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Abstract

Numerical and Exact Solutions for Various Nonlinear Evolution

Equations

A soliton is a particular type of solitary wave, that is retrieved as a result of integrable NLPDE.

There are different type of solutions like analytic and approximate solutions exist. An exact

solution is a symbolic representation of a value which solves a given equation exactly, while a

numerical solution is numerical representation of a value which solves a given equation exactly

or approximately. Numerical solutions are very usefull when we are unable to retrieve analytic

solution. It is also used for comparison with analytic solutions. A lot of analytic and numer-

ical methods exists in literature to solve the NLPDEs such as Bernouli’s equation approach,

extended tanh method, modified simple equation method and RK methods etc.

In this work, our purpose is to attain bell-type, kink and anti kink type, singular solitons and

power series solutions for various forms of NLEEs. We’ll also obtain Weierstrass elliptic func-

tions, Jacobi elliptic functions in terms of hyperbolic, trigonometric and rational functions. In

this thesis, we’ll study various forms of NLEEs to attained these types of solutions with the

help of various method like sine-cosine method (SCM), csch method, tan-cot method, sub-ode

technique and residual power series method (RPSM). We will also compare our exact solutions

with numerical solutions and then represent these solutions graphically.

Key words: Nonlinear evolution equations.
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Introduction
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1.1 Soliton

A soliton is a particular type of solitary wave, that is retrieved as a result of NLPDE. The

important property of a soliton is that it conserve its shape and speed during propagation as

well as when collides with other solitons. Solitons can be formed in a mixture of materials and

are used for various purposes. In a few substances, solitons may take electrical charges, when

these charge solitons travel over numerous polymer chains, chains tends to curves. One day,

this application can be used in artificial muscles. Solitons are also used in communications,

since they can transfer a large amount of data over huge distances along without distortion in

signals. The wide applicability of the solitons implies soliton phenomena that are common in

various fields of physics. Solitons play an important role in almost all branches of physics, such

as nonlinear optics, particle physics, nuclear physics, plasma physics, biophysics, astrophysics,

hydrodynamics, low-temperature physics and condensed matter physics.

1.2 Types of solitons

Bell-type soliton Bell solitons are also called non-topological solitons. We find bell shape so-

lutions of those nonlinear PDEs which having low frequency solitons solution. The solitons

solutions of nonlinear KDV and NLSE equations have a bell shape and do not depend on am-

plitude and high frequency solution.

Figure 1.1: Bell type soliton.

Kink and Anti-kink type solitons are travelling wave solutions which ascend or descend from

one phase to another. Kink and anti-kin soliton reaches a constant at infinity.
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Figure 1.2: Kink and anti-kink type soliton.

Singular solitons The solutions having this form called Singular solitons.

Φ(z, t) = δcothα(η), η = λ (z−νt), (1.2.1)

where δ , λ and ν denotes the amplitude, inverse width and velocity of soliton and α > 0.

Figure 1.3: Singular soliton.

Bright solitons are the wave packets of light which arrange a specific energy and shape, without

any change they have the ability of propagation over significant distances and it spread with a

similar speed. In a particular water profundity range bright solitons can arise alongside dark

solitons. These pulses keep their shapes and speed after their collision. The bright solitons are

named as non-topological waves. The form of bright solitons is,

Φ(z, t) = δ sechα(η), η = λ (z−νt), (1.2.2)

where δ , λ and µ denotes the amplitude, inverse width and velocity of soliton and α > 0.
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Figure 1.4: Bright soliton.

Dark solitons are the pules of haziness inside a continuous wave, having a particular shape

and furthermore keep up their properties of spread. A contrast between the dark and the bright

solitons is that alternately to a bright soliton the speed of a dark soliton relies on its amplitude.

The dark solitons happens for the self-defocusing nonlinearities. Solitary wave form of the dark

solitons is:,

Φ(z, t) = δ tanhα(η), η = λ (z−νt). (1.2.3)

Figure 1.5: Dark soliton.

Peakons.

Highly peaked solitary wave solutions can also be read as peakons. These kind of waves are

smooth except at a corner of its crest.
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Figure 1.6: Peakons.

Cuspons.

When a solution exhibits cusps at their crests then we get another form of soliton which is called

cuspons.

Figure 1.7: Cuspons.

Compactons.

A solitons with compact spatial support is known as compactons. Compactons has special

characteristic that even two solitons collide with each other then they regain their shape and

speed.

Figure 1.8: Compactons.
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Periodic Solutions.

A travelling wave with cosine or sine function is known as periodic solution.

Figure 1.9: Periodic soliton solution.

1.3 Nonlinear evolution equation

The evolution equation have time derivative term, that is described as

gt +agxx +bgxt = 0 (1.3.1)

NLEEs are very important in different field of sciences [1]. They have a lot of applications in

various fields, especially in nonlinear science, nonlinear optics, mathematical physics, nonlinear

mechanics, atmospheric science,, marine science, particle physics etc. NLEEs justify many

environmental segments of nonlinear waves explained by equations and their solutions. To

find solitary wave solution is the basic aim for the investigation of NLEEs. There are some

well-known NLEEs have been discussed in literature like Schrödinger equation, 2D Ginzburg-

Landau equation, Phi-4 equation, model of blood flow in arteries, Zakharov-system, shallow

water equations, diffusive predator prey system etc. Cubic complex Ginzburg-Landau equation

(CCGLE) [13],

iφt−
D
2

φxx+ | φ |2 φ = iδφ + iβφxx + iε | φ |2 φ + iµ | φ |4 φ , (1.3.2)
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Non-linear coupled Boussinesq equation [37],

iEt +Exx +β1E−NE = 0, (1.3.3)

3Ntt−Nxxxx +3(N2)xx +β2Nxx− (| E |2)xx = 0 (1.3.4)

Paraxial NLSE whose dimensionless form is given, as [39]:

iqz +
α

2
qtt +

β

2
qyy + γ(| q |2)q = 0. (1.3.5)

Phi-four equation,

utt−uxx +m2u+λu3 = 0. (1.3.6)

Cubic-quartic NLSE [38],

iqt + iaqxxx +bqxxxx +F(| q |2)q = 0. (1.3.7)

The Benney-Luke equation,

utt−uxx +αuxxxx−βuxxtt +utuxx +2utuxt = 0. (1.3.8)

Diffusive predator prey system,

du
dt

= u f (u)−g(u,v)v, (1.3.9)

dv
dt

= cg(u,v)v−θv. (1.3.10)

These NLEEs possesses the soliton solutions with the special property that they conserve their

shape and speed even after interacting with each other. Soliton solutions might be obtained

from integrable NLEEs like KdV and NLSE. The accurate solutions of NLEEs also help us

by providing documentation about the design of complex physical phenomena. Therefore, the

investigation of solitary wave solutions for NLEEs shifts into an essential task in the research
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of nonlinear phenomena.

1.4 Fractional Calculus

Fractional calculus is the most important branch of mathematical analysis that investigates the

distinct possibilities of real or complex exponents of derivative or integral operators. In 1695,

it was first appeared is in a letter of l’Hospital written to Leibnitz. At the same time, Leibnitz

wrote to one of the Bernoulli brothers to explain the similarity between the Leibnitz rule for the

fractional derivative of a product of two functions and the binomial theorem. In one of Niels

Henrik Abel’s early papers, fractional calculus also discussed. In 1832, the foundations of the

subject were laid by Liouville in his paper. In 1890, Oliver Heaviside introduced the applica-

tions of fractional differential operators in electrical transmission line analysis. The theory and

applications of fractional calculus expanded greatly over the 19th and 20th centuries, and nu-

merous contributors have given definitions for fractional derivatives and integrals. Nowadays,

it is a growing field of mathematics that build out of the popular definitions of integral calcu-

lus and derivative operators. Various type of fractional derivatives has been studied, in which

Riemann-Liouville, Caputo-Fabrizo, Atangana Baleanu and conformable fractional derivatives

(CFD) are the most used ones [11, 12, 7, 10, 5, 3]. Some types of fractional derivatives at

(n−1≤ β < n).

