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Abstract

In this thesis, we have investigated some basic results of fuzzy group theory by
constructing various examples. In particular, we have studied the notions of fuzzy
subgroup, normal fuzzy subgroup, fuzzy coset and fuzzy quotient group and have
elaborated these concepts through examples.

We have proved that if & and & are fuzzy subgroups of a group &, then
intersection of &; and &, is again a fuzzy subgroup of GG. Also, we have shown that
for two fuzzy subgroups &, and & of a group G, if £, is a normal fuzzy subgroup
of &, then & N & is a normal fuzzy subgroup of & Nwv.

Furthermore, we have defined the concept of a fuzzy subgroup of a fuzzy group.

We have formulated the notion of an m-polar fuzzy group as a generalization
of a fuzzy group. Moreover, we have introduced m-polar fuzzy analogs of some

results in fuzzy group theory.
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Introduction



Introduction

Zadeh introduced the concept of fuzzy sets in [29]. His ideas provided tools
and an approach to model imprecision and uncertainty present in phenomena that
do not have sharp boundaries. The theory of fuzzy sets has developed in many
directions due to its diverse applications in a vast variety of disciplines. Extensive
literature on fuzzy subsets has been cited in [27].

Rosenfeld [20] used Zadeh’s idea of a fuzzy set to define the concept of a fuzzy
subgroup of a group and formulated a tool and a novel approach to establish the
fuzzy analogs of many results in group theory. However, in 1979, Anthony and
Sherwood [2] generalized the Rosenfeld’s definition of fuzzy group. Sherwood [22]
defined products of fuzzy subgroups using t-norms and gave some properties of
these products. The notion of fuzzy subring and ideal was introduced by Liu in
[16]. Since then, fuzzy versions of various basic properties and theorems in finite
group theory have been developed.

Fuzzy version of Lagrange’s Theorem has been studied in [18]. However, fuzzy
quotient groups, characteristic fuzzy subgroups, conjugate fuzzy subgroups and
more advanced topics like fuzzy solubility, fuzzy subgroups of Hall groups have
been studied in [17]. Fuzzy isomorphism theorems have been studied in [17, 9].
Introductory fuzzy representations of fuzzy groups has been studied by Thampy
Abraham in [3]. Recently, Marius Tarnauceanu has classified some cases of the
fuzzy subgroups and fuzzy normal subgroups of finite groups [24, 25].

In a different direction however, Zhang [28] extended the idea of a fuzzy set
and defined the notion of bipolar fuzzy set on a given set X as a mapping A :
X — [—1,1]. In bipolar valued fuzzy sets the membership degree range of fuzzy
sets is extended from the interval [0, 1] to the interval [—1, 1]. This concept is used
by researchers as a tool in bipolar fuzzy graphs and many other variety of fields,
see, for examples, [4, 5, 6, 7, 8].

After the introduction of a bipolar fuzzy set by Zhang [28], several researchers
generalized the concept of a bipolar fuzzy set. In 2014, Chen and his collaborators
[11] introduced the notion of m-polar fuzzy sets as a generalization of bipolar fuzzy
set and showed that bipolar fuzzy sets and 2-polar fuzzy sets are cryptomorphic
mathematical notions and that we can obtain concisely one from the corresponding

one in [11].
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In [1], Akram and Adeel has applied the concept of m-polar fuzzy sets to trees.
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Fuzzy sets and fuzzy groups Literature Review

2.1 Fuzzy sets and fuzzy groups

In this chapter, we will elaborate some basic terminologies and theorems of fuzzy
group theory. In particular, we are interested in extension principle of Zadeh, fuzzy
cosets and fuzzy quotient groups. Moreover, we will examine basic terminologies
of fuzzy group theory through detailed examples.

We have also given the definition of a fuzzy subgroup of a fuzzy group. Fur-

thermore, we have proved the following theorems:

1. If &, & are fuzzy subgroups of a group G, then their intersection is again a

fuzzy subgroup of G.

2. If &, & are fuzzy subgroups of a group G and £ is a normal fuzzy subgroup

of &, then & N& < &G N&.
From now on, we denote [0, 1] by Z.

Definition 2.1.1 (Fuzzy Subset). [17] Let X be a non-empty set. A fuzzy subset
& of X is a function from X to T.
The set of all fuzzy subsets of X is dnoted by FP(X). It is also known as fuzzy

power set of X.

Definition 2.1.2 (Support and Core of a fuzzy subset). [17] Let Q) be a non-
empty set and £ € FP(%),
Then,

1. & ={yly €, &(y) >0}
2. & ={nlnp€9,&(y) =1}

In the definition 2.1.2 £ and &, are known as support and core of & respec-
tively. If support of a fuzzy subset is finite then it is known as finite fuzzy subset. If

support of a fuzzy subset is an infinite set then it is known as infinite fuzzy subset.

Definition 2.1.3 (Fuzzy point). [17] Let Q) be a subset of X and p € T.
We define a fuzzy subset py of X as follows,

p ifze

0 otherwise

py(x) =

Particularly, if Q) is a singleton, then py is called a fuzzy point.

bt
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In group theory, we define some operations on groups to examine the prop-
erties of groups. A similar approach is used to examine the properties of fuzzy
subgroups of a group. For the further discussion “ & ” denotes the arbitrary group
with identity e and a multiplicative binary operation. Moreover, minimum and
maximum are denoted by “A” and “V” respectively.

In [30], Zadeh proposed the so called extension principal. Zadeh’s extension
principal allows us to extend the domain of a mapping in a natural way. It is an

important tool in the development of fuzzy set theory and other related areas.

Definition 2.1.4. [17] Let § : X — ) be a function, and let & and xiy are the

fuzzy subsets of X and Q) respectively. We characterize the fuzzy subsets §(&1) of
Y and fH(&) of X by Vv e,

V{G@lr € X,f®) =9} if f'(n) #¢

0 otherwise

f(€1)(n) =

and Vr € X,
(&) () = &)

Then §(&1) and §71(&;) are called the image and pre-image(or inverse image) of &

and & under § respectively. It is the famous extension principle of Zadeh.

Definition 2.1.5. [17] Let & and & be the fuzzy subsets of . We define the
fuzzy subsets & U & and & N&s of & as follows, for all x € &,

(E1U&)(z) = &i(r) V &a()
(& N&)(x) = &i(z) Aa(z).

Definition 2.1.6. Let & and & be the fuzzy subsets of X. Then & is said to be

contained in & if, for all x € &,

&i(r) < &o(n).

We now define fuzzy subgroupiod and fuzzy subgroup as Rosenfeld’s paper

published in 1971.

Definition 2.1.7 (Fuzzy subgroupoid). [20] Let & be a function from X to Z,

where X is a groupoid, then & is called a fuzzy subgroupoid if, for all x1,x9 € X,

§(m1m9) > (1) A E(T2).

6
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Definition 2.1.8 (Fuzzy subgroup). [20] Let & be a fuzzy subset of a group
&. Then & is called fuzzy subgroup of & if for all x1, x5 € &,

1. &{(z1m2) > &(1) N E(72)

2. &(art) = &),
The set of all fuzzy subgroups of & is denoted by “F(&)”. For the further
discussion, we denote the fuzzy subset and fuzzy subgroup by f.s and F.S 7

respectively. Moreover, normal fuzzy subgroup and fuzzy coset are denoted by

N.F.S and F.C respectively.

Lemma 2.1.9. [17] Let & be a finite group and & be a fuzzy subgroupiod of &.
Then & € F(8).

Proof. From definition 2.1.7, it follows that &(x122) > &(x1) A&(x2). To show that
E(xyY) > &(xy), suppose that e # x; € &. Then for n > 1,

Since & is a finite group, we have 7 = e. This implies that inverse of z; is 27!

Now
E(zy!) = €(217)
= (a7 )
> £(277?) A &(x1) (by using definition 2.1.7)
> &) A AE(r) = E(21).
Hence € is a F.S of &, O

Lemma 2.1.10. [17] Let £ be a F.S of a group &. Then for all g € &,

1. &(e) = €(9)

Proof. (1). Suppose that g € . We have

&(e) = &(gg™")
> &(g) ANE(g™") (since € € F(®))
> &(g9) NE(g) = €(9)-
Hence £(e) > £(g). O
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Proof. (2). Assume that g belongs to &. Clearly, £(g) = £((¢g7")™!) > &(g71)
£(g), since £ € &. Hence £(g) = &(g71).

IV

Remark 2.1.11. [17] Let H < 6. If € is a F.S of 8, then {5 € F(9).

In the remark 2.1.11 |5 is known as the restriction of £ from the domain & to

2.2 Examples of fuzzy subgroups

Example 2.2.1. Let K = {e,a} x {e,b} be the non-cyclic group of order 4 and
its elements can be written as {e,a,b,ab}. We define a f.s & of K by

§(e) = &(ab) = so
§(a) =&(b) = 51

V s, > 81 and So, 81 € I.

Now we will verify that whether £ is a F.S of K or not.
§le) = &(e) NE(e) = 50> 5o

{(e.a) > ¢(e) NE(a) = &(a) = 5o Asy = 51> 81
£(e.b) = &(e) NE(L) = £(b) = s As1 = s12> 51
E(e.ab) > £(e) AE(ab) —> E(ab) > so A so — 50> s
{(a.a) = E(a) NE(a) = &(e) Zs1As1 = o251
§(a.b) > &(a) NE(D) = &lab) > s1 A s1 = 5o > 51
{(a.ab) > {(a) NE(ab) = &(b) > 51 N so = 51> 81
§(b.0) = E(b) NE(D) = £le) Z s1As1 = 502 81
§(b.ab) = £(b) N(ab) = &(a) = s1Ase = 512 81
¢(ab.ab) > €(ab) A Eab) —> £(€) > 50 Ass — 50> 5o

Hence £ € F(K). Now we define a f.s & € F(K) by
&i(e) = so

8
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i(a) = s1
§1(b) = &i(ab) = sy

We again check that whether & is a F.S or not,
&(e.e) > &(e) N&i(e) = 50> s

&ie.a) > &) Nila) = &i(a) 2 soAsi = 5125

€i(ed) > &) N&(D) = &(D) 2 50 A sy = 52> 5
i(e.ab) > &i(e) N&i(ab) = &i(ab) > so A sy = 52> s

€i(a.a) = &i(a) A&(a) = &ile) Zs1 A1 = 50> 8
&i(ab) > &i(a) N&(D) = &i(ab) = 51 Asy = 52> 55
&i(a.ab) = &i(a) AN&i(ab) = &i(b) = 51 A sy = 52> 5

E1(0:0) > & (D) A& (D) = &ile) 2 s2 A8z = 502> 5y
&i(b.ab) > & (D) N&i(ab) = &i(a) = sa A sy = 51> s
&i(ab.ab) > & (ab) AN &i(ab) = &1(e) > sa A sy = S, > S

Thus it is proved that & is also a F.S of K.

Example 2.2.2. Let & = Dg = {(a,b : a®> = ¢ = b?,bab = a™'). We define
v € FP(®) by
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YV s < 81 and So, 51 € L. Now we will verify that whether i is a subgroup or not,

=Y(e) = 52 = Y(e.e) 2 Y(e) A(e) = s2 A sy = 5
a) =s1 = Y(e.a) > Y(e) ANp(a) = s2 Asy = s;
?) 2 (e) A(a®) = s2 A st = sy

Y(e) Np(b) = so A sp = 81
>

<-
=
=
I
<
O
I
O
no
<
=
&
=
>
=
|
»
>
»
|
»
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P(b.a°b) = (a) = 51 = P(b.a’b) > Y(b) Ap(a®h) = s1 A sy = sy
U(ab.a) =9(b) = 51 = p(ab.a) = P(ab) Ap(a) = s1 A sy = 1
D(ab.a?) = Y(bat.a?) = s; = (ab.a?) > ¥(ab) A (a?) = s1 A s1 = s1
U(ab.b) =1p(a) = s1 = ¥(ab.b) = Y(ab) Ap(b) = 51 A s1 = 51
P(ab.ab) = P(e) = 55 = P(ab.ab) = ¥(ab) A ip(ab) = s1 A sy = 51
W(ab.a’h) = ¥(a?) = 51— (ab.a’b) > b(ab) A $(a%h) = 51 A sy = 51
D(a%h.a) = p(ab) = 51 = P(a2b.a) > B(ab) A(a) = s5 A s1 = 81
P(a’b.a®) = (ba.a®) = s1 = P(a’b.a®) > Pp(a®b) Ap(a®) = s2 A s1 = 51
D(a®.b) = ¢(a®) = 51 = P(a®b.b) > P(a’) AY(D) = s A s = 51
D(a2b.ab) = ¥(a) = s — (ab.ab) > b(a®b) A b(ab) = 55 A 51 = 51
D(a%h.a%h) = (e) = s —> ¥(a®h.a®b) > ¥(a®h) A b(aZb) = 53 A 55 = 55

Thus ¢ is a F.S of &.
Now we define a f.s 1 by
wl(a2b) = 51

Yi(e) = s2
di(a) = ¢i(a?) = i (b) = ¢ (ab) = s,
It can be easily seen that Yy € F(®).
Remark 2.2.3. Let £ € FP(®) then & may not be a F.S of &.

