalityiholds:

1
6

[
f (a)i+4 f

(
a+ ib

2

)
i+ f (b)

]
i− Γ(αi+1)

2(b−a)α [Jα
a+ f (b)i+ Jα

b− f (a)]

≤ i
[{

M1
∣∣ f ′(a)∣∣ i+2m(M2i−M1)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣+ iM1
∣∣ f ′(b)∣∣}

i+
{

M3

2(2α −1)

∣∣ f ′(a)∣∣ i+ m(M4i−M3)

2(2α −1)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣+ i
M3

2(2α −1)

∣∣ f ′(b)∣∣}] . (15)

M1i =
∫ 1

0

∣∣∣∣16 (1i−3(1− it)α)dt
∣∣∣∣ tsdt

=
(1− iν)s+1

(s+1)
i− α (1− iν)s+2

(s+2)
i− (1− iν)s+1

3(s+1)
i

− 1
2(s+1)

i+
α

2(s+2)
i− 1

6(s+1)
,

M2i =
1
6

[∫ 1−ν

0

(
3(1− it)α −1

)
dt + i

∫ 1

1−ν

(
1i−3(1− it)α)dt

]
=

1
6
− i

1
3
(1− iν)− i

1
(α +1)

να+1 + i
1

2(α +1)
,

M3 = i
1

2(2α −1)

∫ 1

0

∣∣∣∣1− i(1+ it)α i+
2(2α i−1)

3

∣∣∣∣ tsdt

= i
2(2α − i1)
3(s+1)

(σ − i1)s+1 − i
α (σ − i1)s+2

(s+2)
i+

(σ − i1)s+1

(s+1)

−i
2(s+ i2)(2α − i1)− i3α (s+ i1)

6(s+1)(s+2)
,

M4i =
1
6

[∫ σ−1

0

(
1− i(1+ it)α + i

2(2α − i1)
3

)
dt +

∫ 1

σ−1

(
(1i+ t)α − i1− 2(2α − i1)

3

)
dt
]

=

[
1
3

i+
1

2(2α −1)

]
(σ − i1)− σα+1

(2α −1)(α +1)
+ i

1
(2α −1)(α +1)

(
2α + i

1
2

)
−i
[

2(2α − i1)+ i3
6(2α −1)

]
,

ν = i
(

1
3

) 1
α

σα =
2(2α − i1)

3
i+1,
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Proof. Usingi (s,m)− convexityi of | f ′|, fori all ti ∈ [0,1] ,we i obtain

|J1|i ≤
∫ 1

0

1
6
(
1− i3(1− it)α) | f ′(tb+ i(1− it)

a+ ib
2

)|dt

= i
∫ 1

0

1
6
(
1− i3(1− it)α) |ts f ′(b)+ im(1− its) f ′(

a+ ib
2m

)|dt

≤ i
∫ 1

0

1
6
(
1− i3(1− it)α){ts

∣∣ f ′(b)∣∣ i+m(1− its)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣}dt

= M1
∣∣ f ′(b)∣∣ i+m(M2 − iM1)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣ .

|J2|i ≤
∫ 1

0

1
6
(
3(1i− t)α − i1

)
| f ′(tai+(1i− t)

a+ ib
2

)|dt

= i
∫ 1

0

1
6
(
3(1i− t)α − i1

)
|ts f ′(a)i+m(1− its) f ′(

a+ ib
2m

)|dt

≤ i
∫ 1

0

1
6
(
3(1i− t)α − i1

){
ts
∣∣ f ′(a)∣∣ i+m(1− its)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣}dt

= M1
∣∣ f ′(a)∣∣ i+m(M2 − iM1)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣ .

|J3| ≤ i
1

2(2α −1)

∫ 1

0

(
(1i+ t)α − i1− 2(2α − i1)

3

)
×

| f ′(tbi+(1− it)
a+ ib

2
)|dt

= i
1

2(2α −1)

∫ 1

0

(
(1+ it)α − i1− 2(2α − i1)

3

)
×

|ts f ′(b)i+m(1− its) f ′(
a+ ib

2m
)|dt

≤ i
1

2(2α −1)

∫ 1

0

(
(1i+ t)α − i1− 2(2α − i1)

3

)
×{

ts
∣∣ f ′(b)∣∣ i+m(1i− ts)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣}dt

= i
M3

2(2α −1)

∣∣ f ′(b)∣∣+ i
m(M4 − iM3)

2(2α −1)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣ .
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|J4| ≤ i
1

2(2α −1)

∫ 1

0

(
(1i+ t)α − i1− 2(2α − i1)

3

)
×

| f ′(tai+(1− t)
a+ ib

2
)|dt

= i
1

2(2α −1)

∫ 1

0

(
(1i+ t)α −1− i

2(2α − i1)
3

)
×

|ts f ′(a)i+m(1− its) f ′(
a+ ib

2m
)|dt

≤ i
1

2(2α −1)

∫ 1

0

(
(1i+ t)α − i1− 2(2α − i1)

3

)
×{

ts
∣∣ f ′(a)∣∣ i+m(1− its)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣}dt

=
M3

2(2α −1)

∣∣ f ′(a)∣∣ i+ m(M4 − iM3)

2(2α −1)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣ .
Remark 1. If i we takei α = s = m = i1 in Theoremi7 then inequalityi (15) reducesi to inequality
(5).

