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ABSTRACT

The main goal of this thesis is to explore a model with inflation inspired by

Galileon inflaton field and how this model is modified by introducing a gener-

alized coupling form G(φ,X) = φ2p+1Xq

M6q , in the action. The analytical solutions

of the inflaton field and corresponding potential under slow-roll approximation

are obtained using specific evolution of the isotropic scale factor, i.e., intermedi-

ate, logamediate and exponential. Consistency of the predictions of the model

with observations is being done by computing the scalar-tensor power spectra,

the scalar spectral index as well as the tensor-scalar ratio. For all the three mod-

els with inflation, we constraint the involved model parameters for which its

predictions lie inside the allowed region from Planck data.
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Chapter 1

Introduction
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A comprehensive study of cosmic evolution is dubbed as “cosmology". Now

a days, “Big Bang Theory (BBT)" is the utmost leading theory about universe’s

origin and its developments. This theory explains the adventure of universe

happened in the very beginning. Based on this theory, universe was of approx-

imately zero size with infinite large density at the core after which it has been

cooling and expanding from that point onward. Cosmology is established on

the “cosmological principle": nobody is at the center of the universe and the

cosmos viewed from any point looks the same as from any other point. In 19th

century, Albert Einstein proposed his new “general theory of relativity (GR)", sit-

uated on two hypothesizes which are, “principle of equivalence" and “general

covariance". Alexander Friedmann in 1922, discovered the analytical solutions for

Einstein field equations (EFE’s) that reveal the non static nature of the universe

as it is getting bigger with respect to time. Afterwards in 1927, George Lemaitre

estimated that our cosmos must have begun with single atom outburst if it is

inflated. The Hubble perception of expanding universe is the most convincing

proof of BBT.

A great thrill to “modern cosmology" is to considerate the cosmic expansion.

Even after an unceasing analysis with different observational objectives, there

are so many questions linked to different aspects of the universe; that are still

confidential. In appropriate manner, at present time, its initial and belated en-

largements have been a great transaction. One can find two famous and well

accepted theories by looking at the literature; namely the “quintessence" (the

late-time cosmic evolution) and the “cosmic inflation" (the early cosmic evolu-

tion) [1].

Observational cosmology is presently in its “Golden Age". A worth of new

experimental results are being discovered. The “cosmic microwave background

radiation (CMBR)" has been measured to high accuracy, the dispersion of visible

(ordinary matter) and of invisible (“dark matter (DM)") is being charted out to
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greater and greater depths. New experimental windows to detect the structure

of the universe are opening. To explain these experimental results, it is essential

to consider events, which happened in the very beginning of early universe.

The observations of CMBR are strongly interpreted by standard universe model,

but there are still some unsolved puzzles including “horizon, flatness, magnetic

monopole" and “origin of fluctuations".

“Cosmic inflation", the term coined by Alan Guth [2], can explain some of the

distract, which the earlier paradigm; standard BB cosmology could not lodg-

ing, although inflationary cosmology gave jump to the first justification for the

generation of inhomogeneities in the cosmos based on causal physics. The in-

flationary pattern is precisely an accelerating stage of the ancient universe that

perseveres for an intensely tiny span of time [3]-[6]. The potentiality of infla-

tionary theory was directly perceived due to its capability to demonstrate the

source of inhomogeneities existed in the cosmos [7]-[11].

One is former to identify the principal source of field matter that cause infla-

tion, even if various feasible models have been determined. In various mod-

els, inflation is conducted by a minimal coupled “scalar (inflaton) field" [12].

In terms of scalar field Lagrangian formalism, one can explain the inflationary

scheme. Quantum inconstancy of the scalar field gave a depiction of anisotropy

in CMBR map and contribute the causal interpretation of the origin of “large

scale structure (LSS)" distribution. This distribution foretell the detailed shape

of the angular power spectrum of CMBR anisotropies; a prognosis, which was

proved observationally many years later. The precise Planck measurements of

the CMB anisotropies, covering the unified sky and over a broad magnitude of

scales, contribute a strong probe on inflationary cosmology.

Inflationary models are restrained into “slow-roll (SR)" as well as “reheating"

epochs. During first period, potential energy (PE) influence the kinetic energy

(KE) and synergism between inflaton and some other fields is eliminated, thus
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the universe inflates [13]. After this stage, KE became proportionate to PE when

the universe entered into reheating era where inflaton begins oscillatory motion

about least value of potential by losing its energy to other existed fields in the

background. After this era, the universe is dominated by radiation. Hence, it

is quite impressive to note, the theory that came at the inception of eighties, is

still remaining quite well with the modern observational data. Furthermore,

the simplest feasible theory that approximately illustrate the ancient universe

in a correct way of understanding with the modern observations is the “Theory

of Inflation". For the first time in history, the scientific paradigm, which was

about to be established provided mathematical tools, produced a consistent and

rigorous study of the geometry and dynamics of the universe as a whole.

During exponential growth, the isotropic scale factor (a(t)) grows by many

orders of implication. The inflationary models are classified into “power-law

(PL), intermediate, logamediate" and “exponential models" by choosing vari-

ous forms of a(t) [14]. A model with inflation has many compelling definite

solutions using a potential of exponential type, generally known to be a “PL

model" where a(t) = tp; p > 1 [15]. The logamediate form is derived from some

scalar-tensor theories by implementing weak energy condition on the infinitely

expanding models of cosmos. Among various models with inflation, logame-

diate inflation has not been explored greatly. On the other hand, Myrzakulov

and Sebastiani [16] elaborate an exact inflationary solution of Hubble parame-

ter (H), instead of parameterizing a(t). In contrast to the models with inter-

mediate/logamediate inflation, this parametrization of H(t) has the novelty of

explaining the termination of inflation.

It is commonly believed that scalar field (φ) is the basic ingredient to drive

inflation, known as an inflaton. On the primary level, this fundamental ingre-

dient can be interacted with the gravity and other existed fields, thus to con-

sider the inflaton having non-minimal coupling (NMC) with gravity is quite
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natural. In different circumstances, instead of a “standard canonical inflation",

a “non-canonical model", containing terms of higher order derivatives in the

Lagrangian, has been considered to be a topic of theoretical and observational

interest. This type of inflationary model yields a non-trivial sound speed and

non-Gaussianities (NG) on either low or high scale.

An appropriate class of similar models designate as Galileon inflationary mod-

els, were influenced by theories dubbed as Galilean symmetry [17]-[19]. More-

over, the corresponding derived set of FE’s are still up to second order, getting

rid of ghosts [17], but this characterization remains valid only for Minkowsi

space-time [18]. Despite the fact, the second order equation of motion (EoM)

is obtained via “Galileon covariantization", but it no longer remain invariant

under Galilean symmetry [18, 19]. Following the literature [20], this mentioned

theory is well consistent with HT [21], which is known to be the most familiar

scalar-tensor theory having FE’s up to second-order. It is observed that a vast

model space of HT is removed to current era. Particularly, those factors that pro-

ceed to NM kinetic coupling are eliminated and remaining terms are “k-essence,

cubic Galileon" and “NMC sectors" that are crucial for the construction of the-

ory. One can see the references [20], for a classical work on the topic of Galileon

inspired inflation.

In modern years, different authors showed desirous interest to assess infla-

tionary models in different scenarios. Alongside the development of inflation-

ary cosmological theory, more interesting inflationary models are coming into

view, with several theoretical discoveries and observational point of interest as

well [22]. For FRW space-time, Setare and Kamali [23] performed the calcula-

tions to discuss “intermediate/logamediate warm inflation (WI)" inspired by

vector fields and later with non-Abelian gauge fields. Through the perturbed pa-

rameters, they verified the consistency of their attained results with “WMAP7"

observations. Sharif and Saleem [24] explored WI inspired by both above men-
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tioned fields using an anisotropic universe model. They discussed this topic

using generalized dissipation coefficient and obtained well consistent results

with “Planck", “WMAP9" and “BICEP2" astrophysical data.

To inspect the models with inflation inspired by tachyon field, a great amount

of work has been done. Sharif and Saleem [25] analyzed inflationary dynam-

ics inspired by “GCCG (generalized cosmic Chapygin gas)" along with stan-

dard/tachyon inflaton fields under “intermediate/logamediate" evolutions. A

comprehensive analysis on the dynamics of WI with viscosity taking isotropic

and an anisotropic universe described by “Bianchi type I model" is presented

in [26]. They studied the model for various types of Ω (dissipation parameter)

and ξ (bulk parameter) and reported the well fitted range of scalar spectral in-

dex (ns) for less e-folding number (N). In reference [27], the polynomial WI is

investigated and confirmed the consistency of attained results with recent astro-

physical data. Polytropic inspired inflation on the brane obtaining precise ex-

pressions for physical parameter, tensor-scalar ratio (r), scalar power spectrum

(Ps), ns and its running (αs) in terms of the polytropic parameters is studied in

[28]. They achieved a new constraint on the energy scale of inflation and the

brane tension using the “WMAP9 data".

