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ABSTRACT

On Cubic Pythagorean Fuzzy Topological Spaces
and their Properties

In the domain of set theory, fuzzy mathematics is an extension of traditional mathematics.
From the inspection of literature on fuzzy mathematics, Simple observation reveals that
fuzzy set theory hold a broad scope of mathematical contents that were previously known.
It has a comprehensive applications, containing automobiles, transport systems, communi-
cation, and other activities. The main idea of a FS, provides an appropriate framework for
both constructing new region of fuzzy mathematics. The most important region of research
is to expand the concepts of PFTSs, which are basically extensions of FTSs and IFTSs.
Here we study, to develop the concept of CPFTSs and CPF continuity of a mapping among
them. Also, we will discuss some useful features of these concepts. Furthermore, we will
design a CPFT on an accessible nonempty reference set using continuity ideas. We will
begin by going over some definitions and fundamental concepts, including fuzzy sets, and
fuzzy topological spaces. These ideas will be extremely useful to us as we do this research.
After that, we’ll explore PFTSs. By using this idea, our major main goal to expand and
used to distinguish between FTS and IFTS, also aim develop the concept in cubic form and
continuity map between them. Furthermore, we will design it on a nonempty reference set
using continuity ideas.

1X



TABLE OF CONTENTS

1 _Intr 10D . . . . . o 1
2 An Introduction to fuzzy topological space] . . . . ... ... ... ... 6

R0 FuzzySets| . . ... ... 7
ROIT Crispsetl .. ..o 7

R.I2 Classical Sell . . . . . ... ..o 8
2.1.3 Cnsp Sets Have a Unique Function| . . . . ... ... ... ... 9
uzz erations| . . . . . . . . .. e 10

221 FuzzyUnion| . . ... ... ... ... . ... ....... 10
2.22 FuzzyIntersection|. . . ... .................... 11

2.2.3 Fuzzy Complement] . . . . ... ... ............... 13

2.3 Topological Space] . . . . ... ... ... ... ... ..., 14
231 Topology| . . . ... ... . . 14
[2.3.2  TInterior, Exterior and Boundary Points] . . . ... ... ... .. 15
[2.3.3 Homomorphism Topological Spaces| . . .. ........... 16

2.4 Fuzzy Topological Spaces] . . .. ..................... 17
41 Definitionsl . . . . . . . ... ... 17
2.4.2 Closure Fuzzy Topologlcal Space| . . . ... 19

4.3 Boundary o opological Space| . . . ... ... ... .. 22
Neighborhood o Fuzzy Topological Space|. . . ... ... ... 24
WTO_Imnuous Function of a Fuzzy Topological Space] . . . . . . . 24
[2.4.6  Homomorphism of Fuzzy Topological Space| . . . . ... ... 26
2.4 Base and Subbase of the Fuzzy Topological Spaces| . . . . . . . 28

3 Pythagorean fuzzy topological spaces|. . . . . ... ............. 30
1 Intmtiomistic Fuzzy Sett|. . . . . .. ... ... Lo 31
B.2 APythagorean Fuzzy Sef| . . . .. ....... ... ... .. .... 32
[3.2.1 Difference between Intuitionistic Fuzzy Sets and Pythagorean |
Fuzzysets| . .. ... ... ... . ... .. ... 34

B.3 AnInterval-Valued Fuzzy Setl . . ....... ... ... ... .... 34

|§§ Set operations over thhagorean fuzzy subsets| . . . .. ... ... ... 35
3.5 Pythagorean Fuzzy Topological Space] . . . . ... ........... 36

.6 Neighborhood of Fuzzy Set|. . . . .. ..... ... ... ... ..... 38
3.7 Continuity of Pythagorean fuzzy setf. . . . . .. ... ... .. ..... 39
4 Cubic Pythagorean Fuzzy Topological Space, . . . . ... ... ... ... 46
M.T Cubic Pythagorean Fuzzy Set] . . .. ... ................ 47
4.2 Set Operation on Cubic Pythagorean Fuzzy Subsef . .. ... ... .. 47
|.3" Cubic Pythagorean Fuzzy topological space] . . . . . ... ... .... 49
4.4 Neighborhood of Cubic Pythagorean fuzzyset|. . . . . ... ... ... 50




#.5 Properties of Continuity|. . . .. ... ... ... ... . L. 55

4.6 Cubic Pythagorean fuzzy continuity| . . . . .. ... ... ........ 60
nclusion|. . . . ... 64
6 References . . . ... ... ... ... .. ... 66

X1



Chapter 1

Introduction



First and foremost, let’s delve into the fascinating realm of set theory, where fuzzy
mathematics sets itself apart from traditional mathematics. It wasn’t long ago when fuzzy
mathematics emerged, encompassing various mathematical topics. Its applications span
multiple domains, such as automotive engineering and traffic management, where logical
circuits control anti-skid handbrakes, communication systems, and other intricate opera-
tions. The revolutionary idea of a FS , initially proposed by Zadeh in 1965, gives a solid
substructure for developing latst section of fuzzy mathematics and mathematically address-
ing the well-known fuzzy phenomena that permeate our daily lives.

In this research, we delve into the notion of precision, which surpasses the simplicity
of crisp sets that can be either a “yes” or a “no,” or represented by “1”” or “0.” In our phys-
ical world, it would be ideal to categorize objects neatly based on clearly defined criteria.
However, more often than not, this is a challenging task due to the need for precisely de-
lineated association criteria. Let’s consider some examples: when classifying animals, we
can quickly identify birds, cats, and deer. However, an uncertain classification arises for
entities like bacteria, viruses, starfish, and jellyfish within the animal kingdom. Similarly,
numerical values, like the number ten, present uncertainty when considering their “class”
within the collection of all real values larger than one. It becomes evident that using expres-
sions like “the class of all real values ; 1,” "the group of attractive ladies,” or “the group of
tall gentlemen” fails to conform to the conventional mathematical logic of sets and groups.
Nevertheless, it remains true that these loosely termed “classes” play a crucial role in hu-
man cognition, particularly in prototype abstraction, effective communication, and pattern
recognition.

Since its inception in the mid-1960s, Fuzzy set theory-based research has been rapidly
expanding. The concepts and findings associated with fuzzy sets have garnered consid-
erable attention, showcasing their remarkable potential. Furthermore, vigorous research
driven by practical applications has yielded exceptional outcomes, further solidifying the
significance of fuzzy sets in various fields.

The concepts presented in this essay were foreseen by the American philosopher Black
three decades ago. The author put forth a hypothesis with the fundamental premise that

fuzzy sets are sets with indistinct boundaries. To maintain brevity, Chang focused primar-



ily on fundamental definitions, theorems, and proofs concerning the meaning of topol-
ogy on fuzzy sets, also known as topological fuzzy spaces. In their study, Michalek
identified and examined an alternative notion of topological fuzzy space that significantly
differed from Chang’s traditional concept. Lowen contributed thought-provoking princi-
ples for constructing topological fuzzy spaces, introducing two new functions and em-
ploying fuzzy compression to simplify topological compression. This approach facili-
tated a more straightforward relationship between topological fuzzy spaces and topological
spaces. Cheng-Ming explored product-induced spaces, a distinctive type of fuzzy topo-
logical space, demonstrating the topological isomorphism between each topological fuzzy
space and a specific topological space. The concept of two points and the construction of
a fuzzy point neighbourhood, such as the neighbourhood, were also established as crucial
ideas in topological fuzzy sets. Furthermore, the metrization problem in fuzzy on topologi-
cal fuzzy spaces was investigated, leading to a metrization hypothesis. Zimmermann’s book
delved into the specifics of FST and its applications. For instance , Papageorgiou proposed
several ideas related to fuzzy topological concepts, fuzzy multifunctions, and fuzzy neigh-
borhood points, aiding in understanding typical optimization strategies and fuzzy games.

IFS, pioneered by Atanassov, take fuzzy sets to a new level. They open up Pandora’s
box of possibilities, IVIFSs, linguistic IVIFS, complex IFS, and complex IVIFS. While
IFS and IVIFES follow the rule that the sum of membership and non-membership degrees
must be < 1. Atanassov introduced a different breed of IFSs. In this second type, the
sum of the squares of membership and non-membership degrees plays by the rule of being
< 1. This fresh perspective adds a new layer of versatility to IFSs, allowing us to tackle
unreliability and vagueness effectively. The beauty of IFS shines through when applied
to real-life scenarios like medical diagnosis, career paths, election processes, and different
measures of taking options.

Intuitionistic fuzzy sets, establish by Atanassov, took fuzzy sets to the next level. But
you know what? They had their limitations. They couldn’t handle situations where both
membership grade y and non-membership grade v went beyond 1. That’s when Pythagorean
fuzzy sets came to the rescue! These excellent sets consider 4t +v <1l and u+v > 1. And

there’s a neat relationship that goes with it: u? 4+ v? + 2 = 1. It all started with IFSST,



but Pythagorean fuzzy sets took it to a new level. They handle uncertainty like a boss!
Garg, being his genius, came up with a scoring function that ranks order in interval-valued
Pythagorean fuzzy sets. It’s a clever way to determine preference based on similarity to
the ideal solution. Just imagine experts’ preferences are considered using interval-valued
Pythagorean fuzzy decision matrices. Researchers are going gaga over Pythagorean fuzzy
sets. They use them left and right in taking right option, aggregation operators, and system
of measurement. It’s like a treasure trove of possibilities waiting to be explored. So buckle
up and get ready to dive into the world of Pythagorean fuzzy sets.

In research, our goal to build upon the existing theories of FSs and IFSs, taking them a
step further. The major goal is to expand the Principle of fuzzy cubic sets by considering
the degree of rejection and introducing a novel concept called cubic IFSs. These sets incor-
porate interval-valued and IFSs, bringing afresh aspect to the area. The research delves into
the features and characteristics of these cubic intuitionistic fuzzy sets, investigating their
behaviour and potential applications.

In decision-making procedures, PFS and IVPFSs hold significant importance. This
study introduces a fascinating notion called CPFSs, where the membership degree is ex-
pressed as a PFS. In contrast, the non-membership degree is an IVPFS. The research sheds
light on their utility and potential advantages by exploring various tasks involving CPF
numbers.

Furthermore, this study endeavours to extend the concept of PFTSs, setting them apart
from fuzzy and intuitionistic fuzzy topological spaces. The research defines PFTSs based
on Chang’s theory. It explores the idea of Pythagorean fuzzy continuity, which captures
the idea of continuity conecting7 two PFTSs. The investigation also delves into image and
pre-image concepts concerning functions and examines their fundamental properties. By
establishing rough PFT on a set A (having at least one element), a given function2: A — B
can be transformed into a Pythagorean fuzzy continuous function within a PFTS. These
findings carry implications for making decision, Analyse data, and intelligent retrieval,
promising more accurate results. Future research can explore the categorical properties of
PFTSs, delve deeper into their applications, and explore the realm of PFT Spaces.

CPFTS combine elements from fuzzy set theory, topology, and Pythagorean fuzzy sets.