The icorresponding iversion for powersi of thei absolutei value of thei derivativei is incorpo-
ratedi in the followingi theorem.

Theorem 8. LetiI ⊂ Ribe aniopen interval,ia,b ∈ Iiwith a < biand f : [ai,b] → Ribe a differen-
tiablei function suchithat f ′iis integrableiand 0 < α ≤ i1 on (a, ib) with a < biand 0 ≤ iλ ≤ 1.i if
| f ′|q is a convex on [a,b], with q ≥ 1, then the following inequality holds:∣∣∣∣[(1− 2

2α λ
)

f
(

a+b
2

)
+λ

f (a)+ f (b)
2α

]
− Γ(α +1)

2(b−a)α [Jα
a+ f (b)+ Jα

b− f (a)]
∣∣∣∣≤ (b− ia)

2α[
(M2)

1−1/q

{(
M1
∣∣ f ′ (b)∣∣q +m(M2 −M1)

∣∣∣∣ f ′(a+b
2m

)∣∣∣∣q)1/q

+

(
M1
∣∣ f ′ (a)∣∣q +m(M2 −M1)

∣∣∣∣ f ′(a+b
2m

)∣∣∣∣q)1/q
}

+ (M4)
1−1/q

{(
M3
∣∣ f ′ (b)∣∣q +m(M4 −M3)

∣∣∣∣ f ′(a+b
2m

)∣∣∣∣q)1/q

+

(
M3
∣∣ f ′ (b)∣∣q +m(M4 −M3)

∣∣∣∣ f ′(a+b
2m

)∣∣∣∣q)1/q
}]

.

(16)

Proof. Usingi the welli-known poweri-mean integrali inequalityi for qi > 1 , and convexityi of
| f ′|q we have

|J5| ≤ i
(∫ 1

0

∣∣∣∣16 (1i−3(1i− t)α)∣∣∣∣dt
)1−1/q

×
(∫ 1

0

∣∣∣∣16 (1i−3(1− it)α)∣∣∣∣ ∣∣∣∣ f ′(tbi+(1i− t)
a+ ib

2

)∣∣∣∣q dt
)1/q

≤ i
(∫ 1

0

∣∣∣∣16 (1i−3(1− it)α)∣∣∣∣dt
)1−1/q

×
(∫ 1

0

∣∣∣∣16 (1i− i3(1i− it)α)∣∣∣∣{ts
∣∣ f ′(b)∣∣q i+m(1i− its)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣q}dt
)1/q

≤ (M2)
1−1/q

(
M1
∣∣ f ′(b)∣∣q i+m(M2i− iM1)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣q)1/q
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|J6| ≤ i
(∫ 1

0

∣∣∣∣16 (1i− i3(1i− it)α)∣∣∣∣dt
)1−1/q

×
(∫ 1

0

∣∣∣∣16 (1i− i3(1i− it)α)∣∣∣∣ ∣∣∣∣ f ′(ta+ i(1i− it)
ai+ ib

2

)∣∣∣∣q dt
)1/q

≤ i
(∫ 1

0

∣∣∣∣16 (1i− i3(1i− it)α)∣∣∣∣dt
)1−1/q

×
(∫ 1

0

∣∣∣∣16 (1i− i3(1− t)α)∣∣∣∣{ts
∣∣ f ′(a)∣∣q + im(1i− its)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣q}dt
)1/q

≤ i(M2)
1−1/q

(
M1
∣∣ f ′(a)∣∣q i+ im(M2i− iM1)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣q)1/q

|J7| ≤ i
(

1
2(2α −1)

∫ 1

0

∣∣∣∣((1i+ it)α i− i1− 2(2α i− i1)
3

)∣∣∣∣dt
)1−1/q

×
(

1
2(2α −1)

∫ 1

0

∣∣∣∣((1i+ t)α i− i1− 2(2α i− i1)
3

)∣∣∣∣ ∣∣∣∣ f ′(tbi+ i(1i− it)
ai+ ib

2

)∣∣∣∣q dt
)1/q

≤ i
(

1
2(2α −1)

∫ 1

0

∣∣∣∣((1i+ it)α −1i− i
2(2α i− i1)

3

)∣∣∣∣dt
)1−1/q

×
(

1
2(2α −1)

∫ 1

0

∣∣∣∣((1i+ it)α −1i− 2(2α i− i1)
3

)∣∣∣∣{ts
∣∣ f ′(b)∣∣q i+ im(1i− its)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣q}dt
)1/q

≤ i(M4)
1−1/q

(
M3
∣∣ f ′ (b)∣∣q i+ im(M4i− iM3)

