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Chapter 1

Preliminaries and Introduction



1 Preliminaries and Introduction

Convex functions are closely related to the theory of inequalities and several well known
inequalities are a result of the applications of convex functions [3] (see also[22]). The

subject of convex functions has been discussed widely in [3]].

1.1 Jensen convex functions and convex functions
The following definition is given in [22, p. 5].

Definition 1.1. “y is said to be convex in Jensen sense (J-sense) or Y is said to be Jensen
convex (J-convex) if for all i,V € I C R, the inequality

(1) < V0O

holds.”
The following definition is given in [22] p. 1].
Definition 1.2. “Let/ C R. Then y : I — R is convex if for all &7,V € I and for all x € [0, 1],
yli+ (1 —x)v] < ky (i) + (1 - x)y(9). (1)
If reversed inequality holds in , then v is called concave.”

Example 1.1. Consider v : R — R defined by

For any i,V € R and x € [0,1],
v(ki+ (1 —x)v] = |xi+ (1 —«)¥| < |xi|+|(1—«)7|

implies

ylxa+ (1 —x)] < kfa| + (1 - x)|7] = k(@) + (1 - K)p(7)

and hence Y is convex.



Example 1.2.

convex on R, if niseven,
n . .
vy) =y convexonR*,  if nisodd,

concave on R™, if nisodd.

Example 1.3.
' convex on (m,21),
W (y) = siny
concave on (0,T).
Example 1.4.
convex on (5,m)
n () = cosy 2
concave on (0, %) )

Remark 1.5. If we put k = % in , then

W(ﬁ;ﬁ) < W(ﬁ);w(ﬁ)_

The next four results related to convex functions are given in [22, p. 2, p. 4-5].

Proposition 1.6. “If v is a convex function defined on I and if iy < V1, iy < ¥y, U] #

iiy, V| #£ V), then the following inequality is valid

iy — i - V) — 71
If the function  is concave, then the inequality reverses.”

Proposition 1.7. “A function y be convex on an interval I C R, if

(i3 — i)y (itr) + (i — i3) Y (i) + (il — i1 ) y(ii3) 2 0
holds for every iy, iy, i3 € I such that ity < iip < ii3.”
Theorem 1.8. “Let v : I — R be convex. Then l,l/;L and l,l/l, exist and are increasing on 1.”
Theorem 1.9. “y : (a,b) — R is convex if and only if there is at least one line of support
for yateachy € (a,b),
y(x)—y(y) = x(x—y) forallxe (ab),

where ) depends on 'y and is given by x = y'(y) when y' exists and y € [y’ (y), ¥/ (y)]
when v, (y) # v’ (y).”



Convex and J-convex functions are related as follows (see [19, p. 14]):

Theorem 1.10. “Let f : I — R be a continuous function. Then f is convex if and only if f

is convex in the Jensen sense.”
The following is given in [22, p. 6].

Definition 1.3. “A finite sequence {am}ﬁpl of real numbers is said to be a convex sequence
if
2aim < a1 + A ()

holds for all m = 2,...,k— 1. If (2) reverses, then {a,, }* _, is called concave.”

1.2 Logarithmically convex functions in Jensen sense and logarithmi-

cally convex functions
The following definition is given in [11]].

Definition 1.4. “ A positive function y is called logarithmically convex or log-convex

(I-convex) in J-sense on some interval / C R if

holds for every i, v € 1.”

Remark 1.11. “It is easy to show that v : I — R is l-convex in J-sense if and only if

i+v

w206y (57 ) + Gu) 20

holds for every §,8, € Rand ii,v € 1.”

The following definition is given in [22} p. 7].



Definition 1.5. “A function y : I — (0,0) is called /-convex if logy is convex. Equiva-

lently, y is [-convex if for all &,V € I and for all k € [0, 1], the inequality

ylkii+ (1—x)v] < y*(@)y' ()
holds.”

Example 1.12. The function g(y) = % y € (0,00) is I-convex.

2
Example 1.13. The function n(y) = e T is l-concave. Since logn(y) = _TyZ is a concave

function of y.

Example 1.14. The function y — e’ is called logarithmically convex.

1.3 k-Convex functions

The following two definitions are given in [22, p. 14-15].

Definition 1.6. “The kzh-order divided difference of a function y : [i, 7] — R at mutually

distinct points yg,y1, ..., Vx € [i, V] is defined recursively by

Viswl=w (i), i=0,....k,
[)’17--->yk§‘l/] B b’Oa---,yk—l;‘l’] »
Yk —Yo

[y()a <o Vs W] =

Definition 1.7. “A function y is k-convex (k > 0) on [i, V] if and only if for all choices of

(k+ 1) distinct points y, ..., yx € [i, V],
[0, -, Y3 W] > 0
holds.”
The following definition is given in [22] p. 16].

Theorem 1.15. “If l//(k) exists, then  is k-convex if and only if l//(k) >0



Example 1.16. Let v : RT™ — R™ be defined by

vy =)
We have )
v () =t
and
(v o) =1y
( "
v (y) >0 for (€ (l,0) orl e (—,0)
= § and
\l//”(y)<()f0r (e (0,1).
So v is

strictly convex for (€ (1,) or{ € (—e,0)

and

strictly concave for (€ (0,1).

\

Example 1.17. Let 1 : R — R™ be defined by

n(y) = e>.
Clearly
(
n'(y) =2e
and
n"(y) =4e>.
\

As n"(y) >0 for y € R, i is convex.
Example 1.18. Let the function ® be defined by

B(y) =



We have
D' (y) = —e™

and

D' (y)=e7.

(
As @"(y) > 0 fory € R, @ is convex.