They gives a substructure for modeling uncertainty and imprecision in topological spaces,
allowing for more flexible and nuanced analysis. In a CPFTS, open sets are defined using
CPEFSs, providing a more nuanced understanding of openness and representing uncertainty
in the topological structure. By incorporating degrees of non-membership, membership,
and hesitancy, CPFTSs offer a realistic representation of imprecision and uncertainty in
the topological analysis. The study of CPFTSs contributes to a deeper understanding of
fuzzy topological spaces and provides a significant tool for tackling with complex as well
as uncertain data. It enables more robust analysis of topological properties in imprecision,
making it useful in various applications i.e designs, directing, and information retrieval,
where uncertainty plays a significant role.

The for most intention of the exploration is to explore the realm of CPFTS and investi-
gate the continuity of mappings within these spaces. The study delves into these concepts’
fundamental aspects and notable characteristics, drawing upon using PFSs and IVPFSs. In
the context of CPFTS, IVPFN number effectively represents the degree of membership. In
contrast, the degree of non-membership is expressed using a PFN. The research focuses on
defining the notions of continuity and establishing a cubic PFT on a reference set having at

least one element.



Chapter 2

An Introduction to fuzzy topological space



2.1 Fuzzy Sets

A FS is a general idea of a classical set that is essential for concernig with ambiguity and
unreliability. It is commonly defined as a membership function, whereas the universal set

U determine a membership function to the set range between 0 and 1.

Definition 2.1.1. Let / = [0, 1] and X = ¢, where x stands for any individual member of X.
To represent a FS in X, we define pt : X — I, here x — pi(x). In this structure, “x € X in u”

is represented by fi(x).

Example 1
Let us use the FS X to show that concept of a real integer close to zero. The following

function can be used to model this concept.

_ 1
1 4x?

ux(0) =1, ux (1) =0.5, px(—1) =0.5, px(2) = 0.05, px(—2) =0.05

The given function is symmetric, modeled so that when x = 0, it returns the highest mem-

x (%)

bership value, 1. The membership value declines equally on both sides as we travel away
from O in either direction. The membership values +x and —x are the same. As the number
approaches zero, its membership value gradually declines. The membership value becomes
0 if it exceeds a certain threshold. In this set, all additional items that are considerably far

from 0 is give a membership value of 0.

2.1.1 Cirisp set

It is a set of items that uses binary (yes/no) logic to describe a clearly defined property.
Each element in a this set is either a member of the set S, a subset of the more extensive
set X or it is not. As a specific instance of fuzzy sets, crisp sets are found on classical set
theory and have membership values that can only be 1 (which indicates full membership)

or 0 (which indicates no membership). In this sense, crisp sets are a particular kind of fuzzy



set that uses bi-valued logic. It denotes

XX —{0,1}

Definition 2.1.2. In crisp set theory, A be the U, a crisp set V makes collection of elements
from A where each element either belongs or does not belong to V. It denote a characteristic

function ) : A — {0,1} where ys(a) =1ifa €V and x,(a) =0ifa ¢ V.

Example
If we have a universal set of integers A = {—4,—2,0,2,4}, and we define a crisp set V
as V = {—2,2}, the characteristic function would y,(a) = 1 for a = —2 or a = 2, and
xv(a)=0fora=—4,a=0,0ra=24.
It’s worth noting that crisp sets are different from fuzzy sets, which allow for partial mem-

bership or degrees of membership using fuzzy logic.

2.1.2 Classical Set

Definition 2.1.3. A classical set comprises distinct objects that are identified as members
or elements of the set. These elements possess unique characteristics and adhere to certain
fundamental properties. The set is structured in rather that every member is categorized
strictly as either an element or a not an element. For instance, in the case of set A, an
element can either belong to A or not belong to A. Partial membership is not a possibility

within this framework.

Example
Let’s consider the set N defined as {x € N | x < 10}. In this case, the elements of the set
are the integers 2, 4, 6, and 8.
N={2,4,6,8}
Now, let’s test the membership of some numbers in set A using the notation N € or N ¢:
Is 3 an element of set N? 3 ¢ N (since 3 is not an even number).
Is 4 an element of set N? 4 € N (since 4 is an even number).
Is 7 an element of set N? 7 ¢ N (since 7 is not an even number).

Is 8 an element of set N? 8 € N (since 8 is an even number).

8



In this example, we can see that each number is either a member or a non-member of the

set N, with no possibility of partial membership.

2.1.3 Crisp Sets Have a Unique Function

Definition 2.1.4. Consider Y to be U, and S C X, where S can be @ (also denoted as ¢)
or a non-empty set. The characteristic function for every y € Y is denoted as Og or 15 and

following is the definition:

0, ify¢s
Is(y) = 0s(y) =
I, ifyeS

When Og(y) = 1, it implies that y belongs to set S, and when 1g(y) = 0, it implies that x

does not belong to set S.

Example
Consider in a universal set X = 7Z, and the subset S = {2,4,6,8,...} .
X=1{.,6-4,-3,-2,-1,0,1,2,3,4,...}
S=1{2,4,6,8,...}
Now, we can define the characteristic function for S using the notation 1g(x) and Og(x):
For any integer x:

I;(y) =1, if x€ S, 0 otherwise

or

0s(y) =1, if x€ S, 1 otherwise

Let’s evaluate the characteristic function for a few integers:

15(3) = 0 because 3 is not a positive even number.

15(4) = 1 because 4 is a positive even number.

0s(—2) = 0 because —2 is not a positive even number.

0s(10) = 1 because 10 is a positive even number.

In this example, the characteristic function allows us to determine whether an integer be-

longs to the subset S (positive even numbers) or not, by assigning a value of 1 or 0 to



corresponding.

2.2 Fuzzy Operations

In FS theory, the set operations are follow:
* complement
* union

¢ intersection

2.2.1 Fuzzy Union

Definition 2.2.1. let A be a universal set, two FSs X and Y with the union X UY, is define

as follows:

Uxuy = max [Ux(a) , uy(a)],foralla € A

Example
The universal set A, where A represents the set of integers from 1 to 10, then two FSs, X
and Y defined on the universal set

X ={2,4,6,8,10} denotes the membership degree of every member in A :

1, ifac{2,4,6,8,10}
Hx(a) =
0, otherwise

FS “Y” denotes every element in A to the concept of “prime numbers”:

1, if ais a prime number
uy (a) =
0, otherwise

Now, let’s calculate the fuzzy union of X and Y, written as X UY, using the maximum

membership principle:

xuy (x) = max|uix (a), ty (a)], for alla € A

10



For example, let’s evaluate the fuzzy union at a = 6:

txuy (6) = max[pix (6), ty (6)] = max([1,0] = 1

Similarly, we can calculate the fuzzy union for other elements in A. Here are a few more

examples:

Hxuy(3) = max[px (3), uy (3)] = max[0,1] = 1
txuy (7) = max [y (7), py (7)] = max[0, 1] = 1
Hxuy (9) = max|[px (9), ty (9)] = max[0,0] = 0

In this example, the fuzzy union combines the membership values of every member in A
from the FSs X and Y using the maximum operator. It allows us to obtain a new FS that

represent the membership degree to both concepts simultaneously.

2.2.2 Fuzzy Intersection

Definition 2.2.2. The fuzzy intersection of two FSs X and Y on the universal set A, denoted

as X Ny, is defined as follows:

Uxny = min [ux(a) , Wy(a)],forall a €A

Example

Consider the universal set A as the set of integers from 1 to 5: A =1,2,3,4,5.

Let’s define two FSs, X and Y, on the universal set A, where each FS denotes the
membership degree of every member to a specific concept.

Fuzzy set X represent the membership degree of each member in A of the notion of

small numbers:

11



FS “Y”” shows member in A to the concept of even numbers:

1, ifa<3

tx(a) =
0, otherwise

FS Y shows the membership degree of every member in A to the idea of even numbers:

1, if ais an even number
uy (a) =
0, otherwise

Now, let’s calculate the fuzzy intersection of X and ¥ which can be written as X NY, using

the minimum operator:

WUxny (x) = min[uy (a), wy (a)], for alla € A

We can evaluate the fuzzy intersection for every member in A:

txry (1) = min[uex (1), gy (1)] = min[1,0] = 0

txny (2) = min{px (2), gy (2)] = min[1, 1] = 1
txny (3) = min[ux (3), ty (3)] = min[1,0] = 0
txny (4) = min[px (4), 1y (4)] = min[0,1] =0
txny (5) = min[ux (5), ty (5)] = min[0,0] = 0

The fuzzy intersection Uyxny combines the membership values of every member from
the FSs X and Y using the minimum operator. It provides a new FS that represents mem-
bership degree to both concepts simultaneously. In this example, the fuzzy intersection
reflects the minimum membership degree between “small numbers” and “even numbers”

for each element in the A.

12



2.2.3 Fuzzy Complement

Definition 2.2.3. If X is a FS defined on Y be a universal set, its complement X € is another
fuzzy seton Y. The complement of FS X is represented by the membership function piyc :—

[0, 1]. It can be described as follows:

pxe =1—pux(y), Vyey

Example Consider a universal set Y as the set of integers from 1 to 5: ¥ = {2,4,6,8,10}.

Let X be a FS on Y with the given function pix(y) as below:

(

0.2, ify=a
0.5, ify=»b
ux(y) =407, ify=c

09, ify=d

03, ify=e

\

Using the formula for the complement fuzzy set, we can calculate the membership

function pyc(y) as follows:

pxe(y) = 1= pix ()
Substituting the membership values of A into the formula, we get:

;

0.8, ify=a
0.5, ify=»b
Pxe(y) =403, ify=c

0.1, ify=d

0.7, ify=e

\

This represents the complement FS X for each element y in the universal set Y.

13



2.3 Topological Space

Topology, a fundamental branch of mathematics, has emerged as a powerful and influen-
tial discipline with profound implications in various areas of pure mathematics, including
geometry and analysis. Despite the term “topology” being coined relatively recently in the
1930s, its significance and impact have extended far and wide. “Topology” found from two
Greek words, encapsulating, simply define as “the science of place and location.” Modern
general topology has become indispensable for undergraduate and graduate mathematics
students, serving as a cornerstone of their education. Topology has solidified its position
as an entire field within pure mathematics, fostering advancements not only in abstract al-
gebra but also in the realm of fuzzy mathematics. Its rich concepts and principles inspire
innovative research and pave the way for discoveries in mathematical theory and applica-

tions.

2.3.1 Topology

Definition 2.3.1. Let X # ¢, and let T be a class of subsets of X. T is knows as a topology

if it fulfill the given conditions as below:
(1) Xand ¢ € 7.
(i) The finite union of any two sets in T belongs to 7.
(i1) The arbitrary intersection of A; and A in T also A;NA; € T.

Where (X, 7) is known as a TS, and class of subsets of X € 7 are called open sets in X.
Example

Consider subsets of A = {a,3,7,0,x}-

Ta = {A,(]), {OC}, {%G}v {OC,’)/, 6}7 {ﬁa Ys Ga%}}
Tp = {A7¢7 {OC},{’}’, 6}7 {(X,’)/,O'}, {B’% o, }}
T = {Aa¢7{0‘},{7’76}7{l37%0}7{l37%077(}}

14



We observe that 7, forms a topology on A, while 7, and 7. do not. The reason is as follows:

T, satisfies the necessary conditions (i) and (ii) to be a topology. Both A and @ are
present in 7,. Additionally, the union of any collection of sets in 7, is also in 7,, and the
intersection of any finite number of sets in 7, is in 7, as well.

