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ABSTRACT

On Structure of Unitary Unit Group of F2 3'*2

In this thesis, we have constructed the group ring matrix of group algebra F2* 31*2,
On the basis of this matrix, the center of unitary unit group have been established and
then order of unitary unit group has also been computed.

By making use of conjugacy classes of the group 3'*2 a basis of center of the
group algebra F2* 31*2 have been computed. Inside this center, we found the center of
Vx (F2X 31*2) by using brute force. The basis of minimal ideals of V= (F2¥ 3'*2) have
been computed by using GAP. The dimensions for augmentation ideal and Jacobson
radical of F2X 312 has also been computed by GAP.
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Chapter 1

Introduction



The idea of the group rings was introduced by W.R.Hamilton in 1873,
when he had an immense desire to construct the generalized form of complex
numbers, but he could not achieve his goal, however he constructed a much
important algebraic structure called quaternions [28]. In 1845, Sir A.Cayley
introduced an extended form of quaternions called octonions, also known as
Cayley Numbers [10]. After this Hamilton perceived that he could generalize
this discovery and after soon he established Hyper Complex Number System.
On this way T.Molien gave a detailed view on group rings in 1897. The
algebraist who have given a lot of contributions to this field are I.N.Herstein,
D.S.Passman, H.J.Zassenhaus, S.K.Sehgal and A.A.Bovdi.

An important isomorphic relationship that we will use in our main task
is between group rings and group ring matrices. If R is an integral domain
containing the identity then the representations give us a path to find the
units of R through the properties of the matrices and if possible also through
the determinant of the matrices. In [35] T.Hurley have established many
useful results in this regards.

The product RG of a finite group G and a ring R (finite or infinite)
contains the formal linear combinations of the form ) a,.g, where a, € R

geG
and g € G. Let p,q € RG then addition and multiplication is defined as:
ptaq=>Y (ag+byg, (1.1)
geG
pq = Z agbpgh. (1.2)
g,heG

with respect to the above addition and multiplication RG form a ring called
group ring. The product RG is called group algebra if R is commutative or
a field F.

The homomorphism A : RG — RG is called the augmentation map and
is defined as:

A <Z(a9g)> => a, (1.3)

geG geG

The kernel of this homomorphism is called augmentation ideal and has a
special notation A(RG). The set U(RG) is called a unit group of RG if
it contains all invertible elements of RG. If every element of U(RG) has
augmentation 1 then it is called normalized unit group and is denoted by

V(RG).



A matrix A is called unitary iff A* = A" = A'. The set of unitary
matrices U, (C) form a unitary group. If each U € U,(C) has determinant
1 then it is called special unitary group SU,(C). Now we define an anti-
automorphism * : RG — RG as

<Zag.g> = Zag.g_l. (1.4)

geG geG

An element v in V(RG) is said to be unitary iff v* = v=!. The elements

in V(RG) those satisfy v* = v~! form a subgroup of V(RG) that is called
unitary unit group Vi.(RG). Furthermore x has the following properties:

(1) (’Ul + UQ)* = ’UT + U;.
(il) (vive)* = vivf.
(iii) (v*)* =wv.

Many researchers have given important results on unit group and unitary
unit group for different group algebras. R.Sandling has established a basis for
V(F,G), where G is an abelian p-group and F,, is a Galois field [59]. V(FG) is
a finite 2-group of order |F|/“I=1 if F is a finite field of characteristic 2 and G
is a finite 2-group. Also R.Sandling gave the structure of U(Fy. Dg) [60]. If G
is an extra special group then V, (FyxG) is normal in V(F,.G) (by Bovdi and
Kovacs) [§]. L.Creedon and J.Gildea introduced the structure of V. (Fy.Qsg)
and also Joe Gildea gave the structure of V,(F,.Dg) [14, 24]. A.Bovdi and
Erdei has established the structure of V,(FoG) for all groups of order 8 and
16 [5]. Bovdi and Szakacs introduced the basis for V,(FG) where F has char-
acteristic greater than 2. Also Bovdi and Rosa find the order of V. (F:G) for

various casses of G. P.F.Pickel, J.Z.Goncaves, J.Gildea and M.Shirvani have
given the various results on unit group [23] 25] 26, 27, [30].

The main goal of this thesis is to construct and understand the struc-
ture of unitary unit group of group algebra Fox3'*? as well as group algebra
Fyr 3142 itself. Also computational aspects about the structure of this group
algebra forms the crucial part of this thesis.



1.1 Basic definitions and examples

This section contains some basic definitions from group rings as well as group
algebras. Furthermore we will discuss some examples regarding to our work.

Definition 1.1.1.

Group Ring: For any finite group G having a group operation multi-
plicatively and a ring R with non-zero identity, we can define a product RG
containing the formal linear combinations as:

RG:{pGRG] p:Zagg, ageR}.

geG

Let p,q € RG, the addition and multiplication of p and ¢ in RG is defined
as:

p+aq=>Y (ag+byg, (1.5)
geG
pg= > agbugh. (1.6)
g,heG

The addition and multiplication defined above make the product RG into a
ring called group ring, where R is not necessarily commutative.

The product RG is commutative iff the group G is commutative. Also
RG is defined as group algebra if R is a field F.

Lemma 1.1.2.

Let G be a group with |G| = m and R be a ring with |R| = n then
|RG| = n".

Example 1.1.3.

Let G = D,, dihedral group of order 4 with generators r, s such that
r? =s?>=1and rs = sr~!. Let R = Z than

7G ={ay + agr + azs +ayrs | a; € Z}

is a group algebra. Let p,q € ZG such that p =r+3sand P = —2r+s. The
addition and multiplication of p and ¢ is defined as:

p+q=(r+3s)+(—2r+rs)=—-r+3s+rs

p.q=(r+3s).(=2r+rs)=—-2+4+3r+s—06rs



Example 1.1.4.

Let G = Qg = (z,y | 2* = y* = 1, 22 = y?, 2yx = y) be a group of quater-
nions of order 8 and R = F3 = {0, 1,2} be field of three elements. The
product:

F3Qg = {ao + a1z + asx?® + asx® + asy + asry + a6x2y + ayx?’y | a; € Fg}
form a group algebra of order 3%.
Example 1.1.5.

If G = A3 = {ay, az, a3} be an alternating group, where ay, ay and ag are
even permutations in S3 and R = F3« be a field of characteristic 3. Than the
product:

Fsr A3 = {a1a1 + agas + azaz | «; € Far}
generate a group algebra of order 33
Note: The generalized form of group rings and group algebras is

hyper complex number system when R = R (set of reals).
Definition 1.1.6.

Unit group: In the product RG the elements having the inverses form
a group:

U(RG) ={p € RG | p is invertible }
called a unit group of RG.
Definition 1.1.7.

Zero-divisors: Let p,q € RG such that pqg = 0 but p # 0 and q¢ # 0
then p and ¢ are called zero-divisors. The set of zero divisors is denoted by
ZD(RG).

Conjecture 1.1.8.

Zero-divisors conjecture: The zero-divisors conjecture states that unit
group, set of zero divisors and {0} partitioned the group ring i.e.,

RG = {0} UU(RG)U ZD(RG).
Definition 1.1.9.

Normalized unit group: Let p € U(RG) satisfying A(p) = 1, where
A is an augmentation map then such p form a subgroup V(RG) of U(RG)
called normalized unit group of RG i.e.,

V(RG) = {q € U(RG) | Alg) =1}.



Definition 1.1.10.

Unitary unit group: Let p € V(RG) such that p~' = p* where * is an
anti — automorphism of order 2 then p is called unitary. The set containing
unitary elements is a subgroup of V(RG) denoted by:

V.(RG) ={peV(RG) | p"=p""}
and is called unitary unit group of RG.

Example 1.1.11.

Let G = K = {1,a,b,c} is Klein 4 — group such that a®> = b* = ¢* = 1
and ab = ¢ = ba, bc = a = ¢b, ac = b = ca. Let R = Fy = Zy is a field
containing residue classes under modulo 2. The group algebra Zo K is defined
as:

T K = {@1 + apa + asb + ayc | a; € ZQ}

or
ZoK ={0,1,a,b,¢c,1 +a,14+b,1+c,a+ba+c,b+c,1+a+b1+a+c,
l+b+ca+b+e,1+a+b+c}.

Let ppo=0,p1=1,ppo=a,ps=b,ps=c,ps=1+a,ps=1+b, pr=1+c,
ps = a+b, pg = a+c, p1o = b+c, p11 = 1+a+b, p12 = 14+a+c, p13 = 1+b+c,
pu=a+bt+c,ps=1+a+b+c

It can easily be checked that p;p; = 1for¢ = jandi,j =1,2,3,4,11,12,13, 14,
otherwise p;p; # 1 for ¢,7 = 0,1,2,...,15. So, unit group of Zy K is:

U(ZyK) = {p1,p2, P3, P4, P11, P12, P13, P14 } -

Each element p € U(Z,K) has augmentation 1i.e. A(p) = 1. This shows that
U(ZyK) < V(Z3K) and hence U(ZyK) = V(ZyK). Also each p € V(ZyK)
satisfy that p* = p~!, it implies that V(ZyK) < V,(ZyK), so we obtained
the result U(ZK) = V(Z2K) = V.(Z2K).

Definition 1.1.12.

Circulant matrices: Different fields of applied mathematics in which
the linear algebra is used define the circulant matriz in different ways regard-
ing to the structure of the problem. However circulant matriz is basically a
square matrix which is generated by a shift operator T : R® — R", where R
is a ring defined as:

7-(a07 a1,0a2, ..., an—l) = (an—h Qg, A1, ..., an—Q)



for n > 2. A circulant matric M = circ(a) defined on a row or a column
vector a associated to K™ is a square matrix whose rows or columns are
generated by the iterations of shift operator defined on a, its ith row is 7~ 'a

where 1 = 1,2, ..., n:

Qo a Gz -+ Qp-1

ap—1 Qo 41 -+ Qp-2

M = circ(ag,ar,as,...,a,-1) = | @n—2 Qdn-1 Qo -+ Qn-3
aq a9 as --- ao

The set M, of circulant matrices is closed under addition and multiplication
and also is commutative under multiplication by C.S.Cleghron, [11]. The set
M, form an n—dimensional vector space. For further details and background
related to circulant matrices, see P.J.Davis, [17].

Definition 1.1.13.

Group matrix: Suppose we have a fixed listing of the elements of group G
ie.,
G = {917927937 R 7gTL}

Then the following matrix:

91‘191 91‘192 91‘193 gfign
95191 95192 92_193 951%
M(G)=1|93 91 93 92 93 93 *** 93 Gn
9t 9,92 9nt'gs o 9o

is called the matrix of G relative to this listing.

Definition 1.1.14.

Group ring matrix: Let p = ) a, g; be an arbitrary element in RG.
j=1

Then the matrix defined:

Qgrlgr Xgrlge Xgrlgy 77 Qgrlg,
Qgrtgr PYgrlge Qgrlegs 77 Ygrlg,
M(RG,p) = Aol Xgilge Ygilgs 7 Qgilg,
Qglgr Qgilgy Qgrlgy 70 Qgig,

called the group ring matrix.



Example 1.1.15.

Let RK = {1 + awa + asb+ asc | a; € R} be a group ring, where K be
4

Klein 4 — group and ¢ = ) a,,9; € RK be an arbitrary element, then group
j=1

ring matrix of ¢ is defined as:

agflgl
o -1
_ 92 91
M(RK,q) = N 21
g3 g1
(6%

oo

-1
91 92

Q

agz_ g2
a9§ oo
(6%

an 92

or
aq

(%)
as
Oy

M(RK,q) =

Qo
&3]
o7}
a3

Qgrtgs Ygrlga
Qgrlgs Ygrlgs
Qgrtgs Yoiloa
Qgites Ygnlgs
Q3 Oy
a4 Q3
a1 Qg
Qo

1.2 Some important results

This section contains some important theorems which will be used as a pow-
erful tool for next work. The following theorem plays a role of bridge between
abstract algebra and linear algebra constructed by T.Hurley in [35].