Example 1.19. Consider ¥ : R — R defined by

Y(y)=In(1+¢").

Obviously
(
¥ (y) = (ﬁyg})
{ and
" . ey
\lP (y) - (1+e},)2

As W' (y) > 0 fory € R, W is convex.

1.4 k-Exponentially convex functions

Let I C R be an open interval.

The definitions, in this section, are given in [21].

Definition 1.8. “A function v is k-exponentially convex (k-exp-convex) in J-sense on I if

k T
)3 é‘ic,-w(”’;”’) >0 (3)

i,j=1

holds for {;,{; € R and every i;,ii; € 1.”

Definition 1.9. “A function y : I — R is k-exp-convex if it is k-exp-convex in the J-sense

and continuous on /.”

Remark 1.20. “1-exp-convex functions in the J-sense are non-negative functions. Also k-
exp-convex functions in the J-sense are m-exp-convex functions in the J-sense for allm € N,

m<k.”



e\ 1M
Proposition 1.21. “If v is k-exp-convex in the J-sense on I, then the matrix [l// (#)] -
ij=

is positive semi-definite for all m € N, m < k. Particularly,

. . m
det [W(xm;xJﬂ >0 foreverymeN m<k, x;el, i=1,... k.
ij=1

Definition 1.10. “A function y : I — R is exp-convex in the J-sense if it is k-exp-convex

in the J-sense for all Kk € N.”

Definition 1.11. “A function y : I — R is exp-convex if it is exp-convex in the J-sense and

continuous.”
This proposition is followed from [1].

Proposition 1.22. “Let y : I — R. These statements are equivalent.
(i) y is exponentially convex.

(ii) v is continuous and

for G, i eRandi; e, 1 <i, j <k”
Example 1.23. y(y) = c is exp-convex on R for any ¢ € [0,0).
Example 1.24. y(ii) = ce®" is exp-convex on c € [0,0), o0 € R.

Example 1.25. Let y,, : [0,00) — R be defined by

B 1
Wy (iM) = ?e

pir*

Then p — W, (ii), p — Ly, (i) and p — %wp(ﬂ) are exp-convex defined on (0,0) for all

y € [0,00).

Example 1.26. The function y(ii) = ii P is exp-convex on (0,0) for any B > 0.



Remark 1.27. (i) A positive real valued function ¥ : I — R is [-convex in J-sense if and

only if ¥ is 2-exp-convex in J-sense.
(ii) A positive real valued function ® : I — R is l-convex if and only if @ is 2-exp-convex.
Remark 1.28. From we have these conclusions :

(i) If v is exp-convex defined on I then for all ii € I, y(ii) > 0. Moreover for any

¢ € [0,00), cy is also exp-convex;

(ii) If w1 and y, are exp-convex defined on I, then their sum is also exp-convex on I.



Chapter 2

Literature Review



2 Literature Review

2.1 Majorization

The concept of majorization, which is closely related to the convexity, is discussed very
nicely by Marshall and Olkin in [16] (see also[17]).
The following definition is given in [17]].

“For fixed k > 2, let

and

denote two k-tuples and

=
v
<

~
Vv
IV
[N}

=

and

=
IV
<

©
IV
IV
<

=

be their ordered components.

i1 is said to be majorized by V or V is said to majorize @t (denoted by @t < V or v > @) if

7

3
3

IZ[Z] < \7[1-]; m = 1,...,](—1
1 =1

~.
~

and

=~

k
i =Y .
1 i=1

~.

Example 2.1. Ifi = (2,1) and vV = (3,0), then
(3,0) = (2,1).
Example 2.2. Ifii = (3,3,0) and Vv = (6,0,0), then
(6,0,0) = (3,3,0).

10



Example 2.3.

1 1 1 1 11
(%,...,%) =< (k—l""’k—l’o) <. =< (5,5,0,...,0) =< (1,0,...,0).

The well known majorization theorem states that (see [[15, p. 11] and [18}, p. 169]) :

Theorem 2.4. “Let I be an interval in R and let §, V be two k-tuples : i, v; €1 (i=1,... k).

Then ) )
; y(i;) < ; v ()

holds for every continuous convex function Y : I — R if and only if V > @ holds.”

2.2 Favard and Berwald-type inequalities

Favard proved the following result in [22, p. 212].

Theorem 2.5. “Let f be a non-negative continuous and concave defined on [ii,V] C R, not

identically zero and W be convex defined on |0,2c] C R, where

= [ fyax. @)

V-0
Then

2c -
o [vrz [ y@)ar
0

Some results related to the generalizations of the Favard’s inequality are given in [6,

pp. 413-414].

Remark 2.6. As y/(t) = t* is convex for s > 1, we have

» (17 S
— ;ﬁfﬂmw - 5)

1 Vv
— ~/ ff(x)dx <
V-Uu.Jg R)

If s € (0,1), then (5)) reverses.

Karlin and Studden [6] presented a generalized result:

11



Theorem 2.7. “Let f be a nonnegative continuous and concave defined on |ii, V|, not iden-
tically zero, c is defined in Theorem and let y be convex defined on [d,2c — d|, where d
satisfies 0 < d < fuin (Where fiyinisminimumof f). Then

2c—d

1
>
2e—2d d/ y(2)dz >

1

v

[ virtas

Remark 2.8. For y(y) =y%, g > 1, we have

1
(2c—2d)(qg+1)

1

(et —ar™) 2 1 [ y(a()an

<1
N

Berwald gave a generalized form of Favard’s inequality in [22, p. 214] (see also [6|

pp- 413-414]):

Theorem 2.9. “Let f is a non-negative, continuous concave function, not identically zero
defined on [i1,V], and @ be a continuous and strictly monotonic function defined on [0, zo),
where 7 is sufficiently large. If o is the unique positive root of the equation

1

V—i

o ~
1 %
— [omdy=-— [ o(rw)ax.
0 u
then for every function y : [0,z9] — R which is convex with respect to ¢, we have

(04

é / v(y)dy >

0

[ virnan

V—i

Remark 2.10. If we take ¢(x) = x° and y(x) = x" and if r > s > 0, then

(;i;/ﬁﬁfs(x)dx); > (;‘_l‘blj/;f,(x)dx>l'

For monotone convex and concave functions f, some generalizations of Theorems

and 2.9]to the weighted version are given in [14].

