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ABSTRACT

On Fermatean Fuzzy Bipolar Soft Topological
Space

In the current thesis, on fermatean fuzzy bipolar soft topological space is investigated. A
fermatean fuzzy set is converted by using bipolar soft set in topological space. The soft
sets are a family of parameterized sets. The concepts of a soft neighborhood of a point, a
soft open set, and a soft closed set are introduced. Soft topological space offers variety of
topological spaces that are parameterized.

The BSS is made with the two SS. One gives negative information while the other one
gives us positive information. Two mappings are used to explain the FBSS. In FBS, one
mapping is used to approximate fuzziness relative to the degree of positivity while another
mapping is used to approximate fuzziness relative to the degree of negativity in the initial
universal set objects. To cope with uncertainty in various real-world condition, a reducing
mathematical technique called fermatean fuzzy set is being developed. FFS is more flexible
than intuitionistic and PFS.

The result are evaluated in on FFBSTS and FFBS. We work on some features such as
neighborhood, continuity, and others.
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Chapter 1

Introduction



Fuzziness occurs when boundaries of information are not clear. The literal definition of
fuzzy is inability to think clearly. In literature the word fuzzy is often used for vagueness.
Zadeh [29] invented the fuzzy set theory in 1965. In 1965, the mathematician Zadeh de-
veloped a framework for handling uncertainty on fuzzy sets.Zhang developed the notion of
BFSS, also known as Yin-Yang BFSS, in which Yin and Yang stand for a system’s positive
and negative functions, respectively. A number that has a membership value of O indicates
that it does not satisfy the related property, whereas a value of 1 suggests that it does. This
notion was put forth to address issues with bipolarity.In bipolarity, fuzziness with a hybrid-
valued fuzzy variable with negative and positive aspects is encoded as bipolar fuzziness.
The theory of BFSS unifies fuzziness and polarity into a single model and gives a ground-
work for coordination, and bipolar clustering.

A Russian study The first time a SS theory was created in 1999 by Molodtsov [20]. By
using several instances, He work on various Mathematical operations AND, OR, Union,
and Intersection of two SS. The idea of SS has been proposed by mathematics to apply
to the algebraic model. The FSS notion, Which is solely dependent in models for soft sets
and FSS.

The concepts of FSS and BSS [23], The discovery of FBSS was Introduced by M.NAZ
and M.SHABIR [21]]. It introduced concepts of FBSS and produce algebra structure also
its application.The mathematical technique that links bipolarity and Soft theory is called
Bipolar Soft Set theory. Two soft sets make one Bipolar Soft set, one gives us information
that is positive and the other that is negative. According to bipolarity theory, the decisions
that we make depend on both positive and negative values, and we favor the more com-
pelling of the two. The BSS With by using Two function we can Say F : § — P(v) and
G : =S — P(v) Where — S is not set, and G describes opposite or negative approximation.
A BSS over v The Condition £ (I) N 71(—1) = ¢V1. The disparity occurs because the mem-
bership function was not defined clearly, or because there was doubt or confusion. As a
rough approximation for the degree of delay, we refer to this doubt or grey region.

Zhang [21] introduces the fuzzy bipolar set. Two mappings are used to create FBSS one is
estimate fuzziness relative degree in positivity or that parameter presence in FBSS while

the other one is to estimate the fuzziness relative degree in negativity or that parameter



absence in the initial universal set objects. Munazza Naz Bipolarity, fuzziness, and param-
eterization are three ideas that we have integrated. which the membership function accepts
value in 0,1 Taha Yasin A FB elements membership function can be defined. The function
is an accepted value between O and 1 then it is positively connected to the property, mean-
ing that partially satisfies it. On Bipolar Soft subspace topology the notion of Bipolar Soft
separation axioms was defined and a consideration of their inheritance followed.

If (H",H ,k) € BS(s), 7 is the group of the Bipolar Soft subset, the parameter set Is K so,
7 is called BST Asmaa Fadel Bakhtawar and Shabir introduced the bipolar soft topology
[L1].

Senapati and Yager (2020) are the ones who first introduced the Fermatean Fuzzy Set is
particular instance of qrung orthopair fuzzy set [25]. The claim of Yager’s (2017) theory
of orthopair, the power of g is non-membership and membership degrees must be < 1. It
follows that as g rises, the range of admissible orthopair will as well, and this geometric
range gives users more opportunity to make decisions and to demonstrate their preferences,
theories, and claims. Yager (2014) renamed the ortho pair fuzzy set as Pythagorean fuzzy
set (PFS) by setting ¢ = 2 and created fundamental operations on them. In 2020, g =3
referred to this new qROFS as the Fermatean Fuzzy set (FFS) as defined by Yager and
Senapati. Because they can express their views on not membership, and membership about
a subject’s condition, the decision makers have more choice. Bipolar on soft topological
space, intelligent F's, BS, and Bipolar valued FS are all examples.

A theory named fermatean fuzzy set is a reduction method that is being developed to deal
with uncertainty in a variety of real-world situations. To make uncertain data from gen-
eralized reality decision making situations tractable mathematically Fermatean Fuzzy sets
were introduced [25]. A more concise and special case of qROFS is FES. It offers decision
makers a greater representation option than PFs and IFs. Some key characteristics FFBSS
model that explored numerical example are subsets, equal FFBSS, relative null, U and N,
relative absolute FFBSS, OR operation, and AND operation . Fermatean fuzzy topological
space is studying some fundamental characteristics of the ideas of image and concerning
a function of the preimage of a FFS. Nonempty set on X, We create Coarsest FFT. We

introduced to fermatean fuzzy bipolar soft topology space.



Fuzzy topology is branch of mathematics that makes use of fermatean fuzzy bipolar soft
topological spaces. Studying and creating mathematical frameworks for simulating and an-
alyzing ambiguity and vagueness in topological spaces is the goal of this field of study. The
construction of fuzzy sets and fuzzy neighbourhoods, which can express ambiguity and un-
certainty in the characterization of points and their interactions in a topological space, is
made possible by fuzzy topology, an extension of classical topology.

Exploring the characteristics and future applications of Fermatean fuzzy bipolar soft topo-
logical spaces in areas like decision-making, pattern recognition, and control systems is
the major objective of this field of study [9]. Additionally, researchers want to strengthen
the mathematical underpinnings of fuzzy topology and provide algorithms and methods
for resolving issues in these areas.In general, research on Fermatean fuzzy bipolar soft
topological spaces seeks to provide a mathematical framework for modeling and analyzing
uncertainty and vagueness in topological spaces, as well as investigate its potential and ap-
plications in diverse domains.

Fuzzy topology makes use of mathematical concepts called Fermatean fuzzy bipolar soft
topological spaces. They are a particular kind of fuzzy topological space that incorporates
SS, BFS, and FFSSS.

The sort of FS is called FFS is based on notion of fermatean function, which is a function
that gives each element of a set a value between O and 1 to indicate how much of the set
it is a part of. An example of a mathematical framework that enables the modeling of un-
certainty in the definition of sets is soft sets. A unique and complex field of mathematics is
fermatean fuzzy bipolar soft topological space. It tries to give topological structures a more
adaptable and thorough foundation for dealing with ambiguity, vagueness, and bipolarity.
This concepts soft topological space component offers a flexible idea of set openness and
set closeness [[18]. Where components are given varying degrees of belongings to a set, as
an alternative to depending simply on crisp open and closed sets. This enables the concept
of neighborhood and closeness to be treated in a more flexible and progressive manner.
Using this model as a starting point, we explore the features, topologies, and operations of
Fermatean fuzzy bipolar soft topological spaces. Its goal is to lay a mathematical basis that

may be used in a variety of real-world situations where softness, bipolarity, and uncertainty



are naturally present.

The key objectives of this research are to create relevant axioms, examine continuity, com-
pactness, and connectedness within this framework, and investigate applications in artificial
intelligence. A difficult but promising field of research, understanding and improving the
theory of Fermatean fuzzy bipolar soft topological spaces has the potential to progress
mathematics and its application to practical issues.

A FFSS in X is denoted set and the function denote with the notation of (F, G, A). Where
F, G, and A are relative degree membership and nonmembership, and ambiguity. Each
element in U is given degree from F, G, and A, indicating whether it belongs, doesn’t be-
long, or is unclear inside a collection. This mathematical formulation offers a framework
for investigating topological qualities in the context of Fermatean fuzzy soft sets, includ-
ing continuity, compactness, connectedness, and convergence. It enables a more adaptable
and delicate representation of ambiguity, membership degrees, and uncertainty inside the

topological structure.



Chapter 2

Fuzzy Set Theory



2.1 Fuzzy set

Definition
A FS is a group of objects with various degrees of membership. A FS Z is defined by a
mapping and ranges from O to 1, using the membership function v;.

vz:U —[0,1]

Example:-
U={1,2,3,456}, ucU

Now

u=1,vz(1)=05  u=2,vz(2)=08
u=3,v;3)=1 u=4, vz(4) =038
u=5,v7(5 =05 u=6, vz(6)=0.1.

Z=1{(1,0.5),(2,0.8),(3,1),(4,0.8),(5,0.5),(6,0.1)}

2.1.1 Soft Set

In order to cope with new ideas defined by uncertain and confusing facts, Molodtsov [20]
created set theory in 1982. When examining a few complicated situations, experts might
demand right to make wise decision. Results of different parameter settings enable this.
The composition of parameters is not taken into account in classical set theory.The no-
tion was inspired by the constraints on parameterization that previous theories encountered

while dealing with ambiguous and fuzzy data.



Definition

If E the collection of parameter and U is universe of course, W is nonempty subset in E.