Theorem 1.2.1.

Given a listing of the elements of a group G of order n there is a ring
isomorphism between RG and the n xn RG —matrices (group ring-matrices)
over R. This ring isomorphism is given by ¢ : w — M(RG,w). Suppose R
has an identity. Then w € RG is a unit if and only if o(w) is unit in M, (R).

Following theorem is established in [23] by J. Gildea and is presented here

to facilitate the reader.

Remark 1.2.2.

Let C,, = (x| 2" = 1) and o = Y a;z"! € FuC™ where a; € Fy,

=1

p is a prime and Fj. is the Galois field of pF-elements. Then o(a) =
circ(ar, az, as, . . ., a,), where o is defined in theorem [1.2.1]



Theorem 1.2.3.

Let A = circ(aq, az, as, ..., apm), where a; € Fpe, pisaprime and m € N.
Then
pm
A" =3 0
i=1

P , m m
Proof: Let a = 21 a;x'" ' € FrCP" where a; € Fy, pisaprime, Fyx and CP
1=
are defined in remark 3.1l Now

m

pm p p'm p'm pm
m - m . pm m my i—1 m
ol = ( 5 a; " 1) = E al (71" = E al” (aP7)" = E a” .
i=1 i=1 i=1 i=1
Let A = o(a) = circ(ay, ag, as, ..., apm), where o is the isomorphism given

in theorem [.2.1]

m

o) =[o(a)]" = A" = diagym (a”") = a”" Im.

The next theorem is presented in [9] by Bovdi and Rosa. The following
proposition is presented in [15]

Proposition 1.2.4.
Let F be a finite field of characteristic 2. If

Q2n+1 — (a,b | aQn _ 1’ a2n71 _ b2, CLb — (1_1>

is the quaternion group of order 2"*! then

V(K Qyuin)] = 4[FP".



Chapter 2

The Unitary Unit Group of
Group Algebra Fom(Q)g

10



This chapter contains the review of “On the structure of the unitary unit
subgroup V, (FamQg) of the group algebra FamQs”, where Qg is a group of
quaternions of order 8 and Fom is any finite field of characteristic 2 having 2™
elements [15]. As Qg is an extra special group, so unitary subgroup Vi (FomQsg)
is normal in V(FomQg) by Bovdi and Kovacs [§].

2.1 The center of unitary subgroup V,(Fom(Qs)

Remark 2.1.1.

Let Qs = (x,y | ' = 1,2% = y? 2y = y ') be the group of quaternions of
order 8.Let p € Fan(Qg and is defined as:

3
p:ZaZxZ—l-

=0 j=

3
d
bx’ly,
0

where a;,b; € Fom. First we establish o(p), where ¢ is an isomorphism and

has described in [[.2.1] Let

QS = {17 x, "L‘Qv 'T37 Yy, 1y, $2y, :L‘gy}

be a fixed listing of group. According to this listing, the group matrix M (Qs)
is defined as:

2 3

1 r T y zy 2’y 2y
1 x 2 2y oy ay 2%y
22 2 1 oz 2y 2Py oy ay
x oz 2 1 ay 2%y Yy vy
2y xzy oy 23y 1 2 2w
2y 2y vy oy x 1 2% 2P
3 2 2 3

Yy xy Y xYy T T 1 =z

3 2 3 2
Ty Yy x°Yy xY T T 1

Now we form o(p) by replacing coefficients of these elements in M (Qs) there-
fore

apg ay az az by by by b3
as ap a; as bg bo b1 bg
az az ag ap by by by b
a; az az ag by by b3 Dby
D= 0 b b b g as 4y ar (2.1)
by by b1 by a1 ay az ap
bo b3 bg bl o ap Qg as
bi by b3 by az ay a; ag

11




The representation of o(q) in block-circulant matriz is o(p) = (é ﬁ) ;

where
A = circ(ag, ay, as, az),

C = CZ"I"C(bg, bl, b(j, bo, bs)
If we apply * (an anti-automorphism defined in equation on p:

B = cire(bg, by, ba, bs),

p* = ag + a17® + asx® + azx + b2y + b’y + byy + by,

according to this listing group matrix for p* is:

1 2 22 x 2%y 2Py oy oy
xr 1 23 2 ay 2%y 2Py vy
x> 1 22y ay 2%y 23y
¥ 2? oz 1 22y y wy 2%y
y 23y 2y axy 1 x 2?23
vy oy 2%y 2%y 22 1 a2
2?2y xy oy 2y 22 2 1w
22 2 1

12



We get o(p*) after replacing coefficients of the relevant elements in above
matrix:

apg az az a; by by by b
ap agp az az by by b3 Dby
ay a; ag az by by by b3
* a3 az a; ag by by by by
0<p ) - bo bz by b ap a1 ax a3
by by b3 by az ap a; ay
by b by b3 ax az ap a
b3y by by by ar ax az ag

a(p") = (o(p))" (2.2)

Proposition 2.1.2. The center of unitary subgroup Vi,(FomQs) of normalized
unit group V (FamQg) is isomorphic to Cy™ i.e.,

Z (Va(FynQs)) = Com.

Proof: Let v = ) a;z" + ) bja’y be an arbitrary element in V(FomQs)
i=0 =0

where > a; =1, a; € Fom and let us denote for simplicity V = V(FamQs).

First we find the centralizer of the generator x in V. Consider the set

Cv(z)={veV|zv=ux},

where
3 3
v — 2 :ail,z-‘rl +§ :bjx”ly
i=0 §=0
and
3 3
vr = 5 a; '+ E bzl 3y
i=0 §=0
Now,

3
VE—TV = Z b (273 =27 y) = (by—b3)y+(ba—bo ) vy +(bs—by ) xy+(by—ba ) z°y.
=0

13



3
ve—zv = 0iff by = by and by = bs. If @ = > a2’ + 1 (y+22y) + o (zy +23y),
i=0
3

where > a; = 0 and ¢ = by = b3, ¢; = by = by then ax = xa. Thus
i=0

3 3
Cy(z) = {Zaixi +c1(y + 2%y) + ey + 2°y) | Zai =0,c1,c € FQm} :
i=0

i=0
Since the center of V is contained in Cy (), therefore we can write
Z(V)={BeCy(x)|pv=0p,forallve V}.

The group ring matrix o(v) is same as o(p) which is already defined in
Group ring matrix of [ is defined as:

Gp aip az az €3 Cy C Cg
a3 ap a1 az C2 € C2 C
az ag ap a3 €3 Cy C Cg
ayp a2 asz ap C € C C
Ci C C C ap a3 G2
Ca C1 Co C1 a1 Gy a3z ag
Ci C2 C1 C2 Gz ai G as
Ca €1 Ca C1 az az a1 Qo

o= (5 Ar):

where E = circ(cy, co, 1, Ca).

oiols) - o0 = (o 1) (5 )~ (2 4) (6 47

or

or

E(C=B)  (B+E)(A-AT)
o(v)o(B) —a(B)o(v) = <(c + E)(AT — A) E(B-C) ) '

B — C = 0 by using the relation ¢; = by = by, o = by = bg and A — AT =0
iff a; = ag, this implies that ag = 1 4 a,. Finally, we get the general form of
each element of Z(V) is 14 as + a1z + asx?® + a1 + boy + byxy + box’y + by 23y.
This structure of Z(V) shows that, it has exponent 2.

14



Now let v = 1+ r + sx + rz? + sx3 + ty + uxy + tz’y + uady € Z(V),
where r,s,t and u are in Fam. We have to show that center of V is equal to
the center of V, (for simplicity we use V, = V,(FamQs)). For this let,

7* _ 7_1

So(y) =0y

& (e(1))" = (o(v)™
(by using [2.2/ and as ¢ is an isomorphism)

& () (@) =1 (2.4)

o(y) = (Z ?) ,

where F' = circ(1 + r,s,r,s) and G = cire(t,u,t,u). Now equation

becomes
0o et = (g ?) (& %)

F?+G* 2FG

T —

oo o) = (Fhs me)

As F?+G? = (14 7r)2+ 2 +r*+ s+ +u* + t* 4 u? = 1 (by using theorem
1.2.3) and 2F'G = 0 (characteristic of field is 2). Thus Z(V) is contained in
Z(V,) and

Let

or

Z(V,) = Z(V) = ¢im,

2.2 The structure of unitary subgroup V, (Fon(Qs)

Remark 2.2.1.

We can see that Z(V,) and Qg are normal subgroups in V,(FemQg) and some
portion of Z (V) and Qg are overlapping:

V)N Qs = {1x}

The reason is that these elements are commute with all powers of zy.

15



Proposition 2.2.2.

The unitary unit group V.(FamQs) is equal to Z(V,(FamQsg)).Qs.
Proof: Let [ = V,(FanQsg), J = Z(Vi(FamQg)) and K = Qg, then by using
the second isomorphism theorem

JK , K
J JNK’

(2.5)

As |K| =8 and |JN K| = 2 implies that |£~| = 4. Now equation shows
that
|JK| = 4.J| = 4.2% = 2%+2,

Therefore by using the proposition

Z(Vi(FamQg)).Qs = Vi(FamQsg).
Theorem 2.2.3.

The unitary unit group V,(FymQg) is isomorphic to C3* ' x Qs.

Proof: As we know that Z(V,(FanQg)) = C4™ forms a vector space over the
field Fom having the dimension 4m. The set of basis for this vector space is
{z1, 29, ..., T4m } and let x4, = 22, Let us define a finitely generated group
G such that G = (21,29, ..., T4m_1). It implies that G = C5*~! and also
Z(Vi(FomQg)) = G X (x4p) or Z(Vi(FamQg)) = G x (2%). Now we have
GNQEs =1 and ‘/;(]FQWQS) = (.Qg. Since G < Z(K(FQng)) Therefore
Vi(FomQg) =2 G X Qs = G x Qg. Hence we can write:

Vi(FmQs) = C3™ 1 x Qs.
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Chapter 3

The Unitary Unit Group of
The Group Algebra F2k31+2
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This chapter is about the discussion on the center Z (V,(Fyx3'72)) of
unitary unit subgroup Vi (Fox3'%2) of group algebra For 3172 and its order,
where

3

32 = <x,y,z |2 =9 =1=2"=[2,2] =[y,2],2 = [m,y]>

is an extra special group of order 33. The permutation representation of the
generators of 3112 is given below:

x— (2,6,7)(3,8,9),

y—(1,2,3)(4,7,8)(5,6,9),

z+ (1,4,5)(2,7,6)(3,8,9).

Further details about the generators and the other elements of this group is
given in chapter 4.

3.1 The center of unitary unit group V,(F,3'"?)

Remark 3.1.1.

