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Chapter 1

Preliminaries and Introduction



1 Preliminaries and Introduction

Convex functions are closely related to the theory of inequalities and several well known

inequalities are a result of the applications of convex functions [3] (see also[22]). The

subject of convex functions has been discussed widely in [5].

1.1 Jensen convex functions and convex functions

The following definition is given in [22, p. 5].

Definition 1.1. “ψ is said to be convex in Jensen sense (J-sense) or ψ is said to be Jensen

convex (J-convex) if for all ũ, ṽ ∈ I ⊆ R, the inequality

ψ

(
ũ+ ṽ

2

)
≤ ψ(ũ)+ψ(ṽ)

2

holds.”

The following definition is given in [22, p. 1].

Definition 1.2. “ Let I ⊆R. Then ψ : I→R is convex if for all ũ, ṽ∈ I and for all κ ∈ [0,1],

ψ[κ ũ+(1−κ)ṽ]≤ κψ(ũ)+(1−κ)ψ(ṽ). (1)

If reversed inequality holds in (1), then ψ is called concave.”

Example 1.1. Consider ψ : R→ R+ defined by

ψ (ũ) = |ũ|.

For any ũ, ṽ ∈ R and κ ∈ [0,1],

ψ[κ ũ+(1−κ)ṽ] = |κ ũ+(1−κ)ṽ| ≤ |κ ũ|+ |(1−κ)ṽ|

implies

ψ[κ ũ+(1−κ)ṽ]≤ κ|ũ|+(1−κ)|ṽ|= κψ(ũ)+(1−κ)ψ(ṽ)

and hence ψ is convex.
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Example 1.2.

ψ (y) = yn


convex on R, i f n is even,

convex on R+, i f n is odd,

concave on R−, i f n is odd.

Example 1.3.

Ψ(y) = siny

 convex on (π,2π) ,

concave on (0,π) .

Example 1.4.

η (y) = cosy

 convex on
(

π

2 ,π
)
,

concave on
(
0, π

2

)
.

Remark 1.5. If we put κ = 1
2 in (1), then

ψ

(
ũ+ ṽ

2

)
≤ ψ(ũ)+ψ(ṽ)

2
.

The next four results related to convex functions are given in [22, p. 2, p. 4-5].

Proposition 1.6. “If ψ is a convex function defined on I and if ũ1 ≤ ṽ1, ũ2 ≤ ṽ2, ũ1 6=

ũ2, ṽ1 6= ṽ2, then the following inequality is valid

ψ (ũ2)−ψ (ũ1)

ũ2− ũ1
≤ ψ (ṽ2)−ψ (ṽ1)

ṽ2− ṽ1
.

If the function ψ is concave, then the inequality reverses.”

Proposition 1.7. “A function ψ be convex on an interval I ⊆ R, if

(ũ3− ũ2)ψ(ũ1)+(ũ1− ũ3)ψ(ũ2)+(ũ2− ũ1)ψ(ũ3)≥ 0

holds for every ũ1, ũ2, ũ3 ∈ I such that ũ1 < ũ2 < ũ3.”

Theorem 1.8. “Let ψ : I→ R be convex. Then ψ
′
+ and ψ

′
− exist and are increasing on I.”

Theorem 1.9. “ψ : (a,b)→ R is convex if and only if there is at least one line of support

for ψ at each y ∈ (a,b),

ψ(x)−ψ(y)≥ χ(x− y) f or all x ∈ (a,b),

where χ depends on y and is given by χ = ψ ′(y) when ψ ′ exists and χ ∈ [ψ ′−(y),ψ
′
+(y)]

when ψ ′+(y) 6= ψ ′−(y).”
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Convex and J-convex functions are related as follows (see [19, p. 14]):

Theorem 1.10. “Let f : I→ R be a continuous function. Then f is convex if and only if f

is convex in the Jensen sense.”

The following is given in [22, p. 6].

Definition 1.3. “A finite sequence {am}k
m=1 of real numbers is said to be a convex sequence

if

2am ≤ am−1 +am+1 (2)

holds for all m = 2, . . . ,k−1. If (2) reverses, then {am}k
m=1 is called concave.”

1.2 Logarithmically convex functions in Jensen sense and logarithmi-

cally convex functions

The following definition is given in [11].

Definition 1.4. “ A positive function ψ is called logarithmically convex or log-convex

(l-convex) in J-sense on some interval I ⊆ R if

ψ(ũ)ψ(ṽ)≥ ψ
2
(

ũ+ ṽ
2

)
holds for every ũ, ṽ ∈ I.”

Remark 1.11. “It is easy to show that ψ : I→ R+ is l-convex in J-sense if and only if

ζ
2
1 ψ (ũ)+2ζ1ζ2ψ

(
ũ+ ṽ

2

)
+ζ

2
2 ψ(ṽ)≥ 0

holds for every ζ1,ζ2 ∈ R and ũ, ṽ ∈ I.”

The following definition is given in [22, p. 7].
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Definition 1.5. “A function ψ : I → (0,∞) is called l-convex if logψ is convex. Equiva-

lently, ψ is l-convex if for all ũ, ṽ ∈ I and for all κ ∈ [0,1], the inequality

ψ[κ ũ+(1−κ)ṽ]≤ ψ
κ(ũ)ψ1−κ(ṽ)

holds.”

Example 1.12. The function g(y) = 1
y , y ∈ (0,∞) is l-convex.

Example 1.13. The function η(y) = e
−y2

2 is l-concave. Since logη(y) = −y2

2 is a concave

function of y.

Example 1.14. The function y 7→ ey2
is called logarithmically convex.

1.3 k-Convex functions

The following two definitions are given in [22, p. 14-15].

Definition 1.6. “The kth-order divided difference of a function ψ : [ũ, ṽ]→ R at mutually

distinct points y0,y1, ...,yk ∈ [ũ, ṽ] is defined recursively by

[yi;ψ] = ψ (yi) , i = 0, . . . ,k,

[y0, . . . ,yk;ψ] =
[y1, . . . ,yk;ψ]− [y0, . . . ,yk−1;ψ]

yk− y0
.”

Definition 1.7. “A function ψ is k-convex (k ≥ 0) on [ũ, ṽ] if and only if for all choices of

(k+1) distinct points y0, ...,yk ∈ [ũ, ṽ],

[y0, ...,yk;ψ]≥ 0

holds.”

The following definition is given in [22, p. 16].

Theorem 1.15. “If ψ(k) exists, then ψ is k-convex if and only if ψ(k) ≥ 0.”

4



Example 1.16. Let ψ : R+→ R+ be defined by

ψ (y) = y`.

We have 
ψ
′
(y) = `y`−1

and

ψ
′′
(y) = `(`−1)y`−2,

=⇒


ψ
′′
(y)> 0 f or ` ∈ (1,∞) or ` ∈ (−∞,0)

and

ψ
′′
(y)< 0 f or ` ∈ (0,1) .

So ψ is


strictly convex f or ` ∈ (1,∞) or ` ∈ (−∞,0)

and

strictly concave f or ` ∈ (0,1) .

Example 1.17. Let η : R→ R+ be defined by

η(y) = e2y.

Clearly 
η ′(y) = 2e2y

and

η ′′(y) = 4e2y.

As η ′′(y)≥ 0 for y ∈ R, η is convex.

Example 1.18. Let the function Φ be defined by

Φ(y) = e−y.

5



We have 
Φ′(y) =−e−y

and

Φ′′(y) = e−y.

As Φ′′(y)> 0 for y ∈ R, Φ is convex.

Example 1.19. Consider Ψ : R→ R defined by

Ψ(y) = ln(1+ ey) .

Obviously 
Ψ
′
(y) = ey

(1+ey)

and

Ψ
′′
(y) = ey

(1+ey)2 .

As Ψ′′(y)> 0 for y ∈ R, Ψ is convex.

1.4 k-Exponentially convex functions

Let I ⊆ R be an open interval.

The definitions, in this section, are given in [21].

Definition 1.8. “A function ψ is k-exponentially convex (k-exp-convex) in J-sense on I if

k

∑
i, j=1

ζiζ jψ

(
ũi + ũ j

2

)
≥ 0 (3)

holds for ζi,ζ j ∈ R and every ũi, ũ j ∈ I.”