∣∣∣∣ f ′(ai+ ib
2m

)∣∣∣∣q)1/q

|J8| ≤ i
(

1
2(2α −1)

∫ 1

0

∣∣∣∣((1i+ it)α −1i− i
2(2α i− i1)

3

)∣∣∣∣dt
)1−1/q

×i
(

1
2(2α −1)

∫ 1

0

∣∣∣∣((1i+ it)α −1i− i
2(2α i− i1)

3

)∣∣∣∣ ∣∣∣∣ f ′(tai+ i(1− it)
ai+ ib

2

)∣∣∣∣q dt
)1/q

≤ i
(

1
2(2α −1)

∫ 1

0

∣∣∣∣((1i+ it)α i− i1− 2(2α i− i1)
3

)∣∣∣∣dt
)1−1/q

×
(

1
2(2α −1)

∫ 1

0

∣∣∣∣((1i+ it)α i− i1− 2(2α i− i1)
3

)∣∣∣∣{ts
∣∣ f ′(a)∣∣q i+m(1− its)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣q}dt
)1/q

≤ i(M4)
1−1/q

(
M3
∣∣ f ′ (a)∣∣q i+ im(M4i− iM3)

∣∣∣∣ f ′(ai+ ib
2m

)∣∣∣∣q)1/q

Thisicompletesithe proof.

Remark 2. If iwe itakeiα = s = m = i1 ini Theoremi8, then inequality i(16) reducesitoi inequalityi
as obtainedi in Propositioni2.(see inequality (7))

In thei following theoremi, we iobtainiestimateiofiSimpson’si inequalityiforiconcaveifunctions.
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Theorem 9. Leti f : [a,b] → iRibeiaidifferentiableifunctionioni (a,b) suchithati f ′ ∈ L1i[a,b]. Ifi
| f ′|q isiconcavei oni [a,b], forisomeifixedi q > 1 then theifollowingiinequalityi forifractionali inte-
gralsiholdsi for α > 0 :∣∣∣∣[1
6

f (a) i+
2
3

f
(

ai+ ib
2

)
i+ i

1
6

f (b)
]

i− i
Γ(αi+ i1)
2(b−a)α [Jα

a+ f (b)i+ iJα
b− f (a)]

∣∣∣∣
≤ (bi− ia)

2αi+i1 ×

[
M2

{∣∣∣∣∣ f ′
(

M5bi+ i(M2i− iM5)
(ai+ib

2

)
M2

)∣∣∣∣∣+
∣∣∣∣∣ f ′
(

M5ai+ i(M2i− iM5)
( ai+ib

2

)
M2

)∣∣∣∣∣
}

+M4 (2α i− i1)

∣∣∣∣∣ f ′
(

M6ai+ i(M4i− iM6)
(a+ib

2

)
M4

)∣∣∣∣∣ i+ i

∣∣∣∣∣ f ′
(

M6bi+ i(M4i− iM6)
(ai+ib

2

)
M4

)∣∣∣∣∣
]
.

(17)

M5i =
∫ 1

0

∣∣∣∣16 (1i−3(1i− t)α)∣∣∣∣ tdt

= i
−6(1i−ν)(ν)α+1

(α +1)
i− 6(ν)α+2

(α +1)(α +2)
i− i

(1− iν)2

2

i+ i
3

(α +1)(α +2)
− i

1
2
,

M6 = i
1

2(2α −1)

∫ 1

0

∣∣∣∣1i− (1+ it)α + i
2(2α − i1)

3

∣∣∣∣ tdt

= i
(iσ − i1)2

3
i− 2(σ)α+1 (σ i−1)

(α +1) i(2α −1)
+ i

2(σ)α+2

(α +2)(α +1)(2α −1)
i

+
(σ − i1)2

2(2α −1)
− i

1
2(α +2)(α +1)(2α −1)

i

−i
(2α −1)

6(2α −1)
i+

2α+1

2(α +1)(2α −1)
i− 2α+2

2(2α −1)(α +2)(α +1)
i− 1

4(2α −1)
i,

Proof. Using thei concavityi of | f ′|q and thei poweri-meani inequality, we obtain

i| f ′|qi ≤ it| f ′|qi+ i(1i− it)| f ′|q

≤ it| f ′|qi+(1− it)| f ′|q.

Hence
| f ′(txi+ i(1i− it)y)| ≤ it| f ′(x)|i+(1i− t)| f ′(y)|.