Riemann–Liouvill fractional derivative,

aDβ

t g(t) =
1

Γ(n−β )

(
d
dt

)n ∫ t

a

g(ξ )dξ

(t−ξ )β−n+1 . (1.4.1)

Caputo–Fabrizio fractional derivative,

CF
a Dβ

t g(t) =
1

1−β

∫ t

a
g′(ξ )exp

(
−β

t−ξ

1−β

)
dξ . (1.4.2)

Hadamard fractional derivative,

aD−β

t g(t) =
1

Γ(β )

∫ t

a

(
log

t
ξ

)β−1

g(ξ )
dξ

ξ
, t > β . (1.4.3)
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Caputo-Katugampola fractional derivative,

CDβ ,ρ
a+ g(t) =

ρβ t1−β

Γ(1−β )

d
dt

∫ t

a

vρ−1

(tρ − vρ)β
[g(v)−g(a)]dv,

or

=
ρβ

Γ(1−β )

∫ t

a

g′(v)
(tρ − vρ)β

dv. (1.4.4)

Atangana-Baleanu fractional derivative,

ABDDβ

a+g(t) =
F(β )

1−β

d
dt

∫ t

a
g(x)℘β

(
−β (t−β )β

1−β

)
dx, (1.4.5)

where ℘β is Mittag–Leffler function and F(β ) is a normalize function.

1.5 Summary of the Sine-cosine, Cosech and tan-cot method

To obtain the various type of solitons we will use following assumptions.

We will assume following transformation to get bell type solitons for Sine-cosine method.

u(x, t) = λ sinβ (µx)eiϕt . (1.5.1)

The transformation to retrieve kink and anti-kink type solitons for Tan-cot approach.

u(x, t) = tanσ (υx)eiϕt . (1.5.2)

For Cosech technique we will use following assumption to get singular soliitons.

u(x, t) = Acosechα(τx)eiϕt . (1.5.3)

where , A, B are the amplitudes of the wave and µ , υ , τ are the velocities of the wave and ϕ is

phase shift.

After replacing these substitutions in NLEEs and using homogenous balance, we get a system

of equations, then we find the unknown parameters. After that we replace these parameters to

9



the original substitutions to get exact solutions of governing model.

1.6 Summary of the RPSM

In 2013, RPSM was proposed by Arqub and this is a unique scheme to obtain the power series

solutions of NLPDEs. By the given initial conditions, RPSM provides approximate analytical

solutions of the given NLPDE in truncated series with the help of residual function.

To obtain the power series solution of fractional order NLPDEs by using RPSM, we suppose

following assumption.

Dv(x, t) = N(v)+R(v), (1.6.1)

where R(v) and N(v) are the linear and nonlinear terms with the following initial condition,

v(x,0) = g(x). (1.6.2)

At initial point, the RPSM define power series solution as given,

v(x, t) = g0(x)+Σ
∞
n=1gn(x)

tβ

Γ(1+nβ )
, (1.6.3)

Where 0 < β < 1, −∞ < x < ∞, 0 < t < R.

Further we assume mth truncated series of v(x, t) is vm(x, t).

vm(x, t) = g0(x)+Σ
m
n=1gn(x)

tβ

Γ(1+nβ )
, m = 1,2,3, ... (1.6.4)

The 0th RPS approximate solution of v(x, t) is.

v0(x, t) = v(x,0) = g(x). (1.6.5)
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Now above equation can be written as,

vm(x, t) = g(x)+Σ
m
n=1gn(x)

tβ

Γ(1+nβ )
, m = 1,2,3, ... (1.6.6)

Residual function is defined as.

Resv(x, t) = Dβ

t v(x, t)−N(v)−R(v). (1.6.7)

Its mth residual function Res(v,m)(x, t).

Resv,m(x, t) = Dβ

t vm(x, t)−N(vm)−R(vm). (1.6.8)

Therefore,

Dnβ

t Res(x,0) = Dnβ

t Resm(x,0) = 0, n = 0,1,2, ,m. (1.6.9)

To eliminate the value of g1(x), g2(x), g3(x),,. We consider m = 1,2,3, and applying fractional

derivative D(m−1)β
t on both sides, m = 1,2,3, and then compute D(m−1)β

t Res(v,m)(x,0) = 0.

1.7 Summary of the Sub-ode technique

To approach this sub ode, we suppose the following solution: [28, 29]

G(η) = µMm(η), µ > 0 (1.7.1)

here m is a parameter and M(η) satisfies the equation:

M′2(η) = ϒM2−2p(η)+∆M2−p(η)+ΛM2(η)+ΠM2+p(η)+ΨM2+2p(η), p > 0, (1.7.2)
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here ϒ,∆,Λ,Π and Ψ are constants. By using homogeneous balance method we can find m in

Eq. (1.7.1) given as ,

D(φ1) = m, D(φ 2) = 2m, , ... D(φ ′) = m+ p, D(φ ′′) = m+2p, ... (1.7.3)

Thus Eq. (1.7.2) has following solutions cases:

Case 1: When ϒ = ∆ = Π = 0, we have a bell type soliton solution for Eq. (1.7.2) as:

G(η) =

[√
−Λ

Ψ
sech(

√
Λpη)

] 1
p

, Λ > 0, Ψ < 0, (1.7.4)

a periodic solution

G(η) =

[√
−Λ

Ψ
sec(
√
−Λpη)

] 1
p

, Λ < 0, Ψ > 0, (1.7.5)

and a rational solution

G(η) =

[
ε√

Ψpη

] 1
p

, Λ = 0, Ψ > 0, ε =±1. (1.7.6)

Case 2: If ∆ = Π = 0, ϒ = Λ2

4Ψ
, then Eq. (1.7.2) has a kink type soliton:

G(η) =

[
ε

√
−Λ

Ψ
tanh(

√
Λpη)

] 1
p

, Λ > 0, Ψ < 0, ε =±1, (1.7.7)

and a periodic solution

G(η) =

[
ε

√
−Λ

Ψ
tan(
√
−Λpη)

] 1
p

, Λ < 0, Ψ > 0, ε =±1, (1.7.8)

Case 3: If ∆ = Π = 0, then Eq. (1.7.2) has following three JEF solutions:

G(η) =

[√
− Λm2

Ψ(2m2−1)
cn
(√

Λ

(2m2−1)
pη

)] 1
p

, Λ > 0, ϒ =
Λ2m2(m2−1)
Ψ(2m2−1)2 , (1.7.9)
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G(η) =

[√
− Λ

Ψ(2−m2)
dn
(√

Λ

(2−m2)
pη

)] 1
p

, Λ > 0, ϒ =
Λ2(1−m2)

Ψ(2−m2)2 , (1.7.10)

and

G(η) =

[√
− Λm2

Ψ(m2 +1)
sn
(√
− Λ

(m2 +1)
pη

)] 1
p

, Λ < 0, ϒ =
Λ2m2

Ψ(m2 +1)2 . (1.7.11)

Case 6: For ∆ = Π = 0, the WEF solutions are obtained for Eq. (1.7.2) as:

G(η) =

[
1
Ψ

℘(pη ,g2,g3)−
Λ

3

] 1
2p

, (1.7.12)

where g2 =
4Λ2

3 and g3 =
4Λ(−2Λ2)

27 .

G(η) =
3
√

Ψ−1℘′(pη ,g2,g3)

6℘(pη ,g2,g3)+Λ

1
p

, (1.7.13)

where g2 =
Λ2
12 and g3 = 0.

Case 7: If ∆ = Π = 0 and ϒ = 5Λ2

36Ψ
the Eq. (1.7.2) has following WEF solutions :

G(η) =

[
Λ

√
−15Λ

2Ψ
℘(pη ,g2,g3)

3℘(pη ,g2,g3)+Λ

] 1
p

, (1.7.14)

where g2 =
2Λ2

9 and g3 =
Λ3

54 . Here g2 and g3 are known as invariant WEF.