On the other hand, 7, and 7, fail to satisfy condition (ii) of being a topology. The union
{a,7,0,}U{B,v,0,}={a,B,7,0,} ¢ 1, and the intersection { ¢, y, 0, } N{a,B,7,0,} =
{B,7} of two sets in 7. ¢ 7.. Hence, neither 7, nor 7, meet the requirement for being a
topology on X.

Discrete topology

Definition 2.3.2. On a nonempty set Y, the discrete topology is defined as the collection
of all subsets of A, as well as ¢, generating a T on A. This collection of subsets is known

as the power set P(A).

Example
Consider X = {p,q}. In this case, the discrete topology 7 on X is givenby 7 ={X,0,{p},{q}}
This means that every subset of X is considered an open set in the discrete topology.

Indiscrete topology

Definition 2.3.3. The indiscrete topology, also known as the trivial topology or the coarsest
topology, is describe on any nonempty set X. It consists of only two sets: ¢ and the entire
set X itself. This collection of sets generates a T on X. This collection of sets defines the

elements in the set X, known as a topology

Example
Consider X = {p,q,r}. In this case, the indiscrete topology 7 on X is given by 7 = X, ¢.
This means that only the entire set X and ¢ are considered open sets in the indiscrete

topology.

2.3.2 Interior, Exterior and Boundary Points

Definition 2.3.4. a point in a set E that is also contained within a larger set B is considered

an interior point of B if and only if it is part of both £ and B simultaneously. This concept

15



is often represented as x belonging to E and being an interior point of B, denoted as x €

E Cint(B). Here, int(B) denotes int(B) in the context of topology.

Definition 2.3.5. The interior of B¢, write as ext(B), is known as the exterior of B. It

consists of points that are not contained in B.

Definition 2.3.6. The set of points that are neither in the int(B) nor in the ext(B) is called
the boundary points of B, denoted as bd(B). It can be expressed as the complement of the

union of the interior and the exterior of B

Example
Let X ={1,2,3,4} be a TS, and let B= {1,2,3} be a set that is a subset of X. Assume that
E ={1,2} is an open set C B.
Therefore, int(B) = E = {1,2}.
In this example, the int(B) of Bis {1,2}.
The complement of B is B = {4}, which consists of the point d that is not in B. Thus, the
exterior of B is ext(B) = int(B¢) = int({d}) = 0, as there are no points in B°.
In this example, the exterior of B is { } or 0.
Therefore, the boundary of B, express as bd(B), is the complement of the union of the
interior and the exterior:
bd(B) = Complement(int(B) Uext(B)) = Complement({1,2} U0)
bd(B) = Complement{1,2} = {3,4}.
In this example, the boundary of B is {3,4}.

2.3.3 Homomorphism Topological Spaces

Definition 2.3.7. In simpler terms, homeomorphism is a continuous and one-to-one map-
ping between two topological spaces. A homeomorphism allows us to establish a corre-
spondence between the points of the two spaces i.e their open sets also compare to each
other. This means that if spaces X and Y are homomorphism, we can map each point in X

to a single point in Y, and the open sets in X will match the open sets in Y according to this

mapping.
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Example
Let’s consider two topological spaces:
X = {1,2,3} with the topology 7x = {0,{1},{2},{1,2},{1,2,3}}
Y = {I,m,n} with the topology tTy = {0,1},{m},{l,m},{l,m,n}}

We can define a mapping g : X — Y as follows:

g(l)=1
g(2)=m
g(3)=n

This mapping is continuous since the g~

of any open set in Y under g is open in X. For
example, Consider the open set {/,m} in Y. Its pre-image under g is {1,2}, which is an
open set in X.

Furthermore, g is one-to-one and onto, and g_1 1Y — X is also continuous.

Therefore, g is homomorphic between the TS X and Y.

2.4 Fuzzy Topological Spaces

The perspective of FS theory offers us with a broader framework than classical set theory,
which generalises numerous topological ideas. FT combines ordered and topological struc-
tures.The field of mathematics known as topology was initially pioneered by the esteemed
mathematician Ehrenman, who included nearly two dynamic topological properties on a
grid that affected everyone. The first person to utilize the FT nomenclature was Chang.
Then, other academics continued their research in this area. We found that the characteris-

tic functions in FT substitute the membership functions in the point set topology.

2.4.1 Definitions

Chang began the pioneering effort to construct the fuzzy counterpart of fundamental topol-

ogy in 1968, from Chang’s perspective.
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Definition 2.4.1. A FT in X is a family textbfF = p : u is a FS in X of fuzzy subsets

(i.e.F € IY) that satisfy the three axioms:

1. 0,1c¢F
2. uy,up €F,then uy Ap € F

3. If {1, : x blongs to y}subset F , then v, € F

F is called a foundation for X, and (X,F) is referred to as a foundation space. The
elements of F are defined as the elements of an F-open foundation set. If the complement
of a set 0 in F is F-open, then the set ¢ is considered closed in the context of the set X,
Example

Consider a set X = {1,2,3} and define a fuzzy topology F on X as follows:
F = {1, 42,13}, where

= {(1,0.7),(2,0.1),(3,0.2)}

1 ={(1,0.5),(2,0.6),(3,0.8)}
13 = {(1,0.2),(2,0.1),(3,0.4)}

Here, u1, s, u3 are FTs on X, and they form the FT F. Each y; represents an F-open fuzzy
set.

In this example, the FTS is (X, F), in which X is the underlying set and F is the FT defined
onX.

Indiscrete Fuzzy topology

Indiscrete fuzzy topology, like general FT, comprises only FSs 0 and 1.

Example

Indiscrete FT (X,D),D = {o € IX : i constant fuzzy set } i.e Va € D, if a = constant

So, a(x) =0, for all x

o(x) = 1,for all x

IX is the FS on X.

Discrete fuzzy topology
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The discrete FT is the collection of all possible FT. Discrete FT is the collection of all FSs.

Example
X ={a,b,c},p=1(0.7,0.8.0.6), g = (0.5,0.4,0.3),
r=(0.2,0.2,0.1) , D={0,a,b,c,1}.

Now,
pAp=(0.7,0.8.0.6) A (0.5,0.4,0.3) = (0.5,0.4,0.3) =g €D
pAr=(0.7,0.8.0.6) A (0.2,0.2,0.1) = (0.2,0.2,0.1) =r€ D
gNr=(0.5,0.4,0.3)A(0.2,0.2,0.1) = (0.2,0.2,0.1) =re D
gV p=1(0.5,0.40.3)Vv(0.50.4,03)=(0.7,0.8,0.6) =p€D
pVr=(0.7,0.8.0.6) Vv (0.2,0.2,0.1) = (0.7,0.8,0.6) = p € D
pVr=(0.5,04,03)Vv(0.2,0.2,0.1)=(0.5,0.4,03) =g€ D

also,

pVqVr=(0.7,0.8,0.6) v (0.5,0.4,0.3) Vv (0.2,0.2,0.1)

= (0.7,0.8,0.6)
ieD

It is obvious 0,1 € D.
Therefore, (X,D) is a FTS.

2.4.2 Closure Fuzzy Topological Space

The fuzzy closure of a FS u in a FTS is represented by i which is define by the smallest

closed FS that encompasses U.
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The fuzzy closure U is define by:
= {x:xis F-closed and ot > p}

It is evident that the fuzzy closure U is always F'-closed. We have explored various proper-
ties as following.

Properties of Closure Operator

The closure operation, denoted as g — II, is a mapping from [0, 1]X to [0, 1]X. In order for
this mapping to qualify as a closure operation, it must satisfy the following four properties
for any u and A belonging to [0, 1]X:

(1) u is less than or equal to its closure, i.e., 4 < . (ii) The closure of the closure of u is
less than or equal to the closure of i itself, i.e., i < I (this property is known as idempo-
tence). (iii) The closure of the union of u and A is equal to the union of their individual
closures, i.e., u VA =V A. (iv) The closure of the empty set is equal to the empty set

itself, i.e., 0 = 0.

Definition 2.4.2. The FT is introduced by the closure operator that is denoted by Fy and is
given as below:

Fx is the set of all FSs  in [0, 1]¥ such that closure of the complement of u = u¢, i.e.,

l—pu=1-—u.
The pair (Fx,X) is referred to as the closure of the FTS generated by the closure op-
erator. In this context, X represents the underlying set and Fy represents the collection of

fuzzy sets that satisfy the closure property mentioned above.

Interior of a Fuzzy Topological Space

W° captures the core or innermost region of the FS 1, encompassing the elements with the
highest membership degree. It is the smallest fuzzy set that can be considered open with

respect to the fuzzy topology F.

Definition 2.4.3. Consider a FTS (X, F) and u, « € IX such that I = [0, 1] The fuzzy set o

is define by an interior fuzzy set of u iff 3 a FS p in the collection Fx s.t 4 > p > . In
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short p lies between u and ¢, and it satisfies the condition that it is > o and less than or

equal to u.

Example
In the Fuzzy Topological Space (X, F), with X as the underlying set and F as the fuzzy
topology, let’s consider two fuzzy sets  and « in [IX, where u is greater than or equal to
o (denoted as 1 > ).

Suppose we have the following fuzzy sets:
1= {(x,0.8) | x€ X}

a={(x,0.6)|xcX}

To determine if & is an interior fuzzy set of 1, we need to find a fuzzy set p in Fx such that
H=p=a.
Let’s consider p = {(x,0.7) | x € X}. We can observe that u > p > o, which means

that ¢ is indeed an interior FS of u in the FST (X, F).

Theorem 2.4.1. Let (X,F) be a FTS,

1. 0°=0,1°=1
2. F°<F
3. F°=F°

4. (FAG)° =F°AG®
Theorem 2.4.2. Suppose f and g be two FSs in FTS. Then f°\V g° = (fVg)°

Proof. f° is open and g° is open.

Sof°=f,and g° =g.

Then, (f°V °)° = (fVg°

Again f°V g° is open, so (f°Vg°)° = fa°V g°

Therefore, f°Vg° = (fVg)°

Hence, f°Vg° = (fVg)° O

21



2.4.3 Boundary of Fuzzy Topological Space

Let a FTS (X, F), where X is the set and F is the fuzzy set defined on X.

The fuzzy boundary u’ of a FS u € [0, 1]¥ is define by the minimum of all F-closed sets p
that satisfy p(x) > f(x) for all x belong to X, where Tt A (1 — ) > 0.

Example

Consider the following FTS: X = {a,b,c} (a set with three elements) F = {uy, t», U3},
where i1, Uy, U3 are membership functions defined on X.

Membership Function Table for F':

X W U
al08 02 04
b|103 06 0.9
c|0.1 0.7 0.5

And find the fuzzy boundary u? for a specific u € [0, 1)X.

Let’s take u = up, i.e., u(a) =0.8, u(b) =0.3, u(c) =0.1.

To calculate u®, we need to find p that satisfy p (x) > [ (x) for x where [ A (1 — )] (x) > 0.

Using u¢ defined as ft(x) = 1 — u(x), we have:
(a)=1—pu(a)=1-0.8=0.2
ub)=1—ud)=1-03=0.7
n(c)=1—pu(c)=1-0.1=0.9

Now, let’s calculate [ff A (1 — )] (x) for each x € X:
(LA (1 —w)](a) =min(t(a),1 — p(a)) =min(0.2,0.2) = 0.2

[EA(1— p)](b) = min(E(b), 1 — u(b)) = min(0.7,0.7) = 0.7

[EA (1 - )] (c) = min(f(c), 1 — p(c)) = min(0.9,0.9) = 0.9
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Now, we need to find p that satisfy p(x) > ft(x) for x where [L A (1 — p)](x) > 0.