Let P(U) is power in U. Over U, pair (Z,W) are referred as SS. The mapping is
Z:A—P(U)

Example

U={1,2,3,4,5,6}

The parameter is W = {wy,wp, w3, wq,ws}, W CE
Z(wy) ={2,4},Z(wp) = {1,3,5},Z(w3) = {3,4,5}
{(2,4),(1,3,5),(3,4,5)}

W)=
) is the set of ordered pairs.
)=
)=

zZ,W
zw {Wla ( )}7{W27 (W2>}7{W37Z(W3)}
zZW

(Z,
(
(
( {wi,(2,4)},{w2,(1,3,5)},{w3,(3,4,5)}.

)

Complement

Complement of SS (F,J) is (F,J)’. Where the mapping F’': 1 — U. So, (F,3) =
F(s), Vs €l

Proposition 2.1.1. Let (F ,J) and (7,3) be the soft set in U.
(DU, = (F,3'N(TI),
RI((F,DHN(T,3) = (F,3)'u(T,I).

Proof. (1) Let (f,3)U(7,3) = (H,3), where H(J) = F (3)UT1(3), VI € J. Then

H'(3) = (F(HuIQ3)°
= F(N)°NTA)°
— (FeNTE), Vied

Thus
(H, D) =(R,I'N(,D ie.(F,DU(T,2) = (F,2'Nn(T,3).

8



(2) Let (F,3)N(7,3) = (H,3), where H(J) = F ()N 71(3), VI € 1. Then

H' () =(FA)NTI)°
(F@)uC@)”
= (F()U(G°(), vael

Thus
(H,D) =(F, 2 u(0,3), ie. (F,DN (L) = (F,D'u(T,3).

Soft Topological Space

The soft space in X is (X, 7,S). Then the collections is

T, = F(a)|(F,S) € 7 for each a € S, define topology in X. Now

c[l]: ¢,X € 1.

c[2] : If Fi(A)|i €I is the collection of set in 7, then (F},S) € 7, Vi € I so,U,;(F;,S) € T
then J,c1 Fi(A) € 14.

c[3] : if (Fy, Ga) € 1, for (F,S)(G,S) € 7 then (F, $)N(G, S) € .

7 is called soft topology in (X,A)

Example :

Let U = {vi,v2,v3}, S={s1,s2} and T ={9,U, (F 1,5),(F 2,5),(F 3,5),(F 4,5)},

where (F 1,5), (F2,s), (F3,s), (Fa,s) are soft sets over U, defined as follows

Fi(s1) = {2} Fi(s2) ={vi}
Fa(si) ={v2,v3}  Fals2) ={vi,n2}
Fa(st)={vi,va}  Fa(s2)=U
Fa(s1)={vi,va}  Fals2) ={v1,v3}

Then 7 define ST in U. Hence (U, 7,S) is STS in U.
Tsl = {(P,U,{VQ},{V27V3},{V1,V2}}.



And

Te, = {0, U, {vi} {vi,va}, {vi,va}}

are topologies on U.

Now the two soft topologies may not be union in U.

Example :

LetU = {vi,v2,v3}, S={s1,s2} and 71 = {9, X, (F 1,5), (F2,5), (F3,5), (Fa,5)}, T» =
{0,X,(TN1,=s), (T2, —s), (T3,7s), (Tla, —s)} be two soft topologies defined on U

where (F 1,s), (F2,), (F3,), (Fa,s), (T1,7s), ((Ta,=s), (T3,7s), (Tla,—s) is soft sets

over U, defined as follows

And

I
—~
<

=
<
[\*)
—
1
=
—
]
9%}
[\)
N—
Il
—~
=
=
(98]
=~

Now, T=7T1UD
T={0,U,(F1,5),(F2,5),(F3,5),(Fa,5),(T3,75),(T4, ) }.
if

(F2,8)U(T3,=S) = (H,S)

10



then

H(s1) = Fa(s1)UT3—(s1)
= {V2,V3} U {VI,VZ}

=U

and

H(sy) =F 2(s2) U T3(s2)
={vi,m}U{vi,n}

= {vi,v2}
But (H,s) ¢ t. Thus 7 is not a soft topology in X.

2.1.2 Bipolar Soft Set

The term BSSs was coined by Munazza to address the issue of bipolarity [23]]. Bipolar
soft set theory is a branch of mathematics that links bipolarity to soft set theory. Two soft
sets serve as its definition; one provides us with knowledge that is positive, the other with

information that is negative.

Definition

The triplet (F,71,S) is BSS In U, Where F and T are mapping shows f : S — P(U) and
T:8— P(U), then F (e) N 7I(—e) = ¢, Ve € S.

Example:

U=1{1,2,3,4,5,6)

The set of parameters is O = {01,02,03,04,05}, A C O. Then 0 = {—01,—02,703, 704,705}

F(Ol):{274}7F(02):{173>5}7F(03):{37475}

T=(01) = {3,5},71(m02) = {2,4},71(—03) = {2, 1}

11



(F,A)={(2,4),(1,3,5),(3,4,5)}
(-[7_'3) = {(375)7 (274)7 (27 1)}

(F ,A),(G,—B) is ordered pair.

(F,4) = {o1,F (o1)},{02,F (02)},{03,F (03)}
(F,A4) ={01,(2,4)},{02,(1,3,5)},{03,(3,4,5)}
(T, =B) = {o1,7(=o1)},{e2, N(02}, {03, 7(-03)}
(,=B) = {01,(3,5)},{02,(2,4)}, {03, (2, 1)}

Proposition 2.1.2. Let (F,1,S) and (F 1, 11, E) be two BSSs in universe U. The following
is:

(D(F, L UF L TLE)) = (F, 1.8 N (F 1, TLE),

@) ((F, LN, TLE)) = (F,1,8) U (F 1, TLE)

Proof. (1) LetJ € SUE. The three cases:
(1) IfJe S—E, Then

(FUr)@ =0 A)° = nF))Ha

(U@ = @) = N (1)) (A)

(i) If J € E — S, then

(FUr) @ =F@) = FnF)9)A)

U@ = (@) = N 1)9E)

(iii) if 3 € SNE, then

(FUF) @) =(F@UF@) = F@NEFENA))



U@ =C@NT@) = D UCT)A))
(FNF)*@=FEA@ N E)A)
(IN)°@) =@ V(1) A)).

Therefore, in all three cases are equal.

((F, L) UF 1, TLE) = (F,1,.8) N (F 1, L, E)E
(2) Let J € SUE. Three cases are:

(i) IfJ€ S—E, then

(FNF) Q) (FCU(F)9)E)

(r @)

(I0T)@) = (@) = (U T)9)A)

(i) If 1€ E — S, then
(FNF) @) = (Fre(@ = (FUF) )
CIN)@) = (h(@) = U T)A)
(iii) If 1 € SUE, then
(FNF) @ =E@NH@)° =@l

(INT)°@) = A@UTA) = @ N ()A))
(FUF) @)= @0 )a@°)
(U@ = @ N ) A))

These three cases are equality.

(F, L, UF 1, TL,E) = (F,1,8)N (F 1, 11, E)C.

13



2.1.3 Bipolar Soft Topological space

The first researchers to study the topological structure of BSS were Shabir and Bakhtawar
[11]. They defined the BSTS on a universal set. On BSS, BSTS, there is variation of

concepts, was introduced in It also shows a few topological ideas and their characteristics.

Definition

A triplet (F,71,S) is a BSS and 7 is the collection of BS Subset from (F,71,S).S is the

parameter. 7 are called BSTS in (U,A).

c[1]:(9,U,S),(U,9,S) € .

c2):1f(F1,1,51), (F2, T2,52) € Tthen (F 1, 1,81) N (F2, Ta,82) €T.

c[3]: I (Fi, iysi) € Tforall i €1 then U,/ (Fi, Viysi) € T.

7 is called BSTS in (U,A).

Example :-

LetU ={z1,22,23}, S={s1,s2} and t={(U,9,5),(¢,U,S), (F 1, 1,8),(F 2, 12,8),(F 3, 13,5),(F 4, 14,8
Where (F 1, 11,s),(F2, 12,8),(F3, 13,5), (F 4, l4,8) are the bipolar soft set over U.

Fi(s1)={z}  Ti(=s1) ={z}

Fa(s1) ={z,z3}  Th(=s1) ={z1,22}
F3(s2) ={z1,22}  T3(=s2) ={U}
Fa(s2) ={z1,22}  Ta(=s2) = {z1,23}

Then 7 is a BSTS in U and Hence (U, ¢,S) is BSTS bipolar soft topological space in U.

t={(U,9,5),(0,U,S),{22},{z2, 3}, {z1,22}}
And

t={(U,9,5),(9,U,S),{z1},{z1,23},{z1,22}} are topologies on U.

14



2.1.4 Fuzzy Bipolar Soft Set

In FBSS, Naz and Shabir discovered the FBSSs, also discovered the parameters of bipo-
larity [21]. The concepts SSs is the information of given data. If the membership function
takes values in the range O to 1, the element is highly related to the property or partially
meets the requirements for membership. When the membership function takes values in

the range [0, 1], the element is either partly or negatively related to the property.

Definition

A FBSS in (U,A) is triplet of (F,7,S), F and 71 are mapping, F : S — P(U) and 7
=S — P(U).
0<F(a)(x)+(—a)(x) <1

Va € S.
0<F(a)(x)+T(—a)(x) <1

VA € S is applied as a consistency restriction.

Example :

Let U is set, and E be set of parameter, U = {1, #», £3, 4, 5}, O ={01,02,03,04,05}.
Let =0 = {—01,702, 703,704,705 }.

