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Abstract

In this thesis, we have investigated some basic results of fuzzy group theory by

constructing various examples. In particular, we have studied the notions of fuzzy

subgroup, normal fuzzy subgroup, fuzzy coset and fuzzy quotient group and have

elaborated these concepts through examples.

We have proved that if ξ1 and ξ2 are fuzzy subgroups of a group G, then

intersection of ξ1 and ξ2 is again a fuzzy subgroup of G. Also, we have shown that

for two fuzzy subgroups ξ1 and ξ2 of a group G, if ξ
′
1 is a normal fuzzy subgroup

of ξ1, then ξ
′
1 ∩ ξ2 is a normal fuzzy subgroup of ξ1 ∩ ν.

Furthermore, we have defined the concept of a fuzzy subgroup of a fuzzy group.

We have formulated the notion of an m-polar fuzzy group as a generalization

of a fuzzy group. Moreover, we have introduced m-polar fuzzy analogs of some

results in fuzzy group theory.
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Introduction

Zadeh introduced the concept of fuzzy sets in [29]. His ideas provided tools

and an approach to model imprecision and uncertainty present in phenomena that

do not have sharp boundaries. The theory of fuzzy sets has developed in many

directions due to its diverse applications in a vast variety of disciplines. Extensive

literature on fuzzy subsets has been cited in [27].

Rosenfeld [20] used Zadeh’s idea of a fuzzy set to define the concept of a fuzzy

subgroup of a group and formulated a tool and a novel approach to establish the

fuzzy analogs of many results in group theory. However, in 1979, Anthony and

Sherwood [2] generalized the Rosenfeld’s definition of fuzzy group. Sherwood [22]

defined products of fuzzy subgroups using t-norms and gave some properties of

these products. The notion of fuzzy subring and ideal was introduced by Liu in

[16]. Since then, fuzzy versions of various basic properties and theorems in finite

group theory have been developed.

Fuzzy version of Lagrange’s Theorem has been studied in [18]. However, fuzzy

quotient groups, characteristic fuzzy subgroups, conjugate fuzzy subgroups and

more advanced topics like fuzzy solubility, fuzzy subgroups of Hall groups have

been studied in [17]. Fuzzy isomorphism theorems have been studied in [17, 9].

Introductory fuzzy representations of fuzzy groups has been studied by Thampy

Abraham in [3]. Recently, Marius Tarnauceanu has classified some cases of the

fuzzy subgroups and fuzzy normal subgroups of finite groups [24, 25].

In a different direction however, Zhang [28] extended the idea of a fuzzy set

and defined the notion of bipolar fuzzy set on a given set X as a mapping A :

X → [−1, 1]. In bipolar valued fuzzy sets the membership degree range of fuzzy

sets is extended from the interval [0, 1] to the interval [−1, 1]. This concept is used

by researchers as a tool in bipolar fuzzy graphs and many other variety of fields,

see, for examples, [4, 5, 6, 7, 8].

After the introduction of a bipolar fuzzy set by Zhang [28], several researchers

generalized the concept of a bipolar fuzzy set. In 2014, Chen and his collaborators

[11] introduced the notion of m-polar fuzzy sets as a generalization of bipolar fuzzy

set and showed that bipolar fuzzy sets and 2-polar fuzzy sets are cryptomorphic

mathematical notions and that we can obtain concisely one from the corresponding

one in [11].
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Introduction

In [1], Akram and Adeel has applied the concept of m-polar fuzzy sets to trees.
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Fuzzy sets and fuzzy groups Literature Review

2.1 Fuzzy sets and fuzzy groups

In this chapter, we will elaborate some basic terminologies and theorems of fuzzy

group theory. In particular, we are interested in extension principle of Zadeh, fuzzy

cosets and fuzzy quotient groups. Moreover, we will examine basic terminologies

of fuzzy group theory through detailed examples.

We have also given the definition of a fuzzy subgroup of a fuzzy group. Fur-

thermore, we have proved the following theorems:

1. If ξ1, ξ2 are fuzzy subgroups of a group G, then their intersection is again a

fuzzy subgroup of G.

2. If ξ1, ξ2 are fuzzy subgroups of a group G and ξ
′
1 is a normal fuzzy subgroup

of ξ1, then ξ
′
1 ∩ ξ2 ≺ ξ1 ∩ ξ2.

From now on, we denote [0, 1] by I.

Definition 2.1.1 (Fuzzy Subset). [17] Let X be a non-empty set. A fuzzy subset

ξ of X is a function from X to I.

The set of all fuzzy subsets of X is dnoted by FP (X). It is also known as fuzzy

power set of X.

Definition 2.1.2 (Support and Core of a fuzzy subset). [17] Let Y be a non-

empty set and ξ ∈ FP (Y),

Then,

1. ξ∗ = {y|y ∈ Y, ξ(y) > 0}

2. ξ∗ = {y|y ∈ Y, ξ(y) = 1}

In the definition 2.1.2 ξ∗ and ξ∗ are known as support and core of ξ respec-

tively. If support of a fuzzy subset is finite then it is known as finite fuzzy subset. If

support of a fuzzy subset is an infinite set then it is known as infinite fuzzy subset.

Definition 2.1.3 (Fuzzy point). [17] Let Y be a subset of X and p ∈ I.

We define a fuzzy subset pY of X as follows,

pY(x) =

 p if x ∈ Y

0 otherwise


Particularly, if Y is a singleton, then pY is called a fuzzy point.
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In group theory, we define some operations on groups to examine the prop-

erties of groups. A similar approach is used to examine the properties of fuzzy

subgroups of a group. For the further discussion “ G ” denotes the arbitrary group

with identity e and a multiplicative binary operation. Moreover, minimum and

maximum are denoted by “∧” and “∨” respectively.

In [30], Zadeh proposed the so called extension principal. Zadeh’s extension

principal allows us to extend the domain of a mapping in a natural way. It is an

important tool in the development of fuzzy set theory and other related areas.

Definition 2.1.4. [17] Let f : X → Y be a function, and let ξ1 and xi2 are the

fuzzy subsets of X and Y respectively. We characterize the fuzzy subsets f(ξ1) of

Y and f−1(ξ2) of X by ∀ y ∈ Y,

f(ξ1)(y) =

 ∨{ξ1(x)|x ∈ X, f(x) = y} if f−1(y) 6= φ

0 otherwise


and ∀x ∈ X,

f−1(ξ2)(x) = ξ2(f(x)).

Then f(ξ1) and f−1(ξ2) are called the image and pre-image(or inverse image) of ξ1

and ξ2 under f respectively. It is the famous extension principle of Zadeh.

Definition 2.1.5. [17] Let ξ1 and ξ2 be the fuzzy subsets of G. We define the

fuzzy subsets ξ1 ∪ ξ2 and ξ1 ∩ ξ2 of G as follows, for all x ∈ G,

(ξ1 ∪ ξ2)(x) = ξ1(x) ∨ ξ2(x)

(ξ1 ∩ ξ2)(x) = ξ1(x) ∧ ξ2(x).

Definition 2.1.6. Let ξ1 and ξ2 be the fuzzy subsets of X. Then ξ1 is said to be

contained in ξ2 if, for all x ∈ G,

ξ1(x) ≤ ξ2(x).

We now define fuzzy subgroupiod and fuzzy subgroup as Rosenfeld’s paper

published in 1971.

Definition 2.1.7 (Fuzzy subgroupoid). [20] Let ξ be a function from X to I,

where X is a groupoid, then ξ is called a fuzzy subgroupoid if, for all x1, x2 ∈ X,

ξ(x1x2) ≥ ξ(x1) ∧ ξ(x2).

6
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Definition 2.1.8 (Fuzzy subgroup). [20] Let ξ be a fuzzy subset of a group

G. Then ξ is called fuzzy subgroup of G if for all x1, x2 ∈ G,

1. ξ(x1x2) ≥ ξ(x1) ∧ ξ(x2)

2. ξ(x−11 ) ≥ ξ(x1).

The set of all fuzzy subgroups of G is denoted by “F (G)”. For the further

discussion, we denote the fuzzy subset and fuzzy subgroup by f.s and F.S ”

respectively. Moreover, normal fuzzy subgroup and fuzzy coset are denoted by

N.F.S and F.C respectively.

Lemma 2.1.9. [17] Let G be a finite group and ξ be a fuzzy subgroupiod of G.

Then ξ ∈ F (G).

Proof. From definition 2.1.7, it follows that ξ(x1x2) ≥ ξ(x1)∧ ξ(x2). To show that

ξ(x−11 ) ≥ ξ(x1), suppose that e 6= x1 ∈ G. Then for n > 1,

Since G is a finite group, we have xn1 = e. This implies that inverse of x1 is xn−11 .

Now

ξ(x−11 ) = ξ(xn−11 )

= ξ(xn−21 x)

≥ ξ(xn−21 ) ∧ ξ(x1)(by using definition 2.1.7)

≥ ξ(x1) ∧ ... ∧ ξ(x1) = ξ(x1).

Hence ξ is a F.S of G.

Lemma 2.1.10. [17] Let ξ be a F.S of a group G. Then for all g ∈ G,

1. ξ(e) ≥ ξ(g)

2. ξ(g) = ξ(g−1).

Proof. (1). Suppose that g ∈ G. We have

ξ(e) = ξ(gg−1)

≥ ξ(g) ∧ ξ(g−1) (since ξ ∈ F (G))

≥ ξ(g) ∧ ξ(g) = ξ(g).

Hence ξ(e) ≥ ξ(g).

7
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Proof. (2). Assume that g belongs to G. Clearly, ξ(g) = ξ((g−1)−1) ≥ ξ(g−1) ≥

ξ(g), since ξ ∈ G. Hence ξ(g) = ξ(g−1).

Remark 2.1.11. [17] Let H . G. If ξ is a F.S of G, then ξ|H ∈ F (H).

In the remark 2.1.11 ξ|H is known as the restriction of ξ from the domain G to

H.

2.2 Examples of fuzzy subgroups

Example 2.2.1. Let K = {e, a} × {e, b} be the non-cyclic group of order 4 and

its elements can be written as {e, a, b, ab}. We define a f.s ξ of K by

ξ(e) = ξ(ab) = s◦

ξ(a) = ξ(b) = s1

∀ s◦ > s1 and s◦, s1 ∈ I.

Now we will verify that whether ξ is a F.S of K or not.

ξ(e) ≥ ξ(e) ∧ ξ(e) =⇒ s◦ ≥ s◦

ξ(e.a) ≥ ξ(e) ∧ ξ(a) =⇒ ξ(a) ≥ s◦ ∧ s1 =⇒ s1 ≥ s1

ξ(e.b) ≥ ξ(e) ∧ ξ(b) =⇒ ξ(b) ≥ s◦ ∧ s1 =⇒ s1 ≥ s1

ξ(e.ab) ≥ ξ(e) ∧ ξ(ab) =⇒ ξ(ab) ≥ s◦ ∧ s◦ =⇒ s◦ ≥ s◦

ξ(a.a) ≥ ξ(a) ∧ ξ(a) =⇒ ξ(e) ≥ s1 ∧ s1 =⇒ s◦ ≥ s1

ξ(a.b) ≥ ξ(a) ∧ ξ(b) =⇒ ξ(ab) ≥ s1 ∧ s1 =⇒ s◦ ≥ s1

ξ(a.ab) ≥ ξ(a) ∧ ξ(ab) =⇒ ξ(b) ≥ s1 ∧ s◦ =⇒ s1 ≥ s1

ξ(b.b) ≥ ξ(b) ∧ ξ(b) =⇒ ξ(e) ≥ s1 ∧ s1 =⇒ s◦ ≥ s1

ξ(b.ab) ≥ ξ(b) ∧ ξ(ab) =⇒ ξ(a) ≥ s1 ∧ s◦ =⇒ s1 ≥ s1

ξ(ab.ab) ≥ ξ(ab) ∧ ξ(ab) =⇒ ξ(e) ≥ s◦ ∧ s◦ =⇒ s◦ ≥ s◦

Hence ξ ∈ F (K). Now we define a f.s ξ1 ∈ F (K) by

ξ1(e) = s◦

8
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ξ1(a) = s1

ξ1(b) = ξ1(ab) = s2

We again check that whether ξ1 is a F.S or not,

ξ1(e.e) ≥ ξ1(e) ∧ ξ1(e) =⇒ s◦ ≥ s◦

ξ1(e.a) ≥ ξ1(e) ∧ ξ1(a) =⇒ ξ1(a) ≥ s◦ ∧ s1 =⇒ s1 ≥ s1

ξ1(e.b) ≥ ξ1(e) ∧ ξ1(b) =⇒ ξ1(b) ≥ s◦ ∧ s2 =⇒ s2 ≥ s2

ξ1(e.ab) ≥ ξ1(e) ∧ ξ1(ab) =⇒ ξ1(ab) ≥ s◦ ∧ s2 =⇒ s2 ≥ s2

ξ1(a.a) ≥ ξ1(a) ∧ ξ1(a) =⇒ ξ1(e) ≥ s1 ∧ s1 =⇒ s◦ ≥ s1

ξ1(a.b) ≥ ξ1(a) ∧ ξ1(b) =⇒ ξ1(ab) ≥ s1 ∧ s2 =⇒ s2 ≥ s2

ξ1(a.ab) ≥ ξ1(a) ∧ ξ1(ab) =⇒ ξ1(b) ≥ s1 ∧ s2 =⇒ s2 ≥ s2

ξ1(b.b) ≥ ξ1(b) ∧ ξ1(b) =⇒ ξ1(e) ≥ s2 ∧ s2 =⇒ s◦ ≥ s2

ξ1(b.ab) ≥ ξ1(b) ∧ ξ1(ab) =⇒ ξ1(a) ≥ s2 ∧ s2 =⇒ s1 ≥ s2

ξ1(ab.ab) ≥ ξ1(ab) ∧ ξ1(ab) =⇒ ξ1(e) ≥ s2 ∧ s2 =⇒ s◦ ≥ s2

Thus it is proved that ξ1 is also a F.S of K.