Theorem 2.11. (i) “Let f be a positive increasing concave function defined on [ii, V).
Assume that Y is a convex function defined on [0,2c¢;|, where

_ (-a) f7 F(0)B(1)dr
L2 f (- @)O()dr

12



Then
ﬁ wlF(O)]9(0)de < /O ' w(2sc)Ola(1 - )+ Fslds. ©)

If f is decreasing convex function defined on [i, v and f (i) = 0, then (6]) reverses.

(ii) Let f be a positive decreasing concave function defined on [ii, V). Assume that Y is a

convex function on [0,2c,|, where

Then
% ~v yf(0)]9(t)dt < /01 v (2scy)Ois+v(1 - s)|ds. 7)

V-UuJlg

If f is decreasing convex function defined on |ii, V] and f (V) = 0, then (7)) reverses.”
A weighted version of Berwald’s inequality was presented in [[14].

Theorem 2.12. “Let y be convex w.r.t strictly increasing function ¢ defined on [0,0) that
is let wo @~ is convex.
(i) If f is a positive increasing concave function defined on [ii, V] and if d; is a positive root

of the equation

d; v
1 V—ii 1
d—iO/(P(Y)ﬁ (ﬁ+ vdiuy) dy = ﬁ_ﬁ/(p(f(t))ﬁ(t)dt, (8)
then |
[y @) < [ wisdyolati - )+ wslds ©
i 0

If convex function f is increasing defined on [ii, 7] with f(ii) = 0, then (9)) reverses.
(ii) If f is a positive decreasing concave function defined on [ii, V] and if d, is a positive

root of the equation

L foo (o0 )or= 2 for

13



(10)

v—i

then
7 1
! [wtrenowar < [ wisdolas+ 1 -s)ds.
i 0
If f is decreasing convex function defined on [ii,V] with f(V) = 0, then reverses.”

Remark 2.13. If we put ¢(a) = a” and y(a) = a¥ in Theorem Let0< p <gq.

(i) If f (> 0) is increasing and concave defined on [ii, V], we have
1

Fraoyowa ' [ oo
a <|- . (an
[t —@)Po(r)dt

v
[(t — )25 (t)dt
i

If f is an increasing and convex defined on |ii, V| with f (i) = 0, then reverses.

(ii) If f (> 0) decreasing and concave defined on [i, V], we have
1

froyooa ' [ Jrorsa
j < vf’ . (12)
J(F=1)10(r)dr J(F=1)PO(t)dt

If f is decreasing and convex defined on [ii, V] with f(V) = 0, then reverses.

14



Chapter 3
Main Results



3 Main Results

3.1 Generalizations of Majorization-type results

Let v be convex defined on I and suppose iy, ..., i, V,...,V € I. Suppose that the se-
quence iy, ..., majorizes V1, ...,V : that is the following hold :
iy >...> 0
Vi Z . 20
i >
i +ip > v+

T A I I NI S
i+ i+ .. Al il =T+ Pt g + T
Then
y() +y(i) +...+y(i) = w(v) + () +... + w(i). (13)

Inequality (13]) is known as majorization inequality.
Fuchs proved a well known weighted version of Theorem [2.4]in [4] (see also [22] p. 323]),

which is infact a generalization of Theorem 2.4]

Theorem 3.1. Let ¥ = (Oy,...,0%) be a real k-tuple and & = (iiy, ..., i), V= (V1,...

be two decreasing real k-tuples :
m m
Zﬁ,’l]iZZﬁiﬁi, mzl,...,k—l,
i=1 i=1

and

hold. Let v : I — R be convex and continuous. Then

k
Z By (i) > ) Sy (%) (14)
/ i=1

holds. If v is concave, then reverses.



Proof. Without loss of generality, let ii; # v; and define ¢; = (y(i;) — w(¥;))/(d; — ¥;)
(i=1,...,k).Then from we obtain e; > e; 1 for i < k— 1 and the proof follows from

k k '
L ory () — Y Oy (%) = Y 0h(as =

=

~

k—1
(19kuk — ﬁkvk e+ Z Ol — mﬁm)(em —€m+1 )

m=1

[

Another interesting related result (see [2] and [22} p. 323]) states that :
Theorem 3.2. Let @1,V be two decreasing k-tuples and ¥ be a real k-tuple. If
k k
Y v <Y for m=1,....k—1,k (15)

i=1

~.

holds, then holds for every continuous increasing convex function ¥ : [ — R.
Let 0,V be two increasing k-tuples. If reverses, then holds for every continuous

decreasing convex function y : [ — R.
Proof. Analogous to the proof of Theorem O

A majorization-type result (see [[19, p. 35] and [[12]) for the case when only one se-

quence is monotonic states that:

Theorem 3.3. Let y be convex defined on I C R, ¥ be k-tuple and it,v € I* satisfying

m m
v < v, m=1,2,...,k—1, (16)
) )