Let 3112 = {xg, 21, 9, ..., 796 } be a fixed listing of elements of 3172, We label
the elements of 3'72) by the permutations in Sg. This labeling was done with
the help of GAP.

xo — 1 (identity of group),

x1+— (2,6,7)(3,8,9) =z,

o+ (2,7,6)(3,9,8) = x2,

x3+— (1,2,3)(4,7,8)(5,6,9) =y,

xy— (1,2,9)(3,4,7)(5,6,8) = xy,

x5 (1,2,3)(4,7,8)(5,6,9) = 2%y,

xe — (1,3,2)(4,8,7)(5,9,6) = Y2,

7 (1,3,7)(2,5,9)(4,8,6) = zy?,

xg > (1,3,6)(2,4,8)(5,9,7) = 22y,

z9 — (1,4,5)(3,9,8) = y2xy,

x10 > (1,4,5)(2,6,7) = z(y>xy),

r11 = (1,4,5)(2,7,6)(3,8,9) = 2?(y2xy) = 2,
Ti2 — (17 574)<37879> = (xy)an

T3 — (1,5,4)(2,6,7)(3,9,8) = x(xy)?y,
T+ (1,5,4)(2,7,6) = 2%(zy)?y,

x5 — (1,6,3)(2,8,4)(5,7,9) = yx,

x16 — (1,6,9)(2,3,4)(5,7,8) = xyx,

r17 = (1,6,8)(2,9,4)(3,5,7) = 2%zy,
T8 > (]., 7, 3)(2, 9, 5)(4, 6, 8) = y$2,

T1g > (1, 7, 9)(2, 8, 5)(3, 4, 6) = xyxz,



xoo — (1,4,5)(2,7,6)(3,8,9) = x?yx?,
To1 > (]., 8, 2)(3, 6, 5)(4, 9, 7) = yQI,

Too > (1,8,7)(2,5,3)(4,9,6) = zy’x,
T3+ (1,8,6)(2,4,9)(3,7,5) = 2%y,
Tog > (17 9, 2) (37 7, 4) (57 8, 6) = (:L‘y)2,
To5 — (1,9,7)(2,5,8)(3,6,4) = 2*(zy)?,

a6 = (1,9,6)(2,4,3)(5,8,7) = 2*(zy)*.
Let For be a field having the characteristic 2 and order 2¥. We can form a
group algebra Fyr 3172 which is defined as:

26
F2k31+2 = {Z a;T; ‘ a; € ]ng,l'i S 31+2} >

=0

containing 227 elements.
26

Let if p =" a;x; € Fo3'2 then group ring matrix of p is defined as:
i=0

19



Op OIp Vip | op 6p €Ip | S%p 8p Iep | cp 9Cp 9Ip ¢p 8Ip SGIp | Sp 0op Lip | Ip TIIp <CIp| Lip €p Vip | ¥p ©6Ip 9Ip
¥ip Op OIp | €Ip op 6p | Tcp Sep  8p 9p Tp 9%p | SIp €p 8Ip | LIp Sp O0Cp | Cclp 1Ip TIlp |¥ep Lp €p | 9p ¥p 6Ip
0Ip VIip Op 6p €Ip Tp 8p Tep Sp | 9%p 9p TWp |8Ip SIp €p | 0Cp Lip SGp | TIp <CIp 1Ip | €p Vep Lp | 6Ip 9Ip Ip
Ip TIlp ZCip | Op OIp ¥ip | 9%p 9p Cp | €y Vip Lp yp 6Ip 9Ip | €p 8Ip SIp | op 6p €Ip| 8 I¢p Sp | Sp 02p Llip
¢lp 1Ip Tip | Vlp Op Olp |dCp 9%p 9p Lp €p Vep | 9Ip ¥p 6Ip | SIp €p S8Ip | €Ip Tp 6p | %p 8p TIep | Llp Sp 02p
Tip ¢<¢Ilp 1Ip | 0Ip VIip Op 9p <Cop 9%p | Vep Lp €Cp | 6Ip 9Ip ¥p | 8Ip SIp €p 6p €Ip ¢Cp | 1ep S%p 8p | 0Cp Lip Sp
6Ip Sp CSIp | 9Ip 0Cp €p op <lp 6p ¢p Vip TIlp | € p 8p 9ep | ¥ep 1Zp 9p vyp Llp 8Ip | Ip €lp Olp | Lip 9Cp Top
¢lp 6Ip Sp €p 9Ip 0Zp | 6p Op ZClp | Ilp ©op Vip | 9%p €p 8p 9p Vep 1ep | 8lp Vvp Lip |O0lp 1Ip €Ip | cp Lp Sop
¢p CIp 6Ip | 0Cp €p 9Ip |<clp ©6p Op | VIip TIlp op 8p 9Cp €p | 1Cp 9p Vep | LIp 8Ip Vp | €Ip Olp 1Ip | 9Sp TTp Lp
0cp €p 9Ip | LIp S8Ip ¥p Ip €Ip OIp| Op <CIp ©6p | ICp 9p Vp | S%Cp CTCp Lp Gp GIp 6Ip | Cp Vip TIIp | 8p 9Cp €op
9Ip 0Cp €p yp Llp 8Ip | O0lp 1Ip €lp | 6p Oop Z<lp | ¥ep 1Zp 9p Llp SCp Cp | 6lp Sp SIp | 1lp Cp Vip| € p 8p 92p
€p 9Ip 02p | 8Ip ¥p Lip | €Ilp OIp 1Ip | clp 6p Op 9p Vep 1ep | Cp Lp Sp | SIp 6Ip Sp | Vip TIp <Cp | 9%p €Ip 8p
In 8n lp | ¥ep 9Cp GCp | LIp 9Ip SIp | Sp 145 €p Oop [45) Ip | ¢lp Vip €Ilp | I&p €p ©<Cop | 0¢p ©6Ip 8Ip | 6p IIp Olp
Lp 9 8p | 9ep ¥ep 9Cp | SIp Llp 9Ip | €p Sp 147 In Oop ¢p | €lp <Clp VIip | cp 1ep €p | 8Ip 0Cp 6Ip | 0Ip ©6p T1Ip
8n Ly 9p | 9Cp Sep Vep | 9Ip SIp Lip | ¥p 509} Sp <p In Op | VIip €Ip Z<Clp | €p Tp 1dp | 6Ip 8Ip 0Tp | IIp OIp 6p
Tep €p Tp | 9p 175) Lp 140) €p gp | 6Ip 8Ip 0Zp | 6p TIp OIp | Op <y Ip | Vep 92p SCp | 9Tp SIp LIp | CIp VIip €Ip
ey 1Iep €p | Lip Ip 81 Sn 147) €p | 0cp 6Ip 8Ip | O0lp ©6p TIIp | Ip Oop ¢p | Sep Vep 9Cp | Lip 9Ip SIp | €Ip <Ip Vip
€p CTip 12p | 8p Lp I €p 5] ¥p | 8lp 0Zp 6Ip | IIp Olp 6p (45} Ip Op | 9¢p SGCp 7Vip | SIp Llp Y9Ip | VIip €Ip <Ip
<y 6p €Ip | Ip TIp ZCIp |Vep Lp €p | 1ep SCp 8p gp 0Cp LIp| ¥Vp 6Ip 9Ip | Op OIp VIip| 9p ©<Cep 9p | €p 8Ip SIp
€Ip Tp 6p | ¢Ip TIp TIp | €p ¥Vip Lp 8p T¢p Sep | LIp Sp 0Zp | 9Tp Vp 6Ip | VIp Op OIp|9%p 9p Tp | SIp €p S8lp
6p €lp ¢<p | IIp <CIp 1Ip Llp €p ¥p | %p 8p Iep | 0p Lip Sp | 6Ip 9Ip ¥vp | OIp VIip Op | CCp 9Cp 9p | 8Ip SIp E€p
8Ip Wp Lip | SIp 6Ip Sp tp Vip TIp | Ip €Ip O0Ip | Tp Lp S%p | 9%p €p 8p €p 9Ip 0Zp | Op <CIp 6p 9p Vep Tap
LIp 8Ip ¥p ¢p SIp 6Ip | IIp Tp Vip |OIp 1Ip €Ip | %%p Tep Lp 8p 9¢p €p | 0Cp €p 9Ip | 6p Op Z<Ip | 1ep 9p Vip
vyp Llp 8Ip | 6Ilp Sp SIp |Vip TIp Cp | €Ip Olp 1Ip Llp Gep TWp |€p 8p 9Cp | 9Ip 0Cp €p | clp 6p Op | ¥Vep T1Zp 9Ip
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gp Vep 9ep | Cep 1ep €p | 6Ip 8Ip 0Zp | 9Ip SIp Lip | €Ip CIp Vip | 0Ip 6p TIp | Lip 9P 8n 140) €p 07) Ip 0p p
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Where o is defined in theorem [1.2.1] The representation of o(p) in block
circulant matrix is given:

A Ay Ay - A
A A A o Agg
o(p) = | Aw Az A -+ Ay
Ars Az Ars - As

Where

A1 = A31 = A41 = CiTC(ao, as, (1,2),
Ay = circ(as, ayq, as),

A3 = A35 = A45 = cz’rc(a(;, ary, ag),
Ay = Agy = Asr = circ(ag, aio, a11),
As = Agg = Ay = CiTC(CL12, a3, Cl14)>

Ag = circ(ass, azg, ar7),
A7 = CiTC(alg, aig, CLQ()),

Ag = Age = Asg = circ(agi, a2, ass3),
Ag = Agg = Ays = circ(aga, ass, ass),
Ay = circe(ag, as, asy),

A = A1 = Ag = circ(ag, ag, ar2),
A12 = Cl'TC as, aso, alﬁ),

A13 = CiTC(CLQﬁ, as, CL23),

A14 = CZ"I“C(CLQQ, 95, Cl7),

Ay = Asy = Asg = Circ(al, a0, Cl13)>
Ay = Ayr = Ago = circ(ay, ary, ara),
A17 = CiTC(CLu;, as, alg),

A18 = CiTC(alg, aiy, a4),

A9 = Agr = A7p = circ(as, ars, as),
AQO = CiTC(ag, a926, a22),

Ay = Aq = Agy = circ(ag, 14, a1p),
Agy = Ags = Ars = circ(ay, ais, ar19),
Aoz = Ags = Az = circ(as, ai7, ag),
A24 = CiTC(CLQl, as, 6L25),

A25 = CiTC(CL24, 923, (17),

Agg = Ay = Azs = circ(ay, aia, an),
A27 = A66 = Ago = C’iTC(ClQ, ais, ag),
Agg = circ(asg, arr, ars),

Ags = circ(ag, aso, a1s),
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Asy = circe(ay, as, az),
Ass = circ(ago, ais, a1g),
Ayo = cire(as, as, ay),
Ayg = circ(air, ars, asg),
Ay = C”“C(@s, a23, A26 ),
Ayg = circ(as, ary, a15),
Agg = circ(ags, az, as),
Asy = circ(ag:, as, as
Asg = circ(air, as, ars
Asy = circ(as, ar6, as

)
( )
( )
( ag),
( );
( as),
Ass = circ(ar, ags, ass),
A57 = CiTC(CL4, aisg, CL17),
A58 = CiTC(CLQ4, ag, agl),
A59 = CiTC(CLQg, 926, ag),
Agz = circ(asg, as, azo),
Agz = circ(ayg, ars, as)
A65 = CiTC(CLg, ags, 4 21)
A69 = CiTC(CLQ3, ay, CL24),
A70 = CiTC(CLQﬁ, a9, aﬁ),
Aqy = circ(ar, g, ass),
Aqg = circ(agy, ag, azs),
A79 = C?:T‘C(CLQE;, asy, Clg)

Y

Y

Let p* be the unitary element for p € Foe3'*2 is defined as:
26
= Z Cl@l’{l = apXo + a1Z2 + a1 + azxg + Q404 + a5Toq + agI3 + arx1g +

agT15+a9T12+a10T14+ 011013+ A12T9+A13T11 +A14T10FA15T8 +A16T26 T A17T23+
187 + A19T25 + A20T22 + A21T5 + A22T20 + A23%17 + A24T4 + A25T19 + A26T16-
Since all the circulant matrices in o(p) are also column wise circulant (by
definition), so

a(p*) = (a(p))" (3.1)
Remark 3.1.2.
Let V be the normalized unit group in For3'*2, then we can write it as
V =V (Fu3'"?) = {q € Fu3""?) | ¢ is invertible and A(q)=1},