Example 2.2.2. Let G = D6 = 〈a, b : a3 = e = b2, bab = a−1〉. We define

ψ ∈ FP (G) by

ψ(e) = ψ(a2b) = s2

ψ(a) = ψ(a2) = ψ(b) = ψ(ab) = s1

9
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∀ s◦ < s1 and s◦, s1 ∈ I. Now we will verify that whether ψ is a subgroup or not,

ψ(e.e) = ψ(e) = s2 =⇒ ψ(e.e) ≥ ψ(e) ∧ ψ(e) = s2 ∧ s2 = s2

ψ(e.a) = ψ(a) = s1 =⇒ ψ(e.a) ≥ ψ(e) ∧ ψ(a) = s2 ∧ s1 = s1

ψ(e.a2) = ψ(a2) = s1 =⇒ ψ(e.a2) ≥ ψ(e) ∧ ψ(a2) = s2 ∧ s1 = s1

ψ(e.b) = ψ(b) = s1 =⇒ ψ(e.b) ≥ ψ(e) ∧ ψ(b) = s2 ∧ s1 = s1

ψ(e.ab) = ψ(ab) = s1 =⇒ ψ(e.ab) ≥ ψ(e) ∧ ψ(ab) = s2 ∧ s1 = s1

ψ(e.a2b) = ψ(a2b) = s2 =⇒ ψ(e.a2b) ≥ ψ(e) ∧ ψ(a2b) = s2 ∧ s2 = s2

ψ(a.a) = ψ(a2) = s1 =⇒ ψ(a.a) ≥ ψ(a) ∧ ψ(a) = s1 ∧ s1 = s1

ψ(a.a2) = ψ(e) = s2 =⇒ ψ(a.a2) ≥ ψ(a) ∧ ψ(a2) = s1 ∧ s1 = s1

ψ(a.b) = ψ(ab) = s1 =⇒ ψ(a.b) ≥ ψ(a) ∧ ψ(b) = s1 ∧ s1 = s1

ψ(a.ab) = ψ(a2b) = s2 =⇒ ψ(a.ab) ≥ ψ(a) ∧ ψ(ab) = s1 ∧ s1 = s1

ψ(a.a2b) = ψ(b) = s1 =⇒ ψ(a.a2b) ≥ ψ(a) ∧ ψ(a2b) = s1 ∧ s2 = s1

ψ(a2.a) = ψ(e) = s2 =⇒ ψ(a2.a) ≥ ψ(a2) ∧ ψ(a) = s1 ∧ s1 = s1

ψ(a2.b) = ψ(a2b) = s2 =⇒ ψ(a2.b) ≥ ψ(a2) ∧ ψ(b) = s1 ∧ s1 = s1

ψ(a2.ab) = ψ(b) = s1 =⇒ ψ(a2.ab) ≥ ψ(a2) ∧ ψ(ab) = s1 ∧ s1 = s1

ψ(a2.a2b) = ψ(ab) = s1 =⇒ ψ(a2.a2b) ≥ ψ(a2) ∧ ψ(a2b) = s1 ∧ s2 = s1

ψ(b.a) = ψ(a2b) = s2 =⇒ ψ(b.a) ≥ ψ(b) ∧ ψ(a) = s1 ∧ s1 = s1

ψ(b.a2) = ψ(ab) = s1 =⇒ ψ(b.a2) ≥ ψ(b) ∧ ψ(a2) = s1 ∧ s1 = s1

ψ(b.b) = ψ(e) = s2 =⇒ ψ(b.b) ≥ ψ(b) ∧ ψ(b) = s1 ∧ s1 = s1

ψ(b.ab) = ψ(a2) = s1 =⇒ ψ(b.ab) ≥ ψ(b) ∧ ψ(ab) = s1 ∧ s1 = s1

10
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ψ(b.a2b) = ψ(a) = s1 =⇒ ψ(b.a2b) ≥ ψ(b) ∧ ψ(a2b) = s1 ∧ s2 = s1

ψ(ab.a) = ψ(b) = s1 =⇒ ψ(ab.a) ≥ ψ(ab) ∧ ψ(a) = s1 ∧ s1 = s1

ψ(ab.a2) = ψ(ba2.a2) = s2 =⇒ ψ(ab.a2) ≥ ψ(ab) ∧ ψ(a2) = s1 ∧ s1 = s1

ψ(ab.b) = ψ(a) = s1 =⇒ ψ(ab.b) ≥ ψ(ab) ∧ ψ(b) = s1 ∧ s1 = s1

ψ(ab.ab) = ψ(e) = s2 =⇒ ψ(ab.ab) ≥ ψ(ab) ∧ ψ(ab) = s1 ∧ s1 = s1

ψ(ab.a2b) = ψ(a2) = s1 =⇒ ψ(ab.a2b) ≥ ψ(ab) ∧ ψ(a2b) = s1 ∧ s2 = s1

ψ(a2b.a) = ψ(ab) = s1 =⇒ ψ(a2b.a) ≥ ψ(a2b) ∧ ψ(a) = s2 ∧ s1 = s1

ψ(a2b.a2) = ψ(ba.a2) = s1 =⇒ ψ(a2b.a2) ≥ ψ(a2b) ∧ ψ(a2) = s2 ∧ s1 = s1

ψ(a2b.b) = ψ(a2) = s1 =⇒ ψ(a2b.b) ≥ ψ(a2b) ∧ ψ(b) = s2 ∧ s1 = s1

ψ(a2b.ab) = ψ(a) = s1 =⇒ ψ(a2b.ab) ≥ ψ(a2b) ∧ ψ(ab) = s2 ∧ s1 = s1

ψ(a2b.a2b) = ψ(e) = s2 =⇒ ψ(a2b.a2b) ≥ ψ(a2b) ∧ ψ(a2b) = s2 ∧ s2 = s2

Thus ψ is a F.S of G.

Now we define a f.s ψ1 by

ψ1(a
2b) = s1

ψ1(e) = s2

ψ1(a) = ψ1(a
2) = ψ1(b) = ψ1(ab) = s◦

It can be easily seen that ψ1 ∈ F (G).

Remark 2.2.3. Let ξ ∈ FP (G) then ξ may not be a F.S of G.

We give the following example to explain the remark 2.2.3.

Example 2.2.4. Let G = D6 = 〈a, b : a3 = e = b2, bab = a−1〉.

We define ξ ∈ FP (D6) by

ξ(a) = ξ(b) = s◦

ξ(e) = ξ(a2b) = s1

ξ(a2) = ξ(ab) = s2

∀ s◦ < s2 < s1 and s◦, s1, s2 ∈ I. In this example ξ is a f.s but it is not a F.S of

D6, because

ξ(a2b.ab) = ξ(a2b.ba2) = ξ(a) = s◦

11
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ξ(a2b.ab) ≥ ξ(a2b) ∧ ξ(ab)

= s1 ∧ s2 = s2

=⇒ ξ(a2b.a3b) < ξ(a2b) ∧ ξ(ab), which shows that ξ is not a F.S of D6.

Example 2.2.5. Let D8 be a dihedral group of order 8 given by

D8 = 〈a, b : a4 = e = b2, bab = a−1〉. We define ξ ∈ FP (D8) by

ξ(e) = ξ(a3b) = s1

ξ(a) = ξ(a2) = ξ(a3) = ξ(b) = ξ(ab) = ξ(a2b) = s◦

∀ s◦ < s1 and s◦, s1 ∈ I. Now we will verify whether ξ ia a F.S or not.

ξ(e.a2) = ξ(a2) = ξ(e) = s1 =⇒ ξ(e.a2) ≥ ξ(e) ∧ ξ(a2) = s1 ∧ s◦ = s◦

ξ(e.a3) = ξ(a3) = s◦ =⇒ ξ(e.a3) ≥ ξ(e) ∧ ξ(a3) = s1 ∧ s◦ = s◦

ξ(e.b) = ξ(b) = s◦ =⇒ ξ(e.b) ≥ ξ(e) ∧ ξ(b) = s1 ∧ s◦ = s◦

ξ(e.ab) = ξ(ab) = s◦ =⇒ ξ(e.ab) ≥ ξ(e) ∧ ξ(ab) = s1 ∧ s◦ = s◦

ξ(e.a2b) = ξ(a2b) = s◦ =⇒ ξ(e.a2b) ≥ ξ(e) ∧ ξ(a2b) = s1 ∧ s◦ = s◦

ξ(e.a3b) = ξ(a3b) = s1 =⇒ ξ(e.a3b) ≥ ξ(e) ∧ ξ(a3b) = s1 ∧ s1 = s1

ξ(a2.a3) = ξ(a) = s◦ =⇒ ξ(a2.a3) ≥ ξ(a2) ∧ ξ(a3) = s◦ ∧ s◦ = s◦

ξ(a2.b) = ξ(a2b) = s◦ =⇒ ξ(a2.b) ≥ ξ(a2) ∧ ξ(b) = s◦ ∧ s◦ = s◦

ξ(a2.ab) = ξ(a3b) = s1 =⇒ ξ(a2.ab) ≥ ξ(a2) ∧ ξ(ab) = s◦ ∧ s◦ = s◦

ξ(a2.a2b) = ξ(b) = s◦ =⇒ ξ(a2.a2b) ≥ ξ(a2) ∧ ξ(a2b) = s◦ ∧ s◦ = s◦

ξ(a2.a3b) = ξ(ab) = s◦ =⇒ ξ(a2.a3b) ≥ ξ(a2) ∧ ξ(a3b) = s◦ ∧ s1 = s◦

ξ(a3.a) = ξ(e) = s1 =⇒ ξ(a3.a) ≥ ξ(a3) ∧ ξ(a) = s◦ ∧ s◦ = s◦

ξ(a3.a2) = ξ(a) = s◦ =⇒ ξ(a3.a2) ≥ ξ(a3) ∧ ξ(a2) = s◦ ∧ s◦ = s◦

ξ(a3.b) = ξ(a3b) = s1 =⇒ ξ(a3.b) ≥ ξ(a3) ∧ ξ(b) = s◦ ∧ s◦ = s◦

ξ(a3.ab) = ξ(b) = s◦ =⇒ ξ(a3.ab) ≥ ξ(a3) ∧ ξ(ab) = s◦ ∧ s◦ = s◦

12
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ξ(a3.a2b) = ξ(ab) = s◦ =⇒ ξ(a3.a2b) ≥ ξ(a3) ∧ ξ(a2b) = s◦ ∧ s◦ = s◦

ξ(a3.a3b) = ξ(a2b) = s◦ =⇒ ξ(a3.a3b) ≥ ξ(a3) ∧ ξ(a3b) = s◦ ∧ s1 = s◦

ξ(b.ab) = ξ(b.ba3) = ξ(a3) = s◦ =⇒ ξ(b.ab) ≥ ξ(b) ∧ ξ(ab) = s◦ ∧ s◦ = s◦

ξ(b.a2b) = ξ(b.ba2) = ξ(a2) = s◦ =⇒ ξ(b.a2b) ≥ ξ(b) ∧ ξ(a2b) = s◦ ∧ s◦ = s◦

ξ(b.a3b) = ξ(b.ba) = ξ(a) = s◦ =⇒ ξ(b.a3b) ≥ ξ(b) ∧ ξ(a3b) = s◦ ∧ s1 = s◦

ξ(ab.a2b) = ξ(ab.ba2) = ξ(a3) = s◦ =⇒ ξ(ab.a2b) ≥ ξ(ab) ∧ ξ(a2b) = s◦ ∧ s◦ = s◦

ξ(ab.a3b) = ξ(ab.ba) = ξ(a2) = s◦ =⇒ ξ(ab.a3b) ≥ ξ(ab) ∧ ξ(a3b) = s◦ ∧ s1 = s◦

ξ(a2b.a2b) = ξ(a2b.ba2) = ξ(e) = s1 =⇒ ξ(a2b.a2b) ≥ ξ(a2b) ∧ ξ(a2b) = s◦ ∧ s◦ = s◦

ξ(a2b.a3b) = ξ(a2b.ba) = ξ(a3) = s◦ =⇒ ξ(a2b.a3b) ≥ ξ(a2b) ∧ ξ(a3b) = s◦ ∧ s1 = s◦

ξ(a3b.a3b) = ξ(a3b.ba) = ξ(e) = s1 =⇒ ξ(a3b.a3b) ≥ ξ(a3b) ∧ ξ(a3b) = s1 ∧ s1 = s1

All the above discussion shows that ξ ∈ F (D8).

Now we define ξ1 ∈ FP (D8) by

ξ1(e) = ξ1(a) = ξ1(a
3b) = s1

ξ1(a
2) = ξ1(a

2b) = ξ1(a
3) = ξ1(b) = ξ1(ab) = s◦

∀ s◦ < s1 and s◦, s1 ∈ I. It is obvious that ξ1 /∈ F (D8) because

ξ1(a.a
3b) = ξ1(b) = s◦

ξ1(a.a
3b) ≥ ξ1(a) ∧ ξ1(a3b) = s1 ∧ s1 = s1

=⇒ ξ1(a.a
3b) < ξ1(a) ∧ ξ1(a3b), which shows that ξ1 is not a F.S of D8.

We define ξ2 ∈ FP (D8) by

ξ2(e) = ξ2(a
3b) = ξ2(a

3) = s1

ξ2(a) = ξ2(a
2) = ξ2(a

2b) = ξ2(b) = ξ2(ab) = s◦

∀ s◦ < s1 and s◦, s1 ∈ I. Then ξ2 is not a F.S of D8 because

ξ2(a
3.a3b) = ξ2(a

2b) = s◦

ξ2(a
3.a3b) ≥ ξ2(a

3) ∧ ξ2(a3b)

= s1 ∧ s1 = s1

=⇒ ξ2(a
3.a3b) < ξ2(a

3) ∧ ξ2(a3b), which shows that ξ2 is not a F.S of D8.

13
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One of the most important problem of fuzzy group theory is the classification

of fuzzy subgroups of finite non-abelian groups. In [26] Marius Tarnauceanu devel-

oped a general method to enumerate fuzzy subgroups of certain finite non-abelian

groups. In particular, explicit formulas have been obtained for dihedral groups.

Theorem 2.2.6. [26] The number h(D2p
m1
1

) of all distinct fuzzy subgroups of the

dihedral group D2p
m1
1

is given by the following equality:

h(D2p
m1
1

) =
2m1

p1 − 1
(pm1−1

1 + p1 − 2).

Theorem 2.2.7. [26] The number h(D2p
m1
1 p2

) of all distinct fuzzy subgroups of

the dihedral group h(D2p
m1
1 p2

) is given by the following equality,

h(D2p
m1
1 p2

) =
2m1

(p1 − 1)3
[(m1 + 2)pm1+3

1 p2 + 2pm1+3
1 − (2m1 + 5)pm1+2

1 p2−

− 3pm1+2
1 + (m1 + 3)pm1+1

1 p2 + pm1+1
1 + (m1 + 2)p31 − p21p2−

− (4m1 + 9)p21 + 3p1p2 + (5m1 + 11)p1 − 2p2 − (2m1 + 4)].

Example 2.2.8. Let Q8 = {−1, 1, i,−i, j,−j,−k, k} be a group of quaternions

with eight elements.

We define ξ ∈ FP (Q8) by

ξ(1) = s◦

ξ(−1) = ξ(±i) = s1

ξ(±j) = ξ(±k) = s2

Now we define ξ1 ∈ FP (Q8) by

ξ1(±1) = s◦

ξ1(±i) = s1

ξ1(±j) = ξ1(±k) = s2

We define a f.s ξ2 of Q8 by

ξ2(±1) = s◦

ξ2(±i) = ξ2(±j) = ξ2(±k) = s1

14
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∀ s◦ > s1 > s2 and s◦, s1, s2 ∈ I. Then we can say ξ, ξ1 and ξ2 belongs to

F (Q8), because it is easily observe as previous examples that ξ, ξ1 and ξ2 satisfy

the axiom of F.S.

Lemma 2.2.9. [17] If ξ ∈ F (G), then ξ∗ and ξ∗ are the subgroups of G.

Theorem 2.2.10. If ξ1, ξ2 are fuzzy subgroups of a group G, then their intersection

is again a F.S of G.

Proof. We want to show that

(ξ1 ∩ ξ2)(xy−1) ≥ (ξ1 ∩ ξ2)(x) ∧ (ξ1 ∩ ξ2)(y−1)

By definition 2.1.5, we have

(ξ1 ∩ ξ2)(xy−1) = ξ1(xy
−1) ∧ ξ2(xy−1)

(ξ1 ∩ ξ2)(xy−1) = ξ1(x) ∧ ξ1(y−1) ∧ ξ2(x) ∧ ξ2(y−1) (Since ξ1, ξ2 ∈ F (G))

≥ ξ1(x) ∧ ξ2(x) ∧ ξ1(y−1) ∧ ξ2(y−1)

= (ξ1 ∩ ξ2)(x) ∧ (ξ1 ∩ ξ2)(y−1)

Hence it is proved that ξ1 ∩ ξ2 ∈ F (G).

Let G be a group and H be a subgroup of G, then the normalizer of H in G is

defined as, NG(H) = {x ∈ G|xH = Hx}. We now discuss the normalizer of a F.S

ξ in G.

Definition 2.2.11. [17] Suppose that ξ be a F.S of a group G. Then normalizer

of ξ in G is defined as N(ξ) = {g1 | g1 ∈ G, ξ(g1g2) = ξ(g2g1) ∀ g2 ∈ G}.

Theorem 2.2.12. [17] Suppose ξ ∈ F (G). Let

N(ξ) = {g1|g1 ∈ G, ξ(g1g2) = ξ(g2g1) ∀g2 ∈ G}.

Then N(ξ) . G.

Proof. It can be easily observed that, e ∈ N(ξ). Suppose g1, g2 ∈ N(ξ). For

15
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g3 ∈ G, we have

ξ(g1g
−1
2 .g3) = ξ(g1.g

−1
2 g3)

= ξ(g−12 g3.g1)

= ξ(g−11 g−13 .g2)

= ξ(g2.g
−1
1 g−13 )

= ξ(g3.g1g
−1
2 ).