Case 8: For ϒ = ∆ = 0, the following bell type and kink type solutions for Eq. (1.7.2) are

obtained:

G(η) =

(
1

cosh(
√

Λpη)

) 1
p

, Λ > 0, Π = 0, Ψ =
Π2

4Λ
−Λ, (1.7.15)

G(η) =

(
1
2

√
Λ

Ψ

[
1+ ε tanh

(
1
2

√
Λpη

)]) 1
p

, Λ > 0, Ψ > 0, Π = 0, ε =±1, (1.7.16)
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and

G(η) =

(
1

(1
2 pη)2−Ψ

) 1
p

, Λ = 0, Π = 0, Ψ =< 0. (1.7.17)

Case 9: Forϒ = ∆ = 0,Λ > 0 ,then the following hyperbolic functions solutions for Eq. (1.7.2)

are obtained:

G(η) =

[
2Λsech2(

√
Λ

2 pη)

[
√
−4ΛΨ]sech2(

√
Λ

2 pη)−2
√
−4ΛΨ

]
1
p , Π

2−4ΛΨ > 0 (1.7.18)

G(η) =

(
2Λcsch2(

√
Λ

2 p η)

[
√
−4ΛΨ]csch2(

√
Λ

2 pη)+2
√
−4ΛΨ

) 1
p

, Π
2−4ΛΨ > 0 (1.7.19)

Case 10: Forϒ = ∆ = 0,Λ < 0 ,then the following periodic functions solutions for Eq. (1.7.2)

are obtained:

G(η) =

(
2Λsec2(

√
−Λ

2 p η)

[
√
−4ΛΨ]sec2(

√
−Λ

2 p η)−2
√
−4ΛΨ

) 1
p

, Π
2−4ΛΨ > 0 (1.7.20)

G(η) =

(
2Λcsc2(

√
−Λ

2 p η)

[
√
−4ΛΨ]csc2(

√
−Λ

2 p η)−2
√
−4ΛΨ

) 1
p

, Π
2−4ΛΨ > 0 (1.7.21)

1.8 Literature review

Many authors studied NLEEs for various kinds of soliton solutions. Mirzazadeh et al. [13]

obtained the OS with complex Ginzburg-Landau equation. Wazwaz employed sine-cosine ap-

proach to obtain various types of dromions for non linear wave equation. They also used the

same technique for obtaining diverse forms of solitons having both compact and non-compact

characteristics [15]. Belic et al. [16] obtained OS in nonlinear directional couplers by Bernoullis

equation approach Biswas and Triki [17] studied the OS for cubic-quartic NLSE with Kerr law

and non Kerr nonlinearities. Anwar et al. retrieved singular solitons for the Kaup Newell

equation by using cosech method [32]. Jawad and Anwar obtained dark solitons solution of

space-time Bogoyavlenskii and Konopelchenko Dubrovsky coupled system with the aid of tan-

cot method [33]. Dubey et al. worked on time-fractional NLEE with the aid of RPSM [20].
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Mahmood et al. compared the analytical and numerical solutions of Boussinesq-Burgers equa-

tion using RPSM [21]. Chen et al. achieved the solution of NLEEs with variable coefficients by

using power series method [22]. Arafa et al. worked on fractional coupled physical equations

with help of same technique [23]. Alka et al. retrieved chirped and chirped free solitons of

cubic quintic NLSE with self frequency shift [40]. Triki et al. applied the sub-ode scheme on

NLSE with continuous wave background to compute the chirped solitons [41]. Using sub-ode

approach, Zayeda et al. computed the chirped and chirped free solitons for Bragg equation [42].

Ghanbari and Atangana studied some applications of ABFD in image processing [24]. Jarad

et al. studied uniqueness and existence conditions for numerous ordinary differential equations

with ABFD [25]. Owolabi displayed relationship between dynamical system and ABFD [26].

Peter et al. used AB Operator to analyse fractional order mathematical model of COVID-19 in

Nigeria [27]
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Chapter 2

Bell type, Kink and Anti-kink type, Power series solutions for
CIMA chemical equations
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In 1990, the first practical observation of a Turing pattern in a chemical reactor was observed

by De Keppers group, who observed a spotty pattern in a CIMA reaction. The ClO2− I−MA

reaction (CIMA) is chemically described as follow:

MA+ I2→ IMA+ I−+H+

ClO2 + I−→ClO−2 +
1
2

I2

ClO−2 +4I−+4H+→CL−+2I2 +2H2O

In open gel reactors, the practical on the CIMA reaction has elaborated the existence of sta-

tionary space periodic concentration patterns known as turing structures. Later, Lengyel and

Epstein [30] proposed that due to the iodine activator species formed a reversible complex of

low mobility where these patterns could arise. Particularly, they have also developed [31] a

simple two-variable model known as CIMA model. The corresponding dimensionless CIMA

chemical equation have following form:

ut−uxx−5α +u+
4uv

1+u2 = 0, x ∈ Λ, t > 0, (2.0.1)

vt−m(vxx +u− uv
1+u2 ) = 0, x ∈ Λ, t > 0, (2.0.2)

where Λ is a connected domain in Rn, (n ≥ 1), with smooth boundary ∂Λ. Our aim is to find

exact and numerical solutions for LE system of CIMA chemical equations by applying four

methods, namely sin-cosine method (SCM), cosech technique, tan-cot approach and RPSM in

this chapter. SCM is applicable to get bell type soliton, cosech method gives singular, tan-cot

scheme provides kink type solution and RPSM is applied to get power series solution.

We assume the following transformation,

u(x, t) =U(ξ ), v(x, t) =V (ξ ), ξ = x− ct. (2.0.3)
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After substituting in Eq. (2.0.1) and Eq. (2.0.2), we have,

−cU− cU3−U ′′−U ′′U2−5α(1+U2)+U +U3 +4UV = 0, (2.0.4)

−cV − cVU2−m(V ′′+V ′′U2 +U +U3−UV ) = 0. (2.0.5)

2.1 SCM

Now, we assume following assumption for Eq. (2.0.4) and Eq. (2.0.5)[16],

U(ξ ) = λ cosβ (µξ ), V (ξ ) = γ cosn(µξ ), (2.1.1)

By using Eq. (2.1.1) into Eq. (2.0.4) and Eq. (2.0.5) and comparing the coefficients of least

power and highest nonlinear term of cos(µξ ), we get β = −1, n = −1 and following set of

algebraic equations:

λ
3(1− c)+2µ

2
λ = 0, (2.1.2)

−cλ +λ = 0, (2.1.3)

−2mγµ
2 =−mλ

3, (2.1.4)

−cλ =−mλ , (2.1.5)

−cγλ
2 = mγλ , (2.1.6)

After solving these equations, we get

µ =

√
λ 2(c−1)

2
, λ =

−m
c

, γ =
−m2

c2 ,

Thus, we get

u(x, t) =
−m

c
sech(

√
λ 2(c−1)

2
(x− ct)), (2.1.7)
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and

v(x, t) =
−m2

c2 sech(

√
λ 2(c−1)

2
(x− ct)). (2.1.8)

(a) (b) (c)

Figure 2.1: Graphical representation of u(x, t) for Eq. (2.1.7) (a) shows 3-D graph x ∈ [-10, 10]
and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot in [-4, 4]
and [-4, 4].

(a) (b) (c)

Figure 2.2: Graphical representation of v(x, t) for Eq. (2.1.8) (a) shows 3-D graph x ∈ [-10, 10]
and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot in [-4, 4]
and [-4, 4].
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2.2 Csch method

Now, we assume the following transformation [32],

U(ξ ) = Acschτ(ηξ ), V (ξ ) = Bcschγ(ηξ ), (2.2.1)

After putting into Eq. (2.0.4) and Eq. (2.0.5) and comparing the coefficients of least power and

highest nonlinear term of csch(µξ ), then we get τ = 1, γ = 1 and the following set of algebraic

equations:

−cA+A−Aη
2 = 0, (2.2.2)

−2Aη
2 = A3(1− c), (2.2.3)

−cA2B−mA3 = 0, (2.2.4)

−mA− cB = 0, (2.2.5)

−2mBη
2 +mAB = 0, (2.2.6)

After solving above equations, we get

η =
√

c−1, A =

√
2η2

c−1
, B =

−m
c

√
2η2

c−1

Hence, we get

u(x, t) =

√
2η2

c−1
csch(

√
c−1(x− ct)), (2.2.7)

and

v(x, t) =
−m

c

√
2η2

c−1
csch(

√
c−1(x− ct)). (2.2.8)
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(a) (b) (c)

Figure 2.3: Graphical representation of u(x, t) for Eq. (2.2.7) (a) shows 3-D graph x ∈ [-10, 10]
and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot in [-4, 4]
and [-4, 4].