Soi | f ′| is ialsoi concavei. By theiJenseniintegraliinequalityi, wei have

|J8|i ≤
(∫ 1

0

∣∣∣∣16 (1i−3(1− it)α)∣∣∣∣dt
)∣∣∣∣∣ f ′

(∫ 1
0

∣∣1
6

(
1i−3(1− it)α)∣∣(tbi+(1− it) ai+b

2 )dt∫ 1
0

∣∣1
6

(
1− i3(1− it)α)∣∣dt

)∣∣∣∣∣
= iM2

∣∣∣∣∣ f ′
(

M5bi+(M2i−M5)
(a+ib

2

)
M2

)∣∣∣∣∣ .
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|J9|i ≤
(∫ 1

0

∣∣∣∣16 (1i−3(1− it)α)∣∣∣∣dt
)∣∣∣∣∣ f ′

(∫ 1
0

∣∣1
6

(
1i−3(1− it)α)∣∣(ta+ i(1− t) ai+b

2 )dt∫ 1
0

∣∣1
6

(
1−3(1− t)α)∣∣dt

)∣∣∣∣∣
= iM2

∣∣∣∣∣ f ′
(

M5ai+(M2i−M5)
(a+ib

2

)
M2

)∣∣∣∣∣ .

|J10| ≤ i
(

1
2(2α −1)

∫ 1

0

∣∣∣∣((1+ it)α −1i− 2(2α − i1)
3

)∣∣∣∣dt
)

×

∣∣∣∣∣∣ f ′
 1

2(2α−1)

∫ 1
0

∣∣∣((1+ it)α −1i− 2(2α−1i)
3

)∣∣∣(ta+ i(1− it) a+ib
2 )dt

1
2(2α−1)

∫ 1
0

∣∣∣((1+ t)α −1− 2(2α−1)
3

)∣∣∣dt

∣∣∣∣∣∣
= M4

∣∣∣∣∣ f ′
(

M6a+ i(M4 − iM6)
(a+ib

2

)
M4

)∣∣∣∣∣ .

|J11| ≤
(

1
2(2α −1)

∫ 1

0

∣∣∣∣((1+ it)α − i1− 2(2α i−1)
3

)∣∣∣∣dt
)

× i

∣∣∣∣∣∣ f ′
 1

2(2α−1)

∫ 1
0

∣∣∣((1+ it)α − i1− 2(2α−i1)
3

)∣∣∣(tbi+(1− it) a+ib
2 )dt

1
2(2α−1)

∫ 1
0

∣∣∣((1+ t)α −1− 2(2α−1)
3

)∣∣∣dt

∣∣∣∣∣∣
= iM4

∣∣∣∣∣ f ′
(

M6b+ i(M4 − iM6)
(a+ib

2

)
M4

)∣∣∣∣∣ .
Thisi completesi the proof.

Corollary 1. If iwe takei α = 1 in Theoremi(9), then inequalityi(17) becomes as:∣∣∣∣[i
1
6

f (a) i+ i
2
3

f
(

a+ ib
2

)
+ i

1
6

f (b)
]
− i

1
b−a

i
∫ b

a
f (x)dxi

∣∣∣∣
≤ i

5(b−a)
72

i
[∣∣∣∣ f ′( i29a+ i61b

90

)∣∣∣∣ i+ ∣∣∣∣ f ′( i61a+ i29b
90

)∣∣∣∣] . (18)

Discussion
We have presented some generalizations of the inequalities of Simpson’s type for differentiable
mappings in the sense of (s − m)-convex functions utilizing Riemann-Liouville fractional inte-
grals, which refines the results of [21], Theorem 2 inequality (5), S. Qaiser [21] Theorem 3 in-
equality (7). From Corollory, it is clear that Theorem 8 for a specified value refines M.Alomari
[T heorem(8), [29]].
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Chapter 4
Main Results
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4 Hermite-Hadamard’s type inequalities

4.1 Introduction
This work bringsiresults togetherifor inequalities of Hermite-Hadamard’s typeiand thus givingiexplicit
erroribounds in trapezoidaliand midpointirules. Interested reader can read [30],[31],([32],[33]),([34]).
In this chapter we refineiinequalities ofiHermite-Hadamard’s type via (s,m)−convex function [13].
Someierror estimates forithe trapezoid and midpointiare obtained in terms ofifirts derivative.
Let us introduceisome notations, theseiare very helpfulito express our results inicompact form.

4.1.1 Inequalities of Hermite-Hadamard’s type for (s,m)−convex

Iniorder toiprove ourimain results via (s,m)−convexifunction. we needithe followingi ilemma.

Lemma 2. LetiI ⊂Ribe aniopen interval,ia,b ∈ I with a < biand f : [ai,b]→Ribe a differentiable
ifunction such thati f ′ isiintegrable andi0<α ≤ 1 oni(a,b) withia< b,then theifollowing identityifor
Riemann−Liouvilleifractional integralsiholds:(

1i− i
2

2α λ
)

f
(

ai+ ib
2

)
i+ iλ

f (a)i+ i f (b)
2α i− i

Γ(αi+ i1)
2(b− ia)α [Jα

a+ f (b)i+ iJα
b− f (a)]