Suppose that A = {01,07,03}, B=1{02,03,04} and C = {03, 04,05 }. The fuzzy bipolar soft
sets (F,1,A), (F1, 11,B) and (F 2, T2,C) suppose that

F(e1) = {04, 02,605, 02, 08}
F(e2) = {03, 60.7,60.1, 205, .6}
F(e3) = {02, 0.4, 602,601,607}
T(—er) = {04, 207, 0.6, 603, 601}
T(=e2) = {#0.9, 0.1, .4, 2.2, 207}
T(—e3) = {#0.4, 0.2, 0.1, 603, 0.8}

15



and

and

Fa(es) = {02 0.1, 0.4, 0.5, 809},

Fales) = {02,808, 07,801,604},

Fales) = {0.1, 0.2, 0.4, 0.6, 209}
T(e3) = {2, 0.4, .6, 608,60}
Ta(—es) = {0.9: 0.7, 0.1, 603, 805}
Ta(=es) = {02,601, 0.5, 807, 203}

let (F,,A)U((F1,11,B) N (F2,702,C)) = (H1,1;,AUBUC)
and

((F,F,A)U(F L TLB) N, LA U(F2, 2,Q))

= (Hy,L,AUBUC).

((F,F, ) U(F L, TLB)N((F, T, A)U(F 2,12, €))

= (Hy,L,AUBUC).

The collection of FBSS in U is now being considered. It is denoted by the letters FBSS(U)~,
and its subset, which includes all FBSS in U with a defined Set of parameters, is denoted

with the letters FBSS(U)*.
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2.1.5 Fuzzy Bipolar Soft Topological Space

In the Addition, Naz and Shabir initially developed FBSS in 2013 [9]], Which is new
class of hybrid models for vagueness. They took into consideration the FBSS algebraic
structures study.The basic characteristics of this new topological structure are presented,
together with the fuzzy bipolar soft topological spaces. We look at the connections between

soft topology, fuzzy topology, and fuzzy bipolar topology.

Definition

A triplet (F,7,S) is a BSS and 7 be the collections of FBSS from (f,7,S). The s is the

parameter in S. 7 are called FBST in (U,A).

c[1]:(¢,U,S),(U,9,S) € 1.

c[2]: I (F1,1,51),(F2, T2,52) € T then (F 1, 1,51) N (F 2, T2,82) € T.

c[3] : If (Fi,iysi) € Tforalls € I Then U, (F i, Tiysi) € T.

7 are called FBSTS in (U,A).

Example:-

LetU ={x,y,z}, S={s1,s2}and t={(U,9,S), (¢,U,S), (F1, 11,S), (F2, 12,S), (F3, 13,5), (F 4, 4,
Where (£ 1, 11,S), (F2, 12,5), (F3,13,S), (F 4, 14,S) are the bipolar soft set over U.

ﬁ

4\€2) = {x0.67)’0.3;10.1}, Ta(—en

Fi(e1) = {x0.4,Y05,202},  Ti(—e1) = {x05,Y03,20.4},
F1(e2) = {x0.6,¥03,20.1},  T1(—e2) = {X03,Y0.6:20.8}
Fa(er) = {x03,504,206}, T2(—e1) ={x04,Y05,203},
Fa(e3) ={x02,509,201}, T2(—e3) = {x0.6,505,20.2},
F3(er) = {x07,y0.1,202},  13(—e1) = {x0.4,¥03,203},
F3(e2) = {x03,Y0,208}, 13(—e2) = {x03,Y0.6,208}
F3(es) ={x02,Y03,204},  13(—e3) = {x0.6,Y0.5:20.2},
Fa(er) = {x03,Y04,202},  Ta(—e1) = {x05,Y05,20.4},

(e2)

(e3)

ﬁ

a(e3) ={x02,503,204}, Ta(—es

17



Chapter 3

Fermatean Fuzzy Set
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3.1 Fermatean Fuzzy Set

Definition

[25] A FFS is Z in W is a form that has the property
X ={<w,or(w),Br(W) >|weW}

Where:-

or(w) =W —[0,1]

Br(w) =W — [0,1]
Main state of fermatean fuzzy set is

0 < (ar(w))>+ (Br(w))* < 1

for all w € W. The symbols ag(w) and Br(w) denote the degree of membership, and non
membership of element w in set Z respectively.

Example

Let ag(w) = 0.61, Br(w) = 0.47. Then we get

(0.61)3 +(0.47)° = 0.32.

3.1.1 Intuitionistic Fuzzy Set
The objects provided in nonempty set W for IFS is Z = {< w, og(w), Br(w) > |w € W},
where the function is,

ogr(w) =W —[0,1]

Br(w) =W — [0,1]

The degree of membership and degree of non-membership to the set &% are indicated by

each element w € W [4].

0 < (ar(w))+ (Br(w)) <1

Example

Let ag(w) = 0.4, Br(w) = 0.3. Then we get

(0.4)+(0.3) =0.7.
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3.1.2 Pythagorean Fuzzy Set

[27] The objects on PFS defined in nonempty set W are of the type Z = {< w, ag(w), Br(w) >

lw € W}, Where the function is,*
or(w) =W — [0,1]
Br(w) =W — [0,1]
The each element w € W denotes degree of membership, nonmembership Z.

0 < (ar(w))*+ (Br(w))* <1

Example

Let ag(w) = 0.2, Br(w) = 0.6. Then we get
(0.2)2+(0.6)> = 0.64.

Fermatean fuzzy set is better because it easily hold the value. For example in intuitionistic
is 0.8 4-0.7 = 1.5 > 1 which is not correct in pythagorean is 0.8% +0.7> = 1.13 > 1 which
is not correct. in fermatean is 0.8% +0.7° = 0.8 < 1 which is correct. thats why is better

than others.

Set operations of fermatean fuzzy set

Let R = (o4, Br),R1 = (@, Br,) and Ry = (¢, Br,) be FES, Their condition are define.
(DRNR = (min{ary,or},max{Bri,Br})

(2)RUR = (max{ary,ory},min{B1,B2})

3R = (Br, o)

Let R = (0, 05), Ri = (0y,), Ry = () be three fermatean fuzzy set.

Theorem 3.1.1. For three FFSs | = (0, 0,),F 1 = (@), F 2 = (@) are defined as follow
MFiNFa=FaNFy
[2]F1UF2=F2UF1
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BIFiN(F2NF3)=(F1NF2)NF3
[4]F1U(F2UF3)=(F1UF2)UF3

Proof.

[1FiNF,
(min{ary,ary},max{Bry,Br})
(min{ory, ar},max{Bry,Bri})

FoNFy

QF1UF2
(max{ory,ar},min{Br,Br})
(max{ory, ary},min{Bry,Bri})

Fa0F

G)F1N(F2NF3)

(ary,Bri) = (min{ary,ars},max{Bry,Br3})

= (minary, (min{ary, ary },maxBrimax{Bry,fr3})
= (min{min{ary,ary},or1 },maxBrimax{Bry,fr3})
(min{ary,orp},max{Bry,Br2}) N (ars,Br3)

(F1NF2)NF3

DF 1U(F2UF3)

(ary,Bri1) = (max{ary,ors},min{Bry, Br3})

= (maxary, (max{ory, ory },minBrimin{Bry,fr3})
= (max{max{ory,ar},ar },minBrimin{Bry,fr3})
(max{ory,ary},min{Bry,Br2}) N (ars,Br3)
(F1NF2)NF3
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3.2 Fermatean Fuzzy Topological Space

Let be a family of Fermatean fuzzy subsets of X and X be a non-empty set [15]. If
c[l]:9,U €.

c[2] :if R|,R, € Tthen R NR, € 7.

c[3]:if R, € Tforall 1 € [ then | J,;R, € 7.

When 1 is an arbitrary index set, is known as a FFT in U.

pair (U, ) is FFTS. every member of 7 are called open FF subset. The complement in
open FF subset is called closed FF subset.

Let X=v1,v;. A family of FF subsets to consider 7 = {¢,U,R;,R2,R3,R4,Rs }where
Fi={<vi,05,(v1) =0.4,BF(v1) =0.6 >, < va,0F (v2) =0.1,BF (v2) = 0.3 >}
Fr={<vi,o5,(vi) =0.5,Br(vi) =04 >,< vy, ap(v2) =0.2, Br, (v2) = 0.8 >}
Fs={<vi,ar(v1)=03,Br(v1) =0.7>,<v,0ar(v2) =0,Br(v2) =0.7 >}
Fy={<vi,05,(v1) =0.5,Br(v1) =04 >,<vy,08,(v2) =0.2, B, (v2) =0.3 >}
and

Fs={<vi,or(vi) =04,Br(vi) =0.6 >,< vy, 0 (v2) =0.1,Br (v2) = 0.8 >}
Note that (X, 7) is a fermatean fuzzy topological space.

Example :-

Let X = vy, vy, the FFS to consider T = {¢,U,R|,Ry,R3,R4,Rs} where
Fi={<vi,or,(v1) =0.4,Br(v1) =0.6 >, <v2,0, (v2) =0.1,Br (v2) =0.3 >}
and

F={<vi,o5,(vi) =0.5,Br(vi) =04 >,< vy, ap(v2) =0.2,Bp, (v2) = 0.8 >}
(X,7) is FFTS, but that (X, 7) is neither an IFTS or PFTS.

3.3 Fermatean Fuzzy Soft Set

If V is denoted the universe and G represent the parameter of universe. If .% (V) denoted
the subset of FF and ¢ C G on V, pair (F ,¢) is then referred to as a FFSS. If R is function
givenby F : { — % (V). Let v eV and ¢ € L then F (¢) is a FF. It is defined by
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R(L)={<v,(mg ((v),ng ()(v)) > |v €V}

Where the function (ng (1)(v) : L — [0,1] and (ng (I)(v) : L — [0,1]

Example
v (D)(v) = (0.4)3 and v (1)(v) = (0.8)*
R R
0<(0.4)}+(0.8)°<1
0<0.064+0.512< 1

0<0576<1

3.3.1 Fermatean Bipolar Soft Set

If G is parameter of whole set and v be whole set. For every B C G, triplet (f,71,B) are

said to BSS in v. then F and 7T are function define

F:B—P(V)
T: =B — P(V)

F(v)NT(-v)=¢,YveB,~ve-B

3.3.2 Fermatean Fuzzy Bipolar Soft set

Let G collection of parameters and v be a universe. The triplet p € f ,q € Tnow (F,1,¢)
is represent to FFBSS if and only if L C G. they are mapped as f : ¢ — F(V) and 7:

(—=¢) :— F (V) respectively, then criteria must be met:
0< (Mp (O(V)]+ (G (=0 (v)* <1
0< (Mp (M) +(Ly (0(v)* <1
forall/el,—¢ € -l ,and Vv €V

(np (D)(D)). (np (1(9)), (&5 (=1)(9)), (&5 (~1)(B)) € [0,1]
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(ng (H(v)), (Cg(—'l)(v)) are Membership value to /~ and 7. now, (1, (1)(v)), (&, (=1)(1))
are the non membership values.

