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ABSTRACT

An Introduction to Projective Geometry and the
Klein Quadric

In this thesis, the main topic is the Klein quadric and its properties. In order to study this
important geometric object, we will need to discuss the basics of projective geometry. We
will see how the Klein quadric is defined by a quadratic equation in a projective space
which has dimension 5. The main focus of the thesis will be to show that the Klein quadric
is an important example of parameter space and in particular, it parameterizes all the lines
in the projective space of dimension 3.
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Chapter 1

Introduction



Algebraic geometry is a branch of mathematics that deals with the study of geometric ob-
jects defined by polynomial equations, known as algebraic varieties. In this thesis, our
focus lies specifically on the projective setting, where we investigate solutions of homo-
geneous polynomial equations in projective spaces, known as projective varieties We have
an interplay between algebra and geometry, that is, using the algebra of polynomial equa-
tions, we can understand the geometric properties of algebraic varieties. The classification
problem is a fundamental task in many areas of mathematics, and in algebraic geometry, it
revolves around the classification of algebraic varieties. The desire to classify these vari-
eties arises from the need to gain a deeper understanding of their structures and properties.
However, the classification problem is often complex and challenging.

To approach the classification problem, one effective strategy is to construct a parameter
space that parametrizes a specific class of algebraic varieties. This parameter space itself
becomes an algebraic variety, whose points are in one-to-one correspondence with the va-
rieties that we try to classify, providing a convenient framework to study and analyze the
desired class of algebraic varieties. The geometric properties of the parameter space offer
valuable insights into the properties of the algebraic varieties within the class.

It is essential that the parameter space be an algebraic variety and not merely a set. The
algebraic variety structure allows us to leverage its geometric properties to infer properties
about the class of algebraic varieties we aim to study. This algebraic structure grants us a
better understanding and control over the behaviour of families of algebraic varieties.

In algebraic geometry, we often require more than simple one-to-one correspondence be-
tween points in a parameter space and algebraic varieties in a collection. To gain better con-
trol over families of algebraic varieties, mathematicians have refined the notion of parame-
ter space and arrived at the construction of moduli spaces. Moduli spaces are fundamental
objects in various mathematical disciplines, from hyperbolic and birational geometry to
mathematical physics and string theory.[10][Lectures on birational geometry by C.Birkar]
This thesis focuses on laying the first basic mathematical foundations of moduli spaces by
studying the first examples of parameter spaces in detail. One such example is the Klein
quadric, which parametrizes lines in the three-dimensional projective space. By delving

into the Klein quadric and its properties, we aim to provide a comprehensive understanding



of parameter spaces and their role in algebraic geometry.

By exploring the concepts outlined above, this thesis seeks to contribute to the field of pro-
jective geometry and the study of algebraic varieties as parameter spaces. The subsequent
chapters delve into specific aspects and propertiies of the Klein quadric and its implications
for understanding families of algebraic varieties.

Keeping in view this general structure of the thesis, a brief description of each chapter is
following.

In Chapter 2, titled “Preliminary Results,” we provide a concise introduction to the funda-
mental concepts of projective geometry. This chapter serves as the foundation for the rest of
the thesis. We cover topics such as projective spaces, projective transformations, projective
subspaces, incidence and collinearity, projective duality, and homogeneous coordinates.
By establishing these core ideas, we prepare the reader for the subsequent exploration of
the Klein quadric and its connection to projective geometry.

In Chapter 3, titled “Quadrices and Conics,” we explore the geometric representation of
symmetric bilinear forms in projective geometry. This chapter provides a brief overview of
quadrics and conics, which are fundamental geometric objects in projective geometry. By
understanding these concepts, we establish a connection between linear algebra and projec-
tive geometry, laying the foundation for the subsequent discussions on the Klein quadric.
Chapter 4 focuses on two main topics: exterior algebra and the Klein quadric. In this
chapter, we explore exterior algebra and its application in studying geometric properties.
It introduces decomposable vectors and presents the main theorem related to them. The
chapter then focuses on the Klein quadric, defining it as a parameter space for lines in
three-dimensional projective space. The significance of the Klein quadric in the study of

algebraic varieties is discussed.