Therefore, g1g
−1
2 ∈ N(ξ). Hence N(ξ) . G.

Proposition 2.2.13. A F.S ξ of a group G is self-normalizing F.S of G iff ξ is

a N.F.S of G.

2.3 Level subsets and level subgroups

In this section we denote the level subset by l.s and level subgroup by L.S.

Definition 2.3.1 (Level subset). [12] Let ξ ∈ FP (X). For t ∈ I, the set ξt =

{x ∈ X| ξ(x) ≥ t} is called a l.s of the f.s ξ.

Note that ξt is a subset of X in the ordinary sense. The terminology “l.s” was

introduced by Zadeh.[12]

Theorem 2.3.2. [12] Suppose that ξ ∈ F (G), then the l.s ξt, for t ∈ I, t ≤ ξ(e),

is a subgroup of G, where e is the identity of G.

Proof. We know that ξt = {x ∈ G | ξ(x) ≥ t}, then ξt is non-empty:

e ∈ ξt ∀ t ∈ I.

Let g1, g2 ∈ ξt, then ξ(g1) ≥ t and ξ(g2) ≥ t (by definition of l.s defined in the

definition 2.3.1). Since ξ ∈ F (G), ξ(g1g2) ≥ ξ(g1) ∧ ξ(g2).

This means ξ(g1g2) ≥ t. Hence g1g2 ∈ ξt. Let g1 ∈ ξt implies ξ(g1) ≥ t. Since

ξ ∈ F (G), implies that ξ(g−11 ) ≥ ξ(g1) and hence ξ(g1) ≥ t. This implies g−11 ∈ ξt.

Therefore ξt is a subgroup of G.

We now give an example to elaborate the theorem 2.3.2.

16



Level subsets and level subgroups Literature Review

Example 2.3.3. Suppose that K = {e, a, b, ab} is a Klein four group with four

elements. We define ξ ∈ F (K) as follows,

ξ(e) = t◦

ξ(a) = t1

ξ(b) = ξ(ab) = t2

∀ t◦ > t1 > t2 and t◦, t1, t2 ∈ I.

Since ξ ∈ F (K). Clearly (by 2.3.2), ξt◦ = {e}, ξt1 = {e, a} and ξt2 = {e, a, b, ab}

are the subgroups of K.

Following theorem provides a short way to determine whether a f.s is a F.S

or not.

Theorem 2.3.4. [12] Let G be a finite group and ξ ∈ FP (G) such that ξt . G

for all t ∈ I, t ≤ ξ(e), then ξ ∈ F (G).

Proof. Suppose that g1, g2 ∈ ξt and let ξ(g1) = t1 and ξ(g2) = t2. Then g1 ∈

ξt1 , g2 ∈ ξt2 . Let us assume t1 < t2. Then it implies ξt2 ⊂ ξt1 . So g2 ∈ ξt1 . Thus

g1, g2 ∈ ξt1 and since ξt1 . G, by hypothesis, g1g2 ∈ ξt1 . Therefore ξ(g1g2) ≥

t1 = ξ(g1) ∧ ξ(g2). Again, let g1 ∈ G and let ξ(g1) = t. Then g1 ∈ ξt. Since ξt

is a subgroup, g−11 ∈ ξt. Therefore ξ(g−11 ) ≥ t and hence ξ(g−11 ) ≥ ξ(g1). Thus

ξ ∈ F (G).

We give the following example to explain the remark 2.3.4

Example 2.3.5. Let S3 = {e, a, a2, b, ab, a2b} be a symmetric group. We define a

f.s ξ of S3 by

ξ(a) = ξ(b) = t◦

ξ(e) = ξ(a2b) = t1

ξ(a2) = ξ(ab) = t2

From the theorem 2.3.4, we can say that ξ is not a F.S of S3 because ξt1 =

{e, a, b, a2b} is not a subgroup of S3.

Definition 2.3.6 (Level Subgroup). [12] Suppose that ξ be a F.S of a group G.

The subgroups ξt = {x ∈ G| ξ(x) ≥ t} for t ∈ I are called L.Ss of ξ.

17
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The next theorem characterizes that not all the L.Ss of a group are different.

Theorem 2.3.7. [12] Let ξ ∈ F (G). Then ξs1 , ξs2(with s1 < s2) are equal iff

there does not exist g ∈ G such that s1 < ξ(g) < s2.

Proof. Suppose that ξs1 = ξs2 . Suppose on contrary that there exists g ∈ G such

that s1 < ξ(g) < s2, then ξs2 ( ξs1 , since g ∈ ξs1 but not in ξs2(From definition

2.3.1), which is contradiction. Now, suppose that there be no g ∈ G such that

s1 < ξ(g) < s2. Since s1 < s2 we have ξs2 ⊆ ξs1 . Let g ∈ ξs1 , then ξ(x) ≥ s1 and

hence ξ(g) ≥ s2, since ξ(g) does not lie between s1 and s2. Therefore g ∈ ξs2 . So

ξs1 ⊆ ξs2 . Hence ξs1 = ξs2 .

2.4 Fuzzy quotient subgroups

Definition 2.4.1 (Abelian Fuzzy Subset). [17] A f.s ξ of a set X is called an

Abelian f.s of X if and only if ξ(xy) = ξ(yx) ∀x, y ∈ X.

Theorem 2.4.2. [17] Let G be a group and ξ ∈ FP (G). Then for all g1, g2 ∈ G,

the following conditions are equivalent:

1. ξ(g1g2) = ξ(g2g1).

2. ξ(g1g2g
−1
1 ) = ξ(g2).

3. ξ(g1g2g
−1
1 ) ≥ ξ(g2).

4. ξ(g1g2g
−1
1 ) ≤ ξ(g2).

Proof. (1)⇒ (2): Suppose that g1, g2 ∈ G. Then

ξ(g1g2g
−1
1 ) = ξ(g−11 g1g2) (since ξ(g1g2) = ξ(g2g1))

= ξ(e.g2) = ξ(g2).

(2)⇒ (3): Obvious.

(3)⇒ (4): Let g1, g2 ∈ G. Then ξ(g1g2g
−1
1 ) ≤ ξ(g−11 .g1g2g

−1
1 .(g−11 )−1) = ξ(g2).

(4)⇒ (1): Suppose that g1, g2 ∈ G. Then

ξ(g1g2) = ξ(g1.g2g1..g
−1
1 ) (since ξ(g1g2g

−1
1 ) ≤ ξ(g2))

≤ ξ(g2g1),

and ξ(g2g1) = ξ(g2.g1g2.g
−1
2 ) ≤ ξ(g1g2). Hence ξ(g1g2) = ξ(g2g1).

18
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Normal subgroups play a fundamental role in classical group theory. Because

they are backbone in the structure of groups. Similarly, a N.F.S plays an impor-

tant role in the theory of fuzzy groups.

Definition 2.4.3. [17] Let ξ be a f.s of a group G, then ξ is called N.F.S of G

if it is an abelian f.s of G.

We denote the set of all N.F.Ss of G by NF (G).

Example 2.4.4. Let Q8 = {±1,±i,±j,±k} be a group of quaternions with eight

elements.

We define ψ1 ∈ F (Q8) by

ψ1(1) = s◦

ψ1(−1) = ψ1(±i) = s1

ψ1(±j) = ψ1(±k) = s2

∀ s◦ > s1 > s2 and s◦, s1, s2 ∈ I.

Now by using the definition 2.4.3, we will verify that ψ1 CQ8.

We fix 1,

ψ1(1.1) = ψ1(1.1) =⇒ ψ1(1) = ψ1(1) =⇒ s◦ = s◦

ψ1(1.− 1) = ψ1(−1.1) =⇒ ψ1(−1) = ψ1(−1) =⇒ s1 = s1

ψ1(1.i) = ψ1(i.1) =⇒ ψ1(i) = ψ1(i) =⇒ s1 = s1

ψ1(1.− i) = ψ1(−i.1) =⇒ ψ1(−i) = ψ1(−i) =⇒ s1 = s1

ψ1(1.j) = ψ1(j.1) =⇒ ψ1(j) = ψ1(j) =⇒ s2 = s2

ψ1(1.− j) = ψ1(−j.1) =⇒ ψ1(−j) = ψ1(−j) =⇒ s2 = s2

ψ1(1.k) = ψ1(k.1) =⇒ ψ1(k) = ψ1(k) =⇒ s2 = s2

ψ1(1.− k) = ψ1(−k.1) =⇒ ψ1(−k) = ψ1(−k) =⇒ s2 = s2

Fix −1,

ψ1(−1.1) = ψ1(−1.1) =⇒ ψ1(−1) = ψ1(−1) =⇒ s1 = s1

ψ1(−1.− 1) = ψ1(−1.− 1) =⇒ ψ1(1) = ψ1(1) =⇒ s◦ = s◦
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ψ1(−1.i) = ψ1(i.− 1) =⇒ ψ1(−i) = ψ1(−i) =⇒ s1 = s1

ψ1(−1.− i) = ψ1(−i.− 1) =⇒ ψ1(i) = ψ1(i) =⇒ s1 = s1

ψ1(−1.j) = ψ1(j.− 1) =⇒ ψ1(−j) = ψ1(−j) =⇒ s2 = s2

ψ1(−1.− j) = ψ1(−j.− 1) =⇒ ψ1(j) = ψ1(j) =⇒ s2 = s2

ψ1(−1.k) = ψ1(k.− 1) =⇒ ψ1(−k) = ψ1(−k) =⇒ s2 = s2

ψ1(−1.− k) = ψ1(−k.− 1) =⇒ ψ1(k) = ψ1(k) =⇒ s2 = s2

Fix i,

ψ1(i.1) = ψ1(1.i) =⇒ ψ1(i) = ψ1(i) =⇒ s1 = s1

ψ1(i.− 1) = ψ1(−1.i) =⇒ ψ1(−i) = ψ1(−i) =⇒ s1 = s1

ψ1(i.i) = ψ1(i.i) =⇒ ψ1(−1) = ψ1(−1) =⇒ s1 = s1

ψ1(i.− i) = ψ1(−i.i) =⇒ ψ1(1) = ψ1(1) =⇒ s◦ = s◦

ψ1(i.j) = ψ1(j.i) =⇒ ψ1(k) = ψ1(−k) =⇒ s2 = s2

ψ1(i.− j) = ψ1(−j.i) =⇒ ψ1(−k) = ψ1(k) =⇒ s2 = s2

ψ1(i.k) = ψ1(k.i) =⇒ ψ1(−j) = ψ1(j) =⇒ s2 = s2

ψ1(i.− k) = ψ1(−k.i) =⇒ ψ1(j) = ψ1(−j) =⇒ s2 = s2

Fix −i,

ψ1(−i.1) = ψ1(1.− i) =⇒ ψ1(−i) = ψ1(−i) =⇒ s1 = s1

ψ1(−i.− 1) = ψ1(−1.− i) =⇒ ψ1(i) = ψ1(i) =⇒ s1 = s1

ψ1(−i.i) = ψ1(i.− i) =⇒ ψ1(1) = ψ1(1) =⇒ s◦ = s◦

ψ1(−i.− i) = ψ1(−i.− i) =⇒ ψ1(−1) = ψ1(−1) =⇒ s1 = s1

ψ1(−i.j) = ψ1(j.− i) =⇒ ψ1(−k) = ψ1(k) =⇒ s2 = s2

ψ1(−i.− j) = ψ1(−j.− i) =⇒ ψ1(k) = ψ1(k) =⇒ s2 = s2

ψ1(−i.k) = ψ1(k.− i) =⇒ ψ1(j) = ψ1(−j) =⇒ s2 = s2

ψ1(−i.− k) = ψ1(−k.− i) =⇒ ψ1(−j) = ψ1(j) =⇒ s2 = s2

Fix j,

ψ1(j.1) = ψ1(1.j) =⇒ ψ1(j) = ψ1(j) =⇒ s2 = s2
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ψ1(j.− 1) = ψ1(−1.j) =⇒ ψ1(−j) = ψ1(−j) =⇒ s2 = s2

ψ1(j.i) = ψ1(i.j) =⇒ ψ1(−k) = ψ1(k) =⇒ s2 = s2

ψ1(j.− i) = ψ1(−i.j) =⇒ ψ1(k) = ψ1(−k) =⇒ s2 = s2

ψ1(j.j) = ψ1(j.j) =⇒ ψ1(1) = ψ1(−1) =⇒ s1 = s1

ψ1(j.− j) = ψ1(−j.j) =⇒ ψ1(1) = ψ1(1) =⇒ s◦ = s◦

ψ1(j.k) = ψ1(k.j) =⇒ ψ1(i) = ψ1(−i) =⇒ s1 = s1

ψ1(j.− k) = ψ1(−k.j) =⇒ ψ1(−i) = ψ1(i) =⇒ s1 = s1

Fix −j,

ψ1(−j.1) = ψ1(1.− j) =⇒ ψ1(−j) = ψ1(−j) =⇒ s2 = s2

ψ1(−j.− 1) = ψ1(−1.− j) =⇒ ψ1(j) = ψ1(j) =⇒ s2 = s2

ψ1(−j.i) = ψ1(i.− j) =⇒ ψ1(k) = ψ1(−k) =⇒ s2 = s2

ψ1(−j.− i) = ψ1(−i.− j) =⇒ ψ1(−k) = ψ1(k) =⇒ s2 = s2

ψ1(−j.j) = ψ1(j.− j) =⇒ ψ1(1) = ψ1(1) =⇒ s◦ = s◦

ψ1(−j.− j) = ψ1(−j.− j) =⇒ ψ1(−1) = ψ1(−1) =⇒ s1 = s1

ψ1(−j.k) = ψ1(k.− j) =⇒ ψ1(−i) = ψ1(i) =⇒ s1 = s1

ψ1(−j.− k) = ψ1(−k.− j) =⇒ ψ1(i) = ψ1(−i) =⇒ s1 = s1

Fix k,

ψ1(k.1) = ψ1(1.k) =⇒ ψ1(k) = ψ1(k) =⇒ s2 = s2

ψ1(k.− 1) = ψ1(−1.k) =⇒ ψ1(−k) = ψ1(−k) =⇒ s2 = s2

ψ1(k.i) = ψ1(i.k) =⇒ ψ1(j) = ψ1(−j) =⇒ s2 = s2

ψ1(k.− i) = ψ1(−i.k) =⇒ ψ1(−j) = ψ1(j) =⇒ s2 = s2

ψ1(k.j) = ψ1(j.k) =⇒ ψ1(−i) = ψ1(i) =⇒ s1 = s1

ψ1(k.− j) = ψ1(−j.k) =⇒ ψ1(i) = ψ1(−i) =⇒ s1 = s1

ψ1(k.k) = ψ1(k.k) =⇒ ψ1(−1) = ψ1(−1) =⇒ s1 = s1

ψ1(k.− k) = ψ1(−k.k) =⇒ ψ1(1) = ψ1(1) =⇒ s◦ = s◦
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Fix −k,

ψ1(−k.1) = ψ1(1.− k) =⇒ ψ1(−k) = ψ1(−k) =⇒ s2 = s2

ψ1(−k.− 1) = ψ1(−1.− k) =⇒ ψ1(k) = ψ1(k) =⇒ s2 = s2

ψ1(−k.i) = ψ1(i.− k) =⇒ ψ1(−j) = ψ1(j) =⇒ s2 = s2

ψ1(−k.− i) = ψ1(−i.− k) =⇒ ψ1(j) = ψ1(−j) =⇒ s2 = s2

ψ1(−k.j) = ψ1(j.− k) =⇒ ψ1(i) = ψ1(−i) =⇒ s1 = s1

ψ1(−k.− j) = ψ1(−j.− k) =⇒ ψ1(−i) = ψ1(i) =⇒ s1 = s1

ψ1(−k.k) = ψ1(k.− k) =⇒ ψ1(1) = ψ1(1) =⇒ s◦ = s◦

ψ1(−k.− k) = ψ1(−k.− k) =⇒ ψ1(−1) = ψ1(−1) =⇒ s1 = s1

Thus, by definition 2.4.3, ψ1 ∈ NF (Q8).