≤ i
b− ia
2αi+i1 [L1i+ iL2i+ i(L3i+ iL4)] ,

where L1 =
∫ 1

0
[
(1− t)α i− iλ

]
f ′
(
tai+ i(1i− it)ai+ib

2

)
dt,

L2 =
∫ 1

0
[
λ i− i(1i− it)α] f ′

(
tbi+ i(1i− it)ai+ib

2

)
dt,

L3 =
∫ 1

0
[
2α i− iλ i− i(2i− it)α] f ′

(
t ai+ib

2 i+ i(1i− it)a
)

dt,
L4 =

∫ 1
0
[
λ i− i2α i+ i(2i− it)α] f ′

(
t a+b

2 i+(1i− it)b
)

dt.
Proof. Integrating byiparts andisubstituting u = tai+ i(1i− it)ai+ib

2

I1 =
∫ 1

0

[
(1i− it)α i− iλ

]
f ′
(

tai+ i(1i− it)
ai+ ib

2

)
dt

=
2
[
(1i− it)α i− iλ

]
f
(
tai+ i(1i− it)ai+ib

2

)
dt

ai− ib

∣∣∣∣1
0

i+ i
2α

ai− ib

∫ 1

0
(1− t)α f

(
tai+ i(1i− it)

ai+ ib
2

)
dt

=
2λ

bi− ia
f (a)i+ i

2(1i− iλ )
b−a

f
(

ai+ ib
2

)
i− i

2αi+i1α
(bi− ia)αi+i1

∫ ai+ib
2

a
(ui− ia)αi−i1 f (u)du

Analogously

I2 =
2λ

bi− ia
f (b)i+ i

2(1−λ )
b−a

f
(

ai+ ib
2

)
i− i

2αi+i1α
(bi− ia)αi+i1

∫ b

ai+ib
2

(bi− iu)αi−i1 f (u)du

I3 =
2λ

bi− ia
f (a)i+ i

2(2α i− i1i− iλ )
bi− ia

f
(

ai+ ib
2

)
i− i

2αi+i1α
(bi− ia)αi+i1

∫ ai+ib
2

a
(bi− iu)αi−i1 f (u)du

I4 =
2λ

b−a
f (b)+

2(2α −1−λ )
b−a

f
(

a+b
2

)
− 2α+1α

(b−a)α+1

∫ b

a+b
2

(b−u)α−1 f (u)du

Multiplying aboveiequalities byi bi−ia
2αi+i2 , then addingi, to getirequired identity.
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Theorem 10. LetiI ⊂ Ribe aniopen interval,ia,b ∈ Iiwith a < biand f : [ai,b] → Ribe a differ-
entiablei function suchithat f ′iis integrableiand 0 < α ≤ i1 on (a, ib) with a < biand 0 ≤ iλ ≤
1.iIf | f ′| is aiconvex oni[a,b], thenithe followingiinequality fori Riemann−Liouvilleifractional inte-
gralsiholds:∣∣∣∣(1i− i

2
2α λ

)
f
(

ai+ ib
2

)
i+ iλ

f (a)i+ i f (b)
2α i− i

Γ(αi+ i1)
2(bi− ia)α [Jα

a+ f (b)i+ iJα
b− f (a)]

∣∣∣∣
≤ i

[{
Q1
∣∣ f ′(a)∣∣ i+2m(Q2i− iQ1)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣ i+ iQ1
∣∣ f ′(b)∣∣}

i+ i
{

Q3
∣∣ f ′(a)∣∣ i+ im(Q4i− iQ3)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣ i+ iiQ3
∣∣ f ′(b)∣∣}] . (19)

Q1i =
∫ 1

0
|(1i− it)α i− iλ | tsdt =

(s)!
(αi+ is+ i1)!

− λ
(si+ i1)

Q2i =
∫ 1

0
|(1i− it)α −λ |dt =

1i− i2(1i− iζ )αi+i1

αi+ i1
+(1i− i2ζ )λ ,

Q3 =
∫ 1

0
|2α i− i(2i− it)α i− iλ | t dt =

2α

si+ i1
− i2α

[
1

(si+ i1)
i− i

α
2(si+ i1)

]
i− i

λ
(si+ i1)

Q4i =
∫ 1

0
|2α − (2− t)α −λ | dt =

1i+ i2αi+i1 − i2(2i− iξ )αi+i1

αi+ i1
i+ i(2α i− iλ )(1i− i2ξ )

where ζ = 1i− iλ
1
α and ξ = 2i− i(2α i− iλ )

1
α

Proof. Usingi (s,m) convexityi of | f ′|, fori all ti ∈ [0,1] ,we i obtain

|L1|i ≤
∫ 1

0
((1i− it)α i− iλ )| f ′(tbi+ i(1i− it)

ai+ ib
2

)|dt

= i
∫ 1

0
((1i− it)α i− iλ ) |ts f ′(b)i+ im(1i− its) f ′(

ai+ ib
2m

)|dt

≤ i
∫ 1

0
((1i− it)α −λ )

{
ts
∣∣ f ′(b)∣∣ i+m(1− its)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣}dt

= Q1
∣∣ f ′(b)∣∣ i+m(Q2 − iQ1)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣ .

|L2|i ≤
∫ 1

0
((1i− it)α −λ ) | f ′(tai+(1i− t)

ai+ ib
2

)|dt

= i
∫ 1

0
((1i− it)α i− iλ ) |ts f ′(a)ii+ im(1i− its) f ′(

ai+ ib
2m

)|dt

≤ i
∫ 1

0
((1− t)α i− iλ )

