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ABSTRACT 
                                                     

Evaluation of Connection Number-Based 

Indices of Networks Derived from Triglycerides 
                                

 

Graph theory serves as the fundamental framework for chemical informatics, 

utilizing topological indices to generate chemical structures and establish 

connections between real numbers and molecular graphs. In 1974, Gutman and 

Trinajstic introduced connection-based Zagreb indices as molecular descriptors to 

analyze the topological properties of chemical compounds. These indices were 

subsequently named Zagreb indices. Building on this research, Ali et al. further 

explored the applicability and properties of Zagreb indices in theoretical 

chemistry and molecular modeling. This thesis specifically focuses on the 

computation of connection-based number indices for triglycerides, as well as their 

line and para-line graphs. By studying these indices, the aim is to gain insights 

into the topological characteristics of triglyceride structures and their 

corresponding graph representations. This research contributes to the broader field 

of chemical informatics, providing valuable information for the analysis and 

modeling of complex molecules. 
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Chapter 1

Introduction and Historical Background
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In this chapter of the thesis, we will discuss the history of graph theory, chemical graph

theory, and theoretical concepts of topological indices. Additionally, we will explain es-

sential definitions that will help readers understand the basic concepts related to the topic

of graph theory.

1.1 History of Graph Theory

In 18th century Swiss mathematician Leonhard Euler was introduced graph theory. He

used graph theoretic parameters to study a well-known Königsberg bridge. The city of

Königsberg, today known as Kaliningrad in Russia, is located on the Pergola river and

is made up of four main areas that are connected by seven bridges. Euler was given the

challenge to assess if it was possible to pass each bridge only once in a single walk. Euler

developed the first known visual representation of today’s graph after recognizing all four

earth bodies with seven bridges as necessary constraints. In modern-day graph, vertices or

nodes are represented by points, while edges or connecting lines connect these points.

Figure 1.1: Königsberg Bridge

1.2 Chemical Graph Theory

A graph that re presents the bonds and atoms in a chemical structure is known as chemical

graph. In this type of graph, vertices shows the atoms, while edges represent the bonds

that connect them. The number of edges that incident on a vertex is defined as its degree.

2



Degree of any vertex in chemical graph is at most 5, as atoms can have at most 5 bonds

with other atoms. The field of chemical graph theory emerged from the desire to combine

natural sciences and mathematics. Chemical graphs have been used since the late 18th

century, In which the fundamental concepts of matter and particles were discovered. In his

lecture notes, a Scottish chemist [19] named these graphs “Affinity diagrams”, they were

used to explain the forces that occur between paired molecules during chemical processes.

Arthur Cayley and James Sylvester were pioneers in developing structural formulae for

[24] chemical graphs. Later, Harry Wiener established a connection between the molec-

ular structure of alkanes and their boiling points using a distance-based index, which he

initially called “path number”. The sum of the distance between any two carbon atoms in

the molecule measured in term of carbon-carbon bonds was used to establish this index.

Eventually, it became known as the Wiener index, and it is commonly used to describe tree

[23] structures.

1.3 Topological Indices and its Applications

The topological index (TI) is a numerical value that quantifies the overall structure of a

molecular graph. Topological index are useful in analyzing quantitative structures attributes

[9, 8, 20] and qualitative structures with active relationships QSPR between chemical com-

pounds. In 1947, Wiener investigated the first topological index based on distance to de-

termine the boiling point [22] of paraffin. As we mentioned before, chemical graph theory,

QSPR, and QSAR are all fields where topological indices are often used. Researchers such

as Ali et al. have shown that connection-based TIs are more effective than the commonly

used degree-based topological indices (TIs). Many studies have focused on connection-

based topological indices (TIs) for different types of chemical structures and families of

graphs, including the work of Reti et al. on derived graphs based on connection numbers in

2012. In 2017, Kavithaa et al. introduced three different forms of pseudo-regular graphs,

while Naji and Soner computed leap Zagreb indexes for certain graphs in the same year.