Chen [29] searched in specific aspects the ns, its αs and r explicitly on the po-

tential driven cases. Sadjadi and Goodarzi [30] discussed oscillatory model of

inflation with NMC of the kinetic term as a resolution of few e-folding num-

ber elaborated in [31]. Extension of [31] is done by Saleem [32], she examined

the compatibility of the anisotropic oscillatory inflation model with Planck 2015

data. Taotao Qiu [33] studied the DINKIC inflationary model with NMC of the

kinetic term and a non-linear correction term is included in the action via DBI-

TYPE action’s form. The proposed model tells about the ghost free property of

Horndeski/Galileon models [34, 35]. Kousar, Saleem and Zubair explored infla-

tion in f(R, φ) gravity with exponential model [36].
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Teimoori and Karami [37] explored the viability of an inflationary model in-

spired by Galileon inflation field (GIF) of cubic order as G(φ,X)¤φ ∝ Xn¤φ.

By developing this model into intermediate regime, the authors found the con-

straints on this model to be well fitted with Planck 2015 data. Moreover, it

is proved that to get the current observational data, the power n plays a cru-

cial role in cosmological parameters. A work on G-inflation has been done in

[38], considering a linear coupling function G(φ,X) ∝ φX . During intermedi-

ate era, an extension of this work is given in [37], taking coupling parameter

just a function of X as G(φ,X) ∝ Xn. Utilizing the framework of the cubic

Galileon, Herrera et al. [39] further examined the observational consequences

of the intermediate/logamediate and exponential inflationary models. They

checked that how these cosmic models are being modified with the coupling

G(φ,X) ∝ φνXn. Motaharfar et al. [40] studied a recently proposed WI phe-

nomenon inspired by GIF, whose KE immediately dissipates into radiation fluid

throughout inflation and cosmos smoothly enters into a radiation dominated

phase without going through the reheating epoch.

The main goal of this thesis is to explore a model with inflation inspired by

GIF and to examine how this model is changed by introducing a generalized

coupling form in the action. Consistency of the undertaken model with observa-

tions is being done by computing the perturbed parameters. For intermediata,

logamediate and exponential models with inflation, we constraint the involved

model parameters for which the r−ns trajectories falls inside the allowed region

from Planck data.

The thesis is arranged on the following patron: In chapter 2, a brief review

of relevant basic concepts has been provided in order to carry out the system-

atic analysis. Chapter 3 is devoted to evaluate the G-inflationary model and

to check the effects of some new parameters involved in generalized coupling

form. Finally, the results are summarized in chapter 4.
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Chapter 2

Preliminaries
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This chapter comprised of some fundamental concepts relevant to our re-

search work.

2.1 Historical Background:

The one of the most important endeavors of modern physics is the study of an-

cient universe, not only because of its indications for few of the earliest “big

questions" about our influence and existence in the universe, but also as a re-

sult of the primary universe, is an absolute system to test ideology of particle

physics at the maximal energies. At a time, when usually more definite cosmo-

logical observations are available, a solid understanding of the implications of

new physics in the early universe, to gain knowledge of cosmic history and of

physics as a whole is of the ultimate importance. With the initiation of GR, the

development of modern cosmology lead ahead. When, in 1917, Einstein wrote

his “cosmological considerations in GR", he was still arguably more interested

in using cosmological constant as added constraints on GR (leading to the infa-

mous “blunder" of the introduction of Λ) than the other way round. Nonethe-

less, the door was finally open for a fruitful symbiosis between cosmology and

relativity.

The first to take full advantage of this new relationship was the theoretical

meteorologist Alexander Friedmann, who in 1922 put forth the possibility of an

expanding (or contracting) universe allowed by GR. Unfortunately, Einstein did

not appreciate the physical relevance of Friedmann’s contribution (even after re-

tracting an initial attack on his calculations) and despite Friedmann’s own inter-

national connections, his work seems to not have reached that many outside

of the “Union of Soviet Socialist Republics". In 1927, two years after Friedmann’s

death, Georges Lemaitre independently re-derived Friedmann’s expanding solu-

tion and predicted a linear relation between distance and recessional velocity
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for extragalactic nebulae. This relation was observationally demonstrated two

years later by Edwin Hubble, and thus became famous as “Hubble’s law". This

development crucially contributed to the growing acceptance of Lemaitre’s ap-

proach, notably by Einstein (who had initially opposed it as he had Friedmann’s).

Not long after, in 1931, Lemaitre once again espoused controversy by suggest-

ing that the universe may have had a beginning “a little before the beginning

of space and time". At first, this was not a popular assumption, with even Ed-

dington, the most influential proponent of Lemaitre’s earlier work on expanding

cosmology (under whom Lemaitre had worked in Cambridge), finding the basic

notion “repugnant" despite his own refractions on the nature of time and the

“end of the world" providing the seed for Lemaitre’s original argument. This hy-

pothesis, which came to be known as the BBT, would remain an important bone

of contention for decades.

Although initially viewed with cautious suspicion (which Lemaitre’s status as

a Catholic priest did little to dispel), the idea survived through the 1930’s pro-

liferation of alternative cosmologies and eventually found it is most persistent

contender in Fred Hoyle’s post-war (1948) “the steady state theory" (which as-

sumed particle creation made up for the then-established expansion so that the

universe would look the same at any given time). It was also around that time

when Friedmann’s former student, George Gamow, started working on cosmology

on the side of the BBT. Drawing from his background in nuclear physics, Gamow

investigated how chemical elements could be produced in a hot expanding uni-

verse.

On the 1st of April of 1948, Gamow and his student Ralph Alpher (famously,

Hans Bethe’s name was added as an author to the paper for its comic poten-

tial) showed how light elements could be produced by neutron capture in the

early universe, effectively introducing the field of BB nucleosynthesis. Although

Gamow’s and Alpher’s original vision of all elements being produced in the hot
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early universe ended up being refuted by Hoyle’s (later in collaboration with

William Fowler and Margaret and George Burbidge) work on stellar nucleosynthe-

sis, the success of this approach at explaining the observed overabundance of

helium (compared to what would be expected from just stellar nucleosynthesis)

became an important argument in favour of the BB. The last conclusive piece

of evidence that definitely established the BB as the dominant paradigm was

the discovery of the CMB, just two years before Lemaitre’s death. The CMB is

a thermal black body spectrum left over from the time of recombination (when

the first hydrogen atoms formed), which was initially predicted by Ralph Alpher

and Robert Herman in 1948. This prediction was however only briefly mentioned

in Alpher and Herman’s paper and was thus easily overlooked. Having been in-

dependently re-predicted by Robert Dicke and Jim Peebles in the early 1960s, the

CMB was first presented as a detectable relic by Andrei Doroshkevich and Igor

Novikov in 1964.

Later that same year, Robert Dicke, David Wilkinson and Peter Roll set out to

measure the CMB; just late enough for Arno Penzias and Robert Wilson to inad-

vertently do it first (for which they would receive part of the 1978 Nobel Prize

in Physics). While alternative theories for a more local origin of the CMB meant

this new detection did not change opinions on the issue of the BB as quickly as

Hubble’s observations did on the issue of expansion, the following decade was

marked by a steady shift in opinion as new measurements confirmed the black

body nature of the observed spectrum. Nowadays, BB cosmology is almost uni-

versally accepted as the standard framework for dealing with the early universe

with the important caveat that the initial state is taken to be slightly later than

the actual singularity, thus for the time being keeping the question of whether

the universe had a beginning outside of the realm of scientific inquiry. [41]

In the present-day physics, the cosmology is one of the pillars and gives the

fortunate description of the universe. A fundamental factor of the present-day
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cosmology is the “inflationary theory", which shows the good understanding

with the modern observational data of the ancient universe and different mea-

surements have been examined to determined the models of inflation. We ex-

pect more precise and improved data by the forthcoming observations along

high level of detect ability with observational technologies have been develop-

ing year by year.

2.2 Standard Model of Big Bang:

The general cosmological imitation is situated on two props: GR and cosmolog-

ical convention. The universe, which is uniform and isotropic at biggest scales

for that greater than 100Mpc, admits to “cosmological principle". “Isotropy"

is the opinion that universe emerges likewise in all orders and remains con-

stant on the bottom of rotations while “homogeneity" tells that at every point in

space, the universe looks uniform. Literally, there remain no special direction or

position in the universe. General relativity illustrate the fluctuations of the uni-

verse [42] and the EFE’s interpret the geometry of the spacetime. “These EFE’s

equations are written as

Gµν = Rµν − 1

2
Rgµν = κTµν , (2.1)

here, Gµν (the Einstein tensor), Rµν (the Ricci tensor), R (the Ricci Scalar), gµν (metric

tensor), Tµν (energy-momentum tensor) along with coupling constant κ = 8πG
c4

. The

left expression in Eq.(2.1) expresses the spacetime’s deflection due to gravity

and right side explains matter in the universe.