Let’s consider the F'-closed sets:

p1 = {11, po} with
p1(a) = max(u;(a),usz(a)) = max(0.8,0.2) = 0.8

and

p1(b) = max(u; (b), ur (b)) = max(0.3,0.6) = 0.6

p2 = {12, pu3} with
p2(b) = max(y (), u3(b)) = max(0.6,0.9) = 0.9

and

p2(c) = max (U (c),us(c)) = max(0.7,0.5) = 0.7

p3 = {#1»#2»#3} with
p3(a) = i (a) = 0.8,p3(b) = ta(b) = 0.6,p3(c) = p3(c) = 0.5

Among these F-closed sets, the minimum is p; since p;(a) = 0.8, p;(b) = 0.6, and
p1(c) is not defined.

Therefore, u? = p; = {u1, U2 }.

We can observe that u” is F-closed, and pu? < 1.

This example demonstrates the calculation of the fuzzy boundary u” for a given fuzzy
set U in a fuzzy topological space.
Fuzzy point
Any FS, ug € 1%, fuzzy point is define by;

B if x=x
pp(x) =
0, otherwise
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Xo is the hold by of the fuzzy point pg.

2.4.4 Neighborhood of Fuzzy Topological Space

Definition 2.4.4. By comparing two fuzzy membership values p and A, if u is greater than
or equal to A, we consider U to be a fuzzy neighborhood of A if there exists another fuzzy
set 7 that lies between u and A, meaning that u is greater than or equal to ¥ and 7y is greater

than or equal to A.

Example
IF (X,F)isaFTS, and x,y € F so, b is known as fuzzy neighborhood of x iff x less then and

equal to b. Consider:

A={l,m,n},F ={0,1,p,q,r},p = {04,0.2,0.1},q = {0.6,0.1,0.2},r = {0.4,0.1,0.0}
Fip=(0.4,0.1,0.0) < p
Fop = (0.0,0.2,0.0) < p
F3, = (0.0,0.0,0.1) < p

where Fi,, F>,, F3, and denote fuzzy points.
Here, Flp \/sz \/F3p = x, but Flp \/F2p \/F3p #q.
Also since,

Flpgq
F2p§q
F3p§q

So, we conclude that p < q.

Therefore ¢ is a fuzzy neighborhood of p.

2.4.5 Continuous Function of a Fuzzy Topological Space

Definition 2.4.5. Consider two fuzzy topological spaces, denoted as (A,H;) and (B, H>),

and let H : (A,H,) — (B, H,) be a function mapping elements from A to B. In this context,
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we say that H is “continuous at a point” a in A if the inverse image H~ (V) of every Ha-

open set v in B is a set that belongs to H.

Example
Consider the fuzzy topological space (X, H)), where X is the set of real numbers and H; is
a fuzzy topology defined on X. Let’s define the fuzzy open sets in H; as follows:
Where x € X and any R™ i.e €, the fuzzy open set Uy ¢ in H is defined as:

Uy, in H, is defined as:

I, ifly—x|<e
Uyn(2) =
0, otherwise
Now, consider another fuzzy topological space (Y, H>), where Y is the set of integers and

H, is a fuzzy topology defined on Y. Let’s define the fuzzy open sets in H, as follows:

Where y € Y and Z™ i.e n, the fuzzy open set V,, in H, is defined as:

1, if|lz—y|<n
Vin(z) =
0, otherwise

Now, let’s define F : (X,H;) — (Y,H,) from X to Y. Suppose we define H as follows:

where | x| represents the greatest integer < x. To show the continuity of H at a point x € X,
we need to demonstrate that H~!(v) of every fuzzy open subset v in H, is a fuzzy open
set in H;. Let’s consider an example to demonstrate the continuity of H at a specific point.
Suppose we choose x = 2.5. For any fuzzy open set V, , in F>, we can calculate the inverse
image H~1(V;,,):

H ' (Vy,) ={x € X | H(x) € Vyn}

Let’s consider V3 ; as a fuzzy open set in H,. We can calculate the inverse image H -1 (Va1)
as follows:

H (Vi) ={xeX|Hx)eVs1}={xeX||x] €Va1}
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Since |2.5| = 2, we have:
H™'(Va1) = {xeX | |x] =2}
This inverse image corresponds to the fuzzy open set Uy | in Hy, which is defined as:

1, ifly—2|<1
U21(y) =
0, otherwise

Theorem 2.4.3. Let (X,H,) and (Y,H;) be two FTSs. Then a function H : (X,H) —

(Y,H,) is continuous if H() < H(u) forall u € 1"
2.4.6 Homomorphism of Fuzzy Topological Space
Let a function H. Then (X,H;) and (Y,H,) be FTSs.
1. H: (X,H;) — (Y,H,) is called continuous if for all v € H,, H~'(v) € H.
2. H:(X,H)) — (Y,H>) is called open if for all u € Hy, H(i) € H.
3. H:(X,H;) — (Y,H,) is called closed if for all H|-closed sets i, H(u) is Hp-closed.

4. H:(X,Hy) — (Y,H,) is called homomorphism if H is bijective and both H and H !

are continuous.

Example

Let’s consider two FTSs: 1. Fuzzy Topological Space (X,H):

X|m p p
all 0 O
b0 1 O
c| 0 0 1
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2. Fuzzy Topological Space (Y,H>):

Y| vi vi W
pl1 0 O
q| 0 1 O
ri0 0 1

Now, let’s define H : (X,H;) — (Y, H) as bellow:
H(a) = p, H(b) = g, H(c) = r.

To show that H is a homomorphism, we need to verify bellow points:

1. H is continuous: For all v € Hy, H~!(v) is in Hy. Let’s consider v; in Hy. H~'(v})
should be in Hy. H~'(v;) = H ' ({p}) = {a} (since H(a) = p). The fuzzy set {a}
with membership function g is indeed in H;. Similarly, we can verify that H~!(v,)

and H! (v3) are in H;. Hence, H is continuous.

2. Hisopen: Forall u € Hy, H(i) is in Hy. Let’s consider y; in Hy. H(y;) should be in
H(uy) =H({a}) = {p} (since H(a) = p). The fuzzy set {p} with membership
function v; is indeed in H,. Similarly, we can verify that H(u,) and H(u3) are in

H,. Hence, H is open.

3. H is closed: For all Hi-closed sets u, H(u) is Hp-closed. Let’s consider the Hj-
closed set u = {a, b} (its membership function is max(u, uz)). H(u) = H({a,b}) =
{p,q} (since H(a) = p and H(b) = q). The fuzzy set {p,q} with membership func-
tion max (v, ;) is indeed H,-closed. Similarly, we can verify that H () is Hp-closed

for other H-closed sets. Hence, H is closed.

4. H is a bijection and both H and H~! are continuous: H is a bijection since it is one-

to-one and onto. H and H~! are continuous (as shown in conditions (i) and (iii)).

Therefore, H : (X,H;) — (Y, H>) is a homomorphism between the given fuzzy topolog-
ical spaces.
Dense of fuzzy topological spaces

Consider (X, F) to be a FTS. The following are few definitions for this domain:
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Definition 2.4.6. A FS is considered fuzzy dense or everywhere dense iff its membership

value u is equal to 1.

Definition 2.4.7. A FS u is considered fuzzy-nowhere dense iff its complement’s closure,
denoted as ()¢, equals 1. In simpler terms, a fuzzy set is fuzzy-nowhere dense when the

closure of its complement is equal to 1.

Example:
If int(ut) of the closure of a FS is an empty set, then we say that u is nowhere dense in X.
In other words, a fuzzy set is classified as nowhere dense in X if there are no non-empty

open subsets within the closure of L.

Definition 2.4.8. If a fuzzy set u is such that its complement, represented by 1 — u, has
a closure that includes all possible values (i.e., 1 —u = 1), then we classify u as a fuzzy
boundary or an F-boundary. In simpler terms, a fuzzy set is considered a fuzzy boundary

when its complement, after closure, covers the entire range of possible values.

2.4.7 Base and Subbase of the Fuzzy Topological Spaces

Base

Definition 2.4.9. For B to be a base of F', every member of F can be obtained by taking the

maximum value from a collection of elements in P.

Example
let A= {p,q} and [,m,n € IX where [ = (0.2,0.5) , m=(0.6,0.4) , n=(0.6,0.5) and
(A,F) be a FTS, where F = {0,1,],m,n,0} and X = {0, 1,/,m,0}
Then, 0, [,m,n,1 € B.
WE have, ¢ = (0.6,0.5) =a Vb
Therefore, B forms a base for the fuzzy topology F'.
Subbase

Definition 2.4.10. B C F is known as subbase of F if, by taking finite intersections of the

elements in B, we can obtain a collection of sets that forms a base for F'.
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Example
Let A = {p,q} and [,m,n,0 € IX where [ = (0.1,0.5) , m = (0.1,0.4) , n = (0.1,0.4) and
0= (0.2,0.5)
So, (X,F) be a FTS, where F = {0, 1,/,m,n,o0}. In this space, B= {l,m} is a subbase and
P =1{0,1,l,m,n} is a base of the FT F.
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Chapter 3

Pythagorean fuzzy topological spaces

30



3.1 Intuitionistic Fuzzy Sett

Definition 3.1.1. An IFS P of A is (up, vp) of a membership function
up:A—1

and a non-membership function
vp:A—1

Where I € [0, 1], with
up(a)+vp(a) <1 foranya €A

For each Pin A:

mp(a) =1—pp(a) — vp(a)

The IFS index of a in A refers to the measure of uncertainty associated with the membership
status of a in the set A. It is written as 7p(a) and represents the degree of non-determinacy

or lack of certainty regarding whether a belongs to A or not. Thus:

up(a)+ve(a)+ mp(a) = 1

Example
Consider a set P = {v,w,x,y,z}. Let’s define an intuitionistic fuzzy subset P on A as

(up,vp), where:

tp(v) = 0.6, up(w) =04, up(x) =0.1, up(y) =0.9 , up(z) = 0.4

VP(V) =0.3 , VP(W) =04 , Vp(x) =0.3 , Vp(y) =0.1 R VP(Z) =0.6

To fulfil the criteria for an intuitionistic fuzzy subset,

up(a)+ve(a) <1

holds for each element a € A. Let’s verify this for p = v:
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/.LA(a) + VA(G) =0.6+0.3=09

Let’s verify this for p = w:
ta(a)+va(a)=04+04=0.9

Similarly, you can verify the condition for (p = x), (p =y) and, (p = z) to ensure that

tp(a) + vp(a) < 1 holds for all elements in A.

3.2 A Pythagorean Fuzzy Set

Definition 3.2.1. A PFS P in a set A, where P is not empty, can be represented as a pair

(up, vp), where up denotes the membership function associated with P.
Up : A — 1

and a non-membership function

vp i A — 1
Where I = [0,1];
2 2 2
up(a) + pp(a) = rp(a)
for any x € X where r4 : X — I is a function which is known as the strength of commit-
ment at point x.