Definition 1.9. “A function ψ : I→ R is k-exp-convex if it is k-exp-convex in the J-sense

and continuous on I.”

Remark 1.20. “1-exp-convex functions in the J-sense are non-negative functions. Also k-

exp-convex functions in the J-sense are m-exp-convex functions in the J-sense for all m∈N,

m≤ k.”
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Proposition 1.21. “If ψ is k-exp-convex in the J-sense on I, then the matrix
[
ψ

(
xi+x j

2

)]m

i, j=1
is positive semi-definite for all m ∈ N, m≤ k. Particularly,

det
[

ψ

(
xi + x j

2

)]m

i, j=1
≥ 0 for every m ∈ N, m≤ k, xi ∈ I, i = 1, . . . ,k.

”

Definition 1.10. “A function ψ : I→ R is exp-convex in the J-sense if it is k-exp-convex

in the J-sense for all k ∈ N.”

Definition 1.11. “A function ψ : I→R is exp-convex if it is exp-convex in the J-sense and

continuous.”

This proposition is followed from [1].

Proposition 1.22. “Let ψ : I→ R. These statements are equivalent.

(i) ψ is exponentially convex.

(ii) ψ is continuous and

k

∑
i, j=1

ζiζ jψ

(
ũi + ũ j

2

)
≥ 0

for ζi,ζ j ∈ R and ũi ∈ I, 1≤ i, j ≤ k.”

Example 1.23. ψ(y) = c is exp-convex on R for any c ∈ [0,∞).

Example 1.24. ψ(ũ) = ceα ũ is exp-convex on c ∈ [0,∞), α ∈ R.

Example 1.25. Let ψp : [0,∞)→ R be defined by

ψp(ũ) =
1
p2 epũ2

.

Then p 7→ ψp(ũ), p 7→ d
dũψp(ũ) and p 7→ d2

dũ2 ψp(ũ) are exp-convex defined on (0,∞) for all

y ∈ [0,∞).

Example 1.26. The function ψ(ũ) = ũ−β is exp-convex on (0,∞) for any β ≥ 0.

7



Remark 1.27. (i) A positive real valued function Ψ : I→R is l-convex in J-sense if and

only if Ψ is 2-exp-convex in J-sense.

(ii) A positive real valued function Φ : I→R is l-convex if and only if Φ is 2-exp-convex.

Remark 1.28. From (3) we have these conclusions :

(i) If ψ is exp-convex defined on I then for all ũ ∈ I, ψ(ũ) ≥ 0. Moreover for any

c ∈ [0,∞), cψ is also exp-convex;

(ii) If ψ1 and ψ2 are exp-convex defined on I, then their sum is also exp-convex on I.

8



Chapter 2

Literature Review



2 Literature Review

2.1 Majorization

The concept of majorization, which is closely related to the convexity, is discussed very

nicely by Marshall and Olkin in [16] (see also[17]).

The following definition is given in [17].

“ For fixed k ≥ 2 , let

ũ = (ũ1, ..., ũk)

and

ṽ = (ṽ1, ..., ṽk)

denote two k-tuples and

ũ[1] ≥ ũ[2] ≥ ...≥ ũ[k]

and

ṽ[1] ≥ ṽ[2] ≥ ...≥ ṽ[k]

be their ordered components.

ũ is said to be majorized by ṽ or ṽ is said to majorize ũ (denoted by ũ≺ ṽ or ṽ� ũ) if
m

∑
i=1

ũ[i] ≤
m

∑
i=1

ṽ[i]; m = 1, ...,k−1

and
k

∑
i=1

ũi =
k

∑
i=1

ṽi.

”

Example 2.1. If ũ = (2,1) and ṽ = (3,0), then

(3,0)� (2,1).

Example 2.2. If ũ = (3,3,0) and ṽ = (6,0,0), then

(6,0,0)� (3,3,0).

10



Example 2.3.(
1
k
, . . . ,

1
k

)
≺
(

1
k−1

, . . . ,
1

k−1
,0
)
≺ . . .≺

(
1
2
,
1
2
,0, . . . ,0

)
≺ (1,0, . . . ,0) .

The well known majorization theorem states that (see [15, p. 11] and [18, p. 169]) :

Theorem 2.4. “Let I be an interval inR and let ũ, ṽ be two k-tuples : ũi, ṽi ∈ I (i= 1, . . . ,k).

Then
k

∑
i=1

ψ(ũi)≤
k

∑
i=1

ψ(ṽi)

holds for every continuous convex function ψ : I→ R if and only if ṽ� ũ holds.”

2.2 Favard and Berwald-type inequalities

Favard proved the following result in [22, p. 212].

Theorem 2.5. “Let f be a non-negative continuous and concave defined on [ũ, ṽ]⊂R, not

identically zero and ψ be convex defined on [0,2c]⊂ R, where

c =
1

ṽ - ũ

∫ ṽ

ũ
f (x)dx. (4)

Then
1
2c

2c∫
0

ψ(y)dy≥ 1
ṽ− ũ

∫ ṽ

ũ
ψ( f (x))dx.”

Some results related to the generalizations of the Favard’s inequality are given in [6,

pp. 413-414].

Remark 2.6. As ψ(t) = ts is convex for s > 1, we have

1
ṽ - ũ

∫ ṽ

ũ
f s(x)dx 6 2s

s + 1

 1
ṽ -ũ

ṽ∫
ũ

f (x)dx

s

. (5)

If s ∈ (0,1), then (5) reverses.

Karlin and Studden [6] presented a generalized result:

11



Theorem 2.7. “Let f be a nonnegative continuous and concave defined on [ũ, ṽ], not iden-

tically zero; c is defined in Theorem 2.5 and let ψ be convex defined on [d,2c−d], where d

satisfies 0 < d ≤ fmin (where fmin isminimumo f f ). Then

1
2c−2d

2c−d∫
d

ψ(z)dz >
1

ṽ− ũ

∫ ṽ

ũ
ψ( f (x))dx.”

Remark 2.8. For ψ(y) = yq, q > 1, we have

1
(2c−2d)(q+1)

(
(2c−d)q+1−dq+1)≥ 1

ṽ− ũ

∫ ṽ

ũ
ψ( f q(x))dx.

Berwald gave a generalized form of Favard’s inequality in [22, p. 214] (see also [6,

pp. 413-414]):

Theorem 2.9. “Let f is a non-negative, continuous concave function, not identically zero

defined on [ũ, ṽ], and ϕ be a continuous and strictly monotonic function defined on [0,z0],

where z0 is sufficiently large. If α is the unique positive root of the equation

1
α

α∫
0

ϕ(y)dy =
1

ṽ− ũ

∫ ṽ

ũ
ϕ( f (x))dx,

then for every function ψ : [0,z0]→ R which is convex with respect to ϕ , we have

1
α

α∫
0

ψ(y)dy >
1

ṽ− ũ

∫ ṽ

ũ
ψ( f (x))dx.”

Remark 2.10. If we take ϕ(x) = xs and ψ(x) = xr and if r > s > 0, then(
s+1
ṽ− ũ

∫ ṽ

ũ
f s(x)dx

) 1
s

≥
(

r+1
ṽ− ũ

∫ ṽ

ũ
f r(x)dx

) 1
r

.

For monotone convex and concave functions f , some generalizations of Theorems 2.5

and 2.9 to the weighted version are given in [14].

Theorem 2.11. (i) “Let f be a positive increasing concave function defined on [ũ, ṽ].

Assume that ψ is a convex function defined on [0,2ci], where

ci =
(ṽ - ũ)

∫ ṽ
ũ f (t)ϑ(t)dt

2
∫ ṽ

ũ (t - ũ)ϑ(t)dt
.

12



Then
1

ũ - ṽ

∫ ṽ

ũ
ψ[ f (t)]ϑ(t)dt ≤

∫ 1

0
ψ(2sci)ϑ [ũ(1 - s)+ ṽs]ds. (6)

If f is decreasing convex function defined on [ũ, ṽ] and f (ũ) = 0, then (6) reverses.