Chapter 2

Preliminary Results



In this chapter, we introduce some essential notations and definitions in projective ge-
ometry that will serve as a foundation for all the material that will be discussed in this

thesis.

2.1 Preliminaries

To be able to define the main objects of study, we shall briefly introduce some basic defini-

tions.

Definition 2.1.1. Let K be a field and V be a (n+ 1)-dimensional K-vector space. The
Projective space [P}, or the Projectivization of V P(V) is the set of 1-dimensional vector

subspace of V, that is, all the lines in V passing through the origin.

Pk = P(V) = {Vector subspaces of V having dimension 1}

Or equivalently, projectivization of V can be defined as V\ {0} the quotient by an equiv-

alence relation.

P(V)=V\{0}/ ~1  (wrt. ~)

vwweV andv~yw<<=3 A CK'suchthatv=Aw

Definition 2.1.2. 1- dimensional projective space is called a projective line.
We explain in detail the construction of the real projective line i.e IP’I]R

Starting from the definition:

PP, = {lines through the origin in R?}



We can first start by picturing all the lines passing through the origin in R?. Then if we
consider an affine line r that is parallel to the x-axis, we see that every line that is different
from the x-axis would intersect exactly at one point on the affine line r. in this way, we
can build a one-to-one correspondence between points in the line r and the lines through
the origin that are different from the x-axis. So, we are missing only the x-axis, we need to
add this extra point, this is the point we called the point at infinity. Conseqiuently, the real

projective line is the union of the affine line and the point at infinity.

Pg = ApU{e}

Here {0} means point at infinity, where the x-axis and the affine line r meet.

Topologically, the circle S1 and the real projective line are homomorphic.

Definition 2.1.3. A projective space of dimension 2 is called projective plane.

We explain in detail the construction of the real projective plane i.e ]P’HZQ

From the definition:

IPZ = {lines through the origin in R}



\ﬁ

N

We can first start by picturing all the lines passing through the origin in R3. Then, if we
consider an affine plane 7 that is parallel to the xy-plane, we see that all the lines not con-
tained in the plane z = 0 would intersect exactly at one point in the affine plane 7. In this
way, we can build a one-to-one correspondence between points in the plane 7 and the lines
through the origin that are not contained in the plane z = 0. So, we are missing only the
lines through the origin in the xy-plane, we need to add these lines and these lines are actu-
ally Pﬁ%. The lines not contained in R? are parameterized by 7 and consequently, ]P’%& is the

combination of affine plane and the real projective line.

P% = A% UPL

Here, A%R is an affine plane of all the lines which are not in the plane z =0 and IP’}& is the

real projective line having all the lines through the origin in the xy-plane z =0

Now, move towards another important definition of homogenous coordinate. And be-

fore moving on to this definition, we define another important terminology in P(V)

Definition 2.1.4. The idea of a representative vector for a point in the Projective space is
important for our purposes. For any non-zero vector v, the 1-dimensional vector subspace
generated by V is a set of all non-zero multiples of the vector v € V. The point [v] € P(V)
is therefore said to have v as a representative vector. It is obvious that if A # 0 then Av is

a another represents vector and therefore ¢



Definition 2.1.5. Consider we pick a basis {uy, ..., u, } for V. we can write the vector u as

n
) i
i=1

and the coordinates of u € V are provided by the n+ 1 tuple {xo,x1,...,x,}. If u #0,
we can see the respective point [u] € P(V) as [u] = [xq,x1,...,X,] and we called these as

homogeneous coordinates of a given point in the projective space.