26

where ¢ = > a;x; and A is augmentation map. Now we calculate centralizers
i=0

of the generators x = 1, y = x3 and z = x1;. Let

Cy(r) ={qeV | z19=qz:1}.
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Where,

26

T1q = Y. a;T1T; = AgT1+a T3+ AT+ a3T4+ 45+ 573+ AT7+ a7+ ag T+
i=0
A9x10 + A10T11 + A11T9 + A12%13 + A13T14 + A14T12 + A15%16 + A16T17 + A17T15 +

1819 + 19T + A20T18 + A21T22 + A22T23 + U321 + A24Xo5 + G25T26 + A26L24

and
26

qT1 = Y QLT = AT+ 1 T] + Qao+ a3T15 + AaT16 + a5T17 + ATa1 + arTas +
i=0

agTe3 + A9T10 + A10T11 + A11T9 + A12T13 + A13T14 + A14T12 + A15T18 + A16T19 T
A17T20 T A18T3 + A19T4 + A20T5 + A21T24 + Q22T 25 + Q23T 26 + A24T6 + A25T7 + A26 8.
As 21 — qr1 = (ag — a19)xs + (as — ag)xs + (a5 — ars)xs + (ag — ags )7 +
(as — a19)xy + (a7 — age)ws + (as — a24)T6 + (15 — as)T16 + (A16 — a5)T17 +
(a17 — as)w15 + (a18 — a16)T19 + (@19 — A17)T20 + (@20 — A15) 18 + (A1 — A7) T2 +
(aga — ag)wag + (@93 — a6)Ta1 + (24 — A22)Tos + (A25 — G23) a6 + (A26 — A21)T24.
So,

r1q — qry = 0 iff a3 = a17 = a9, a4 = a15 = agy, a5 = a1 = a1, A = A3 =
25, A7 = G21 = A6 Ag = G22 = A24.

2 14
If k= Z a;T; + Z a;x; +ds(x3 + x17 + x19) + dy(24 + 215 + T20) + d5 (x5 +

=0 =9
16 -+ xlg) -+ dﬁ(l’ﬁ + 93 —+ $25) + d7($7 + T21 + 1326) + dg(l‘g + T29 + l’24),
2 14 8
where Z al+z az—kz dj =1and d3 = az = a17 = aqo, d4 = a4 = 415 = Q9q,
=0 =9 7j=3

ds = a5 = a6 = ais, dg = ag = Qo3 = Qg5, d7 = a7 = a9 = A, dg = ag =
(9o = a4 and a;, dj € For then x1k = kxq so,

Cv(JTl) = {k’ eV | 1k = k‘JTl} .

Through the same steps we can check that for y = z3, if
[ = apro + a3ws + agTe + a11011 + A13713 + 17017 + A19T19 + Az3T23 + AosTos +
di(x1 + xg + T14) + do(@ + 210 + T12) + da(@s + 215 + X20) + d5(25 + 216 +
«7718) -+ d7(.T7 + T21 —+ 1’26) —+ dg(]?g -+ T29 + l’24),

8

Where ao—l—a3+a6+a11 +a13+a17+a19—|—a23+ag5+ Zd] = ]_ and
j=1

di = a1 = a9 = g, do = ay = ay9 = @12, dy = a4 = a15 = ag, d7 = a7 =

a1 = Qge, dg = ag = Agy = Qp4, ds = a5 = a15 = aig and a;,J € For, for
i=0,3,6,11,13,17,19,23,25 and j=1,2,4,5,7,8, then x5l = lx; so,

Cv(.ilﬁg) = {l eV ‘ x3l = l$5}

Also it can be calculated easily for z = x11, £11¢ — qr11 = 0 for all ¢ € V, it
implies that
Cv(xn)={qeV| zg=qz} =V.
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By using through the above calculations, we can write the relation:

Z(V) = | () Cv(x).

Proposition 3.1.3.

The center of the normalized unit group V (Fyx3'12) is isomorphic to C3%%.

Proof: Since Z (V') is contained in Cy (x1)(using[3.1.2). So, it can be defined
as:

Z(V) ={k € Cv(x1) | gk = kq}
where ¢ and k defined in[3.1.2l Now, Z(V') can be find by using through the
representation theory. The representation of ¢ in block circulant matrices is
defined as:

Ay Ay Az oo Ay

A An A - A
o(q) = | Ao Az Az -+ Asr ||

Arg An Ars - As

where Als are 3 x 3 circulant matrices already defined for o(p) with ¢ =
1,2,3,...,81, but now for ¢ € V. Also the representation of k£ in block

circulant matrices is defined as:

By By B3 --- By

By Bnu By --- Big
o(k) = Big By Bay -+ DBy ,

Brs Bgy Bgs -+ Bgi

where
Ay = By, Ay = By, As = Bs, Ai1 = By, A5 = Bis, Aig = Big, A1 = Bay,
Agg = Bag, Ay = Doy, Asg = DBog, A3i = Bsy, Ass = B3, Asr = DBsy,
Ay = Bao, An = Bu, Asr = Buz, Asi = Bsi, Ass = Bsa, Ase = DBsg,
Agy = Beo, As1 = Bes1, Ass = Bes, A1 = Brni, Arp = DBra, A = DBy,
Ago = Bgo, Ag1 = By,
and
By = Biy = Big = B33 = By3 = Bs3 = Bg3 = Bgy = B = Ci?“C(d?n dy, d5)7
B3 = Big = Bog = B35 = Bys = Byg = Bsg = Bgg = Brg = CiTC(d67 dr, d8)7
Be = Bi17 = B3y = B3y = B3g = Bsy = Bsy = Beg = Br3 = CiTC(d4, ds, d3),
B7 = Big = Bo3 = Bog = Byy = Bygs = Bsy = Bey = Brg = CiTC(d5, ds, d4),
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Bg = B3 = Byy = Bsg = B3g = Bsg = Bss = By = Bry = Ci?”C(d% ds, d6)7
By = By = Bys = B3y = Byy = Bys = Bss = Bgs = Brs = circ(ds, dg, dr).

Now gk = kq iff o(q)o(k) = o(k)o(q).

Therefore:
Ay AQ A3 SR Ag By By By --- By
A An A oo Ais| | Bio Bu Bz -+ Big
o(q)o(k)—o(k)o(q) = | Ao A2 Az -+ Asr | [ B B Bar -+ By
A7s Az Azs -+ Asi) \Brs Bu DBrs Bsi
By By By --- By A As Ag s Ag
Big Bu Biz -+ Bis| [Awo Au A oo Ass
Big By By -+ Bor | | Aig Ao Ax - Agr ||
Brs Bry Brs --+ Bsi) \Am An Az -0 Asm

O'((])O'(k?) — O'(IC)O'(Q) =0 iff ai; = a3, 41 = A9 = A14 and a9 = A19 — A12.
Thus each element of Z (V') takes the form agzg + s(z11 + 213) + t1 (21 + 29 +
T14) + to(T2 + T10 + T12) + t3(T3 + T17 + T19) + ta(Ts + T15 + T20) + t5(x5 +
T16 + T18) + te(X6 + Taz + Tos) + tr(x7 + To1 + Tag) + ts(Ts + Toa + T24),

8

8
where a9+ > t; =1 or ag = 1 + ¢, (where > ¢, =) s = a;; = a13 and
=1 =1

1 = ar = ag = aya, o = az = a9 = 12, t3 = a3 = a7 = Ay, tg = a4 =
a15 = A0, Is = a5 = a16 = A1, lg = Ag = Q23 = g5, l7 = A7 = A21 = Az,

ty = ag = Qg2 = Q4.
The order of Z(V) is 2!1%. So, we can write:

Z(V(Fp3'2)) =2 05,

Proposition 3.1.4.

The center of the unitary unit group V,(Fyx3'*?) is isomorphic to CS¥1,

Proof 1: First we prove this proposition without using representation theory.
Let o = (14 f)zg + s(x1y + 213) + t1(x1 + 29 + 214) + to(@ + 219 + T12) +
t3(ws + 217 + T19) + ta(T4 + T15 + T20) + t5(25 + 16 + T18) + t(T6 + T2z +
$25) + t7(l’7 + Zo1 + $26) + tg(l'g + T2 + 3724) € Z(V(F2k31+2).

8
where Etl = t, S = 11 = Q13 and tl = a1 = Qg9 = A14, tg = a2 = Q19 = Aa129,

=1

t3 = a3 = a7 = ayg, t4 = a4 = a15 = Az, ts = a5 = A1 = A3, tg = U =

(23 = Q25, L7 = A7 = A1 = Q2g, Ig = Gg = A2 = A24.
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We have to find Z(V,(Fy3'2) in Z(V(Fy3'2), so a* = a™! or aa* = 1.
Now,

ac” = [(1+ f)xo + s(x11 + z13) + ti (21 + 29 + 214) + to2(22 + 210 + 212)
+ t3($3 + 17 + 1'19) + t4($4 + 15 + 1’20) + t5($5 + 16 + 3318)
+ te(xe + Ta3 + Tos) + tr(x7 + a1 + Tog) + ts(Xs + Taz + Toa)].
(3.2)

Where,

a* = (1 + f;)wo + 8($11 -+ $13) + tz(xl + x9 + 3714) + tl(l’Q + T10 + LU12) +
tﬁ(l’g + T17 —+ 1'19) —+ t8($4 + 15 —+ 1'20) =+ t7($5 + T16 —+ $18) —+ tg(l‘ﬁ + 93 —+
To5) + 5 (7 + To1 + Tog) + ta(Ts + oo + T24).

Let 6 = (1 + f)zoa* = (1 +1)%w0 + (1 + £)s(wyy + 213) + (1 + Dta(zy +
To+214) + (L4 )ty (w9 + 210+ 212) + (14 D)tg(3 4+ 217 4+ 219) + (1 + D)ts(24 +
15 +.I20) + (1 +t/)t7((L’5 +.Z‘16 +.I18) + (1 +£)t3(1‘6 +.T23 -+ 1’25) + (1 +1{)t5($7 +
To1 + Ta6) + (1 4 £)ta(ws + T2 + Ta4),

62 = S(.ﬁl?ll +.Z'13)Oé* = (1 +?€)S(.’L’11 +$13) + 52(1’11 —|—.7713) + StQ(O) + 8151(0) +
StG(O) + Stg(O) + t7(£€5 + X1 + .1'18) + Stg(()) + St5<0) + St4(0),

03 = t1(x1 + 29 + T14)0* = (1 + f)t1($1 + x9 + x14) + St1(0) + t1ta (2o +
T10 + T12) + t(xo + 11 + T13) + tite(zg + T15 + X20) + trts(T5 + T16 + T18) +
t1t7<$3+$17+$19)+t1t3 (I7+$21 +3326)+t1t5($8+.T22+2324)+t1t4($6+$23+$25),

54 = tg(iUz + 10 + xm)a* = (1 + t,)tg(JTQ + 10 + l’lg) + StQ(O) + t%(l’o +
T11 + ZE13> + tgtl (l’l + L9 —+ 1714) —+ t2t6($5 —+ T16 —+ l’ls) —+ tth(ZEg —+ T17 —+ .1’19) +
tol7(Ta+T15+T00) Fals(Xs+To2+Toa) Ftols (X6 +Ta3+Ta5) Ftots (w7 +T01 +226),