(ii) Let f be a positive decreasing concave function defined on [ũ, ṽ]. Assume that ψ is a

convex function on [0,2cd], where

cd =
(ṽ - ũ)

∫ ṽ
ũ f (t)ϑ(t)dt

2
∫ ṽ

ũ (ṽ - t)ϑ(t)dt
.

Then
1

ṽ - ũ

∫ ṽ

ũ
ψ[ f (t)]ϑ(t)dt ≤

∫ 1

0
ψ(2scd)ϑ [ũs+ ṽ(1 - s)]ds. (7)

If f is decreasing convex function defined on [ũ, ṽ] and f (ṽ) = 0, then (7) reverses.”

A weighted version of Berwald’s inequality was presented in [14].

Theorem 2.12. “Let ψ be convex w.r.t strictly increasing function ϕ defined on [0,∞) that

is let ψ ◦ϕ−1 is convex.

(i) If f is a positive increasing concave function defined on [ũ, ṽ] and if di is a positive root

of the equation

1
di

di∫
0

ϕ(y)ϑ
(

ũ+
ṽ− ũ

di
y
)

dy =
1

ṽ− ũ

ṽ∫
ũ

ϕ( f (t))ϑ(t)dt, (8)

then
1

ṽ− ũ

ṽ∫
ũ

ψ( f (t))ϑ(t)dt ≤
1∫

0

ψ(sdi)ϑ [ũ(1− s)+ ṽs]ds. (9)

If convex function f is increasing defined on [ũ, ṽ] with f (ũ) = 0, then (9) reverses.

(ii) If f is a positive decreasing concave function defined on [ũ, ṽ] and if de is a positive

root of the equation

1
de

de∫
0

ϕ(y)ϑ
(

ṽ− ṽ− ũ
de

y
)

dy =
1

ṽ− ũ

ṽ∫
ũ

ϕ( f (t))ϑ(t)dt,

13



then
1

ṽ− ũ

ṽ∫
ũ

ψ( f (t))ϑ(t)dt ≤
1∫

0

ψ(sde)ϑ [ũs+ ṽ(1− s)]ds. (10)

If f is decreasing convex function defined on [ũ, ṽ] with f (ṽ) = 0, then (10) reverses.”

Remark 2.13. If we put ϕ(a) = ap and ψ(a) = aq in Theorem 2.12. Let 0 < p≤ q.

(i) If f (> 0) is increasing and concave defined on [ũ, ṽ], we have
ṽ∫̃

u
f (t)q

ϑ(t)dt

ṽ∫̃
u
(t− ũ)qϑ(t)dt


1
q

≤


ṽ∫̃

u
f (t)p

ϑ(t)dt

ṽ∫̃
u
(t− ũ)pϑ(t)dt


1
p

. (11)

If f is an increasing and convex defined on [ũ, ṽ] with f (ũ) = 0, then (11) reverses.

(ii) If f (> 0) decreasing and concave defined on [ũ, ṽ], we have
ṽ∫̃

u
f (t)q

ϑ(t)dt

ṽ∫̃
u
(ṽ− t)qϑ(t)dt


1
q

≤


ṽ∫̃

u
f (t)p

ϑ(t)dt

ṽ∫̃
u
(ṽ− t)pϑ(t)dt


1
p

. (12)

If f is decreasing and convex defined on [ũ, ṽ] with f (ṽ) = 0, then (12) reverses.
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Chapter 3

Main Results



3 Main Results

3.1 Generalizations of Majorization-type results

Let ψ be convex defined on I and suppose ũ1, . . . , ũk, ṽ1, . . . , ṽk ∈ I. Suppose that the se-

quence ũ1, . . . , ũk majorizes ṽ1, ..., ṽk : that is the following hold :

ũ1 ≥ . . .≥ ũk

ṽ1 ≥ . . .≥ ṽk

ũ1 ≥ ṽ1

ũ1 + ũ2 ≥ ṽ1 + ṽ2

...

ũ1 + ũ2 + . . .+ ũk−1 ≥ ṽ1 + ṽ2 + . . .+ ṽk−1

ũ1 + ũ2 + . . .+ ũk−1 + ũk = ṽ1 + ṽ2 + . . .+ ṽk−1 + ṽk.

Then

ψ(ũ1)+ψ(ũ2)+ . . .+ψ(ũk)≥ ψ(ṽ1)+ψ(ṽ2)+ . . .+ψ(ṽk). (13)

Inequality (13) is known as majorization inequality.

Fuchs proved a well known weighted version of Theorem 2.4 in [4] (see also [22, p. 323]),

which is infact a generalization of Theorem 2.4.

Theorem 3.1. Let ϑ = (ϑ1, . . . ,ϑk) be a real k-tuple and ũ = (ũ1, . . . , ũk), ṽ = (ṽ1, . . . , ṽk)

be two decreasing real k-tuples :
m

∑
i=1

ϑiũi ≥
m

∑
i=1

ϑiṽi, m = 1, . . . ,k−1,

and
k

∑
i=1

ϑiũi =
k

∑
i=1

ϑiṽi

hold. Let ψ : I→ R be convex and continuous. Then
k

∑
i=1

ϑiψ (ũi)≥
k

∑
i=1

ϑiψ (ṽi) (14)

holds. If ψ is concave, then (14) reverses.
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Proof. Without loss of generality, let ũi 6= ṽi and define ei = (ψ(ũi)−ψ(ṽi))/(ũi − ṽi)

(i = 1, . . . ,k).Then from (13) we obtain ei ≥ ei+1 for i≤ k−1 and the proof follows from

k

∑
i=1

ϑiψ(ũi)−
k

∑
i=1

ϑiψ(ṽi) =
k

∑
i=1

ϑi(ũi− ṽi)ei

= (ϑkũk−ϑkṽk)ek +
k−1

∑
m=1

(ϑmũm−ϑmṽm)(em− em+1).

Another interesting related result (see [2] and [22, p. 323]) states that :

Theorem 3.2. Let ũ, ṽ be two decreasing k-tuples and ϑ be a real k-tuple. If

k

∑
i=1

ϑiũi ≤
k

∑
i=1

ϑiṽi f or m = 1, . . . ,k−1,k (15)

holds, then (14) holds for every continuous increasing convex function ψ : I→ R.

Let ũ, ṽ be two increasing k-tuples. If (15) reverses, then (14) holds for every continuous

decreasing convex function ψ : I→ R.

Proof. Analogous to the proof of Theorem 3.1.

A majorization-type result (see [19, p. 35] and [12]) for the case when only one se-

quence is monotonic states that:

Theorem 3.3. Let ψ be convex defined on I ⊆ R, ϑ be k-tuple and ũ, ṽ ∈ Ik satisfying

m

∑
i=1

ϑiṽi ≤
m

∑
i=1

ϑiũi, m = 1,2, ...,k−1, (16)

k

∑
i=1

ϑiṽi =
k

∑
i=1

ϑiũi.

(i) If ṽ is decreasing k-tuple, then

k

∑
i=1

ϑiψ(ṽi)≤
k

∑
i=1

ϑiψ(ũi).
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(ii) If ũ is an increasing k-tuple, then

k

∑
i=1

ϑiψ(ũi)≤
k

∑
i=1

ϑiψ(ṽi).

Proof. (i) By using Theorem 1.9, the convexity of ψ implies

ψ(x)−ψ(y)≥ ψ
′
+(y)(x− y). (17)

Put x = ũi and y = ṽi in (17), we have

ψ(ũi)−ψ(ṽi)≥ ψ
′
+(ṽi)(ũi− ṽi). (18)

Since ϑ is a positive k-tuple, from (18), we have

k

∑
i=1

ϑi[ψ(ũi)−ψ(ṽi)]≥
k

∑
i=1

ϑiψ
′
+(ṽi)(ũi− ṽi).

Simple calculation yields that

k

∑
i=1

ϑiψ
′
+(ṽi)(ũi− ṽi) =

k−1

∑
m=1

(ϑmũm−ϑmṽm)[ψ
′
+(ṽm)−ψ

′
+(ṽm+1)]. (19)

Since ṽ is a decreasing k-tuple and ψ ′+ is an increasing, we obtain

ψ
′
+(ṽm)−ψ

′
+(ṽm+1)≥ 0, (20)

and (16) can be written as
m

∑
i=1

ϑiũi−
m

∑
i=1

ϑiṽi ≥ 0. (21)

By using (20) and (21) in (19), the result is immediate.