Example

let v ={wy,wy, w3, wq} set of four staff having different skills. Let G = {/; = passionate, I, =
work on time, /3 = hard work, /4 = good communicate} be the collection of parameters.

let the not set be—G = {—I; = negligent performance, —/, = servitude, —/3 = hush communicate, —l4 =
inexpert} for L = {Ly,L,,L3,Ls} C G. We describe skills and incomplete of the staff.

F (L) =4{(w1,0.3,0.8), (w,0.6,0.7), (w3,0.6,0.8), (w4,0.4,0.5) }

F (L) ={(w1,0.2,0.7),(w,,0.5,0.6), (w3,0.8,0.4), (w4,0.4,0.5) }

F (l4) = {(w1,0.6,0.3), (w,,0.5,0.4), (w3,0.6,0.8), (w4,0.8,0.5)}

And

(=l) = {(w1,0.4,0.1),(w2,0.1,0.3), (w3,0.1,0.2),(w4,0.2,0.4) }

T(=lp) = {(w1,0.5,0.3), (w2,0.1,0.5), (w3,0.1,0.9), (w4,0.4,0.9) }

(—ly) = {(w1,0.2,0.3),(w2,0.4,0.3), (w3,0.8,0.0), (w4,0.0,0.4) }

These are all values is FFBSS now we check these value is it hold the condition of fer-

matean fuzzy bipolar soft set or not.
0< (mp (M) + (85 (=N)(v)* <1
0<(0.1)3+(0.8)3<1
0<0.0014+0.512<1
0<0513<1

This value is satisfied the condition so,this this FFBSS. Now we check the value which is

not FFBSS

0< (mp (D)) + (L5 (=N(v)) <1
0<(0.8)*+(0.9)0° <1
0<0.5124+0.729 < 1
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It is not hold the condition of FFBSS.

Properties

Let vi = (P,Q1,L1) and v, = (P>, 07,L,) be two FFBSS in the whole set v; then v is said
to be FFBS Subset of v,, respectively by vi C v,

o L1 C Ly

o pi(l) € pa(1). for Example {n, (1)(v) < 0, (1)(v), n,,(1)(V) = n,, (D(v)}

If v, is FFBSS of v; then v is referred as FFBS subset of v,

Complement

Let v = (F,1,3) be FFBSS over the whole set of v. Its complement is defined as v¢ =
(F€,719,3¢) in V. Where F € :J— [0,1] and 71° : =] — [0, 1] mapping are respectively.
FE@ ) =n @), D (v)

TN ) = (DY), (G DY)

Veel—~fe—-Jandv eV

Fe(ly) = {(w1,0.08,0.03), (w2,0.07,0.06), (w3,0.08,0.06), (w4,0.05,0.04)}

Fe(ly) = {(w1,0.07,0.02), (w2,0.06,0.05), (w3,0.04,0.08), (w4, 0.05,0.04)}

F<(ly) = {(w1,0.03,0.06), (w2,0.04,0.05), (w3,0.08,0.06), (w4,0.05,0.08)}

And

0(=1y) = {(w1,0.01,0.04), (w2,0.03,0.01), (w3,0.02,0.01), (w4, 0.04,0.02)}
0°(—b) = {(w1,0.03,0.05), (2,0.05,0.01), (w3,0.09,0.01), (w4, 0.09,0.04)}
0°(—ls) = {(w1,0.30,0.02), (w2,0.03,0.40), (w3,0.00,0.08), (w4, 0.04,0.00)}

These are all values are complement of FFBSS fulfil the conditions.
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Relative Null

A fermatean over v are called relative null FFBSS, is shown by (¢, v, )
If {$(0)(v) = ng (10)(v) = 0,n4 (O)(v) = 1} ; V(=E)(v) = [1,0]
Relative Absolute

A fermatean over v are called relative absolute fermatean fuzzy bipolar soft set, is shown
by (v,9,L)
let {V(0)(v) =ng (O)(v) = L,n, (0)(v) =0} ; (~¢)(v) = [0, 1]
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Chapter 4

Fermatean Fuzzy Bipolar Soft on Topological Space
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4.1 Fermatean Fuzzy Bipolar Soft Topological Spaces

A triplet (R,T,S) is define as (FFBSS)if A C S and S are universes of parameters.If f and
Tare mapped as f : W — F(Z) and 1: (—=W) — F(Z) respectively, then:

F={<z57 ()(2),8; (w)(z) > z€ 2}

T={<z,7(-w)(z),65(-w)(z) >:z€ Z}

with the following conditions:

0 < (v (W)(2))* + (83 (-w)(2))* < 1

0< (7 W)(@)° +(85(-w)(2))* < 1

Null Fermatean

A (FFBSS)over Z is Fg = (R, T, S) for which (y,"(w)(z) =0,7 (w)(z)) = 1) and (67 (—=w)(z) =
1,64 (-w)(z)) = 0) for all w € W (-w) € =Wz € Z is called null (FFBSS) , is denote by
(9.Z,9).

Absolute Fermatean

A (FFBSS)over Z is Fg = (R, T, S) for which (y,"(w)(z) = 1,7 (w)(z)) =0) and (67 (—=w)(z) =
0,67 (-w)(z)) =1) forall w € W —=w € =W z €Z is called absolute (FFBSS) , is denote
by (Z,9,5).

4.1.1 Fermatean Fuzzy Bipolar Soft Topology

A (FFBSTS) is a triplet (Z,t,W). Where 7 is the family of fermatean fuzzy bipolar soft
set over (Z,W) fulfilling the following conditions.

c[1]:(¢,Z,W),(Z,0,W) € 7.

c[2] T (F 1, T, Wh), (F 2, T2, Wh) € Tthen (F 1, 11, Wi) N (F 2, W) €T,

c3] : If (F,7;,W;) € T forall 1 € I then U, (F, 1:,W;) € 7.
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7 are called FFBSTS in (Z,W).

4.1.2 Fermatean Fuzzy Bipolar soft Closed set

(Z,7,W) be (FFBSTS). The member of 7 called open of (FFBSTS). A (FFBSS) (R,T,S)
over (U,A) is Called (FFBSCS) if complement of the set is a (FFBSS).

Theorem 4.1.1. Let (Z,7,W) is a (FFBSTS).

(1) (¢,Z,W), (Z,¢,W) are (FFBSCS).

(2) The arbitrary union of (FFBSCSs) is (FFBSS).

(3) The finite intersection of two (FFBSCSs) is (FFBSS).

Proof. (1) By using the complement operation, itis clear. (U, ¢,A)¢, (¢,U,A)¢ are (FFBSCSs)
since their complements (¢,U,S), (U, ¢,S) € 7 respectively.
(2) Let (R;, T;,Si) : (Ri, T;,Si)€ € 7. then

(O(RT, S)) = (n](RT, S) e .

i=1 1=

Therefore, (U ;(R,T,S)) is a (FFBSCSs).

(3) Let (R,',Ti,Sl') : (R,',Ti,Si)C € 7. then

((n](RT, S)> = LnJ(R.T, Ser

1=

Therefore,((_;(R,T,S)) is a (FFBSCSs).

Example :-
Let U = {x,y} ,S = {s1,52,53}. then
T= {(¢7 UaA)a (U7 ¢,A), (R17T17W1)7 (RZ; T27W2)7 (R37 T37W3)} isa (FFBSTS) where:
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Ri(wi) = {<x,%,(w1)(x) =0.3,8g, (w1)(x) =0.7 >}
Ti(—wi1) = {<x, 71, (=w1)(x) = 0.4, 61, (—w;1)(x) = 0.3 >}

Ri(w1) = {< 7, (w1)(y) = 0.2, 8, (w1)(y) =0.6 >}
Ti(—w1) = {< ¥ ¥ (=w1)(y) = 0.3,01,(—w1)(y) = 0.7 >}

Ri(w2) = {< x, %, (w2)(x) = 0.6, 8k, (w2)(x) =0.7 >}
Ti(—w2) = {< x, 77, (—w2)(x) = 0.1, 81, (—w2)(x) = 0.3 >}

Ri(w2) = {<y, 7k, (w2)(y) = 0.8, 6, (w2)(y) = 0.1 >}
Ti(—w2) = {< ¥, ¥, (=w2)(y) = 0.2, 67, (—w2)(y) = 0.5 >}

Ra(wy) = {< x, &, (w1)(x) =0.2,0r,(w1)(x) = 0.7 >}
T (—w1) = {<x, 7, (—w1)(x) =0.5,07,(—w1)(x) = 0.3 >}

Ry(w1) = {< ¥, ¥R, (W1)(y) = 0.1, 8, (w1)(y) = 0.8 >}
L(~wi) = {<y,¥(-w1)(y) = 0.4, 67, (—w1)(y) = 0.6 >}

Ry(w3) = {< x,1&,(W3)(x) = 0.6,6g,(w3)(x) =0.7 >}
Tr(—w3) = {<x, 75, (—w3)(x) = 0.1, 85, (—w3)(x) =0.9 >}