The FRW metric illustrate an expansion of cosmos that is consistent with cos-

mological perception. First of all, Alexander Friedmann invented this model, then

jointly in 1935, Robertson and Walker gave its altered form. “In spherical coordi-
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nates, FRW spacetime is given below [43]

ds2 = −dt2 + a(t)2
[ dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

]
,

with dimensional curvature k; the flat universe is attained for k = 0, k = 1 leads

to closed and an open universe model is obtained for k = −1. The parameter

a(t) is the expansion factor known as the cosmic scale factor. The matter-energy

contents, which are well fitted with above mentioned spacetime attributes like

isotropy as well as homogeneity is given in the form of a “perfect fluid (a fluid

without impurities such as heat conduction, viscosity etc).

The stress energy tensor for this type of fluid is given as below

“Tµν = (ρ + p)vµvν + Pgµν”, (2.2)

with density (ρ), pressure (P ) and vµ = (1, 0, 0, 0) (co-moving four vector fluid’s

velocity). “The EFE’s are rewritten as

H2 =
κρ

3
− k

a2
,

ä

a
= −κ

6
(ρ + 3P )”.

The parameter that is affiliate with the amount of cosmic expansion is named as

“Hubble parameter" denoted as H(t) = ȧ
a

(dot is the cosmic time derivative). The

conservation of Tµν yields the following result

“ρ̇ + 3H(ρ + P ) = 0”.

The amount of ρ that is comparable to the symmetrically uniform cosmos is

denominate by “critical density (ρcrit)" and is determined as follows

ρcrit =
3H2

κ
.

Thus, the first field equation is rephrased as

|Ω− 1| = k

(aH)2
,

13



here Ω = ρ
ρcrit

known to be a dimensionless parameter of density. It consists of

inputs same as parameters of matter density (Ωm), cosmological constant (ΩΛ)

along with radiation (Ωrad). The cosmos with ρ > ρc re-collapses, on the other

hand, it is concluded that cosmos with ρ < ρc will be widen eternally. For flat

geometry, the results are liable by “radiation dominant era", where a(t) ∝ t
1
2 and

radiation density ρrad ∝ a−4 and “matter dominant era", a(t) ∝ t
2
3 , ρm ∝ a−3.

In the cases that are mentioned above, the inflation of the universe is deceler-

ating, which means that ä < 0. “Modern measurements support uniform cosmic

expansion, leading to following spacetime

ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2)”.

2.3 Shortcomings of the Hot Big Bang:

At the time, it became probable that although the victory of “Hot BB (HBB)

model", depict the good old days of the cosmos, as a gradation of the time of

radiation era, accelerating expansion era due to DE as well as matter influence,

there were a few inconsistencies and problems that can not be sufficiently de-

termined without understanding the physics. These are the following:

2.3.1 The Horizon Problem:

It is related to the uniformity of the CMBR temperature all over the sky. It can be

further explained as if we detect CMBR by placing a radio antenna in the east

and then turning its direction towards west, we will come to this conclusion

that CMBR is exactly at the same temperature in both directions. The radiation

coming from west and the east are apart from each other by 28BLY (billion light

years). It is not possible for information to travel with a speed greater than that

of speed of light so the radiations in the west can not be contacted thermally
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with that of east. Also, the regions that are source of radiations have not been

ever in communication. If any two regions are separated at long distance then

there is no enough time for light to travel through them. The only possibility

for two regions to be in thermal contact is, the distance between them must

be sufficiently small so that the information can be exchanged. Thus, how the

thermal equilibrium was maintained between these regions, if there exists no

causal connection?

The Hubble radius (H−1(t)) is related to physical wavelength (al) by follow-

ing expression, (H−1(t) > al). During BB cosmology, the evolution of a(t) is

a ∝ tp, 0 < p < 1. Here, the wavelength progress as al ∝ tq and the Hub-

ble radius evolves to H−1(t) = H0t. With the passage of time, the quantity

H−1(t) evolves much larger than al. Therefore, the causally connected regions

ultimately become the only small fraction of H−1(t). Since the development of

the cosmos, a distance that light has covered is known as particle horizon (LH),

which is described as

LH = adH , dH =

∫ t

ti

dt

a
,

with dH , co-moving distance at ti, which represent the time at beginning of the

cosmos. At the instant of decoupling, the LH is given by “LH(td) = a(td)dH(td)",

represented a space with causal connection among photons. At that time, the

emission of photons is observed in the CMBR map. The fraction of dH(td) and

the present particle horizon dH(t0) is shown as

“
dH(td)

dH(t0)
≈ 10−2”,

implying tiny causally connected regions of photons. But it is observed that the

photons in CMBR have the same temperature in all regions. This is well-known

horizon problem.
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2.3.2 The Flatness Problem:

The measurements of cosmic curvature density parameter signify that it is presently

invariable with 0± 10−2 [44]. Essentially, the cosmos can be entirely plane with

k = 0. As a matter of choice, wherever k 6= 0, then this parameter became

immediately non-zero and on each count in the cosmos’s history, it will not be

uniformly zero.

It is described that for a flat universe, Ω remains unity throughout the time

span. Even for very short curvature, the time-dependence of the term Ω − 1

is different at a considerable extent. Since, the term “(aH)2" decreases always

in the standard BBT where ä < 0, which implies the deviation of Ω(t) from

unity because of cosmic expansion. However, Ω(t) is order of unity according

to current observational data, so in the past, it must be approached to unity.

Consider that the EFE’s are applicable up to the Planck era where the temper-

ature is “TPl ∼ 1019GeV " and the value of Ω is “|Ω(tPl)| < O(10−64)" whereas

“|Ω(tnucleo)| < O(10−16)". It is known to be an excellent adaptation of primor-

dial constraints. By choosing the incorrect initial values, the problem can be

occurred that either the quick cosmic expansion before the structure formation

or the universe rapidly converge to a single point. It is dubbed as the flatness

inconsistency.

2.4 Cosmic Inflation:

Cosmic microwave background is inherited by the era of recombination, which

possesses a mess of information about BBT. The early cosmic phase contains hot

plasma made up of photons, baryons and electrons, the mean free path of a pho-

ton was very short in it because of constant interactions between photons and

plasma. However, expansion of the universe is responsible to drop in temper-

ature, electrons combined with protons to make “hydrogen atoms" and hence
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photons are free to travel through space. Penzias and Wilson observed the same

faint background glow through radio telescope all over the sky. This light is not

coming from any star, galaxy or any stellar object and remains within the mi-

crowave region of the radio spectrum. Actually, the CMBR has been detected.

One would expect the form of CMBR by considering that the earth was bounded

in a box or in a black body cavity at 2.7K. However, an inverse relation exist be-

tween cosmic area and CMBR temperature because the electron frequency was

red-shifted through cosmic expansion [45].

“
T

T0

=
A0

A
.”

Our present cosmos has 2.725K temperature, which provides an estimate to

predict the temperature at beginning of cosmic era and also the speed of cosmic

evolution. Though, existed anisotropies in CMBR could not be described at

this temperature. Initially, “Cosmic Background Explorer (COBE) satellite (1992)"

noticed initial anisotropies lies in CMBR map that gives way to observational

cosmology. It wa observed that the primordial radiation was isotropic, almost

1 part in 105 that provides a notion of almost homogeneous early universe with

perturbations of small amplitude. The perturbations are found to be the origin

of galaxies and their cluster formation, these effects enhanced during inflation.

The present universe is sketched as an outcome of these effects.

2.4.1 Inflation as a Resolution of Horizon and Flatness Puzzles

Guth [2] put forward another era in the time-line of cosmic evolution and coined

the term “cosmic inflation" for it. This era is introduced as a resolution to these

long-lasting problems. These problems could not explained any logical incom-

patibility, but to explain the calculated astrophysical data it required some fine-

tuned initial conditions. In time-line, this evolution happened before radiation

era and after the Planck scale. To obtain cosmic inflation, the FRW model must
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satisfy the following necessary condition

ä > 0 ⇔ (ρ + 3P ) < 0.

It is well-known that density remains a positive quantity, therefore, P < 0 dur-

ing cosmic inflation. An era dominated by ordinary matter and radiation dom-

inated era do not follow such condition. For general physical interpretation of

inflation, an alternative expression is given as [2]

“inflation ⇔ d(aH)−1

dt
.”

Throughout cosmic inflation, H−1 increases at the rate lesser than al and a(t)

develops as a ∝ tp, p > 1. During inflation, the quantity al is obtained outside

H−1. This provokes that the causally connected regions are expanded on scales

larger than H−1, as a result the horizon problem is solved. Outside the inflation-

ary era, the physical wavelength expands at a slower rate than Hubble radius.

The following constraints should be hold to resolve this issue [2].