(ii) Analogoous to the proof of (i).

Discrete case of Lemma 1 in [14] states that:

Lemma 3.4. Let y be a positive k-tuple. If ũ is an increasing k-tuple, then

m

∑
i=1

ũiyi

k

∑
i=1

yi ≤
k

∑
i=1

ũiyi

m

∑
i=1

yi, m = 1,2, ...,k.

If ũ is a decreasing k-tuple, then the inequality reverses.
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Proof. When ũ is an increasing real k-tuple, then

m

∑
i=1

ũiyi

k

∑
i=1

yi =
m

∑
i=1

ũiyi

[
m

∑
i=1

yi +
k

∑
i=m+1

yi

]

=
m

∑
i=1

ũiyi

m

∑
i=1

yi +
m

∑
i=1

ũiyi

k

∑
i=m+1

yi

=

[
k

∑
i=1

ũiyi−
k

∑
i=m+1

ũiyi

]
m

∑
i=1

yi +
m

∑
i=1

ũiyi

k

∑
i=m+1

yi

=
k

∑
i=1

ũiyi

m

∑
i=1

yi−
k

∑
i=m+1

ũiyi

m

∑
i=1

yi +
m

∑
i=1

ũiyi

k

∑
i=m+1

yi

≤
k

∑
i=1

ũiyi

m

∑
i=1

yi− ũm

k

∑
i=m+1

yi

m

∑
i=1

yi + ũm

m

∑
i=1

yi

k

∑
i=m+1

yi

=
k

∑
i=1

ũiyi

m

∑
i=1

yi.

Analogously, the reverse inequality can be proved.

3.2 Generalization of Favard’s inequality and related results

If ũ = (ũ1, ũ2, . . . , ũk) and ṽ = (ṽ1, ṽ2, . . . , ṽk) are two k-tuples, then we define

ũṽ = (ũ1ṽ1, ũ2ṽ2, . . . , ũkṽk)

and
ũ
ṽ
=

(
ũ1

ṽ1
,
ũ2

ṽ2
, . . . ,

ũk

ṽk

)
with each ṽi 6= 0 for i = 1, . . . ,k.

A generalization of discrete weighted Favard’s inequality (see [12]) states that:

Theorem 3.5. Let ψ : (0,1)→ R be convex and ϑ , ũ and ṽ be positive k-tuples.

(i) Let ũ/ṽ be decreasing k-tuple. If ũ is an increasing k-tuple, then

k

∑
i=1

ϑiψ

(
ũi

∑
k
i=1 ũiϑi

)
≤

k

∑
i=1

ϑiψ

(
ṽi

∑
k
i=1 ṽiϑi

)
. (22)

If ṽ is a decreasing k-tuple, then (22) reverses.
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(ii) Let ũ/ṽ be an increasing k-tuple. If ṽ is an increasing k-tuple, then

k

∑
i=1

ϑiψ

(
ṽi

∑
k
i=1 ṽiϑi

)
≤

k

∑
i=1

ϑiψ

(
ũi

∑
k
i=1 ũiϑi

)
. (23)

If ũ is a decreasing k-tuple, then (23) reverses.

Proof. (i) If ỹ = ṽϑ and if w̃ = ũ/ṽ, then by Lemma 3.4 we get

k

∑
i=1

ũiϑi

m

∑
i=1

ṽiϑi ≤
m

∑
i=1

ũiϑi

k

∑
i=1

ṽiϑi, m = 1, ...,k,

which gives
m

∑
i=1

ϑi

(
ṽi

∑
k
i=1 ṽiϑi

)
≤

m

∑
i=1

ϑi

(
ũi

∑
k
i=1 ũiϑi

)
.

As ũ is an increasing, by using Theorem 3.3, we have

k

∑
i=1

ϑiψ

(
ũi

∑
k
i=1 ũiϑi

)
≤

k

∑
i=1

ϑiψ

(
ṽi

∑
k
i=1 ṽiϑi

)
.

Similarly, the remaining cases can be proved.

An application of Theorem 3.5 is states that:

Remark 3.6. (a) Let ψ(w̃) = w̃t , where t > 1 or t < 0.

(i) Let ũ/ṽ be decreasing k-tuple. If ũ is an increasing k-tuple, then(
∑

k
i=1 ũt

iϑi

∑
k
i=1 ṽt

iϑi

)
≤

(
∑

k
i=1 ũiϑi

∑
k
i=1 ṽiϑi

)t

. (24)

If ṽ is a decreasing k-tuple, then (24) reverses.

(ii) Let ũ/ṽ be an increasing k-tuple. If ṽ is an increasing k-tuple, then(
∑

k
i=1 ũiϑi

∑
k
i=1 ṽiϑi

)t

≤

(
∑

k
i=1 ũt

iϑi

∑
k
i=1 ṽt

iϑi

)
. (25)

If ũ is a decreasing k-tuple, then (25) reverses.
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(b) If ψ(w̃) = w̃t , 0 < t < 1, then (24) reverses, (24), (25) and reverse of (25) hold.

The following corollary is given in [12] .

Corollary 3.7. Let ψ : [0,∞)→ R be convex, ϑ be a positive k-tuple.

(i) If ũ is a positive increasing concave k-tuple, then

k

∑
i=1

ϑiψ

(
ũi

∑
k
j=1 ϑ jũ j

)
≤

k

∑
i=1

ϑiψ

(
i−1

∑
k
j=1( j−1)ϑ j

)
. (26)

If ũ is an increasing convex real k-tuple and ũ1 = 0, then (26) reverses.

(ii) If ũ is a positive decreasing concave k-tuple, then

k

∑
i=1

ϑiψ

(
ũi

∑
k
j=1 ϑ jũ j

)
≤

k

∑
i=1

ϑiψ

(
k− i

∑
k
j=1(k− j)ϑ j

)
. (27)

If ũ is a decreasing convex real k-tuple and ũk = 0, then (27) reverses.

Proof. (i) If ṽ1 = ε < ũ1/ũ2, ṽi = i− 1(2 ≤ i ≤ k). Therefore, ũi/ṽi(1 ≤ i ≤ k) is a

decreasing k-tuple. By using Theorem 3.5 (22), we obtain

k

∑
i=1

ϑiψ

(
ũi

∑
k
j=1 ϑ jũ j

)
≤ ϑ1ψ

(
ε

εϑ1 +∑
k
j=2( j−1)ϑ j

)

+
k

∑
i=2

ϑ1ψ

(
i−1

εϑ1 +∑
k
j=2( j−1)ϑ j

)
.

By taking ε → 0, we have

k

∑
i=1

ϑiψ

(
ũi

∑
k
j=1 ϑ jũ j

)
≤ ϑ1ψ

(
0

(0)ϑ1 +∑
k
j=2( j−1)ϑ j

)

+
k

∑
i=2

ϑiψ

(
i−1

(0)ϑ1 +∑
k
j=2( j−1)ϑ j

)
,

= ϑ1ψ(0)+
k

∑
i=2

ϑiψ

(
i−1

∑
k
j=2( j−1)ϑ j

)
,

=
k

∑
i=1

ϑiψ

(
i−1

∑
k
j=2( j−1)ϑ j

)
.
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Because ũ is an increasing convex k-tuple and ũ1 = 0, further ũi/(i− 1)(2 ≤ i ≤ k)

is an increasing k-tuple. By applying Theorem 3.5 (23), we get

k

∑
i=2

ϑiψ

(
i−1

∑
k
j=2( j−1)ϑ j

)
≤

k

∑
i=2

ϑiψ

(
ũi

∑
k
j=2 ϑ jũ j

)
,

equivalent to

ϑ1ψ

 0
k
∑
j=1

( j−1)ϑ j

+
k

∑
i=2

ϑiψ

 i−1
k
∑
j=1

( j−1)ϑ j

 ≤ ϑ1ψ

(
0

∑
k
j=1 ϑ jũ j

)

+
k

∑
i=2

ϑiψ

(
ũi

∑
k
j=1 ϑ jũ j

)
,

which implies

k

∑
i=1

ϑiψ

(
i−1

∑
k
j=1( j−1)ϑ j

)
≤

k

∑
i=1

ϑiψ

(
ũi

∑
k
j=1 ϑ jũ j

)
.