The following two properties characterize the homogeneous coordinates:

[u] = [x0,x1,...,x,] are homogeneous coordinates of a given point [u] € P(V) if
1. dx; for 0 <i < n such that x; # 0

2. The coordinates are defined up to rescaling.
ieforA #£0

[Axo, Ax1,. .., Axy| = [x0,X1,. .., Xn]

Definition 2.1.6. we can define affine charts as;

|_|0 ={lro:xr -1 x) € P'xo # 0}
— (ﬂ,...,ﬁ) € Ay
X0 X0

Similarly, we can define | |; foreveryi=1,2...,n
’fK\|_|0 ={[0:x1:-:x,) €P"} =P({xo =0})
n—1
=P
Thus for every n in P,, we can define n+ 1 affine charts. We obtain that:

Pk = Aj UPK !

where Al 2| | and P ' 2 P\ | |,



Thus, the projective space is covered by the affine charts.

2.2 Linear Subspaces

Definition 2.2.1. The collection of vector subspaces of dimension 1 in a vector or linear
subspace W C V constitutes a linear or vector subspace of the projective space P(V).

i.e P(W) is linear subspace of the P(V).

Example 2.1. Let V be n+ 1 dimensional vector space and H = {xy = 0} is hyperplane of

V. Then, P(H) of dimension n — 1 is the linear subspace of P(V') of dimension 7.

Proposition 2.1. Let V be a (n+ 1) dimensional vector space and Py be the projective
space associated to V. Given two distinct points p and q in P}, there is a unique line

passing through them.

Proof. Let Pf be the projective space and let p = [v] and g = [w] be two points in projective
space. Here, v and w are representative vectors in V. Since p and ¢ are distinct points, v
and w are linearly independent. Take, U, the plane in V spanned by v and w and so P(U) is

the line joining p and g. Suppose that P(U’) is another such line,

=vwwel’

Since U is spanned by v and w, any other vector subspace that contains v and w, it also

contains U, because the span is minimal. So,

=UcU

and since dimension U is equal to dimension U’ which is equal to 2, we can conclude that

u=U’ U

Proposition 2.2. At the point at which two distinct lines intersect in a projective plane, this

must be unique.

Proof. LetV be a vector space of dimension 3 and P(V') be the associated projective plane.

Let [ = P(R) and r = P(R') be the two lines in P2, where R and R’ are 2-dimensional vector

9



subspaces of V.
Since, [ and r are distinct lines = R and R’ are distinct planes.
Two distinct planes through the origin in a 3-dimensional vector space intersect in a line.

Now from the Grassmann formula of linear algebra[l1],

dimV > dim(R+R') = dimR + dimR' — dim(RNR’)

1.e.

3>2+2—dim(RNR')
dim(RNR') > 1

But as we have 2-dimensional vector subspaces R and R’, so
dim(RNR') <2
And since R and R’ are distinct so equality does not occur, therefore

= dim(RNR") =1
RNR CV

and RN R’ is the point of intersection.

Then, we can conclude that / and r meet in the point P(RNR') O

Example 2.2. Let p=[1:2:7] and g = [2: —1: 0] be the two points in P2, We want to
find the equation of the line passing through p and g.

Consider a point [xg : x| : x| that belongs to the line passing through p and g. Take

1 2 7
A=|2 -1 0
X0 X1 X2
We want to impose that rank(A) = 2, because this would mean that the point [xg : x] : x;]

belongs to the span of p and g. Hence, the rank must be 2.

10



This is equivalent to imposing that,

detA =0
Txo+ 14x1 —3x, =0
Thus, {7xo + 14x; — 3x, = 0} is the required equation of line passing through p and g.

Example 2.3. Let p=[1:—1:2:0] and g = [2: —1:0: 3] be the two points in P>. We
want to find the equation of the line passing through p and gq.

Consider a point [xg : x1 : x : x3] that belongs to the line passing through p and g. Take

I -1 2 0
B=|2 -1 0 3

X0 X1 X2 X3

Like before, imposing the condition that rank(B) = 2

<= detB=0
That is,
1 -1 2
det|2 —1 0| =0=22xp+4x1+x,=0
X0 X1 X
and
1 -1 0
det|2 —1 3| =0=—-3x9g—3x1+x3=0
X0 X1 X3
Thus,

2x0+4x1+x =0
—3x0—3x1+x3=0

11



is the required equation of line passing through p and g in P(V)3.