We give the following example to explain the remark 2.2.3.

Example 2.2.4. Let & = Dg = (a,b:a®> = e = b?, bab = a™1).
We define & € FP(Dg) by

(a) =¢(b) = so
£(e) = 5(“25) = S1
£(a®) = E(ab) = sy

V s < 59 < 81 and So, 1,82 € L. In this example £ is a f.s but it is not a F.S of

Dy, because

£(a®b.ab) = £(a*b.ba?) = £(a) = s

11
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¢(a®b.ab) > £(a”b) A E(ab)

281/\82282

= £(ab.a®b) < £(a®b) A E(ab), which shows that € is not a F.S of Dg.

Example 2.2.5. Let Dg be a dihedral group of order 8 given by
Dg = (a,b:a* =e=0b%bab=a"'). We define ¢ € FP(Dg) by

£(e) = £(a’h) = sy

E(e.a®) =&(a®) = E(e) = 51 = £(e.a®) > E(e) AE(a®) = 51 A 50 = 56
fle.a®) = €£(a®) = s, = £(e.a®) > E(e) NE(a®) = 851 A so = 8o
§leb) =&(b) = 5o = &(e.b) = &(e) NE(D) = 51A S0 = 5o
§(e.ab) = (ab) = so = &(e.ab) = &(e) NE(ab) = 51/ so = 5,
£(e.a®b) = £(a®h) = s, = £(e.a®b) > £(e) A E(a®h) = s1 A S0 = 54
£(e.a’h) = £(a®b) = 51 = £(e.a®h) > £(e) NE(a®b) = s1 A sy = s
£(a*.a’) =&(a) = so = &(a’.a’) > €(a®) AE(a”) = 50 A 5o = 50
£(a.b) = €(a’) = 5o = &(a”b) > £(a®) NE(D) = 50 A 5o = 50
£(a%.ab) = £(a®b) = s; = &(a®.ab) > £(a®) N E(ab) = 55 A 5o = 56
£(a®.a?b) = £(b) = s, = £(a®.a?b) > £(a?) A E(a%D) = 5o A S0 = S0
£(a*.a’b) = €(ab) = 5o = £(a”.a’b) > £(a®) NE(a’D) = 50 A sy = 5o
£(a’.a) = ¢(e) = s1 = £(a’.a) 2 £(a°) NE(a) = 50 A so = s
£(a’.a®) =&(a) = so = &(a’.a?) > €(a’) ANE(a®) = 50 N so = 50
£(a’b) =€(a’0) = 51 = £(a’b) > £(a°) NE(D) = 50 A 5o = 50
£(a.ab) = £(b) = s, = &(ad.ab) > £(a®) A E(ab) = 5o A 5o = 50

12
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= ¢(ab) = s, = £(a”.a®b) > £(a®) A E(a?h) = 8o A 50 = 8o

£(a®.a®b) = £(a®b) = s, = £(a*.a®h) > £(a®) A E(a’h) = 5, A sp = 8,

a’b) = &(

) = &(

E(b.ab) = £(b.ba®) = €(a®) = s, = €(b.ab) > £(b) A E(ab) = 5o A 50 = 5,

£(b.a®b) = £(b.ba?) = £(a®) = so = £(b.a%b) > £(b) A £(a2h) = so A So = So

£(b.a’b) = &(b.ba) = £(a) = s, = £(b.a’b) > £(b) AE(a’b) = 5o A sy = s,
) = &(
) = &(
) = &(
) = &(
) =&(a

£(ab.a®b

E(ab.ba®) = £(a®) = s, = E(ab.a®b) > E(ab) A E(a*h) = s, A so = 8o
£(ab.a®b

E(ab.ba) = &(a?) = s, = &£(ab.a’b) > E(ab) A E(a’b) = s, A sp = S,
£(a®b.a®b

£(a®b.ba®) = £(e) = 51 = £(a®b.a®b) > £(a®b) A E(a®h) = so A 5o = So

£(a®b.a®b) = £(a’b.ba) = £(a®) = s, = £(a®b.a®b) > £(a®b) A E(ab) = s, A 51 = 5,

£(a®b.a®b) = £(aPb.ba) = £(e) = 51 = £(a®b.a®b) > £(a®b) A E(a’h) = 51 A sy = 51

All the above discussion shows that & € F(Ds).
Now we define & € FP(Dg) by

&i(e) = &i(a) = &(a’) = s
(a%) = &(a*h) = &(0”) = &(b) = &i(ab) = 5.
V s, < s1 and So,s1 € L. It is obvious that & ¢ F(Ds) because
fl(a.agb) = 51(6) =

51(‘1-@35) > &1(a) A fl(agb) =81 /NAs1 =8

= &1(a.a%b) < & (a) A& (a®h), which shows that & is not a F.S of Ds.
We define & € FP(Dg) by

§a(e) = 52(“3b) = 52(a3) =5
&a(a) = &(a®) = &(a?b) = &(b) = &(ab) = s,

V s, < 81 and s.,81 € L. Then & is not a F.S of Dg because
&5(a*.ab) = &(ab) = s,
&(a”.a’b) > &(a’) A &5(a’D)
= 51 A S1 = S1
= &(a.a®b) < &(a®) A & (aPD), which shows that & is not a F.S of Ds.

13
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One of the most important problem of fuzzy group theory is the classification
of fuzzy subgroups of finite non-abelian groups. In [26] Marius Tarnauceanu devel-
oped a general method to enumerate fuzzy subgroups of certain finite non-abelian

groups. In particular, explicit formulas have been obtained for dihedral groups.

Theorem 2.2.6. [26] The number h(D,,m) of all distinct fuzzy subgroups of the
dihedral group D2p71n1 s given by the following equality:

2m

h(D., m) =
( 2p11) pl_l

(P74 p1 — 2).

Theorem 2.2.7. [26] The number h(Dy,m1 ) of all distinct fuzzy subgroups of

2101 D2

the dihedral group h(DQP;npo) is given by the following equality,
2m

(Pl - 1)3
— 3p 2 4 (my + 3)pT py + M 4 (my + 2)p — pipa—

WDy, ) = [(m1 + 2)pT 2y + 27+ — (2my + 5)p P py—

— (4my + 9)ps + 3pipe + (5my + 11)p; — 2pa — (2my + 4)].

Example 2.2.8. Let Qs = {—1,1,i,—1i,j,—j,—k,k} be a group of quaternions
with eight elements.

We define £ € FP(Qs) by

Now we define & € FP(Qsg) by
&(x1) = s
gl(ﬂ:l) = S1

§1(E7) = &i(Fk) = 52

We define a f.s & of Qg by
o(£1) = 3o

§o(Fi) = &o(F]) = a(£k) = 51

14
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V So > s1 > Sy and s, 81,52 € Z. Then we can say &,& and & belongs to
F(Qg), because it is easily observe as previous examples that &, & and & satisfy

the axiom of F.S.
Lemma 2.2.9. [17] If € € F(&), then £ and &, are the subgroups of &.

Theorem 2.2.10. If&;, & are fuzzy subgroups of a group &, then their intersection
is again a F.S of &.

Proof. We want to show that

(EN&) ey ™) = (G N&E) ) A G NE) (YT

By definition 2.1.5, we have

(G N&)(y™) =&y Aa(ay™)

(G N&)ay™) = &) A&y Ada(x) Aéa(y™") (Since &1,6 € F(8))
> &) Na(z) Ny ) Aaly™)
=G N&) @) A GNE) (YY)

Hence it is proved that & N& € F(®). O

Let & be a group and $ be a subgroup of &, then the normalizer of § in & is
defined as, Ng(9) = {z € B|zH = Hz}. We now discuss the normalizer of a F.S
¢ in 6.

Definition 2.2.11. [17] Suppose that § be a F.S of a group &. Then normalizer
of § in & is defined as N(€) = {g1 | g1 € 6,£(9192) = £(g201) ¥V g2 € B}

Theorem 2.2.12. [17] Suppose € € F(®). Let

N(&) ={g1lg1 € 6,£(g192) = £(9291) Vg2 € B}
Then N(§) S &.

Proof. It can be easily observed that, e € N(£). Suppose g1,92 € N(§). For

15
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g3 € &, we have

(9195 "93) = €(91.95 " 93)

[ 391)

9291 '95")

(
&(
(9195 "-92)
&(
&(

939195 )-
Therefore, g1g5* € N(€). Hence N(¢) < &, O

Proposition 2.2.13. A F.S £ of a group & is self-normalizing F.S of & iff € is
a N.F.S of &.

2.3 Level subsets and level subgroups

In this section we denote the level subset by [.s and level subgroup by L.S.

Definition 2.3.1 (Level subset). [12] Let £ € FP(X). Fort € Z, the set § =
{z € X| &(x) >t} is called al.s of the f.s €.

Note that & is a subset of X in the ordinary sense. The terminology “l.s” was

introduced by Zadeh.[12]

Theorem 2.3.2. [12] Suppose that £ € F(®), then thel.s &, fort € Z, t < &(e),
1s a subgroup of &, where e is the identity of &.

Proof. We know that & = {z € & | {(x) > t}, then & is non-empty:
e c ft Vtel.

Let g1, 92 € &, then £(g1) >t and &(g2) > t (by definition of [.s defined in the

definition 2.3.1). Since & € F(®), £(g192) > &(g1) N &(g2).
This means £(g1g2) > t. Hence g1g2 € &. Let g1 € & implies £(g1) > ¢. Since

¢ € F(®), implies that £(g; ") > €(g1) and hence &(g;) > t. This implies g; ' € &,

Therefore &; is a subgroup of &. O]

We now give an example to elaborate the theorem 2.3.2.

16



Level subsets and level subgroups Literature Review

Example 2.3.3. Suppose that K = {e,a,b,ab} is a Klein four group with four
elements. We define £ € F(K) as follows,

§(b) = &(ab) = t»
V to > t1 > 19 and to,t1,t9 € I.
Since £ € F(K). Clearly (by 2.3.2), &, = {e}, &, = {e,a} and &, = {e,a,b,ab}

are the subgroups of K.

Following theorem provides a short way to determine whether a f.s is a F.S

or not.

Theorem 2.3.4. [12] Let & be a finite group and § € FP(®) such that & < &
for allt € Z,t < (e), then § € F(8).

Proof. Suppose that g1,92 € & and let £(g;) = t; and £(g2) = to. Then gy €
&y 92 € &,. Let us assume t; < to. Then it implies &, C &,. So g2 € &,. Thus
91,92 € &, and since &, < &, by hypothesis, gi1go € &,. Therefore {(g192) >
t1 = &(g1) N&(go). Again, let g1 € & and let £(g1) = t. Then g; € &. Since &
is a subgroup, g;' € &. Therefore £(g;') > t and hence £(g;") > €(g1). Thus
e F(®). O

We give the following example to explain the remark 2.3.4

Example 2.3.5. Let S3 = {e,a,a? b, ab,a’b} be a symmetric group. We define a
f.s & of S5 by

§(e) = €£(a’h) =t
§(a?) = ¢(ab) =t

From the theorem 2.3.4, we can say that £ is not a F.S of Ss3 because &, =

{e,a,b,a*b} is not a subgroup of Ss.

Definition 2.3.6 (Level Subgroup). [12] Suppose that & be a F.S of a group &.
The subgroups & = {x € | {(x) >t} fort € T are called L.S's of .

17
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The next theorem characterizes that not all the L.Ss of a group are different.

Theorem 2.3.7. [12] Let £ € F(&). Then &, &, (with s1 < s3) are equal iff

there does not exist g € & such that s; < &(g) < sa.