The remaining cases can be proved similarly.

An important remark related to the application of Corollary 3.7 is the following:

Remark 3.8. (a) Let ψ(w̃) = w̃t , where t > 1.

(i) If ũ is a positive increasing concave k-tuple, then(
∑

k
i=1 ũt

iϑi

∑
k
i=1 (i−1)t

ϑi

)
≤

(
∑

k
i=1 ũiϑi

∑
k
i=1 (i−1)ϑi

)t

. (28)

If ũ is an increasing convex k-tuple and ũ1 = 0, then (28) reverses.

(ii) If ũ is a positive decreasing concave k-tuple, then(
∑

k
i=1 ũt

iϑi

∑
k
i=1 (k− i)t

ϑi

)
≤

(
∑

k
i=1 ũiϑi

∑
k
i=1 (k− i)ϑi

)t

. (29)

If ũ is decreasing convex k-tuple and ũk = 0, then (29) reverses.
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(b) If ψ(w̃) = w̃t , 0 < t < 1, then (28) reverses, (28), (29) and reverse of (29) hold.

An extension of Theorem 1 in [20] is given as the following:

Theorem 3.9. Let ϑ , ũ and ṽ be positive k-tuples. Let ϕ,ψ : [0,∞)→ R : ϕ be a strictly

increasing function and ψ be convex with respect to ϕ i.e., ψ ◦ϕ−1 be convex. Also suppose

that
m

∑
i=1

ϑiϕ(ṽi)≤
m

∑
i=1

ϑiϕ(ũi), m = 1, . . . ,k−1, (30)

and
k

∑
i=1

ϑiϕ(ṽi) =
k

∑
i=1

ϑiϕ(ũi). (31)

(i) If ṽ is a decreasing k-tuple, then

k

∑
i=1

ϑiψ(ṽi)≤
k

∑
i=1

ϑiψ(ũi).

(ii) If ũ is an increasing k-tuple, then

k

∑
i=1

ϑiψ(ũi)≤
k

∑
i=1

ϑiψ(ṽi).

Proof. For the case when ϕ(w̃) = w̃, but proved in Theorem 3.3.

3.3 Generalization of Berwald’s inequality and related results

A generalization of discrete weighted Berwald’s inequality (see [12]) states that:

Theorem 3.10. Let ϑ , ũ and ṽ be positive k-tuples. Let ϕ,ψ : [0,∞)→R : ϕ is a continuous

and strictly increasing. Suppose that ψ ◦ϕ−1 is convex. Let y1 be:

k

∑
i=1

ϑiϕ(y1ṽi) =
k

∑
i=1

ϑiϕ(ũi). (32)

(i) Let ũ/ṽ be decreasing k-tuple. If ũ is an increasing k-tuple, we obtain

k

∑
i=1

ϑiϕ(ũi)≤
k

∑
i=1

ϑiϕ(y1ṽi). (33)

If ṽ is a decreasing k-tuple, then (33) reverses.
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(ii) Let ũ/ṽ is an increasing k-tuple. If ṽ is an increasing k-tuple, then

k

∑
i=1

ϑiϕ(y1ṽi)≤
k

∑
i=1

ϑiϕ(ũi). (34)

If ũ is a decreasing k-tuple, then (34) reverses.

Proof. (i) Since ϕ is continuous, G(y) =
k
∑

i=1
ϑiϕ(yṽi) for y ≥ 0 is continuous. If ũ > 0

and ϕ is strictly increasing, we have G(0) =
k
∑

i=1
ϑiϕ(0) <

k
∑

i=1
ϑiϕ(ũi). Because ũ/ṽ

is bounded above in both cases, taking either y0 > ũi/ṽi or ũi < y0ṽi for i = 1, . . . ,k.

Therefore, G(y0) =
k
∑

i=1
ϑiϕ(y0ṽi)>

k
∑

i=1
ϑiϕ(ũi). This shows that y1 exist.

Since ũ/ṽ is a decreasing and ϕ is strictly increasing function, and because

k

∑
i=1

ϑiϕ(y1ṽi) =
k

∑
i=1

ϑiϕ(ũi),

there is an m :

ũi

ṽi
≥ y1, i = 1, . . . ,m and

ũi

ṽi
≤ y1, i = m+1, . . . ,k,

thus
j

∑
i=1

ϑiϕ(y1ṽi)≤
j

∑
i=1

ϑiϕ(ũi), j = 1, . . . ,k. (35)

(35) can be proved as

j

∑
i=1

ϑiϕ(y1ṽi) =
k

∑
i=1

ϑiϕ(y1ṽi)−
k

∑
i= j+1

ϑiϕ(y1ṽi)

=
k

∑
i=1

ϑiϕ(ũi)−
k

∑
i= j+1

ϑiϕ(y1ṽi)

≤
k

∑
i=1

ϑiϕ(ũi)−
k

∑
i= j+1

ϑiϕ(ũi)

=
j

∑
i=1

ϑiϕ(ũi).

From inequality (35), the equality (32), the supposition that ψ ◦ϕ−1 be convex, ũ be

an increasing and by Theorem 3.9, we get

k

∑
i=1

ϑiψ(ũi)≤
k

∑
i=1

ϑiψ(y1ṽi).
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From inequality (35), the equality (32), the supposition that ψ ◦ϕ−1 be convex, ṽ is

decreasing and by Theorem 3.9, we get

k

∑
i=1

ϑiψ(y1ṽi)≤
k

∑
i=1

ϑiψ(ũi).

Similarly the other cases can be proved .

An important remark related to the application of Theorem 3.10 is the following:

Remark 3.11. Let ϕ(w̃) = w̃s and φ(w̃) = w̃t be : 0 < s≤ t.

(i) Let ũ/ṽ be a decreasing k-tuple. If ũ is an increasing k-tuple, then(
∑

k
i=1 ϑiũt

i

∑
k
i=1 ϑiṽt

i

) 1
t

≤

(
∑

k
i=1 ϑiũs

i

∑
k
i=1 ϑiṽs

i

) 1
s

. (36)

If ṽ is a decreasing k-tuple, then (36) reverses.

(ii) Let ũ/ṽ be increasing k-tuple. If ṽ is an increasing k-tuple, then(
∑

k
i=1 ϑiũs

i

∑
k
i=1 ϑiṽs

i

) 1
s

≤

(
∑

k
i=1 ϑiũt

i

∑
k
i=1 ϑiṽt

i

) 1
t

. (37)

If ũ is a decreasing k-tuple, then (37) reverses.

The following corollary is given in [12].

Corollary 3.12. Let ϑ be a positive k-tuple. Let ϕ,ψ : [0,∞)→R : ϕ be strictly increasing

and continuous. Suppose ψ ◦ϕ−1 is convex. Let y1 and y2 be :

k

∑
i=1

ϑiϕ[(i−1)y1] =
k

∑
i=1

ϑiϕ(ũi), (38)

and
k

∑
i=1

ϑiϕ[(n− i)y2] =
k

∑
i=1

ϑiϕ(ũi).

26



(i) If ũ is a positive increasing concave k-tuple, then

k

∑
i=1

ϑiψ(ũi)≤
k

∑
i=1

ϑiψ[(i−1)y1]. (39)

If ũ is an increasing convex k-tuple and ũ1 = 0, then (39) reverses.

(ii) If ũ is a positive decreasing concave k-tuple, then

k

∑
i=1

ϑiψ(ũi)≤
k

∑
i=1

ϑiψ[(n− i)y2]. (40)

If ũ is a decreasing convex k-tuple and ũn = 0, then (40) reverses.

Proof. (i) Choose ṽ1 = υ < ũ1/ũ2, ṽi = i−1 (2 ≤ i ≤ k). Therefore, ũi/ṽi (1 ≤ i ≤ k)

is a decreasing k-tuple. So, (38) becomes

ϑ1ϕ(υy1)+
k

∑
i=2

ϑiϕ[(i−1)y1] =
k

∑
i=1

ϑiϕ(ũi).