“

∫ td

t?

dt

a(t)
À

∫ t0

td

dt

a(t)
,

here before the decoupling epoch, cosmic time is represented by t?", which im-

plies that the covered distance by photons earlier to decoupling needed to be

sufficiently larger than after decoupling. It is acquired during inflation with the

growth of the universe about e70 times.

The quantity (aH)2 increases most rapidly and Ω(t) converges to unity. The

universe expands exponentially during inflationary phase, yielding Ω ≈ 1 and

also remains of order unity during present era. In this way, solves the flatness

problem.

2.4.2 Slowly Rolling Constraints on Inflaton Field:

The era of cosmic inflation takes place under following constraints [39]

“
ä

a
= H2 + Ḣ = H2(1− ε) > 0.”
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According to the above equation, the necessary and sufficient condition for FRW

background to experience cosmic acceleration is

ε = − Ḣ

H2
= −dln H

dN
< 1.

The quantity ε is a dimensionless standard parameter to measure SR and dN =

Hdt. At de-Sitter, ε ∼ 0 because P approached to −ρ, thus quantity V (φ) ex-

ceeded to its KE
1

2
φ̇2 ¿ V (φ).

The phenomenon of accelerating cosmic expansion remains valid for a enough

long span of time when the second derivative of φ with respect to time is suffi-

ciently small, φ̈2 ¿ 3Hφ̇. An additional fruitful SR parameter is described as a

function of ε mentioned below [39]

“η = − Ḧ

2HḢ
=

ε

2
− ε̇

εH
.”

These parameters ε, η ¿ 1 during inflation while inflation terminates at ε = 1.

2.4.3 e-folding Number:

The extent of expansion of the universe during inflationary epoch is manifested

by a parameter N , mathematically defined as

N ≡ ln

(
a

ai

)
=

∫ t

ti

H(t)dt, (2.3)

where ai and a are the values of a(t) at the start and end of inflation.

2.5 Perturbations:

Fortunately, the cosmic inflationary models can be constrained through theory

of cosmological perturbations. In early cosmos, tiny fluctuations of quantum
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type are produced, which are due to inflaton field and metric tensor. Through

inflation, the vacuum fluctuations were amplified while some quantum fluctu-

ations are frozen. In basic inflationary model, the perturbations are generally

of two types: Scalar perturbations (produced in density) and tensor perturbations

(i.e., gravitational waves (GW)).

2.5.1 Scalar Perturbations:

These are originated from quantum fluctuations produced by an inflaton in very

early cosmic era. The scalar perturbations in metric are of longer wavelength

and assumed to be origin to construct the LSS and contain their effect upon the

CMBR spectrum. This influence is useful in constraining the models with in-

flation. Since the energy density of inflaton field is the only cosmic ingredient,

thus the division of the energy density is inhomogeneous due to scalar pertur-

bations. An important parameter to notify the change in these fluctuations is

introduced, known as scalar power spectrum. The fluctuation’s amplitude is cal-

culated by following formula

P 2
s (k0) =

κ2H2

8π2ε
, (2.4)

which is restricted as P 2
s = (2.445 ± 0.096) × 10−9 and k0 = 0.0002MPc−1

by current astrophysical data. The quantity P 2
s diverges insignificantly from

scale-invariance. This divergence can be calculated through scalar spectral index,

which is “logarithmic derivative" of P 2
s given by

1− ns =
d ln P 2

s (k0)

d ln k
= 6ε− 2η. (2.5)

This parameter is an accurate tool to determine the physical compatibility of the

inflationary models as it is constrained via SR parameters. According to Planck

2015 data, the value of ns = 0.968.
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2.5.2 Tensor Perturbations:

The discovery of GW prognosticated by mechanism of inflation is a study of

attention these days. The tensor fluctuations analyzed a background of GW

disturbing the anisotropy of CMBR. Its amplitude has an imprint on the CMBR

temperature perturbations and is directly associated to H , but did not affect the

LSS. Mathematically, the amplitude of “tensor power-spectrum" can be written

as

P 2
T =

2k2

π2
H2. (2.6)

2.5.3 Tensor-Scalar Ratio:

The universe is accommodated with contrast anisotropies of the CMBR. Cosmic

microwave background is linearly contrasted and can be dissolved within two

pseudo-scalar fields that are E (electric) and B (magnetic). Initial E modes are

derived by scalar disturbances, but initial B modes are only derived by tensor

disturbances composed by GWs. Measurements of fundamental B modes are

commonly parameterized by tensor-scalar ratio, described to be the proportion

of the power in tensor disturbances to the scalar disturbances at a precise scale.

r|k0 ≡
Pt

Ps

. (2.7)

This parameter is constrained to r < 0.11 by recent observation.

2.6 Exact Inflationary Solutions:

In order to get the exact inflationary solutions, some standard forms of the scale

factor have been proposed in literature. Some of which are defined below:
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2.6.1 Intermediate Inflation Model:

According to it, the inflationary phase is being characterized by an intermediate

model with inflation where a(t) has the succeeding dependency upon time.

a(t) = exp[Atf ], (2.8)

here f, A are arbitrary parameters, satisfying the conditions 0 < f < 1 and

A > 0. Through intermediate phase, the universe enlarge at the amount faster

than PL model but slower than the basic de Sitter model (a = a0 exp(H0t)) [46].

2.6.2 Logamediate Inflation Model:

In addition, a hypothesized inflation model is given as

a(t) = exp[B ln(t)λ], (2.9)

where λ and B are dimensionless uniform parameters so that λ > 1 and B > 0.

It is noted that for special case B = p along with λ = 1, the model is converted

to PL expansion with a potential of exponential form.

2.6.3 Exponential Inflation Model:

An exact inflationary solution of H is elaborated instead of parameterizing a(t).

Here, H has an exponential dependence on t, defined as

H(t) = α exp[−βt], (2.10)

in which α represents the value of H(t) for t → 0 and β > 0 being a constant.

In contrast to the models with intermediate/logamediate inflation, this parame-

trization of H(t) has the novelty of explaining the termination of inflation.
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2.7 Types of Scaler Field:

In physics and mathematics, a scalar field accomplice a scalar value to every-

where marked in a space conceivably physical space. The scalar may be a

physical length or a dimensionless mathematical number. In a physical rela-

tion, these fields are prescribed to be autonomous of the preferred of reference

frame, meaning that any two observers using the same units at the same ab-

solute point in space or spacetime regardless of their respective points of origin,

will agree on the same value of the scalar field.

2.7.1 Standard Scaler Field:

The most well motivated model for inflation, based on the general principles

of effective field theory, is the standard two-derivative action for gravity with a

single scalar field. In this case, we can always exploit field re-definitions of the

metric tensor to go to Einstein frame and field re-definitions of φ to make the

kinetic term canonical. The associated energy density (ρφ) and pressure (Pφ) are

given as

ρφ =
φ̇2

2
+ V (φ), Pφ =

φ̇2

2
− V (φ). (2.11)

2.7.2 Tachyon Field:

Even if, the standard scalar field is very important that shows the role of an in-

flaton, some other fields are also liable for it. Among them, the field which have

appropriate interest is the “tachyon field". Because of its condensation close to

the top of the effective potential [47], tachyons are considered to be responsible

for producing cosmological inflation in the early-time cosmic phase and it could

also add some new type of “invisible matter" as well at late-times [48]. The first,

who studied the cosmological significance of this “rolling tachyon" was Gibbons
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[49]. This is absolutely natural to examine some scheme where inflation is di-

rected by a rolling tachyon. The associated ρtac and Ptac are expressed as

ρtac =
V (φ)√
1− φ̇2

,

Ptac = −V (φ)

√
1− φ̇2.

2.7.3 Galileon Field:

A “non-canonical model", representing by Lagrangian with higher order deriv-

ative terms yields a non-trivial sound speed and high/low scale NG. Such spe-

cific class of similar models known to be the Galileon inflationary models, preserv-

ing Galilean symmetry. The important thing is that the corresponding FE’s are

still up to second order, getting rid of ghosts. In this scenario, the Lagrangian

density can be written as follows

L = K(φ,X)−G(φ,X)φ + f(φ)R. (2.12)

The quantities evaluated from stress-energy tensor are

ρG = 2KX −K + 3HGX φ̇3 − 2GφX,

PG = K − 2(Gφ + GX φ̈)X. (2.13)
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Chapter 3

A Study of Galileon Field Inspired
Inflation with Generalized Coupling
Function during Intermediate,
Logamediate and Exponential
Regimes
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This chapter provides extensive study to explore a model with inflation in-

spired by GIF. The analytical solutions of the inflaton field and corresponding

potential under SR approximation are obtained using specific evolution, i.e., in-

termediate, logamediate and exponential. Consistency of the predictions of the

model with observations is being done by computing the perturbed parameters.

We constraint the involved model parameters for which its predictions lie inside

the allowed region from Planck data.