Now we can generalize it to the case of finding the equation of a line passing through
two points p and ¢ in P". As in P2, the equation of the line passing through two points is
given by 1 linear equation and in P3 it is given by 2 linear equations, so in general for P",

equation of the line passing through two points is given by n — 1 equations.

Example 2.4. Let P(V) be an n+ 1 dimensional vector space and let w; and w, be distinct
linear subspaces of V. Let L; = P(w;) be the projectivization of w;. We want to show that

the following formula holds:

dim(L1 +L2) =dimL| 4+ diml, —dim(L1 ﬂLz)

Let w; and w, be distinct linear subspaces of V and consider dim(wy) = r+ 1, dim(w;) =
m—+ 1 that is dim(Ly) = r, dim(Ly) = m and dim(L, N L) = p.
Notice that

p < min(r,m)

‘We need to show that

dim(Li+Ly)=r+m—p

Fix the basis B = {vy,...,v,} for L NL,. By the theorem of completion of basis in linear
algebra, we can find (r — p) vectors wy,...,w,_, such that

Bi={vi,...,vp,Wi,...,w,_p}
is a basis for L. Similarly, we can find (m — p) vectors zj, ... ,Zm—p such that

By ={vi,.. ., Vp2ls s Zm—p}

is a basis for L,. Then, notice that

12



Li+Ly =Span(vi,...,Vp,Wi,..csWr_p, Ve VpyZls- -« Zm—p)
=Span(vi,...,vp,Wi,...,Wr—p,0,...0,21,...,Zm—p)

=Span(vi,...,Vp,Wi,....,Wr—p,Z1;s- -, Zm—p)
Therefore, it remains shown that

Visee s Vpy Wiy e o o s Wr—p, 215+ -+, 3m—p

are linearly independent. Consider then the general equation,

p r—p m—p
Y Avi+ ) wiwi+ Y mz=0 (2.2.1)
i=1 j=1 k=1

and notice that this implies

p r—p m—p
Y Avit Y Hpwi=— ) Mk
i=1 j=1 k=1

m—p
- — M2k € L1 N Ly
k=1

Therefore, Ja, ..., a;, € K such that

m—p )4
- Z NiZk = Z 0yvy
k=1 g=1

m—p
— Zocqvq+ Z Mz =0
g=1 k=1
— A ==0p=v=:=Vu ,=0

Going back to (2.2.1), we obtain
p r—p
lﬁ7+-2:ﬁqu4—0:=0

i=1 j=1

13



Thus;
dim(Ly 4+ Ly) = r+m— p So, it proved that

dim(L1 —|—L2) = dimL, 4+ dimL; —dim(Ll ﬂLz).

Now, we will move towards another important concept of projective geometry which
is parameter space. But before defining parameter space, we have to define the algebraic

variety.

Definition 2.2.2. A geometrical object specified by a set of polynomial equations is an
algebraic variety over a field K. A set of points in some affine or projective space that

satisfy a number of polynomial equations are what it is more officially known as.

An affine algebraic variety is a set of points in the affine space that satisfy a set of
polynomial equations. These equations are functions on the affine space, so the variety
consists of all points in the affine space where these functions are zero.

Similarly, a projective algebraic variety is a set of points in the projective space that sat-
isfy a set of homogeneous polynomial equations. These equations are polynomials where
all the monomials have the same degree. Therefore, the projective variety consists of all

points in the projective space where these polynomials are zero.

Example 2.5. Lines and conics in P? are examples of a projective variety. A linear homo-
geneous equation of the type axg + bx; 4+ cxy = 0, where a, b, and c are coefficients, can be
used to describe a line in mathbbP2. Any point that fits this equation, [xo : xj : x2], is on the
line.