Supposing
(1p(a))® + (ve(@)? < 1,

there is a degree of indeterminacy of a € A to P defined by

7p(a) = \/1 - [(p(@)? + (vp(a))?)

and

ﬂ'p(a) el
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In what follows,

(1p(a))* + (ve(@)* + (mp(a))? = 1

Otherwise, 7tp(a) = 0 whenever (up(a))? + (vp(a))? = 1.

Example

Consider a non-empty set P = {p,q,r,s}. Let’s define a Pythagorean fuzzy subset P on a

as (up,vp), where:

up(p) =08, up(q) =0.5, up(r) =04, up(s) =0.2

Vp(p) =0.2 s Vp(q) =0.2 s VP(I’) =03 s VP(S) =0.5

To satisfy the definition, we need to check that

up(a)+vp(a) = rp(a)

holds for each element a in A.
Let’s verify this for p = p:
12(p) + va(p) = 0.82+0.22 = 0.64 +0.04 = 0.68

Now, let’s calculate r%( p):

(r2(p) = 0.68)

now verify this for p = g:

u3(q) + vi(g) =0.5>+0.22 = 0.2540.04 = 0.29

Now, let’s calculate r3(q):

(ra(q) =0.29)

We can perform the same verification for p = r and p = s to ensure that the Pythagorean

fuzzy subset property holds for all elements in X.
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3.2.1 Difference between Intuitionistic Fuzzy Sets and Pythagorean Fuzzy

sets

The difference between PFSs and IFSs is given as following.

intuitionistic fuzzy sets | Pythagorean fuzzy sets

u+v<l u+v<loru+v>1
0<p+v<l 0<pu’+vi<i

r=1—(u+v) T =+/1=(u>+v?)
pu+v4+mr=1 pr+vi4nt=1

Table 3.1: Difference between PFSs and IFSs

Mendel extensively researched a type of non-standard fuzzy set known as the IVFS. In
contrast, Yager initiate the concept of PFS in 2014, that is belongs to a novel set of non-
standard fuzzy subsets with numerous practical applications in fields like natural and social

sciences.

3.3 An Interval-Valued Fuzzy Set

Definition 3.3.1. Taking A a fixed set. Then an IVPFS on A is represented as P which is

defined as:
P = {{a, upla), vp(@)) |a € A}
where,
upla) = [uka), u¥(@)] C 1
and
vpla) = [Vh(@), Vi(a)] C I,

treated as intervals, with ,ulé,(a) = infups(a) and [,L}ﬁ](a) = sup Up(a) likewise vlé(a) =

infvp(a) and vg(a) =sup Vp(a) foralla € A.

Example
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For example, let’s assume the following intervals for t3(a) and vs(a):
up(l) = [04,0.6],  p(m) = [0.1,0.6],  pp(n) = [0.2,0.4
and
vs(l) =10.4,0.5], vp(m)=10.2,0.6], vz(n)=1[0.1,0.5]
P = {{l,[0.4,0.6],[0.4,0.5]) , (m, [0.1,0.6],[0.2,0.6]) , (n, [0.2,0.4],[0.1,0.5])}

In this example, we have an IVPFS P defined on A with specific membership and non-

membership intervals for every member a in A.

3.4 Set operations over Pythagorean fuzzy subsets

Now we evaluate the operations performed on Pythagorean fuzzy subsets.

Definition 3.4.1. Suppose we have a Pythagorean fuzzy subset P of a set A, represented as

P = (up,vp). In this case P¢ is defined as

P¢ = (Vp,‘up)

Example
Let P = {(0.2,0.5),(0.1,0.7),(0.4,0.8)} be a Pythagorean fuzzy subset of a set A
then,
P¢ = {(0.5,0.2),(0.7,0.1),(0.8,0.4)}

Definition 3.4.2. Consider two Pythagorean fuzzy subsets of a set A, denoted as P =
(up,vp) and Q = (Up,Vp). The intersection of P and Q, denoted as PN Q, can be de-

fined as follows.

PNQ := (min{up,ug},max{ve,vp})

Example
Suppose two Pythagorean fuzzy subsets of a set A, denoted as P and Q.
Let P = {(0.2,0.5),(0.1,0.7),(0.4,0.8)} and Q = {(0.4,0.5),(0.9,0.5),(0.8,0.3)}.
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Then,
PN QO ={(0.2,0.5),(0.1,0.7),(0.4,0.8) }

Definition 3.4.3. Consider two Pythagorean fuzzy subsets of a set A, denoted as P =
(up,vp) and Q = (Ug, Vo). The union of P and Q, denoted as PU Q, can be defined as

follows.

PUQ:= (max{.quuQ}?min{vP7vQ})

Example
Suppose two Pythagorean fuzzy subsets of a set A, denoted as P and Q.
Let P = {(0.2,0.5),(0.1,0.7),(0.4,0.8)} and 0 = {(0.4,0.5),(0.9,0.5),(0.8,0.3)}.
Then,
PUQ ={(0.4,0.5),(0.9,0.5),(0.8,0.3)}

Definition 3.4.4. Let P = (up, vp) and Q = (Up, Vo) be two Pythagorean fuzzy subsets of
asetAthenP CQorPDQifup < pgpandvp > vp.

Example
Suppose two Pythagorean fuzzy subsets of a set A, denoted as P and Q.
Let P = {(0.2,0.5),(0.1,0.7),(0.4,0.8)} and Q = {(0.4,0.5),(0.9,0.5),(0.8,0.3)}

We say P is a subset of Q because tp < g and vp > vp.

3.5 Pythagorean Fuzzy Topological Space

Definition 3.5.1. Let X # ¢ be a set and let T be a family of Pythagorean fuzzy subsets of
X. If

(1) 1Ix,0x €1
(2) forany P, P, € T,wehave P N P, € T
(3) forany {A;}ic; C 7, we have .UI A; € Tso, tiscalled a PFT on X.
ic
In the context of PFTS, defined by PFTS as a pair (X, ), where X is a set and 7 is

a collection of open Pythagorean fuzzy subsets. These open Pythagorean fuzzy subsets
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represent the elements that define the topology of the space. Closed Pythagorean fuzzy
subset is defined by complement of an open Pythagorean fuzzy subset.

Similar to traditional or FTS, we have two special cases in PFTS. The first one is
the indiscreet PFTS, denoted by {1x,0x}, where every subset of the set X is considered
open. The second one is the discrete PFTS, where the topology 7 contains all possible
Pythagorean fuzzy subsets, making each subset open.

Furthermore, when comparing two Pythagorean fuzzy topologies, 7 is said to be coarser
than 7, if 7; is a subset of 7,. In other words, if every open Pythagorean fuzzy subset in T
is also an open Pythagorean fuzzy subset in 7>, then 7; is considered coarser than 7,.
Example
Let a set X with two elements i.e X = {1,2}. We have a family of Pythagorean fuzzy sub-
sets denoted by 7, which consists of the following elements, the crisp subsets 1y and Oy,

as well as the Pythagorean fuzzy subsets A|, Ay, A3, A4, and As.

ti(1) = 0.5 vi(1) = 0.7 up(1) = 0.6 vo(1) = 0.5
1i(2) = 0.2 vi(2) = 04 up(2) = 03 v»(2) = 09
u3(1) = 0.4 va(1) = 0.8 wa(1) = 0.6 v4(1) = 0.5
13(2) = 0.1 v3(2) = 0.9 ws(2) = 0.3 v4(2) = 0.4
us(1) = 0.5 vs(1) = 0.7 ps(2) = 0.2 vs(2) = 0.8

In the given example, the functions y; and v; represent the membership and non-
membership functions, accordingly, associated with each A; where i ranges from 1 to 5.
It can be observed that (X, 7) forms a PFTS.

In classical topology, the concept of a neighborhood plays a crucial role, as it is used to
define or characterize various concepts like continuity, closure, and convergence. However,
Chang introduced a different approach by defining the neighborhood of a fuzzy open subset

instead of the neighborhood of a point.
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3.6 Neighborhood of Fuzzy Set

Definition 3.6.1. In a PFTS, consider two Pythagorean fuzzy subsets V and N, we say that
N is a neighborhood of V if 4 an open Pythagorean fuzzy subset H s.tV C H,and H C N
which can be denoted by:

V_CHCN

This shows that H consists of A and H exists between V and N.
Example X = {1,2} and Y = {Ox, lx,V,N} where V, in a PFTS N be a Pythagorean
fuzzy subsets.

V ={(0.2,0.5),(0.1,0.7)}
N ={(0.4,0.5),(0.9,0.5)}

To show that N is a neighborhood of V' as define above, we have find a Pythagorean fuzzy
subset Hs.tV C Hand H C N
let

H =1{(0.2,0.4),(0.9,0.5)}

A set N is considered a neighborhood of A if there exists H s.t V is a subset of H, and H is
a subset of V.
Proposition 1
In PFTS, a Pythagorean fuzzy subset V' is open. if, for every possible subset within V, there
exists a neighborhood around that subset that is entirely contained within V.

Example

Consider the set X = {1,2,3} and the PFTS Y = {0y, 1x,A,U}, where

A ={(0.2,0.6),(0.4,0.3),(0.7,0.5)}

and

U ={(0.1,0.7),(0.6,0.4),(0.8,0.6)}

38



To show that A is open in V, we need to show that for each point x € A, there exists a
Pythagorean fuzzy subset V such thatx € V and V C A.

Let’s consider each point in A: For x =1,
Vi ={(0.2,0.6),(0.4,0.3)} We see that V; C A

For x =2,

Vo ={(0.4,0.3),(0.7,0.5)} We see that V, C A

For x = 3,

V3 ={(0.2,0.6),(0.7,0.5)} We see that V3 C A

Therefore, for each point x in A, we have found a Pythagorean fuzzy subset V that contains
x and is a subset of A. This indicates that in the provided PFTS A is an open Pythagorean

fuzzy subset.

3.7 Continuity of Pythagorean fuzzy set

Definition

Let us define the membership and non-membership functions for the image of set A under
the function g, denoted as g[A], when A and B are non-empty sets and g: A — B is a
function. Suppose X and Y are Pythagorean fuzzy subsets of A and B respectively. The

definitions of the membership and non-membership functions are as follows: For any b € B,

¢

sup Ux(z), ifg ' (b)#¢
Ly (b) = § €8 ()

0, otherwise

inf vx(z), ifg'(b)#¢

0, otherwise
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Similarly, we can define the membership and non-membership functions for the pre-image

of Y under g, denoted as g~ [Y']: For any a € A,
Hy-1y)(a) = py(g(a))

Ve-1iy)(a) = vr(g(a))

Note that g[X] and g~![Y] are Pythagorean fuzzy subsets. This can be observed from the
properties of the membership and non-membership functions. Specifically, when ux and

Vy are non-negative functions, we have:

2 2
ug[x]<b>+v§[x}<b>=< sup ux(1)> +(int, wi)

€51 (b) zeg1(b)
= sup pg(e)+ inf vi(2)

zeg1(b) zeg~1(b)

= sup (1—vg(z))+ inf Vg(z)
z€g~1(b) zeg~1(b)

This holds whenever g~!(b) # phi . Additionally, if g~!(b) = 0, we get:

N;[X] (b)+ Vg[x] (b)=1

Example
Let we have two sets A = {a,b,c} and B = {1,2,3}, and defined by a function g: A — B
as g(a) = a. Also, let X be a Pythagorean fuzzy subset of A defined by

ux(a) =0.7, ux(b) =0.5, and ux(c) =0.4
and let Y be a Pythagorean fuzzy subset of B defined by

,Lly(l) =0.9, ‘Lty(z) =0.7 and /Jy(3) =0.5
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We can calculate for the functions of g[X] as follows:

Heix)(1) = sup px(z) = px(a) =0.7,
zeg (1)

Keix)(2) = sup px(z) = ux(b) =0.5,
zeg 1(2)

Keix](3) = sup px(z) = ux(c) =04,

z€g1(3)
and
1)= inf = 1)=20
Vex) (1) Ze;{ll(l)vx(Z) vx (1) =0,
Voix1(2) = inf v =vx(2) =0,
e(x](2) nf x(2) = vx(2)

Velx] 3) = zegil—l‘f(S)VX (z) =vx(3)=0.