The patron of this chapter is as follows: Section 3.1 brief the general formalism

to get generalized inflationary results, as we are working with most generalized

coupling form. In section 3.2, we evaluated the corresponding analytical so-

lutions by solving the differential equations during intermediate, logamediate

and exponential regimes. In each case, these derived analytical solutions lead

us to generate perturbed parameters. We constraint the G-inflationary model

parameters to attain the allowed region for ns = 0.968 and r < 0.11 (Planck

2015). In section 3.3 to check the consistency of the considered model, we plot

the r − ns trajectories.

3.1 G-Inflationary Background Equations:

This section provides an overview of the dynamics and the cosmological per-

turbations related to G-inflationary model. To complete the task, the following

action is considered as [50, 51]

S =

∫ √−g

[
R

2
+ ςφ

]
d4x, (3.1)

where

ςφ = K(φ,X)−G(φ,X)2φ, (3.2)

is a scalar field Lagrangian, g be the determinant of metric tensor. The terms

K and G are the general functions of φ and kinetic term X = −1
2
gµνφ,µφ,ν =
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− φ̇2

2
. Throughout this work, the Planck mass is taken to be unity, i.e., MP1 =

(8πG)−
1
2 ≡ 1 and µ, ν varies on 0,1,2,3. Varying the action with respect to gµν

and considering flat FRW geometry, where gµν = diag(−1, a2(t), a2(t), a2(t)), we

are able to find out the field equations as follows

3H2 − K,X φ̇2 + K + G,φφ̇
2 − 3G,XHφ̇3 = 0, (3.3)

2Ḣ + 3H2 + K −G,X φ̇2φ̈−G,φφ̇
2 = 0, (3.4)

here, the terms with “, φ" and “, X" denote ∂
∂φ

and ∂
∂X

, respectively.

Varying the action of G-inflation given in Eq.(3.1) with respect to φ yields the

EoM as under

3G,X φ̇2Ḣ + [3G,XXHφ̇3 − 2G,φ − (G,φX −K,XX)φ̇2 + K,X + 6G,XHφ̇]φ̈

+ 3G,φXHφ̇3 −K,φ + [9G,XH2 + K,φX −G,φφ]φ̇
2 − (2G,φ −K,X)

× 3Hφ̇ = 0. (3.5)

The elimination of the term K from Eqs.(3.3) and (3.4), we get the following

equation

ε1 − δX − 3δGX + 2δGφ + δφδGX = 0, (3.6)

where the introduced SR parameters are defined as [52]

ε1 ≡ − Ḣ

H2
, δX ≡ K,XX

H2
, δφ ≡ φ̈

Hφ̇
, δGX ≡ G,X φ̇X

H
, δGφ ≡ G,φX

H2
. (3.7)

Kobayashi et al. [51, 52] done the pioneer work to analyze the cosmological

perturbations in the context of G-inflationary model. Under SR limit, the power

spectrum of primitive scalar perturbations at horizon exit reads

Ps ' H2

8π2c3
sQs

|csk=aH ; Qs =
εs

c2
s

, (3.8)

where

εs = δX + 4δGX − 2δGφ, c2
s =

εs

qs

,
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the quantity qs is further described as

qs ≡ δX + 6δGX + 6δGXX ,

here, δGXX ≡ GXX φ̇X2

H
. The Galileon model would be free from ghosts and Lapla-

cian instabilities, if the following constraints hold, Qs > 0 and c2
s > 0, which

further implying the positivity of qs and εs.

Another quantity, ns, can be developed in G-inflation using Eq.(3.8) and the

approximation d ln k ' Hdt. The ns, at first-order in terms of SR parameters,

can be given as

ns − 1 ' −2ε1 + ηs1 − s1, (3.9)

where the redefined quantities are

ηs1 ≡ ε̇s

Hεs

, s1 ≡ ċs

Hcs

.

The second-order quantity, running of ns is evaluated from Eq.(3.9) as follows

αs =
dns

d ln k
= −2ε2ε1 − ηs2ηs1 − s2s1, (3.10)

here, we characterize the following general SR parameters for i ≥ 1 as

εi+1 ≡ ε̇i

Hεi

, ηs(i+1) ≡ ˙ηsi

Hηsi

, si+1 ≡ ṡi

Hsi

. (3.11)

The tensor power spectrum and associated tensor spectral index are written as

Pt ' 2H2

π2
|k=aH , nt ≡ d ln Pt

d ln k
|k=aH = −2ε1, (3.12)

where the last equality in above equation is obtained at the time of horizon

crossing specified by k = aH . This time is not exactly the same as the time of

sound horizon crossing for which csk = aH , but to lowest order in the SR para-

meters, the difference is negligible [53]. Another essential observed inflationary

parameter of interest is known to be tensor-scalar ratio, which is defined as

r = 16csεs = −8cs(nt − 2δGX). (3.13)
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On the fundamental level, G-inflation can be phenomenologically discrimi-

nated from standard inflationary model by checking the condition, c2
s = 1. On

contrary, a non-linear parameter denoted by fNL is used to calculate the de-

tected NG, which could distort the degeneracy among a few models with in-

flation and also enables us to differentiate between inflationary model with a

single-field inflation and other alternative phenomenon (a comprehensive study

is presented in Refs. [54, 55]). In particular, for a single-field inflationary model

with a canonical kinetic term and a smooth inflaton potential, the predicted

amount of NG is given as fNL ¿ 1 [56]-[58]. Moreover, the mentioned charac-

teristics can originate large amount of NG, | fNL |À 1, and current observations

produce fNL . O(10) [59].

Depending upon the shapes of NG, several categories can be determined by

using the magnitudes of the wave vectors, k1, k2, k3, in the Fourier space sat-

isfying the constraint k1 + k2 + k3 = 0 [60]. For example, multi-field inflation

[61] and curvaton scenarios [62] give rise a bi-spectrum that has a maximum in

squeezed configuration or local shape (for k3 ¿ k1 ' k2) [63, 64]. Specifically,

for non-canonical kinetic terms, the NG are well described by the equilateral

(i.e., k1 = k2 = k3) and orthogonal shapes (i.e., k1 = 2k2 = 2k3) [63, 64]. An im-

portant linear combination of the equilateral and orthogonal shapes give rise to

the so-called enfolded shape and this combination was determined from Planck

data in [65, 66]. Felice and Tsujikawa [67] derived the NG of curvature perturba-

tions in the Galileon theories and showed that G-inflationary models generate

the equilateral form of NG. Under the SR approximation, the parameter f for the

models described by the action (3.1) is given in [67]

f =
85

324
(1− 1

c2
s

)− 10

81

µ

Σ
+

20

81εs

(δGX + δGXX) +
65

162c2
sεs

δGX , (3.14)
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where the quantities µ and Σ are given by

µ ≡ 1

3
[3X2K,XX + 2X3K,XXX + 3Hφ̇(XG,X + 5X2G,XX + 2X3G,XXX)

− 2(2X2G,φX + X3G,φXXX)],

Σ ≡ 8H(1− δGX) + 729(H2(1− δX

3
− 2δXX

3
− 4δGX − 2δGXX +

2δGφ

3
))2

12
.

Planck collaboration has found the current observational constraints at 68%C.L.

on primordial NG by combining temperature and polarization data [68]

f local
NL = 0.8± 5.0, f equil

NL = −4± 43, f ortho
NL = −26± 21, f enfold

NL = 11± 32.

The parameter for G-inflation can be evaluated as

f =
85

324

(
1− 1

c2
s

)
− 10

81
I1 +

20

81
I2 +

65

162
I3,

where I1, I2 and I3 are defined as

I1 ≡ 4qφ2pφ̇2q+1

2qM6q

[
3Hφq(1− 2q) + φ̇(q + 1)(2p + 1)

][
8

(
H +

qφ2p+1φ̇2q+1

M6q2q

)

+ 729H4

(
1 +

φ̇2 − 4

6H2
+

4qφ2p+1φ̇2q+1

2qHM6q

(
1 +

q

φ̇2
− (2p + 1)φ̇2

12Hφ

))2]−1

,

I2 ≡ −qφ2p+1φ̇2q+1

H2qM6q

(
1 +

2q

φ̇2

)[
φ̇2

2H2
+

2φ2pφ̇2q+1

2qHM6q

(
φ̇(2p + 1)

2H
− 2qφ

)]−1

,

I3 ≡ −qφ2p+1φ̇2q+1

2qHM6q

[
φ̇2

2H2
+

21−qφ2pφ̇2q+1

HM6q

(
− 2qφ +

φ̇(2p + 1)

2H

)]−1

×
[
φ̇

(
2H − φ̇(2p + 1)

2qφ

)(
3H

(
φ̇− 2q

φ̇

))−1]−1

.