(55 = t3(£€3 + x17 + .1'19)04* = (1 + t,)tg(.??g + x17 + 33'19) + Stg(O) + t3t2($4 +
15 + .I’Qo) -+ tgtl (.T5 -+ 16 + .Tlg) + t3t6($6 -+ 23 + .I’25) + t3t8($7 -+ T21 + .TQ@) +
t3t7(l’8+l’22+$24)+t§((lf0+l’11+ZE13>+t3t5($1+.T9+$14)—|—t3t4($2+1‘10+$12),

06 = ta(x4 + 215 + T20)a* = (1 + £)ta(ms + 215 + To0) + 5t4(0) + tata(ws +
T16 + .’113'18) + t4t1 (.1'3 +x17+ .1'19) + t4t6(l’7 + X1 + -1'26) + t4t8(l’g + oo + .1'24) +
t4t7($6+$23+$25)+t4t3($1 +ZC9+SL’14)+t4t5(l’2+£€10+$12)+ti($0+l’11+$13),

57 = t5(ZE5 + T + l'lg)O[* = (1 + t/)t5($5 + T + 1718) + St5(0) + t5t2(l’3 +

T17 + T19) + tst1 (T4 + T15 + Too) + tste(Ts + Too + Taa) + tsts (26 + oz + Tos) +
tstr (7 +To1+Tog) +tsts (ot T10+T12) + 12 (0o + 211 +213) +Esta(T1+To+T14),
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68 = t6($6 + Zo3 + I25)OJ* = (1 + f)tg(% + x23 + 1’25) + Stﬁ(O) + t6t2($7 +
T21 + 1326) + thl(l’g —+ T22 —+ ZL’Q4) + t%(xo + T11 + l’lg) —+ thg(l’l + Zog + 1’14) =+
tel7(wotx10+212) Ftots(T3+T174+219) FHlets(Tat215+T20) +ta(T5+T16+218),

b9 = t7(x7 + T2 + Ta6)a* = (1 + £)tr(w7 + Ta1 + Tag) + st7(0) + trta(ws +
T2 + Q324) + t7t1 (LC(; + 23 + $Q5> + t7t6($1 + Tog —+ .’13’14) —+ t7t8(Q32 —+ T10 + 33'12) +
t%(l’o—i‘ﬁn—i‘xlg)+t7t3($4+$15+l‘20)+t7t5<I5+fL’16+l’18)+t7t4($3+xl7+$19),

d10 = ts(xs + Too + xog)* = (1 + f)ts(xs + T99 + Xa4) + stg(0) + tsta(xs +
To3 + 2325) + tgtl ($7 + T91 + 1‘26) + tgtg(.?ﬁg + 10 + .7312) + t%(xo + 1+ 1'13) +
tstr(z1+z9+a14) Hsts(Ts+216+218) Fists (T3+T17+219) +Htsta(ws+215+220).

Now equation (3.2) becomes:

10

aa® = 252-
i=1

= (1+ )20 + s°(z11 + 713)

(0 B 1 17) (w0 + 2+ 2g) + (L) (0 + )
+tita+tsty+ists +tats+iste+tsts+irts) (21 +T9+T14+ T+ 210+ T12)
+ ((1+£)(t3 +te) +tate +tats +trty +tots + tatg + taty +tsty) (T3 + 717
+ 19 + Tg+ Tog +$Q5) + ((1 +t) (t4 +t8) +t4ts + 1115 +tots + 1oty +13t7
+tite + tste) (T4 + 15 + Too + Ts + Too + Toa) + (L +£)(t5 + t7) + tstr

—+ t1t3 -+ tltg -+ t2t4 + t2t6 -+ t3t8 —+ t4t6)<$5 —+ 16 —+ 18 —+ Ty -+ T21 -+ $26).
(3.3)

aa’ = ].lfftl :tQ, t3 :t(j, t4 :tg, t5 :t7, andfz = 82 :t% =
t2 = t3 = t2 = 0 (under the characteristic of field Fyx). It implies that
t1,ts,ty,t5, 5,1 € {a € Fou | a is divisible by 2}.
Hence if 7 = (1 +2)aq + s*(211 + 213) + w1 (21 + Tg + T14 + 2o + T10 + 212) +
U3<l’3 +x17+ 19 +I6+Q323+$25)+U4(l’4 + 15+ 20 +$g+$22+l’24)+ﬂ5($5+
T16 + 18 + 7 + X271 + 1326), where Uy = tl = tg, Uz = t3 = t6, Uy = t4 = tg,
us = t5 = t7, and £, s, u; € {a € Fox | a is divisible by 2} for j = 1,3,4,5
then v € Z(V.(Fy3'*2). The order of Z(V,(Fo3'72) is 26=1 Tt shows that

Z(V,(For3'72) = OS5,

Proof 2: Now we prove this proposition by using representation theory. Let
a = (1+1)zo+ s(x11 + 213) + t1 (21 + D9 + T14) + to(T2 + T10 + T12) + ta (T3 +
T17 + .Z'lg) +t4<fL’4 —|—.Z'15 -+ xzo) -+ t5($5 -+ 16 -+ %18) + t6<l’6 + 23 —|—£C25) +t7($7 +
T21 +J,’26) +t8(l’g + 22 +I24) S Z(V(F2k31+2). We have to find Z(m(FQkSH_Q)
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in Z(V(Fy3'2), so a* = a L iff o(a*) = o(a™!) iff (o(a))T = (o(a))™?
iff (o(a))(o(a))? = I. To prove this identity we have to first define o(a), so

Ci Cy C3 Cy C5 Cg C7 Cs Gy
Cy G Cy Gy Cy Cy C5 Cs C
Cy C3 C1 Cs C7 Cs Cy Cy Cj
Cs C7 Gy Oy Cy Cy Cs C3 Cy
O'(Oé): 04 06 Cg 05 Cl 07 CQ Cg Cg
Cy C5 C7 C3 Cg C1 Cyp Oy G
Cs Cy Cg Cy C3 Cs C1 Cr Ch
Cr Cg C5 Oy Cg C3 Cg Oy Gy
Ce Cs Cy Cr Cy Cy C3 C5 Cy

Where,

Cy = circ(ag, t1, ta), Co = circ(ts, ta, ts), Cs = circ(ts, t7,ts), Cy = circ(ty, ta, s)
Cs = circ(ta, s,t1), Cs = circ(ty, ts, t3) Cr = circ(ts, ts, ty), Cs = circ(tq, ts, to)
Cy = circ(ts, te, tr)

Now,

Cl 02 05 C4 C5 C(, 07 Cg Cg Cl CQ 03 C4 05 C(, 07 Cg Cg
03 C1 CQ Cg Cg C4 C5 Cﬁ C7 Cg C] CQ Cg Cg C4 C5 C(; C7
Gy C3 Gy Cg Cr Gy Cy Cy Cs| |Gy C3 O Cg Cr Cs Gy Cy Cs
G Cr Gy C1 Cy Cy Gy Cy Cg| |G Cr Gy G Gy Gy Cg C5 Gy

CS) CS C’7 Ci& CS Cl C’4 02 C() CQ CS C? 03 CS Cl C4 CZ CG
Cs Cp Cg Cy C3 C5 Cy Cr Co| |Cs Cy Cg Cy C3 C5 Cr Cr Cy
Cr Gy C5 Cy Cg C3 Csy Cp Cy| | Cr Cy C5 Gy Cg C3 Cs Oy Cy
CS CS C4 C? Cy C9 CS C5 Cl CY6 CS C4 C? CZ CQ CB C5 Cl

Is 0 0 0 0 0 0 0 O
0 I; 0 0 OO 0O 0 O
0 0 s 0 00O 0 O
00 0 Iz 0 0 0 0 O
=10 0 0 0 I3y 0 0O O O
00 0 0 0 I3 0 0 O
00 0 0 0 0 I; 0 O
00 0 0 0 0 0 I3 O
00 0 0 0 0 0 0 Is

In above matrix non-diagonal entries > C;C; = 0 for i # j and 4,j =

9
1,2,3,...,9in each row and the diagonal entries > C? = I3 iff same conditions
i=1
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hold which are obtained in Proof 1, i.e. t; = tq9, t3 = tg, t4 = tg and
2 =5 =1 =12 =12 =t} =0 (under the characteristic of field Fyx).
It implies that ¢y, s, t4, 15, 5,1 € {a € For | a is divisible by 2}. Thus the
structure of a0 reduces to

y=(1+ Z5/)3?30 + s(x11 + 213) + wi (21 + 29 + 214 + T2 + T10 + 212) + uz(2s +
T17 + T19 + T + 23 + LC15) + U4(LC4 + T15 + Tog + X8 + Too + .T}24) + U5(335 +
T16 + 18 + 7 + X271 + 1’26), where Uy = tl = tg, Uz = t3 = t6, Ug = t4 = tg,
us = t5 = t7. Now a € Z(V,(Fy3'2)) and |Z(V,(F:312))| = 26471, Hence,

Z(Vi(Fx314)) = O,

3.2 Structure of V,(F,.3'"?)

Proposition 3.2.1.

The order of V,(Fy3'2) is 213*. On the basis of this computation it is
easy to see that:
V. (Fyr312) = C33%,

Remark 3: The above computation was performed by using the GAP
package Laguna.
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Chapter 4

The Computational Aspects of
Structure of The Group
Algebra F2k31+2
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In this chapter some computational aspects of the structure of the group
algebra For3'2 are introduced by using through GAP. These computations
are very useful in understanding the structure and proving some important
results of For3'2.

The permutation representation of the generators of 312 can be obtained
by first computing the permutation representation p of G = (x,y,z : 23 =
v P =1 =2%=[2,2] = [y,2], 2 = [7,y]) and then evaluating the pre-
images of the homomorphism between the two groups. The GAP commands
AsPermutation and GroupHomomorphismByImages were used for this task.
The details are given below:

r— (2,6,7)(3,8,9),

4.1 Center of the group algebra F,3'™

To find the center of For3'*2, we need the character table of 3'*2. The GAP
out put of the Character table of 3!72 is given below:

3 3 2 2 2 2 2 2 2 2 3 3

la 3a 3b 3c 3d 3e 3f 3g 3h 31 3j
2P 1a 3b 3a 3f 3h 3g 3c 3e 3d 3j 3i
3P 1a 1a 1a 1la 1a 1a 1a la la 1a 1la

¥l i 4 4 4 4 4 4 4 4 4 i
X.2 11 1 A A A/A/A/NA 1 1
X.3 11 1/A/A/A A A A 1 1
X.4 1 A/A 1 /A A 1 /A A 1 1
X.5 1/A A1 A/A 1 A/A 1 1
X.6 1 A/A A 1/A/A A 1 1 1
X.7 1 /A A/A 1 A A/A 1 1 1
X.8 1 A/A/A A 1 A 1/A 1 1
X.9 1 /A A A/A 1 /A 1 A 1 1
X.10 2 s 1 w3 B /B
¥4 3 . /B B
A = E(3)A2
= =1 ZSGTEL-8) /2 = 153

B = 3*E(3)A2

(-3-3*sqrt(-3))/2 = -3-3b3

The conjugacy classes of 3'72 are:
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Now it is well known that class sums C; = > g € FG form the basis of

Z(FG).
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Thus the basis for Z(Fq3'12) is:

)+ (1,4,5)(3,9,8) + (1,5,4)(2,7,6), (2,7,6)(3,9,8)
+(1,4,5)(2,6,7)+(1,5,4)(3,8,9), (1,2,3)(4, 7,8)(5,6,9)+(1,6,8)(2,9,4) (3,5, 7)
+(1,7,9)(2,8,5)(3,4,6), (1,4,5)(2,7,6)(3,8,9), (1,2,8)(3,5,6)(4,7,9)+(1,6,9)
(2,3,4)(5,7,8)+(1,7,3)(2,9,5)(4,6,8), (1,2,9)(3,4,7)(5,6,8)+(1,6,3)(2,8,4)
(5,7,9) + (1,7,8)(2,3,5)(4,6,9), (1,3,2)(4,8,7)(5,9,6) + (1,8,6)(2,4,9)
(3,7,5)4(1,9,7)(2,5,8)(3,6,4), (1,3,6)(2,4,8)(5,9,7)+(1,8,7)(2,5,3)(4,9, 6)
+(1,9,2)(3,7,4)(5,8,6), (1,3,7)(2,5,9)(4,8,6)+(1,8,2)(3,6,5) (4,9, 7)+(1,9, 6)
(2,4,3)(5,8,7), (1,5,4)(2,6,7)(3,9,8)}.