(i) If v is decreasing k-tuple, then

=

1=

Zﬁv/ ;) < Y Siw(i).
1

18



(ii) If @ is an increasing k-tuple, then
k k
Z iy (i) < Z Biy (Vi)
i=1 i=1
Proof. (i) By using Theorem[I.9] the convexity of y implies
w(x) —v(y) > ¥ () (x—y).
Put x = i7; and y = v; in (|17)), we have
(i) — y(vi) > v (5) (i@ — ).
Since ¥ is a positive k-tuple, from (18], we have

k
Y Silw(i) —w(m)] > Y v (5) (i — ).

i=1 i=1
Simple calculation yields that

k—1

k
;ﬁil//—/i-(ﬁi)(ﬂi_ﬁi) = Z (Ol — OV ll/j_ l[l_,_ (Prt1)]-

m=1

Since ¥ is a decreasing k-tuple and /, is an increasing, we obtain

W, (Fm) = Wy (Fms1) > 0,

and can be written as
m m
Y i — ) 00 >0
i=1 i=1

By using and in (19), the result is immediate.

(ii) Analogoous to the proof of (i).

Discrete case of Lemma 1 in [[14]] states that:

Lemma 3.4. Lety be a positive k-tuple. If it is an increasing k-tuple, then

s

If a is a decreasing k—tuple, then the inequality reverses.

T\'Ms
F'Ms
||
\:—‘
™
~

19

7)

(18)

(19)

(20)

21



Proof. When 1 1s an increasing real k-tuple, then

) e

M»

i;y;

1 1

m
=) iy Zwal Z Vi
i=1

~.

1

i=m+1
k k m
= [Zﬁiyl Y ayi| Yy +Zulyz Z Vi
i=1 i=m+1 i=1 i=1 i=m+1
k m k m
= Laviyovis Y i)y +Zuzyz >
i=1 i=1 i=m+ i=1 i=m+1
k m
<Y dy Z i — i Z ylZyHrumZyz Z Vi
i=1 i=1 i=m+1 i=l1 i=1 i=m+1
m
inZyi-
i=1
Analogously, the reverse inequality can be proved. [

3.2 Generalization of Favard’s inequality and related results

If @ = (i), iy, . ..,0) and V= (V],V2,..., V) are two k-tuples, then we define
av = (v, a7y, .. .,ﬂkﬁk)
and
u iy U iy,
v TR VI 78

witheach v; 0 fori=1,... k.

A generalization of discrete weighted Favard’s inequality (see [12]) states that:
Theorem 3.5. Let v : (0,1) — R be convex and ¥, &t and v be positive k-tuples.

(i) Let it/v be decreasing k-tuple. If it is an increasing k-tuple, then

k ~ k ‘71'
e 07 — . 22
; ( x 1ﬁz’9> S; W(Z;{—lﬁiﬁi) 22

If v is a decreasing k-tuple, then (22)) reverses.

20



(ii) Let /v be an increasing k-tuple. If v is an increasing k-tuple, then

Z’”’(ZW )‘i (z ) =

i=1 l
If @t is a decreasing k-tuple, then (23)) reverses.
Proof. (i) If § =¥ and if W = @1/¥, then by Lemma 3.4 we get

o (w) Zﬁ( )

As 1i is an increasing, by using Theorem [3.3] we have

i <zl )‘i <21 >

Similarly, the remaining cases can be proved

ok,

which gives

An application of Theorem [3.5]is states that:

Remark 3.6. (a) Let w(Ww) =W, wheret > 1 ort <0.

(i) Let@t/v be decreasing k-tuple. If it is an increasing k-tuple, then

t
Zk lﬁt 19. Zl lul
e el I (24)
Z RRvA Y1 vlﬁ
If v is a decreasing k-tuple, then (24]) reverses.

(ii) Let it/v be an increasing k-tuple. If ¥ is an increasing k-tuple, then

Y @i Yi @,
(zﬁi) ():1 ) =

If & is a decreasing k-tuple, then (25)) reverses.

21



(b) If y(w) =W, 0 <t <1, then (24) reverses, , and reverse of hold.

The following corollary is given in [12] .
Corollary 3.7. Let y : [0,00) — R be convex, ¥ be a positive k-tuple.

(i) If @t is a positive increasing concave k-tuple, then

i—1
A A _— . (26)
Z (Z > Z ( (= 1)19j>
If & is an increasing convex real k-tuple and ii; = 0, then (26)) reverses.
(ii) If @ is a positive decreasing concave k-tuple, then
k ~ k .
i; k—i
Syl | <) 0w —— |- (27)
i:ZI (Z?:lﬁj”j) 1:21 Z?:l(k—J)ﬁj
If @ is a decreasing convex real k-tuple and iy = O, then (27)) reverses.

Proof. () If ¥y =€ < iy /ilp, Vi =i— 1(2 < i < k). Therefore, i;/v;(1 <i<k)isa

decreasing k-tuple. By using Theorem [3.5] (22)), we obtain

£
Zﬁ"’(z ) = ’9"”<gﬁl+z§_2(j_1>@j)

k i—1
+ ) .
L ””(em+z’;_z<1—1>ﬁj>

By taking € — 0, we have

vl

AN
2
<
VR
2
+
el
: (@)
<{
|
3
N~




Because 1 is an increasing convex k-tuple and i) = 0, further i;/(i — 1)(2 < i < k)

is an increasing k-tuple. By applying Theorem [3.5] (23), we get

1 k U;
Zﬁ ( (1—1)19> Zzﬁill/(Z’}_zﬁjﬂj)’

k . 0
+zl9ill/ — | < Yy i o

j | Uil

+ Bow(griem)

5 Y G-09)) T 5 l Yh_ 0

The remaining cases can be proved similarly.

equivalent to

which implies

An important remark related to the application of Corollary |3.7|is the following:
Remark 3.8. (a) Let y(w) =W, wheret > 1.