Contrarily, conics are curves in the MathbbP2 space that are defined by homogeneous
quadratic equations. Circles, ellipses, parabolas, and hyperbolas are examples of conics. A
conic equation has the generic form axo2 + bx12 + cx22 + dxox| + exox2 + fx1x2 = 0, where

a, b, c,d, e, and f are coefficients.

14



Definition 2.2.3. Given a collection % of algebraic varieties, a parameter space for all
objects in ¥ is an algebraic variety whose points are in 1-1 correspondence with elements

of .

Remark 1. Projective space is itself an example of parameter space. In projective space,
each point represents a line passing through the origin. The coordinates of a point in pro-
Jective space can be seen as parameters that define the direction of the corresponding line.
Thus, projective space serves as a parameter space for lines passing through the origin in

the underlying vector space.

2.3 Projective Transformations

Now, we shall define another important concept of projective geometry i.e. projective

transformations.

Definition 2.3.1. The term Projective transformation from projective space P(V) to pro-
jective space P(W) where V and W are the vector space, is the map f, defined by a linear

transformation whose inverse exists, Y from V to W thatis ¥ : V. — W such that

S =1yl v veV/{0}

If W is a linear transformation inducing f, the set of linear transformations from V to
W inducing f coincides with family of set {¢W¥ | ¢ € K*} That is,
The linear transformation which induces projective transformation is determined only

upto non-zero scaler multiplication

[N = le(fW)] = [F (V)]

Example 2.6. Let us investigate the possibility of a projective transformation.
w: P3 — P3 such that

W(Ll) :Lz andw(Ml) :Mz

15



in the following 2 cases:

Case: 1
Ly :{X() = X1 :0},L2:{X0 IXQZO} and
My = {x2 = x3 =0} ,Mp = {x0+x1 = 5x2 +x1 —x0 = 0}
Since
LinMy=¢
and

LyNM, ={[0:0:0:1]}

Suppose on the contrary that there exists such projective transformation w. Since w is

invertible, So

LiNnMy=¢

Since the map is injective, so it implies that;

w(L)Nw(M;)=¢

But

W(Ll) :Lz andw(Ml) :Mz

and we have seen that

LyNM, # ¢

16



This is a contradiction, So, such w cannot exist.

Case 2:

le{x():xl 20}; LQZ{X()ZXQZO} and

My ={x;=x3=0} and M= {xo+x; =2x+x; —x3 =0}

Here, we noticed that

LiNM; :(P
LyNM; = ¢

So, there are chances that projective transformation may exist. To find that, consider.

Li={0:0:5:1]€P?|s,t e R/{0},s=00rt=0}
Lzz{[O:s:O:t]e]P’3}
My={[s:t:0:0] P’}

My={[s:—s:t:2t—s] € P?}

Since

LiNL, ={[0;0;0: 1]}

and

take as simpler case

17



w([0:0:0:1])=[0:0:0:1]

By its matrix of transformation, we will get,

aj; app ajz 0 0 0
ay axp a3 0 01 |0
az; azx axn 0 o| |o
agr ag agz 1| | 1] 1
and let take another simpler point
[0:0:1:0] mapson [0:1:0:0] That is
Ly
— [0:0:1:0]
[0:1:0:0]
L,
[ a ap 0o |[o] [of
ay a»n 1 0 0 B 1
ag ap 0 0| 1] |0
| a4l a4201__0_ _0_

Now, to find remaining the first two columns of the matrix of transformation, we will use
w (M) = M, Since,
M NM, =¢

take a simpler point on M1, that is

[0:1:0.0], that mapson [0:0:1:2] and

18



and similarly for the remaining column.

al 0

anq 0
ay; 1

aq 2

Thus; for any general point [xg : x| : xp : x3] from L; or M}, we have

0
-1 010
0

-1 2 01

1.e

X0

X1

X2

X3

X0
—Xx0 + X2

X1

—x0+2x1 +x3

w([xo:x1:x2:x3]) = [x0 1 —x0+x2 1 x1 1 —x0 + 2x1 + x3]

is the required projective transformation.