Proof. Suppose that &, = &;,. Suppose on contrary that there exists g € & such
that s; < &(g) < s9, then &, C &, since g € &, but not in &, (From definition
2.3.1), which is contradiction. Now, suppose that there be no g € & such that
s1 < &(g) < s9. Since s < s we have &, C &,. Let g € &,, then £(z) > s; and
hence £(g) > s9, since £(g) does not lie between s; and s,. Therefore g € &,. So
€ C &, Hence &, = &,,. 0

2.4 Fuzzy quotient subgroups
Definition 2.4.1 (Abelian Fuzzy Subset). [17] A f.s € of a set X is called an
Abelian f.s of X if and only if {(xy) = £(yx) Vo, y € X.

Theorem 2.4.2. [17] Let & be a group and § € FP(®). Then for all 1,92 € &,

the following conditions are equivalent:

1. §(9192) = €(920n)-
2. &(919201") = &(92)-
3. &(919201") = €(92)-
4 €(919207") < &(g2)-
Proof. (1) = (2): Suppose that g;, s € &. Then

£(919201 ) = €97 ' g192) (since £(g192) = £(9201))
={(e.92) = &(g2).
(2) = (3): Obvious.

(3) = (4): Let g1,92 € &. Then &(g19297 ) < &(g7 919291 (91 1) ") = E(92)-
(4) = (1): Suppose that g1, g2 € &. Then

£(9192) = €(91-9201--91 ) (since £(g19291 ") < E(g2))
< &(9291),
and £(g2g1) = £(92-9192-.95 ) < £(9192)- Hence £(g192) = E(g201)- O

18
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Normal subgroups play a fundamental role in classical group theory. Because
they are backbone in the structure of groups. Similarly, a N.F.S plays an impor-

tant role in the theory of fuzzy groups.

Definition 2.4.3. [17] Let £ be a f.s of a group &, then & is called N.F.S of &
if it is an abelian f.s of &.

We denote the set of all N.F.Ss of & by NF(&).

Example 2.4.4. Let Qs = {£1,+i, 5, +k} be a group of quaternions with eight
elements.
We define ¢, € F(Qsg) by

Ui(1) = s

P1(=1) = P1(£i) = 51
P1(£)) = hi(£k) = 52

V S0 > 81 > 89 and So, S1,52 € L.

Now by using the definition 2.4.3, we will verify that ¢, < Qs.
We fix 1,

1(11) =i(L1) = (1) = (1) = 50 =50
Ui(L —1) =¢i(-11) = (1) =(-1) = s1==s
Un(Li) = i(i.1) = ¢i(i) = (i) = s1=91
Ui(L = 1) = hi(=il) = Ui(=1) = i(—i) = s1=s
Ui(L)) = (1) = i(j) = ¥i(j) = s2= 52
(L —j) =i(=j1) = (=) =t(=)) = s2=5
Ui(Lk) = (k1) = (k) = i(k) = s2= s
Uil — k) = i(=k.1) = (k) = i(=k) = s2 =2

Fix —1,
P (—=1.1) =Y (—1.1) = P1(—1) =i(—1) = s1=s51
hi(=L.=1) =d(=1. - 1) = (1) =(l) = so =5,

19
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n(=1i) =i = 1) = (i) = Pi(—i) = s1=s1
Di(=1 = i) = (=i = 1) = (i) = a(i) = s1= 51
hi(=1j) =i — 1) = (=) =hi(=j) = s2=s2
(=1 =j) =ti(=J. = 1) = () =i(j) = s2= 52
Ui(=Lk) = (k. — 1) = thi(—k) = i(—k) = s2= 5
U= = k) =th(=k. = 1) = (k) = (k) = s2=s;
Fix 4,
1(i1) = hi(1i) = (i) =) = s1 =9
Un(i. —1) =i (=1i) = (i) = i(—i) = s1=9
(i) = i) = i(=1) =¢u(=1) = s1 =9
i(i. = i) = i (=id) = (1) =hi(l) = so =5,
01(i) = 91(ji) = Pu(k) = i(=k) = s2=s,
(i —j) = i(=ji1) = i(=k) =i(k) = s2= s
(k) = i(ki) = Pi(=j) = () = s2= 52
1P = k) = hi(=ki) = 1(j) = (=) = s2= 5,
Fix —i,
(i) = (L —0) = (=) = (D) = s =5

(=i = 1) = (=1 —i) = (i) = (1) = s1 =9
n(=id) = i(i. —i) = (1) = ¢i(1) = so =50
(=i — 1) = Y1 (=i — 1) = (1) = (1) = s1= s
i(=ij) =i(j. —i) = (k) =hi(k) = s2 =52
(=i —J) = ¥i(—=j. — i) = (k) = (k) = 52 =5
Ui(=ik) = (k. —i) = 1(j) = ¥i(=)) = s2= 92
(=i = k) = hi(=k. —i) = ¢i(=)) = 1(j) = s2= 52
Fix j,
01(J1) = i(L)) = ¥i(j) = ¥i(j) = s2= 52

20
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(.= 1) =di(=1j) = Ui(=j) =hi(=j) = s2=22
01(j4) = i (ij) = Yi(=k) = vi(k) = s2=s5

1. = i) = i(=i.j) = Yi(k) = i(—k) = s2 =5
n(3J) = i(g) = (1) =¢u(=1) = s1 =9

(. = J) =vi(=jJ) = (1) =hi(1) = so =5,

U1(J-k) = i(kj) = ¥i(i) = hi(—i) = s1=15

1. = k) = 1(=kj) = di(—i) = (i) = s1=s1

Fix —j,
Ui(=51) =il = j) = di(=j) =hi(=)) = s2=2s2

Ii(=j. = 1) =i(=1. = j) = () =1i(j) = s2.= 52
Ui(=ji) = ¥i(i. —j) = (k) = i(=k) = s2=s2
(=) —i) = thi(—i. = j) = thi(=k) = i(k) = s2 =5
Ui(=j.g) = (. —J) = 1) =i(l) = 50 = 5o
Ui(=j. —J) = thi(=j. = J) = di(=1) =d(-1) = s1 =9
Ui(=jik) = (k. = j) = (=) = (i) = s1=9
Ui(=j. = k) =thi(=k. —j) = (i) =thi(=1) = s1=9

Fix k,
’le(/{il) = @Dl(lk) — @Dl(k‘) = @Dl(/{f) — S99 = S9

Uik = 1) = i (=Lk) = (k) = Yi(—k) = s2 =2
r(ki) = i(ik) = 1)) = ¢1(=j) = s2= 52
(k. — i) = Y(=ik) = i(=)) =) = s2.= 52
hi(kg) = ¥1(Gik) = (=) = (i) = s1=9
(k. —j) == k) = (i) =hi(=i) = s1=9
ik k) = i(kk) = ¢i(=1) =i (=1) = s1 =3

Vi(k. — k) = i(=kk) = i(1) =¢i(l) = s = s,
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Fix —k,
Ui(—k.1) =i(1. — k) = i(—k) = i(—k) = s2 =59

Ii(=k. = 1) = (=1 = k) = (k) = ¢i(k) = s2= 5
hi(=ki) = hi(i. = k) = (=) =1(j) = s2= 52
hi(=k. —i) = Po(—i. = k) = () = i(=)) = s2= 52
Ui(=k.j) =i(j. — k) = (i) = Pi(=i) = s1= 9
Ii(=k. = j) = hi(=j. — k) = i(=i) = (i) = s1= s
Ii(=kk) =ik —k) = ¢¥1(1) =i(l) = so =50
Dr(=k. = k) = thi(=k. — k) = Pi(=1) =(=1) = s1=5

Thus, by definition 2.4.3, ¥, € NF(Qs).

Remark 2.4.5. Let & be a finite abelian group then all of its fuzzy subgroups are
N.F.Ss of &.

Example 2.4.6. Let K = {e,a} x {e,b} be the non-cyclic group of order 4 and
its elements can be written as {e,a,b,ab}. We define £ € F(K) by

§(e) = &(ab) = to

Vt, > t; and t,,t1 € Z. Since K is an abelian group so from the remark 2.4.5,
£e NF(K).

Remark 2.4.7. If &,& are the fuzzy subgroups of & and &,& ¢ NF(®), then
§1N& 4 6.

We give the following example to explain the above remark.

Example 2.4.8. Let & = Dg = {e,a,a? b, ab,a’b}. Define &,& € F(®) as
follows

Vi, >t >ty and to, 11,19 el

§ile) = &u(a) =t
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&i(a) =& (a®) = &(b) = &(ab) =t
And
&(e) = &(a) = &(b) = &(a®) =t

&(a”b) = &(ab) =t

Clearly &1,& ¢ NF(®) because &1(a*b) # & (ba?) and &(ab) # &x(a®b). From the
definition of N.F.S it is immediate that

(& N&)(ab) # (& N &) (ba).
Hence & N& 4 GB.

Definition 2.4.9. Let & and & € F(®). Then & is called a F.S of a fuzzy group
& and is denoted by & < &, if

&(x) <&(r) Vo ed.

Definition 2.4.10. [17] Let & and & be the fuzzy subgroups of & and & be a
subset of &. Then & is called a N.F.S of & and is denoted by & < &, if

&1(919207") = &1(g2) Néalg1) YV g1, 92 € B.

Remark 2.4.11. [17]

Let & be a F.S of &, then & is a N.F.S of itself.
Theorem 2.4.12. [17] If & 9B and & € F(B), then & Ny < &s.

Proof. Observe that & N& € F(®) (by theorem 2.2.10) and & N & C &. Now

(61N &) (919291 ") = &1(919207 1) A &a(g19297 1) (by de finition 2.1.5)
= &i(92) A &a(g19207 )
> £1(92) A &a(g1) A a(ga) A algr )
= (&N &)(92) N &a(gr)

Vgl,gg € 8. Therefore, 51 N 52 < 52. ]

Theorem 2.4.13. If &) <& and &,& € F(B), then £ N & < & N&s.

23



Fuzzy quotient subgroups Literature Review

Proof. 1t is easily observed that £ N & € F(®) and & N& C & N Now

(&N &) (zyz™) = & (zyz™h) A &(zya™ 1) (by definition 2.1.5)
> &1(y) A &) A o) Aaly) Aa(a™)
= &) N &(y) AN&i(x) A &a(x) Ada(z)
= (G N&)W) A (G N&)(r)

V x,y € &. Therefore, £§ N & < & N &. O

Theorem 2.4.14. [17] Let £<1®. Then support and core of & are normal subgroups
of &.

Proof. Let £ € NF(®), then &,,£* < & (by lemma 2.2.9). Now suppose that

g1 € & and g9 € £,. Since £ < &, we have

E(g1920: ") = E(g2) = €(e)

and thus g;g,g; " € &. Therefore, £, <t ®. Now we want to show that £* < &.

Suppose g; belongs to & and gy belongs to £*. Since £ < &, we have

£(g19201 ') = €(g2) > 0

and 50 g1g29; " € €*. Hence £* < &. O

Definition 2.4.15 (Fuzzy Coset). [18] Let € € F(®). Lety € & and £ be a map

~

§&:6 — 1

defined by
&lo)=Egr ) Vged (2.1)

f; 1s known as the fuzzy right coset of & in &. éx 15 also denoted by &x.
Sitmilarly, a f.s t€ is called a fuzzy left coset of & in & if

~

&(9) =<0 ') Vge®.

Example 2.4.16. Let K = {e,a} x {e, b} be the non-cyclic group of order 4 and
its elements can be written as {e,a,b,ab}. We define £ € F(K) by
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Vi, >t >ty and to,t1,t2 € T.
The F.C corresponding to e € K,

~

Ee(ab) = £(ab) =ty

So F.C corresponding to e is {to,t1,ta,t2}, where {to,t1,t2,t2} is a multi-set,

which allows repetition.

The F.C corresponding to a € K,

~

Ealab) = &(b) =t

So F.C corresponding to a is {t1,to,t2,t2}.
The F.C' corresponding to b € K,

So F.C corresponding to b is {ta,t9,to,t1}.
The F.C corresponding to ab € K,

Ea(€) = &(ab) =t

Eap(a) = E(b) =t
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Ean(b) = £(a) =t
éab(ab) ={(e) =1,

So F.C corresponding to ab is {to,ta,t1,to}.

Note that fe, éa, fb and fab are the fuzzy cosets of & with respect to &.

Example 2.4.17. Let S5 = {e,a,a? b, ab,a’b} be a symmetric group with siz
elements. We define & of F(Ss3).

§(e) = &(a’) = ta

£(a) = &(a®) = £(b) = €(ad) =t
Vt, >t and to,t1 € T.