Remark 2.4.5. Let G be a finite abelian group then all of its fuzzy subgroups are

N.F.Ss of G.

Example 2.4.6. Let K = {e, a} × {e, b} be the non-cyclic group of order 4 and

its elements can be written as {e, a, b, ab}. We define ξ ∈ F (K) by

ξ(e) = ξ(ab) = t◦

ξ(a) = ξ(b) = t1

∀ t◦ > t1 and t◦, t1 ∈ I. Since K is an abelian group so from the remark 2.4.5,

ξ ∈ NF (K).

Remark 2.4.7. If ξ1, ξ2 are the fuzzy subgroups of G and ξ1, ξ2 /∈ NF (G), then

ξ1 ∩ ξ2 6 G.

We give the following example to explain the above remark.

Example 2.4.8. Let G = D6 = {e, a, a2, b, ab, a2b}. Define ξ1, ξ2 ∈ F (G) as

follows

∀ t◦ > t1 > t2 and t◦, t1, t2 ∈ I.

ξ1(e) = ξ1(a
2b) = t◦
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ξ1(a) = ξ1(a
2) = ξ1(b) = ξ1(ab) = t1

And

ξ2(e) = ξ2(a) = ξ2(b) = ξ2(a
2) = t◦

ξ2(a
2b) = ξ2(ab) = t1

Clearly ξ1, ξ2 /∈ NF (G) because ξ1(a
2b) 6= ξ1(ba

2) and ξ2(ab) 6= ξ2(a
2b). From the

definition of N.F.S it is immediate that

(ξ1 ∩ ξ2)(ab) 6= (ξ1 ∩ ξ2)(ba).

Hence ξ1 ∩ ξ2 6 G.

Definition 2.4.9. Let ξ1 and ξ2 ∈ F (G). Then ξ1 is called a F.S of a fuzzy group

ξ2 and is denoted by ξ1 l ξ2, if

ξ1(x) ≤ ξ2(x) ∀ x ∈ G.

Definition 2.4.10. [17] Let ξ1 and ξ2 be the fuzzy subgroups of G and ξ1 be a

subset of ξ2. Then ξ1 is called a N.F.S of ξ2 and is denoted by ξ1 ≺ ξ2, if

ξ1(g1g2g
−1
1 ) ≥ ξ1(g2) ∧ ξ2(g1) ∀ g1, g2 ∈ G.

Remark 2.4.11. [17]

Let ξ1 be a F.S of G, then ξ1 is a N.F.S of itself.

Theorem 2.4.12. [17] If ξ1 CG and ξ2 ∈ F (G), then ξ1 ∩ ξ2 ≺ ξ2.

Proof. Observe that ξ1 ∩ ξ2 ∈ F (G) (by theorem 2.2.10) and ξ1 ∩ ξ2 ⊆ ξ2. Now

(ξ1 ∩ ξ2)(g1g2g−11 ) = ξ1(g1g2g
−1
1 ) ∧ ξ2(g1g2g−11 )(by definition 2.1.5)

= ξ1(g2) ∧ ξ2(g1g2g−11 )

≥ ξ1(g2) ∧ ξ2(g1) ∧ ξ2(g2) ∧ ξ2(g−11 )

= (ξ1 ∩ ξ2)(g2) ∧ ξ2(g1)

∀g1, g2 ∈ G. Therefore, ξ1 ∩ ξ2 ≺ ξ2.

Theorem 2.4.13. If ξ′1 ≺ ξ1 and ξ1, ξ2 ∈ F (G), then ξ′1 ∩ ξ2 ≺ ξ1 ∩ ξ2.
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Proof. It is easily observed that ξ′1 ∩ ξ2 ∈ F (G) and ξ′1 ∩ ξ2 ⊆ ξ1 ∩ ξ2. Now

(ξ′1 ∩ ξ2)(xyx−1) = ξ′1(xyx
−1) ∧ ξ2(xyx−1)(by definition 2.1.5)

≥ ξ′1(y) ∧ ξ1(x) ∧ ξ2(x) ∧ ξ2(y) ∧ ξ2(x−1)

= ξ′1(y) ∧ ξ2(y) ∧ ξ1(x) ∧ ξ2(x) ∧ ξ2(x)

= (ξ′1 ∩ ξ2)(y) ∧ (ξ1 ∩ ξ2)(x)

∀ x, y ∈ G. Therefore, ξ′1 ∩ ξ2 ≺ ξ1 ∩ ξ2.

Theorem 2.4.14. [17] Let ξCG. Then support and core of ξ are normal subgroups

of G.

Proof. Let ξ ∈ NF (G), then ξ∗, ξ
∗ . G (by lemma 2.2.9). Now suppose that

g1 ∈ G and g2 ∈ ξ∗. Since ξ CG, we have

ξ(g1g2g
−1
1 ) = ξ(g2) = ξ(e)

and thus g1g2g
−1
1 ∈ ξ∗. Therefore, ξ∗ C G. Now we want to show that ξ∗ C G.

Suppose g1 belongs to G and g2 belongs to ξ∗. Since ξ CG, we have

ξ(g1g2g
−1
1 ) = ξ(g2) > 0

and so g1g2g
−1
1 ∈ ξ∗. Hence ξ∗ CG.

Definition 2.4.15 (Fuzzy Coset). [18] Let ξ ∈ F (G). Let x ∈ G and ξ̂ be a map

ξ̂x : G −→ I

defined by

ξ̂x(g) = ξ(gx−1) ∀ g ∈ G (2.1)

ξ̂x is known as the fuzzy right coset of ξ in G. ξ̂x is also denoted by ξx.

Similarly, a f.s xξ is called a fuzzy left coset of ξ in G if

ξ̂x(g) = ξ(x−1g) ∀ g ∈ G.

Example 2.4.16. Let K = {e, a} × {e, b} be the non-cyclic group of order 4 and

its elements can be written as {e, a, b, ab}. We define ξ ∈ F (K) by

ξ(e) = t◦
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ξ(a) = t1

ξ(b) = ξ(ab) = t2

∀ t◦ > t1 > t2 and t◦, t1, t2 ∈ I.

The F.C corresponding to e ∈ K,

ξ̂e(e) = ξ(e) = t◦

ξ̂e(a) = ξ(a) = t1

ξ̂e(b) = ξ(b) = t2

ξ̂e(ab) = ξ(ab) = t2

So F.C corresponding to e is {t◦, t1, t2, t2}, where {t◦, t1, t2, t2} is a multi-set,

which allows repetition.

The F.C corresponding to a ∈ K,

ξ̂a(e) = ξ(a) = t1

ξ̂a(a) = ξ(e) = t◦

ξ̂a(b) = ξ(ba) = t2

ξ̂a(ab) = ξ(b) = t2

So F.C corresponding to a is {t1, t◦, t2, t2}.

The F.C corresponding to b ∈ K,

ξ̂b(e) = ξ(b) = t2

ξ̂b(a) = ξ(ab) = t2

ξ̂b(b) = ξ(e) = t◦

ξ̂b(ab) = ξ(a) = t1

So F.C corresponding to b is {t2, t2, t◦, t1}.

The F.C corresponding to ab ∈ K,

ξ̂ab(e) = ξ(ab) = t2

ξ̂ab(a) = ξ(b) = t2
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ξ̂ab(b) = ξ(a) = t1

ξ̂ab(ab) = ξ(e) = t◦

So F.C corresponding to ab is {t2, t2, t1, t◦}.

Note that ξ̂e, ξ̂a, ξ̂b and ξ̂ab are the fuzzy cosets of G with respect to ξ.

Example 2.4.17. Let S3 = {e, a, a2, b, ab, a2b} be a symmetric group with six

elements. We define ξ of F (S3).

ξ(e) = ξ(a2b) = t◦

ξ(a) = ξ(a2) = ξ(b) = ξ(ab) = t1

∀ t◦ > t1 and t◦, t1 ∈ I.

The F.C corresponding to e ∈ S3,

ξ̂e(e) = ξ(e) = t◦

ξ̂e(a) = ξ(a) = t1

ξ̂e(a
2) = ξ(a2) = t1

ξ̂e(b) = ξ(b) = t1

ξ̂e(ab) = ξ(ab) = t1

ξ̂e(a
2b) = ξ(a2b) = t◦

So F.C corresponding to e is {t◦, t1, t1, t1, t1, t◦}.

The F.C corresponding to a ∈ S3,

ξ̂a(e) = ξ(a2) = t1

ξ̂a(a) = ξ(e) = t◦

ξ̂a(a
2) = ξ(a) = t1

ξ̂a(b) = ξ(ab) = t1

ξ̂a(ab) = ξ(a2b) = t◦

ξ̂a(a
2b) = ξ(b) = t1
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So F.C corresponding to a is {t1, t◦, t1, t1, t◦, t1}.

The F.C corresponding to a2 ∈ S3,

ξ̂a2(e) = ξ(a) = t1

ξ̂a2(a) = ξ(a2) = t1

ξ̂a2(a
2) = ξ(e) = t◦

ξ̂a2(b) = ξ(a2b) = t◦

ξ̂a2(ab) = ξ(b) = t1

ξ̂a2(a
2b) = ξ(ab) = t1

So F.C corresponding to a2 is {t1, t1, t◦, t◦, t1, t1}.

The F.C corresponding to b ∈ S3,

ξ̂b(e) = ξ(b) = t1

ξ̂b(a) = ξ(ab) = t1

ξ̂b(a
2) = ξ(a2b) = t◦

ξ̂b(b) = ξ(e) = t◦

ξ̂b(ab) = ξ(a) = t1

ξ̂b(a
2b) = ξ(a2) = t1

So F.C corresponding to b is {t1, t1, t◦, t◦, t1, t1}.

The F.C corresponding to ab ∈ S3,

ξ̂ab(e) = ξ(ab) = t1

ξ̂ab(a) = ξ(a2b) = t◦

ξ̂ab(a
2) = ξ(b) = t1

ξ̂ab(b) = ξ(a2) = t1

ξ̂ab(ab) = ξ(e) = t◦

ξ̂ab(a
2b) = ξ(a) = t1
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So F.C corresponding to ab is {t1, t◦, t1, t1, t◦, t1}.

The F.C corresponding to a2b ∈ S3,

ξ̂a2b(e) = ξ(a2b) = t◦

ξ̂a2b(a) = ξ(b) = t1

ξ̂a2b(a
2) = ξ(ab) = t1

ξ̂a2b(b) = ξ(a) = t1

ξ̂a2b(ab) = ξ(a2) = t1

ξ̂a2b(a
2b) = ξ(e) = t◦

So F.C corresponding to e is {t◦, t1, t1, t1, t1, t◦}.

Then we can say that ξ̂e, ξ̂a, ξ̂a2 , ξ̂b, ξ̂ab and ξ̂a2b are the fuzzy cosets of S3 with

respect to ξ.

Example 2.4.18. Let Q8 = {±1,±i,±j,±k} be a group of quaternions with eight

elements.

We define a F.S φ of Q8 by

φ(1) = t◦

φ(−1) = φ(±i) = t1

φ(±j) = φ(±k) = t2.

∀ t◦ > t1 > t2 and t◦, t1, t2 ∈ I.

The F.C corresponding to 1 ∈ Q8,

φ̂1(1) = φ(1) = t◦

φ̂1(−1) = φ(−1) = t1

φ̂1(i) = φ(i) = t1

φ̂1(−i) = φ(−i) = t1

φ̂1(j) = φ(j) = t2

φ̂1(−j) = φ(−j) = t2

φ̂1(k) = φ(k) = t2
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φ̂1(−k) = φ(−k) = t2

So, F.C corresponding to 1 is {t◦, t1, t1, t1, t2, t2, t2, t2}.

The F.C corresponding to −1 ∈ Q8,

φ̂−1(1) = φ(1.− 1) = φ(−1) = t1

φ̂−1(−1) = φ(−1.− 1) = φ(1) = t◦

φ̂−1(i) = φ(i.− 1) = φ(−i) = t1

φ̂−1(−i) = φ(−i.− 1) = φ(i) = t1

φ̂−1(j) = φ(j.− 1) = φ(−j) = t2

φ̂−1(−j) = φ(−j.− 1) = φ(j) = t2

φ̂−1(k) = φ(k.− 1) = φ(−k) = t2

φ̂−1(−k) = φ(−k.− 1) = φ(k) = t2

So F.C corresponding to −1 is {t1, t◦, t1, t1, t2, t2, t2, t2}.

The F.C corresponding to i ∈ Q8,

φ̂i(1) = φ(1.− i) = φ(−i) = t1

φ̂i(−1) = φ(−1.− i) = φ(i) = t1

φ̂i(i) = φ(i.− i) = φ(1) = t◦

φ̂i(−i) = φ(−i.− i) = φ(−1) = t1

φ̂i(j) = φ(j.− i) = φ(−k) = t2

φ̂i(−j) = φ(−j.− i) = φ(−k) = t2

φ̂i(k) = φ(k.− i) = φ(−j) = t2

φ̂i(−k) = φ(−k.− i) = φ(j) = t2

So F.C corresponding to i is {t1, t1, t◦, t1, t2, t2, t2, t2}.

The F.C corresponding to −i ∈ Q8,

φ̂−i(1) = φ(1.i) = φ(i) = t1

φ̂−i(−1) = φ(−1.i) = φ(−i) = t1
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φ̂−i(i) = φ(i.i) = φ(−1) = t1

φ̂−i(−i) = φ(−i.i) = φ(1) = t◦

φ̂−i(j) = φ(j.i) = φ(−k) = t2

φ̂−i(−j) = φ(−j.i) = φ(k) = t2

φ̂−i(k) = φ(k.i) = φ(j) = t2

φ̂−i(−k) = φ(−k.i) = φ(−j) = t2

So F.C corresponding to −i is {t1, t1, t1, t◦, t2, t2, t2, t2}.

The F.C corresponding to j ∈ Q8,

φ̂j(1) = φ(1.− j) = φ(−j) = t2

φ̂j(−1) = φ(−1.− j) = φ(j) = t2

φ̂j(i) = φ(i.− j) = φ(−k) = t2

φ̂j(−i) = φ(−i.− j) = φ(k) = t2

φ̂j(j) = φ(j.− j) = φ(1) = t◦

φ̂j(−j) = φ(−j.− j) = φ(−1) = t1

φ̂j(k) = φ(k.− j) = φ(i) = t1

φ̂j(−k) = φ(−k.− j) = φ(−i) = t1

So F.C corresponding to j is {t2, t2, t2, t2, t◦, t1, t1, t1}.

The F.C corresponding to −j ∈ Q8,

φ̂−j(1) = φ(1.j) = φ(j) = t2

φ̂−j(−1) = φ(−1.j) = φ(−j) = t2

φ̂−j(i) = φ(i.j) = φ(k) = t2

φ̂−j(−i) = φ(−i.j) = φ(−k) = t2

φ̂−j(j) = φ(j.j) = φ(−1) = t1

φ̂−j(−j) = φ(−j.j) = φ(1) = t◦

φ̂−j(k) = φ(k.j) = φ(−i) = t1
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φ̂−j(−k) = φ(−k.j) = φ(i) = t1

So F.C corresponding to −j is {t2, t2, t2, t2, t1, t◦, t1, t1}.

The F.C corresponding to k ∈ Q8,

φ̂k(1) = φ(1.− k) = φ(−k) = t2

φ̂k(−1) = φ(−1.− k) = φ(k) = t2

φ̂k(i) = φ(i.− k) = φ(−j) = t2

φ̂k(−i) = φ(−i.− k) = φ(j) = t2

φ̂k(j) = φ(j.− k) = φ(−i) = t1

φ̂k(−j) = φ(−j.− k) = φ(i) = t1

φ̂k(k) = φ(k.− k) = φ(1) = t◦

φ̂k(−k) = φ(−k.− k) = φ(−1) = t1

So F.C corresponding to k is {t2, t2, t2, t2, t1, t1, t◦, t1}.