Definition 2.3.2. If n+ 1 points in an n-dimensional projective space P(V') have represen-

tative vectors in V' that are linearly independent, then it is possible to add a new point to the

space such that the resulting set of n+ 2 points are said to be in general position.

Example 2.7. Consider the points in IP%

19



p1=1[1:0:1:2]

p2=1[0:1:1:1]
p3=1[2:1:2:2]
pa=[1:1:2:3]

We will examine whether the points are in general position or not.

Since
1 01 2
0111
det =0
21 2 2
11 2 3

Since the determinant of the matrix is zero, so by the knowledge of basic linear algebra,
means that the vectors are linearly dependent. So, these points are not in general position

. 3
in IP’R.

Theorem 2.3.1. Let R and S are the vector spaces and consider py,...,ppt2and q1,...,qn+2
be two (n+ 2)- tuple of points which are in general position in P(R) and P(S) respectively,

then there is exist a projective transformation f : P(R) — P(S) that is unique, such that

fp))=q; , 1<j<n+2

[1][Theorem 3 from notes of 3rd chapter of Nigel Hitchin].

2.4 Dual Projective Space and Duality

Definition 2.4.1. Let V be a vector space and V* be its dual space.Then dual projective

space refers to the projective space P(V*), also denoted by P(V)*.

Since dimV = dimV*, So, if dimV = n—+ 1 then P(V*) has dimension n. From linear

algebra, as we know that V and V* are linearly isomorphic to each other, therefore, P(V*)
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is projectively isomorphic to P(V).

Here being isomorphic means the map between them is linear and bijective.

Proposition 2.3. There is a natural one-to-one correspondence between the points of the

dual projective space P(V*) and the hyperplanes in the projectivization of vector space

Vie. P(V). [1]

i.e naturally, a point [f] in P(V*) defines a linear vector subspace P(R) of P(V) and a

vector space R inside V' with dimension one less than that of V.

The general idea of the proof of this proposition (2.3) is that; to establish the one-to-one
correspondence between the points of the dual projective space P(V*) and the hyperplanes
in the projectivization of vector space Vi.e. P(V), The idea of annihilators can be used.
Given a hyperplane H in P(V'), we can associate it with the annihilator of H in V*, denoted
as H°. The annihilator consists of all linear functionals in V* that vanish on every point of
H. By definition, H is a subspace of V*.

Conversely, for any subspace W* in V*, we can associate it with the hyperplane W in
P(V), where W is the set of all points in V that are annihilated by every linear functional in

W*. Again, by definition, W is a hyperplane in P(V).

Remark 2. We can deduce from the aforementioned statement that the dual projective
space functions as a parameter space for hyperplanes. We defined a hyperplane in P(V)
as the collection of solutions to homogeneous linear equations. A point corresponds to a
hyperplane in the dual projective space P(V*), on the other hand. We can connect each
hyperplane in P(V) with a point in P(V*) using this correspondence, and vice versa.

As a result, it is possible to think of the dual projective space P(V*) as a parameter space
for the hyperplanes in the projective space P(V). By changing the point in P(V*), we
can explore several hyperplanes in P(V). Each point in P(V) represents a particular hy-
perplane. This connection illustrates the dual projective space’s function as a natural

parameter.

Proposition 2.4. A linear subspace P(R) of dimension p in the dual projective space P(V*)

of dimension n consists of the hyperplanes in P(V) that intersect with a fixed linear sub-
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space P(S) of dimensionn—p—1inP(V).

For the proof, see [lI'][ Proposition 8 from notes of 1st chapter of Nigel Hitchin]

Now, we will discuss some examples related to duality. But before this, we will define

the “duality correspondence.”

2.4.1 Duality Correspondence

Consider a projectivization of V P(V) and its m dimensional subspace S = P(U). The
annihilator Ann(U) consists of all linear functionals f in the dual space V* such that f
applied to every element of U is equal to zero. Ann(U) is a linear subspace of V* and has
a dimension of n — m, where n is the dimension of V.