More recently, Tang et al. utilized T-sum graphs to investigate new sequences using modi-

fied 1st and 2nd Zagreb connection indices. Usman et al [3] have developed new connection

3



number-based TIs and compared them to previous TIs using numerical methods, 3D plots,

and line graphs.

1.4 Elements of Graph Theory

[21] A graph is a mathematical concept that is beneficial in solving various problems.

There is a relationship between lines and nodes in a graph.G is graph made up of a collec-

tion of objects V (G) called vertices, together with a collection of unordered pairs of distinct

vertices E(G) known as edges. A graph is typically represented using symbolic notation

“G = (V (G),E(G)).” For example:- The representation of graph doesn’t indicate meaning

of vertices and edges, such as the countries and cities connected by roads.

b

c

e                                     d                     

a

Figure 1.2: Graph

1.4.1 Degree of Graph

[21] The number of edges connected to a single node represent vertex’s degree. The mini-

mum count of edges joining a single node is called graph’s minimum degree. It is denoted

by δ (G). The maximum count of edges joining a single node is called graph’s maximum degree.

“∆(G) is a symbol that represents degree of graph.”

Figure 1.3: Degree of Graph
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1.4.2 Order of Graph

[21] The total “number of vertices” in a graph is called the graph’s order represents as |V |.

As shown in Figure 1.3. The graph is of order 4.

1.4.3 Size of Graph

[21] Total “number of Edges” in a graph is called the graph’s size represents as |E|. As

shown in Figure 1.3.The graph is of size 6.

c

a b

d

Figure 1.4: Size and Order of Graph

1.4.4 Adjacent Vertex

[21] We say two vertices adjacent if and only if they are connected by an edge.

1.4.5 Bipartite Graph

[21] Bipartite graph is basically the graph in which vertices can be divided into two distinct

sets, with no edge between any two vertices of the same set. In other words, a bipartite

graph has only even cycle.

Figure 1.5: Bipartite Graph
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1.4.6 Complete Graph

[21] A graph’s order n≥ 1 with exactly one edge connecting each pair of vertices is known

as Complete graph.It is represented using symbolic notation Kn. Every vertex is adjacent

to other vertices.

Figure 1.6: Complete Graph

1.4.7 Connected Graph

[21] Graph is said to be connected graph iff it contain at least one path to every other

vertex.

Here,

Figure 1.7: Connected Graph

• This above figure is connected as it fulfil the condition of the definition.

6



1.4.8 Disconnected Graph

[21] G is a graph that we said to be connected if every pair of its vertex set is part of a path;

otherwise it is said to be disconnected.

Figure 1.8: Disconnected Graph

1.4.9 Cycle Graph

[21] A cycle graph is a cycle in which a path begins and ends at the same vertex but contains

no additional vertices that are repeated.It is denoted by Cn. Take a look at the following

graph.

Figure 1.9: Cycle Graph
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1.4.10 Cyclic Graph

[21] A cyclic graph is one that contains at least one cycle.

Figure 1.10: Cyclic Graph

The above figureshows two cycles: a−b−c−d−a and c−e− f −g−c. As a result, it is

known as a cyclic graph.

1.4.11 Acyclic Graph

[21] An acyclic graph is a graph having no cycle.

c

A
B

D

Figure 1.11: Acyclic Graph
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1.4.12 Degree of vertex

[21] The total number of edges incident to a vertex is known as degree of vetex.

a b

c d

e

f

2 2

3 3

3

1

Figure 1.12: Degree of Vertex

1.4.13 Pendant Vertex

[21] All those vertices in graph G that have degree 1 (one) are said to be pendant vertices.

Pendant vertex is also known as terminal node.

b

a

c

d

Figure 1.13: Pendant Vertex
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1.4.14 Planar Graph

[21] A planar graph is one that has no two edges that intersect. In other words, we can

draw it as a plane with no two edges intersecting.

c

a b

d

Figure 1.14: Planar Graph

1.4.15 Wheel Graph

[21] In a concept of graph theory,a wheel graph is formed when a single universal vertex

is connected with all vertices of a cycle in a graph then it is called wheel graph. It is

represented by Wn. For order, a wheel graph Wn is defined as Wn = K1 +Cn.