After a brief review of some basic relations governing the general G-inflationary

scenarios, let us focus on a specific case and investigate a concrete model. To this

end, we consider the potential-driven inflation, choosing following most gener-

alized forms of the functions K and G as [68]

K(φ,X) = X − V (φ), G(φ, X) = −φ2p+1Xq

M6q
, (3.15)
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where M > 0 has dimension of mass and p, q > 0. With the aid of Eq.(3.6) and

second expression of Eq.(3.15), we have evaluated an important relation at first

order in terms of SR parameters as

ε1 ' (1 + A)δX , (3.16)

here parameter A is found to be

A =
qφ2p+1Xq−1

M6q

(
3φ̇H +

2(2p + 1)X

qφ

)
.

According to SR approximation, ignoring the second order terms of φ̇, the evo-

lution equation (3.3) is reduce to 3H2 ' V (φ) and the EoM (3.5) can be modified

to

3Hφ̇(1− A)− 3φ2p+1qXq−1φ̇2Ḣ

M6q
+ Vφ = 0. (3.17)

Using expression of A along with Eq.(3.17), we can find the SR parameter δX

as

δX ' εv

(1 + A)2
+

1

2H2

(
6φ2p+1XqqḢ

3H(1− A)M6q

)2

− VφX
qqḢφ2p+1

3H4(1− A)2M6q
, (3.18)

where

εv ≡ 1

2

(
V,φ

V

)2

. (3.19)

In the presence of Galileon term given in Eq.(3.15), using expressions of εs and

qs, the squared sound speed is calculated as

c2
s =

(
2φ̇H − X(2p + 1)

qφ

)(
3φ̇H(q + 1)

)−1

. (3.20)

Consider the first limit that Galileon term lags behind the standard kinetic term

of inflaton field, i.e., |δGX | À δX . From this condition, the constraint A >> 1 is

obtained, which leads to reduce the expression of c2
s in the following form

c2
s =

δX + 4δGX

δX + 6δGX

= − φ̇2

3q
. (3.21)
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The other condition δX À |δGX |, implying A → 0, for which c2
s = 1. It is worth

mentioning here that Eqs.(3.12) and (3.16) yield standard inflation form of the

consistency relation (3.13) as r = −8nt.

Using Eqs.(3.18), (3.19) along with the expressions of δGX = (A
3
)δX and δGXX =

(n− 1)δGX , the Ps (3.8) can be obtained as under

Ps =
H4

8π2

(
2φ̇H − X(2p + 1)

qφ

)− 1
2
(

3φ̇H(q + 1)

) 1
2
(

X − 4qφ̇HXqφ2p+1M−6q

+ 2(2p + 1)φ2pXq+1M−6q

)−1

. (3.22)

Using the above equation, we can find the parameter ns in the defined Galileon

scheme as

ns − 1 =
Ḣ

H2

[
4−Hφ̇

(
2φ̇H − X(2p + 1)

qφ

)−1]
+

[
Ḣ

2H2
+

4φ̇Xqφ2p

M6qH

(
− q

(
Ḣφ

+ φ̇H(2p + 1)

)
+

Xp(2p + 1)

φ

)(
X − 4qφ̇HXqφ2p+1M−6q

+ 2(2p + 1)φ2pXq+1M−6q

)−1]
. (3.23)

Using previous calculated results, the SR parameter can be written as

εs =

(
1 + 9H2φ̇2

(
φ2p+1qXq−1

M6q

)2)−1(
εv +

2X2q

H4

(
qφ2p+1Ḣ

M6q

)2

− qXqVφφ
2p+1Ḣ

3H4M6q

)

+
2(2p + 1)φ2pXq+1

H2M6q
. (3.24)

Ultimately, the physical parameter r, defined in Eq.(3.13) is evaluated using

Eqs.(3.20) and (3.25) as

r = 16

[(
2φ̇H − X(2p + 1)

qφ

)(
3φ̇H(q + 1)

)−1] 1
2
[(

1− qφ2p+1Xq−1

M6q

(
3φ̇H

+
2X(2p + 1)

qφ

))−2(
ξv +

qXqḢφ2p+1

M6qH4

(
2qXqḢφ2p+1

M6q
− Vφ

3

))
− Xqφ2p

M6qH

×
(

4qφφ̇ +
2(2p + 1)X

H

)]
. (3.25)

Next, we will develop the G-inflationary model during intermediate regime

using intermediate law of scale factor.
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3.2 G-inflation during Intermediate Era:

An intermediate model of inflation is described in Eq.(2.8), which yields the

parameter H in the following form

H(t) =
Af

t1−f
. (3.26)

Inserting Eq.(3.26) into expression of A (calculated in the previous section) along

with X = − φ̇2

2
, we get following result

A =
qφ̇2(q−1)φ2p+1

2q−1M6q

(
3Afφ̇

t1−f
+

(2p + 1)φ̇2

qφ

)
. (3.27)

Now, Eq.(3.17) provided us the following differential equation

3Af

t1−f

[
φ̇− φ̇qXqφ2p+1

M6q

(
3Hφ̇ +

2(2p + 1)X

qφ
+

φ̇(1− f)

t

)
− 2Af(1− f)

φ̇t2−f

]
= 0,

(3.28)

whose solution is

φ̇ =

[√
2Af(1− f)

(
te −

(
N

A

) 1
f
)f−2

] 1
2

.

The value of t, which is inserted in the above equation is calculated through the

following procedure

N ≡
∫ te

t

Hdt ⇒ t = te −
(

N

A

) 1
f

, (3.29)

where H is given in Eq.(3.26). Integrating the above quantity, we get inflaton in

terms of N as

φ = 2
3
2

(
A(1− f)

f

) 1
2
(

te −
(

N

A

) 1
f
) f

2

, (3.30)

without any loss of generality, the constant of integration is set to be zero.

Driving the intermediate inflation in the standard inflation model the poten-

tial has an inverse power law form as V (φ) ∝ φ−p̃, here p̃ = 4(1−f)
f

. The first
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Friedmann Eq.(3.3) established the following form of the inflationary potential

under slow-roll approximation

V0 = 3(Af)2

[
2

3
2 (Af(1− f))

1
2

f

] 4(1−f)
f

. (3.31)

Substituting the value of t, we are able to express H as a function of N as

under

H(N) = Af

(
te −

(
N

A

) 1
f

)f−1

. (3.32)

The standard SR parameter ε is modified to

ε = − Ḣ

H2
=

(1− f)

Af

(
te −

(
N

A

) 1
f
)−f

. (3.33)

This relationship of ε and te has a specific worth because it helps us to calculate

the exact value of time at the end of inflation for enough e-folding number by

taking unit value of ε as

ε = 1 ⇒ te =

(
1− f

Af

) 1
f

+

(
N

A

) 1
f

. (3.34)

Making use of the solution φ and its derivative φ̇ into Eq.(3.22), we achieved the

quantity Ps as

Ps =
3

1
2

8π2
(Af)

9
2

(
te −

(
N

A

) 1
f
) 9(f−1)

2

(q + 1)
1
2

[
2Af

(
te −

(
N

A

) 1
f
)f−1

− f(2p + 1)

4q

(
te −

(
N

A

) 1
f
)−1]−1

2
[
2
−1
2 Af(1− f)

(
te −

(
N

A

) 1
f
)f−2

− 4qM−6qAp+q+2f−p+q+1

(
te −

(
N

A

) 1
f
) 4f−4+2pf+2qf−4q

2

2
5p−q+3

2 (1− f)p+q+1

+ (2p + 1)M−6q(A(1− f))p+q+1f−p+q+12
5p−q+1

2

(
te −

(
N

A

) 1
f
)pf+(f−2)(q+1)]−1

.
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Equation (3.23) yields the following form of ns

ns = 1− (Af)−1(f − 1)

(
te −

(
N

A

) 1
f
)−f[

9

2
− Af

(
te −

(
N

A

) 1
f
)f−1(

2Af

×
(

te −
(

N

A

) 1
f
)f−1

− f(2p + 1)

4q

(
te −

(
N

A

) 1
f
)−1)−1]

+ 4.2
1+10p−2q

4 M−6q

× (Af)
2q+2p−1

2 (1− f)
2p+2q+1

2 (
1

f
)2p

(
te −

(
N

A

) 1
f
) 2qf−f−4q+2pf

2
[
qA

3
2 f

1
2 (1− f)

3
2 2

5
4

×
(

te −
(

N

A

) 1
f
) 3f−4

2

− 2
1
4 q(2p + 1)(Af)

3
2 (1− f)

1
2

(
te −

(
N

A

) 1
f
) 3f−4

2

+ 2−
7
4 pf(2p + 1)(Af(1− f))

1
2

(
te −

(
N

A

) 1
f
) f−4

2
][

Af(1− f)√
2

(
te −

(
N

A

) 1
f
)f−2

− 4qM−6q2
5p−q+3

2 (Af)2+p+q(1− f)p+q+1(
1

f
)2p+1

(
te −

(
N

A

) 1
f
) 2f(2+p+q)−4(q+1)

2

+ (2p + 1)2
5p−q+1

2 M−6q(Af(1− f))p+q+1

(
te −

(
N

A

) 1
f
)pf+(q+1)(f−2)]−1

.