The F.C corresponding to −k ∈ Q8,

φ̂−k(1) = φ(1.k) = φ(k) = t2

φ̂−k(−1) = φ(−1.k) = φ(−k) = t2

φ̂−k(i) = φ(i.k) = φ(−j) = t2

φ̂−k(−i) = φ(−i.k) = φ(j) = t2

φ̂−k(j) = φ(j.k) = φ(i) = t1

φ̂−k(−j) = φ(−j.k) = φ(−i) = t1

φ̂−k(k) = φ(k.k) = φ(−1) = t1

φ̂−k(−k) = φ(−k.k) = φ(1) = t◦

So F.C corresponding to −k is {t2, t2, t2, t2, t1, t1, t1, t◦}.

Then we can say that φ̂1, φ̂−1, φ̂i, φ̂−i, φ̂j, φ̂−j, φ̂k, φ̂−k are the F.Cs of Q8 with re-

spect to φ.
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Example 2.4.19. Let G = D6 = 〈a, b : a3 = e = b2, bab = a−1〉. We define a F.S

ν of S3 by

ν(e) = ν(b) = 1

ν(a) = ν(a2) = ν(ab) = ν(a2b) = 0.5

Then the right F.C corresponding to a in S3 is given by

ν̂a(e) = ν(a2) = 0.5

ν̂a(a) = ν(e) = 1

ν̂a(a
2) = ν(a) = 0.5

ν̂a(b) = ν(ab) = 0.5

ν̂a(ab) = ν(a2b) = 0.5

ν̂a(a
2b) = ν(b) = 1

So the right F.C νa = (0.5, 1, 0.5, 0.5, 0.5, 1).

Now the left F.C corresponding to a ∈ S3 is given by

ν̂a(e) = ν(a2) = 0.5

ν̂a(a) = ν(e) = 1

ν̂a(a
2) = ν(a) = 0.5

ν̂a(b) = ν(a2b) = 0.5

ν̂a(ab) = ν(b) = 1

ν̂a(a
2b) = ν(ab) = 0.5

So the left F.C aν = (0.5, 1, 0.5, 0.5, 1, 0.5).

Hence νa 6= aν. This happen because ν ⊀ S3.

Proposition 2.4.20. [14] If ξ C G and x ∈ G, then the fuzzy right coset ξx is

same as the fuzzy left coset xξ.

Proof. Let ξ be a N.F.S of G and x ∈ G. Then for any g ∈ G, ξ(gx) = ξ(xg) and

so

xξ(g) = ξ(x−1g) = ξ(gx−1) = ξx(g)

. Hence xξ = ξx.
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Theorem 2.4.21. [18] Let ξ C G then it is constant on the conjugate classes of

the group G. Moreover, the converse is also true.

Proof. Let ξ CG. Then

ξ(g−12 g1g2) = ξ(g1g2g
−1
2 ) = ξ(g1) ∀g1, g2 ∈ G.

Conversely, suppose that ξ is constant on each conjugate class of G. Then

ξ(g1g2) = ξ(g1g2g1g
−1
1 ) = ξ(g1(g2g1)g

−1
1 ) = ξ(g2g1) ∀g1, g2 ∈ G.

Hence ξ CG.

We now give another formulation of a N.F.S following the classical finite group

theory. Let G be a group and g1, g2 belongs to G, then the element g−11 g−12 g1g2,

denoted by [g1, g2], is called the commutator of g1 and g2.

We have N / G iff [N,G] ≤ N .

Theorem 2.4.22. [18] Let ξ ∈ F (G). Then ξ CG iff

ξ([g1, g2]) ≥ ξ(g1) ∀ g1, g2 ∈ G. (2.2)

Proof. Suppose that ξ CG and g1, g2 ∈ G. Then

ξ(g−11 g−12 g1g2) ≥ ξ(g−12 g1g2) ∧ ξ(g−11 )

= ξ(g1) ∧ ξ(g1) (∴ ξ CG)

= ξ(g1).

Now suppose that ξ([g1, g2]) ≥ ξ(g1) ∀ g1, g2 ∈ G. Then for g1, g3 ∈ G, we have

ξ(g−11 g3g1) = ξ(g3g
−1
3 g−11 g3g1)

≥ ξ(g3) ∧ ξ([g3, g1])

= ξ(g3) by(2).

Thus

ξ(g−11 g3g1) ≥ ξ(g3) ∀g3, g1 ∈ G. (2.3)

Again we get that

ξ(g3) = ξ(g1.g
−1
1 g3g1g

−1
1 ) ≥ ξ(g1) ∧ ξ(g−11 g3g1). (2.4)
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Now if ξ(g1) ∧ ξ(g−11 g3g1) = ξ(g1), then we get that ξ(g3) ≥ ξ(g1) ∀g1, g3 ∈ G,

which, implies that ξ is a constant function, and there is nothing to prove. We

are left with the possibility when ξ(g1) ∧ ξ(g−11 g3g1) = ξ(g−11 g3g1). Then 2.4

implies that ξ(g3) ≥ ξ(g−11 g3g1) ∀ g1, g3 ∈ G. This implies that ξ(g−11 g3g1) =

ξ(g3) ∀ g1, g3 ∈ G. Hence ξ is constant on the conjugacy classes of G.

Theorem 2.4.23. [17] Let ξ ∈ F (G). Then ∀g1, g2 ∈ G.

ξ̂g1 = ξ̂g2 ⇐⇒ (ξ̂∗)g1 = (ξ̂∗)g2 .

Proof. Suppose ξ̂g1 = ξ̂g2 . Then ξ(g1
−1g3) = ξ(g2

−1g3) ∀ g3 ∈ G. Now by replacing

g3 with g2 yields ξ(g1
−1g2) = ξ(g2

−1g2) = ξ(e) and thus g1
−1g2 ∈ ξ∗. Hence

(ξ̂∗)g1 = (ξ̂∗)g2 .

Conversely, suppose that (ξ̂∗)g1 = (ξ̂∗)g2 . Then g1
−1g2 ∈ ξ∗ and g2

−1g1 ∈ ξ∗. Hence

ξ(g1
−1g3) = ξ(g1

−1g2.g2
−1g3)

≥ ξ(g1
−1g2) ∧ ξ(g2−1g3)

= ξ(e) ∧ ξ(g2−1g3)

= ξ(g2
−1g3)

∀ g3 ∈ G. Similarly, ξ(g1
−1g3) = ξ(g2

−1g3) ∀ g3 ∈ G. Therefore, ξ(g1
−1g3) =

ξ(g2
−1g3) ∀ g3 ∈ G which shows that ξ̂g1 = ξ̂g2 .

Theorem 2.4.24. [17] Let ξ ∈ NF (G) and g1, g2 ∈ G. If ξ̂g1 = ξ̂g2, then ξ(g1) =

ξ(g2).

Proof. Let ξ̂g1 = ξ̂g2 . By theorem 2.4.23, g1
−1g2 ∈ ξ∗ and g2

−1g1 ∈ ξ∗. Since

ξ ∈ NF (G) it follows that ξ(g1) = ξ(g2
−1g1g2) ≥ ξ(g2

−1g1)∧ξ(g2) = ξ(e)∧ξ(g2) =

ξ(g2).This implies, ξ(g1) ≥ ξ(g2).

Now we want to show that ξ(g2) ≥ ξ(g1). Similarly ξ(g2) = ξ(g1
−1g2g1) ≥

ξ(g1
−1g2) ∧ ξ(g1) = ξ(e) ∧ ξ(g1) = ξ(g1). we get that, ξ(g2) ≥ ξ(g1). Hence

ξ(g2) = ξ(g1).

Proposition 2.4.25. [18] If ξ CG. Let x, y ∈ G then

ξ̂x(gx) = ξ̂x(xg) = ξ(g) ∀g ∈ G.
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Proof. We have

ξ̂x(gx) = ξ̂x(xgx
−1x)

= ξ(xg−1)

ξ̂x(gx) = ξ(g).

Since ξ CG. Similarly,

ξ̂x(gx) = ξ̂(gxx−1)

= ξ(g)

Theorem 2.4.26. [18] Let ξCG. Let C denote the set of all the F.Cs of ξ. Then

C is a group under the composition

ξ̂x ◦ ξ̂y = ξ̂xy ∀ x, y ∈ G. (2.5)

Define a map ξ̄ : C → I by

ξ̄(ξ̂x) = ξ(x) ∀ x ∈ G. (2.6)

Then ξ̄ ∈ F (C).

Proof. We must show that the relation ξ̂x(g) = ξ(gx−1) ∀ g ∈ G is well defined.

Let x, y, x0, y0 ∈ G such that

ξ̂x = ξ̂x0 and ξ̂y = ξ̂y0 (2.7)

Then we must show that

ξ̂x ◦ ξ̂y = ξ̂x0 ◦ ξ̂y0

that is, ξ̂xy = ξ̂x0y0

We have, by definition 3.1,

ξ̂xy(g) = ξ(gy−1x−1) ∀ g ∈ G

and

ξ̂x0y0(g) = ξ(gy0
−1x0

−1) ∀ g ∈ G.
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Now

ξ(gy−1x−1) = ξ(gy0
−1y0y

−1x−1)

= ξ(gy0
−1x0

−1x0y0y
−1x−1)

≥ ξ(gy0
−1x0

−1) ∧ ξ(x0y0y−1x−1). (2.8)

By 2.7 we have that

ξ(gx−1) = ξ(gx−10 ) ∀ g ∈ G (2.9)

and

ξ(gy−1) = ξ(gy−10 ) ∀ g ∈ G. (2.10)

Now in 2.9, substituting x0y0y
−1 for g, we have that

ξ(x0y0y
−1x−1) = ξ(x0y0y

−1x−10 )

Since ξ CG,

= ξ(y0y
−1)

= ξ(e)

let g = y0 in 2.10. Also ξ(e) ≥ ξ(gy0
−1x0

−1), clearly ξ(e) ≥ ξ(u) ∀ u ∈ G, where

ξ ∈ F (G). Hence 2.8 implies that

ξ(gy−1x−1) ≥ ξ(gy0
−1x0

−1)

Now

ξ(gy0
−1x0

−1) = ξ(gy−1yy0
−1x0

−1)

= ξ(gy−1x−1xyy0
−1x0

−1)

≥ ξ((gy−1x−1) ∧ ξ(xyy0−1x0−1). (2.11)

Now in 2.9, substituting xyy0
−1 for g, we have that

ξ(xyy0
−1x−1) = ξ(xyy0

−1x−10 )
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Since ξ is a N.F.S of G,

ξ(yy0
−1) = ξ(xyy0

−1x−10 )

ξ(e) = ξ(xyy0
−1x−10 )

let g = y in 2.10. Also ξ(e) ≥ ξ(gy−1x−1), clearly ξ(e) ≥ ξ(u) ∀ u ∈ G, where

ξ ∈ F (G). Hence 2.11 implies that

ξ(gy0
−1x0

−1) ≥ ξ(gy−1x−1)

Hence we have that ξ(gy0
−1x0

−1) = ξ(gy−1x−1), so the composition refeq1 is well

defined. Also, the composition is clearly associative. Also it is easy to see that

(ξ̂x)
−1 is ξ̂x−1 for x ∈ G. Hence it follows that F is a group.

Now, let x, y ∈ G. Then we have that

ξ̄(ξ̂x ◦ ξ̂y) = ξ̄(ξ̂xy)

= ξ(xy)

≥ ξ(x) ∧ ξ(y)

= ξ̄(ξ̂x) ∧ ξ̄(ξ̂y)

Further we have that

ξ̄(ξ̂x) = ξ̄(ξ̂x−1) = ξ(x) = ξ(x−1).

Hence, we have that ξ̄ l F .

In the following example we see that if ξ ∈ F (G) and ξ 6 G, then the operation

“◦” defined in (5) is not well defined.

Example 2.4.27. Let D8 be a dihedral group of order 8 given by

D8 = 〈a, b : a4 = e = b2, bab = a−1〉.

Define ξ : D8 → I by setting

ξ(e) = ξ(a3b) = 1

,

ξ(a) = ξ(a2) = ξ(a3) = ξ(b) = ξ(ab) = ξ(a2b) = 0.6.
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From the example 2.2.5, it follows that ξlD8 and ξ ⊀ D8 because ξ(a3.b) 6= ξ(b.a3).

Now the cosets of ξ in D8 are given by

ξe = (1, 0.6, 0.6, 0.6, 0.6, 0.6, 0.6, 1)

ξa = (0.6, 1, 0.6, 0.6, 0.6, 0.6, 1, 0.6)

ξa2 = (0.6, 0.6, 1, 0.6, 0.6, 1, 0.6, 0.6)

ξa3 = (0.6, 0.6, 0.6, 1, 1, 0.6, 0.6, 0.6)

ξb = (0.6, 0.6, 0.6, 1, 1, 0.6, 0.6, 0.6)

ξab = (0.6, 0.6, 1, 0.6, 0.6, 1, 0.6, 0.6)

ξa2b = (0.6, 1, 0.6, 0.6, 0.6, 0.6, 1, 0.6)

ξa3b = (1, 0.6, 0.6, 0.6, 0.6, 0.6, 0.6, 1)

Here ξb = ξa3, ξa2 = ξab. But

ξb ◦ ξa2 = ξa2b 6= ξa3 ◦ ξab = ξb.

Hence the operation ◦ defined in 2.5 is well defined in case ξ is a N.F.S.

Definition 2.4.28 (Fuzzy quotient group). [18] Let ξ be a N.F.S of G. Then the

map ξ̄ defined in 2.6 is called the fuzzy quotient group determined by ξ. Sometimes

ξ̄ is also denoted by G/ξ.

It is easily observe that G/ξ is a classical set and not a fuzzy set.

Example 2.4.29. Let K = {e, a} × {e, b} be the non-cyclic group of order 4 and

its elements can be written as {e, a, b, ab}. We define ξ ∈ NF (K) by

ξ(e) = t◦

ξ(a) = t1

ξ(b) = ξ(ab) = t2

∀ t◦ > t1 > t2 and t◦, t1, t2 ∈ I. From the example 2.4.16 of F.Cs, K/ξ =

{ξ̂e, ξ̂a, ξ̂b, ξ̂ab} is a quotient group relative to N.F.S ξ.
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Example 2.4.30. Let Q8 = {±1,±i,±j,±k} be a group of quaternions with eight

elements.

we define a F.S ξ of Q8 by

ξ(1) = t◦

ξ(−1) = ξ(±i) = t1

ξ(±j) = ξ(±k) = t2.

∀ t◦ > t1 > t2 and t◦, t1, t2 ∈ I.

By using example 2.4.18, we can say thatQ8/ξ = {ξ̂1, ξ̂−1, ξ̂i, ξ̂−i, ξ̂j, ξ̂−j, ξ̂k, ξ̂−k}

is a quotient group relative to N.F.S ξ.

Corollary 2.4.31. [18] With the same notation as in theorem 2.4.26, we define

a map

γ : G→ F as follows:

γ(g1) = ξ̂g1 . (2.12)

Then a homomorphism γ with kernel Gξ is given by

Gξ = {g1 ∈ G : ξ(g1) = ξ(e)},

where identity of G is e.

Proof. Let g1, g2 ∈ G. Then

γ(g1g2) = ξ̂g1g2 = ξ̂g1 ◦ ξ̂g2

= γ(g1)γ(g2)

Thus, γ is a homomorphism. Also, the kernel of γ consists of all g1 ∈ G for which

ξ̂g1 = ξ̂e, and this implies that ξ(g1) = ξ(e).

Now we examine fuzzy version of the “fundamental theorem of homomorphism

of groups.”

Theorem 2.4.32. [18] Let ξ1CG, and F be the classical collection of all the F.Cs

of ξ1 with respect to G. Then every N.F.S of F corresponds to a N.F.S of G, in

a natural way.
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Proof. Let ξ
′
1 C F . Define a map ξ2 : G→ I as follows:

ξ2(g1) = ξ
′

1(ξ̂1g1) ∀g1 ∈ G.

Since ξ̂1g1 is defined by 2.1, we give a proof that ξ2 lG. Suppose that g1, g2 ∈ G.