Ry(w3) = {< 3, ¥k, (W3)(y) = 0.8, 8, (w3)(y) = 0.2 >}
Tr(=w3) = {<y, ¥ (=w3)(y) = 0.5,61, (—w3)(y) = 0.4 >}

R3(w1) = {< x,%;(w1)(x) = 0.6, 0, (w1)(x) = 0.3 >}
T3(—wiy) = {<x, 71, (—w3)(x) = 0.5, 81, (—w3)(x) =0.3 >}

R3(w1) = {<y, YR (w1)(y) = 0.9, g5 (w1)(y) = 0.1 >}
T3(—w1) = {<y, ¥, (=w3)(y) = 0.2,07, (—=w3)(y) = 0.7 >}
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R3(w2) = {< x,Yr; (W2)(x) = 0.5, 8, (w2)(x) = 0.7 >}
T3(—w2) = {< x, ¥, (—w2) (x) = 0.4, 073 (—w2)(x) = 0.3 >}

R3(w2) = {< 3, ¥ry(w2)(y) = 0.4, 8g, (w2)(y) = 0.1 >}
T3(—w2) = {< ¥ ¥ (=w2)(y) = 0.2,07,(—w2)(y) = 0.5 >}

R3(w3) = {< x, %R, (w3)(x) = 0.5, 8, (w3)(x) = 0.7 >}
T3(—w3) = {< x, 75, (—w3)(x) = 0.8, 81, (—w3)(x) = 0.0 >}

R3(w3) = { <y, % (w3)(y) = 0.8, 6, (w3)(y) = 0.3 >}

T3(-w3) = {<y,v55(-w3)(y) = 0.7, 615 (-w3)(y) = 0.1 >}

As we know (¢,U,A),(U,¢,A) € 7 intersection of two (FFBSS) open set (Ry,T1,W;) N
(R, T>,W,) belongs to 7 and union of (Ry,T1,W;), (R2, T»,W>), (R3, T3, W3) these (FFBSS)
are belongs to 7.

(0,U,A),(U,9,A),(R1,T1,W1),(R2, T5,W>), (R3,T3,Ws) all the members of 7. So these are
called open sets of (FFBSTS). These are all value hold the topological space.

Properties of (Union):-

R () URa(s) = {< i, 7§, (@) () V 75, (02) (1), Vi, (01) () A Y, (a2) () >3 € U}

Ti(s) N Ta(s) = {< u, 85 (—ar) A 83, (~az) (1), 87, (—ar) (u) V 8, (—a2)(u) >: u € U}

Properties of (Intersection):-

R () NRa(s) = {< 0, 7§, (@) () A i, (a2) (1), Vi, (01) () V ¥, (2) () >3 € U}

Ti(s) UTa(s) = {< u, 85 (—a1) V 83, (~az) (1), 87, (—ar) (u) A 87, (—a2)(u) >: u € U}
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now check (R, T1,S)(R3,T3,S3) is it topological space or not.
Union:

Ry UR3(S;) ={x,0.3,0.7} U{x,0.6,0.3}
RIUR3(S1) ={x,(0.3Vv0.6},{0.710.3}

RIUR3(S;) = {x,0.6,0.3}

N T3<—\Sl) = {x,0.4,0.3} U {x,0.5,0.3}
Ty Ty(=S)) = {x,0.4A0.5} U{x,03V0.3}
T ﬁT3(—|Sl) = {x,0.4,0.3}

Intersection:

RiNR3(S;) = {x,0.3,0.7} N {x,0.6,0.3}
RiNR3(S1) = {x,0.310.6}{0.7V 0.3}

RINR3(S;) = {x,0.3,0.7}

T U T3(—|S1) = {X,0.4,0.3} @) {x,0.5,0.3}
TLUT3(=S1) = {x,04V0.5} U {x,0.3A0.3}
T UT3(_|51) = {X,05,03}

now check (Ry,T1,S1)(R2,T»,S1) is it topological space or not.
Union:

Ry UR2(51> = {y,0.2,0.6} U {y,0.1,0.8}
Ry URZ(Sl) = {y, (0.2\/0.1}, {06/\08}

Ry URZ(SI) = {y702706}
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N T2(‘|Sl) = {y, 0.3, 0.7} U {y, 0.4, 0.6}
1N (—S1) ={y,03A0.4} U{y,0.7V0.6}
TN (=81) ={y,03,0.7}

Intersection:

RINRy(S1) ={y,0.2,0.6} N {y,0.1,0.8}
R ﬂRz(Sl) = {y,O.Z/\O.]}{O.6\/O.8}

Ry ﬂRz(Sl) = {y,O.l,O.S}

T UTh(—S1) = {»,0.3,0.7} U{y,0.4,0.6}
T1 U TQ(ﬁSI) = {y,O.S V 04} @) {y, 0.7/ 06}

T UT(=81) ={y,04,0.6}

So, this values is the hold the condition of topological space. Now satisfy the condition of

fermatean fuzzy bipolar soft set.

Ri(w1) = {<x, 9%, (x)(w1) =0.3,8g, (x)(w1) =0.7 >}

Ti(—w1) = {<x, 71, (x)(—w1) = 0.4, 67, (x)(—w1) = 0.3 >}

0<(03)°+(0.7)%<1 0<(0.4)°+(0.3)° <1
0<0.02740.343 <1 0<0.064+0.027 <1
0<037<1 0<0.091<1
Now check fory
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Ri(w1) ={<y, 7, (y)(w1) = 0.2, 6, (y)(w1) = 0.6 >}

Ti(=w1) ={<» 7 () (~w1) = 03,67, (y) (=w1) = 0.7 >}

0<(0.2)°+(0.6)> <1 0<(0.3)°+(0.7)° <1
0<0.00840.216 < 1 0<0.027+0.343< 1
0<0.224<1 0<037<1

So, these values are satisfied.

4.1.3 Fermatean Fuzzy Bipolar Soft Point

(R,T,s) is called (FFBSP) in (Z,W). If there exist m € Z then R(s)(m) = P,(0 < p <
1),T(=s)(m) =Q,(0< p<1)and 0 < p?+¢> < 1. The (FFBSP)is denoted by (e, —ep).
Let(ef, —el) be a (FFBSP) and (R,T,S) be BSS in (Z,W). (ef,—el) are called an element
of (R, T,S) and it is denoted by (ef,—el) € (R,T,S) iff p < R(s)(m),G(—s)(m) < q.
Example

Let Z = {x,y}, S = {s1,52,53} and (R, T,S) be a (FFBSS) in (z,A) where

R(s1) = {x,0.2,0.3},T(—s;1) = {x,0.4,0.5}

R(s2) ={,0.5,0.8},T(—s2) = {1,0.3,0.5}

Then (e(l)' ﬂe? 43) € (R,T,S). The value is (e ?008 —e0-064)

Lemma 4.1.2. Let (J,K,Y) be a (FFBSS) and (R,T,S) = (ef,—el) be a (FFBSP) in
(U,A), then the following holds.

()(R,T,s) € (J,K,Y) iff (R, T,s) C (J,K,Y).

(2)If (R, T,s)N(J,K,Y) = (¢,U,A) then (R,T,s) ¢ (J,K,Y).

Proof. (1) Let (R,T,s) be (FFBSP)of (e}, —ef) then there exist fermatean fuzzy bipolar
soft open set(FFBoS) (J,K,Y ) such that (ef,—ei) € (J,K,Y) C (R, T,w). Hence (ef,—el) €
(J,K,Y) C (R,T,w) this Shows that (R, T,s) is a fermatean fuzzy bipolar soft of (e}, ef).

(2) Let (R,T,s) are (FFBSS) of (ef,—el) then there exist (FFBoS) (J,K,Y) such that
(ef,—el) € (J,K,Y) C (R,T,s). Hence, (R,T,s)N(J,K,Y) = (¢,U,A) and (R, T,s) ¢
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(J,K,y)=(U,9,A). [l

Theorem 4.1.3. Let (U,9,A) be a (FFBSTS). Then the collection 1, = {R;: (R,T,S) € 1}
defines a FFSTS on (U,A).

Proof. (1) Since ¢(s) =0and U(s) =1, for all s € S.
(2) Since (Rl,Tl,Wl),(Rz,Tz,WQ) € 7 then (RI,TI,Wl) N (Rz,Tz,Wz) € 7 and so Rjg A\
Rys € 7;.

(3) Since (R;, T;,W;) € tthen J;c; € 7 .

4.1.4 Discrete and Indiscrete Fermatean

Let t={(¢,z,A)(Z,¢9,A)}7 are called indiscrete(FFBSTS).
The discrete is set of all fermatean.(FFBSTS). A Fermatean Fuzzy topology 7 is said to

be coarser than a Fermatean Fuzzy Topology 1, . 71 C 1.

Theorem 4.1.4. IF (U,11,A) and (U,72,A) be Two (FFBSTS), Then (U,7, N 12,A) is a
(FFBSTS).

Proof. (1) Since (¢,Z,W)(Z,¢,W) € 11,1 then (¢,Z,W)(Z, 9, W) € 11N 5.
(2) Since (R],T],W]), (Rz,Tz,Wz) € 71, T2 then (R],T],W]) N (Rz,Tz,Wz) €171 MNn.
(3) Since (R;, T;,W;) € 71,7 for all i € I then J,;(R;, T3, W) € 71 U Tp. O

Example:-

LetU = {x,y} , W = {w,wy,w3}. then
T:{((P?Zaw)v(qu)vW)?(R17T17Wl)7(RZaTZaWZ)a(R37T37W3)} .