(i) If @ is a positive increasing concave k-tuple, then

k i k ~ 9. !
(_kZ v >< (_Z, R ) . (28)
Y =)' Y (-1,

If & is an increasing convex k-tuple and iy = 0, then (28)) reverses.

(ii) If @ is a positive decreasing concave k-tuple, then

k  ~tq ko~q \'
—kz":lu"l.(}’t < —E”Zlu‘lf” - (29)
Yio (k—i)'d; Yo (k=)0

If @t is decreasing convex k-tuple and ii; = 0, then (29)) reverses.
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(b) If y(w) =W, 0<t <1, then reverses, , and reverse of hold.

An extension of Theorem 1 in [20] is given as the following:

Theorem 3.9. Let ¥, and v be positive k-tuples. Let @,y : [0,00) — R : ¢ be a strictly

increasing function and W be convex with respect to @ i.e., Wo @~ be convex. Also suppose

that
m m
Y vio(m) <) vio(a@), m=1,... k-1, (30)
i=1 i=1
and
k k
Y dip() =Y %ie(a). 31)
i=1 i=1
(i) If v is a decreasing k-tuple, then
k k
Z 79'1"’(‘71) < Z l%ll/(ﬁl)
i=1 i=1
(ii) If @ is an increasing k-tuple, then
k k
Y Ow(@) <Y ()
i=1 i=1
Proof. For the case when @ () =, but proved in Theorem 3.3] O

3.3 Generalization of Berwald’s inequality and related results
A generalization of discrete weighted Berwald’s inequality (see [[12]) states that:

Theorem 3.10. Let O, it and ¥ be positive k-tuples. Let @,y : [0,00) — R : @ is a continuous
and strictly increasing. Suppose that wo @~ is convex. Let y; be:
k k
Z ﬁi(p(ylﬁi) = Z 19,([)(11,) (32)
i=1 i=1

(i) Let it/v be decreasing k-tuple. If i is an increasing k-tuple, we obtain

=

k
Y o) <Y %ip(yivi). (33)
i=1

=1

~

If v is a decreasing k-tuple, then (33|) reverses.
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(ii) Let /v is an increasing k-tuple. If ¥ is an increasing k-tuple, then

k
Zﬁrp y1¥i) < Z (34)

i=1

If @ is a decreasing k-tuple, then (34) reverses.

Proof. (i) Since ¢ is continuous, G(y) = ): B;¢(yv;) for y > 0 is continuous. If @t > 0

P
and ¢ is strictly increasing, we have G(0) = Z %i9(0) < Z ;¢ (i1;). Because /v
i=1 i=1
is bounded above in both cases, taking either yy > i;/7; or ii; < yov; fori =1,... k.
k k
Therefore, G(yg) = Y, 3¢ (yov;) > Y, 9;¢(i;). This shows that y; exist.
i=1 i=1

Since /¥ is a decreasing and @ is strictly increasing function, and because

there is an m :

—>y, i=1,....m and v7<y1, i=m+1,...k,
i i
thus . '
J J
Y Sio(iv) <Y So@@), j=1,....k (35)
i=1 i=1
(33)) can be proved as
J k k
Z 017) = Y Bip(ivi) — ), o)
i=1 i=1 i=j+1
k k
= Z Vi (i1;) — Z B (y17:)
i=1 i=j+1
k k
< Z ﬁl(P(lZi) - Z 191(/)(17‘1)
i=1 i=j+1
J
= Z ﬁi(p(ﬁl)

From inequality (35]), the equality . ), the supposition that yo ¢! be convex, @i be

an increasing and by Theorem [3.9] we get
k k
Y vy Z y(y17i).
i=1
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From inequality , the equality , the supposition that o ¢! be convex, V is
decreasing and by Theorem [3.9] we get

k k
Y Sw(yivi) < Y Siy(a).
=1 i=1

Similarly the other cases can be proved .

An important remark related to the application of Theorem [3.10|is the following:
Remark 3.11. Let o(w) =w* and ¢(w) =W be : 0 < s <1.

(i) Let it/v be a decreasing k-tuple. If it is an increasing k-tuple, then

1 1
Zf'C:l 0iﬁi t < Z;C:] 19.111; ' ) (36)
i o) T\ Ll o
If v is a decreasing k-tuple, then (36|) reverses.

(ii) Let /v be increasing k-tuple. If ¥ is an increasing k-tuple, then

1 1
Z{le ﬁlﬁf ' < Zi’{:l ﬁlﬁi ) (37)
Y o) T\ X, o
If it is a decreasing k-tuple, then (37)) reverses.

The following corollary is given in [12]].

Corollary 3.12. Let ¥ be a positive k-tuple. Let ¢,y : [0,00) — R : @ be strictly increasing

1

and continuous. Suppose Yo @~ is convex. Let y; and y, be :

k k
Zﬁiﬁv[(i—l)yl] = Zﬁ,-(p(ﬁ,-), (38)

and
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(i) If @ is a positive increasing concave k-tuple, then
k k
Y Siw(@) <Y Swl(i— 1yl (39)
i=1 i=1
If & is an increasing convex k-tuple and iiy = 0, then (39)) reverses.
(ii) If @ is a positive decreasing concave k-tuple, then
k k
Y Siw(@) <Y Siwl(n—i)yal. (40)
i=1 i=1
If @ is a decreasing convex k-tuple and ii,, = 0, then (40)) reverses.