{
ts
∣∣ f ′(a)∣∣ ii+ im(1i− its)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣}dt

= Q1
∣∣ f ′(a)∣∣ ii+ im(Q2i− iiQ1)

∣∣∣∣ f ′(ai+ iib
2m

)

∣∣∣∣ .
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|L3| =
∫ 1

0
(2α i− i(2i− it)α i− iλ )

{
| f ′(tbii+ i(1i− it)

ai+ iib
2

)|
}

dt

=
∫ 1

0
(2α i− i(2i− it)α i− iλ )

{
|ts f ′(b)ii+ im(1i− its) f ′(

ai+ ib
2m

)|
}

dt

≤
∫ 1

0
(2α i− i(2i− it)α i− iλ )

{
ts
∣∣ f ′(b)∣∣ ii+ im(1i− its)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣}dt

= iQ3
∣∣ f ′(b)∣∣ i+ im(Q4i− iQ3)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣ .
|L4| ≤

∫ 1

0
(2α i− i(2i− it)α −λ )

{
| f ′(tai+ i(1i− it)

ai+ ib
2

)|
}

dt

=
∫ 1

0
(2α i− i(2i− it)α i− iλ )

{
|ts f ′(a)ii+ im(1i− its) f ′(

ai+ ib
2m

)|
}

dt

≤
∫ 1

0
(2α i− i(2i− it)α i− iλ )

{
ts
∣∣ f ′(a)∣∣ i+m(1− its)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣}dt

= Q3
∣∣ f ′(a)∣∣ ii+ im(Q4i− iiQ3)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣ .
Corollary 2.

| (1−λ ) f (
a+b

2
)+λ

f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx |

≤ (
b−a

8
[2λ 2 −2λ +1](| f ′(a) |+ | f ′(b) |)). (20)

Remark 3. If iwe takei λ = i1 in inequalityi20 then inequalityi (20) reducesi to inequality (8).

Remark 4. If iwe takei λ = i0 in inequalityi20 then inequalityi (20) reducesi to inequality (9).

The icorrespondingiversion for powersi of thei absolutei value of thei derivativei is incorporatedi
in the followingi theorem.

Theorem 11. I ⊂ iR be aniopen interval, a,b ∈ iI withia < b and f : [ai,b] → Ribe a differen-
tiableifunction suchithat f ′iis integrable andi0 < α ≤ 1ion (a,b) withia < b andi0 ≤ λ ≤ 1. iif | f ′|q
isia convexion [a,b], withi qi ≥ 1, thenithe followingiinequalityiholds:∣∣∣∣[(1i− i

2
2α λ

)
f
(

a+b
2

)
i+ iλ

f (a)i+ i f (b)
2α

]
− Γ(αi+ i1)

2(bi− ia)α [Jα
a+ f (b)ii+ iJα

b− f (a)]
∣∣∣∣≤ (b− ia)

2α(Q2)
1−1/q


(

Q1| f ′ (a)|q i+m(Q2i− iQ1)
∣∣ f ′ (ai+ib

2m

)∣∣q)1/q

i+ i
(

Q1 | f ′ (b)|q i+ im(Q2i− iQ1)
∣∣ f ′ (ai+ib

2m

)∣∣q)1/q

+

(Q4)
1−1/q


(

Q3
∣∣ f ′ (a+b

2

)∣∣q i+ im(Q4i− iQ3) | f ′ (a)|q
)1/q

i+ i
(

Q3
∣∣ f ′ (ai+ib

2

)∣∣q + im(Q4i− iQ3) | f ′ (b)|q
)1/q


 . (21)
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Proof. Usingi the welli-known poweri-mean integrali inequalityi for qi > 1 , and convexityi of
| f ′|q we have

|L1| ≤ i
(∫ 1

0
|((1i− it)α i− iλ )|dt

)1i−i1/q

×
(∫ 1

0
|((1i− it)α i− iλ )|

∣∣∣∣ f ′(tbi+(1i− it)
ai+ ib

2

)∣∣∣∣q dt
)1/q

≤ i
(∫ 1

0
|((1i− it)α i− iλ )|dt

)1i−i1/q

×
(∫ 1

0
|((1i− it)α i− iλ )|

{
ts
∣∣ f ′(b)∣∣q i+ im(1i− its)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣q}dt
)1/q

≤ (Q2)
1i−i1/q

(
Q1
∣∣ f ′(b)∣∣q i+m(Q2i− iQ1)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣q)1/q

|L2| ≤ i
(∫ 1

0
|((1− t)α i− iλ )|dt

)1i−i1/q

×
(∫ 1

0
|((1− t)α −λ )|

∣∣∣∣ f ′(tai+ i(1i− it)
ai+ ib

2

)∣∣∣∣q dt
)1/q

≤ i
(∫ 1

0
|((1i− it)α −λ )|dt

)1−1/q

×
(∫ 1

0
|((1− t)α i− iλ )|

{
ts
∣∣ f ′(a)∣∣q i+ im(1− its)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣q}dt
)1/q