Ri(w1) = {< x,7&, (x)(w1) =0.1,6g, (x)(w1) = 0.3 >}

Ti(—w1) = {<x,7r,(x)(=w1) = 0.7, 87, (x)(—w1) = 0.3 >}
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Ri(wi) = {<y %, (y)(w1) = 0.6, g, (y)(w1) = 0.5 >}

Ti(—w1) = {< v (y)(=w1) =0.8,67,(y) (—w1) = 0.2 >}

R (Wz) = {< X, YR, (X)(Wz) = 0.9,5R1 (X)(Wz) =0.1 >}

Ti(—w2) = {< x, 71, (x)(=w2) = 0.2, 87, (x)(—w2) = 0.4 >}

Ri(w2) = { <y, %, (y)(w2) = 0.7, 8g, (y) (w2) = 0.2 >}

Ti(=w2) = {< 3,71 () (mw2) = 0.3, 67, (y) (~w2) = 0.4 >}

Ro(wi) = {< x, %, (x)(w1) = 0.1, g, (x)(w1) = 0.6 >}

Tr(—w1) = {<x, 7, (x)(—w1) = 0.4, 07, (x)(—wy) = 0.2 >}

Ro(wi) = {< 3,1k, (y)(w1) = 0.1, 8, (y)(w1) = 0.7 >}

Ti(=wi) = {< 2 1(0) (=w1) = 0.3,67, (y) (-w1) = 0.1 >}

now check (Ry,T1,W)(Ry, Ty, W)) is it topological space or not.

(RyUR)S; = {x,0.3,0.7} U{x,0.1,0.3}

(RyUR1)S; = {x,(0.3V0.1},{0.7A0.3}
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(R] UR1>51 = {x,03,03}

Intersection:

(Rl ﬂRl)Sl = {x,0.3,0.7} N {x,0.170.3}
(RiNR1)St = {x,0.370.1}{0.7v0.3}
(R] ﬂRl)S1 = {X,0.1,0.7}

for (T1,T3)—s;

(Tl U Tl)—\Sl = {x,0.4,0.3} U {x,0.7,0.3}
(TUTy)—=S; ={x,04Vv 0.7} U{x,0.3 0.3}
(Tl U Tl)—\Sl = {x,0.7,0.3}

Intersection:

(Th ﬂTl)—'SI = {x,0.4,0.3} U {x,0.7,0.3}
(TiNT))=S1 = {x,04A0.7} U {x,0.3 0.3}
(Tl N Tl)_‘Sl = {x,0.4,0.3}

(R] ’ T] 7W1)(R27 T27W])

(R URy)S; = {x,0.3,0.7} U{x,0.1,0.6}

(RIUR)S; ={x,(0.3Vv0.1},{0.710.6}
(R] URz)Sl = {x,0.3,0.6}

R UR; is not topological space.
Intersection:

(R NRy)S; = {x,0.3,0.7} N {x,0.1,0.6}

(R NRy)S| = {x,0.3A0.1}{0.7 0.6}
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(R] ﬂRz)Sl = {x,0.1,0.7}
So, this values is the hold the condition of topological space. Now satisfy the condition of
fermatean fuzzy bipolar soft set.
Ri(w1) = {<x, %, (x)(w1) =0.1, 0, (x)(w1) = 0.3 >}

Ti(—w1) = {<x, 71, (x)(=w1) = 0.7, 87, (x)(—w1) = 0.3 >}

0<(0.1)3+(03)3°<1 0<(0.7)°+(03)° <1
0<0.00140.027 < 1 0<0.3434+0.027 < 1
0<0.028<1 0<037<1
Now check fory

Ri(wi) = {<y, %, (y)(w1) = 0.6, g, (y)(w1) = 0.5 >}

Ti(—w1) = {< ¥ (y)(=w1) =0.8,61,(y) (—w1) = 0.2 >}

0<(0.6)3+(053°<1 0<(0.8)°%+(02)°<1
0<0.2164+0.125< 1 0<0.512+0.008 < 1
0<0.341<1 0<0.52<1

So, these values are satisfied.
Although they are Fermatean, as may be seen but 7; U 7; is not fermatean fuzzy bipolar soft

topology space.
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4.1.5 Fermatean Fuzzy Bipolar Soft Neighborhood

Let (U,7,A) be Fermatean Fuzzy Bipolar Soft Topological Space (R,T,S) be FBSS and
(ef,—el) be a FFBSPin (U,A). (R, T,S) is called FFBSneighborhood of (e, —e{) Bipolar
fuzzy Open Set (R, T,S1) s.t (ef,—el) € (Ry,T1,S1) C (R, T,S).

Let (U, t,A) be Fermatean Fuzzy Bipolar Soft Topological Space. (R,T,S), (Ry,T1,S1) be
two sets in (U,A).(Ry,T1,S)) are called a Fermatean Fuzzy Bipolar Soft Neighborhood of
(R,T,W) If exist a fermatean bipolar fuzzy soft open set (R, 7>, W;) such that (R, T,W)
C (R, 1h,W1) C (Ry,T1,Wp).

Example :-

LetU = {x,y} , W = {wy,wp,ws}. Then

1={(¢,Z,W),(Z,9,W),(R1,T1,W1), (R, T2,W2), (R3,T3,W3) }

Z={(Ry,T;,W))} is a set.

(el ,—el) be a point.(Ry, T, W) ) be a neighborhood of this point (e}, —ef).(Ry, T, W) is a
open set such that (ef,—el) € (R, T;,W;) C (R, T,W).

Ri(w1) = {< x, &, (x)(w1) =0.3,0g,(x)(w1) =0.7 >}

Ti(—w1) = {<x, 7, (x)(—w1) = 0.4, 61, (x)(—w;) = 0.3 >}

Ri(wi) ={<,7&, (y)(w1) =0.2,6g,(y)(w1) = 0.6 >}
Ti(=w1) = {< ¥, () (=w1) = 0.3,07,(y) (—=w1) = 0.7 >}

And
R(wy) ={<x,7k(x)(w1) =0.2,0p(x)(w1) =0.3 >}

T<—|W1) = {< x,yT(x)(—'wl) = 0.4,5T(x)(ﬂw1) =0.5 >}

R(wi) ={<»®(H)(w1) =0.5,0r(y)(w1) = 0.8 >}
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T(=w1) = {<y 1) (=w1) =0.3,67(y)(=w1) = 0.5 >}

(R1,T;,W;) C (R,T,W) now point € to (e1 ,ﬂe(l”)
so (eX,—el) € (R, T1,W1) C (R, T,W).

Theorem 4.1.5. Let (U, ¢,A) be a (FFBSTS), then the following holds:

(1) There exist a (FFBSo0S) neighborhood (R,T,S) for each (FFBSP) (ef,—el).

(2) If (Ry,T1,W1), (R, To,Ws) are fermatean bipolar fuzzy soft neighborhood of (€% ,—e)
then (Ry,Ty,W)) N (Ry, T»,W,) is a (FFBS) neighborhood of (e%, —el).

(3) If (Ry,Ty,W)) is a fermatean bipolar fuzzy soft neighborhood (FFBS)of (€%, —el) and
(R1,T1,W) C (Ry, T»,W>) Then (Ry, T>,W>) is a (FFBS ))neighborhood of (ef,—e?).

Proof. (1) Let (U,7,A)be a(FFBSTS), (R, T,W) be a (FBSS) and (e, —eY) be a (FFBSP)in
(U,A). (R,T,W) is called a (FFBS) neighborhood of (e%, —e{) IF there exist Bipolar Fuzzy
open Set (Ry,T;,W;) such that (e}, —el) € (R, T;,W;) C (R, T,W).

(2) Let (Ry,T1,W1),(Ry,T>,W>) are (FFBSS) neighborhood of (ef,—el) then there ex-
ists fermatean fuzzy bipolar soft open set (J1,K1,Y1),(J2,K2,Y>) such that (ef,—el) €
(J1,K1,Y1) C (Ry,T;,W;) and (e, el) € (J2,K>,Y>) C (Ry, T, W,). Hence (¥, —el) € (J1,K1,Y1)N
(J2,K2,Y2) C (Ry,T1,W1)N(R2, To,W,). Thus (R, T1,W;) N (R, T, Ws) is a (FFBS) neigh-
borhood of (e, —ef).

(3) Let (Ry,T;, W) is a (FFBS) neighborhood of (e}, —el) and (Ry,Ti,W;) C (R, T>, W)
Then there exists a (FFBS0S)(J,K,Y;) such that (ef,—el) € (J1,K1,Y1) C (Ry,T;,W;).
Hence (e, —el) € (J1,K1,Y1) C (Ry,T»,W>). This shows that (R, 7>, W,) is a neighbor-
hood of (e, —ef). O

4.1.6 Fermatean Fuzzy Bipolar Soft Interior Point

Let (Z,¢,W) be (FFBSTS). (ef,—el) be a (FFBSP) and (R,T,W) be (FFBSS) in (U, S).
(el ,—el) is called (FFBSIP) of (R, T, S) IF there exist fermatean bipolar Fuzzy Soft
open Set ((J,K,Y) Such That (ef,—el) € (J,K,Y) C (R, T,W). The all fermatean fuzzy
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Bipolar Soft interior Points of (R,T,W) are called (FFBSIP) of (R,T,W) and is shown by
FEBSINT(R,T,W).

Theorem 4.1.6. Let (U,¢,A) be a (FFBSTS) and (R,T,W) be FFBSS in (Z,W), Then
the followings hold:

(1) FFBSINT (R,T,W) contains all the fermatean fuzzy bipolar soft open sets contained in
(R, T,W).

(2) FFBSINT (R,T,W) C (R,T,W).

(3) FFBSINT (R,T,W) is a fermatean fuzzy bipolar soft open set.

(4) FFBSINT (R,T,W) is the biggest (FFBSoS) contained in (R, T,W).