Then, we see that

ξ2(g1g2) = ξ
′

1(ξ̂1g1g2)

= ξ
′

1(ξ̂1g1 ξ̂1g2)

≥ ξ
′

1(ξ̂1g1) ∧ ξ
′

1(ξ̂1g2)

= ξ2(g1) ∧ ξ2(g2)

And we know that ξ2(g1) = ξ2(g1
−1) ∀g1 ∈ G. Hence ξ2 ∈ F (G).

Further, if ξ
′
1 C F , then we have

ξ2(g1g2) = ξ
′

1(ξ̂1g1g2)

= ξ
′

1(ξ̂1g1 ◦ ξ̂1g2)

= ξ
′

1(ξ̂1g2 ◦ ξ̂1g1)

= ξ
′

1(ξ̂1g1g2)

= ξ2(g2g1)

Hence ξ2 is N.F.S of G.
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m-Polar Fuzzy Analogs
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In this chapter, we will elaborate m-polar fuzzy analog of some basic termi-

nologies and theorems of fuzzy group theory.

Definition 3.0.1 (m-polar fuzzy set). [11] An m-polar fuzzy set ( or a Im-set)

on X is a mapping A : X→ Im. The set of all m-polar fuzzy sets on X is denoted

by m(X).

Note that Im(m-power of I) is considered a poset with the point-wise order

≤, where m is an arbitrary ordinal number (we make an appointment that m =

{n|n < m} when m > 0), ≤ is defined by x ≤ y ⇔ pi(x) ≤ pi(y)for each i ∈ m

( x, y ∈ Im), and pi : Im → I is the ith projection mapping (i ∈ m). Also,

0 = (0, 0, · · · , 0) is the smallest element in Im and 1 = (1, 1, · · · , 1) is the largest

element in Im.

Definition 3.0.2. Let A ∈ m(X),

Then,

1. A∗ = {x|x ∈ X, A(x) > 0}

2. A∗ = {x|x ∈ X, A(x) = 1}

In the definition 3.0.2 A∗ and A∗ are known as support and core of A respec-

tively. If A∗ is finite then A is called finite m-polar fuzzy subset. If A∗ is infinite

then A is called infinite m-polar fuzzy subset.

3.1 m-polar fuzzy group

We now define m-polar fuzzy groupiod and m-polar fuzzy group.

Definition 3.1.1 (m-polar fuzzy groupoid). A function A1 from a groupoid S to

Im is called an m-polar fuzzy groupoid of S if, for all x, y ∈ S,

A1(xy) ≥ inf(A1(x), A1(y)).

Definition 3.1.2. An m-polar fuzzy set A : G → Im on a group G is called an

m-polar fuzzy group if the following conditions are satisfied:

(1) A(g1g2) ≥ inf(A(g1), A(g2)) ,
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(2) A(g−11 ) ≥ A(g1),

That is,

(1) pi ◦ A(g1g2) ≥ inf(pi ◦ A(g1), pi ◦ A(g2)) ,

(2) pi ◦ A(g1
−1) ≥ pi ◦ A(g1),

for all g1, g2 ∈ G, i = 1, 2, 3, · · · ,m.

The set of all m-polar fuzzy subgroups of a group G is denoted by “Fm(G)”.

Lemma 3.1.3. If A is an m-polar fuzzy subgroupoid of a finite group G, then A

is an m-polar fuzzy subgroup of G.

Proof. Let e 6= g1 ∈ G and G be a finite group. If the order of g1 is n, then

g1
−1 = g1

n−1. Now applying the definition 3.1.1 repeatedly, we have that

A(g1
−1) = A(g1

n−1) = A(g1
n−2g1)

≥ inf(A(g1
n−2), A(g1))

≥ inf(A(g1), ..., A(g1)) = A(g1).

Hence A ∈ Fm(G).

From now on, we denote the m-polar fuzzy subset by m.p.f.s and m-polar

fuzzy subgroup by m.P.F.S.

3.2 Examples of m-polar fuzzy subgroups

Example 3.2.1. Let K = {e, a, b, ab} be a Klein four-group of order 4. We define

an m-polar fuzzy subset A : K → Im by

A(g) =

 (0.5, 0.5, ..., 0.5) if g = e

(0.1, 0.1, ..., 0.1) otherwise


Then A is an m.P.F.S of K.

Example 3.2.2. Let G = D6 = 〈a, b : a3 = e = b2, bab = a−1〉. We define an

m.p.f.s of A : D6 → Im by

A(e) = A(a2b) = (0.9, 0.9, ..., 0.9)
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A(a) = A(a2) = A(b) = A(ab) = (0.5, 0.5, ..., 0.5)

A(e.e) = A(e) = (0.9, 0.9, ..., 0.9)

A(e.e) ≥ inf(A(e), A(e)) = inf((0.9, 0.9, ..., 0.9), (0.9, 0.9, ..., 0.9)) = (0.9, 0.9, ..., 0.9)

A(e.a) = A(a) = (0.5, 0.5, ..., 0.5)

A(e.a) ≥ inf(A(e), A(a)) = inf((0.9, 0.9, ..., 0.9), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(e.a2) = A(a2) = (0.5, 0.5, ..., 0.5)

A(e.a2) ≥ inf(A(e), A(a2)) = inf((0.9, 0.9, ..., 0.9), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(e.b) = A(b) = (0.5, 0.5, ..., 0.5)

A(e.b) ≥ inf(A(e), A(b)) = inf((0.9, 0.9, ..., 0.9), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(e.ab) = A(ab) = (0.5, 0.5, ..., 0.5)

A(e.ab) ≥ inf(A(e), A(ab)) = inf((0.9, 0.9, ..., 0.9), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(e.a2b) = A(a2b) = (0.9, 0.9, ..., 0.9)

A(e.a2b) ≥ inf(A(e), A(a2b)) = inf((0.9, 0.9, ..., 0.9), (0.9, 0.9, ..., 0.9)) = (0.9, 0.9, ..., 0.9)

A(a.a) = A(a2) = (0.5, 0.5, ..., 0.5)

A(a.a) ≥ inf(A(a), A(a)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(a.a2) = A(e) = (0.9, 0.9, ..., 0.9)

A(a.a2) ≥ inf(A(a), A(a2)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(a.b) = A(ab) = (0.5, 0.5, ..., 0.5)

A(a.b) ≥ inf(A(a), A(b)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(a.ab) = A(a2b) = (0.9, 0.9, ..., 0.9)

A(a.ab) ≥ inf(A(a), A(ab)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(a.a2b) = A(b) = (0.5, 0.5, ..., 0.5)

A(a.a2b) ≥ inf(A(a), A(a2b)) = inf((0.5, 0.5, ..., 0.5), (0.9, 0.9, ..., 0.9)) = (0.5, 0.5, ..., 0.5)

A(a2.a) = A(e) = (0.9, 0.9, ..., 0.9)

A(a2.a) ≥ inf(A(a2), A(a)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)
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A(a2.b) = A(a2b) = (0.9, 0.9, ..., 0.9)

A(a2.b) ≥ inf(A(a2), A(b)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(a2.ab) = A(b) = (0.5, 0.5, ..., 0.5)

A(a2.ab) ≥ inf(A(a2), A(ab)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(a2.a2b) = A(ab) = (0.5, 0.5, ..., 0.5)

A(a2.a2b) ≥ inf(A(a2), A(a2b)) = inf((0.5, 0.5, ..., 0.5), (0.9, 0.9, ..., 0.9)) = (0.5, 0.5, ..., 0.5)

A(b.a) = A(a2b) = (0.9, 0.9, ..., 0.9)

A(b.a) ≥ inf(A(b), A(a)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(b.a2) = A(ab) = (0.5, 0.5, ..., 0.5)

A(b.a2) ≥ inf(A(b), A(a2)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(b.b) = A(e) = (0.9, 0.9, ..., 0.9)

A(b.b) ≥ inf(A(b), A(b)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(b.ab) = A(a2) = (0.5, 0.5, ..., 0.5)

A(b.ab) ≥ inf(A(b), A(ab)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(b.a2b) = A(a) = (0.5, 0.5, ..., 0.5)

A(b.a2b) ≥ inf(A(b), A(a2b)) = inf((0.5, 0.5, ..., 0.5), (0.9, 0.9, ..., 0.9)) = (0.5, 0.5, ..., 0.5)

A(ab.a) = A(b) = (0.5, 0.5, ..., 0.5)

A(ab.a) ≥ inf(A(ab), A(a)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(ab.a2) = A(ba2.a2) = A(a2b) = (0.9, 0.9, ..., 0.9)

A(ab.a2) ≥ inf(A(ab), A(a2)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(ab.b) = A(a) = (0.5, 0.5, ..., 0.5)

A(ab.b) ≥ inf(A(ab), A(b)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(ab.ab) = A(e) = (0.9, 0.9, ..., 0.9)

A(ab.ab) ≥ inf(A(ab), A(ab)) = inf((0.5, 0.5, ..., 0.5), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(ab.a2b) = A(a2) = (0.5, 0.5, ..., 0.5)
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A(ab.a2b) ≥ inf(A(ab), A(a2b)) = inf((0.5, 0.5, ..., 0.5), (0.9, 0.9, ..., 0.9)) = (0.5, 0.5, ..., 0.5)

A(a2b.a) = A(ab) = (0.5, 0.5, ..., 0.5)

A(a2b.a) ≥ inf(A(a2b), A(a)) = inf((0.9, 0.9, ..., 0.9), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(a2b.a2) = A(ba.a2) = A(b) = (0.5, 0.5, ..., 0.5)

A(a2b.a2) ≥ inf(A(a2b), A(a2)) = inf((0.9, 0.9, ..., 0.9), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(a2b.b) = A(a2) = (0.5, 0.5, ..., 0.5)

A(a2b.b) ≥ inf(A(a2b), A(b)) = inf((0.9, 0.9, ..., 0.9), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(a2b.ab) = A(a) = (0.5, 0.5, ..., 0.5)

A(a2b.ab) ≥ inf(A(a2b), A(ab)) = inf((0.9, 0.9, ..., 0.9), (0.5, 0.5, ..., 0.5)) = (0.5, 0.5, ..., 0.5)

A(a2b.a2b) = A(e) = (0.9, 0.9, ..., 0.9)

A(a2b.a2b) ≥ inf(A(a2b), A(a2b)) = inf((0.9, 0.9, ..., 0.9), (0.9, 0.9, ..., 0.9)) = (0.9, 0.9, ..., 0.9)

Thus A is an m.P.F.S of D6. Now we define

A1(a
2b) = (0.7, 0.7, ..., 0.7)

A1(e) = (1, 1, ..., 1)

A1(a) = A1(a
2) = A1(b) = A1(ab) = (0.3, 0.3, ..., 0.3)

It is easily verified as above examples that A1 is an m.P.F.S of D6.

Remark 3.2.3. Every m.p.f.s of a group G is not always an m.P.F.S.

We give the following examples to explain the remark 3.2.3.

Example 3.2.4. Let G = D6 = 〈a, b : a3 = e = b2, bab = a−1〉. we define an

m-polar fuzzy subset A1 : S3 → Im by

A1(e) = A1(a
2b) = (1, 1, ..., 1)

A1(a) = A1(b) = (0.4, 0.4, ..., 0.4)

A1(a
2) = A1(ab) = (0.7, 0.7, ..., 0.7)

In this example A1 is an m.p.f.s but it is not an m.P.F.S of D6, because

A1(a
2b.ab) = A1(a

2b.ba2) = A1(a) = (0.4, 0.4, ..., 0.4)
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A1(a
2b.ab) ≥ inf(A1(a

2b), A1(ab))

= inf((1, 1, ..., 1), (0.7, 0.7, ..., 0.7)) = (0.7, 0.7, ..., 0.7)

=⇒ A1(a
2b.a3b) < inf(A1(a

2b), A1(ab)), which shows that A1 is not an m.P.F.S

of D6.

Example 3.2.5. Let D8 = {e, a, a2, a3, b, ab, a2b, a3b} be a dihedral group with

eight elements. We define an m-polar fuzzy subset A : D8 → Im by

A(e) = A(a3b) = (1, 1, ..., 1)

A(a) = A(a2) = A(a3) = A(b) = A(ab) = A(a2b) = (0.8, 0.8, ..., 0.8)

Then A is an m.P.F.S of D8. Now we define A1 ∈ m(D8) by

A1(e) = A1(a) = A1(a
3b) = (1, 1, ..., 1)

A1(a
2) = A1(a

2b) = A1(a
3) = A1(b) = A1(ab) = (0.6, 0.6, ..., 0.6)

It is clear that A1 is not an m.P.F.S of D8 because

A1(a.a
3b) = A1(b) = (0.6, 0.6, ..., 0.6)

A1(a.a
3b) ≥ inf(A1(a), A1(a

3b)) = inf((1, 1, ..., 1), (1, 1, ..., 1)) = (1, 1, ..., 1)

=⇒ A1(a.a
3b) < inf(A1(a), A1(a

3b)), which shows that A1 is not an m.P.F.S of

D8.

We define A2 ∈ m(D8) by

A2(e) = A2(a
3b) = A2(a

3) = (1, 1, ..., 1)

A2(a) = A2(a
2) = A2(a

2b) = A2(b) = A2(ab) = (0.5, 0.5, ..., 0.5)

A2 is not an m.P.F.S of D8 because

A2(a
3.a3b) = A2(a

2b) = (0.5, 0.5, ..., 0.5)

A2(a
3.a3b) ≥ inf(A2(a

3), A2(a
3b))

= inf((1, 1, ..., 1), (1, 1, ..., 1)) = (1, 1, ..., 1)

=⇒ A2(a
3.a3b) < inf(A2(a

3), A2(a
3b)), which shows that A2 is not an m.P.F.S

of D8.
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Example 3.2.6. Let Q8 = {±1,±i,±j,±k} be a group of quaternions.

we define an m-polar fuzzy subset A : Q8 → Im of Q8 by

A(1) = (1, 1, ..., 1)

A(−1) = A(±i) = (0.8, 0.8, ..., 0.8)

A(±j) = A(±k) = (0.5, 0.5, ..., 0.5)

Thus A is an m.P.F.S of S3.

Lemma 3.2.7. Let A ∈ Fm(G). Then ∀ g1 ∈ G

1. A(e) ≥ A(g1)

2. A(g1) = A(g1
−1).

Proof. (1). Let g1 ∈ G. We have

A(e) = A(g1g1
−1) ≥ inf(A(g1), A(g1

−1)) (since A ∈ Fm(G))

≥ inf(A(g1), A(g1)) = A(g1).

Proof. (2). Let g1 ∈ G. Clearly, A(g1) = A((g1
−1)−1) ≥ A(g1

−1) ≥ A(g1), since A

is an m.P.F.S of G. Hence A(g1) = A(g1
−1).

Lemma 3.2.8. Let A be an m.p.f.s of G. Then A∗ and A∗ are subgroups of G.

Proof. We first define A∗ = {g | g ∈ G, A(g) = 1} and A∗ = {g | g ∈ G, A(g) > 0}

and remembering that g1 ≤ g2 iff pi(g1) ≤ pi(g2) ( g1, g2 ∈ Im), and pi : Im → I

is the ith projection mapping (i ∈ m).

Alearly, A∗ 6= Φ since e ∈ A∗. Let x, y ∈ A∗ then A(g1) = 1 and A(g2) = 1. Thus

A(g1g2) ≥ inf(A(g1), A(g2). Hence g1g2 ∈ A∗.

For g1 ∈ A∗, A(g−11 ) ≥ A(g1) and hence A(g−11 ) = 1 ⇒ g1 ∈ A∗. Therefore, A∗ is

a subgroup of G.

Theorem 3.2.9. Let A1 and A2 be the m.P.F.Ss of a group G. Then A1 ∩A2 is

again an m.P.F.S of G.
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Proof. We want to show that

(A1 ∩ A2)(xy
−1) ≥ inf((A1 ∩ A2)(x), (A1 ∩ A2)(y

−1))

We have

(A1 ∩ A2)(xy
−1) = inf(A1(xy

−1), A2(xy
−1))

(A1 ∩ A2)(xy
−1) ≥ inf(inf(A1(x), A1(y

−1)), inf(A2(x), A2(y
−1))) (Since A1, A2 ∈ Fm(G))

= inf(inf(A1(x), A2(x)), inf(A1(y
−1), A2(y

−1)))

= inf((A1 ∩ A2)(x), (A1 ∩ A2)(y
−1))

Hence it is proved that A1 ∩ A2 ia an m.P.F.S of G.