≤ i(Q2)
1−1/q

(
M1
∣∣ f ′(a)∣∣q i+ im(Q2i− iQ1)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣q)1/q

|L3| ≤ i
(∫ 1

0
|2α i− i(2i− it)α −λ |dt

)1i−i1/q

×
(∫ 1

0
|2α i− i(2i− it)α −λ |

∣∣∣∣ f ′(tb+ i(1i− it)
ai+ ib

2

)∣∣∣∣q dt
)1/q

≤ i
(∫ 1

0
|2α i− i(2i− it)α i− iλ |dt

)1i−i1/q

×
(∫ 1

0
|2α i− i(2i− it)α i− iλ |

{
ts
∣∣ f ′(b)∣∣q i+ im(1i− its)

∣∣∣∣ f ′(ai+ ib
2m

)

∣∣∣∣q}dt
)1/q

≤ i(Q4)
1−1/q

(
Q3
∣∣ f ′ (b)∣∣q i+ im(Q4i− iQ3)

∣∣∣∣ f ′(ai+ ib
2m

)∣∣∣∣q)1/q
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|L4| ≤ i
(∫ 1

0
|2α − (2− t)α i− iλ |dt

)1i−i1/q

×i
(∫ 1

0
|2α − (2− t)α i− iλ |

∣∣∣∣ f ′(tai+ i(1i− it)
a+ ib

2

)∣∣∣∣q dt
)1/q

≤ i
(∫ 1

0
|2α − (2− t)α i− iλ |dt

)1i−i1/q

×
(∫ 1

0
|2α i− i(2i− it)α i− iλ |

{
ts
∣∣ f ′(a)∣∣q i+ im(1− its)

∣∣∣∣ f ′(a+ ib
2m

)

∣∣∣∣q}dt
)1/q

≤ i(Q4)
1−1/q

(
Q3
∣∣ f ′ (a)∣∣q i+ im(Q4i− iQ3)

∣∣∣∣ f ′(ai+ ib
2m

)∣∣∣∣q)1/q

Thisi completesithe proof.

Corollary 3. Under the assumptions Theoremi 11, with α = s = m = 1, λ = 0 in inequality (21),
then the following inequality holds,

∣∣∣∣ f (a+b
2

)
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣ ≤ b−a
8

[(
1
3
| f ′(a)|+ 2

3

∣∣∣∣ f ′(a+b
2

)∣∣∣∣q) 1
q

+

(
1
3
|| f ′(b)|+ 2

3

∣∣∣∣ f ′(a+b
2

)∣∣∣∣q) 1
q
]

Corollary 4. Under the assumptions Theoremi 11, with α = s = m = 1, λ = 1 in inequality (21),
then the following inequality holds,

∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx

∣∣∣∣ ≤ b−a
8

[(
2
3
| f ′(a)|+ 1

3

∣∣∣∣ f ′(a+b
2

)∣∣∣∣q) 1
q

+

(
2
3
|| f ′(b)|+ 1

3

∣∣∣∣ f ′(a+b
2

)∣∣∣∣q) 1
q
]

Corollary 5. Under the assumptions Theoremi 11, with α = s = m = 1, λ = 1
3 in inequality (21),

then the following inequality holds,∣∣∣∣13
{

2 f
(

a+b
2

)
+

f (a)+ f (b)
2

}
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣≤ 5(b−a)
72

×[(
16
45

| f ′(a)+ 29
45

∣∣∣∣ f ′(a+b
2

)∣∣∣∣q) 1
q

+

(
16
45

| f ′(b)+ 29
45

∣∣∣∣ f ′(a+b
2

)∣∣∣∣q) 1
q
]

Theorem 12. Let I ⊂ iR be aniopen interval, a,b ∈ iI withia < b and f : [ai,b] → Ribe a differ-
entiableifunction suchithat f ′iis integrable andi0 < α ≤ 1ion (a,b) withia < b andi0 ≤ λ ≤ 1. iIf
| f ′|

1
q ifor q ≥ 1 is ia convex oni[a,b], thenithe followingiinequality foriRiemann−Liouville frac-

tionaliintegrals holds:∣∣∣∣(1i− i
2

2α λ
)

f
(

ai+ ib
2

)
i+ iλ

f (a)i+ i f (b)
2α i− i

Γ(αi+ i1)
2(bi− ia)α [Jα

a+ f (b)i+ iJα
b− f (a)]

∣∣∣∣
≤ (bi− ia)

2αi+i1 ×

[
Q2

{∣∣∣∣∣ f ′
(

Q5bi+ i(Q2i− iQ5)
(ai+ib

2

)
Q2

)∣∣∣∣∣ i+ i

∣∣∣∣∣ f ′
(

Q5ai+(Q2i− iQ5)
(ai+ib

2

)
Q2

)∣∣∣∣∣
}

i+ iQ4

∣∣∣∣∣ f ′
(

Q6ai+(Q4i− iQ6)
(ai+ib

2

)
Q4

)∣∣∣∣∣ i+ i

∣∣∣∣∣ f ′
(

Q6bi+ i(Q4i− iQ6)
(ai+ib

2

)
Q4

)∣∣∣∣∣
]
.