Proof. (1) Let (ef,—el) be a(FFBSIP) of (R, T, S). Then (ef,—el) €~ (J;,K;,Y;) C
(R,T,S) Where (R;, T;,S;) €~ 7. Thus (ef, —el) €~ U~ (J;,K;, Yi). Conversely Let (ef, —el) €~
(J;,Ki,Y;) C (R,T,S) where (J;,K;,Y;)t. Hence (ef,—el) €~ FFBSINT (R, T,S).

(2) Let (U, ¢,A) (ef,—el) be a (FFBSP) and (R, T, S)bea (FFBSS)in (U,A). (ef,—el)
is called a (FFBSIP) of (R, T, S) IF there exist (FFBSoS) (J,K,Y) Such That (e}, —ef) €
(J,K,Y) C (R, T, S). The set of all FFBSIP of (R,T,S) is called the FFBS interior of
(R,T,S) and is shown by FFBSINT (R, T,S).

(3) Since we know that FFBSINT (R, 7,S) is the Union of fermatean Fuzzy Soft open
set.so FFBSINT (R, T,S) is fermatean Fuzzy bipolar Soft open set.

(4) we already discuss in 1. So FFBSINT (R, T,S) is the biggest(FFBSoS) contained in
(R,T,S)

(5) Let (R,T,W) be a (FFBSoS). in 1 the fermatean fuzzy bipolar soft interior of (R, T,W)
is the biggest fermatean fuzzy bipolar soft open set contained in (R,7,W). Hence FFB-
SINTt (R,T,W) = (R,T,W). Conversely let FFBSINT (R,7,W) = (R,T,W). Since the
fermatean fuzzy bipolar soft interior of (R, T, W) is a fermatean fuzzy bipolar soft open set

(R,T,W) is a FFBS open. O

Example :-
Let U= {x,y},S = {s1,52,53}, Then
(R, T,S) = {(52,{0.1,0.3,0.4},{0.2}), (s3,{0.2,0.3,0.4}, ¢)}
={(Z,9,A),(¢,Z,A), (R, T1,W), (R, T5,W),(R3,T3,W)} be a fermatean fuzzy bipolar
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soft topology on (Z,¢,A) where,

Ri(w2) = {< x, %R, (x)(w2) = (0.1,0.4), 6g, (x)(w2) =0.2 >}

Ti(—w2) = {< x, 71, (x)(—w2) = 0.4, 67, (x)(—w2) = 0.1,0.3 >}

Ra(w2) = {< 3, 1k, (v) (w2) = 0.3, 8%, () (w2) = (0.1,0.2) >}

T (=w2) = {< 31, (y)(-w2) = (0.2,0.3,0.4) 87, (y) (~w2) = 0.1 >}

R3(w3) = {< x, YR,y (x) (w3) = (0.1,0.3,0.4) O, (x) (w;) = 0.2 >}

T3(—w3) = {< x, 715 (x) (—w3) = (0.2,0.3,0.4) 67, (x) (—w3) = 0.1 >}

R3(w3) = {< 3, 1r, (¥)(W1) = 9,8, (¥)(w1) = 0.1,0.2 >}
T3(—w3) = {<»,v5,(y)(—~w3) = 0.4, 87, (y) (—w3) = (0.1,0.3) >}

Let
Gy (Wl) = {< X, VG, (x)(wl) = (0-170-4)6G1 (x)(wl) =0.2 >}

Hi(—w1) ={<x, ¥, (x)(=w1) = (0.2,0.4), 85, (x)(—w;) = 0.1 >}

Ga(w2) = {< ,%6,(y)(w2) = 0.3, 86, (y)(w2) = (0.1,0.2) >}

HZ(_‘WZ) = {< Y, YH, (y)(_'WZ) = (0‘270'370'4)6H2 <Y)(_'W2) =0 >}
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Then

(G1,H1,8)™ = (R,T,S) and (G2,H»,5)™ = (Ry,T»,S)
Thus

(G1,H1,S)™ U (G, Hy,S)"™ = (R3,T3,5)

Now,
(Gl,Hl,S), (Gz,Hz,S) = {< X, ’}/R3(x)(W3) = (0.1,0.3,0.4)5R2(x)(w1) =0.2 >}

T3(—w3) = {<x,7;(x)(—w3) = (0.2,0.3,0.4), 67, (x) (—w3) = ¢ >}

(G1UGs) = {x, (00.1,00.4), (00.2)} U {x, (00.3), (00.1,00.2) }
(G1UG») = {x, (00.1,00.4) U (00.3), (00.2) N (00.1,00.2)}
(G1UG») = {x,(00.1,00.3,00.4), (00.2)}

(HiUH>) = {x,(0.2,0.4),(0.1)} U{x,(0.2,0.3,0.4), ¢}
(HiUH>) = {x,(0.2,0.4)U(0.2,0.3,0.4),(0.1) N ¢}
(HiUH,) = {x,(0.2,0.3,0.4),¢}

Therefore,
[(G1,Hy,8)U(Gy, Hy,S)|™ = (U, ¢,A)
# (G, Hy,8)™ U (Ga, Hy,S)™

Theorem 4.1.7. Let (Z,0,W) be a FFBST space, (R,T,W),(J, K, W) be (FFBSS) in
W). Then the following holds:

1) FFBSINT (¢,U,W) = (¢,U,W) and FFBSINT (U,$,W) = (U,$,W)

2) FFBSINT(FFBSINT(R,T,W)) = FFBSINT (R,T,W).

4) FFBSINT (R,T,W) C~ FFBSINT ((J,K,W)) = FFBSINT [(R,T, W) ((J,K,W))].

(Z,
(
(
(
(
(5) FFBSINT(R,T,W)U~ FFBSINT ((J,K,W)) C~ FFBSINT [(R,T,W)U™ ((J,K,W))].

)
)
3) If (R,T,W) C~ (J, K, W) then ffbsint (R,T,W) C~ FFBSINT((J,K,W)).
)
)

Proof. (1) The proof is done.
(2) Let FFBSINT (R, T,W) = (J,K,Y). Since (J,K,Y) is a (FFBSoS) FFBSINT(/,K,Y ) =
(J,K,Y). Hence the proof is done.
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(3) Let (R,T,W) C~ (J,K,Y). It is known that ffbsint (R,7,W) C~ (R,T,W) and so, FF-

BSINT (R,T,W) C~ (J,K,Y). Also FFBSINT ((J,K,W)) C~ ((J,K,W)) and FFBSINT

(J, K, W) isthe biggest (FFBSoS) contained in (J,K,Y). Thus, FFBSINT ((J/,K,W)) C~

FFBSINT (J,K,Y).

(4) It can be easy that FFBSINT (R, T,W) C~ (R,T,W) and FFBSINT(/,K,Y) C~ (J,K,Y ).

Hence FFBSINT(R,T,W )N~ FFBSINT(J,K,Y) is a (FFBSoS) contained in (R, 7,W) N~

(J,K,Y). Itis also known that FFBSINT[(R,T,W) N~ (J,K,Y)] is the (FFBSo0S) contained

in (R,T,W)N™ (J,K,Y). Thus, (FFBSINT)(R, T, W)~ FFBSINT(J,K,Y) C™~ FEBSINT[(R, T, W) "™
(J,K,Y].

Conversely, it is clear that (FFBSINT)[(R,T,W) N~ (J,K,Y)] C~ (FFBSINT)(R,T,W)

and (FFBSINT)[(R, T,W)N™~ (J,K,Y)] C~ (FFBSINT)(J,K,Y). Thus, (FFBSINT)[(R, T, W)™
(J,K,Y)] C~ (FFBSINT)(R, T, W)™ (FFBSINT)(J, K, Y). Hence (FFBSINT)(R, T, W)™
(FFBSINT)(J,K,Y) = (FFBSINT)[(R, T,W) ™ (J,K,Y)).

(5) It is known that (FFBSINT)(R, T, W) C™~ (R, T, W) and (FFBSINT)(J,K,Y) C~ (J,K,Y).

Hence (FFBSINT)(R,T,W)U~ (FFBSINT)(/,K,Y) C~ (F, G, A)U~ (J,K,Y). Also the

biggest fermatean fuzzy bipolar soft open set contained in (R, 7,W )~ (J,K,Y) is (FFBSINT)[(R, T, W ) U™
(J,K,Y)]. Thus (FFBSINT)(R, T, W)U~ (FFBSINT)(J,K,Y) C~ (FFBSINT)[(R, T, W) U™~

(/,K,Y)]. O

4.1.7 Fermatean Fuzzy Bipolar Soft Closure

Let (Z,7,W) be a FFBST space and (R,T,W) be a ffbs set over (U,A). The intersection of
all (FFBSCL) containing in (R, 7, W) is called the fermatean fuzzy bipolar soft closure of
(R,T,W) and is denote by (FFBSCL)(R,T,W).