(a) (b) (c)

Figure 2.4: Graphical representation of v(x, t) for Eq. (2.2.8) (a) shows 3-D graph x ∈ [-10, 10]
and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot in [-4, 4]
and [-4, 4].

2.3 tan−cot method

Here we consider the following transformation [33],

U(ξ ) =C tanβ (µξ ), V (ξ ) = D tanγ(µξ ), (2.3.1)

Using above transformation into Eq. (2.0.4) and Eq. (2.0.5) and comparing the coefficients of

least power and highest nonlinear term of tan(µξ ), then we get β = 2, γ = 4 and following set
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of algebraic equations:

2C3
µ

2 =−5αC2, (2.3.2)

−cC+λ = 0, (2.3.3)

C(1− c) =−8Cµ
2, (2.3.4)

−cD−16Dµ
2 = 0, (2.3.5)

After solving above equations, we get

µ =

√
(c−1)

8
, C =

−5α

2µ2 , D =
(1− c)(−5α

2µ2 )
2

4

.

Finally, we get

u(x, t) =
−5α

2µ2 tanh2(

√
(c−1)

8
(x− ct)), (2.3.6)

and

v(x, t) =
(1− c)(−5α

2µ2 )
2

4
tanh4(

√
(c−1)

8
(x− ct)). (2.3.7)
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(a) (b) (c)

Figure 2.5: Graphical representation of u(x, t) for Eq. (2.3.6) (a) shows 3-D graph x ∈ [-10, 10]
and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot in [-4, 4]
and [-4, 4].

(a) (b) (c)

Figure 2.6: Graphical representation of v(x, t) for Eq. (2.3.7) (a) shows 3-D graph x ∈ [-10, 10]
and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot in [-4, 4]
and [-4, 4].

2.4 RPSM method

Consider the LE system of CIMA chemical reaction,

Dα
t u−uxx−5α +u+

4uv
1+u2 = 0, (2.4.1)

Dα
t v−m(vxx +u− uv

1+u2 ) = 0. (2.4.2)
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subject to the initial conditions.

u(x,0) = f0(x), (2.4.3)

v(x,0) = g0(x). (2.4.4)

We define a residual function for Eq. (2.4.1) and Eq. (2.4.2) as

Resu(x, t) = Dα
t u−uxx−5α +u+

4uv
1+u2 , (2.4.5)

Resv(x, t) = Dα
t v−m(vxx +u− uv

1+u2 ). (2.4.6)

Therefore the kth residual function Resu,k(x, t) and Resv,k(x, t)

Resu,k(x, t) = Dα
t uk−uk,xx−5α +uk +

4ukvk

1+u2
k
, (2.4.7)

Resv,k(x, t) = Dα
t vk−m(vk,xx +uk−

ukvk

1+u2
k
). (2.4.8)

Let us consider the series solution,

uk(x, t) = f0(x)+Σ
k
n=1 fn(x)

tα

Γ(1+nα)
, (2.4.9)

vk(x, t) = g0(x)+Σ
k
n=1gn(x)

tα

Γ(1+nα)
. (2.4.10)

To find the f1 and g1 put k = 1, then

u1(x, t) = f0(x)+ f1(x)
tα

Γ(1+α)
, (2.4.11)

v1(x, t) = g0(x)+g1(x)
tα

Γ(1+α)
. (2.4.12)
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Resu,1(x, t) = Dα
t u1−u1,xx−5α +u1 +

4u1v1

1+u2
1
, (2.4.13)

Resv,1(x, t) = Dα
t v1−m(v1,xx +u1−

u1v1

1+u2
1
). (2.4.14)

now inserting Eq. (2.4.11) and Eq. (2.4.12) into Eq. (2.4.13) and Eq. (2.4.14) respectively, we

get

Resu,1(x, t) = f1(x)− ( f ′′0 (x)+ f ′′1 (x)
tα

Γ(1+α)
)−5α +( f0(x)+ f1(x)

tα

Γ(1+α)
)

+
4( f0(x)+ f1(x) tα

Γ(1+α))(g0(x)+g1(x) tα

Γ(1+α))

1+( f0(x)+ f1(x) tα

Γ(1+α))
2

,

Resv,1(x, t) = g1(x)−m(g′′0(x)+g′′1(x)
tα

Γ(1+α)
)+(g0(x)+g1(x)

tα

Γ(1+α)
)

−
( f0(x)+ f1(x) tα

Γ(1+α))(g0(x)+g1(x) tα

Γ(1+α))

1+( f0(x)+ f1(x) tα

Γ(1+α))
2

.

By given initial condition we have,

D(k−1)α
t uk(x,0) = 0, (2.4.15)

D(k−1)α
t vk(x,0) = 0. (2.4.16)

f1(x) = f ′′0 (x)+5α− f0(x)−
f0(x)g0(x)
1+ f 2

0 (x)
, (2.4.17)

g1(x) = m(g′′0(x)+ f0(x)−
f0(x)g0(x)
1+ f 2

0 (x)
). (2.4.18)
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Similarly, we can find higher order terms by putting k = 2,3,4, .... Thus Eq. (2.4.11) and Eq.

(2.4.12) becomes,

u1(x, t) = f0(x)+( f ′′0 (x)+5α− f0(x)−
f0(x)g0(x)
1+ f 2

0 (x)
)

tα

Γ(1+α)
, (2.4.19)

v1(x, t) = g0(x)+(m(g′′0(x)+ f0(x)−
f0(x)g0(x)
1+ f 2

0 (x)
))

tα

Γ(1+α)
. (2.4.20)

Case 1:

u(x,0) = f0(x) = λ sech(

√
λ 2(c−1)

2
(x)), (2.4.21)

v(x,0) = g0(x) = γsech(

√
λ 2(c−1)

2
(x− ct)). (2.4.22)

Now replacing the values of f0(x) and g0(x) in Eq. (2.4.19) and Eq. (2.4.20),

u1(x, t) = λ sech(

√
λ 2(c−1)

2
(x))+(5α− 8γλ

1+2λ 2 + cosh(λ
√

2−2cx)
−λ sech(

√
λ 2(c−1)

2
(x))(2.4.23)

+
1
2
(c−1)λ 3sech(

√
λ 2(c−1)

2
(x))−4(c−1)λ 3cosech3(

√
λ 2(c−1)

2
(x))sinh5(

√
λ 2(c−1)

2
(x)))

tα

Γ(1+α)
,(2.4.24)

v1(x, t) = (γ +
mλ

2
(2+ γλ (c−1)−

4γ cosh(
√

λ 2(c−1)
2 (x))

1+2λ 2 + cosh(λ
√

2−2cx)
)sech(

√
λ 2(c−1)

2
(x)))

tα

Γ(1+α)
.(2.4.25)

Case 2:

u(x,0) = f0(x) = Acsch(
√

c−1(x)), (2.4.26)

v(x,0) = g0(x) = Bcsch(
√

c−1(x)). (2.4.27)
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Now by replacing the values of f0(x) and g0(x) in Eq. (2.4.19) and Eq. (2.4.20),

u1(x, t) = A(csch[
√

1− c]x)+(5α−Acsch[
√

1− cx]− (−1+ c)Acoth[
√

1− cx]2csch[
√

1− cx](2.4.28)

−(−1+ c)Acsch[
√

1− cx]3− 4ABcsch[
√

1− cx]2

1+A2csch[
√

1− cx]2
tα

Γ(1+α)
,(2.4.29)

v1(x, t) = Bcsch[
√

1− cx]+ (Acsch[
√

1− cx]− (−1+ c)Bcoth[
√

1− cx]2csch[
√

1− cx](2.4.30)