The F.C corresponding to e € S3,

~

€e(ab) = £(ab) =t
£ela®) = £(a’h) = t,
So F.C' corresponding to e is {to,t1,t1,t1,t1,t0}.
The F.C' corresponding to a € Ss,
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So F.C corresponding to a is {t1,to,t1,t1,t0,t1}.
The F.C' corresponding to a® € Ss,

£ar(b) = £(a®b) =t
Eaz(ab) = £(b) =ty
£ar(a®b) = E(ab) =ty

So F.C' corresponding to a® is {t1,t1,to,to,t1,t1}.
The F.C corresponding to b € Ss,

~

&lab) = ¢(a) =t

&(a’h) = ¢(a®) =t
So F.C corresponding to b is {t1,t1,to,to,t1,11}.
The F.C corresponding to ab € S3,

E(e) = E(ab) =t

Ean(a) = £(a’h) = 1,
Ean(@®) = E(b) =ty
Ea(b) = £(a®) =t
Ean(ab) = &(e) =t
Ean(a®h) = &(a) = 1
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So F.C corresponding to ab is {t1,t,t1,t1,t0,t1}.
The F.C' corresponding to a*b € Ss,

Eaple) = E(a®D) =1,

Ean(a) = £(b) = 1
Ean(a®) = &(ab) = 1
Ea(b) = E(a) =t
Ean(ab) = §(a®) =ty
Ean(a®h) = E(e) = 1,
So F.C corresponding to e is {to,t1,t1,t1,11,t0}.
Then we can say that fe, éa, §a2,§b,éab and éaQb are the fuzzy cosets of Sz with

respect to &.

Example 2.4.18. Let Qs = {£1, £i, £j, £k} be a group of quaternions with eight

elements.

We define a F.S ¢ of Qg by

P(—1) = ¢(xi) =t
¢(ij) = ¢(:Hf) = t.

V t, > t1 >ty and to,t1, 10 S

The F.C' corresponding to 1 € Qs,
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So, F.C corresponding to 1 is {to,t1,11,t1,t2,ta, o, t2}.
The F.C corresponding to —1 € Qg,

o) =o(l. = 1) =(-1) =1,

o1(-1) = ¢(=1. 1) = o(1) =t
o1(i) = 0(i. = 1) = ¢(—i) = t4
¢-1(=i) = ¢(—i. — 1) = ¢(i) = t
61(j) = 0(j. = 1) = ¢(—j) = t»
S1(=j) = (=i — 1) = 6(j) =t
S1(k) = d(k. — 1) = (—k) = 1
o-1(=k) = d(—k. = 1) = $(k) = t5
So F.C corresponding to —1 is {ty,to,t1,t1,t2, o, ta, o}
The F.C' corresponding to i € Qs,
6i(1) = d(1. —i) = ¢(—i) = t,
(1) = (-1~ i) =¢(i)) =t
Gili) = i —i) = d(1) =
Gi(—i) = ¢(—i. =) = d(=1) =t
6i(j) = ¢(j. — 1) = d(—k) = t2
Gi(—j) = d(—j. — 1) = ¢(—k) = 1,
Gilk) = (k. — i) = $(—j) = t5
$i(—k) = dp(=k. — i) = ¢(j) =t

So F.C corresponding to i is {t1,t1,t,t1,ta, o, ta, ta}.
The F.C' corresponding to —i € Qs,
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o-i(k) = d(k.i) = ¢(j) =t
O-i(—k) = 6(~h.i) = (=) =t
So F.C corresponding to —i is {t1,11,t1,to,ta, o, ta, ta}.

The F.C corresponding to j € Qs,

6;(1) = ¢(1. — j) = (—j) = ts

6;(i) = i. — j) = ¢(—k) =t
(=) = d(—i. — j) = o(k) = ta
6;(7) = 0. — ) = (1) = Lo
6j(—d) = d(=j. —j) = o(=1) =t
6;(k) = d(k. — j) = ¢(i) = t1
0i(=k) = d(=k. — j) = 6(—i) =t

So F.C corresponding to j is {ta,ta, ta, to, o, t1,t1,t1}.
The F.C corresponding to —j € Qs,
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b-i(=k) = ¢(=k.j) = 6(i) = t,
So F.C corresponding to —j is {ta,ta, ta, ta, t1,to, t1,t1}.

The F.C corresponding to k € Qs,

k(1) = 6(1. — k) = ¢(—k) = t

ou(—k) = d(~k. — k) = ¢(~1) = t,
So F.C corresponding to k is {tq,to, ta, ta, t1,11,t0,t1}.
The F.C' corresponding to —k € Qs,

d_i(1) = o(Lk) = o(k) =ty

6-k(=1) = S(=1.k) = ¢(—k) = t,
O-i(i) = o(ik) = d(=j) =t
k(i) = $(—ik) = $(j) = t2
ok(j) = 0(jk) = 6(i) = tn

O_k(=j) = P(=jik) = ¢(—i) = t1
o-k(k) = (k) = 6(=1) =t
o-k(—k) = d(=k.k) = ¢(1) =t

So F.C corresponding to —k is {ta,ta, ta, to, t1,t1,t1, 0}

Then we can say that q@l,qg_l,agi,qg_i,qgj,qg_j, ¢Ek, ¢2_k are the F.C's of Qg with re-

spect to ¢.
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Example 2.4.19. Let & = Dg = (a,b: a® = e = b* bab = a~'). We define a F.S
v of S3 by

Ua(b) = v(ab) = 0.5
q(ab) = v(a®b) = 0.5
7 (a®b) = v(b) =1

So the right F.C va = (0.5,1,0.5,0.5,0.5,1).
Now the left F.C' corresponding to a € Ss is given by

7,(b) = v(a*b) = 0.5
Ug(ab) =v(b) =1
(a”b) = v(ab) = 0.5
So the left F.C av = (0.5,1,0.5,0.5,1,0.5).

Hence va # av. This happen because v £ Ss.

Proposition 2.4.20. [14] If £ < ® and x € &, then the fuzzy right coset {x is

same as the fuzzy left coset x&.

Proof. Let £ be a N.F.S of  and z € &. Then for any g € &, £(gx) = £(xg) and

SO

v€(g) = &(a™"g) = &(ga™") = Ea(g)
. Hence z¢ = &x.
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Theorem 2.4.21. [18] Let £ < & then it is constant on the conjugate classes of

the group &. Moreover, the converse is also true.

Proof. Let € <<®&. Then

(9, ' 9192) = £(919295 ") = &(91) V1,92 € .

Conversely, suppose that £ is constant on each conjugate class of &. Then

£(9192) = £(91929197 ") = E(91(9291)91 ") = £(9201) Y91, 92 € &.
Hence ¢ < 6. m

We now give another formulation of a N.F.S following the classical finite group
theory. Let & be a group and g;, g, belongs to &, then the element g; g, 9192,
denoted by [g1, ¢2], is called the commutator of g; and gs.

We have N « & iff [V,&] < N.

Theorem 2.4.22. [18] Let £ € F(&). Then £ Q& iff

£([91,92]) > €(91) V 91,92 € &. (2.2)

Proof. Suppose that £ <& and g, 92 € &. Then

(9792 ' 9192) = €92 ' 9192) NE(gr )
=&(g) NE(q) (. £ 9)
=&(q1).

Now suppose that £([g1, g2]) > €(g1) V 91, 92 € &. Then for g1, g3 € &, we have

(91 ' g391) = E(9395 91 ' 9391)
> &(g3) NE([g3, 1))

3
£(g3) by(2).

Thus
E(g7 ' gsg1) > €(93) V93,91 € ©. (2.3)

Again we get that

&(9s) = E(91-91 '939191 ") > €(91) NE(97 ' g3gn)- (2.4)
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Now if £(g1) A &(g1 ' g391) = &(g1), then we get that &(g3) > &(g1) Vai,95 € O,

which, implies that £ is a constant function, and there is nothing to prove. We
are left with the possibility when £(g1) A €(g; 'g3g1) = €(97'9391). Then 2.4

implies that £(g3) > €(97'93g1) V g1,95 € &. This implies that £(g; 'g3g1) =
€(93) VY g1,93 € &. Hence £ is constant on the conjugacy classes of &. O

Theorem 2.4.23. [17] Let £ € F(®). Then Vg1, g2 € &.
591 = égz — (é*)gl = (é*)gz'
Proof. Suppose égl = 592. Then (g1 g3) = £(921g3) V g3 € &. Now by replacing

g3 with gy yields £(g17'g2) = &(g27'g2) = &(e) and thus g, 'go € &,.. Hence

(5*)91 = (f*)gz~
Conversely, suppose that (é*)g1 = (f*)QQ. Then g, ‘g, € & and g7ty € &,. Hence

&(g17"93) = (o1 " g2.92 " g3)

v

91 'g2) NE(g2"gs)

e) NE(ga"g3)

|
m m 722%

(
(
(
(92" 93)

V g3 € &. Similarly, £(g1'g3) = &(g27'g3) V g3 € &. Therefore, (g1 g3) =
5(92_193) V g3 € & which shows that égl = é92' -

Theorem 2.4.24. [17] Let € € NF(&) and g1, g2 € . If &, = &y, then E(gy) =
5(92)~

Proof. Let &, = £,. By theorem 2.4.23, g, g, € &, and go"'g; € &.. Since
£ € NF(®) it follows that £(g1) = £(g2~"g192) > §(g27"91) NE(g2) = £(e) NE(ga) =

§(g2).This implies, £(g1) = £(g2)-
Now we want to show that £(gs) > &(g1). Similarly &(gs) = &(91 ' gag1) >

E(r7"g2) NE(gr) = &(e) A&(gr) = E(gqr). we get that, £(g2) > &(g1). Hence
£(92) = &(q1)- ]

Proposition 2.4.25. [18] If £ < ®. Let x,y € & then

E(gz) = E(2g) = £(9) Vg € &.
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Proof. We have

Since £ < &. Similarly,

]

Theorem 2.4.26. [18] Let £ 1&. Let C denote the set of all the F.C's of . Then

C 1s a group under the composition
E,0by =6y  Vayee®. (2.5)
Define a map € :C — T by
§(&)=¢&(x) Vzed. (2.6)
Then & € F(C).

Proof. We must show that the relation {;(g) =&{(gr ) V g € & is well defined.
Let x,y, xo,y0 € ® such that

£y = éxo and fy = fyo (2.7)
Then we must show that
ooy =&y 08,
that is, éxy = émm
We have, by definition 3.1,

Ery(9) = E(gy"a ™) Vgeod

and

ézoyo(g) = £(gyo’1x0’1) v g c &.
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Now

&gy 'z7h) = E(gyo yoy )

= &(gyo " wo  woyoy ')

> E(gyo"wo ™) A E(zoyoya ). (2.8)
By 2.7 we have that
E(gah) =&(grg) Vge® (2.9)
and
Egy ) =¢E(gwe')  Vyges. (2.10)

Now in 2.9, substituting zoyoy ! for g, we have that

E(xoyoy ' a™") = E(zoyoy ap )

Since £ < &,

let g = yo in 2.10. Also £(e) > &(gyo~tmo™!), clearly £(e) > &(u) V u € &, where
¢ € F(®). Hence 2.8 implies that

Elgy~ e > Elgyo o)
Now

1

E(gyo o) = E(gy yyo two )

=&(gy 'z ayyo o)

> E((gy et AN(zyyomo ). (2.11)

Now in 2.9, substituting xyy,~* for g, we have that

Eayyo'ah) = E(zyyo ')
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Since ¢ is a N.F.S of &,
Elyyo™") = Elzyyo 'z ")
&(e) = E(zyyo ')

let ¢ =y in 2.10. Also &(e) > &(gy~'z™1), clearly £(e) > &(u) V u € &, where
€ € F(®). Hence 2.11 implies that

E(gyo o) = &gyt

Hence we have that &(gyo'zo™) = £(gy~'z™'), so the composition refeql is well
defined. Also, the composition is clearly associative. Also it is easy to see that
(év)*1 is §,-1 for z € &. Hence it follows that F is a group.

Now, let x,y € &. Then we have that

Further we have that

(&) =) =€) =&,
Hence, we have that £ < F. O]

In the following example we see that if £ € F(&) and £ 4 &, then the operation
“o” defined in (5) is not well defined.