Example :-

Let U= {x,y},W = {wy,wy,w3}, Then

(R, T, W) ={(w2,Z,¢),(w3,Z,9)} = (2,9, W)
t={(Z,0,W),(¢,Z,W),(R1,T1,W),(R2,T>,W),(R3,T3,W)} be a fermatean fuzzy bipolar
soft topology on (Z, ¢, W) where,

Ri(s2) = {< x, R, (x)(s2) = (0.1,0.2), 6, (x)(s2) = 0.3 >}
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Ti(—s2) = {< x, 977, (x)(=s2) = (0.1,0.3) 07, (x) (—s2) = 0.2 >}

Ry(s2) = {< Y YRz(y)(SZ) = (0'270'3>76R2(y)(32) =¢ >}

Ty (=s2) = {<y,¥1,(y)(782) = (0.1), 81, () (—s2) = (0.2,0.3) >}

R3(s3) = {< X, YRy () (s3) = (0.2), 6, (x) (51) = 0.3 >}

T3(—s3) = {< x, 713 (x)(—s3) = (0.1), 673 (x) (—s3) = (0.2,0.3) >}

R3(s3) = {< 3 W, () (51) = W, Ok, () (51) = ¢ >}

T3(=s3) = {<,¥53(»)(7s3) = (0.1,0.3), 67, (y) (s3) = (0.2) >}

Let
Gi(s1) ={< x,%,(x)(s1) = 9,86, (x)(s1) = (0.1,0.2) >}
Hy(=s1) = {<x, 7, (x)(—s1) = (0.2), 6, (x) (—s1) = (0.1,0.3) >}
G2(52) = {< 3, %6,(y)(s2) = 9,86, (y)(s2) = (0.2,0.3) >}
Hy(=s2) = {< 3, Y, (y) (—52) = (0.3)6p, (y) (—s2) = (0.1,0.2) >}
Then

(G1,Hy, W)l = (R, T1,W1)¢ and (Ga, Hy, W) = (Ry, To, W5)¢
Thus
(G1,Hy,W)' N (Gy, Hy, W) = (R3,T3,W)*
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Now,

(GlaHhW) N (Gz7H27W) = {< X, YG3(X)(S3) = ¢76G2(x)(sl) =W >}

T3(—s3) = {< X, Y5 (%) (—53) = @, Oy (x) (—s3) = W >}

(G1NG2) ={x,¢,(0.1,0.2)} N{x,9,(0.2,0.3)}
(Gi1NGy) ={x,¢N¢,(0.1,0.2)U(0.2,0.3)}
(Gi1NG2) ={x,¢,W}

(HiNHy) ={x,(0.2),(0.1,0.3)} N {x,(0.3),(0.1,0.2) }
(HyNH) ={x,(0.2)N(0.3),(0.1,0.3) U(0.1,0.2) }
(HiNH) ={x,0,W} =(¢,U,A)

Therefore,

(G, H1, W) N (G2, Ha, W) = (9,U,A)

# (G, H1, W) N (G, Hy, W)

Theorem 4.1.8. Let (Z,t,W) be a (FFBSTS) space and (R,T,W) and (J,K,Y) be two
(FFBS) sets over (Z,W). Then

(D [(R,T,W))° = [(R,T,W)]™

(2) [(R, T, W) = [(R, T, W)™]¢

Proof. (1) Let {(RlvThW) . (R7T7W> c~ (R17T17W)7(R17T17W)C €l EI}

~

[(Rv TJW)CI]C = [m(RllevW)]c
lel

= O(RUTUW)

icl

= (R T.WY"
(2) similar to (1). Let {(R;,T1,W) : (R,T,W) C~ (R, T1,W), (R, T1,W)‘ € tl €1}

~

(R, T, W) = [ (R1,T1,W)]*
lel
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= U(RlyThW)c

i€l

= (R W)™
[

Theorem 4.1.9. Let (Z,T,W) be (FFBSTS) Space and (R,T,W) and (J,K,Y) be Two
(FFBS) Sets in (Z,W). Then the followings hold:

(1) (FFBSCL)(R,T,W) is a (FFBS) closed set.

(2) (R,T,W) C~ (FFBSCL)(R,T,W).

(3) (FFBSCL)(R,T,W) is the smallest (FFBS) closed set containing (R,T,W).

(4) If (R,T,W) C (J,K,Y) then (FFBSCL)(R,T,W) C (FFBSCL)(J,K.Y).

(5) (R,T,W) is (FFBS) closed set iff ( FFBSCL)(R,T,W) = (R,T,W).

(6) (FFBSCL)((FFBSCL)(R,T,W)) = (FFBSCL)(R,T,W).

(7) (FFBSCL)[(R,T,W)U (J,K,Y)] = (FFBSCL)(R,T,W)U (FFBSCL)(J,K.Y).

(8) (FFBSCL)[(R,T,W)N (J,K,Y)] C (FFBSCL)(R,T,W)n (FFBSCL)(J,K,Y).

Proof. (1) The proof is clear from definition so the intersection of (FFBSCL) is (FFBSS).
(2) The proof is clear from Definition. (U, t,A) be a (FFBSTS) and (R,T,W) be a (FFBS)
set over (U,A). The intersection of all (FFBSCL) containing in (R,7,W) is called the
(FFBSCL) of (R, T,W) and is denoted by (FFBSCL)(R,T,W ).

(3) The proof is clear same as explained in 2.

(4) Let (R, T,W) C (J,K,Y). It can be easy seen that (R,7,W) C (FFBSCL)(R,T,W)
and (J,K,Y) C (FFBSCL)(J,K,Y) so,(R,T,W) C (FFBSCL)(J,K,Y). Since the smallest
(FFBSCL) containing (R, 7,W) is (FFBSCL)(R, T, W) we obtain that (FFBSCL)(R,T,W) C
(FFBSCL)(J,K,Y).

(5) The proof is obvious.

(6) Suppose that (FFBSCL)(R,T,W) = (J,K,Y). Since (J,K,Y) is a fermatean fuzzy bipo-
lar soft closed set (FFBSCL)(/,K,Y) = (J,K,Y). Hence the proof is completed.

(7) 1t is known that (R,T,W) C (FFBSCL)(R,T,W) and (J,K,Y) C (FFBSCL)(J,K.,Y)
and hence (R,T,W)U (J,K,Y) C (FFBSCL)(R,T,W)U (FFBSCL)I(H, I, B). Also it
can be easily seen that (R,7,W)U (J,K,Y) C (FFBSCL)[(R,T,W)U (H, I, B)]. Since
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the smallest fermatean fuzzy bipolar soft closed set containing (R,7,W) U (J,K,Y) is
(FFBSCL)[(R,T,W)N(J,K,Y)] we obtain that (FFBSCL)[(R, T, W)U (J,K,Y)] C (FFBSCL)(R, T, W)U
(FFBSCL)(J,K,Y).

Conversely, it is known that (FFBSCL)(R,T,W) C (FFBSCL)[(R,T,W)U (J,K,Y)] and
(FFBSCL)(J,K,Y) C (FFBSCL)[(R,T,W)U(J,K,Y)]. Hence we get (FFBSCL)(R,T,W)U
(FFBSCL)(J, K, Y) C (FFBSCL)[(R, T, W)U (J,K,Y).

(8) It can be easily seen that (FFBSCL)[(R,T,W)N (J,K,Y)] € (FFBSCL)(R,T,W) and
(FFBSCL)[(R,T,W)N (3, K, y)] C (FFBSCL)(J,K,Y). Thus, (FFBSCL)[(R,T,W)N

(J,K.Y)] C(FFBSCL)(R, T,W)N (FFBSCL)(J,K,Y). [

4.1.8 Fermatean Fuzzy Bipolar Soft Exterior

Let (Z,7,W) be a FFBST space and (R,T,W) be a FFBS set over (Z,W). The interior of
all (FFBS) complement of (R,T,W) is called the fermatean fuzzy bipolar soft exterior of
(R,T,W) and is denote By (FFBSE)(R,T,W).

Example :-

Let U= {x,y},W = {wy,wz,w3}, Then

(R, T,W) = {(52,(0.2,0.3),8), (53,0.1,0.2)} Then(R, T,W)¢ = (¢,Z,W)
t={(Z,¢,W),(¢,Z,W),(R1,T1,W),(Ry,T»,W),(R3,T3,W)} be a fermatean fuzzy bipolar
soft topology on (Z, ¢, W) where,

Ri(s2) ={< x, Y&, (x)(52) = (0.1,0.2), 8g, (x)(s52) = 0.3 >}

Ti(—s2) = {< x, 977, (x)(=s2) = (0.1,0.3) 07, (x) (—s2) = 0.2 >}

Ry(w2) = { <, 18, () (w2) = (0.2,0.3), 6g, (y) (w2) = ¢ >}

T(=w2) = {< 3, 1R, (v) (w2) = (0.1), 87, (y) (-w2) = (0.2,0.3) >}
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R3(53) = {< 2, Yy (¥)(53) = (0.2), g, (x) (s1) = 0.3 >}

T3(=s3) = {< x,713(x) (=s3) = (0.1), 67, (x) (—s3) = (0.2,0.3) >}

R3(s3) = {< %%, (¥)(s1) = W, 0, (y)(s1) = ¢ >}

T3(=s3) = {<¥,¥53(») (s3) = (0.1,0.3), 67, (y) (s3) = (0.2) >}

Let
Gi(s1) = {< x,%,(x)(s1) = 9,66, (x)(s1) = (0.1,0.2) >}
Hy(—s1) = {< x, %, (x)(=s1) = (0.2), g, (x)(—s1) = (0.1,0.3) >}
G2(w2) = {<3,%,(y)(w2) = ¢, 06, (y) (w2) = (0.2,0.3) >}
Hy(—w2) = {<y,Ym,(y)(—w2) = (0.3)6p, (y) (—w2) = (0.1,0.2) >}
Then

(G17H17W)e = (R],T],W[)C and (G27H27W)e = (R27T27W2)C
Thus

(leHlaw)e N (G27H25W)e - (R37T37W>C

Now,

(G1,H1,W) N (Ga, Hy, W) = {< x, Y6, (x)(53) = 9,66, (x)(s1) =W >}

T3(=s3) = {< %, Y, () (783) = @, Oy (x) (—s3) = W >}
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G1NGy) = {x,¢,(0.1,0.2)} N{x,9,(0.2,0.3)}

G1NGy) ={x,¢N¢,(0.1,0.2) U(0.2,0.3)}

Gi1NGy) = {x,¢,W}

H)NH;) ={x,(00.2),(00.1,00.3)} N {x, (00.3),00.1,00.2) }
)
)

HyNH,) = {x,(00.2) N (00.3), (00.1,00.3) U (0.1,0.2)}

(
(
(
(
(
(HyNHy) ={x, 0, W} =(9,.Z,W)
Therefore,

(G1,H1,W)N(Gy, Hy, W) = (¢,Z,W)

7£ (Gl 7H17W)e N <G27H27W)e
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