−(−1+ c)Bcsch[
√

1− cx]3− ABcsch[
√

1− cx]2

1+A2csch[
√

1− cx]2
tα

Γ(1+α)
.(2.4.31)

Case 3:

u(x,0) = f0(x) = λ tanh2(

√
(c−1)

8
(x)), (2.4.32)

v(x,0) = g0(x) = γ tanh4(

√
(c−1)

8
(x)). (2.4.33)

By replacing the values of f0(x) and g0(x) into Eq. (2.4.19) and Eq. (2.4.20),

u1(x, t) = λ tanh[
(
√

1− cx)
(2
√

2)
]+5α +2(−1+ c)λcsch[(

√
1− cx)

√
2]3 sinh[

(
√

1− cx)
(2
√

2)
]4−λ tanh[

√
1− cx
(2
√

2)
](2.4.34)

−
4λγ tanh2[

√
1−cx
2
√

2
]

1+λ 2 tanh2[ (
√

1−cx)
2
√

2
]

tα

Γ(1+α)
,(2.4.35)

v1(x, t) = γ tanh[
(
√

1− cx)
(2
√

2)
]+ [2(−1+ c)γcsch3[

(
√

1− cx)
2
√

2
]sinh4[

(
√

1− cx)
(2
√

2)
]+λ tanh[

(
√

1− cx)
(2
√

2)
](2.4.36)

−
γλ tanh2[

√
1−cx
2
√

2
]

(1+λ 2 tanh2[ (
√

1−cx)
(
√

2)
])
]

tα

Γ(1+α)
.(2.4.37)
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2.5 Results and Discussion

Now we will analyze our derived results in detail. In this work, we produced bell shaped, kink-

type, singular soliton and power series solutions for CIMA chemical equations. sine-cosine ap-

proach provided bell shaped soliton, csch technique gave singular soliton and tan−cot method

calculate kink-type soliton solution. We also obtained numerical solutions for our governing

model with the aid of RPS architectonic. We classified the structure of our new obtained solu-

tions, and shown our results in the form of 3-D, 2-D and contour graphs.

(a) (b) (c)

Figure 2.7: Graphical representation of u1(x, t) in Eq. (2.4.24) at α = 1 (a) shows 3-D graph x
∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].

(a) (b) (c)

Figure 2.8: Graphical representation of u1(x, t) in Eq. (2.4.24) at α = 2 (a) shows 3-D graph x
∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].
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(a) (b) (c)

Figure 2.9: Graphical representation of u1(x, t) in Eq. (2.4.24) at α = 1
2 (a) shows 3-D graph x

∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].

(a) (b) (c)

Figure 2.10: Graphical representation of v1(x, t) in Eq. (2.4.25) at α = 1 (a) shows 3-D graph x
∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].
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(a) (b) (c)

Figure 2.11: Graphical representation of v1(x, t) in Eq. (2.4.25) at α = 2 (a) shows 3-D graph x
∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].

(a) (b) (c)

Figure 2.12: Graphical representation of v1(x, t) in Eq. (2.4.25) at α = 1
2 (a) shows 3-D graph x

∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].
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(a) (b) (c)

Figure 2.13: Graphical representation of u1(x, t) in Eq. (2.4.29) at α = 1 (a) shows 3-D graph x
∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].

(a) (b) (c)

Figure 2.14: Graphical representation of u1(x, t) in Eq. (2.4.29) at α = 2 (a) shows 3-D graph x
∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].
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(a) (b) (c)

Figure 2.15: Graphical representation of u1(x, t) in Eq. (2.4.29) at α = 1
2 (a) shows 3-D graph

x ∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour
plot in [-4, 4] and [-4, 4].

(a) (b) (c)

Figure 2.16: Graphical representation of v1(x, t) in Eq. (2.4.30) at α = 1 (a) shows 3-D graph x
∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].
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(a) (b) (c)

Figure 2.17: Graphical representation of v1(x, t) in Eq. (2.4.30) at α = 2 (a) shows 3-D graph x
∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].

(a) (b) (c)

Figure 2.18: Graphical representation of v1(x, t) in Eq. (2.4.30) at α = 1
2 (a) shows 3-D graph x

∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].
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(a) (b) (c)

Figure 2.19: Graphical representation of u1(x, t) in Eq. (2.4.35) at α = 1 (a) shows 3-D graph x
∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].

(a) (b) (c)

Figure 2.20: Graphical representation of u1(x, t) in Eq. (2.4.35) at α = 2 (a) shows 3-D graph x
∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].
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(a) (b) (c)

Figure 2.21: Graphical representation of u1(x, t) in Eq. (2.4.35) at α = 1
2 (a) shows 3-D graph

x ∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour
plot in [-4, 4] and [-4, 4].

(a) (b) (c)

Figure 2.22: Graphical representation of v1(x, t) in Eq. (2.4.36) at α = 1 (a) shows 3-D graph x
∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].
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(a) (b) (c)

Figure 2.23: Graphical representation of v1(x, t) in Eq. (2.4.36) at α = 2 (a) shows 3-D graph x
∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].

(a) (b) (c)

Figure 2.24: Graphical representation of v1(x, t) in Eq. (2.4.36) at α = 1
2 (a) shows 3-D graph x

∈ [-10, 10] and t ∈ [0, 5], (b) express 2-D plot in [-10, 10] and [0, 1.0], (c) express contour plot
in [-4, 4] and [-4, 4].
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Table 2.1: Comparison of exact u(x, t) and approximate solution u1(x, t)

u(exact) u1(approximate) Abs error
0.882696 0.905261 0.0225654
0.865725 0.979029 0.113304
0.843551 1.07124 0.227689
0.820484 1.16345 0.342966
0.796705 1.25566 0.458955

Table 2.2: Comparison of exact v(x, t) and approximate solution v1(x, t)

v(exact) v1(approximate) Abs error
0.77239 0.481882 0.290507
0.77239 0.481882 0.290507
0.77239 0.481882 0.290507
0.77239 0.481882 0.290507
0.77239 0.481882 0.290507

The results of this chapter has been published in [44].
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Chapter 3

Applications of residual power series and sub ode architectonic
to Antagana conformable fractional Lotka-Volterra model
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One of the renowned NLPDE is ACFLV model given as [34]:

Dα
t Φ = Φxx−βΦ+(1+β )Φ2−Φ

3−ΦΨ, (3.0.1)

Dα
t Ψ = Ψxx + kΦΨ−mΨ−δΨ

3. (3.0.2)

where 0 < α < 1, k, δ , m, β are positive arbitrary parameters which explains the consumer or

predators, biomass of plants, number of prey and mortality rate of predators. x and t describes

growth rate of prey and attack time respectively. We suppose the following assumptions for

dynamics of the diffusive PP model as m = β and k+ 1√
δ
−m = 1. Thus Eq. (3.0.1) and Eq.

(3.0.2) becomes

Dα
t Φ = Φxx−βΦ+(k+

1√
δ
)Φ2−Φ

3−ΦΨ, (3.0.3)

Dα
t Ψ = Ψxx + kΦΨ−βΨ−δΨ

3. (3.0.4)

This system is depicted by the population size of predator and prey.

We use following assumption [34],

Φ(x, t) = ∆(ζ ), Ψ(x, t) = Θ(ζ ), (3.0.5)

where

ζ = x− c
ε
(t +

1
Γ(ε)

)ε .

Now using Eq. (3.0.5) and its corresponding transformation into Eq. (3.0.3) and Eq. (3.0.4),

we get

∆
′′+ c∆

′−β∆+(k+
1√
δ
)∆2−∆

3−∆Θ = 0, (3.0.6)

Θ
′′+ cΘ

′+ k∆Θ−βΘ−δΘ
3 = 0. (3.0.7)
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where c is a constant. By using relation between ∆ and Θ as Θ = ∆√
δ

yeilds,

∆
′′+ c∆

′− γ∆+ k∆
2−∆

3 = 0. (3.0.8)

The chapter is written in the following sequence: in sec. 3.1, we use sub-ode approach to

obtain bell type solitons, kink and anti-kink type solitons, JEF, WEF, hyperbolic and parabolic

functions, in sec. 3.2, we use RPSM to obtain some numerical solutions. In sec. 3.3, we

discussed our results in details.