By applying Theorem 3.10 (33), we get

k

∑
i=1

ϑiψ(ũi)≤ ϑ1ψ(υy1)+
k

∑
i=2

ϑiψ[(i−1)y1],

If υ → 0, then

k

∑
i=1

ϑiψ(ũi) ≤ ϑ1ψ(0)+
k

∑
i=2

ϑiψ[(i−1)y1],

= 0+
k

∑
i=2

ϑiψ[(i−1)y1],

=
k

∑
i=1

ϑiψ[(i−1)y1].

Because ũ is an increasing convex k-tuple and ũ1 = 0, then ũi/(i− 1)(2 ≤ i ≤ k) is

an increasing k-tuple. So, (38) becomes

k

∑
i=2

ϑiϕ[(i−1)y1] =
k

∑
i=2

ϑiϕ(ũi).

By using Theorem 3.10 (34),

k

∑
i=2

ϑiψ[(i−1)y1]≤
k

∑
i=2

ϑiψ(ũi).
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ϑ1ψ[(0)y1]+
k

∑
i=2

ϑiψ[(i−1)y1]≤ ϑ1ψ(0)+
k

∑
i=1

ϑiψ(ũi).

k

∑
i=1

ϑiψ[(i−1)y1]≤
k

∑
i=1

ϑiψ(ũi).

The remaining cases can be proved similarly.

An important remark related to the application of Corollary 3.12 is the following:

Remark 3.13. For 0 < s≤ t, let ϕ(ũ) = ũs and φ(ũ) = ũt .

(i) If ũ is an increasing positive concave k-tuple, then(
∑

k
i=1 ϑiũt

i

∑
k
i=1 ϑi(i−1)t

) 1
t

≤

(
∑

k
i=1 ϑiũs

i

∑
k
i=1 ϑi(i−1)s

) 1
s

. (41)

If ũ is an increasing convex k-tuple and ũ1 = 0, then (41) reverses.

(ii) If ũ is a positive decreasing concave k-tuple, then(
∑

k
i=1 ϑiũt

i

∑
k
i=1 ϑi(n− i)t

) 1
t

≤

(
∑

k
i=1 ϑiũs

i

∑
k
i=1 ϑi(n− i)s

) 1
s

. (42)

If ũ is a decreasing convex k-tuple and ũk = 0, then (42) reverses.

3.4 Positive semi-definite matrix, exponential convexity, log-convexity

and Lyapunov’s inequality for the difference deduced from majorization-

type result

We will use the following family of functions, convex with respect to ϕ(x) = xp(p > 0)

defined on (0,∞) :

φs(x) :=


p2

s(s−p)x
s, s 6= 0, p,

−plogx, s = 0,

pxplogx, s = p.

Here, we present Lyapunov’s inequality satisfying the following result (see [12]):
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Theorem 3.14. Let ϑ , ũ and ṽ be positive k-tuples. Let ṽ be decreasing and

∆s :=
k

∑
i=1

ψs(ũi)−
k

∑
i=1

ψs(ṽi),

such that conditions (30) and (31) are satisfied. Then the following statements are valid:

(i) For s1, . . . ,sk ∈ R and for every k ∈ R,
[

∆ si+s j
2

]k

i, j=1
is positive semi-definite.

(ii) s→ ∆s is exp-convex.

(iii) s→ ∆s is l-convex.

Proof. (i) Consider

ℜ(x) =
k

∑
i, j

ζiζ jψqi j(x)

for m = 1, . . . ,k, x > 0, ζ ∈ R, qi j =
qi+q j

2 . Let ℜ be convex with respect to ϕ(x) =

xp (p > 0).

k(x) = ℜ(x
1
p ) =

k

∑
i, j

ζiζ jψqi j(x
1
p ).

We have

k′′(x) =
k

∑
i, j

ζiζ jx
qi j
p −2

=

(
k

∑
i

ζix
qi
2p −1

)2

> 0, x ∈ (0,∞).

Therefore, ℜ is convex with respect to ϕ(x) = xp(p > 0) for x ∈ (0,∞).

By using Theorem 3.9 ,
k

∑
i=1

ϑiψ(ṽi)≤
k

∑
i=1

ϑiψ(ũi),

we have
k

∑
i=1

(
m

∑
i, j

ζiζ jψqi j(ũi)

)
−

k

∑
i=1

(
m

∑
i, j

ζiζ jψqi j(ṽi)

)
≥ 0,

equivalent to
m

∑
i=1

ζiζ j

[
k

∑
i, j

ψqi j(ũi)−
k

∑
i=1

ψqi j(ṽi)

]
≥ 0,
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which implies
m

∑
i=1

ζiζ j∆qi j(x)≥ 0. (43)

From (43), it follows that
[

∆ qi+q j
2

]m

i, j=1
is positive semi-definite matrix.

(ii) ∆s is continuous for s ∈ R since

lim
s→0

∆s = ∆0 and lim
s→1

∆s = ∆1.

Then by using Proposition 1.22, we obtain exp-convexity of s→ ∆s.

(iii) If s→ ∆s is exp-convex function, then s→ ∆s is l-convex.

Here we present an important result (see [12]) satisfying Dresher-type inequality :

Theorem 3.15. Let s, t,x,y∈ [0,∞) : s≤ x, t ≤ y, s 6= t. Let ∆s be same as in Theorem 3.14.

Then (
∆t

∆s

) 1
t−s

≤
(

∆y

∆x

) 1
y−x

. (44)

Proof. By using Proposition 1.6, we get

ψ(ũ2)−ψ(ũ1)

ũ2− ũ1
≤ ψ(ṽ2)−ψ(ṽ1)

ṽ2− ṽ1
, (45)

where ũ1 ≤ ṽ1, ũ2 ≤ ṽ2, ũ1 6= ũ2 and ṽ1 6= ṽ2. From Theorem 3.14, ∆s is l-convex, take

ψ(ũ) = log∆ũ, ũ1 = s, ũ2 = t, ṽ1 = x and ṽ2 = y in (45),

we have
log∆t− log∆s

t− s
≤

log∆y− log∆x

y− x

and hence (44) is immediate.
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3.5 Exponential convexity, log-convexity and Lyapunov’s inequality

for the difference deduced from Favard-type inequalities

Let {ηs : (0,∞)→ R : s ∈ R} be a class of functions defined by

ηs(x) =


xs

s(s−1) , s 6= 0,1,

−logx, s = 0,

xlogx, s = 1.

(46)

As d2

dx2 ηs(x) = xs−2 = e(s−2) lnx > 0, for x > 0, ηs is convex and s 7→ d2

dx2 ηs(x) is exp-convex.

Now we present an important result satisfying Lyapunov’s inequality (see [11]):

Theorem 3.16. Let f (> 0) be continuous and concave defined on [ũ, ṽ]; c is defined in (4)

and

Ωs( f ) :=



1
s(s−1)

[
2s

s+1

(
1

ṽ−ũ

ṽ∫̃
u

f (x)dx
)s

− 1
ṽ−ũ

ṽ∫̃
u

f s(x)dx
]
, s 6= 0,1,

1− log2− logc+ 1
ṽ−ũ

ṽ∫̃
u

log f (x)dx, s = 0,

clog2+ clogc− 1
2c− 1

ṽ−ũ

ṽ∫̃
u

f (x)log f (x)dx, s = 1.

(47)

Then for s ∈ [0,∞), Ωs( f ) is l-convex and for r,s, t ∈ [0,+∞),

Ω
t−r
s ( f )≤Ω

t−s
r ( f )Ωs−r

t ( f ) (48)

holds : r < s < t.