Proof. (1) Choose V] = v < i1y /iip, Vi =i— 1 (2 <i < k). Therefore, i;/7; (1 <i<k)

is a decreasing k-tuple. So, becomes

ES

k
v1o(vy1) + ;ﬁiq)[(i — Dyl =Y vio(i).

i=1

By applying Theorem [3.10| (33), we get
k k
Y vy (i) < Sy (oyr) + Y, Siwl(i— 1)y,
i=1 i=2

If v — 0, then

k
Y o) < diy(0 +Zﬁw (i— 1wl

k
= 0+ ) Syl(i— 1)y,
i=2
k
= Zﬁxll’ l_lyl

i=1
Because 1 is an increasing convex k-tuple and ii; = 0, then #;/(i — 1)(2 <i <k) is

an increasing k-tuple. So, becomes
Zﬁ(p i— 1y ] = Zﬁ(pu,
By using Theorem (B4).
k k
Y Swl(i—Dyi] <) oiw().
i=2 i=2
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D1 y[(0)y1 +Zt91//[ i—1)y1] < %y(0 +Zt9vfuz

i= i=

k
Z Giy[(i—1)y1] < Z
i=1 i=1

The remaining cases can be proved similarly. 0

An important remark related to the application of Corollary [3.12]is the following:
Remark 3.13. For 0 < s <t, let ¢(i) = it and ¢ (ii) = it

(i) If @ is an increasing positive concave k-tuple, then

k gt % k =S %
ZiZI 1'911’[1' < ZiZl 0’“1' ) (41)
Yy ti(i— 1) Yi vi(i— 1)

If & is an increasing convex k-tuple and iy = 0, then (41)) reverses.

(ii) If @ is a positive decreasing concave k-tuple, then

1

k ot % k i s
—k):izl Vil _ < —Z ' . (42)
Yic ﬁi(”—l)’ Z (”—l)

If a is a decreasing convex k-tuple and ity = 0, then (42) reverses.

3.4 Positive semi-definite matrix, exponential convexity, log-convexity

and Lyapunov’s inequality for the difference deduced from majorization-
type result

We will use the following family of functions, convex with respect to ¢@(x) = x”(p > 0)

defined on (0,0) :

2 xs, s#()?p?

s (x) == —plogx, s=0,

pxPlogx, s=p.
\

Here, we present Lyapunov’s inequality satisfying the following result (see [12]):
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Theorem 3.14. Let ¥, ii and V be positive k-tuples. Let V be decreasing and
k k
As = Z Ws(ﬁi) - Z WS<‘71');
i=1 i=1
such that conditions and are satisfied. Then the following statements are valid.
k
(i) Forsy,...,s; € Rand for every k € R, |:AS[+SI-:| is positive semi-definite.
2 =1

(ii) s — A is exp-convex.
(iii) s — Ay is l-convex.

Proof. (i) Consider

k
9{()6) = Z CiCqul‘j (X)

form=1,...,k, x>0, €R, g;j = Qi;qj. Let R be convex with respect to @(x) =
x’ (p>0).

Lo 1

T(x) = Rxr) =Y Gy, (x7).
i,j
We have
1" L %i_o
T (x) = ZCiij P
iJ

ko g 2
= (Zcilel’ — 1) >0, x € (0,00).
i

Therefore, R is convex with respect to @(x) = xP(p > 0) for x € (0,00).
By using Theorem[3.9],
k
Y O (h) < Y dw(a),
i=1 i=1
we have

k m k m
‘ <Z CzC]Wq,,(’L)) _. 1 (ZCIC]IVCIU(\;I)> > 07
= 1,] 1= LJ

equivalent to

>0

— Y

i Giéj
i=

k k
quij (ﬁl) - Z Yy (‘71')
ij i=1
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which implies

Z GiiAg,(x) > 0. (43)
i=1

m
From 1) it follows that {AW j} is positive semi-definite matrix.
7 lij=1

(i) Ay is continuous for s € R since
lim AS = A() and lim As = A].
s—0 s—1
Then by using Proposition[1.22] we obtain exp-convexity of s — A,.

(iii) If s — Ay is exp-convex function, then s — Ay is [-convex.

Here we present an important result (see [12]) satisfying Dresher-type inequality :

Theorem 3.15. Let s,t,x,y € [0,00) : s < x, t <y, s #t. Let As be same as in Theorem
Then

1 1
AN (AN
— < | -= . 44
(3) =) “
Proof. By using Proposition[I.6] we get

y(i) —y(@) _ y(@)—y()

ilp — 1y - vy — V1

; (45)

where ii; < 7y, iy <V, il # iy and V| # V. From Theorem [3.14] Ay is [-convex, take
v (i) = logAg, ity = s, i, =t, V) = x and v, =y in (45)),

we have
logA; — logAg < logA, — logA

t—s B y—x
and hence is immediate. O
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3.5 Exponential convexity, log-convexity and Lyapunov’s inequality

for the difference deduced from Favard-type inequalities

Let {n;: (0,00) — R : 5 € R} be a class of functions defined by

¢

s(sxil)? S 7£ 07 17
Ns(x) = —logx, s=0, (46)

xlogx, s=1.

\

2 ) 2 .
As %Tls (x) =x*"2 = e5=2I0x 5 0 for x > 0, 1, is convex and s — %ns (x) is exp-convex.