3.1 Sub-ODE method

We will use the following transformation for Eq. (3.0.8) [43]:

∆(ζ ) = µHr(ζ ), µ > 0 (3.1.1)

where µ is a parameter and H(ζ ) satisfies the equation:

H ′2(ζ ) = QH2−2p(ζ )+RH2−p(ζ )+SH2(ζ )+UH2+p(ζ )+T H2+2p(ζ ), p > 0, (3.1.2)

here Q,R,S,T,U are constants. We determine r in Eq. (3.1.1) with the help of homogenous

balance technique,

D(ζ ) = r,D(ζ 2) = 2r, , ... D(ζ ′) = r+ p,D(ζ ′′) = r+2p, ... (3.1.3)

we get p = r. For Eq. (3.0.8), we get the system of equations:

H3p(ζ ) : 2p2T µ−µ
3 = 0,

H2p(ζ ) :
3
2

T p2 +Uµ
2 = 0,

H p(ζ ) : mµ +Sp2
µ− γµ = 0, (3.1.4)
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Type 1a. By substituting Q = R =U = 0 in Eq. (3.1.4) and we get values of following param-

eters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that,

Φ1,1(x, t) =
√

2T p
√

m− γ

p2T
sech

(
p ζ
√
−m+ γ

p

)
, (3.1.5)

Ψ1,1(x, t) =
1√
δ

√
2T p

√
m− γ

p2T
sech

(
p ζ
√
−m+ γ

p

)
. (3.1.6)

(a) (b) (c)

Figure 3.1: Dynamical behaviour of Φ(x, t) in Eq. (3.1.5).

Type 1b. By substituting Q = R =U = 0 in Eq. (3.1.4) and we get values of following param-

eters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ1,2(x, t) =
√

2T p
√

m− γ

p2T
sec
(

p ζ
√

m− γ

p

)
, (3.1.7)

Ψ1,2(x, t) =
1√
δ

√
2T p

√
m− γ

p2T
sec
(

p ζ
√

m− γ

p

)
. (3.1.8)
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(a) (b) (c)

Figure 3.2: The graph of Φ(x, t) in Eq. (3.1.7).

Type 1c. By substituting Q = R =U = 0 in Eq. (3.1.4) and we get values of following param-

eters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ1,3(x, t) =

√
2pε

pζ
, (3.1.9)

Ψ1,3(x, t) =
1√
δ

√
2pε

pζ
. (3.1.10)

(a) (b) (c)

Figure 3.3: Dynamical behaviour of Φ(x, t) in Eq. (3.1.9).

Type 2a. By substituting R =U = 0 in Eq. Eq. (3.1.4) and we get values of following parame-
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ters..

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ2,1(x, t) =
√

2T p
√

m− γ

p2T
ε tanh

(
p ζ
√

m+ γ

p2

)
, (3.1.11)

Ψ2,1(x, t) =
1√
δ

√
2T p

√
m− γ

p2T
ε tanh

(
p ζ
√

m+ γ

p2

)
. (3.1.12)

(a) (b) (c)

Figure 3.4: The graphical representation of Φ(x, t) in Eq. (3.1.11).

Type 2b. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ2,2(x, t) =
√

2T p
√

m− γ

p2T
ε tan

(
p ζ
√

m+ γ

p2

)
, (3.1.13)

Ψ2,2(x, t) =
1√
δ

√
2T p

√
m− γ

p2T
ε tan

(
p ζ
√

m+ γ

p2

)
. (3.1.14)

43



(a) (b) (c)

Figure 3.5: The graph of Φ(x, t) in Eq. (3.1.13).

Type 3a. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that,

Φ3,1(x, t) =
√

2T p
√

m− γ

p2T
sech

(
p ζ
√
−m+ γ

p

)
, (3.1.15)

Ψ3,1(x, t) =
1√
δ

√
2T p

√
m− γ

p2T
sech

(
p ζ
√
−m+ γ

p

)
. (3.1.16)

(a) (b) (c)

Figure 3.6: The graph of Φ(x, t) in Eq. (3.1.15).
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Type 3b. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ3,2(x, t) =
√

m− γ sech
(

ζ
√
−m+ γ√

2

)
, (3.1.17)

Ψ3,2(x, t) =
1√
δ

√
m− γ sech

(
ζ
√
−m+ γ√

2

)
. (3.1.18)

(a) (b) (c)

Figure 3.7: The shape-profile of Φ(x, t) in Eq. (3.1.17).

Type 4a. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ4,1(x, t) =
√

2T p

√
m− γ

3p2 +℘

(
pζ ,

4(m− γ)2

3p4 ,
8(m− γ3)

27p6

)
, (3.1.19)

Ψ4,1(x, t) =
1√
δ

√
2T p

√
m− γ

3p2 +℘

(
pζ ,

4(m− γ)2

3p4 ,
8(m− γ3)

27p6

)
. (3.1.20)
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(a) (b) (c)

Figure 3.8: Dynamical behaviour of Φ(x, t) in Eq. (3.1.19).

Type 4b. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ4,2(x, t) =
3
√

2p2 p
√

T℘

(
pζ , (m−γ)2

12p4 ,0
)

−m+ γ +6p2℘

(
pζ , (m−γ)2

12p4 ,0
) , (3.1.21)

Ψ4,2(x, t) =
1√
δ

3
√

2p2 p
√

T℘

(
pζ , (m−γ)2

12p4 ,0
)

−m+ γ +6p2℘

(
pζ , (m−γ)2

12p4 ,0
) . (3.1.22)
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(a) (b) (c)

Figure 3.9: Graphical representation of Φ(x, t) in Eq. (3.1.21).

Type 5. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ5(x, t) =

√
15p2 pT

3
2℘

(
pζ , 2(m−γ)2

9p4 , (−m+γ)3

54p6

)
m− γ−3p2℘

(
pζ , 2(m−γ)2

9p4 , (−m+γ)3

54p6

) , (3.1.23)

Ψ5(x, t) =
1√
δ

√
15p2 pT

3
2℘

(
pζ , 2(m−γ)2

9p4 , (−m+γ)3

54p6

)
m− γ−3p2℘

(
pζ , 2(m−γ)2

9p4 , (−m+γ)3

54p6

) . (3.1.24)
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(a) (b) (c)

Figure 3.10: The graph of Φ(x, t) in Eq. (3.1.23).

Type 6a. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ6,1(x, t) =
1

n
3(−m+γ) +

cosh

(
pζ
√
−m+γ

p

)
√

2T p

, (3.1.25)

Ψ6,1(x, t) =
1√
δ

1

n
3(−m+γ) +

cosh

(
pζ
√
−m+γ

p

)
√

2T p

. (3.1.26)

(a) (b) (c)

Figure 3.11: The graphical representation of Φ(x, t) in Eq. (3.1.25).
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Type 6b. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ6,2(x, t) =
p
√

T
√
−m+γ

p2T

(
1+ ε tanh

(
1
2 pζ

√
−m+γ

p2

))
√

2
, (3.1.27)

Ψ6,2(x, t) =
1√
δ

p
√

T
√
−m+γ

p2T

(
1+ ε tanh

(
1
2 pζ

√
−m+γ

p2

))
√

2
. (3.1.28)

(a) (b) (c)

Figure 3.12: The graph of Φ(x, t) in Eq. (3.1.27).

Type 6c. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ6,3(x, t) =
4p
√

2T
pζ 2−4T

, (3.1.29)

Ψ6,3(x, t) =
1√
δ

4p
√

2T
pζ 2−4T

. (3.1.30)
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(a) (b) (c)

Figure 3.13: Dynamical behaviour of Φ(x, t) in Eq. (3.1.29).