Now, we will define the duality correspondence map ¢. This map takes subspaces
of dimension m in P(V) as input and maps them to subspaces of dimension n —m — 1
in P(V*) as output. Specifically, it associates the subspace S = P(U) with the subspace
P(Ann(U)). The duality correspondence map ¢ is a bijection, meaning it establishes a
one-to-one correspondence between the subspaces in the domain and target.

Moreover, the duality correspondence map has some key properties. First, it reverses
inclusions, which means if one subspace is contained within another in P(V'), their cor-
responding subspaces in P(V*) have their inclusion order reversed. Second, the map ¢
preserves the intersection of subspaces. That is, the intersection of two subspaces S; and
S» in P(V') corresponds to the direct sum of their corresponding subspaces ¢ (S;) and ¢(S>)
in P(V*).

Example 2.8. Let us find the dual of linear space

L= {xo—x| :O,XZ—ZX4:0} €P4

then we want to show that for any p € P*\L, 3 a unique hyperplane of P* that one
contains L and passes through p. In the end, we will find the equation for one passing

through p=[1:2:1:3:0].
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To find the dual of the linear space in P*

xo—x1=0
L=
X2 —2x4=0

L is a plane in P*. The dimension of the dual of Li.e. L* is

dimL* =4—1-2=1

To find this L*, see that

L q Dual p* . _ LY
[ ] =

°
p

Thus, dual of Li.e is the point corresponding to hyperplane that contains L (since the duality

correspondence is inclusion reversing) i.e.
L* = {[H] = p € (P*)*| H hyperplane in P* such that L C H}

such that we have to find p and ¢

L* =< p.q >

where p=1[1:-1:0:0:0]andg=1[0:0:1:0:-2]
To find this line L*, consider a point y = [yo : y1 : ¥2 : ¥3 : y4] belong to line passing through
p and gq.

Consider
1 -1 0 0 O

A=10 0 1 0 -2

yo Y1 Y2 Y3 Y4
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We want to impose that rank(A) = 2

<= detA =0

That is,
1 -1 0
det|{0 0 1|=0=y+y1=0
Yo Yyr ¥
-1 0 O
det| 0 1 0| =0=y3=0
yroy2 y3
and
-1 0 0
det| 0 0 2| =0=2y+y4=0
yi y2 Y4
Thus,
yo+y1 =0
L*=¢ y3=0
2yr+ys=0

is the required equation of line L*. Now, for the second part of the example, for our conve-
nience firstly we will translate the statement into dual i.e.“Vp € P*\L where p = [1:2:1:
3:0] 3 a unique hyperplane of P* that contains L and passes through p”

The dual statement of the above statement is:

“For any hyperplane P* = {yo+ 2y +y» + 3y3} such that L* ¢ P*, show that 3 unique
point ¢’ such that ¢ € L* and ¢’ € P* <> L*NP* = {¢'}”
i.e. we want to show that L* N P* # ¢ and dim(L* N P*) = 0. To show this, using the Grass-

manian formula:
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1 > dim(L* N P*) > dimP* +dimL* — dim(P*)
=34+1-4=0
i.e
1>dim(L*NP*) >0

It means that for sure, L* N P* # ¢ and if dim(L*NP*) =1

=- L* C P* which contradicts the assumption that L* ¢ P*. Thus,
dim(L*NP*)=0

i.e L* and P* intersect in a unique point ¢’.