Similarly, we can calculate for the functions of g~![B] as:

and

Therefore, the Pythagorean fuzzy subset g[X| can be define as follows:

glY]={(4,0.7),(5,0.5),(6,0.4)}.
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Similarly, the Pythagorean fuzzy subset g~ ![¥] can be represented as:
g '[¥1={(1,09),(2,0.7),(3,0.5)}.

Proposition 2
Suppose we have two sets, A and B, where both sets are not empty. let us consider a

function 4 that maps elements from A to corresponding elements in B.
1. Ay =hn"1y)e.
2. h[X]¢ C h]X€].

3. if ¥} C Y, then h~![¥;] C h™![V5] where ¥ and Y5 are Pythagorean fuzzy subsets of
B.

4. if X; C X, then h[X]] C h[X;] where X and X; are Pythagorean fuzzy subsets of A.

5. W Y] cy.
6. X C h='[h[X]].
Example

Let A ={l,m,n} andY = {p,q,r}, and let g: A — B be define by bellow:

gl)=p, h(m)=q, h(n)=r

We will demonstrate each of the propositions using examples with Pythagorean fuzzy sub-
sets X and Y of A and B, respectively.
Let X be a Pythagorean fuzzy subset of A defined as:

,le,Vx(l) = (0.2,0.5) R ,ux,Vx(m) = (0.4,0.7) R ,ux,Vx(n) = (0.6,0.8)

Let B be a Pythagorean fuzzy subset of ¥ defined as:

ty,vy(p) =(0.3,0.6) , uy,vy(q) = (0.1,0.4) , uy,vy(r)=(0.5,0.7)

42



Now, we can demonstrate each of the propositions using these examples:

(i) g~ [r<]=g~'[r]"
Y< ={0}.
g '[rJ=g""[{0}] = {0}.
g 'Y1=g""{p,q.r}] = {l,m,n}.
Therefore, g~ ![Y] = {0} = {l,m,m}¢ = g~ [Y]°.

(i) g[X]° C g[x“]:
X< ={0}.
glX]=g[{0}] = {0}.
glX] = gl{l,m,n}] = {p,q,r}.
Therefore, g[X]¢ = {0} C {0} = g[X“].

(iii) if ¥; C Y5 then g~ '[1;] C g~ ! [13):
LetY; ={q}and ¥, = {p,q,r}.
Since Y] C Y, the proposition holds.
g 'Ml=g""[{g}] = {m}.
g~ 'l =¢""{p,q,r}] = {l,m,n}.
Therefore, h=![Y1] = {m} C {l,m,n} = g~ [12].

(iv) if X; C Xp, then g[X ]| C g[X):
Let X; = {l,m} and X, = {l,m,n}.
Since X| C X», the proposition holds.
glXi] = gl{l,m}] ={p,q}.
glXo] = gl{l,m,n}] = {p,q,r}.
Therefore, g[Xi] = {p,q} C {p,q,r} = g[X2]

V) glg”'Y]cy:
LetY = {p,r}.
g 'Y1=¢""{q,r}] = {m,n}.
glg7'[Y]] = gl{m,n}] = {p.q}.
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Therefore, g[g ' [Y]] = {q,r} C {q,r} =Y.

(vi) X C g g[X]]: Let X = {I}.
glX] = gl{l}] = {4}
g 'elXll =g [{q}] = {1}-

Therefore, X = {p} C {p} = g~ '[g[X]].

Definition 3.7.1. Consider two PFTSs denoted as (X, 7;) and (Y, 7). Let define a function
h:X — Y. We say that & is Pythagorean fuzzy cont. if, for any A of X and any neighborhood
U containing the corresponding elements of A in the image of &, 3 a neighborhood N of A

s.t the corresponding elements of U in the image of /4 are entirely contained within U.

Example

Let A = {a,b,c} and B = {1,2,3} be PFTSs with the respective fuzzy topologies 7;
and 7. Consider the function / : A — B defined as follows: h(a) = 1, h(b) =2, h(c) = 3.

Let X be a Pythagorean fuzzy subset of A defined as:

tx(a) = (0.1,0.4) , ux(b) = (0.3,0.6) , ux(c) = (0.5,0.7)

Now, Consider a neighborhood U of h[X] in B, say U = {1,2}.
We have to find a neighborhood N of X in A such that h[U] C U.

Since h[X| = {1,2}, we can choose N to be a Pythagorean fuzzy subset of A such that

un(a) = (0.2,0.5) , un(2) = (0.3,0.6) , uy(c) = (0.2,0.3)

Now we compute A[U]:

h{U] = h[{1,2}] = {n(1),h(2)} = {1,2}

Since h[U] = {1,2} is a subset of U, we have shown that for the given Pythagorean fuzzy
subset X and neighborhood U of A[X], there exists a neighborhood N of X such that
h[U] is a subset of U.
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Therefore, the function 4 is Pythagorean fuzzy continuous.
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Chapter 4

Cubic Pythagorean Fuzzy Topological Space
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4.1 Cubic Pythagorean Fuzzy Set

We want to introduce the idea of CPFS, which stands for Cubic Pythagorean Fuzzy Set, an

extension of both Cubic and intuitionistic fuzzy sets initially proposed by Jun.

Definition 4.1.1. Consider a nonempty set X. A CPFS in Y is a structured representation

denoted by:
Co = {0y, O1v), OO)) |y € Y}

where Q is an IVPFS in Y, and Qisa PFSin Y.

Example

For Y={1,2,3,4,5,6,7,8},Co = ((, O(y), Q(y)) is a CPFS.

Y| O0={ug vy | Q=Ito, vo)
1] ([0.4,0.5][0.7,0.8]) |  (0.6,0.3)
2 | ([05,0.6][0.6,0.7]) |  (0.7,0.4)
31 ([02,0.9][0.3,04]) | (0.8,0.5)
4| (0.7,0.8][0.4,0.5]) | (0.803)
51 ([03,0.4][0.6,0.7]) | (0.50.2)
6 | ([0.4,0.5][0.5,0.6]) | (0.6,0.3)
71 ([0.1,0.8][0.4,0.6]) |  (0.7,0.4)
8 | ([0.6,0.7][0.3,0.4]) | (0.8,03)

4.2 Set Operation on Cubic Pythagorean Fuzzy Subset

We are examining the set operations performed on Pythagorean fuzzy subsets in greater

detail.

Definition 4.2.1. Consider a CPF subset C; = (Uc,,Vc,) of a set X. Its complement is
Cf = (VCp.uC1)'

Example

Let C; = {{1,([0.3,0.4],]0.5,0.6])(0.8,0.4)},{2, ([0.3,0.7],[0.4,0.6])(0.2,0.7)}} be the
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CPF subset of a set X,
C{ ={{1,([0.5,0.6],[0.3,0.4])(0.4,0.8)},{2,([0.4,0.6],]0.3,0.7])(0.7,0.2) } }

Definition 4.2.2. Let C; = (lc,,Vc,) and C; = (lUc,, Vc,) be subsets of two CPF subsets
of the set X. The intersection of C; and C, is defined by the membership function and

non-membership function as follows:

([min{ué ug,}y, min{vé ,vE Y, Imin{ul ,ud}, min{vg ,v¢}1);

(min{lia ) .uCz}amax{VQ ) sz})

CinNG =

Example
Let C; = {{1,([0.3,0.4],[0.5,0.6])(0.8,0.4)},{2,(][0.3,0.7],[0.4,0.6])(0.2,0.7) } } and
C, = {{1,(]0.4,0.7],]0.4,0.6])(0.2,0.7)},{2,(]0.5,0.9],]0.2,0.3])(0.7,0.3) } } be two CPF

subsets of a set X. Then,
C NG ={{1,([0.3,0.4],[0.7,0.6])(0.2,0.7) },{2,(][0.3,0.2],[0.9,0.6])(0.2,0.7) } }

Definition 4.2.3. Let C; = (lc,,Vc,) and C = (Uc,, Vc,) be subsets of two CPF subsets
of the set X. The union of C; and C; is defined by the membership function and non-

membership function as follows:

([max{ué,, u&,}, max{vg ,vE, Y, [max{ul,ud}, max{v v }1);

(max{!lcl ) ucz}v min{vcl ) sz})

CiuG =

Example
Let C; = {{1,([0.3,0.4],[0.5,0.6])(0.8,0.4)},{2,(][0.3,0.7],[0.4,0.6])(0.2,0.7) } } and
C, = {{1,(]0.4,0.7],]0.4,0.6])(0.2,0.7)},{2,(]0.5,0.9],]0.2,0.3])(0.7,0.3) } } be two CPF

subsets of a set X. Then,

CLUC, = {{1,([0.4,0.5],0.4,0.5])(0.8,0.4)},{2,([0.5,0.4],[0.7,0.3])(0.7,0.6) }
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Definition 4.2.4. Let C; = (lc,, V¢,) and C; = (Uc,, Vc,) be two CPF subsets of a set X

defined Cj is a subset of C, / C, contains C; which can be writtenas C; C C, / Cy D Cy if

He, < He, and ve, 2> Ve,

Example
Let C; = {{1,([0.3,0.4],[0.5,0.6])(0.8,0.4)},{2,(][0.3,0.7],[0.4,0.6])(0.2,0.7) } } and
C> = {{1,(]0.4,0.7],]0.4,0.6])(0.2,0.7) },{2,([0.5,0.9],[0.2,0.3])(0.7,0.3) } }

In this example we see that C; C C; or C; D Cj as define in the definition.