Example 2.4.27. Let Dg be a dihedral group of order 8 given by
Dg = (a,b:a*=e=0b%bab=a"").
Define & : Dy — T by setting
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From the example 2.2.5, it follows that £<Dg and & A Dg because £(a®.b) # £(b.a®).
Now the cosets of € in Dg are given by

¢e = (1,0.6,0.6,0.6,0.6,0.6,0.6, 1)

¢a = (0.6,1,0.6,0.6,0.6,0.6,1,0.6)

¢a* = (0.6,0.6,1,0.6,0.6,1,0.6,0.6)
¢a® = (0.6,0.6,0.6,1,1,0.6,0.6,0.6)

&b = (0.6,0.6,0.6,1,1,0.6,0.6,0.6)

¢ab = (0.6,0.6,1,0.6,0.6,1,0.6,0.6)
¢a*b = (0.6,1,0.6,0.6,0.6,0.6,1,0.6)
¢a’b = (1,0.6,0.6,0.6,0.6,0.6,0.6, 1)

Here &b = £a®, €a® = Eab. But
Ebo&a® = Ea*b # £a® o Eab = &b.
Hence the operation o defined in 2.5 is well defined in case € is a N.F.S.

Definition 2.4.28 (Fuzzy quotient group). [18] Let £ be a N.F.S of &. Then the
map & defined in 2.6 is called the fuzzy quotient group determined by &. Sometimes
€ is also denoted by & /€.

It is easily observe that &/ is a classical set and not a fuzzy set.

Example 2.4.29. Let K = {e,a} x {e, b} be the non-cyclic group of order 4 and
its elements can be written as {e,a,b,ab}. We define £ € NF(K) by

§(b) = &(ab) =1,

Vt, > t1 > ty and to,ty,to € Z. From the example 2.4.16 of F.Cs, K/§ =
{fe, £, éb,éab} is a quotient group relative to N.F.S &.
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Example 2.4.30. Let Qs = {+1, +i, +j, +k} be a group of quaternions with eight
elements.

we define a F.S & of Qg by

6(-1) = &(i) =t
() = E(=h) = 1

Vt, >t >ty and to, 11,1t el

By using example 2.4.18, we can say that Qg/§ = {él, 5,1, fi, é,i, fj, é,j, ék, é,k}

is a quotient group relative to N.F.S &.

Corollary 2.4.31. [18] With the same notation as in theorem 2.4.26, we define
a map

v: 8 — F as follows:
Y(91) = &gi- (2.12)

Then a homomorphism v with kernel &¢ is given by

G = {91 € &:&(g1) = £(e)},

where identity of & is e.

Proof. Let g1,92 € 6. Then
Y(9192) = Eg1g = Ear © &g

= 7(g91)7(92)
Thus, v is a homomorphism. Also, the kernel of v consists of all g; € & for which

é’gl — ¢, and this implies that £(g1) = &(e). -

Now we examine fuzzy version of the “fundamental theorem of homomorphism

of groups.”

Theorem 2.4.32. [18] Let £, <8, and F be the classical collection of all the F.C's
of & with respect to &. Then every N.F.S of F' corresponds to a N.F.S of &, in

a natural way.
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Proof. Let £, <1 F. Define a map & : & — 7 as follows:

Salg1) = 5/1(5191) Vg, € 6.

Since flgl is defined by 2.1, we give a proof that & < &. Suppose that ¢;, g2 € &.

Then, we see that

And we know that &(g1) = &(g917") Vg1 € &. Hence & € F(8).
Further, if & <t F, then we have

&(01g2) = € 519192)
é191 © élgz)

~

(
(
(€14, 0 14)
(
(

!
1
!
1
, A
1 f1!]192)

2 9291)

§
§
£
§

Hence & is N.F.S of &. O]

40



Chapter 3
m~Polar Fuzzy Analogs

41



m-polar fuzzy group m-polar fuzzy analogs

In this chapter, we will elaborate m-polar fuzzy analog of some basic termi-

nologies and theorems of fuzzy group theory.

Definition 3.0.1 (m-polar fuzzy set). [11] An m-polar fuzzy set ( or a T™-set)
on X is a mapping A : X — I™. The set of all m-polar fuzzy sets on X is denoted
by m(X).

Note that Z™(m-power of Z) is considered a poset with the point-wise order
<, where m is an arbitrary ordinal number (we make an appointment that m =
{n|n < m} when m > 0), < is defined by z < y < p;(x) < p;(y)for each i € m
(z,y € I™), and p; : I™ — T is the ith projection mapping (i € m). Also,
0=(0,0,---,0) is the smallest element in Z™ and 1 = (1,1,--- , 1) is the largest

element in Z™.

Definition 3.0.2. Let A € m(X),
Then,

1. A* = {z|xr € X, A(z) > 0}
2. A, ={z|lr e X, A(x) = 1}

In the definition 3.0.2 A* and A, are known as support and core of A respec-
tively. If A* is finite then A is called finite m-polar fuzzy subset. If A* is infinite

then A is called infinite m-polar fuzzy subset.

3.1 m-polar fuzzy group

We now define m-polar fuzzy groupiod and m-polar fuzzy group.

Definition 3.1.1 (m-polar fuzzy groupoid). A function A; from a groupoid S to
™ is called an m-polar fuzzy groupoid of S if, for all x,y € 9,

Ay (zy) = inf(Ay (), A1 (y)).

Definition 3.1.2. An m-polar fuzzy set A : & — I™ on a group & is called an

m-polar fuzzy group if the following conditions are satisfied:

(1) Alg192) = inf(A(g1), Ag2)) ,
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(2) Algr') > Algr),
That 1is,
(1) pio A(g192) = inf(p; 0 A(g1), pi © Ag2)) ,
(2) pioAlgi™!) = pio Algn),
forall g1,90 € &,i=1,2,3,---,m.
The set of all m-polar fuzzy subgroups of a group & is denoted by “F,,(®)”.

Lemma 3.1.3. If A is an m-polar fuzzy subgroupoid of a finite group &, then A

is an m-polar fuzzy subgroup of &.

Proof. Let e # g1 € & and & be a finite group. If the order of g; is n, then

g1 = g;" 1. Now applying the definition 3.1.1 repeatedly, we have that

Algp™") = A" ) = A(g." 1)
> inf(A(g1" %), A(g1))
> inf(A(g1), ..., A(g1)) = Alg1)-

Hence A € F,,(8). O

From now on, we denote the m-polar fuzzy subset by m.p.f.s and m-polar

fuzzy subgroup by m.P.F.S.

3.2 Examples of m-polar fuzzy subgroups
Example 3.2.1. Let K = {e,a,b,ab} be a Klein four-group of order 4. We define
an m-polar fuzzy subset A . K — I™ by

(0.5,0.5,...,0.5) if g=e
(0.1,0.1,...,0.1) otherwise

A(g) =

Then A is an m.P.F.S of K.

Example 3.2.2. Let & = Dg = (a,b : a®> = e = b*, bab = a™'). We define an
m.p.f.s of A: Dg — I™ by

A(e) = A(ab) = (0.9,0.9,...,0.9)
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Ale.e) = A(e) = (0.9,0.9, ...,0.9)
Ale.e) > inf(A(e), A(e)) = inf((0.9,0.9, ...,0.9), (0.9,0.9, ..., 0.9)) = (0.9,0.9, ...,0.9)
A(e.a) = A(a) = (0.5,0.5, ...,0.5)
A(e.a) > inf(A(e), A(a)) = inf((0.9,0.9, ...,0.9), (0.5,0.5, ..., 0.5)) = (0.5,0.5, ..., 0.5)
Ale.a®) = A(a®) = (0.5,0.5, ...,0.5)
A(e.a®) > inf(A(e), A(a?)) = inf((0.9,0.9, ...,0.9), (0.5,0.5, ...,0.5)) = (0.5,0.5, ..., 0.5)
Ae.b) = A(b) = (0.5,0.5, ...,0.5)
A(e.b) > inf(A(e), A(b)) = inf((0.9,0.9, ...,0.9), (0.5,0.5, ..., 0.5)) = (0.5,0.5, ..., 0.5)
A(e.ab) = A(ab) = (0.5,0.5, ...,0.5)
A(e.ab) > inf(A(e), A(ab)) = inf((0.9,0.9, ..., 0.9), (0.5,0.5, ..., 0.5)) = (0.5,0.5, ..., 0.5)
A(e.a®b) = A(a*b) = (0.9,0.9,...,0.9)
Ale.a®b) > inf(A(e), A(ab)) = inf((0.9,0.9, ...,0.9),(0.9,0.9, ...,0.9)) = (0.9,0.9, ...,0.9)
A(a.a) = A(a®) = (0.5,0.5, ..., 0.5)
A(a.a) > inf(A(a), A(a)) = inf((0.5,0.5, ..., 0.5), (0.5,0.5, ...,0.5)) = (0.5,0.5, ..., 0.5)
Ala.a®) = A(e) = (0.9,0.9, ...,0.9)
A(a.a®) > inf(A(a), A(a®)) = inf((0.5,0.5, ...,0.5), (0.5,0.5, ...,0.5)) = (0.5,0.5, ..., 0.5)
A(a.b) = A(ab) = (0.5,0.5, ..., 0.5)
A(a.b) > inf(A(a), A(b)) = inf((0.5,0.5, ...,0.5), (0.5,0.5, ...,0.5)) = (0.5,0.5, ..., 0.5)
A(a.ab) = A(a*b) = (0.9,0.9,...,0.9)
A(a.ab) > inf(A(a), A(ab)) = inf((0.5,0.5, ...,0.5), (0.5,0.5, ..., 0.5)) = (0.5,0.5, ..., 0.5)
A(a.a*b) = A(b) = (0.5,0.5, ...,0.5)
A(a.a*b) > inf(A(a), A(a®b)) = inf((0.5,0.5, ...,0.5), (0.9,0.9, ...,0.9)) = (0.5,0.5, ..., 0.5)
A(a*.a) = A(e) = (0.9,0.9, ...,0.9)

A(a*.a) > inf(A(a?), A(a)) = inf((0.5,0.5, ..., 0.5), (0.5,0.5, ...,0.5)) = (0.5,0.5, ..., 0.5)
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A(a®.b) = A(a®b) = (0.9,0.9, ...,0.9)
A(a®.b) > inf(A(a?), A(b)) = inf((0.5,0.5, ...,0.5), (0.5,0.5, ...,0.5)) = (0.5,0.5, ...,0.5)
A(a*.ab) = A(b) = (0.5,0.5, ...,0.5)
A(a*.ab) > inf(A(a®), A(ab)) = inf((0.5,0.5, ...,0.5), (0.5,0.5, ..., 0.5)) = (0.5,0.5, ..., 0.5)
A(a*.a*b) = A(ab) = (0.5,0.5, ...,0.5)
A(a*.a®b) > inf(A(a?), A(a®b)) = inf((0.5,0.5, ...,0.5), (0.9,0.9, ...,0.9)) = (0.5,0.5, ...,0.5)
A(b.a) = A(a*b) = (0.9,0.9,...,0.9)
A(b.a) > inf(A(b), A(a)) = inf((0.5,0.5, ...,0.5), (0.5,0.5, ...,0.5)) = (0.5,0.5, ..., 0.5)
A(b.a*) = A(ab) = (0.5,0.5, ...,0.5)
A(b.a®) > inf(A(b), A(a®)) = inf((0.5,0.5, ...,0.5), (0.5,0.5, ...,0.5)) = (0.5,0.5, ..., 0.5)
A(b.b) = A(e) = (0.9,0.9, ..., 0.9)
A(b.b) > inf(A(b), A(b)) = inf((0.5,0.5, ..., 0.5), (0.5,0.5, ...,0.5)) = (0.5,0.5, ..., 0.5)
A(b.ab) = A(a®) = (0.5,0.5, ...,0.5)
A(b.ab) > inf(A(b), A(ab)) = inf((0.5,0.5, ...,0.5), (0.5,0.5, ..., 0.5)) = (0.5,0.5, ..., 0.5)
A(b.a*b) = A(a) = (0.5,0.5, ...,0.5)
A(b.a*b) > inf(A(b), A(a®b)) = inf((0.5,0.5, ...,0.5),(0.9,0.9, ...,0.9)) = (0.5,0.5, ..., 0.5)
A(ab.a) = A(b) = (0.5,0.5, ..., 0.5)
A(ab.a) > inf(A(ab), A(a)) = inf((0.5,0.5, ...,0.5), (0.5,0.5, ..., 0.5)) = (0.5,0.5, ..., 0.5)
A(ab.a®) = A(ba*.a*) = A(a®b) = (0.9,0.9, ...,0.9)
A(ab.a*) > inf(A(ab), A(a?)) = inf((0.5,0.5, ...,0.5), (0.5,0.5, ..., 0.5)) = (0.5,0.5, ..., 0.5)
A(ab.b) = A(a) = (0.5,0.5, ..., 0.5)
A(ab.b) > inf(A(ab), A(b)) = inf((0.5,0.5, ...,0.5), (0.5,0.5, ..., 0.5)) = (0.5,0.5, ..., 0.5)
A(ab.ab) = A(e) = (0.9,0.9, ...,0.9)
A(ab.ab) > inf(A(ab), A(ab)) = inf((0.5,0.5, ...,0.5), (0.5,0.5, ..., 0.5)) = (0.5,0.5, ...,0.5)