Clearly, |Z(Fyx3'2)| = 2% We can now search inside Z(Fyx3'*2) to find
Z(V.(Fy3'%2)) by making use of the GAP package Laguna.

Our main goal is to find Unitary units of Fx3'*2 but we can also obtain
some information about the Unit group of Fy3'2 by looking into the sub
algebra of Fox3'*2. To accomplish this, we need composition series of 3'*+2.

1:H0<H1<H2<H3:31+27

where H; = ((2,6,7)(3,8,9)) and Hs = ((1,4,5)(3,9,8),(2,6,7)(3,8,9)) =
32. We note that Hs is an elementary abelian group of order 9.

It is clear that the unit group of the sub algebra Fox3? is a subgroup of the
group algebra Foe3'12,

We use GAP to find out that the Unit group of F,:3? is an elementary abelian
group of order 3*. The minimal generating set for this 3 is:
{(1,5,4)(2,7,6),(1,5,4)(2,6,7)(3,9,8),
(1,4,5)(2,6,7)+(1,4,5)(2,7,6)(3,8,9)+(1,5,4)(3,8,9)+(1,5,4)(2,6,7)(3,9,8)
+(1,5,4)(2,7,6),(2,7,6)(3,9,8) + (1,4,5)(2,6,7) + (1,4,5)(2,7,6)(3,8,9)
+(1,5,4)(2,6,7)(3,9,8) 4+ (1,5,4)(2,7,6) }.

The generating set of unit group of Fy.3? is contained in the generating set
of unit group of Fox3!2.

4.2 Minimal Ideals of F,;3'">

An ideal M of group algebra F'G is said to be minimal if every ideal I con-
tain in M coincides with M. The minimal ideals are the simple Wedderburn
components of the group algebra, corresponding to the absolutely irreducible
characters of the group, and their dimensions are the squares of the character
degrees.

A linear character is a homomorphism is defined on group G over field F to
the multiplicative group of a field. Since there are 6 linear characters of the
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underlying group 372, it follows that here are 6 minimal ideals of the group
algebra Fo: 3172, We now give the basis of these ideals.

4.2.1 Ideal of dimension 1 of Fy.3!"2

Basis

Id(G) +

(1,19,10)(2,20,11)(3,21,12)(4, 22, 13)(5,23,14)(6,24,15)(7,25,16)(8,26,17)(9, 27, 18)
+(1,7,4)(2,8,5)(3,9,6)(10,18,14)(11, 16, 15)(12, 17, 13)(19, 26, 24)(20, 27, 22)(21 25,23)
+(1,3,2)(4,6,5)(7,9,8)(10,12,11)(13, 15, 14)(16, 18, 17)(19, 21, 20)(22, 24, 23) (25, 27, 26)
+(1,10,19)(2,11,20)(3, 12, 21)(4, 13,22)(5, 14, 23)(6, 15, 24)(7, 16, 25)(8,17,26)(9, 18, 27)
+(1,4,7)(2,5,8)(3,6,9)(10, 14, 18) (11, 15,16)(12, 13, 17)(19, 24, 26)(20 22 27)(21 23,25)
+(1,2,3)(4,5,6)(7,8,9)(10,11,12)(13, 14, 15)(16, 17, 18)(19, 20, 21)(22, 23, 24) (25, 26, 27)
+(1,26,13)(2,27,14)(3,25,15)(4, 20,16)(5 21,17)(6,19,18)(7,23,10)(8,24,11)(9, 22, 12)
+(1,21,11)(2,19,12)(3,20,10)(4, 24, 14)(5, 22, 15)(6, 23, 13)(7,27,17)(8, 25, 18)(9, 26, 16)
+(1,24,16)(2,22,17)(3,23,18)(4,27,10)(5, 25, 11)(6, 26, 12)(7,21, 13)(8, 19, 14)(9, 20, 15)
+(1,20,12)(2,21,10)(3,19,11)(4, 23, 15)(5, 24, 13)(6, 22, 14)(7, 26, 18)(8,27,16)(9, 25, 17)
+(1,25,14)(2,26,15)(3,27,13)(4,19,17)(5, 20, 18)(6, 21, 16)(7,22,11)(8, 23, 12)(9, 24, 10)
+(1,9,5)(2,7,6)(3,8,4)(10,17,15)(11, 18, 13)(12 16,14)(19, 25, 22)( 0,26,23)(21,27,24)
+(1,16,24)(2,17,22)(3, 18,23)(4, 10, 27)(5, 11, 25)(6, 12, 26)(7, 13,21)(8, 14, 19)(9, 15, 20)
+(1,8,6)(2,9,4)(3,7,5)(10, 16, 13)(11, 17, 14)(12 18,15)(19, 27, 23)( 0,25 24)(21 26, 22)
+(1,12,20)(2,10,21)(3,11,19)(4, 15,23)(5, 13, 24)(6, 14, 22)(7, 18, 26)(8 16,27)(9, 17, 25)
+(1,6,8)(2,4,9)(3,5,7)(10,13,16)(11, 14, 17)(12 15,18)(19, 23, 27)( 0,24 25)(21 22,26)
+(1,18,22)(2,16,23)(3, 17, 24)(4, 12,25)(5,10,26)(6,11,27)(7,15,19)(8,13,20)(9, 14, 21)
+(1,14,25)(2,15,26)(3, 13,27)(4,17,19)(5, 18,20)(6, 16,21)(7, 11,22)(8, 12,23)(9, 10, 24)
+(1,11,21)(2,12,19)(3,10,20)(4, 14, 24)(5, 15, 22)(6, 13, 23)(7,17,27)(8, 18, 25)(9, 16, 26)
+(1,22,18)(2,23,16)(3,24,17)(4, 25, 12)(5, 26, 10)(6,27,11)(7, 19, 15)(8, 20, 13)(9, 21, 14)
+(1,13,26)(2,14,27)(3, 15, 25)(4, 16,20)(5,17 21)(6,18,19)(7,10,23)(8,11,24)(9, 12, 22)
+(1,5,9)(2,6,7)(3,4,8)(10,15,17)(11, 13, 18)(12, 14, 16)(19, 22, 25)(20, 23 26)(21 24,27)
+(1,17,23)(2, 18,24)(3, 16, 22)(4, 11,26)(5,12,27)(6,10,25)(7,14,20)(8, 15,21)(9, 13, 19)
+(1,27,15)(2, 25,13)(3, 26, 14)(4, 21, 18)(5, 19, 16)(6,20, 17)(7,24,12)(8,22,10)(9,23,11)
+(1,23,17)(2,24, 18)(3, 22, 16)(4, 26, 11)(5, 27, 12)(6, 25,10)(7, 20, 14)(8, 21, 15)(9, 19, 13)
+(1,15,27)(2,13,25)(3, 14, 26)(4, 18, 21)(5, 16, 19)(6, 17,20)(7, 12,24)(8, 10, 22)(9, 11, 23)

4.2.2 Ideal of dimension 2 of F..3'*2

Basis:

Id(G) +

(1,7,4)(2,8,5)(3,9,6)(10,18,14)(11, 16, 15)(12, 17, 13)(19, 26, 24)(20, 27, 22)(21, 25, 23)
+(1,3,2)(4,6,5)(7, ,8)(10 12,11)(13,15,14)(16, 18,17)(19, 21, 20) (22, 24, 23)(25, 27, 26)
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+(1,10,19)(2, 11, 20)(3, 12, 21)(4, 13, 22)(5, 14, 23)(6, 15, 24)(7, 16, 25)(8, 17, 26)(9, 18, 27)
+(1,4,7)(2,5,8)(3,6,9)(10, 14, 18)(11, 15, 16)(12, 13, 17)(19, 24, 26) (20, 22, 27)(21, 23, 25)
+(1,2,3)(4,5,6)(7,8,9)(10, 11, 12)(13, 14, 15)(16, 17, 18)(19, 20, 21)(22, 23, 24)(25, 26, 27)
+(1,9,5)(2,7,6)(3,8,4)(10,17,15)(11, 18,13)(12, 16, 14)(19, 25, 22)(20, 26, 23) (21, 27, 24)
+(1,16,24)(2,17,22)(3, 18, 23) (4, 10, 27)(5, 11, 25)(6, 12, 26)(7, 13, 21)(8, 14, 19)(9, 15, 20)
+(1,8,6)(2,9,4)(3,7,5)(10, 16, 13)(11, 17, 14)(12, 18, 15)(19, 27, 23)(20, 25, 24)(21, 26, 22)
+(1,12,20)(2,10,21)(3, 11,19)(4, 15, 23)(5, 13, 24) (6, 14, 22)(7, 18, 26)(8, 16, 27)(9, 17, 25)
+(1,6,8)(2,4,9)(3,5,7)(10, 13, 16)(11, 14, 17)(12, 15, 18)(19, 23, 27)(20, 24, 25)(21, 22, 26)
+(1,18,22)(2,16,23)(3, 17, 24) (4, 12, 25)(5, 10, 26) (6, 11, 27)(7, 15, 19)(8, 13, 20)(9, 14, 21)
+(1,14,25)(2, 15,26)(3, 13,27)(4, 17, 19)(5, 18, 20) (6, 16, 21)(7, 11, 22)(8, 12, 23)(9, 10, 24)
+(1,11,21)(2,12,19)(3, 10, 20) (4, 14, 24)(5, 15, 22)(6, 13, 23)(7, 17, 27)(8, 18, 25)(9, 16, 26)
+(1,13,26)(2, 14, 27)(3, 15, 25) (4, 16, 20) (5, 17, 21)(6, 18,19)(7, 10, 23)(8, 11, 24)(9, 12, 22)
+(1,5,9)(2,6.7)(3,4,8)(10, 15, 17)(11, 13, 18)(12, 14, 16)(19, 22, 25)(20, 23, 26) (21, 24. 27)
+(1,17,23)(2, 18,24)(3, 16, 22) (4, 11, 26) (5, 12, 27)(6, 10, 25)(7, 14, 20)(8, 15, 21)(9, 13, 19)
+(1,15,27)(2,13,25)(3, 14, 26) (4, 18, 21)(5, 16, 19) (6, 17, 20)(7, 12, 24)(8, 10, 22)(9, 11, 23)
(1,19,10)(2,20, 11)(3, 21, 12)(4, 22, 13)(5, 23, 14)(6, 24, 15)(7 25,16)(8, 26, 17)(9, 27, 18)