4.3 Cubic Pythagorean Fuzzy topological space

Definition 4.3.1. Let X # ¢ be a set and let T be a family of CPF subsets of X. If
I- 11x,0x €71,
2- forany G;, C; € 7,wehaveC; N C; € 7,

3- forany {C;}ie; C 7,wehave |J C; € 7 then 7 is known as a PFT on X.
icl
(X, 7) is known as PFTS.
Example
Let X = {1,2,3}
T= {1X70X7C17C27C37C47C57C6}

C1(1)={1,{[0.3,0.4],[0.5,0.6]),(0.8,0.4)} C;(2)={2,([0.3,0.7],[0.4,0.6]),(0.2,0.7)}
C1(3) ={3,([0.2,0.5],[0.4,0.7]),(0.3,0.8)} C»(1)={1,([0.4,0.7],[0.4,0.6]),(0.2,0.7)}
C>(2) ={2,([0.5,0.9],[0.2,0.3]),(0.7,0.3)}  C2(3) ={3,([0.5,0.6],[0.3,0.6] ), (0.4,0.2)}
Cs3(1) ={1,{[0.4,0.5],[0.4,0.5]),(0.8,0.4)} C3(2)={2,([0.3,0.4],[0.2,0.3]),(0.7,0.6)}
C3(3) ={3,([0.3,0.4],[0.5,0.6]),(0.4,0.2)} C4(1)={1,([0.3,0.4],[0.5,0.6]),(0.2,0.7)}
C4(2) =1{2,([0.2,0.2],[0.3,0.6]},(0.2,0.7)} C4(3) ={3,([0.2,0.3],[0.6,0.7]),(0.3,0.8)}
Cs(1)={1,{[0.3,0.4],[0.3,0.4]),(0.7,0.3)} Cs(2)={2,([0.2,0.3],[0.1,0.2]),(0.6,0.5)}
Cs(3) ={3,([0.2,0.3],[0.6,0.8]},(0.3,0.1)} Ce(1)=1{1,([0.2,0.5],[0.6,0.7]),(0.1,0.6)}
Co(2) ={2,([0.4,0.8],[0.3,0.6]),(0.4,0.2)} C4(3) ={3,([0.1,0.3],[0.5,0.7]),(0.3,0.8)}
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The P; and P; are the corresponding membership and non-membership of the function C;

for each i = 1,2, 3,4 respectively observe (X, 7) is a CPFTS.

4.4 Neighborhood of Cubic Pythagorean fuzzy set

In classical topology, the concept of a neighborhood plays a significant role as it is utilized
to define or characterize various concepts like continuity, closure, and convergence. How-
ever, Chang introduced a different perspective by defining a neighborhood of a fuzzy open

subset instead of a neighborhood of a point.

Definition 4.4.1. In a CPFTS, consider two Cubic Pythagorean fuzzy subsets V and N,
we say that N is a neighborhood of V if 3 an open Cubic Pythagorean fuzzy subset H s.t
V C H, and H C N which can be denoted by:

VCHCN

This shows that U consists of A and E exists between A and U.
Example

LetX ={1,2} and Y = {Ox, 1x,A,U}, where A and U are CPF subsets in a CPFTS.

A= {{1,(0.3,0.4],[0.5,0.6]), (0.8,0.4)}, {2, ([0.3,0.7],[0.4,0.6]), (0.2,0.7)}}

U = {{1,{[0.4,0.7],[0.4,0.6]), (0.2,0.7)},{2,([0.5,0.9],0.2,0.3]),(0.7,0.3)}}

To show that U is a neighborhood of A according to the definition, we need to find an open
CPF subset H suchthat AC H and H C U.

Let’s take

H = {{1,([0.3,0.5],0.5,0.7]), (0.7,0.5)},{2,([0.3,0.8],[0.4,0.6]), (0.2,0.7) } }

. We can see that every element in A is also present in H, so A C H. Additionally, every
element in H is also presentin U, so H C U.

Therefore, we have A C H C U, satisfying the condition stated in the definition. Thus, U is
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a neighborhood of A.

Example
X ={1,2} and Y = {0x, 1x,A,U} where A and U are CPF subsets in a CPFTS.
A =1{{1,([0.3,0.4],[0.5,0.6]),(0.8,0.4)},{2,([0.3,0.7],[0.4,0.6]),(0.2,0.7) } }
U = {{1,(]0.4,0.7],]0.4,0.6]),(0.2,0.7) },{2,([0.5,0.9],]0.2,0.3]),(0.7,0.3) } }
H={{1,([0.2,0.4],(0.5,0.6]),(0.9,0.7) },{2,([0.9,0.8],[0.5,0.9]),(0.9,0.2) } } (a CPF sub-
set)

In this case, H is given as

H = {{1,([0.2,0.4],[0.5,0.6]), (0.9,0.7)},{2,([0.9,0.8],[0.5,0.9]), (0.9,0.2) } }

We can see that A is a subset of H since every element in A is also present in H. Therefore,
A C H holds.

However, H is not a subset of U because there are elements in H that are not present in U.
For example, 2, ([0.9,0.8],[0.5,0.9]),(0.9,0.2) is in H but not in U. Hence, H ¢ U.

This example does not satisfy the condition stated in the definition.

Proposition 1

In CPFTS, a Cubic Pythagorean fuzzy subset V is open. if, for every possible subset within
V, there exists a neighborhood around that subset that is entirely contained within V.
Example

Consider an example that satisfies the condition for a CPF subset to be open in a CPFTS.
Let X = {1,2} be the underlying set and Y = {Ox, 1x,C,N} be CPFTS of X.

Consider the following CPF subsets:

C = {{1,([0.3,0.4],[0.5,0.6]), (0.8,0.4)},{2, ([0.3,0.7],[0.4,0.6]), (0.2,0.7)} }

N = {{1,([0.4,0.7],[0.4,0.6]), (0.2,0.7)},{2, ([0.5,0.9],[0.2,0.3]), (0.7,0.3)} }

To show that C is an open CPF subset, we need to demonstrate that it contains a neighbor-
hood of each of its subsets.

Let’s consider the subset {1,(]0.3,0.4],]0.5,0.6]), (0.8,0.4)} of C.
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To find a neighborhood of this subset, we can choose
H = {{1,(]0.25,0.5],[0.4,0.6]),(0.7,0.4)},{2,(]0.3,0.7],]0.4,0.6]), (0.2,0.7) } }

We can see that every element in {1, ([0.3,0.4],[0.5,0.6]), (0.8,0.4)} is also present in H

So {1,(]0.3,0.4],]0.5,0.6]),(0.8,0.4)} C H.

Similarly, we can choose H' = {{1,([0.4,0.7],[0.4,0.6]), (0.2,0.7)},{2,([0.3,0.7],[0.4,0.6]), (0.2,0.7) } }
as a neighborhood of {2,([0.3,0.7],[0.4,0.6]),(0.2,0.7)}. Thus, we have shown that C

contains a neighborhood of each of its subsets. Therefore, C is an open CPF subset in this

example.

Definition

Consider X # ¢ and Y # ¢, and a function g : A — B. Suppose C; and C, are CPF subsets

of A and B, respectively. We want to determine the membership and non-membership func-

tions of the image of C; under the mapping g, denoted as g[C;]. The membership function

We(c, (D) of g[Cy] for each b € B is defined as follows:

Supzegfl(b) .u“Cl (Z)7 if g_l(b) % ¢7

He[c] (b )
0, otherwise.
Similarly, the non-membership function V,(c,|(b) of g[Cy] for each b € B is defined as
follows:

infzeg”(b) Ve, (z), if g_l (b) # ¢,

0, otherwise.

Velci) (b) -

g 1[C,] is defined as follows:

Membership function:

Ko11c,) (@) = Hc, (8(a))

Non-membership function:

Ve-iiey) (@) = Ve, (g(a))
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It is important to note that g[C;] and g~![C;] are Pythagorean fuzzy subsets. We can

observe the following:

2 2
“§[c1]<b)+"g2[cll(b):< sup /~‘C1(Z)> +< inf VCI(Z))

zeg~1(b) zeg 1 (b)

— sup 2 ()+ inf V2 ()

€571 (b) € (0)
= sup (1-— ngl (z))+ inf Vél (2)
eg10) s

This holds whenever g~!(b) # ¢. Similarly, if g~ (b) = ¢, Since:

Heicy () + Vgiey () = 1

The proof for g~![C,] follows a similar argument.

Example

Let the sets X = {1,2,3} and Y = {4,5,6}, and define the function g : X — Y as g(x) = x.
Also, let A be a CPF subset of X defined by

let C; be a CPF subset of X defined by

C1(1) ={1,(]0.2,0.4],[0.3,0.5]), (0.4,0.6)},

C1(2) ={2,(0.4,0.6],[0.5,0.7)), (0.7,0.8)},
C1(3) = {3,([0.6,0.8],[0.7,0.9]), (0.9,0.1)}.

let C; be a CPF subset of Y defined by
Cy(a) ={a,(]0.3,0.5],]0.4,0.6]),(0.5,0.7) },
Cy(b) = {b,(]0.1,0.3],]0.2,0.4]),(0.6,0.5)},

Co(c) = {¢,{[0.5,0.7],[0.6,0.8]), (0.6,0.9)})
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We can calculate for g[C] as bellow:

Heicy)(4) = sup fic,(z) = He, (1) = (0.2,0.4,0.4),

z€g1(4)

“g[Cl](S) = Ssup Uc, (Z) = Hc, (2) = (0.4,0.6,0.7),
zeg~1(5)

Heicy)(6) = sup pc,(z) = He, (3) = (0.7,0.9,0.1),
z€g~1(6)

and

vg[Cl](4) = inf VCI <Z) = VCI (1) = (03v05706)5

z€g~1(4)
Velcy)(5) = _inf _ve,(2) = vy (2) = (0.5,0.7,0.8),
z€g71(5)

Vi (6) = inf ve,(2) = v, (3) = (0.6,0.8,0.9).
zeg~1(6)

Similarly, g~![C>] define as:

He-11c) (1) = He, (8(1)) = He, (4) = (0.3,0.5,0.5),
o116, (2) = Hc,(8(2)) = pe, (5) = (0.1,0.3,0.6),
He-11c,)(3) = Hcy (8(3)) = He, (6) = (0.5,0.7,0.6),

and

T
S
—
\S]
N—
I
<
)
~—~
oQ
~
\S)
~—
~—~
I
<
)
—~
(9
N—
I
~
o
o
o
-
o
(9
N—

Therefore, the CPF subset g[C] can be represented as follows:

g[C1] ={(4,(0.2,0.4,0.4)),(5,(0.4,0.6,0.7)),(6,(0.7,0.9,0.1))}.
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Similarly, the CPF subset g~ ![C,] can be represented as:

¢ '] ={(1,(0.3,0.5,0.5)),(2,(0.1,0.3,0.6)), (3,(0.5,0.7,0.6))}.

4.5 Properties of Continuity

The proposition below presents several characteristic of the continuity:
Proposition 2

Consider A # ¢ and B # ¢ and a function g : A — B, then

(i) For any CPF subset C; of B, the pre-image of its complement, represented as g~ ! [C5],

is equal to the complement of the pre-image of Cy, i.e., g~ [CS5] = g1 [C2]¢.

(ii) The complement of the image of a CPF subset C; in A, denoted as g[C]¢, is a subset

of the image of the complement of Cy, i.e., g[Ci]° C g[CY].
(i) if Cy, C Ca,, then g7 1[C1,] C g7 [Cap)-
(iv) if C;, C Cyp, then g[Cy,] C g[Co,] Where C;, and C,, are CPF subsets of A.
W) gle™'[G] c G

(vi) For any CPF subset C; of A, C is a subset of the preimage of its image, i.e., C; C
g~ 'glcn]].
Proof
(i) By considering any element a belonging to set A and any compound Pythagorean fuzzy

subset C, of set B, we can deduce the following based on the definition of complement that

Hg-1ic5)(a) = peg(g(a))

= VC2 (g(a))
= He1icy) (@)
= Hg-1[c,)
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Since, V,_jcg(@) = Vg-1jc,(a)- So, g s =gl
(ii) b belong to B s.t g(b) = ¢ and CPF subset C of A, written as;

reici) () = Hgie, (B) + Vi, ()
= sup uél (z) + inf Vé (z)

zeg~1(b) zeg~1(b)

= sup (13,(2) = V&, (2)) + inf V¢ (2)
zeg1(b) zeg~1(b)

< sup rg(z) — inf V& (z) + inf Vi (2)
zeg1(b) z€g1(b) z€g1(b)

= sup 1¢,(2)
zeg1(b)

Since;
Heic,e(b) = sup i e(2)
zeg~(b)

= sup V¢, (2)
z€g~ (D)

= sup \/”Cl + /“LCI
zeg™!(

> \/ sup 1¢,(z) — sup pé (2)
Z

eg~1(b) z€g1(b)
> /2 ®B) = K¢, (b)
= Vgla1] ()
- ug[C]]C (b)

The proof is straightforward for every element b in set B where g(b) = ¢.