A(ab.a®b) = A(a®) = (0.5,0.5, ...,0.5)
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A(ab.a*b) > inf(A(ab), A(a*b)) = inf((0.5,0.5, ...,0.5),(0.9,0.9, ...,0.9)) = (0.5,0.5, ...,0.5)
A(a*b.a) = A(ab) = (0.5,0.5, ...,0.5)
A(a*b.a) > inf(A(a®b), A(a)) = inf((0.9,0.9, ...,0.9), (0.5,0.5, ...,0.5)) = (0.5,0.5, ..., 0.5)
A(a*b.a®) = A(ba.a®) = A(b) = (0.5,0.5,...,0.5)
A(a*b.a®) > inf(A(ab), A(a®)) = inf((0.9,0.9, ...,0.9), (0.5,0.5, ...,0.5)) = (0.5,0.5, ...,0.5)
A(a®b.b) = A(a®) = (0.5,0.5, ...,0.5)
A(a®b.b) > inf(A(a®b), A(b)) = inf((0.9,0.9, ...,0.9), (0.5,0.5, ...,0.5)) = (0.5,0.5, ..., 0.5)
A(a*b.ab) = A(a) = (0.5,0.5, ...,0.5)
A(a®b.ab) > inf(A(a’b), A(ab)) = inf((0.9,0.9, ...,0.9), (0.5,0.5, ...,0.5)) = (0.5,0.5, ..., 0.5)
A(a*b.a*b) = A(e) = (0.9,0.9, ...,0.9)
A(a?b.a®b) > inf(A(a®b), A(a®b)) = inf((0.9,0.9, ...,0.9), (0.9,0.9, ...,0.9)) = (0.9,0.9, ...,0.9)
Thus A is an m.P.F.S of Dg. Now we define
Ai(a®h) = (0.7,0.7, ...,0.7)
Aie) = (1,1,..,1)
Ai(a) = Ai(a®) = Ay (b) = Ay(ab) = (0.3,0.3, ...,0.3)
It is easily verified as above examples that Ay is an m.P.F.S of Dsg.
Remark 3.2.3. Every m.p.f.s of a group & is not always an m.P.F.S.
We give the following examples to explain the remark 3.2.3.

Example 3.2.4. Let & = Dg = {(a,b : a® = ¢ = b* bab = a™'). we define an

m-polar fuzzy subset Ay : S3 — IT™ by
Ai(e) = Ay(a®b) = (1,1,...,1)
Ai(a) = A1(b) = (0.4,0.4,...,0.4)
Ay(a*) = Ay(ab) = (0.7,0.7,...,0.7)
In this ezample Ay is an m.p.f.s but it is not an m.P.F.S of Dg, because
Ay(a*b.ab) = Ai(a®b.ba®) = Ai(a) = (0.4,0.4,...,0.4)
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Ay (a*b.ab) > inf(A;(ab), Ay (ab))
= inf((1,1,...,1),(0.7,0.7,..,0.7)) = (0.7,0.7, ..., 0.7)

= Ai(a®b.a®b) < inf(A;(a®b), Ay (ab)), which shows that Ay is not an m.P.F.S
Of D6~

Example 3.2.5. Let Dy = {e,a,a? a3 b,ab,a®b,a®b} be a dihedral group with

eight elements. We define an m-polar fuzzy subset A : Dg — Z™ by
Ale) = A(a®h) = (1,1, ...,1)
Aa) = A(a*) = A(a®) = A(b) = A(ab) = A(a®b) = (0.8,0.8, ...,0.8)
Then A is an m.P.F.S of Dg. Now we define A1 € m(Dg) by
Ai(e) = Ai(a) = Ay (a®b) = (1,1,...,1)
A(a®) = Ay (a®b) = Ai(a®) = Ay (b) = Ay (ab) = (0.6,0.6, ...,0.6)
It is clear that Ay is not an m.P.F.S of Dg because
Ai(a.a®b) = A;(b) = (0.6,0.6, ...,0.6)
Ay(a.a®b) > inf(Ai(a), A1(a®b)) = inf((1,1,...,1),(1,1,...,1)) = (1,1,...,1)

= A(a.a®b) < inf(A;(a), A1 (a®)), which shows that A; is not an m.P.F.S of
Dg.
We define Ay € m(Dg) by

Ay(e) = Ay(a®b) = Ay(a®) = (1,1,...,1)
As(a) = Ay(a?) = Ay(a®b) = Ay(b) = Ay(ab) = (0.5,0.5,...,0.5)
Ay is not an m.P.F.S of Ds because
Ay(a®.a®b) = Ay(a®b) = (0.5,0.5,...,0.5)
Ay(a®.a3b) > inf(Ay(a®), Ax(a®h))
=inf((1,1,...,1),(1,1,...,1)) = (1,1,...,1)

= Ay(a’.a®b) < inf(Az(a®), Ag(a®b)), which shows that Ay is not an m.P.F.S
Of Dg.
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Example 3.2.6. Let Qs = {+1, +i, +j, +k} be a group of quaternions.
we define an m-polar fuzzy subset A : Qs — I™ of Qg by

A(=1) = A(%i) = (0.8,0.8, ...,0.8)
A(+)) = A(+k) = (0.5,0.5,...,0.5)
Thus A is an m.P.F.S of S;.
Lemma 3.2.7. Let A € F,(&). ThenV g1 € ®
1. Ale) = A(g1)
2. Alg1) = Al ™).
Proof. (1). Let g1 € &. We have
Ale) = Algrgi™") = inf(A(g1), A(9:7")) (since A € Fin(®))
> inf(A(g1), Alg1)) = A(g1).-
]

Proof. (2). Let g € &. Clearly, A(g1) = A((g1™")™") > A(g17") > A(g1), since A
is an m.P.F.S of &. Hence A(g1) = A(g1™1). O

Lemma 3.2.8. Let A be an m.p.f.s of . Then A, and A* are subgroups of &.

Proof. We first define A, ={g | g€ &, A(g) =1} and A*={g | g € &, A(g) > 0}
and remembering that g1 < go iff p;(g1) < pi(92) (91,92 € Z™), and p; : I™ — T
is the ith projection mapping (i € m).

Alearly, A, # @ since e € A,. Let z,y € A, then A(¢g;) =1 and A(g2) = 1. Thus
A(g192) = inf(A(g1), A(gz). Hence g1g2 € A,.

For g; € A,, A(g;') > A(g1) and hence A(g;') =1 = g1 € A,. Therefore, A, is
a subgroup of &. [

Theorem 3.2.9. Let Ay and Ay be the m.P.F.Ss of a group &. Then A1 N Ay is
again an m.P.F.S of &.
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Proof. We want to show that
(A1 N Ag)(zy™") > inf((Ar N Ag)(2), (A1 N Ag)(y7))

We have

(Ay N Ag)(zy ™) = inf(Ay (xy ™), Ag(zy ™))
(A; N Ap)(wy™) > inf(inf(Ay(2), A1 (y™h)),inf(Ax(x), Ax(y™1))) (Since A1, Ay € F,(8))
f(inf(A (), Aa(x)), inf(As (y~), A2(y™)))

nf( )

(A1 N Ag) (), (A1 N A)(y 1))

=1

=3

Hence it is proved that A; N Ay ia an m.P.F.S of &. O

3.3 m-level subsets and m-level subgroups

Definition 3.3.1 (m-level subset). Let A € m(X). Fort € ZI™, the set Ay = {z €

X| A(x) >t} is called an m-level subset of an m-polar fuzzy subset A.
Note that A; is an ordinary subset of X.

Theorem 3.3.2. Let & be a group and A be an m.P.F.S of &, then the m-level
subset Ay, fort € I™, t < A(e), is a subgroup of &, where e is the identity of &.

Proof. Since Ay = {g1 € & | A(g1) > t}, then A; is non-empty:
ec A, VitelI™.

Let g1, 92 € Ay, then A(gy) >t and A(ge) > t (by definition of m-level subset
defined in the definition 3.3.1). Since A € F,,(&), A(g1g2) > inf(A(g1), A(ge))-
This means A(g1g2) > t. Hence g195 € A;. Let g1 € A; implies A(g;) > t. Since
Ais an m.P.F.S A(g:7') > A(g1) and hence A(g;) > ¢. This implies g, ' € A;.
Therefore A; is a subgroup of &. m

We now give an example to elaborate the theorem 3.3.2.

Example 3.3.3. Let K = {e,a} x {e, b} be the non-cyclic group of order 4 and
its elements can be written as {e,a,b,ab}. We define an m.P.F.S A: K —I™ of
K by
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where to >t >t V to,t1,t0 € .
Since A is an m.P.F.S of K. Clearly (by 3.3.2), A, = {e}, Ay, = {e,a} and

Ay, = {e,a,b,ab} are the subgroups of K.

Following theorem provides a short way to determine whether an m.p. f.s is an

m.P.F.S or not.

Theorem 3.3.4. Let & be a group and A be an m.p.f.s of & such that A, is a
subgroup of & for allt € IT™,t < A(e), then A is an m.P.F.S of &.

Proof. Suppose that g1,g92 € A; and let A(g;) = t; and A(ge) = to. Then gy €
Ai, 92 € Ay, Let us assume ¢y < t5. Then it implies A, C A;,. So g2 € Ay,
Thus ¢1,92 € A, and since A, is a subgroup of &, by hypothesis, g1g2 € Ay, .
Therefore A(g192) > t1 = inf(A(g1), A(g2)). Again, let g; € & and let A(gy) = t.
Then g, € A;. Since A, is a subgroup of &, g;* € A,. Therefore A(g;") >t and
hence A(g;') > A(g1). Thus A is an m.P.F.S of &. O

Example 3.3.5. Let S3 = {e,a,a? b,ab,a’b} be a symmetric group with siz ele-

ments. We define an m-polar fuzzy subset A : S3 — I™ by

Ae) = A(a®b) = t,
A(a?) = A(ab) = ty

YV to,t1,to € I, where t, > t; > ty. From the theorem 3.3.4 it is clear that A is

not an m.P.F.S of Ss because Ay, = {e,a,b,a’b} is not a subgroup of Ss.

Definition 3.3.6 (m-level subgroup). Let & be a group and A be an m.P.F.S of
&. The subgroups Ay = {x € &| A(zx) >t} fort € I™ are called level subgroups
of A.
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3.4 m-~polar fuzzy quotient subgroups

Definition 3.4.1. Let A € m(X), then A ia called m-polar commutative fuzzy

subset of X if and only if A(zy) = A(yx) Va,y € X.

Now we define m-polar normal fuzzy subgroup and for the further discussion,

we denote it by m.P.N.F.S. Also, m-polar commutative fuzzy subset is denoted

by m.p.c.f.s.

Definition 3.4.2. Let A € F,,(®), then A is called an m.P.N.F.S of & if it is

an m.p.c.f.s of &.

Let N,,(®) denote the set of all m.P.N.F.Ss of &.

Example 3.4.3. Let Qs = {£1, +i,+j, +k} be a group of quaternions with eight

elements.

we define an m.P.F.S 0 : Qs — I™ of Qg by

V(+7) = V(+k) = sy

YV s, > 81 > S9 and So, S1,89 € L.

Now by using the definition 3.4.2 for an m.P.N.F.S we will verify that U is an

m.P.N.F.S of Qs.