Now we present an important result satisfying Lyapunov’s inequality (see [11]):

Theorem 3.16. Let f (> 0) be continuous and concave defined on [ii, V]; c is defined in (4)

and

;

s(slfl) |:s3—_‘1 (ﬁ[vf(x)dx) - ﬁj}fs(x)dx] 5 s#0,1,

7
Qi(f):=< 1—1og2 —logc+ ﬁ[logf(x)dx, s=0, (47)
u

\clog2—i—clogc—%c— Lfﬁf(x)logf(x)dx, s=1.
i
Then for s € [0,00), Q(f) is I-convex and for r,s,t € [0,4o0),
Q) < (N () (48)
holds : r <s <t.

Proof. Consider v defined by
w(x) = a®ny(x) +2an, (x) + w1 (x),

where r = 3, 1, is the same as defined in and a,w € R. For s # 0,1 and for x > 0,

we have
v (x) = a®° 2 4+ 2awx’ 2 i 2
= (ax’/* ' /212 > 0.
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As for x > 0, y(x) is convex, by applying Theorem we have
2c
1

2_C/ [ 2ns(y) + 2awn,(y) +w2nz(y)} dy

which is equivalent to

2¢ e
1 1 1 |
a? 2_C/TIs()’)a'y——‘7_L~£7”ls(f(x))dx + 2aw Z—C/nr(y)dy—mm(f(ﬂ)dx
0 0
1 2¢ i
+? Z/nz(y)dy— = Mi(f(x))dx| >0. (49)
0
Let )
1 3 1
Q(f) == z—co/ns(y)dy— mns(f(x))dx. (50)

By using 7; in (50)), is immediate. From (49)), we have
a*Qy(f) +2awQ, (f) + W (f) > 0,
and by applying Remark [T.11] we get

QNS = Q2 (f) = Q2o (),

which implies that for s € [0,0), Q(f) is [-convex in J-sense.

Q;(f) is continuous for s € [0, ) since

LimQ(f) = Qo(f) and  limQy(f) = Qi (f),

s—0
which shows that Q () is continuous and hence Q (f) is I-convex.
As Qq(f) is I-convex, s — logQs(f) is convex. Take y(s) = logQs(f), for r,s,t € [0, +00),
applying Proposition|1.7
(1 = r)logQs(f) < (1 —5)l0ogQ,(f) + (s — r)log€u (),

which is equivalent to (48)). O
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Here we present an important result (see [11]) satisfying Dresher-type inequality :

Theorem 3.17. Let s,t,x,y € [0,00) : s <x,t <y, s #t. Let f, Qs(f) be same as in Theorem
Then

(gg;) i @Eg) - (51)

Proof. By using Proposition[I.6] we get

Y(i) —y (i) _ y(%) = y(i) (52)

ilh — 1y - vy —Vp ’

where i1} <V}, iip <V, il] # iy and 7] # V. From Theorem [3.16] Q,(f) is [-convex, take
v (i) =1logQy(f), iy =s, iia =t, V) =x and ¥, =y in (52)),

we have

logQy(f) —1ogQ(f) _ 108 (f) —108Qx(f)
t—s B y—x

and hence is immediate. O

Theorem 3.18. ([/1]) Let f be continuous and concave defined on [ii, V] : 0 < d < fiin; ¢
be defined in (4)), and

p

2c—d)**! s+1 i s
s(slfl) [(2(072d))(s+1) - (2cf21d)(s+1) = ;{f (x)dx], s 70,1,

v
D(f) := 4 5257[2c +dlogd —2d — (2c —d)log(2c — d)] + [logf (x)dx, s=0,

7
2¢ —d)?log(2c —d) — 2c? 4 2dc — d*logd + 2d) — [ f(x)logf(x)dx,

i

1
| 2Cc—24) [(
Then for s € [0,00), Os(f) is I-convex and for r,s,t € [0, )
P(f) < PR ()
holds : r < s <t.

Proof. Analogous to Theorem [3.16] but here we apply Theorem instead of Theorem
O
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Theorem 3.19. ([11]) Let s,t,x,y € [0,0) : s < x, t <y, s#1, x #yand let f, Dy(f) be
same as in Theorem then

(cbt(f))f‘s . (q’y(f))ylx_
Ds(f)) T \Px(f)
Proof. Analogous to the proof of Theorem [

Theorem 3.20. ([/1])

(i) Let f (> 0) be an increasing concave defined on [ii,V]; ¢; as in Theorem and

1

®y(f) = / ws (2rei)ili(1 — r) + orldr —
0

1

7l

[wir@yitd.
Then for s € [0,00), Ds(f) is l-convex and for r,s,t € [0,0),

D (f) <@L (f) + 2 (f)
holds - r < s <t.

(i) Let fbe an increasing convex defined on [ii, v, f(ii) = 0, ®(f) := —D;(f). Moreover

fors € [0,00), ®(f) is I-convex and for r,s,t € [0,00),
P (f) <D (NP (S)
holds : r <s <t.

Proof. Analogous to the proof of Theorem [3.16) but here we apply Theorem [2.11] instead
of Theorem 2.5 O

Theorem 3.21. ([/1])
(i) Lets,t,x,y €[0,00): s <x,t <y, s#t xF#yandlet f, ®(f) be same as in Theorem

3.20(i). Then

(55) =G
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(ii) Lets,t,x,y € [0,00):5<x, 1<y, s#t x#yandlet f, D;(f) be same as in Theorem
3.20((ii). Then

(ﬁit(f))"s - (%(f))’l{
() T\

Proof. Analogous to the proof of Theorem O

Theorem 3.22. ([/1])

(i) Let f (> 0) be decreasing and concave defined on [ii,V]; cq is same as in Theorem
R.I1land
1 7

()= [ ouCreaalati —r)+ordr— —— [ o(7@)tar
0 il

Then for s € [0,00), Y(f) is I-convex and for r,s,t € [0,00),

YO =0 +X()

holds - r < s <t.