Therefore, V,(ce)(b) < Vgc,jc(b) applying the same concept. Since, we get g[C1] C g[CY].
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(iii) Consider Cp, C Cy,Va € A;

Hg-1 C2,] (Cl) = IJCzA (g(a))
< ticy, (@)

- ‘ug*l[czB}(a)

Similarly, He-11cy,) < Hg-t oy Likewise, demonstrating or proving that is not a challeng-
ing task. Vel > Ve[, )

(iv) Consider Cy, C Cy, and b € B . If g(b) = ¢, then the proof is straightforward for every
element . Suppose g(b) = ¢. Since;

Heic, (D) = sup U, (2)
z€g~1(b)

< sup
zeg~1(b)

Hcy, (z)
- .ug[ClB](b)

50, Hglcy, | < Hglcy,,
Since Veic,, ] 2 Vglcy,)-

(V) b € B s.t g(b) # ¢, written as;

Helg1icy (D) = sup  fhe-1/c,)(2)
zeg1(b)

= sup MHc,(g(z))
zeg 1(y)

= .uCz(b)

If g(b) = ¢, then we get, lyro-1(c,(P) = 0 < lic, (b). Similarly, we have Vyr,-110,(b) =
0>ve, (D).

(vi) For any a € A, we have
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Therefore, we get Vele1[C1] <vq-
Example

LetX ={1,2,3} and Y = {a,b,c}, and let f : X — Y be defined as below:

Now, let’s define the CPF subsets A and B of X and Y.
For Cj, the membership values of each element are defined as intervals in the cubic

domain. Let’s define:
Ci(1)={1,(]0.2,0.4],]0.3,0.5]),(0.4,0.6) },

C1(2) = {2,([0.4,0.6],[0.5,0.7]), (0.6,0.8)},
C1(3) = {3,([0.6,0.8],[0.7,0.9]), (0.8,0.1)}.

For C,, the membership values of each element are also defined as intervals in the cubic

domain. Let’s define:
Cy(a) ={a,(]0.3,0.5],[0.4,0.6]),(0.5,0.7)},

Cy(b) = {b,(]0.1,0.3],[0.2,0.4]),(0.3,0.5)},
Cy(c) ={¢,(]0.5,0.7],]0.6,0.8]),(0.7,0.9) })
Now, we can demonstrate each of the propositions using these CPF subsets:
) fIC]° C flG):
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C5 =0.

[l =f10] = 9¢.

flG] = fI{1,2,3}] = {a,b,c}.
Therefore, f[C>]° = ¢ C ¢ = f[C5].

(i) flG]° c fIC]:
C{ = {} (empty set).
fICil=r19] = 9.
fla] = f{1,2,3 = {a,b,c}.
Therefore, f[C1]° = ¢ C ¢ = f[CY].

(i) if Cy, C Cap then f71Co,] C £71Cop):
Let C;, = {b} and Cy, = {a,b,c}.
Since C;, C Cy,, the proposition holds.
G, = ey = {2}
fHCoy) = ' {a,byc}] = {1,2,3}.
Therefore, f~1[Cy,] = {2} € {1,2,3} = £ 1[Cy,).

(iv) if C;, C Cy,, then f[C1,] C f[A2]:
LetCy, ={1,2} and Cy, = {1,2,3}.
Since Cy, C Cj,, the proposition holds.
flCu] = f{1,2}] = {a,b}.
f1Cyl = f1{1,2,3}] = {a,b,c}.
Therefore, f[C1,] = {a,b} C {a,b,c} = f|Ci,].

V) fIf 1G] G
Let C; = {b,C}.

e =1k el =1{2,3}).
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fIFNG] = fI{2,3}] = {b,c}.
Therefore, f[f~1[C,]] = {b,c} C {b,c} =C,.

i) € C fflC):
Let C; = {1}.
fla] = {1} ={a}.
frall = el = {1}
Therefore, C; = {1} C {1} = f~[f[C1]).

4.6 Cubic Pythagorean fuzzy continuity

Definition 4.6.1. Consider g : A — B be a function between two CPFTSs (A, 71) and (B, 12).
We say that g is CPF cont. if, for any CPF subset X of A and any neighborhood U of g[C}],
3 a neighborhood N of C s.t g[N] C U. This property ensures that a preimage of a CPF

subset under g remains within a neighborhood of the original subset.

Theorem 4.6.1. Consider two PFTSs, denoted as (A, 1)) and (B, 1), and let g : A — B be

a mapping. The following statements are equivalent:

(1) The Mapping g is the CPF cont.

(2) For any CPF subset Cy of A and any neighborhood U of g[C1|, 3 a neighborhood N
of C s.t, for any CPF subset C; contained in N, the image g[C3] is entirely contained

within U.

(3) For any CPF subset Cy of A and any neighborhood U of g[C1|, 3 a neighborhood N

of C1 s.t all elements in N are mapped by g into U.

(4) For any CPF subset Cy of A and any neighborhood U of g[C1), the preimage g~ ' [U]

forms a neighborhood of C.

Proof. (1) = (2):
Consider (A, 7;) and (B, ;) be two CPFTSs, and g : A — B be a CPF cont. function.
For any CPF subset C; of P and any neighborhood U of g[C;], 3 a neighborhood N of C;
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s.t g[N] ia a subset of V. Now, consider any CPF subset C, contained in N. Since C, C N.
So, g[C2] C g[N] C U.

(2) = (3):

Assuming the implication (2) holds true. Let C; be a CPF subset of A and U be the
neighborhood of g[C}]. According to (2), 3 a neighborhood N of C; s.t for any CPF subset
C, contained in N, the image g[C,] is entirely contained within U. This implies that Vx € N,
g(x) € V. Hence N is a neighborhood of Cj, we can conclude that all elements in N are
mapped by g into U.

3) = (4):

Consider (A, 1)) and (B, T;) as two CPFTSs, and let g : A — B be a function satisfying
condition (3). Take a CPF subset C; of A and a neighborhood U of g[C;]. According to
(3), 3 a neighborhood N of C; s.t all elements in N are mapped by g into U. Since N is a
neighborhood of Cj, we have an open CPF subset H of A s.t C; C H C U. Furthermore,
since all elements in H are mapped by g into U, we have C; C H C g~/ [U], indicating that
g 1[U] is a neighborhood of C.

4 = (1):

Assuming (4) holds, let (A, 71) and (B, 7o) be two CPFTSs, and g : A — B be a function.
Suppose C; is a CPF subset of A and U is a neighborhood of g[C;]. We find g~ ![U] is a
neighborhood of C;. Since, 3 an open CPF subset H of A s.t C; C H C g~ !'[U]. This =
g|H] C glg~!'[U]] C V. Moreover, hence H is open, it is also a neighborhood of C;. Hence,

we can concluded that g is CPF cont. [

Theorem 4.6.2. Consider two CPFTSs, (A, 7)) and (B, 1), and let g : A — B be a function.
We can state that g is CPF cont. iff for every open CPF subset Cy of B, the pre-image
g '[C5] is an open CPF subset of A.

Proof. Let C; be an open Cubic Pythagorean fuzzy subset of B, and suppose Cj is a subset
of g~1[C,]. Since g is cont. Now, g[Ci] C C,. By Proposition 1, 3 a neighborhood U of
g[C1] s.t U C C,. From the CPF cont. of g and (iv) of Thm 1, concluded that g~'[U] is
a neighborhood of Cy. Moreover, from (iii) of Proposition 2, conclude g~ '[U] C g~ ![Cy].

g '[C5] is also a neighborhood of Cy. Since Cj is an arbitrary subset of g~ ![C,], we can
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deduce from Proposition 1 that g~![C,] is an open CPF subset.

Conversely, suppose Cj is a CPF subset of A, and U be a neighborhood of g[C;]|. 3 an
open CPF subset Q of B s.t g[C}] is a subset of Q is a subset of U. By the assumption that
g '[Q] is open, we have Cj is a subset of g~ ![g[C1]] is a subset of g~![Q] is a subset of
g~ '[U]. So, g~ '[U] is a neighborhood of Cj, that demonstrates the CPF cont. of g.

Therefore, conclude that g : A — B is CPF cont iff, for every open CPF subset C; of B,
the preimage g~ ![C,] is an open CPF subset of A. O

We can construct a PFT on a set X by using a specific PFTS B and g : X — B. Validity

of this claim can be established through the below thm:

Theorem 4.6.3. let a set X # ¢, a CPFTS (B,7), and g : X — Y. We want to show that 3 a

coarsest CPFT t* on X s.t g is CPF continuous.

Proof. We define the class of CPF subsets 7* of X as follows:
t={g 'U]:U e}

To verify the properties of a topology for 7*:

(T1) We observe that g~![0y] = Oy and g~ ![1y] = lx, satisfying the conditions of being a

CPF subset. Therefore, Oy, 1x € T*.

(T2) Suppose Uj,U, € t, 3 C3,,C5, € T st g‘l[Czl] = U; and g_l[sz] = U,. We can
show that U N U, = g~! [C2, NGy, ], satisfying the minimum operation in the defini-
tion of a CPF subset. Therefore, Uy NU; € T*.

(T3) Consider U; i € I of T*. For each i € [0,1], 3Cy, € T s.t g~ '[C5,] = Us. We can show
that JU; = g~ '[U Cy,], satisfying the supremum operation in the definition of a CPF
subset. Thus, | U; € t*.

Furthermore, the continuity of g with respect to 7" follows trivially from the definition.
To complete the proof, we need to show that 7* is the rough CPFT over X in which g is

CPF cont.
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Assume that (7*)* C 7% is a CPFT on X in which g is CPF cont. If C; € t*, then3 U € 7
s.t g~ ![U] = C,. Since g is CPF cont. w.r.t (%)%, then B = g~ ![U] € **. So, concluded
that (7%)* = 7*.

Therefore, we have proven that 7* is the rough CPFT over X s.t g is CPF cont. 0
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Chapter 5

Conclusion
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The aim of this thesis is to assist the reader in understanding the connection between
the FS and FTSs. Yager developed the notion of PFS as a generalisation of IFS. Peng and
Yang pioneered the notion of IVPES. First, we present the concept of PFTS, which expands
the concepts of FTS and IFTS. In this study, we developed the notion of CPFS, in which the
membership degree is an IVPFS and the non-membership degree is a PFS. We described
several fundamental operations and explored certain features of the suggested operation.
Subsequently, we establish the definitions of continuity of Pythagorean fuzzy subsets. We
also acquire features of these ideas. We present and characterise CPF continuity of func-
tions. Further show that utilising the idea of CPF continuity, one may get a CPFTS on a

non-empty set.
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