Ultimately, we have tensor-scalar ratio as under

r = 16

(
te −

(
N

A

) 1
f
)− f

2

(3Af(q + 1))−
1
2

[
2Af

(
te −

(
N

A

) 1
f
)f

− f(2p + 1)

4q

] 1
2

×
[(

1− 2
5p−q+4

2 qM−6q(Af(1− f))p+q(
1

f
)2p+1

(
te −

(
N

A

) 1
f
)f(p+q)−2q

×
(

3Af

(
te −

(
N

A

) 1
f
)f

+
f(2p + 1)

2q

))−2(
3
√

2Af(1− f)

(
te −

(
N

A

) 1
f
)f−2

− 2
5(2p+1)−2q

4 qM−6q(
1

f
)2p+1(Af)

2(p+q+1)−7
2 (1− f)

2(p+q+1)+1
2

(
te −

(
N

A

) 1
f
) f(2p+2q−5)−4(q−1)

2

×
(
− qM−6q2

10p+9−2q
4 (

1

f
)2p+1(Af(1− f))

2p+2q+3
2

(
te −

(
N

A

) 1
f
) f(2p+2q+3)−4(q+1)

2

+ 2
3
4 ((Af)3(1− f))

1
2

))
− 2

10p−2q+1
4 M−6q(Af)

2q+2p−1
2 (1− f)

2q+2p+1
2 (

1

f
)2p

×
(

te −
(

N

A

) 1
f
) f(2p+2q−1)−4q

2
(

4q2
5
4 (Af(1− f))

1
2

(
te −

(
N

A

) 1
f
) f

2

(
1

f
) + 2

1
4 (2p + 1)

× ((Af)−1(1− f))
1
2

(
te −

(
N

A

) 1
f
)− f

2
)]

.
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0.967 0.967 0.967 0.967 0.967
0.0742031

0.0742031

0.0742031

0.0742031

ns

r
Figure 3.1: r − ns trajectory for f = 0.35; p = 3; q = 2; A = 12 × 10−1; M =

3.5× 103Mp.

f p q A M ns r

0.35 3 2 12× 10−1 3.5× 103 0.967 0.074

0.5 7 5 14× 10−2 3.5× 103 0.958 0.030

0.65 11 9 16.8× 10−3 3.5× 103 0.977 0.002

0.9 11 9 29× 10−4 3.5× 103 0.969 0.003

Table 3.1: Constraints on model parameters to find physical acceptable range of

ns and r for N ≤ 70.

The G-inflationary intermediate model parameters are constrained in Table 3.1.

For four above mentioned values of f , we constraint the other variables like

p, q, A to attain the physical allowed region for r − ns trajectories. The r − ns

trajectory corresponding to first set of values is shown in Fig. 3.1, which rep-

resent the consistency of the Galileon inspired inflationary model with recent

Planck scientific data. Generally, the model is very sensitive for the model para-

meter A. We are not able to find a specific range (maxima and minima) of A for

constant value of f and by fixing p, q as well. Further, it is clear from the table

that there is an inverse relationship between f and A to meet the requirements.

The exponent p, q of generalized coupling function leads to produce physical

results of ns and r for all positive values.

In the next section, we will constraint the model for logamediate regime.
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3.3 G-inflation during Logamediate Era:

Here, we consider the scenario in which a(t) evolves according to logamediate

law given in Eq.(2.9), which modify the H as

H(t) =
Aλ(ln t)λ−1

t
. (3.35)

In the similar manner as implemented during intermediate era, the quantity A
is expressed as

A =
qφ2p+1φ̇2q−1

2q−1M6q

[
3Aλ(ln t)λ−1

t
+

(2p + 1)φ̇

qφ

]
. (3.36)

In this era, the field velocity φ̇ is calculated as

φ̇ =

(
2qM6qAλ(λ− 1)

q(2p + 1)

) 1
2(p+q+1)

(
1

(2− λ)t ln t

) 1
2(q+1)

(−3− 2q

2q + 2

) −p(−λ−2q)
2(q+1)(p+q+1)

×
(
− Γ[

λ + 2q

2q + 2
,
(−3− 2q) ln t

2q + 2
]

) −p
p+q+1

, (3.37)

where Γ is the mathematical Gamma function. On integration, we arrived at

φ(t) = −
(

2qM6qAλ(λ− 1)

q(2p + 1)

) 1
2q+2

(−3− 2q

2q + 2

)−λ−2q
2q+2

Γ[
λ + 2q

2q + 2
,
(−3− 2q) ln t

2q + 2
].

(3.38)

Using the first Friedmann equation (3.3) and the Hubble parameter (3.26), the

SR parameter (3.19) is given as

εv =
1

2

[
2 ((1− λ) ln t− t−1)

φ̇

]2

. (3.39)

The inflationary potential in the SR approximation is found to be

V (N) = 6(Aλ)2(λ− 1)2 ln

(
te(exp[N ])−

1
Af

)(
te(exp[N ])−

1
Af

)−2

. (3.40)

We get the following expression for te

te = exp[
Aλ

1− λ
]−

1
λ . (3.41)
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It is useful to find the cosmic time t in terms of N , this can be easily achieved by

using Eqs.(3.29) and (3.35) as

t = te(exp[N ])−
1

Af . (3.42)

The power spectrum of the scalar perturbations and corresponding spectral

index can be written as

Ps =
3

3
2 (q + 1)

1
2

8π2
ln(te(exp[N ])

−1
Aλ )

(
Aλ(λ− 1)(te(exp[N ])

−1
Aλ )−1

) 9
2

×
[
2Aλ(λ− 1)(te(exp[N ])

−1
Aλ )−1 −

(
1

2q + 2

)
(M6qAλ(λ− 1))−

p
2(q+1)(p+q+1)

× ((2− λ)(te(exp[N ])
−1
Aλ ))−

1
2q+2

(−3− 2q

2q + 2

) (λ+2q)(2p+q+1)
2(q+1)(p+q+1)

q
p−2(q+1)(p+q+1)
2(q+1)(p+q+1)

× (2p + 1)
2(q+1)(p+q+1)+p
2(q+1)(p+q+1) 2

−qp−2(q+1)(p+q+1)
2(q+1)(p+q+1) (−Γ(α))−1

]− 1
2
[( −1

q + 1

)
((2− λ)

× (te(exp[N ])
−1
Aλ ))

−1
q+1 2

−p−1
p+q+1

(
M6qAλ(λ− 1)

q(2p + 1)

) 1
p+q+1

(−3− 2q

2q + 2

) p(λ+2q)
(q+1)(p+q+1)

− 4q
(p+q+1)(2q−2p+1)−(2q+1)(q+1)

2(q+1)(p+q+1) (2qM6q)
(2p+1)(p+q+1)+(q+1)(−1−2p)

2(q+1)(p+q+1)

× (Aλ(λ− 1))
2p(p+2q)+5p+4q(2+q)+4

2(q+1)(p+q+1) (2p + 1)
−(2p+1)(p+q+1)−(2q+1)(q+1)

2(q+1)(p+q+1) (te(exp[N ])
−1
Aλ )

−4q−3
2q+2

×
(

1

2q + 2

)
(2− λ)

−2q−1
2q+2 (−Γ(α))2p+1

(−3− 2q

2q + 2

) (−λ−2q)(2p(p+1)+q+1)
2(q+1)(p+q+1)

− (2p + 1)
−p2

(q+1)(p+q+1) (2qM6q)
p2

(q+1)(p+q+1)

(−3− 2q

2q + 2

) p2(−λ−2q)
(q+1)(p+q+1)

× (Aλ(λ− 1)q−1)
p(p+q+1)+(q+1)2

(q+1)(p+q+1) ((2− λ)(te(exp[N ])
−1
Aλ ))−1

]−1

,
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ns = 1− (λ− 3)(Aλ(λ− 1))−1 ln(te(exp[N ])
−1
Aλ )

[
9

2
− Aλ(λ− 1)(te(exp[N ])−

1
Aλ )−1

×
(

2Aλ(λ− 1)(te(exp[N ])
−1
Aλ )−1 + 2

−qp−2(q+1)(p+q+1)
2(q+1)(p+q+1) (2p + 1)

p+2(q+1)(p+q+1)
2(q+1)(p+q+1)

× q
p−2(q+1)(p+q+1)
2(q+1)(p+q+1) (M6qAλ(λ− 1))

−p
2(q+1)(p+q+1)

(−3− 2q

2q + 2

) (λ+2q)(2p+q+1)
2(q+1)(p+q+1)

× ((2− λ)((te(exp[N ])
−1
Aλ )))

−1
2q+2 (2q + 2)−1(−Γ(α))