We fix 1,

B(1.1) = V(1.1) = V(1) = BV(1) = s, = s,
V(1. — 1) = V(—1.1) = BV(—1) =V(~1) = s, =5,
V(Li) = V(i.l) = V(i) = V(i) = s1 =5
V(1. — i) = V(—i.1) = V(—i) = BV(—i) => s, =5
U(1j) =B(j.1) = V() =D(j) = s2=s2
V(L. — j) = BV(—ji1) = V(—j) = V(—j) = s2= s

51
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V(1. — k) = V(—k.1) = B(—k) = V(—k) = s, = s

Fix —1,
V(—1.1) = V(—1.1) = V(=1) = V(~1) = s; = 5
B(—1.—1) =V(—1. — 1) = V(1) = V(1) = s, = 5,
V(—1.i) = BV(i. — 1) = B(—i) = V(i) = s = s,
V(—1. —i) = V(—i. — 1) = V(i) = V(i) = 51 =5
V(1) =BG~ 1) = V() =V(~j) = 2=
V(1. - j) = V(—j.— 1) = VG =V() = 5=
V(—1k) = V(k. — 1) = V(—k) = V(—k) = 55 =5,
V(—1. — k) = V(—k. — 1) = B(k) = V(k) = 55 = 5
Fix 1,
V(i) = V(Li) = V(i) = V(i) = s1 =5
V(i — 1) = V(—Li) = V(—i) = V(—i) = s = s
V(ii) = BV(ii) = B(—1) =V(~1) = s, = s
V(i. — i) = V(—id) = V(1) = V(1) = 50 = 54
V(i.j) = V(i) = B(k) = V(—k) = 35 = s
V(i — j) = V(—jid) = B(—k) = V(k) = 5= s
B(i-k) =DV(ki) = V(—j) =V(j) = s2=s2
V(i. — k) = V(—ki) = V(j) = V(—j) = s5= 55
Fix —i,

B(—il) = V(1. —i) = V(—i) = V(—i) = s, =5
V(—i.— 1) =V(—1. —i) = V(i) = V(i) = s1 =5
V(—ii) = B(i. — i) = V(1) = V(1) = 50 = 54
V(—i. —i) = V(—i. —i) = V(—1) = V(1) = s, =5,
B(—i.j) =V(j. —i) = V(=k) =V(k) = s2=s2
V(—i. — j) = V(—j. — i) = B(k) = V(k) = 55 = 55
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BV(—ik) = V(k. — i) = BV(j) =V(—j) = 55 = s
V(i — k) = BV(—k. — i) = V() =B() = s2= 5,
Fix 7,
B(j.1) =B(1.)) = V() =B(j) = s2=s2
V(j. 1) = V(1) = V() =V(~j) = 5=
B(j.i) =B(ij) = V(=k) =V(k) = s2= s
B(j. —i) =V(—ij) = V(k) =V(—k) = s2=s2
V(jj) = BV(jj) — V(1) = V(~1) = s = s
(). —Jj) =D(—jj) = V(1) =V(1) = s =5,
B(j.k) =DV(k.j) = V(i) =V(—1) = s1=s1
V(). — k) = V(—k.j) = V(—i) = V(i) = s = s
Fix —j,
U(—j1) =V(l. —j) = V(—j)) =V(—j) = s2=15

V(—j. — 1) = V(-1 — j) = V() = V() = 52 =,
V(—ji) = V(i — ) = B(k) = V(—k) = 2= 5
B(—j. — i) = B(—i. — j) = B(—k) =V(k) = so = s

V(—j.j) = V(. — j) = V) = V(1) = s, =s.
V(—j. - J) = V(—j. — j) = B(~1) =V(-1) = s =,
V(—j.k) = Vlk. — j) = V(i) =V(i) = s1=5

B(—j. — k) =V(—k.—j) = V(i) =V(—i) = s1=5
Fix k,

V(k1) = V(LK) = B(k) = V(k) = 55 = 5

Q](k: — ’L) = ‘I](—Zk’) - Q](—j) = m(j) = 89 = S9
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V(k.j) = V(j.k) = V(—i) = V(i) = s, =5
V(k. — j) = V(—jik) = V(i) = V(—i) = s1 = s
V(k.k) = V(kk) = V(—1) =V(-1) => s, =5
V(k. — k) = V(—k.k) = V(1) =BV(1) = s, = s,

Fix —k,
%(—kl) = %(1 — k?) — %(—k:) = ‘I](—k’) — SS9 = Sy

V(—k. —1) = V(=1 — k) = B(k) = V(k) = 55 = s
B(—k.i) =V(i. — k) = V(—j) =V(j) = s2= 92
V(—k. —i) = V(—i. — k) = V() = V(—j) = 52 =5
V(—k.j) = V(). — k) = V(i) = BV(—i) = s1 = sy
B(—k.—j) =V(—j. — k) = V(—i) =V(i) = s1=s
V(—k.k) =V(k. — k) = V(1) =BV(1) = s, =s,
V(—k. — k) =V(—k. — k) = BV(—1) =V(—1) = s = sy

Hence it shows that U is an m.p.c.f.s of Q)g. So, by definition of an m.P.N.F.S,
0 is an m.P.N.F.S of Q)s.

Remark 3.4.4. Fvery m.P.F.S of & is normal if & is an abelian group.

Example 3.4.5. Let K = {e,a,b,ab} be a Klein four-group. We define an m-
polar fuzzy subset A of K by

V s, > s1 and So, 81 € I™. Since K is an abelian group so from the remark 3.4.4

A is an m.P.N.F.S of K.

Remark 3.4.6. If A, Ay € F,,(8) and Ay, Ay ¢ N, (), then Ay N Ay is not an
m.P.N.F.S of &.

We will prove it by using a counter example.
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Example 3.4.7. Let & = Dg = (a,b : a® = e = b*,bab = a™'). We define
Ay, Ay € Fr(Dg) as follows

Al(e) = Al (a2b) = to

Ar(a) = Ay(a?) = Ay (b) = A, (ab) = t,
And
As(e) = As(a) = Ay(b) = Ag(a?) = t,
Ay(a?b) = As(ab) = t,

V to > t1 and to,t; € I™. Clearly Ay, Ay & N,,(8) because Ay(a?b) # Ai(ba?) and
As(ab) # Ag(a®b). From the definition of m.P.N.F.S it is immediate that

(A1 N AQ)(Gb) 7é (Al N Ag)(ba)
Hence Ay N Ay is not an m.P.N.F.S of Dg.

Definition 3.4.8. Let A1, Ay € F,,(®) and Ay C As. Then Ay is called an
m.P.N.F.S of an m.P.F.S As,if

Ay(zyz™") > inf(A(y), Ay(2)) ¥V 2,y € &
From the above definition, we have
1. If Ay € N (), Ay € F,(8), and A; C Ay, then Ay is an m.P.N.F.S of As.
2. Every m.P.F.S is an m.P.N.F.S of itself.[17]

Theorem 3.4.9. If Ay € N,,(®) and Ay € F,,,(8), then A;N Ay is an m.P.N.F.S
Of AQ.

Proof. Observe that A; N Ay € F,, (&) and A; N Ay C Ay. Now
(A1 N Ag)(a:yx_l) = inf(A; (zyx~ 1),A2(xyas ))
= inf(A;(y), As(zyx™ ))

(
(
> inf(A;(y), Az(2), Ax(y), Az(z7))
= inf((A1 N A2)(y), Az(x))

Vr,y € &. Therefore, Ay N Ay is an m.P.N.F.S of &. O
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Theorem 3.4.10. Let Ay, As, A3 € F,,,(8) be such that Ay and Ay are m-polar
normal fuzzy subgroups of As. Then A1 N Ay is an m.P.N.F.S of As.

Proof. Since A, Ay € F,,,(8), it follows that Ay N Ay € F,,(®) and A3 N Ay C As.

Now

(A; N Ap)(wyx™) = inf(Ay (zya™), As(xyz™))
> inf(inf (A (y), As(x)), inf(As(y), As(z))) (since Ay, Ay € N,,(A3))
> inf((Ar N Ag)(y), As(2)).

Hence A; N Ay is an m.P.N.F.S of As. O

Theorem 3.4.11. If A} is anm.P.N.F.S of Ay and Ay, Ay € F,,(8), then A1NA;
is an m.P.N.F.S of A1 N As.

Proof. Clearly A} N Ay € F,,,(®) and A1 N Ay C A; N As. Now

Va,y € &. Therefore, A| N Ay is an m.P.N.F.S of A; N As. O
Theorem 3.4.12. Let A € N,,(8). Then A, and A* are normal subgroups of &.

Proof. Clearly A, and A* are subgroups of & because A € N,,(®), (by lemma
3.2.8). Now we show that A, and A* are m.P.N.F.S of &. Suppose that ¢; € &
and go € A,. Since A is an m.P.N.F.S of &, we have

A(g1g201 ") = Alga) = Ale)

and thus g1g2g; * € A,. Therefore, A, <<®. Now let g; € & and g, € A*. Again

by using condition (2) of theorem 2.4.2, we have

A(g19297 ") = A(gz) > 0

and 50 g1g297 ' € A*. Hence A* < &. H
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Now we define m-polar fuzzy coset and is denoted by m.P.F.C.

Definition 3.4.13 (m-polar fuzzy coset). Let A be an m.P.F.S of a group &. For

any a € &, we define a map

A

A, S — T

by

Ay(g) =A(gz ) Vge6 (3.1)

A, is called right m.P.F.C' of A in &. A, is also denoted by TA.
Similarly, an m.p.f.s xp is called left m.P.F.C" of A in &, if

A

As(g) = Az lg)Vge®.

Example 3.4.14. Let K = {e,a} x {e, b} be the non-cyclic group of order 4 and
its elements can be written as {e,a,b,ab}. We define an m.P.F.S A of K by

V to > t1 > to and to,t1,t0 € .

The m.P.F.C corresponding to e € K,

~

Ac(ab) = A(ab) =ty

So m.P.F.C corresponding to e is {to, t1,l2,t2}, where {t,, t1,ta,ta} is a multi-set.
The m.P.F.C corresponding to a € K,
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~

Au(ab) = A(b) = t,

So m.P.F.C corresponding to a is {t1,ts,t2,t2}.
The m.P.F.C' corresponding to b € K,

A

Ap(ab) = A(a) =t

So m.P.F.C" corresponding to b is {ty,ta,to,t1}.
The m.P.F.C corresponding to ab € K,

So m.P.F.C corresponding to ab is {ta,ts,t1,1o}.

Note that Ae, fla, Ab and Aab are the m-polar fuzzy cosets of & with respect
to A.

Example 3.4.15. Let & = Dg = (a,b : a® = e = b*,bab = a™'). Define an
m.P.F.S A of S3 by
Ae) = A(a®b) =t,

A(a) = A(a®) = A(b) = A(ab) = t,
Vito>t and to,ty € T.

The m.P.F.C corresponding to e € S3,
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~

A (ab) = A(ad) = t,

Au(a?b) = A(d®D) = t,

So m.P.F.C corresponding to e is {to,t1,t1,t1,t1,tc}.

The m.P.F.C' corresponding to a € Ss,

So m.P.F.C' corresponding to a is {t,to,t1,t1,t0,t1}.
The m.P.F.C' corresponding to a®> € Ss,

Ag(e) = Ala) = t
Ag(a) = A(a®) = 1,
Ag(a?) = Ae) = to

(o}

A2 (D) = A(a?b) =
Agp2(ab) = A(b) =t
Ag2(a®b) = A(ab) = t;

So m.P.F.C corresponding to a® is {t1,t1,to,to, t1,11}.
The m.P.F.C' corresponding to b € S3,
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Ay(b) = Ale) =t

A

Ab(&b) = A(a) = t1
Ay(a®b) = A(a®) =t

So m.P.F.C" corresponding to b is {t1,t1,to,to,t1,11}.
The m.P.F.C' corresponding to ab € Ss,

Awlab) = A(e) = t,
Agp(a®b) = Aa) = t,

So m.P.F.C" corresponding to ab is {t1,t.,t1,t1,1,t1}.
The m.P.F.C' corresponding to a®b € Ss,

AaZb(ab) = A((IQ) = tl
A2y (a®b) = A(e) = t,
So m.P.F.C corresponding to e is {to,t1,t1,t1,t1,tc}.
Then we can say that fle, Aa, Aaz, flb, Ay and Agzy are the m-polar fuzzy cosets

of S3 with respect to A.

Example 3.4.16. Let S5 = {e,a,a? b,ab,a®b} be a symmetric group of order 6,

3

where b = e, a® = e and ba® = ab. We define a fuzzy subgroup A of Ss by
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A(a) = A(a*) = A(ab) = A(a®b) = 0.5

Then the right fuzzy coset corresponding to a in Sz is given by

Aq(b) = A(ab) = 0.5
Aq(ab) = A(a®h) = 0.5

A, (a®b) = A(b) =1

So the right fuzzy coset Aa = (0.5,1,0.5,0.5,0.5,1).