(22)
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Q5 =
∫ 1

0
|(1i− it)α i− iλ | t dt =

1i− i2(1i− iζ )αi+i2

(αi+ i1)(αi+ i2)
i− i

2ζ (1i− iζ )αi+i1

αi+ i1
i+ i

λ
2
(1i− i2ζ 2)

Q6 =
∫ 1

0
|2α i− i(2i− it)α −λ | t dt

=
1i+ i2αi+i2i− i2(2i− iξ )αi+i2

(αi+ i1)(αi+ i2)
i+ i

1i− i2ξ (2i− iξ )αi+i1

αi+ i1
i+ i(2α i− iλ )(

1
2

i− iξ 2)

Proof. Using thei concavityi of | f ′|q and thei poweri-meani inequality, we obtain

i| f ′|qi ≤ it| f ′|qi+ i(1− it)| f ′|q

≤ it| f ′|qi+(1− it)| f ′|q.

Hence
| f ′(txi+ i(1− it)y)| ≤ it| f ′(x)|i+(1i− t)| f ′(y)|.

Soi | f ′| is ialsoi concavei. By thei Jensen iintegrali inequalityi, wei have

|J8|i ≤
(∫ 1

0
|((1i− it)α i− iλ )|dt

)∣∣∣∣∣ f ′
(∫ 1

0 |((1i− it)α i− iλ )|(tbii+ i(1i− it) ai+ib
2 )dt∫ 1

0 |((1i− it)α i− iλ )|dt

)∣∣∣∣∣
= iQ2

∣∣∣∣∣ f ′
(

Q5bi+ i(Q2i− iQ5)
(ai+ib

2

)
Q2

)∣∣∣∣∣ .
|J9|i ≤

(∫ 1

0
|((1i− it)α − iλ )|dt

)∣∣∣∣∣ f ′
(∫ 1

0 |((1i− it)α i− iλ )|(tia+ i(1i− it) ai+ib
2 )dt∫ 1

0 |((1i− it)α − iλ )|dt

)∣∣∣∣∣
= iQ2

∣∣∣∣∣ f ′
(

Q5ai+ i(Q2i− iQ5)
(ai+ib

2

)
Q2

)∣∣∣∣∣ .
|J10| ≤ i

(∫ 1

0
|(2α i− i(2i− it)α i− iλ )|dt

)
×

∣∣∣∣∣ f ′
(∫ 1

0 |(2α i− i(2i− it)α i− iλ )|(tai+ i(1i− it) ai+ib
2 )dt∫ 1

0 |(2α i− i(2i− it)α i− iλ )|dt

)∣∣∣∣∣
= Q4

∣∣∣∣∣ f ′
(

Q6ai+ i(Q4i− iQ6)
( ai+ib

2

)
Q4

)∣∣∣∣∣ .
|J11| ≤

(∫ 1

0
|(2α i− i(2i− it)α i− iλ )|dt

)
× i

∣∣∣∣∣ f ′
(∫ 1

0 |(2α i− i(2i− it)α i− iλ )|(tbi+ i(1i− it) ai+ib
2 )dt∫ 1

0 |2α i− i(2i− it)α i− iλ |dt

)∣∣∣∣∣
= iQ4

∣∣∣∣∣ f ′
(

Q6bi+ i(Q4i− iQ6)
( ai+ib

2

)
Q4

)∣∣∣∣∣ .
Thisicompletesithe proof.
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Remark 5. Under the assumptions Theoremi 12, with α = s = 1, λ = 1 in inequality (22), re-
ducesito inequality (11).

Remark 6. Under the assumptions Theoremi 12, with α = s = 1, λ = 0 in inequality (22), re-
ducesito inequality (12).

Corollary 6. Under the assumptions Theoremi 12, with α = s = 1, λ = 1
3 in inequality (22), then

the following inequality holds,:∣∣∣∣[1
6

f (a)+
2
3

f
(

a+b
2

)
+

1
6

f (b)
]
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣
≤ 5(b−a)

72

[∣∣∣∣ f ′(29a+61b
90

)∣∣∣∣+ ∣∣∣∣ f ′(61a+29b
90

)∣∣∣∣] . (23)

DISCUSSION.
In this chapter, we highlighted the function of convexity as well as convacity and established some
inequalities for celebrated HermiteHadamard type integral for differentiable mapping, which are
associated with (s,m)− convex function utilizing Riemann-Liouville fractional integrals. It is clear
that Theorem 4 under a specified value refines S. S. Dragomir [13], Theorem 5 presents new results
see Corollory 3,4 and 5 and Theorem 6 refines G. S. Yang [15].
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