3.3 m-level subsets and m-level subgroups

Definition 3.3.1 (m-level subset). Let A ∈ m(X). For t ∈ Im, the set At = {x ∈

X| A(x) ≥ t} is called an m-level subset of an m-polar fuzzy subset A.

Note that At is an ordinary subset of X.

Theorem 3.3.2. Let G be a group and A be an m.P.F.S of G, then the m-level

subset At, for t ∈ Im, t ≤ A(e), is a subgroup of G, where e is the identity of G.

Proof. Since At = {g1 ∈ G | A(g1) ≥ t}, then At is non-empty:

e ∈ At ∀ t ∈ Im.

Let g1, g2 ∈ At, then A(g1) ≥ t and A(g2) ≥ t (by definition of m-level subset

defined in the definition 3.3.1). Since A ∈ Fm(G), A(g1g2) ≥ inf(A(g1), A(g2)).

This means A(g1g2) ≥ t. Hence g1g2 ∈ At. Let g1 ∈ At implies A(g1) ≥ t. Since

A is an m.P.F.S A(g1
−1) ≥ A(g1) and hence A(g1) ≥ t. This implies g1

−1 ∈ At.

Therefore At is a subgroup of G.

We now give an example to elaborate the theorem 3.3.2.

Example 3.3.3. Let K = {e, a} × {e, b} be the non-cyclic group of order 4 and

its elements can be written as {e, a, b, ab}. We define an m.P.F.S A : K → Im of

K by

A(e) = t◦
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A(a) = t1

A(b) = A(ab) = t2

where t◦ > t1 > t2 ∀ t◦, t1, t2 ∈ Im.

Since A is an m.P.F.S of K. Clearly (by 3.3.2), At◦ = {e}, At1 = {e, a} and

At2 = {e, a, b, ab} are the subgroups of K.

Following theorem provides a short way to determine whether an m.p.f.s is an

m.P.F.S or not.

Theorem 3.3.4. Let G be a group and A be an m.p.f.s of G such that At is a

subgroup of G for all t ∈ Im, t ≤ A(e), then A is an m.P.F.S of G.

Proof. Suppose that g1, g2 ∈ At and let A(g1) = t1 and A(g2) = t2. Then g1 ∈

At1 , g2 ∈ At2 . Let us assume t1 < t2. Then it implies At2 ⊂ At1 . So g2 ∈ At1 .

Thus g1, g2 ∈ At1 and since At1 is a subgroup of G, by hypothesis, g1g2 ∈ At1 .

Therefore A(g1g2) ≥ t1 = inf(A(g1), A(g2)). Again, let g1 ∈ G and let A(g1) = t.

Then g1 ∈ At. Since At is a subgroup of G, g−11 ∈ At. Therefore A(g−11 ) ≥ t and

hence A(g−11 ) ≥ A(g1). Thus A is an m.P.F.S of G.

Example 3.3.5. Let S3 = {e, a, a2, b, ab, a2b} be a symmetric group with six ele-

ments.We define an m-polar fuzzy subset A : S3 → Im by

A(a) = A(b) = t1

A(e) = A(a2b) = t◦

A(a2) = A(ab) = t2

∀ t◦, t1, t2 ∈ Im, where t◦ > t1 > t2. From the theorem 3.3.4 it is clear that A is

not an m.P.F.S of S3 because At1 = {e, a, b, a2b} is not a subgroup of S3.

Definition 3.3.6 (m-level subgroup). Let G be a group and A be an m.P.F.S of

G. The subgroups At = {x ∈ G| A(x) ≥ t} for t ∈ Im are called level subgroups

of A.
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3.4 m-polar fuzzy quotient subgroups

Definition 3.4.1. Let A ∈ m(X), then A ia called m-polar commutative fuzzy

subset of X if and only if A(xy) = A(yx) ∀x, y ∈ X.

Now we define m-polar normal fuzzy subgroup and for the further discussion,

we denote it by m.P.N.F.S. Also, m-polar commutative fuzzy subset is denoted

by m.p.c.f.s.

Definition 3.4.2. Let A ∈ Fm(G), then A is called an m.P.N.F.S of G if it is

an m.p.c.f.s of G.

Let Nm(G) denote the set of all m.P.N.F.Ss of G.

Example 3.4.3. Let Q8 = {±1,±i,±j,±k} be a group of quaternions with eight

elements.

we define an m.P.F.S V : Q8 → Im of Q8 by

V(1) = s◦

V(−1) = V(±i) = s1

V(±j) = V(±k) = s2

∀ s◦ > s1 > s2 and s◦, s1, s2 ∈ Im.

Now by using the definition 3.4.2 for an m.P.N.F.S we will verify that V is an

m.P.N.F.S of Q8.

We fix 1,

V(1.1) = V(1.1) =⇒ V(1) = V(1) =⇒ s◦ = s◦

V(1.− 1) = V(−1.1) =⇒ V(−1) = V(−1) =⇒ s1 = s1

V(1.i) = V(i.1) =⇒ V(i) = V(i) =⇒ s1 = s1

V(1.− i) = V(−i.1) =⇒ V(−i) = V(−i) =⇒ s1 = s1

V(1.j) = V(j.1) =⇒ V(j) = V(j) =⇒ s2 = s2

V(1.− j) = V(−j.1) =⇒ V(−j) = V(−j) =⇒ s2 = s2

V(1.k) = V(k.1) =⇒ V(k) = V(k) =⇒ s2 = s2
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V(1.− k) = V(−k.1) =⇒ V(−k) = V(−k) =⇒ s2 = s2

Fix −1,

V(−1.1) = V(−1.1) =⇒ V(−1) = V(−1) =⇒ s1 = s1

V(−1.− 1) = V(−1.− 1) =⇒ V(1) = V(1) =⇒ s◦ = s◦

V(−1.i) = V(i.− 1) =⇒ V(−i) = V(−i) =⇒ s1 = s1

V(−1.− i) = V(−i.− 1) =⇒ V(i) = V(i) =⇒ s1 = s1

V(−1.j) = V(j.− 1) =⇒ V(−j) = V(−j) =⇒ s2 = s2

V(−1.− j) = V(−j.− 1) =⇒ V(j) = V(j) =⇒ s2 = s2

V(−1.k) = V(k.− 1) =⇒ V(−k) = V(−k) =⇒ s2 = s2

V(−1.− k) = V(−k.− 1) =⇒ V(k) = V(k) =⇒ s2 = s2

Fix i,

V(i.1) = V(1.i) =⇒ V(i) = V(i) =⇒ s1 = s1

V(i.− 1) = V(−1.i) =⇒ V(−i) = V(−i) =⇒ s1 = s1

V(i.i) = V(i.i) =⇒ V(−1) = V(−1) =⇒ s1 = s1

V(i.− i) = V(−i.i) =⇒ V(1) = V(1) =⇒ s◦ = s◦

V(i.j) = V(j.i) =⇒ V(k) = V(−k) =⇒ s2 = s2

V(i.− j) = V(−j.i) =⇒ V(−k) = V(k) =⇒ s2 = s2

V(i.k) = V(k.i) =⇒ V(−j) = V(j) =⇒ s2 = s2

V(i.− k) = V(−k.i) =⇒ V(j) = V(−j) =⇒ s2 = s2

Fix −i,

V(−i.1) = V(1.− i) =⇒ V(−i) = V(−i) =⇒ s1 = s1

V(−i.− 1) = V(−1.− i) =⇒ V(i) = V(i) =⇒ s1 = s1

V(−i.i) = V(i.− i) =⇒ V(1) = V(1) =⇒ s◦ = s◦

V(−i.− i) = V(−i.− i) =⇒ V(−1) = V(−1) =⇒ s1 = s1

V(−i.j) = V(j.− i) =⇒ V(−k) = V(k) =⇒ s2 = s2

V(−i.− j) = V(−j.− i) =⇒ V(k) = V(k) =⇒ s2 = s2
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V(−i.k) = V(k.− i) =⇒ V(j) = V(−j) =⇒ s2 = s2

V(−i.− k) = V(−k.− i) =⇒ V(−j) = V(j) =⇒ s2 = s2

Fix j,

V(j.1) = V(1.j) =⇒ V(j) = V(j) =⇒ s2 = s2

V(j.− 1) = V(−1.j) =⇒ V(−j) = V(−j) =⇒ s2 = s2

V(j.i) = V(i.j) =⇒ V(−k) = V(k) =⇒ s2 = s2

V(j.− i) = V(−i.j) =⇒ V(k) = V(−k) =⇒ s2 = s2

V(j.j) = V(j.j) =⇒ V(1) = V(−1) =⇒ s1 = s1

V(j.− j) = V(−j.j) =⇒ V(1) = V(1) =⇒ s◦ = s◦

V(j.k) = V(k.j) =⇒ V(i) = V(−i) =⇒ s1 = s1

V(j.− k) = V(−k.j) =⇒ V(−i) = V(i) =⇒ s1 = s1

Fix −j,

V(−j.1) = V(1.− j) =⇒ V(−j) = V(−j) =⇒ s2 = s2

V(−j.− 1) = V(−1.− j) =⇒ V(j) = V(j) =⇒ s2 = s2

V(−j.i) = V(i.− j) =⇒ V(k) = V(−k) =⇒ s2 = s2

V(−j.− i) = V(−i.− j) =⇒ V(−k) = V(k) =⇒ s2 = s2

V(−j.j) = V(j.− j) =⇒ V(1) = V(1) =⇒ s◦ = s◦

V(−j.− j) = V(−j.− j) =⇒ V(−1) = V(−1) =⇒ s1 = s1

V(−j.k) = V(k.− j) =⇒ V(−i) = V(i) =⇒ s1 = s1

V(−j.− k) = V(−k.− j) =⇒ V(i) = V(−i) =⇒ s1 = s1

Fix k,

V(k.1) = V(1.k) =⇒ V(k) = V(k) =⇒ s2 = s2

V(k.− 1) = V(−1.k) =⇒ V(−k) = V(−k) =⇒ s2 = s2

V(k.i) = V(i.k) =⇒ V(j) = V(−j) =⇒ s2 = s2

V(k.− i) = V(−i.k) =⇒ V(−j) = V(j) =⇒ s2 = s2
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V(k.j) = V(j.k) =⇒ V(−i) = V(i) =⇒ s1 = s1

V(k.− j) = V(−j.k) =⇒ V(i) = V(−i) =⇒ s1 = s1

V(k.k) = V(k.k) =⇒ V(−1) = V(−1) =⇒ s1 = s1

V(k.− k) = V(−k.k) =⇒ V(1) = V(1) =⇒ s◦ = s◦

Fix −k,

V(−k.1) = V(1.− k) =⇒ V(−k) = V(−k) =⇒ s2 = s2

V(−k.− 1) = V(−1.− k) =⇒ V(k) = V(k) =⇒ s2 = s2

V(−k.i) = V(i.− k) =⇒ V(−j) = V(j) =⇒ s2 = s2

V(−k.− i) = V(−i.− k) =⇒ V(j) = V(−j) =⇒ s2 = s2

V(−k.j) = V(j.− k) =⇒ V(i) = V(−i) =⇒ s1 = s1

V(−k.− j) = V(−j.− k) =⇒ V(−i) = V(i) =⇒ s1 = s1

V(−k.k) = V(k.− k) =⇒ V(1) = V(1) =⇒ s◦ = s◦

V(−k.− k) = V(−k.− k) =⇒ V(−1) = V(−1) =⇒ s1 = s1

Hence it shows that V is an m.p.c.f.s of Q8. So, by definition of an m.P.N.F.S,

V is an m.P.N.F.S of Q8.

Remark 3.4.4. Every m.P.F.S of G is normal if G is an abelian group.

Example 3.4.5. Let K = {e, a, b, ab} be a Klein four-group. We define an m-

polar fuzzy subset A of K by

A(e) = A(ab) = s◦

A(a) = A(b) = s1

∀ s◦ > s1 and s◦, s1 ∈ Im. Since K is an abelian group so from the remark 3.4.4

A is an m.P.N.F.S of K.

Remark 3.4.6. If A1, A2 ∈ Fm(G) and A1, A2 /∈ Nm(G), then A1 ∩ A2 is not an

m.P.N.F.S of G.

We will prove it by using a counter example.

54



m-polar fuzzy quotient subgroups m-polar fuzzy analogs

Example 3.4.7. Let G = D6 = 〈a, b : a3 = e = b2, bab = a−1〉. We define

A1, A2 ∈ Fm(D6) as follows

A1(e) = A1(a
2b) = t◦

A1(a) = A1(a
2) = A1(b) = A1(ab) = t1

And

A2(e) = A2(a) = A2(b) = A2(a
2) = t◦

A2(a
2b) = A2(ab) = t1

∀ t◦ > t1 and t◦, t1 ∈ Im. Clearly A1, A2 /∈ Nm(G) because A1(a
2b) 6= A1(ba

2) and

A2(ab) 6= A2(a
2b). From the definition of m.P.N.F.S it is immediate that

(A1 ∩ A2)(ab) 6= (A1 ∩ A2)(ba).

Hence A1 ∩ A2 is not an m.P.N.F.S of D6.

Definition 3.4.8. Let A1, A2 ∈ Fm(G) and A1 ⊂ A2. Then A1 is called an

m.P.N.F.S of an m.P.F.S A2,if

A1(xyx
−1) ≥ inf(A1(y), A2(x)) ∀ x, y ∈ G

From the above definition, we have

1. If A1 ∈ Nm(G), A2 ∈ Fm(G), and A1 ⊂ A2, then A1 is an m.P.N.F.S of A2.

2. Every m.P.F.S is an m.P.N.F.S of itself.[17]

Theorem 3.4.9. If A1 ∈ Nm(G) and A2 ∈ Fm(G), then A1∩A2 is an m.P.N.F.S

of A2.

Proof. Observe that A1 ∩ A2 ∈ Fm(G) and A1 ∩ A2 ⊆ A2. Now

(A1 ∩ A2)(xyx
−1) = inf(A1(xyx

−1), A2(xyx
−1))

= inf(A1(y), A2(xyx
−1))

≥ inf(A1(y), A2(x), A2(y), A2(x
−1))

= inf((A1 ∩ A2)(y), A2(x))

∀x, y ∈ G. Therefore, A1 ∩ A2 is an m.P.N.F.S of G.
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Theorem 3.4.10. Let A1, A2, A3 ∈ Fm(G) be such that A1 and A2 are m-polar

normal fuzzy subgroups of A3. Then A1 ∩ A2 is an m.P.N.F.S of A3.

Proof. Since A1, A2 ∈ Fm(G), it follows that A1 ∩A2 ∈ Fm(G) and A1 ∩A2 ⊆ A3.

Now

(A1 ∩ A2)(xyx
−1) = inf(A1(xyx

−1), A2(xyx
−1))

≥ inf(inf(A1(y), A3(x)), inf(A2(y), A3(x))) (since A1, A2 ∈ Nm(A3))

≥ inf((A1 ∩ A2)(y), A3(x)).

Hence A1 ∩ A2 is an m.P.N.F.S of A3.

Theorem 3.4.11. If A′1 is an m.P.N.F.S of A1 and A1, A2 ∈ Fm(G), then A′1∩A2

is an m.P.N.F.S of A1 ∩ A2.

Proof. Clearly A′1 ∩ A2 ∈ Fm(G) and A′1 ∩ A2 ⊆ A1 ∩ A2. Now

(A′1 ∩ A2)(xyx
−1) = inf(A′1(xyx

−1), A2(xyx
−1))

≥ inf(A′1(y), A1(x), A2(x), A2(y), A2(x
−1))

= inf(A′1(y), A2(y), A1(x), A2(x), A2(x))

= inf((A′1 ∩ A2)(y), (A1 ∩ A2)(x))

∀x, y ∈ G. Therefore, A′1 ∩ A2 is an m.P.N.F.S of A1 ∩ A2.