Now the left fuzzy coset corresponding to a € Ss is given by

A

Ay (ab) = A(b) = 1

Au(a®b) = A(ab) = 0.5

So the left fuzzy coset aA = (0.5,1,0.5,0.5,1,0.5).
Hence Aa # aA. This happen because A A Ss.

Proposition 3.4.17. [1] If A is an m.P.N.F.S of & and x € &, then the m-polar

right fuzzy coset Az is same as the m-polar left fuzzy coset xA.

Proof. Let A be an m.P.N.F.S of & and z € &. Then for any g € &, A(gx) =
A(zg) and so
zA(g) = A(z™"g) = Alga™) = Ax(g)

. Hence zA = Ax. O

Now we give another formulation of an m.P.N.F.S.
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Theorem 3.4.18. Let A be an m.P.F.S of a group &. Then A is an m.P.N.F.S
of & if and only if
A(lz,y]) = A(z) V 2,y € ©. (3.2)

Proof. Suppose that A is an m.P.N.F.S of &. Let z,y € &. Then

A~y ay) > inf(A(y~'ay), Az ™)
= inf(A(x), A(z)) (since A is an m — polar normal fuzzy subgroup)

= A(x).
Conversely, assume that A satisfies the relation 3.2. Then for z, z € &, we have

A(xlzx) = A(zz 7 ta 2n)

> inf(A(z), A([z, z]))

= A(2) by(2).
Thus
Az tzz) > A(2) V2,7 € &. (3.3)
Again we get that
A(2) = A(x.a™ zza™") > inf(A(z), A(x™ " 22)). (3.4)

Now if inf(A(z), A(x7'zz)) = A(z), then we get that A(z) > A(z) Va,z € &,
implying that A is a constant function, and the result holds trivially. So we now
consider the case when inf(A(z), A(z7'2z)) = A(z~'2x). Then 3.4 implies that
A(z) > A(x7'zz) V z,2 € &. Combining this inequality with 3.3 gives that
A(z7'2z) = A(2) V 2,2 € &. Hence A is constant on the conjugate classes of

6. O

Proposition 3.4.19. If A is an m.P.N.F.S of a group &. then for any x,y € &

we have that

~ ~

Az(gz) = As(xg) = A(g) Vge &

Proof. We have



m-polar fuzzy quotient subgroups m-polar fuzzy analogs

~

Az(gz) = Alg).

Since A is an m.P.N.F.S of &. Similarly,
Au(gr) = A(gaa™)
= Alg)
O

Theorem 3.4.20. Let A be an m.P.N.F.S of a group &. Let F be the set of all

the m-polar fuzzy cosets of A. Then F is a group under the composition

~

A0 A, = A,, Va,ye®. (3.5)
Define a map A: F —I™ by
A(A,) = A(x) Vres. (3.6)

Then A is an m.P.F.S on F.

Proof. First, we show that the composition given by 3.1 is well defined. Let
x,Y, o, Yo € & such that

A, = A, and A, = A, (3.7)

Then we must show that

that is, Axy = Axoyo
We have, by definition 3.1,

Ayy(g) = A(gy '™t Vgeo

and

A

Amoy0<g) = A(gy071x071> Vgea@o.
Now
Algy~'z™h) = Algyo 'yoy 'z7)

= A(gyo 'm0 ooy 2 h)
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> inf(A(gyo 'zo '), A(zoyoy 'z7Y)). (3.8

By 3.7 we have that

A(ge™) = Algzy') Yge® (3.9)

and
Algy™) = Algy ) Vge6. (3.10)

Now in 3.9, substituting xoyoy ! for g, we have that

1

A(zoyoy 'z = Azoyoy 'ag ")

Since A is an m.P.N.F.S of &,

let g = 1o in 3.10. Also A(e) > A(gyo two™!), clearly A(e) > A(u) V u € &, where
A € N,,(G). Hence 3.8 implies that

Algy 'z™h) = Algyo 'ao ™)

Now

Algyo'mo™ ") = Algy 'yyo two ™) = Algy ™2 wyyo o)
> inf(A((gy~'27"), Alzyyo 'z ™). (3.11)
Now in 3.9, substituting xyy,~! for g, we have that
A(zyyo~'a™") = Alzyyo'zg ")
Since A is an m.P.N.F.S of &,

Alyyo™") = Alzyyo 2"
Ale) = A(zyyo 'z ")

let g =y in 3.10. Also A(e) > A(gy'z™!), since it is easy to see (for any m.P.F.S
A) that A(e) > A(u) V u € &. Hence 3.11 implies that

Algyo o) > A(gy'a™)
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Hence we have that A(gyo'zo™!) = A(gy 'z~!), so the composition 3.1 is well

defined.
The composition defined in 3.1 is associative. Also (A,)~' is A, for z € @.
Hence F' is a group.

Now, let x,y € &. Then we have that
A(A, 0 A)) = A(A,,)
= A(zy)

Further we have that

A(A,) = A(A,—1) = A(z) = A(z™Y).
Hence, we have that A is an m.P.F.S on F. O

Example 3.4.21. Let Dg be a dihedral group of order 8 given by
Dg = {e,a,a?, a® b,ab, a®b,a’b}, where we have a* = b* = e and a®b = ba.

Define A : Dy — T by setting

A(e) = A(@®) = 1

A(a) = A(a®) = A(a®) = A(b) = A(ab) = A(a®b) = 0.6.
From the example 2.2.5, it follows that A € F(Dg) and A £ Dg because A(a®.b) #
A(b.a®). Now the cosets of A in Dg are given by

Ae = (1,0.6,0.6,0.6,0.6,0.6,0.6, 1)

Aa = (0.6,1,0.6,0.6,0.6, 0.6, 1,0.6)
Ad® = (0.6,0.6,1,0.6,0.6, 1,0.6,0.6)
Ad® = (0.6,0.6,0.6,1,1,0.6,0.6,0.6)
Ab = (0.6,0.6,0.6,1,1,0.6,0.6, 0.6)
Aab = (0.6,0.6,1,0.6,0.6, 1,0.6,0.6)
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Aa*b = (0.6,1,0.6,0.6,0.6,0.6, 1,0.6)
Aa*b = (1,0.6,0.6,0.6,0.6,0.6,0.6, 1)

Here Ab = Aa?®, Aa® = Aab. But
Abo Aa® = Aa®b # Aa® o Aab = Ab.

Hence the operation “o” defined in (5) is well defined in case A is a normal fuzzy

subgroup.

Definition 3.4.22 (m-polar fuzzy quotient group). Let A be an m.P.N.F.S of a
group &. Then the map A defined in 3.6 is called an m-polar fuzzy quotient group
determined by A. Sometimes A is also denoted by & /A.

It is easily observed that &/A is a classical set and not an m-polar fuzzy set.

Example 3.4.23. Let K = {e,a} x {e, b} be the non-cyclic group of order 4 and
its elements can be written as {e,a,b,ab}. We define A € N,,(K) by

A(B) = A(ab) = 1
YV to > t1 > 1o and to, 11,10 € m.

From the example 3.4.14 of m-polar fuzzy cosets, K/A = {fle,fla,flb,flab} is an

m-polar fuzzy quotient group.
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Conclusion

3.5 Conclusion

In this thesis, we have proved that if & and &, are fuzzy subgroups of a group &,
then their intersection is again a fuzzy subgroup of G. Also, we have shown that
for two fuzzy subgroups &, and & of a group G, if £ is a normal fuzzy subgroup
of &1, then & N & is a normal fuzzy subgroup of & M v. Furthermore, we have
defined the concept of a fuzzy subgroup of a fuzzy group.

We have formulated the notion of an m-polar fuzzy group as a generalization
of a fuzzy group. Moreover, we have introduced m-polar fuzzy analogs of some

results in fuzzy group theory.

67



References

[10]

Akram, M. and Farooq, A. (2016). Bipolar fuzzy trees, New trends in math-

ematical sciences.

Anthony, J. and Sherwood, H. (1979). Fuzzy subgroups redefined, J. Math.
Anal. Appl. 69, 124-130.

Abraham, T. (2008). Studies on fuzzy representations of fuzzy groups, Ph.D
thesis, St. Albert’s College, Ernakulam.

Akram, M. (2011). Bipolar fuzzy graphs, Information Sciences, 181(24):5548-
5564.

Akram, M. (2013). Bipolar fuzzy graphs with applications, Knowledge-Based
Systems., 39, 1-8.

Akram, M., Chen, W. and Yin, Y. (2012). Bipolar fuzzy Lie superalgebras.
Quasigroups and Related Systems, 20(2), 139-156.

Akram, M., Li, SG. , Shum KP. (2013). Antipodal bipolar fuzzy graphs.
Italian Journal of Pure and Applied Mathematics, 31, 425-438.

Akram, M., Saeid, AB. and Shum, KP. and Meng, BL. (2010). Bipolar fuzzy
K-algebras. International Journal of Fuzzy Systems, 12(3), 252-259.

Ajmal, N. (1994). Homomorphism of fuzzy groups, correspondence theorem

and fuzzy quotient groups, Fuzzy Sets and Systems 61, 329-339.

Bhutani, K. R. (1993). Fuzzy Sets, Fuzzy Relations and Fuzzy Groups: Some
Inter-relations, Inform. Sci. 73, 107-115.

68



References

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[20]

[21]

[22]

[23]

[24]

Chen, J., Li, S., Ma, S. and Wang, X. (2014). m-Polar Fuzzy Sets: An Ex-
tension of Bipolar Fuzzy Sets, The Scientific World Journal Volume 1.

Das, P. (1981). Fuzzy groups and level subgroups, J. Math. Anal. Appl. 84,
264-269.

Kim, J. (1994). Fuzzy orders relative to fuzzy subgroups, Inform. Sci. 80,
341-348. 31

Kumar, I. J., Saxena, P. K. and Yadav, P. (1992). Fuzzy normal subgroups
and fuzzy quotients, Fuzzy Sets and Systems 46, 121-132.

Lee, K. M. (2000). Bipolar valued fuzzy sets and their operations, Proc. Int.
Conf. on Intelligent Technologies, Bangkok, Thailand, pp. 307-312.

Liu, W. J. (1982). Fuzzy invariant subgroups and fuzzy ideals, Fuzzy Sets and
Systems 21, 133-1309.

Mordeson, J., Bhutani, K. R. and Rosenfeld, A. (2005). Fuzzy group theory
by Springer.

Mukherjee, N. and Bhattacharya, P. (1984). Fuzzy normal subgroups and
fuzzy cosets, Inform. Sci. 34, 225-239.

Makamba, B. and Murali, V. (2013). The Remak-Krull-Schmidt Theorem on
Fuzzy Groups, Iranian Journal of Fuzzy Systems Vol. 10, No. 6, pp. 153-159.

Rosenfeld, A. (1971). Fuzzy groups, J. Math. Anal. Appl. 35, 512-517.

Sebstain, S. (1993). A study of translates of fuzzy subgroups, Ph.D thesis,

Cochin University of science and technology, kerala.

Sherwood, H. (1983). Products of fuzzy subgroups, Fuzzy Sets and Systems
11, 79-89.

Tarnauceanu, M. (2008). On the number of fuzzy subgroups of finite abelian

groups, Fuzzy Sets and Systems archive Volume 159, pages 1084-1096.

Tarnauceanu, M. (2015). A new equivalence relation to classify the fuzzy

subgroups of finite groups, Fuzzy Sets and Systems.

69



References

Tarnauceanu, M. (2015). Classifying fuzzy normal subgroups of finite groups,

Iranian Journal of Fuzzy Systems Volume 12, No. 2, pp. 107-115

Tarnauceanu, M. (2012). Classifying fuzzy subgroups of finite non-abelian

groups, Iranian Journal of Fuzzy Systems Volume 9, No. 4, pp. 31-41.
Yager, R. R. (1982). Fuzzy Sets and Possibility Theory, Pergamon, New York.

Zhang, W. (1994). Bipolar fuzzy sets and relations: a computational frame-
work for cognitive modeling and multiagent decision analysis, Proc. of IEEE

conf., pp. 305-309.
Zadeh, L. A. (1965). Fuzzy sets, Inform. and Control 8, 338-353.

Zadeh, L. A. (1975). The concept of linguistic variable and its applications in
approximate reasoning, Inform. Sci. 8, 199-251, 301-357; 9, 43-80.

70