Proof. Consider ψ defined by

ψ(x) = a2
ηs(x)+2aw̃ηr(x)+ w̃2

ηt(x),

where r = s+t
2 , ηs is the same as defined in (46) and a, w̃ ∈ R. For s 6= 0,1 and for x > 0,

we have

ψ
′′(x) = a2xs−2 +2aw̃xr−2 + w̃2xt−2

= (axs/2−1 + w̃xt/2−1)2 ≥ 0.
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As for x > 0, ψ(x) is convex, by applying Theorem 2.5, we have

1
2c

2c∫
0

[
a2

ηs(y)+2aw̃ηr(y)+ w̃2
ηt(y)

]
dy

≥ 1
ṽ− ũ

ṽ∫
ũ

[
ũ2

ηs( f (x))+2aw̃ηr( f (x))+ w̃2
ηt( f (x))

]
dx,

which is equivalent to

a2

 1
2c

2c∫
0

ηs(y)dy− 1
ṽ− ũ

ηs( f (x))dx

+2aw̃

 1
2c

2c∫
0

ηr(y)dy− 1
ṽ− ũ

ηr( f (x))dx


+ w̃2

 1
2c

2c∫
0

ηt(y)dy− 1
ṽ− ũ

ηt( f (x))dx

≥ 0. (49)

Let

Ωs( f ) :=
1
2c

2c∫
0

ηs(y)dy− 1
ṽ− ũ

ηs( f (x))dx. (50)

By using ηs in (50), (47) is immediate. From (49), we have

a2
Ωs( f )+2aw̃Ωr( f )+ w̃2

Ωt( f )≥ 0,

and by applying Remark 1.11, we get

Ωs( f )Ωt( f )≥Ω
2
r ( f ) = Ω

2
s+t/2( f ),

which implies that for s ∈ [0,∞), Ωs( f ) is l-convex in J-sense.

Ωs( f ) is continuous for s ∈ [0,∞) since

lim
s→0

Ωs( f ) = Ω0( f ) and lim
s→1

Ωs( f ) = Ω1( f ),

which shows that Ωs( f ) is continuous and hence Ωs( f ) is l-convex.

As Ωs( f ) is l-convex, s 7→ logΩs( f ) is convex. Take ψ(s) = logΩs( f ), for r,s, t ∈ [0,+∞),

applying Proposition 1.7

(t− r)logΩs( f )≤ (t− s)logΩr( f )+(s− r)logΩt( f ),

which is equivalent to (48).
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Here we present an important result (see [11]) satisfying Dresher-type inequality :

Theorem 3.17. Let s, t,x,y∈ [0,∞) : s≤ x, t ≤ y, s 6= t. Let f , Ωs( f ) be same as in Theorem

3.16. Then (
Ωt( f )
Ωs( f )

) 1
t−s

≤
(

Ωy( f )
Ωx( f )

) 1
y−x

. (51)

Proof. By using Proposition 1.6, we get

ψ(ũ2)−ψ(ũ1)

ũ2− ũ1
≤ ψ(ṽ2)−ψ(ṽ1)

ṽ2− ṽ1
, (52)

where ũ1 ≤ ṽ1, ũ2 ≤ ṽ2, ũ1 6= ũ2 and ṽ1 6= ṽ2. From Theorem 3.16, Ωs( f ) is l-convex, take

ψ(ũ) = logΩũ( f ), ũ1 = s, ũ2 = t, ṽ1 = x and ṽ2 = y in (52),

we have
logΩt( f )− logΩs( f )

t− s
≤

logΩy( f )− logΩx( f )
y− x

and hence (51) is immediate.

Theorem 3.18. ([11]) Let f be continuous and concave defined on [ũ, ṽ] : 0 < d < fmin; c

be defined in (4), and

Φs( f ) :=



1
s(s−1) [

(2c−d)s+1

(2c−2d)(s+1) −
ds+1

(2c−2d)(s+1) −
1

ṽ−ũ

ṽ∫̃
u

f s(x)dx], s 6= 0,1,

1
2c−2d [2c+dlogd−2d− (2c−d)log(2c−d)]+

ṽ∫̃
u

log f (x)dx, s = 0,

1
2(2c−2d) [(2c−d)2log(2c−d)−2c2 +2dc−d2logd +2d]−

ṽ∫̃
u

f (x)log f (x)dx, s = 1.

Then for s ∈ [0,∞), Φs( f ) is l-convex and for r,s, t ∈ [0,∞)

Φ
t−r
s ( f )≤Φ

t−s
r ( f )Φs−r

t ( f )

holds : r < s < t.

Proof. Analogous to Theorem 3.16 but here we apply Theorem 2.7 instead of Theorem

2.5.
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Theorem 3.19. ([11]) Let s, t,x,y ∈ [0,∞) : s ≤ x, t ≤ y, s 6= t, x 6= y and let f , Φs( f ) be

same as in Theorem 3.18, then(
Φt( f )
Φs( f )

) 1
t−s

≤
(

Φy( f )
Φx( f )

) 1
y−x

.

Proof. Analogous to the proof of Theorem 3.17.

Theorem 3.20. ([11])

(i) Let f (> 0) be an increasing concave defined on [ũ, ṽ]; ci as in Theorem 2.11 and

Φs( f ) :=
1∫

0

ψs(2rci)w̃[ũ(1− r)+ ṽr]dr− 1
ṽ− ũ

ṽ∫
ũ

ψs( f (t))w̃(t)dt.

Then for s ∈ [0,∞), Φs( f ) is l-convex and for r,s, t ∈ [0,∞),

Φ
t−r
s ( f )≤Φ

t−s
r ( f )+Φ

s−r
t ( f )

holds : r < s < t.

(ii) Let f be an increasing convex defined on [ũ, ṽ], f (ũ)= 0, Φ̃s( f ) :=−Φs( f ). Moreover

for s ∈ [0,∞), Φ̃s( f ) is l-convex and for r,s, t ∈ [0,∞),

Φ̃
t−r
s ( f )≤ Φ̃

t−s
r ( f )Φ̃

s−r
t ( f )

holds : r < s < t.

Proof. Analogous to the proof of Theorem 3.16 but here we apply Theorem 2.11 instead

of Theorem 2.5.

Theorem 3.21. ([11])

(i) Let s, t,x,y ∈ [0,∞) : s≤ x, t ≤ y, s 6= t, x 6= y and let f , Φs( f ) be same as in Theorem

3.20(i). Then (
Φt( f )
Φs( f )

) 1
t−s

≤
(

Φy( f )
Φx( f )

) 1
y−x

.
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(ii) Let s, t,x,y ∈ [0,∞) : s≤ x, t ≤ y, s 6= t, x 6= y and let f , Φs( f ) be same as in Theorem

3.20(ii). Then (
Φ̃t( f )

Φ̃s( f )

) 1
t−s

≤

(
Φ̃y( f )

Φ̃x( f )

) 1
y−x

.

Proof. Analogous to the proof of Theorem 3.17.

Theorem 3.22. ([11])

(i) Let f (> 0) be decreasing and concave defined on [ũ, ṽ]; cd is same as in Theorem

2.11 and

ϒs( f ) :=
1∫

0

φs(2rcd)w̃[ũ(1− r)+ ṽr]dr− 1
ṽ− ũ

ṽ∫
ũ

φs( f (t))w̃(t)dt.

Then for s ∈ [0,∞), ϒs( f ) is l-convex and for r,s, t ∈ [0,∞),

ϒ
t−r
s ( f )≤ ϒ

t−s
r ( f )+ϒ

s−r
t ( f )

holds : r < s < t.

(ii) Let f be a decreasing convex defined on [ũ, ṽ], f (ṽ) = 0,ϒ̃s( f ) := −ϒs( f ). Then for

s ∈ [0,∞), ϒ̃s( f ) is l-convex and for r,s, t ∈ [0,∞),

ϒ̃
t−r
s ( f )≤ ϒ̃

t−s
r ( f ) ϒ̃

s−r
t ( f )

holds : r < s < t.

Proof. Similarly, as the proof of Theorem 3.16, but here we apply Theorem 2.11 instead of

the Theorem 2.5.

Theorem 3.23. ([11])

(i) Let s, t,x,y ∈ [0,∞) : s≤ x, t ≤ y, s 6= t, x 6= y and let f , ϒs( f ) be same as in Theorem

3.22(i). Then (
ϒt( f )
ϒs( f )

)1/(t−s)

≤
(

ϒy( f )
ϒx( f )

)1/(y−x)

.
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(ii) Let s, t,x,y ∈ [0,∞) : s≤ x, t ≤ y, s 6= t, x 6= y and let f , ϒ̃s( f ) be same as in Theorem

3.22(ii). Then (
ϒ̃t( f )

ϒ̃s( f )

)1/(t−s)

≤

(
ϒ̃y( f )

ϒ̃x( f )

)1/(y−x)

.