(ii) Let f be a decreasing convex defined on [ii, V], f(V) = 0,Y(f) := —=Ys(f). Then for
s € [0,00), Y(f) is I-convex and for r,s,t € [0,e0),

YT () ST (N
holds : r < s < t.

Proof. Similarly, as the proof of Theorem 3.16] but here we apply Theorem instead of
the Theorem =

Theorem 3.23. ([11])

(i) Lets,t,x,y € [0,00) : s <x,t <y, s#t x#yandlet f, Xs(f) be same as in Theorem

B22(0). Then 1 (e-s) 1)
Tl (f) t—s m y—x
Fa) <3
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(ii) Lets,t,x,y €[0,00):5s<x,t <y, s#t x#yandlet f, Y‘s(f) be same as in Theorem

3.23i). Then e e 1o
<p <f>> y (M) .
Ts(f) - Yx(f)

Proof. Similarly, as the proof of Theorem [3.17] O

Now, consider another family of convex functions (see [10]) as follows :

Let {9 : (0,00) — R : s € R} be a class of functions defined by

4
20 s 7& 07
25(x) =
%xz, s=0
2 : 2 .
As 525 (x) =™ >0, forx > 0, S is convex and s — %Ss(x) is exp-convex.

Theorem 3.24. Let f (> 0) be concave and continuous defined on |ii,v]; ¢ be same as

defined in (4)) and

Then for s € [0,00), 35(f) is I-convex and for r,s,t € [0,00),

S5 =3NS

holds - r < s < t.

Proof. Analogous to the proof of Theorem [3.16] O

Remark 3.25. Suppose that y : (0,1) — R is convex and ¥, @t and ¥ are positive k-tuples.

Let it /v be a decreasing k-tuple. If it is an increasing k-tuple, then the non-negative differ-

ence deduced from (22)) is

k Vi k i
Z (Z . ) - Z (Z ) > 0. (53)
i=1 l i=1 l

Exponential convexity for (53|) can be proved similarly as in the previous section. Also for

k-exponential convexity see [10).
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3.6 Positive semi-definite matrix, exponential convexity, log-convexity
and Lyapunov’s inequality for the difference deduced from Berwald-
type inequalities

Again we use the following family of functions, convex with respect to ¢(x) = x”(p > 0)

defined on (0, o) :

S(Sp_p)xS7 N % O>P>

Oy (x) := —plogx, s=0,

and ) s )
S(Yp—zp) [<€+z§ [pr(x)dx> ' _é_rlszs(x)dx] ) S#Oapa
T2 Flogf(x)dx —log (53*; [ @), s=o,
I(f):= ii i (54)

Then for s € [0,00), I's(f) is I-convex and for r,s,t € [0,00),
L7 () <O ()
holds : r <s < t.

Proof. Analogous to the proof of Theorem but here we apply Theorem [2.9]instead of
Theorem 2.3 ]

Theorem 3.27. ([13]) Let s,t,x,y € [0,00) : s <x, t <y, s#1t, xF#yandlet f, Ts(f) be
same as in Theorem[3.26]
Then




Proof. Similarly, as the proof of Theorem|3.17 [l

Remark 3.28. ([I3]) Put p =1 in (54), we obtain

which is the same as Qg(f) in [I1] for Favard’s inequality.
Theorem 3.29. ([13])

(i) If d; is a positive root of the equation (8)) for ¢(x) =x? (¢ > 1) and let f (> 0) be an
increasing and concave defined on |ii, V)

1

Yo(f) = / v (rdy)lii(1 = ) + pr]dr —
0

Then for s € [0,00), Y(f) is I-convex and for r,s,t € [0,00),

v—

= [vsopa, 69

Yo () <O ()

holds : r < s < t.

(ii) Let f be convex defined on [ii,V), f(ii) =0, Yi(f) := —Y(f), where Y(f) be same
as in . Then for s € [0,0), Yy(f) is I-convex and for r,s,t € [0, ),

t_

Y

t

NSO ()

holds : r < s < t.

Proof. Same as Theorem but here we apply Theorem [2.12[(ii) instead of Theorem
O
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Theorem 3.30. ([/3]) Let ¥, u and v be positive k-tuples. Let u /v be a decreasing k-tuple
and yy is same as in (32)) for ®(x) =x7, ¢>0:

k
Z ylvl

HM»

and also let
k k
Ay = Z 1Vz Z
Then the following statements are valid -

k
(i) For s1,...,s; € R and for every k € R, |:Asi+Sj:| is positive semi-definite.

> Jij=1

(ii) s — Ay is exp-convex.

(iii) s — Ay is l-convex.

Proof. Same as the proof of Theorem but here we use Theorem [3.10|instead of Theo-
rem O

Theorem 3.31. ([13]) Let s,t,x,y € [0,00) : s <x, t <y, s#¢t, xF#yand let f, A;(f) be

same as in Theorem[3.30

Then 1 1
(At(f) ) a (Ay(f)> =
A(F)) T \A()
Proof. Similarly, as the proof of Theorem [
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Chapter 4

Conclusion



4 Conclusion

At present many researchers are working on the refinements, extensions, improvements and
generalizations of several well-known inequalities. The topics of our research work are top-
ics of great interest (see for example [7], [8], [9]]). In our work we present many significant
results related to the weighted majorization inequality as well as the generalizations of
Favard and Berwald-type inequalities with many interesting applications. Further, we con-
sider the non-negative difference of the generalized Favard and Berwald inequalities and
prove the log-convexity and exponential convexity. Finally, Lyapunov and Dresher-type

inequalities are also presented.
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