Theorem 3.4.12. Let A ∈ Nm(G). Then A∗ and A∗ are normal subgroups of G.

Proof. Clearly A∗ and A∗ are subgroups of G because A ∈ Nm(G), (by lemma

3.2.8). Now we show that A∗ and A∗ are m.P.N.F.S of G. Suppose that g1 ∈ G

and g2 ∈ A∗. Since A is an m.P.N.F.S of G, we have

A(g1g2g
−1
1 ) = A(g2) = A(e)

and thus g1g2g
−1
1 ∈ A∗. Therefore, A∗ C G. Now let g1 ∈ G and g2 ∈ A∗. Again

by using condition (2) of theorem 2.4.2, we have

A(g1g2g
−1
1 ) = A(g2) > 0

and so g1g2g
−1
1 ∈ A∗. Hence A∗ CG.
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Now we define m-polar fuzzy coset and is denoted by m.P.F.C.

Definition 3.4.13 (m-polar fuzzy coset). Let A be an m.P.F.S of a group G. For

any a ∈ G, we define a map

Âx : G −→ Im

by

Âx(g) = A(gx−1) ∀ g ∈ G (3.1)

Âx is called right m.P.F.C of A in G. Âx is also denoted by xA.

Similarly, an m.p.f.s xµ is called left m.P.F.C of A in G, if

Âx(g) = A(x−1g) ∀ g ∈ G.

Example 3.4.14. Let K = {e, a} × {e, b} be the non-cyclic group of order 4 and

its elements can be written as {e, a, b, ab}. We define an m.P.F.S A of K by

A(e) = t◦

A(a) = t1

A(b) = A(ab) = t2

∀ t◦ > t1 > t2 and t◦, t1, t2 ∈ Im.

The m.P.F.C corresponding to e ∈ K,

Âe(e) = A(e) = t◦

Âe(a) = A(a) = t1

Âe(b) = A(b) = t2

Âe(ab) = A(ab) = t2

So m.P.F.C corresponding to e is {t◦, t1, t2, t2}, where {t◦, t1, t2, t2} is a multi-set.

The m.P.F.C corresponding to a ∈ K,

Âa(e) = A(a) = t1

Âa(a) = A(e) = t◦

Âa(b) = A(ba) = t2
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Âa(ab) = A(b) = t2

So m.P.F.C corresponding to a is {t1, t◦, t2, t2}.

The m.P.F.C corresponding to b ∈ K,

Âb(e) = A(b) = t2

Âb(a) = A(ab) = t2

Âb(b) = A(e) = t◦

Âb(ab) = A(a) = t1

So m.P.F.C corresponding to b is {t2, t2, t◦, t1}.

The m.P.F.C corresponding to ab ∈ K,

Âab(e) = A(ab) = t2

Âab(a) = A(b) = t2

Âab(b) = A(a) = t1

Âab(ab) = A(e) = t◦

So m.P.F.C corresponding to ab is {t2, t2, t1, t◦}.

Note that Âe, Âa, Âb and Âab are the m-polar fuzzy cosets of G with respect

to A.

Example 3.4.15. Let G = D6 = 〈a, b : a3 = e = b2, bab = a−1〉. Define an

m.P.F.S A of S3 by

A(e) = A(a2b) = t◦

A(a) = A(a2) = A(b) = A(ab) = t1

∀ t◦ > t1 and t◦, t1 ∈ I.

The m.P.F.C corresponding to e ∈ S3,

Âe(e) = A(e) = t◦

Âe(a) = A(a) = t1
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Âe(a
2) = A(a2) = t1

Âe(b) = A(b) = t1

Âe(ab) = A(ab) = t1

Âe(a
2b) = A(a2b) = t◦

So m.P.F.C corresponding to e is {t◦, t1, t1, t1, t1, t◦}.

The m.P.F.C corresponding to a ∈ S3,

Âa(e) = A(a2) = t1

Âa(a) = A(e) = t◦

Âa(a
2) = A(a) = t1

Âa(b) = A(ab) = t1

Âa(ab) = A(a2b) = t◦

Âa(a
2b) = A(b) = t1

So m.P.F.C corresponding to a is {t1, t◦, t1, t1, t◦, t1}.

The m.P.F.C corresponding to a2 ∈ S3,

Âa2(e) = A(a) = t1

Âa2(a) = A(a2) = t1

Âa2(a
2) = A(e) = t◦

Âa2(b) = A(a2b) = t◦

Âa2(ab) = A(b) = t1

Âa2(a
2b) = A(ab) = t1

So m.P.F.C corresponding to a2 is {t1, t1, t◦, t◦, t1, t1}.

The m.P.F.C corresponding to b ∈ S3,

Âb(e) = A(b) = t1

Âb(a) = A(ab) = t1

Âb(a
2) = A(a2b) = t◦
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Âb(b) = A(e) = t◦

Âb(ab) = A(a) = t1

Âb(a
2b) = A(a2) = t1

So m.P.F.C corresponding to b is {t1, t1, t◦, t◦, t1, t1}.

The m.P.F.C corresponding to ab ∈ S3,

Âab(e) = A(ab) = t1

Âab(a) = A(a2b) = t◦

Âab(a
2) = A(b) = t1

Âab(b) = A(a2) = t1

Âab(ab) = A(e) = t◦

Âab(a
2b) = A(a) = t1

So m.P.F.C corresponding to ab is {t1, t◦, t1, t1, t◦, t1}.

The m.P.F.C corresponding to a2b ∈ S3,

Âa2b(e) = A(a2b) = t◦

Âa2b(a) = A(b) = t1

Âa2b(a
2) = A(ab) = t1

Âa2b(b) = A(a) = t1

Âa2b(ab) = A(a2) = t1

Âa2b(a
2b) = A(e) = t◦

So m.P.F.C corresponding to e is {t◦, t1, t1, t1, t1, t◦}.

Then we can say that Âe, Âa, Âa2 , Âb, Âab and Âa2b are the m-polar fuzzy cosets

of S3 with respect to A.

Example 3.4.16. Let S3 = {e, a, a2, b, ab, a2b} be a symmetric group of order 6,

where b2 = e, a3 = e and ba2 = ab. We define a fuzzy subgroup A of S3 by

A(e) = A(b) = 1
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A(a) = A(a2) = A(ab) = A(a2b) = 0.5

Then the right fuzzy coset corresponding to a in S3 is given by

Âa(e) = A(a2) = 0.5

Âa(a) = A(e) = 1

Âa(a
2) = A(a) = 0.5

Âa(b) = A(ab) = 0.5

Âa(ab) = A(a2b) = 0.5

Âa(a
2b) = A(b) = 1

So the right fuzzy coset Aa = (0.5, 1, 0.5, 0.5, 0.5, 1).

Now the left fuzzy coset corresponding to a ∈ S3 is given by

Âa(e) = A(a2) = 0.5

Âa(a) = A(e) = 1

Âa(a
2) = A(a) = 0.5

Âa(b) = A(a2b) = 0.5

Âa(ab) = A(b) = 1

Âa(a
2b) = A(ab) = 0.5

So the left fuzzy coset aA = (0.5, 1, 0.5, 0.5, 1, 0.5).

Hence Aa 6= aA. This happen because A ⊀ S3.

Proposition 3.4.17. [14] If A is an m.P.N.F.S of G and x ∈ G, then the m-polar

right fuzzy coset Ax is same as the m-polar left fuzzy coset xA.

Proof. Let A be an m.P.N.F.S of G and x ∈ G. Then for any g ∈ G, A(gx) =

A(xg) and so

xA(g) = A(x−1g) = A(gx−1) = Ax(g)

. Hence xA = Ax.

Now we give another formulation of an m.P.N.F.S.

61



m-polar fuzzy quotient subgroups m-polar fuzzy analogs

Theorem 3.4.18. Let A be an m.P.F.S of a group G. Then A is an m.P.N.F.S

of G if and only if

A([x, y]) ≥ A(x) ∀ x, y ∈ G. (3.2)

Proof. Suppose that A is an m.P.N.F.S of G. Let x, y ∈ G. Then

A(x−1y−1xy) ≥ inf(A(y−1xy), A(x−1))

= inf(A(x), A(x)) (since A is an m− polar normal fuzzy subgroup)

= A(x).

Conversely, assume that A satisfies the relation 3.2. Then for x, z ∈ G, we have

A(x−1zx) = A(zz−1x−1zx)

≥ inf(A(z), A([z, x]))

= A(z) by(2).

Thus

A(x−1zx) ≥ A(z) ∀z, x ∈ G. (3.3)

Again we get that

A(z) = A(x.x−1zxx−1) ≥ inf(A(x), A(x−1zx)). (3.4)

Now if inf(A(x), A(x−1zx)) = A(x), then we get that A(z) ≥ A(x) ∀x, z ∈ G,

implying that A is a constant function, and the result holds trivially. So we now

consider the case when inf(A(x), A(x−1zx)) = A(x−1zx). Then 3.4 implies that

A(z) ≥ A(x−1zx) ∀ x, z ∈ G. Combining this inequality with 3.3 gives that

A(x−1zx) = A(z) ∀ x, z ∈ G. Hence A is constant on the conjugate classes of

G.

Proposition 3.4.19. If A is an m.P.N.F.S of a group G. then for any x, y ∈ G

we have that

Âx(gx) = Âx(xg) = A(g) ∀g ∈ G.

Proof. We have

Âx(gx) = Âx(xgx
−1x)

= A(xg−1)
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Âx(gx) = A(g).

Since A is an m.P.N.F.S of G. Similarly,

Âx(gx) = Â(gxx−1)

= A(g)

Theorem 3.4.20. Let A be an m.P.N.F.S of a group G. Let F be the set of all

the m-polar fuzzy cosets of A. Then F is a group under the composition

Âx ◦ Ây = Âxy ∀ x, y ∈ G. (3.5)

Define a map Ā : F → Im by

Ā(Âx) = A(x) ∀ x ∈ G. (3.6)

Then Ā is an m.P.F.S on F .

Proof. First, we show that the composition given by 3.1 is well defined. Let

x, y, x0, y0 ∈ G such that

Âx = Âx0 and Ây = Ây0 (3.7)

Then we must show that

Âx ◦ Ây = Âx0 ◦ Ây0

that is, Âxy = Âx0y0

We have, by definition 3.1,

Âxy(g) = A(gy−1x−1) ∀ g ∈ G

and

Âx0y0(g) = A(gy0
−1x0

−1) ∀ g ∈ G.

Now

A(gy−1x−1) = A(gy0
−1y0y

−1x−1)

= A(gy0
−1x0

−1x0y0y
−1x−1)
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≥ inf(A(gy0
−1x0

−1), A(x0y0y
−1x−1)). (3.8)

By 3.7 we have that

A(gx−1) = A(gx−10 ) ∀ g ∈ G (3.9)

and

A(gy−1) = A(gy−10 ) ∀ g ∈ G. (3.10)

Now in 3.9, substituting x0y0y
−1 for g, we have that

A(x0y0y
−1x−1) = A(x0y0y

−1x−10 )

Since A is an m.P.N.F.S of G,

= A(y0y
−1)

= A(e)

let g = y0 in 3.10. Also A(e) ≥ A(gy0
−1x0

−1), clearly A(e) ≥ A(u) ∀ u ∈ G, where

A ∈ Nm(G). Hence 3.8 implies that

A(gy−1x−1) ≥ A(gy0
−1x0

−1)

Now

A(gy0
−1x0

−1) = A(gy−1yy0
−1x0

−1) = A(gy−1x−1xyy0
−1x0

−1)

≥ inf(A((gy−1x−1), A(xyy0
−1x0

−1)). (3.11)

Now in 3.9, substituting xyy0
−1 for g, we have that

A(xyy0
−1x−1) = A(xyy0

−1x−10 )

Since A is an m.P.N.F.S of G,

A(yy0
−1) = A(xyy0

−1x−10 )

A(e) = A(xyy0
−1x−10 )

let g = y in 3.10. Also A(e) ≥ A(gy−1x−1), since it is easy to see (for any m.P.F.S

A) that A(e) ≥ A(u) ∀ u ∈ G. Hence 3.11 implies that

A(gy0
−1x0

−1) ≥ A(gy−1x−1)
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Hence we have that A(gy0
−1x0

−1) = A(gy−1x−1), so the composition 3.1 is well

defined.

The composition defined in 3.1 is associative. Also (Âx)
−1 is Âx−1 for x ∈ G.

Hence F is a group.

Now, let x, y ∈ G. Then we have that

Ā(Âx ◦ Ây) = Ā(Âxy)

= A(xy)

≥ inf(A(x), A(y))

= inf(Ā(Âx), Ā(Ây))

Further we have that

Ā(Âx) = Ā(Âx−1) = A(x) = A(x−1).

Hence, we have that Ā is an m.P.F.S on F .

Example 3.4.21. Let D8 be a dihedral group of order 8 given by

D8 = {e, a, a2, a3, b, ab, a2b, a3b}, where we have a4 = b2 = e and a3b = ba.

Define A : D8 → I by setting

A(e) = A(a3b) = 1

,

A(a) = A(a2) = A(a3) = A(b) = A(ab) = A(a2b) = 0.6.

From the example 2.2.5, it follows that A ∈ F (D8) and A 6 D8 because A(a3.b) 6=

A(b.a3). Now the cosets of A in D8 are given by

Ae = (1, 0.6, 0.6, 0.6, 0.6, 0.6, 0.6, 1)

Aa = (0.6, 1, 0.6, 0.6, 0.6, 0.6, 1, 0.6)

Aa2 = (0.6, 0.6, 1, 0.6, 0.6, 1, 0.6, 0.6)

Aa3 = (0.6, 0.6, 0.6, 1, 1, 0.6, 0.6, 0.6)

Ab = (0.6, 0.6, 0.6, 1, 1, 0.6, 0.6, 0.6)

Aab = (0.6, 0.6, 1, 0.6, 0.6, 1, 0.6, 0.6)
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Aa2b = (0.6, 1, 0.6, 0.6, 0.6, 0.6, 1, 0.6)

Aa3b = (1, 0.6, 0.6, 0.6, 0.6, 0.6, 0.6, 1)

Here Ab = Aa3, Aa2 = Aab. But

Ab ◦ Aa2 = Aa2b 6= Aa3 ◦ Aab = Ab.

Hence the operation “ ◦” defined in (5) is well defined in case A is a normal fuzzy

subgroup.

Definition 3.4.22 (m-polar fuzzy quotient group). Let A be an m.P.N.F.S of a

group G. Then the map Ā defined in 3.6 is called an m-polar fuzzy quotient group

determined by A. Sometimes Ā is also denoted by G/A.

It is easily observed that G/A is a classical set and not an m-polar fuzzy set.

Example 3.4.23. Let K = {e, a} × {e, b} be the non-cyclic group of order 4 and

its elements can be written as {e, a, b, ab}. We define A ∈ Nm(K) by

A(e) = t◦

A(a) = t1

A(b) = A(ab) = t2

∀ t◦ > t1 > t2 and t◦, t1, t2 ∈ Im.

From the example 3.4.14 of m-polar fuzzy cosets, K/A = {Âe, Âa, Âb, Âab} is an

m-polar fuzzy quotient group.
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3.5 Conclusion

In this thesis, we have proved that if ξ1 and ξ2 are fuzzy subgroups of a group G,

then their intersection is again a fuzzy subgroup of G. Also, we have shown that

for two fuzzy subgroups ξ1 and ξ2 of a group G, if ξ
′
1 is a normal fuzzy subgroup

of ξ1, then ξ
′
1 ∩ ξ2 is a normal fuzzy subgroup of ξ1 ∩ ν. Furthermore, we have

defined the concept of a fuzzy subgroup of a fuzzy group.

We have formulated the notion of an m-polar fuzzy group as a generalization

of a fuzzy group. Moreover, we have introduced m-polar fuzzy analogs of some

results in fuzzy group theory.
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