Trail

[21] A walk where all of the edges are distinct are called trail.

1.4.16 Path

[21] A Path is a walk where vertices and edges are distinct.

ba c d

Figure 1.15: Path Graph
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1.4.17 Degree Sequence

[21] A graph’s degree sequence is a list that contains all of the vertices in graph.Degree of

a vertex is a number of edges that connect with that vertex. In degree sequence, we arrange

these degrees in non-increasing order meaning from the largest degree to smallest degree.

2

2 2

2 2

a

b

c

de

Figure 1.16: Degree Sequence (2,2,2,2,2)

1.4.18 Line Graph

[21] A line graph L(G)of a graph G is a graph where the vertices represent the G’s edges.

In the line graph, two vertices are connected if the related edges in G are incident to the

same G’s vertex.

e
e

f

f

g
g

h h

G L(G)

Figure 1.17: Line Graph
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1.4.19 Para-line Graph

[21] A line graph of G subdivision, commonly referred to as a para-line graph of G. We

can write it as L(S(G)).

G                                            S(G)                                                       L(S(G))

Figure 1.18: Para-Line Graph

12



1.5 Construction of Triglyceride

Three fatty acids and glycerol combine to generate the esters known as triglycerides. They

are present in body fat and act as a source of energy for cells. Unused bits of a meal

containing fat are kept in fat cells as triglycerides.

There are two types of fatty acid triglyceride residues: saturated and unsaturated. Carbon

atoms in unsaturated fatty acids are connected by double bonds, whereas carbon atoms in

saturated fatty acids are joined by single bonds [13]. Here, our focus is on saturated fatty

acid carbon atoms.

Figure 1.19: Chemical Structure of Triglycerides

Henceforward, in the chapter-3, these chains were converted into simple graphs.
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Chapter 2

Literature Review
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2.1 Introduction

In mathematical chemistry and chemical graph theory, the structural formula of a com-

pound represents its molecular graph using graph theory concepts. Topological indices are

numerical measures that provide information about the properties of a molecule. These in-

dices, known as molecular descriptors, are widely used in theoretical chemistry, especially

in QSAR/QSPR research [10]. Gutman and Trinajstipresented connection-based Zagreb in-

dices as molecular descriptors for understanding chemical compound topological features

in 1974. Ali et al. later named these as Zagreb indices. Afterwards, they continued their

investigation on connection-based Zagreb indices, exploring further into their applications

and qualities in theoretical chemistry and molecular modelling [6].

Recently, Naji et al. introduced three new topological indices:-

(1) 1st Connection Zagreb Index

(2) 2nd Second Connection Zagreb Index

(3) 3rd Connection Zagreb Index

These indices aim to capture specific aspects of molecular structure [15] and have potential

applications in various field of chemical Research [18, 17].

2.2 Connection Number of a Vertex

The connection number of a vertex,represents number of edges incident on a vertex v ex-

actly at a distance of two. In similar words, the connectivity of a vertex refers to the number

of edges that are connected to other vertices exactly two edges from the vertex v . It is de-

noted by w̄(v).

In figure below the connection number of v1,v2,v4,v5,v7,v8,v9 is 2 , connection number

of v6 and v10 is 1, while connection number of v3 is 4.

15



v1 v
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v
9v10

Figure 2.1: Connection Number

2.3 Connection Based Zagreb Indices

Following are the Connection-based Zagreb indices:

2.4 Zagreb Connection Index

The 1st and 2nd Zagreb connection indices were proposed by Ali and Trinajstic [1] in 2018:

(a) The 1st Zagreb connection index of graph Gn is:

ẐC1(Gn) = ∑
t∈V (Gn)

[w̄Gn(t)]
2.

(b) The 2nd zagreb connection index of graph Gn is:

ẐC2(Gn) = ∑
st∈E(Gn)

[w̄Gn(s)× w̄Gn(t)].