−2p−q−1
p+q+1

)−1]
− 4(q + 1)−1

× (te(exp[N ])
−1
Aλ )

1
2q+2 (2qM6qAλ(λ− 1))

2p2−q−1
2(q+1)(p+q+1)

(−3− 2q

2q + 2

) pq(λ+2q)
(q+1)(p+q+1)

× (2− λ)
−2q−1
2q+2 (q(2p + 1))

−2q(p+q)−2p(p+1)−3q−1
2(q+1)(p+q+1) (−Γ(α))

p(1+2p)
p+q+1

[
(λ− 3)q

2q+1
2q+2

× (te(exp[N ])
−1
Aλ )−2(Aλ(λ− 1))

3+2q
2q+2 (2qM6q(2p + 1)−1)

1
2q+2

(−3− 2q

2q + 2

)−λ−2q
2q+2

× (Γ(α))− (Aλ(λ− 1))
2(p+q)+3
2(p+q+1) (q(2p + 1))

2(p+q)+1
2(p+q+1)

(
2q + 1

2q + 2

)
(te(exp[N ])

−1
Aλ )

−2q−3
2q+2

× (2qM6q)
1

2(p+q+1) (2− λ)
−1

2q+2

(−3− 2q

2q + 2

) p(λ+2q)
2(q+1)(p+q+1)

(−Γ(α))
−p

p+q+1 − p

× (2p + 1)
(p+q)(2q+3)+1
2(q+1)(p+q+1) 2

2q(−p−q)−3(p+q)−1
2(q+1)(p+q+1) (q−1M6qAλ(λ− 1))

q−p+1
2(q+1)(p+q+1)

× ((2− λ)(te(exp[N ])
−1
Aλ ))

−1
q+1 (q + 1)−1

(−3− 2q

2q + 2

) (λ+2q)(3p+q+1)
2(q+1)(p+q+1)

(−Γ(α))
−3p−q−1

p+q+1

]

×
[
(M6qq−1(2p + 1)−1Aλ(λ− 1))

1
p+q+1

( −1

q + 1

)
((2− λ)(te(exp[N ])

−1
Aλ ))

−1
q+1 2

−p−1
p+q+1

×
(−3− 2q

2q + 2

) p(λ+2q)
(q+1)(p+q+1)

(−Γ(α))
−2p

p+q+1 − 2(q + 1)−1q
p(−2p−3)

2(q+1)(p+q+1) (2qM6q)
2p(p−1)+3p

2(q+1)(p+q+1)

× (Aλ(λ− 1))
2p(p+2q)+4q(q+2)+5p+4

2(q+1)(p+q+1)

(−3− 2q

2q + 2

) (λ+2q)(−p−1+2q)
2(q+1)(p+q+1)

(2− λ)
−2q−1
2q+2

× (te(exp[N ])
−1
Aλ )

−4q−3
2q+2 (−Γ(α))

2p(p+1)+q+1
p+q+1 − ((2p + 1)−12qM6q)

p2

(q+1)(p+q+1)

× (Aλ(λ− 1)q−1)
p(p+q+1)+(q+1)2

(q+1)(p+q+1)

(−3− 2q

2q + 2

) −p2(λ+2q)
(q+1)(p+q+1)

((te(exp[N ])
−1
Aλ )(2− λ))−1

× (−Γ(α))
2p2

p+q+1

]−1

.

39



The ratio can be written as

r = 16

[
3(q + 1)Aλ(λ− 1)(te(exp[N ])−

1
Aλ )−1

]−1
2

[
2Aλ(λ− 1)(te(exp[N ])

−1
Aλ )−1

× ln(te(exp[N ])
−1
Aλ ) + 2
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Figure 3.2: Left: ns −N trajectory; Right: r −N trajectory for λ = 4; p = 3; q =

2; A = 10−1; M = 102Mp.
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]
.

Firstly, we would like to mention here that the parametric representation of

r − ns plot is not possible in logamediate case because of different range of e-

folding number for both graphs of Fig. 3.2. The left ns − N and right r − N

trajectories are attained for constraint values of the model parameters given in

Table 3.2. For first set of values, the left trajectory falls in the allowed region

of Planck data as ns = 0.968 < 1 for number of e-folds less than 50. So, the

ns −N trajectory of logamediate G-inflationary model suffers with the problem

of less e-folding number as it does not lie in the standard region 1 ≤ N ≤ 70.
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The right plot of Fig. 3.2 shows that enough number of e-folds such that greater

than 150 are required to locate r in the physical acceptable range as r < 0.11. It

is observed that as logamediate model parameter λ increases in ns expression,

the e-folding number are approaches to zero. Moreover, the logamediate model

is less sensitive for exponents p and q, as both plots of Fig. 3.2 lies in the phys-

ical acceptable region for all values of p, q by fixing other parameters given in

following table.

λ p q A M

4 3 2 1× 10−1 1× 102

6.5 7 5 3× 10−2 1× 102

9 9 9 7× 10−2 1× 102

15 13 11 12× 10−3 1× 102

Table 3.2: Constraints on model parameters to find physical acceptable range of

ns and r for 1 ≤ N ≤ 300.

Now, we will implement the same procedure using the parametrization of

Hubble parameter.

3.4 G-inflation during Exponential Era:

In this case, we used the following parametrization given in Eq.(2.10) we will

achieve the DE as under

φ̇2 +
qβ

2q−1M6q
φ2p+1φ̇2q+1 = 2βαe−βt, (3.43)

which leads us to field velocity as

φ̇ =

(
Be−βt

D

) 1
2(p+q+1)

(−2q − 1

β

) −2p−1
2(p+q+1)

. (3.44)
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The above equation is integrated to obtain solution of inflaton

φ =

(−2q − 1

β

) 2q+1
2(p+q+1)

(
Be−βt

D

) 1
2(p+q+1)

, (3.45)

here D = qβ
2q−1M6q and B = 2βα.

Here, the perturbed parameters are evaluated as

Ps =
1

8π2
(αe−βt)

9
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,
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Finally, we get r as follows
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Figure 3.3: Left: r−N trajectory; Right: r−ns trajectory for α = 0.5; β = 1.8; p =

3; q = 2; A = 10−1; M = 102Mp.
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The spectral index versus e-folding number is plotted in left plot of Fig. 3.3

and tensor to scalar ratio is being plotted versus N in right plot of Fig. 3.3.

We have constraint the model parameters using this parametrization of Hubble

parameter. It is quite clear from both graphs that chosen parametric set of values

leads to generate standard results as ns = 0.968 and r = 0.010 < 0.11. Further,

it is noted that the parameter α ≤ 7 for best fit values of ns and r. The values of

other parameters is not bounded and can vary over the whole domain.
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Chapter 4

Concluding Remarks
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This thesis is devoted to explore a model with inflation inspired by GIF and

how this model is being modified by introducing a generalized coupling form

G(φ,X) = φ2p+1Xq

M6q , in the action. The analytical solutions of the inflaton field

and corresponding potential under SR approximation are obtained using spe-

cific evolution of the isotropic scale factor, i.e., intermediate, logamediate and

exponential. Consistency of the predictions of the model with observations is

being done by computing the scalar-tensor power spectra, the scalar spectral

index as well as the tensor-scalar ratio. For all the three models with inflation,

we constraint the involved model parameters for which its predictions lie inside

the allowed region from Planck data.

To check the consistency of the considered model, we plot the trajectories for

perturbed parameters. In Fig. 3.1, r−ns trajectory is plotted for constraint model

parameters. This trajectory lies in the allowed region of Planck data, which ulti-

mately verifies that intermediate form of scale factor is fitted well with observa-

tion data. The other sets of constraint values are given in Table 3.1, which also

provide compatible results. Logamediate model with inflation is constrained

for good compatibility with Planck 2015 data and represented in left and right

plots of Fig. 3.2. In this case, ns and r are plotted versus e-folding number. It is

clear from both of the graphs that ns shows compatible results for less e-folding

number while r lies in compatible region for enough e-folding number. Due to

aforementioned reason, in this case, we are unable to draw a parametric plot

r − ns. The corresponding model parameters are constraint in Table 3.2. In the

last section, the process is repeated using parametrization of Hubble parameter.

In this situation, we get linear graph in left plot of Fig. 3.3, which gives exact

value of ns = 0.967 throughout the domain of N . Whereas the right plot r − N

of Fig. 3.3 generates a fixed value of r = 0.010 for all N . The trajectory remains

the same for all other values of the model parameters.

It is worth mentioning here that our model is the generalization of all the pre-
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vious work. It can recovered already existed results on G-inflationary model for

specific values of p and q. For example, if p = −1
2

[38], then coupling parame-

ter becomes function of X , only while for q = 0 [37], it reduced to function of

inflaton field; for q = 0; p = 0 [39], the coupling G becomes a linear function of

inflaton.

The paper is submitted for publication in an international journal. Moreover,

as a future work, the reconstruction of these models is under process.
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