Type 7a. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ7,1(x, t) =

√
2p
√

T (m−γ)
p2 sech2

(
1
2 pζ

√
−m+γ

p2

)
√

T
(

2− sech2
(

1
2 pζ

√
−m+γ

p2

)) , (3.1.31)

Ψ7,1(x, t) =
1√
δ

√
2p
√

T (m−γ)
p2 sech2

(
1
2 pζ

√
−m+γ

p2

)
√

T
(

2− sech2
(

1
2 pζ

√
−m+γ

p2

)) . (3.1.32)

Type 7b. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ7,2(x, t) =−

√
2p
√

T (m−γ)
p2 csch2

(
1
2 pζ

√
−m+γ

p2

)
√

T
(

2+ csch2
(

1
2 pζ

√
−m+γ

p2

)) , (3.1.33)
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Ψ7,2(x, t) =−
1√
δ

√
2p
√

T (m−γ)
p2 csch2

(
1
2 pζ

√
−m+γ

p2

)
√

T
(

2+ csch2
(

1
2 pζ

√
−m+γ

p2

)) . (3.1.34)

Type 8a. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ8,1(x, t) =

√
2p
√

T (m−γ)
p2 sec2

(
1
2 pζ

√
−m+γ

p2

)
√

T
(

2− sec2
(

1
2 pζ

√
−m+γ

p2

)) , (3.1.35)

Ψ8,1(x, t) =
1√
δ

√
2p
√

T (m−γ)
p2 sec2

(
1
2 pζ

√
−m+γ

p2

)
√

T
(

2− sec2
(

1
2 pζ

√
−m+γ

p2

)) . (3.1.36)

Type 8b. By substituting R =U = 0 in Eq. (3.1.4) and we get values of following parameters.

µ =
√

2T p; S =
γ−m

p2 ,

provided that

Φ8,2(x, t) =−

√
2p
√

T (m−γ)
p2 csc2

(
1
2 pζ

√
−m+γ

p2

)
√

T
(

2− csc2
(

1
2 pζ

√
−m+γ

p2

)) , (3.1.37)

Ψ8,2(x, t) =−
1√
δ

√
2p
√

T (m−γ)
p2 csc2

(
1
2 pζ

√
−m+γ

p2

)
√

T
(

2− csc2
(

1
2 pζ

√
−m+γ

p2

)) . (3.1.38)

In the next section, we will find power series solutions using RPSM [23].
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3.2 RPSM method [22]

Consider Eq. (3.0.1) and Eq. (3.0.2), subject to the initial conditions.

Φ(x,0) = f0(x), (3.2.1)

Ψ(x,0) = g0(x). (3.2.2)

We define a residual function for Eq. (3.0.1) and Eq. (3.0.2) as

ResΦ(x, t) = Dα
t Φ−Φxx +βΦ− (1+β )Φ2 +Φ

3 +ΦΨ, (3.2.3)

ResΨ(x, t) = Dα
t Ψ−Ψxx− kΦΨ+mΨ+δΨ

3. (3.2.4)

Therefore the kth residual function ResΦ,k(x, t) and ResΨ,k(x, t)

ResΦ,k(x, t) = Dα
t Φk−Φk,xx +βΦk− (1+β )Φ2

k +Φ
3
k +ΦkΨk, (3.2.5)

ResΨ,k(x, t) = Dα
t Ψk−Ψk,xx− kΦkΨk +mΨk +δΨ

3
k . (3.2.6)

Let us consider the series solution [22],

Φk(x, t) = f0(x)+Σ
k
n=1 fn(x)

tα

Γ(1+nα)
, (3.2.7)

Ψk(x, t) = g0(x)+Σ
k
n=1gn(x)

tα

Γ(1+nα)
. (3.2.8)
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To find the f1 and g1 put k = 1, then

Φ1(x, t) = f0(x)+ f1(x)
tα

Γ(1+α)
, (3.2.9)

Ψ1(x, t) = g0(x)+g1(x)
tα

Γ(1+α)
. (3.2.10)

ResΦ,1(x, t) = Dα
t Φ1−Φ1,xx +βΦ1− (1+β )Φ2

1 +Φ
3
1 +Φ1Ψ1, (3.2.11)

ResΨ,1(x, t) = Dα
t Ψ1−Ψ1,xx− kΦ1Ψ1 +mΨ1 +δΨ

3
1. (3.2.12)

put Eq. (3.2.9) and Eq. (3.2.10) into Eq. (3.2.11) and Eq. (3.2.11) respectively, then

ResΦ,1(x, t) = f1(x)− ( f ′′0 (x)+ f ′′1 (x)
tα

Γ(1+α)
)+β ( f0(x)+ f1(x)

tα

Γ(1+α)
)− (1+β )( f0(x)+ f1(x)

tα

Γ(1+α)
)2

+( f0(x)+ f1(x)
tα

Γ(1+α)
)3 +( f0(x)+ f1(x)

tα

Γ(1+α)
)(g0(x)+g1(x)

tα

Γ(1+α)
),

ResΨ,1(x, t) = g1(x)− (g′′0(x)+g′′1(x)
tα

Γ(1+α)
)− k( f0(x)+ f1(x)

tα

Γ(1+α)
)(g0(x)+g1(x)

tα

Γ(1+α)
)

+m(g0(x)+g1(x)
tα

Γ(1+α)
)+δ (g0(x)+g1(x)

tα

Γ(1+α)
)3.

By given initial condition we have,

D(k−1)α
t Φk(x,0) = 0, (3.2.13)

D(k−1)α
t Ψk(x,0) = 0. (3.2.14)

f1(x) = f ′′0 (x)−β f0(x)+(1+β ) f 2
0 (x)+ f 3

0 (x)+ f0(x)g0(x), (3.2.15)

g1(x) = g′′0(x)+ k f0(x)g0(x)−mg0(x)−δ1g3
0(x). (3.2.16)
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Similarly, we can find higher order terms by putting k = 2,3,4, ...

Now, Eq. (3.2.9) and Eq. (3.2.10) becomes,

Φ1(x, t) = f0(x)+( f ′′0 (x)−β f0(x)+(1+β ) f 2
0 (x)+ f 3

0 (x)+ f0(x)g0(x))
tα

Γ(1+α)
,(3.2.17)

Ψ1(x, t) = g0(x)+(g′′0(x)+ k f0(x)g0(x)−mg0(x)−δ1g3
0(x))

tα

Γ(1+α)
.(3.2.18)

Case 1:

Φ(x,0) = f0(x) = λ sech(

√
λ 2(c−1)

2
(x)), (3.2.19)

Ψ(x,0) = g0(x) = γ sech(

√
λ 2(c−1)

2
(x)). (3.2.20)

Now replacing the values of f0(x) and g0(x) in Eq. (3.2.17) and Eq. (3.2.18),

Φ1(x, t) = λ sech
(√

λ 2(c−1)
2

(x)
)
+

(
5β − 8γλ

1+2λ 2 + cosh(λ
√

2−2cx)
−λ sech

(√
λ 2(c−1)

2
(x)
)

+
1
2
(c−1)λ 3 sech(

√
λ 2(c−1)

2
(x))−4(c−1)λ 3 csch3

(√
λ 2(c−1)

2
(x)
)

sinh5
(√

λ 2(c−1)
2

(x)
))

tα

Γ(1+α)
.(3.2.21)

(a) (b) (c)

Figure 3.14: The Dynamical behaviour of Φ1(x, t) in Eq. (3.2.21).
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Ψ1(x, t) =
(

γ +
mλ

2
(2+ γλ (c−1)−

4γ cosh
(√

λ 2(c−1)
2 (x)

)
1+2λ 2 + cosh(λ

√
2−2cx)

)sech
(√

λ 2(c−1)
2

(x)
))

tα

Γ(1+α)
.(3.2.22)

(a) (b) (c)

Figure 3.15: The graph of Ψ1(x, t) in Eq. (3.2.22).