Proof. Similarly, as the proof of Theorem 3.17.

Now, consider another family of convex functions (see [10]) as follows :

Let {℘s : (0,∞)→ R : s ∈ R} be a class of functions defined by

℘s(x) =


esx

s2 , s 6= 0,

1
2x2, s = 0.

As d2

dx2 ℑs(x) = esx > 0, for x > 0, ℑs is convex and s 7→ d2

dx2 ℑs(x) is exp-convex.

Theorem 3.24. Let f (> 0) be concave and continuous defined on [ũ, ṽ]; c be same as

defined in (4) and

ℑs( f ) :=


e2cs

2cs3 − 1
2cs3 − 1

s2(ṽ−ũ)

ṽ∫̃
u

es f (x), s 6= 0;

2
3

(
1

ṽ−ũ

ṽ∫̃
u

f (x)dx
)2

− 1
4(ṽ−ũ)

ṽ∫̃
u

f 2(x)dx, s = 0.

Then for s ∈ [0,∞), ℑs( f ) is l-convex and for r,s, t ∈ [0,∞),

ℑ
t−r
s ( f )≤ ℑ

t−s
r ( f )ℑs−r

t ( f )

holds : r < s < t.

Proof. Analogous to the proof of Theorem 3.16.

Remark 3.25. Suppose that ψ : (0,1)→ R is convex and ϑ , ũ and ṽ are positive k-tuples.

Let ũ/ṽ be a decreasing k-tuple. If ũ is an increasing k-tuple, then the non-negative differ-

ence deduced from (22) is
k

∑
i=1

ϑiψ

(
ṽi

∑
k
i=1 ṽiϑi

)
−

k

∑
i=1

ϑiψ

(
ũi

∑
k
i=1 ũiϑi

)
≥ 0. (53)

Exponential convexity for (53) can be proved similarly as in the previous section. Also for

k-exponential convexity see [10].
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3.6 Positive semi-definite matrix, exponential convexity, log-convexity

and Lyapunov’s inequality for the difference deduced from Berwald-

type inequalities

Again we use the following family of functions, convex with respect to ϕ(x) = xp(p > 0)

defined on (0,∞) :

φs(x) :=


p2

s(s−p)x
s, s 6= 0, p,

−plogx, s = 0,

pxplogx, s = p.

Theorem 3.26. ([13]) Let f (> 0) be continuous and concave on [ũ, ṽ], p > 0

and

Γs( f ) :=



p2

s(s−p)

[(
p+1
ṽ−ũ

ṽ∫̃
u

f p(x)dx
) s

p

− s+1
ṽ−ũ

ṽ∫̃
u

f s(x)dx

]
, s 6= 0, p,

p+ p
ṽ−ũ

ṽ∫̃
u

log f (x)dx− log
(

p+1
ṽ−ũ

ṽ∫̃
u

f p(x)dx
)
, s = 0,(

p+1
ṽ−ũ

ṽ∫̃
u

f p(x)dx
)

log
(

p+1
ṽ−ũ

ṽ∫̃
u

f p(x)dx
)
−

p
ṽ − ũ

ṽ∫̃
u

f p(x)dx− p(p+1)
ṽ−ũ

ṽ∫̃
u

f p(x)log f (x)dx, s = p.

(54)

Then for s ∈ [0,∞), Γs( f ) is l-convex and for r,s, t ∈ [0,∞),

Γ
t−r
s ( f )≤ Γ

t−s
r ( f )Γs−r

t ( f )

holds : r < s < t.

Proof. Analogous to the proof of Theorem 3.16 but here we apply Theorem 2.9 instead of

Theorem 2.5.

Theorem 3.27. ([13]) Let s, t,x,y ∈ [0,∞) : s ≤ x, t ≤ y, s 6= t, x 6= y and let f , Γs( f ) be

same as in Theorem 3.26.

Then (
Γt( f )
Γs( f )

) 1
t−s

≤
(

Γy( f )
Γx( f )

) 1
y−x
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Proof. Similarly, as the proof of Theorem 3.17.

Remark 3.28. ([13]) Put p = 1 in (54), we obtain

Γs( f ) :=



1
s(s−1)

[(
2

ṽ−ũ

ṽ∫̃
u

f p(x)dx
) s

p

− s+1
ṽ−ũ

ṽ∫̃
u

f s(x)dx

]
, s 6= 0,1,

1+ 1
ṽ−ũ

ṽ∫̃
u

log f (x)dx− log
(

2
ṽ−ũ

ṽ∫̃
u

f (x)dx
)
, s = 0,(

2
ṽ−ũ

ṽ∫̃
u

f (x)dx
)

log
(

2
ṽ−ũ

ṽ∫̃
u
(x)dx

)
−

1
ṽ−ũ

ṽ∫̃
u

f (x)dx− 2
ṽ−ũ

ṽ∫̃
u

f (x)log f (x)dx, s = 1,

which is the same as Ωs( f ) in [11] for Favard’s inequality.

Theorem 3.29. ([13])

(i) If di is a positive root of the equation (8) for ϕ(x) = xq (q > 1) and let f (> 0) be an

increasing and concave defined on [ũ, ṽ]

ϒs( f ) :=
1∫

0

ψs(rdi)w̃[ũ(1− r)+ ṽr]dr− 1
ṽ− ũ

ṽ∫
ũ

ψ( f (t))w̃(t)dt, (55)

Then for s ∈ [0,∞), ϒs( f ) is l-convex and for r,s, t ∈ [0,∞),

ϒ
t−r
s ( f )≤ ϒ

t−s
r ( f )ϒs−r

t ( f )

holds : r < s < t.

(ii) Let f be convex defined on [ũ, ṽ], f (ũ) = 0, ϒs( f ) := −ϒs( f ), where ϒs( f ) be same

as in (55). Then for s ∈ [0,∞), ϒs( f ) is l-convex and for r,s, t ∈ [0,∞),

ϒs
t−r

( f )≤ ϒr
t−s

( f )ϒt
s−r

( f )

holds : r < s < t.

Proof. Same as Theorem 3.16 but here we apply Theorem 2.12(ii) instead of Theorem

2.9.
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Theorem 3.30. ([13]) Let ϑ , u and v be positive k-tuples. Let u�v be a decreasing k-tuple

and y1 is same as in (32) for Φ(x) = xq, q > 0 :

k

∑
i=1

ϑiψ (y1vi) =
k

∑
i=1

ϑiψ (ui) .

and also let

Λs =
k

∑
i=1

ϑiψ (y1vi)−
k

∑
i=1

ϑiψ (ui) .

Then the following statements are valid :

(i) For s1, . . . ,sk ∈ R and for every k ∈ R,
[

Λ si+s j
2

]k

i, j=1
is positive semi-definite.

(ii) s→ Λs is exp-convex.

(iii) s→ Λs is l-convex.

Proof. Same as the proof of Theorem 3.14 but here we use Theorem 3.10 instead of Theo-

rem 3.9.

Theorem 3.31. ([13]) Let s, t,x,y ∈ [0,∞) : s ≤ x, t ≤ y, s 6= t, x 6= y and let f , Λs( f ) be

same as in Theorem 3.30.

Then (
Λt( f )
Λs( f )

) 1
t−s

≤
(

Λy( f )
Λx( f )

) 1
y−x

.

Proof. Similarly, as the proof of Theorem 3.15.
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4 Conclusion

At present many researchers are working on the refinements, extensions, improvements and

generalizations of several well-known inequalities. The topics of our research work are top-

ics of great interest (see for example [7], [8], [9]). In our work we present many significant

results related to the weighted majorization inequality as well as the generalizations of

Favard and Berwald-type inequalities with many interesting applications. Further, we con-

sider the non-negative difference of the generalized Favard and Berwald inequalities and

prove the log-convexity and exponential convexity. Finally, Lyapunov and Dresher-type

inequalities are also presented.
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