+(1,10,19)(2, 11, 20)(3, 12, 21)(4, 13, 22)(5, 14, 23)(6, 15, 24)(7, 16, 25)(8, 17, 26)(9, 18, 27)
+(1,26,13)(2, 27, 14)(3, 25, 15)(4, 20, 16)(5, 21, 17)(6, 19, 18)(7, 23, 10)(8, 24, 11)(9, 22, 12)
+(1,21,11)(2,19,12)(3,20, 10)(4, 24, 14) (5, 22, 15) (6, 23, 13)(7, 27, 17)(8, 25, 18)(9, 26, 16)
+(1,24,16)(2,22,17)(3,23,18)(4,27,10)(5, 25, 11) (6, 26, 12)(7, 21, 13)(8, 19, 14)(9, 20, 15)
+(1,20,12)(2,21,10)(3, 19, 11)(4, 23, 15)(5, 24, 13) (6, 22, 14)(7, 26, 18)(8, 27, 16)(9, 25, 17)
+(1,25,14)(2, 26, 15) (3,27, 13)(4, 19, 17)(5, 20, 18) (6, 21, 16)(7, 22, 11)(8, 23, 12)(9, 24, 10)
+(1,16,24)(2,17,22)(3, 18, 23)(4, 10, 27)(5, 11, 25)(6, 12, 26)(7, 13, 21)(8, 14, 19)(9, 15, 20)
+(1,12,20)(2,10,21)(3, 11,19)(4, 15, 23)(5, 13, 24) (6, 14, 22)(7, 18, 26)(8, 16, 27)(9, 17, 25)
+(1,18,22)(2,16,23)(3, 17, 24) (4, 12, 25)(5, 10, 26) (6, 11, 27)(7, 15, 19)(8, 13, 20)(9, 14, 21)
+(1,14,25)(2,15,26)(3, 13,27)(4, 17, 19)(5, 18, 20) (6, 16, 21)(7, 11, 22)(8, 12, 23)(9 10, 24)
(1,11, 21)(2, 12, 19)(3, 10, 20)(4, 14, 24)(5. 15, 22)(6, 13, 23)(T, 17, 27)(8, 18, 25)(9, 16, 26)
+(1,22,18)(2,23,16) (3,24, 17)(4, 25,12)(5, 26, 10) (6, 27, 11)(7, 19, 15)(8, 20, 13)(9, 21, 14)
+(1,13,26)(2, 14,27)(3, 15, 25) (4, 16, 20) (5, 17, 21)(6, 18, 19)(7, 10, 23)(8, 11, 24)(9, 12, 22)
+(1,17,23)(2,18,24)(3, 16, 22) (4, 11, 26) (5, 12, 27) (6, 10, 25)(7, 14, 20)(8, 15, 21)(9, 13, 19)
+(1,27,15)(2,25,13)(3, 26, 14)(4, 21, 18)(5, 19, 16) (6, 20, 17)(7, 24, 12)(8, 22, 10)(9, 23, 11)
+(1,23,17)(2,24,18)(3,22,16) (4, 26, 11)(5, 27, 12) (6, 25, 10)(7, 20, 14)(8, 21, 15)(9, 19, 13)
+(1,15,27)(2,13,25)(3, 14, 26) (4, 18, 21)(5, 16, 19) (6, 17, 20)(7, 12, 24)(8, 10, 22)(9, 11, 23)

4.2.3 Ideal of dimension 2 of F,.3'*2

Basis

Id(G) + (1,3,2)(4,6,5)(7,9,8)(10,12,11)(13, 15, 14)(16, 18, 17)(19, 21, 20)
(22,24, 23)(25,27,26)+(1,10,19)(2,11,20)(3,12,21)(4, 13,22)(5, 14, 23)(6, 15, 24)
(7,16,25)(8, 7 26)(9,18,27)+(1,4,7)(2,5,8)(3,6,9)(10, 14, 18)(11, 15,16)(12, 13, 17)
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9,24,26)(20, 22, 27)(21, 23, 25)+(1,2, 3)
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4.2.4 Ideal of dimension 2 of Fy.3!*2

Basis:

14(G) +

(1,19,10)(2, 20, 11)(3, 21, 12) (4, 22,13)(5 23,14)(6, 24, 15)(7, 25, 16)(8, 26, 17)(9, 27, 18)+
(1,3,2)(4,6.5)(7,9,8)(10, 12, 11)(13, 15, 14)(16, 18, 17)(19, 21, 20) (22, 24, 23)(25, 27. 26)+
(1,10, 19)(2, 11,20)(3, 12, 21)(4, 13, 22)(5, 14, 23)(6, 15, 24)(7, 16, 25)(8, 17, 26)(9, 18, 27)+
(1,4,7)(2,5,8)(3,6,9)(10, 14, 18)(11, 15, 16)(12, 13, 17)(19, 24, 26)(20, 22, 27) (21, 23, 25)+
(1.2,3)(4,5,6)(7,8,9)(10, 11, 12)(13, 14, 15)(16, 17, 18)(19, 20, 21)(22, 23, 24) (25, 26, 27) +
(1,21, 11)(2, 19, 12)(3, 20, 10)(4, 24, 14)(5, 22, 15)(6, 23, 13)(7, 27, 17)(8, 25, 18) (9. 26, 16)-+
(1,24,16)(2, 22, 17)(3, 23, 18) (4, 27, 10) (5, 25, 11)(6, 26, 12)(7, 21, 13)(8, 19, 14)(9, 20, 15)+
(1,20,12)(2, 21, 10)(3, 19, 11)(4, 23, 15) (5, 24, 13)(6, 22, 14)(7, 26, 18)(8, 27, 16)(9, 25, 17)+
(1,12,20)(2,10,21)(3, 11, 19)(4, 15, 23) (5, 13, 24) (6, 14, 22) (7, 18, 26)(8, 16, 27)(9, 17, 25)+
(1,6,8)(2,4.9)(3.5,7)(10,13, 16)(11, 14, 17)(12, 15, 18)(19, 23, 27)(20, 24, 25)(21, 22, 26)+
(1,14,25)(2, 15, 26)(3, 13, 27)(4, 17, 19)(5, 18, 20) (6, 16, 21)(7, 11, 22)(8, 12, 23)(9, 10, 24) +
(1,11,21)(2, 12, 19)(3, 10, 20)(4, 14, 24)(5, 15, 22) (6, 13, 23)(7, 17, 27)(8, 18,25)(9, 16, 26)+
(1,22, 18)(2, 23, 16)(3, 24. 17)(4, 25, 12)(5, 26, 10)(6, 27, 11)(7, 19, 15)(8, 20, 13)(9, 21 14)+
(1,13,26)(2, 14, 27)(3, 15, 25) (4, 16, 20) (5, 17, 21)(6, 18, 19)(7, 10, 23)(8, 11, 24)(9, 12, 22)+
(1,5,9)(2,6.7)(3.4,8)(10, 15, 17)(11, 13, 18)(12, 14, 16)(19, 22, 25)(20, 23, 26) (21, 24, 27)+
(1,23, 17)(2, 24, 18)(3, 22, 16)(4, 26, 11)(5, 27, 12) (6, 25, 10) (7, 20, 14)(8, 21, 15)(9, 19, 13) +
(1,15,27)(2, 13, 25)(3, 14, 26) (4, 18, 21)(5, 16, 19)(6, 17, 20)(7, 12, 24)(8, 10, 22)(9, 11, 23)

(1.7,4)(2,8.5)(3,9,6)(10, 18, 14)(11, 16, 15)(12, 17, 13)(19, 26, 24) (20, 27, 22) (21, 25, 23)+
(1,4,7)(2,5,8)(3,6,9)(10, 14, 18)(11, 15, 16)(12, 13, 17)(19, 24, 26)(20, 22, 27) (21, 23, 25)+
(1,26, 13)(2, 27, 14)(3, 25, 15)(4, 20, 16)(5, 21, 17)(6, 19, 18)(7, 23, 10)(8, 24, 11)(9, 22, 12)+
(1,24, 16)(2, 22, 17)(3, 23, 18)(4, 27, 10) (5, 25, 11) (6, 26, 12) (7, 21, 13)(8, 19, 14)(9, 20, 15)+
(1,25, 14)(2, 26, 15)(3, 27, 13)(4, 19, 17)(5, 20, 18)(6, 21, 16)(7, 22, 11)(8, 23, 12)(9, 24, 10)+
(1,9,5)(2,7,6)(3,8,4)(10, 17, 15)(11, 18, 13)(12, 16, 14)(19, 25, 22) (20, 26, 23)(21, 27, 24)+
(1,16,24)(2, 17,22)(3, 18, 23)(4, 10, 27)(5, 11, 25)(6, 12, 26)(7, 13, 21)(8, 14, 19)(9, 15, 20)+
(1,8,6)(2,9,4)(3,7,5)(10, 16, 13)(11, 17, 14)(12, 18, 15)(19, 27, 23)(20, 25, 24) (21, 26, 22)+
(1,6,8)(2,4,9)(3,5,7)(10,13, 16)(11, 14, 17)(12, 15, 18)(19, 23, 27)(20, 24, 25) (21, 22, 26) +
(1,18,22)(2, 16, 23)(3, 17, 24)(4, 12, 25)(5, 10, 26) (6, 11, 27)(7, 15, 19)(8, 13, 20)(9, 14, 21)+
(1,14, 25)(2, 15, 26)(3, 13, 27)(4, 17, 19)(5, 18, 20) (6, 16, 21)(7, 11, 22)(8, 12, 23)(9, 10, 24)+
(1,22,18)(2, 23, 16)(3, 24, 17) (4, 25, 12) (5, 26, 10)(6, 27, 11)(7, 19, 15)(8, 20, 13)(9, 21, 14)+
(1,13,26)(2, 14,27)(3, 15, 25)(4, 16, 20) (5, 17, 21) (6, 18, 19)(7, 10, 23)(8, 11, 24)(9, 12, 22) +
(1,5,9)(2,6,7)(3,4,8)(10, 15, 17)(11, 13, 18)(12, 14, 16)(19, 22, 25)(20, 23, 26) (21, 24, 27)+
(1,17, 23)(2, 18,24)(3, 16, 22)(4, 11, 26)(5, 12, 27)(6, 10, 25)(7, 14, 20)(8, 15, 21)(9, 13, 19)+
(1,27,15)(2, 25, 13)(3, 26, 14)(4, 21, 18) (5, 19, 16)(6, 20, 17)(7, 24, 12)(8, 22, 10)(9, 23, 11)+
(1,23,17)(2, 24, 18)(3, 22, 16) (4, 26, 11)(5, 27, 12)(6, 25, 10)(7, 20, 14)(8, 21, 15)(9, 19, 13)+
(1,15,27)(2, 13, 25)(3, 14, 26)(4, 18, 21)(5, 16, 19)(6, 17, 20)(7, 12, 24) (8, 10, 22)(9, 11, 23),
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4.2.5 Ideal of dimension 18 of Fy:3'*2

Basis:

Id(G) +

(1,2,3)(4,5,6)(7,8,9)(10,11,12)(13, 14, 15)(16, 17, 18)(19, 20, 21)(22, 23, 24)(25, 26, 27)
(1,19,10)(2,20,11)(3,21,12)(4,22,13 )(5,23, 14)(6,24,15)(7,25,16)(8, 26,17)(9, 27, 18)
+(1,20, 12)(2,21,10)(3,19,11)(4,23,15)(5, 24, 13)(6, 22, 14)(7, 26, 18)(8, 27, 16)(9, 25, 17)
(1,7,4)(2,8,5)(3,9,6)(10, 18,14)(11, 16, 15)(12, 17, 13) (19, 26,24)(2() 27,22)(21, 25, 23)
+(1,8,6)(2,9,4)(3,7,5)(10,16,13)(11,17,14)(12, 18, 15)(19, 27, 23)(20, 25, 24) (21, 26, 22)
(1,3,2)(4,6,5)(7,9,8)(10,12,11)(13, 15, 14)(16, 18,17)(19, 21, 20)(22, 24, 23)(25 27,26)
+(1,2,3)(4,5,6)(7,8,9)(10 11,12)(13,14,15)(16, 17, 18)(19, 20, 21)(22, 23, 24)(25, 26, 27)
(1,10,19)(2,11,20)(3, 12 21)(4 13,22)(5, 14, 23)(6, 15, 24)(7, 16, 25)(8,17,26)(9, 18, 27)
+(1,11,21)(2,12,19)(3,10,20)(4, 14, 24)(5, 15, 22)(6, 13, 23)(7,17,27)(8, 18,25)(9, 16, 26)
(1,4,7)(2,5,8)(3,6,9)(10, 14, 18)(11, 15,16)(12, 13, 17)(19, 24, 26)(20, 22, 27)(21, 23, 25)
+(1,5,9)(2,6,7)(3,4,8)(10,15,17)(11, 13, 18)(12, 14, 16)(19, 22, 25)(20, 23, 26) (21, 24, 27)
(1,26,13)(2,27,14)(3,25,15)(4, 20, 16) (5,21, 17)(6, 19, 18)(7, 23, 10)(8, 24 11)(9 22, 12)
+(1,27,15)(2, 25, 13)(3, 26, 14)(4, 21, 18)(5, 19, 16)(6, 20, 17)(7, 24, 12)(8,22,10)(9, 23, 11)
(1,21,11)(2,19,12)(3,20,10)(4, 24, 14)(5, 22, 15)(6, 23, 13)(7, 27, 17)(8, 25 18)(9 26, 16)
+(1,20,12)(2,21,10)(3,19,11)(4, 23, 15)(5,24 13)(6 22,14)(7, 26, 18)( 7,16)(9,25,17)
(1,24,16)(2,22,17)(3, 23, 18)(4, 27, 10)(5,25 1)(6,26,12)(7,21,13)(8, 19 14)(9 20, 15)
+(1,23,17)(2, 24, 18)(3, 22, 16)(4, 26, 11)(5, 27, 1 )(6,25,10)(7, 20,14)(8,21,15)(9, 19, 13)
(1,25,14)(2,26,15)(3,27,13)(4, 19, 17)(5,2 18)(6,21,16)(7,22,11)(8, 23, 12)(9 24, 10)
+(1,27,15)(2, 25,13)(3, 26, 14)(4, 21 18)(5,19 16)(6,20,17)(7,24,12)(8,22,10)(9,23,11)
(1,9,5)(2,7,6)(3,8,4)(10, 17, 15)(11 18,13)(1 ,16,14)(19, 25, 22)(20, 26, 23)(21 27, 24)
+(1,8,6)(2,9,4)(3,7,5)(10,16,13)(11,17,14)(12, 18, 15)(19, 27, 23)(20, 25, 24) (21, 26, 22)
(1,16,24)(2,17,22)(3, 18,23)(4, 10, 27)(5, 11,25)(6,12,26)(7,13,21)(8, 14,19)(9, 15, 20)
+(1,17,23)(2,18,24)(3,16,22)(4, 11, 26)(5, 12, 27)(6, 10, 25)(7, 14, 20)(8, 15,21)(9, 13, 19)
(1,12,20)(2,10,21)(3,11,19)(4, 15,23)(5, 13,24)(6, 14, 22)(7, 18, 26)(8, 16, 27)(9, 17,25)
+(1,11,21)(2,12,19)(3,10,20)(4, 14, 24)(5, 15, 22)(6, 13, 23)(7,17,27)(8, 18,25)(9, 16, 26)
(1,6,8)(2,4,9)(3,5,7)(10,13,16)(11, 14, 17)(12, 15, 18)(19, 23, 27)(20, 24, 25)(21, 22, 26)
+(1,5,9)(2,6,7)(3,4,8)(10,15,17)(11, 13, 18)(12, 14, 16)(19, 22, 25)(20, 23, 26) (21, 24, 27)
(1,18,22)(2,16,23)(3,17,24)(4,12,25)(5, 10 26)(6, 11,27)(7,15,19)(8, 13,20)(9, 14, 21)
+(1,17,23)(2,18,24)(3, 16, 22) (4, 11, 26)( 2,27)(6,10,25)(7,14,20)(8,15,21)(9,13,19)
(1,14,25)(2,15,26)(3,13,27)(4,17,19)(5, 18 20)(6, 16, 21)(7 11,22)(8,12,23)(9, 10, 24)
+(1,15,27)(2, 13,25)(3, 14, 26)(4, 18,21)(5 16, 19)(6,17 20)(7,12,24)(8,10,22)(9, 11, 23)
(1,22,18)(2,23,16)(3,24,17)(4, 25,12)(5, 26, 10)(6, 27, 11)(7, 19, 15)(8, 20, 13)(9, 21, 14)
+(1,23,17)(2, 24,18)(3, 22, 16)(4, 26, 11)(5, 27, 12)(6, 25,10)(7, 20, 14)(8, 21, 15)(9, 19, 13)
(1,13,26)(2,14,27)(3,15,25)(4, 16,20)(5, 17, 21)(6, 18,19)(7, 10, 23)(8,11,24)(9, 12,22)
+(1,15,27)(2,13,25)(3, 14, 26)(4, 18, 21)(5, 16, 19)(6, 17,20)(7, 12,24)(8, 10, 22)(9, 11, 23)

Remark: We might have concluded immediately from the fact that the
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derived quotient of 3'*2 has order 6.

4.3 Augmentation Ideal of F,.3!"

Let RG be a group ring and ¢ : RG — R be an augmentation map, then the
Ker(¢) is called an augmentation ideal and have a special notation ker(¢) =
A(RG).

Augmentation Ideal of ¢ defined on Fox3'™2 has dimension 26 and this was
computed by using GAP.

4.4 Jacobson Radical of F,;3!"

“Let E be an algebra over the field K. An ideal P of E is said to be primitive
if E/P is primitive ring, that is if E/P has a faithful irreducible right module
V. The intersection of all primitive ideals of E is JE The Jacobson Radical
of E and E is semi simple iff JE = 0.”

The Jacobson radical turns out to be of dimension zero. Thus Fyr3'*2 is
semi simple.

By using GAP composition sereis of For3'*? consists of sub, algebra’s of
dimensions 1, 3, 21, 23 and 25.
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Appendix

#Gap Code for generating elements of unitary unit group V, (F,.3'"%):

G:=Group((2,6,7)*(3,8,9), (1,2,3)%(4,7,8)*(5,6,9),
(1,4,5)%(2,7,6)%(3,8,9));

K:=GF(2);
KG:=GroupRing(K,G) ;

L:=[1;
T:=Set (G);

i1:=0;
while (i1<=1) do

ii:=i1*T[1] "Embedding( G, KG );;
if ( (Augmentation(ii)=Z(2)70) and IsUnitary(ii) and
not(ii in L)) then
Add(L,ii);;
fi;
od;
il:=1i1+1;

od;
Print("\n",L,"\n",Length(L));

for k in [1..12] do
S:=L;;
i2:=0;
j:=Length(L);;
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while(i2<=1)
do

for i in [1..j] do
ii:=S[1]+i2%T[k] "Embedding( G, KG );;

if ( (Augmentation(ii)=Z(2)"0) and IsUnitary(ii) and
not(ii in L)) then
Add(L,ii);;
fi;
od;
12:=12+1;

od;
Print("\n",Length(L));
od;

#Gap Code for generating group ring matrix of F,.3'"2:

#f :=FreeGroup("a","b","c");

# x:=f.1;y:=f£.2;2:=£.3;
#rels:=[x"3,y"3,z"3,Comn(x,z) ,Comm(y,z) ,Comm(x,y)*z"-1];

G:=f/rels;

#H:=Group((2,6,7)*(3,8,9), (1,2,3)*(4,7,8)*(5,6,9), (1,4,5)*(2,7,6)*(3,8,9));
#L:=[1;

#K:=[1;

#x:=(2,6,7)%(3,8,9);
#y:=(1,2,3)*%(4,7,8)*%(5,6,9);
#z:=(1,4,5)*(2,7,6)*(3,8,9);

for i1 in [1..3]do
for i2 in [1..3]do
for i3 in [1..3]do
for i4 in [1..3]do
for i5 in [1..3]do
for i6 in [1..3]do
for i7 in [1..3]do
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ii:=(x"i1xy~i2%(z) "i3*(x) "id*y~i5*z"i6*(x) "i7);;
jji=(£f.1711%£.2712%(£.3) "13*(f.1) "i4x*f .271i6xf .3716%(£.1)"i7);;
if (not(ii in L)) then
Add(L,ii);;Add(K,jj);;#Print("\n",jj);
fi;

od;

od;

od;

od;

od;

od;

od;

for i in [1..27] do
Print ("\n",L[i],"\t",K[i],"\n");
#Print ("\n",K[i],"\n");
od;

#11111111232
#(XFy*X*y " 2% XK YRXKYT2) "2

S:=[1;
#K:=Set (H) ;

#for j in [1..27]do
# Print( "\n",L[j] -1*L,"\t",K[j] -1%K,"n");
#od;
a:=(2,6,7)%(3,8,9); b:=(1,2,3)%(4,7,8)*(5,6,9); c:=(1,4,5)*(2,7,6)%(3,8,9);
#T:=[(), a, a2, b, a"2xb, axb, b~2, a"2*xb"2, a*xb™2, b 2*axb,
axb~2*xaxb, a"2xb~2*axb, (axb) 2*b, ax(axb) "2%b, b*a*xb”2,
a*b*a, b*a, a"2*xbxa, a“2xb*a”2, axb*a”2, b*a"2, b 2*a,
a“2xb~2%a, axb~2*a, (axb)~2, bxaxb, ax(axb) 2];
#K:=[T[1],T[2],T[3],T[5],T[4],T[6],T[8],T[7],T[9].T[10],
T[11],T[12],T[13],T[14],T[16],T[17],T[20],T[19],T[18],
T[21],T[23],T[22],T[24],T[26],T[25],[27]];

#T:=[(), a, a~2, b, axb,a"2xb, b~2, axb~2,a"2*xb"2,
b~2*axb, axb”~2*axb, a~2*xb~2*axb, (axb) 2x*b,

ax(axb) "2xb, b*axb~2, b*a,axbx*a, a”~2xb*a,
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b*xa~2, axbxa”2, a”“2xb*a”2, b"2*a, axb"2x*a,
a“2xb~2*a, (ax*b)”~2, ax(axb)”2, b*axb];
for i in [1..27] do

#Print ("\n","Row", i,S[i]"-1*S,"\t",T[i] "-1*T,"\n");
for j in [1..27] do

Print ("\t","a_{",Position(T,T[i]~-1*T[j]1)-1,"}","&");
if (j=27) then Print("\n", "\n");fi;

od;

od;

#Gap Code for one to one correspondence between two represen-
tations of F,.3'72:

f:=FreeGroup("a","b","c");

x:=f.1;y:=f£.2;z:=£.3;
rels:=[x"3,y"3,z"3,Comn(x,z),,Comn(y,z) ,Comm(x,y)*z"-1];
G:=f/rels;

S:=Set(G);

H:=Group((2,6,7)*(3,8,9), (1,2,3)*(4,7,8)*(5,6,9), (1,4,5)*%(2,7,6)*(3,8,9));
T:=Set (H) ;

u:=(2,6,7)*(3,8,9);

v:=(1,2,3)%(4,7,8)*(5,6,9);

w:=(1,4,5)*(2,7,6)%*(3,8,9);

for i in [1..27] do
Print(ll\nll ,S[l] s |l\t|l ,T[l] , Il\tﬂ R lla_ll ,i_l, Il\nll) ;
od;

for i in [1..27] do

#Print ("\n","Row", 1i,S[i]"-1%*S,"\t",T[i]"-1xT,"\n");

for j in [1..27] do

Print ("\t","a_{",Position(T,T[i] ~-1*T[j1)-1,"}","&");
if (j=27) then Print("\n", "\n");fi;

od;

od;
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