Case 2:

Φ(x,0) = f0(x) = Aşch(
√

c−1(x)), (3.2.23)

Ψ(x,0) = g0(x) = Bcsch(
√

c−1(x)). (3.2.24)

Now replacing the values of f0(x) and g0(x) in Eq. (3.2.17) and Eq. (3.2.18),

Φ1(x, t) = A(csch(
√

1− c)x)+
(

5β −Acsch(
√

1− cx)− (−1+ c)Acoth(
√

1− cx)2 csch(
√

1− cx)

−(−1+ c)Acsch(
√

1− cx)3− 4ABcsch(
√

1− cx)2

1+A2 csch(
√

1− cx)2

)
tα

Γ(1+α)
.(3.2.25)
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(a) (b) (c)

Figure 3.16: Graphical representation of Φ1(x, t) in Eq. (3.2.25) at α = 1
2 .

Ψ1(x, t) = Bcsch(
√

1− cx)+
(

Acsch(
√

1− cx)− (−1+ c)Bcoth(
√

1− cx)2 csch(
√

1− cx)

−(−1+ c)Bcsch(
√

1− cx)3− ABcsch(
√

1− cx)2

1+A2 csch(
√

1− cx)2

)
tα

Γ(1+α)
.(3.2.26)

(a) (b) (c)

Figure 3.17: Dynamical behaviour of Ψ1(x, t) in Eq. (3.2.26).

Case 3:

Φ(x,0) = f0(x) = λ tanh2(

√
(c−1)

8
(x)), (3.2.27)
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Ψ(x,0) = g0(x) = γ tanh4(

√
(c−1)

8
(x)). (3.2.28)

Now replacing the values of f0(x) and g0(x) in Eq. (3.2.17) and Eq. (3.2.18),

Φ1(x, t) = λ tanh
(
(
√

1− cx)
(2
√

2)

)
+

(
5β +2(−1+ c)λ csch(

√
1− cx)

√
2

3
sinh

(
√

1− cx)
(2
√

2)

4

−

−λ tanh
(√

1− cx
2
√

2

)
−

4λγ tanh2
(√

1−cx
2
√

2

)
1+λ 2 tanh2

(
(
√

1−cx)
2
√

2

)) tα

Γ(1+α)
.(3.2.29)

(a) (b) (c)

Figure 3.18: Dynamical behaviour of Φ1(x, t) in Eq. (3.2.29) at α = 2 .

Ψ1(x, t) = γ tanh
(
(
√

1− cx)
(2
√

2)

)
+

(
2(−1+ c)γ csch3

(
(
√

1− cx)
2
√

2

)
sinh4

(
(
√

1− cx)
(2
√

2)

)
+

+λ tanh
(
(
√

1− cx)
(2
√

2)

)
−

γλ tanh2
(√

1−cx
2
√

2

)
(1+λ 2 tanh2

(
(
√

1−cx)
(
√

2)

)
)

)
tα

Γ(1+α)
.(3.2.30)
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(a) (b) (c)

Figure 3.19: Graphical representation of Ψ1(x, t) in Eq. (3.2.30) at α = 1
2 .

Case 4:

Φ(x,0) = f0(x) =

√
2(m− γ)

p2 psec
(

p

√
(γ−m)

p
(x)
)
, (3.2.31)

Ψ(x,0) = g0(x) =

√
2(m− γ)

p2δ
psec

(
p

√
(γ−m)

p
(x)
)
. (3.2.32)

Now replacing the values of f0(x) and g0(x) in Eq. (3.2.17) and Eq. (3.2.18),

Φ1(x, t) =
√

2p
√

m− γ

p2 sec(
√

m− γx)+
(
−5β −

√
2
√

p
√

m− γ

p2 sec(x
√

m− γ)+
√

2p5/2((m− γ)/p2)3/2 sec3(x
√

m− γ)−

−(8m
√

p/δ sec2(x
√

m− γ))p3/2(1+(2(m− γ)sec2(x
√

m− γ)p+
8γ

√
p
δ

sec(x
√

m− γ)

p3/2(1+(2(m− γ)sec2(x
√

2(m−γ)
p )))

+
√

2p5/2(
(m− γ)

p2 )3/2 sec(x
√

m− γ) tan2(x
√

m− γ)))

)
tα

Γ(1+α)
,(3.2.33)
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Ψ1(x, t) =

√
2p
δ

√
(m− γ)

p2 sec(
√

m− γx)+
√

2
√

p

√
(m− γ)

p2 sec(x
√

m− γ)+

(√
2p(

m− γ

p2 )3/2(
p
δ
)3/2

δ sec3(x
√

m− γ)

−
2m
√

p
δ

sec2(x
√

m− γ2)

p3/2(1+ (2(m−γ)sec2√m−γ)
p )

+
(2γ

√
p
δ

sec2(x
√

m− γ))

p3/2(
1+(2(m−γ)sec2(x

√
m−γ))

p )

+
√

2p(
(m− γ)

p2 )3/2(
p
δ
)3/2

δ sec(x
√

m− γ) tan2(x
√

m− γ)

)
tα

Γ(1+α)
.(3.2.34)
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Table 3.1: Comparison of exact Φ(x, t) and approximate solution Φ1(x, t)

Φ(exact) Φ1(approximate) Abs error
0.882696 0.905261 0.0225654
0.865725 0.979029 0.113304
0.843551 1.07124 0.227689
0.820484 1.16345 0.342966
0.796705 1.25566 0.458955

Table 3.2: Comparison of exact Ψ(x, t) and approximate solution Ψ1(x, t)

Ψ(exact) Ψ1(approximate) Abs error
0.77239 0.481882 0.290507
0.77239 0.481882 0.290507
0.77239 0.481882 0.290507
0.77239 0.481882 0.290507
0.77239 0.481882 0.290507

3.3 Results and Discussion

This model was solved by extended simplest equation method, modified Kudryashov technique,

cubic B-spline scheme and also compare numerical results [34]. Khalighi et al. worked on

stability of this model using Caputo and Caputo-Fabrizo derivative [36]. In this manuscript, we

find exact and numerical solutions for this model with aid of various techniques, namely sub-

ode method and RPSM. Sub-ode method gives the analytic solutions like bell type, kink type,

anti-kink type solitons, JEF, WEF, hyperbolic function, parabolic function. RPSM is applied to

obtain power series solution. We also classified the structure of our new achieved solutions, and

also shown graphs in 3-D, 2-D and contour shapes. Fig. a shows 3-D, Fig. b shows 2-D and

Fig. c shows contour by using different values.

Fig. (3.1) and Fig. (3.2) shows bell type solitons, Fig. (3.3) shows bell type solitons, Fig. (3.4)

and Fig. (3.5) shows kink type solitons, Fig. (3.6) and Fig. (3.7) shows bell type solitons, Fig.

(3.8) shows JEF, Fig. (3.9) and Fig. (3.10) shows WEF, Fig. (3.11) shows parabolic function,

Fig. (3.12) shows anti-kink type solitons, Fig. (3.13) shows parabolic function, Fig. (3.14) and

Fig. (3.15) shows bell type solitons, Fig. (3.16) and Fig. (3.17) shows kink and anti-kink type

solitons, Fig. (3.18) shows hyperbolic function, Fig. (3.19) shows bell type solitons.
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Chapter 4

Conclusion
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NLEEs have shown their importance in distinct field of sciences. In this whole work, we studied

two different kinds of nonlinear models. The computation of exact and analytical solutions in

mathematical physics acts a key role in soliton theory. So, it’s very important to trace closed-

form and effected soliton solutions for nonlinear models. These solutions provide information

about the systematization of the intricate real phenomena. We obtained four types of solu-

tions i.e bell-shaped solitons, kink-type, singular and power series solution of CIMA chemical

equations. In this thesis, we used sin-cosine method (SCM), csch technique, tan−cot method

and RPSM architectonic. SCM retrieved bell-shaped, csch approach provided singular solu-

tions, tan−cot technique gave kink solutions and RPSM provided power series solutions. We

also obtained analytic and power series solution of ACFLV model. we used sub-ODE scheme

(SOS) and RPSM architectonic. SOS retrieved bell type, kink type, anti-kink type solitons, JEF,

WEF, hyperbolic function and parabolic function and RPSM provided power series solutions.

To the best of our knowledge, our results are new and novel.
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