Here, the term ω̄(t) represents the vertex’connection number t, while the term ω̄(s) repre-

sents the vertex’ connection number s for the edge st.
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2.5 Modified Zagreb Connection Index mZCI

These modified Zagreb indices were proposed by Ali and Ali et al [3] in (2020):

(a) The 1st modified Zagreb connection index of graph Gn is:

ẐC∗1(Gn) = ∑
st∈Ec(Gn)

[w̄Gn(s)+ w̄Gn(t)].

(b) The 2nd modified Zagreb connection index of graph Gn is:

ẐC∗2(Gn) = ∑
st∈E(Gn)

[dGn(s)w̄Gn(t)+dGn(t)w̄Gn(s)].

(c) The 3rd modified Zagreb connection index of graph Gn is:

ẐC∗3(Gn) = ∑
st∈E(Gn)

[dGn(s)w̄Gn(s)+dGn(t)w̄Gn(t)].

(d) The 4th modified Zagreb connection index of graph Gn is:

ẐC∗4(Gn) = ∑
st∈E(Gn)

[dGn(s)w̄Gn(s)×dGn(t)w̄Gn(t)].

here, ω̄(t) represents the vertex’s connection number t and ω̄(s) represents the vertex’s

connection number s for the edge st. Similarly, dGn(s) represents the degree number of s

and dGn(t) represents the degree number of t.

17



2.6 Multiplicative Zagreb Connection Index MZCI

These multiplicative Zagreb connection indices were proposed by Javaid et al. [14] in

2021:

(a) The 1st multiplicative Zagreb connection index of graph Gn is:

MẐC1(Gn) = ∏
t∈V (n)

[w̄n(t)]2.

(b) The 2nd multiplicative Zagreb connection index of graph Gn is:

MẐC2(Gn) = ∏
st∈E(n)

[w̄n(s)× w̄n(t)].

(c) The 3rd multiplicative Zagreb connection index of graph Gn is:

MẐC3(Gn) = ∏
t∈V (n)

[dn(t)× (w̄n(t))].

(d) The 4th Multiplicative Zagreb Connection Index of graph Gn is:

MẐC4(Gn) = ∏
st∈Ec(n)

[w̄n(s)+ w̄n(t)].

18



2.7 Modified Multiplicative Zagreb Connection Index mMZCI

These modified multiplicative Zagreb connection indices were proposed by Javaid et al.

[14] in 2021:

(a) The 1st modified multiplicative Zagreb connection index of graph Gn is:

MẐC∗1(Gn) = ∏
st∈E(n)

[dn(s)w̄n(t)+dn(t)w̄n(s)].

(b) The 2nd modified multiplicative Zagreb connection index of graph Gn is:

MẐC∗2(Gn) = ∏
st∈E(n)

[dn(s)w̄n(s)+dn(t)w̄n(t)].

(c) The 3rd modified multiplicative Zagreb connection index of graph Gn is:

MẐC∗3(Gn) = ∏
st∈E(n)

[dn(s)w̄n(s)×dn(t)w̄n(t)].
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Evaluation of Connection Number-Based Indices of
Networks Derived from Triglycerides
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Chapter 4

Conclusion and Future Work
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4.1 Conclusion

The aim of this study was to propose universal equations for calculating the 1st and 2nd

Zagreb connection indices for triglycerides, as well as the corresponding line and para-line

graphs. Specifically, we derived expressions for the 1st MZCI, 2nd MZCI, 3rd MZCI, and

the fourth MZCI, as well as their modified counterparts. These calculations apply to the

chemical structure of triglycerides, their line graph and para-line graph. The expressions

for triglycerides and their line graph depend on the value of n≥ 3. On the other hand, the

expressions for the para-line graph of triglycerides depend on the value of n≥ 1.

4.2 Future Work

The following open issues are the ones we propose in [7] connection-based Zagreb indices:

(1) For the Sunlet network,compute connection-based Zagreb indices.

(2) For nanotubes and oxide nanotubes,compute connection-based Zagreb indices.

(3) For calcium chloride compute connection-based Zagreb indices.
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