To find this g, we will solve;

yo+y1 =0
y3=0
2y +y4=0

L'NP" =

Yo+2y1+y2+3y3 =0

Solving this we see that

=0
Yo=—M1
yi=-y2 and y4=2y

reifyp=1=y;=—land ys = -2

1.e

d=1[1:-1:1:0:-2]
Thus, the required equation of hyperplane corresponding to this ¢’ is
{X() —Xx1+xp—2x4 = O}
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For the third part of the exercise, i.e to find the equation for one passing through
P=11,2,1,3,0]

i.e It is simply;

P = {yo+2y1+y2+3y3 =0}

Example 2.9. we want to find the dual statement to

“Given any two points in P2, 3 a unique line passing through them”
So,

Its dual statement is

“Given two points on a line in P, we obtain by duality; two concurrent lines”

that 1s:

\'\\ Dual

Figure 2.1: Two Points in P2 Two Concurrent Lines

Indeed, take into account the two points A and B in P?. Each point in the dual projective
space, indicated by the symbols A* and B*, corresponds to a line. The lines A* and B* in
the dual projective space that corresponds to the separate points A and B are also distinct.
Let’s now think about the point where A* and B* connect. A common point must be found
where the separate lines A* and B* intersect because they are not parallel. A point in the
projective space P? corresponds to this common point of intersection. This point will be
designated as C. As a result, we have demonstrated that the lines that correspond to A and

B in the dual projective space become concurrent at point C in P2,
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Chapter 3

Quadrics and Conics
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The projective geometry of quadrics is the geometric representation of linear algebra

that deals with symmetric bilinear forms. We recall:

3.1 Quadratic Forms

Definition 3.1.1. Let V be an (n+ 1)-dimensional vector space over a field K. A Symmet-

ric bilinear form on V isamap B: V x V — K such that:

* B(v,w) = B(w,v) i.e B is symmetric.
o B(Avi+ v, w) = LB(vi,w) + A2B(v2,w) i.e B is linear.

This form is non-degenerate if for all v, # 0 the form B(v,v,) = 0 gives that vi =0

for all vi,v, € V.

n n
If we pick a basis for V i.e B={vo,vy,...,vn}, thenv= Zx,-v,- and w= Z yjvj, we have that
i=0 Jj=0

n
B=(vw)=v=) B(vjvj)xiy;
ij=0

that is B is uniquely determined by the symmetric matrix
matgB := [Bij] = [B(vi,vj)]

Remark 3. The symmetric bilinear form can be added and multiplied by a scaler, that is;

(B1 + B2)(v,w) = B (v,w) + B2(v,w)

(uB)(v,w) = UB(v,w)

Thus, it creates a vector space which is equivalent to the space of n X n symmetric matrices.
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Definition 3.1.2. Let g =< .,. > be a scaler product on V. By Quadratic form determined

by g mean a map Q : V — K such that :

o) =gv,v)=<vv>

The quadratic form associated with the symmetric bilinear form determines it com-

pletely i.e

Q(v) = B(v,v)

with specifying the condition that charK # 2.

Indeed, as

O(u+v)=Bu+vu+v)
= 2B(u,v)+ B(u,u) + B(v,v)
=2B(u,v)+ Q(u) + 0(v)
= Bluy) = 5(Q(u-+v) Q) —0())
Therefore, the quadratic form associated with the symmetric bilinear form can be used to
uniquely identify it, where charK # 2.

Theorem 3.1.1. (Sylvester’s Theorem) Let F be a field and V be a vector space of dimen-

sion m over the field F. Consider that B be a quadratic form on'V, then

o IfF = C, there exist basis such that if v =Y,z

2

B(Va V) = <i

-

1

where n is the rank of B.(that diagonal matrix associated to quadratic form)

* IfF =R, there exist basis such that

g h
B(v,v) = Zziz — szz
=)

i=1
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If B is non-degenrate then m = n = g+ h = rankB. [I\][Theorem 10 from notes of Ist
chapter of Nigel Hitchin]

Here, (g,h), which is the number of positive term and negative term sequences, is called

the signature.

Example 3.1. Consider the quadratic form in R? having basis {v{.v2,v3} such that

3
V= inv,-
i=1

O(v) = x1x2 + xpx3 + x3x]

Thanks to a change of coordinates, we put y; = (x; +x2)/2, y» = (x1 —x2)/2 to get

Q(v) =y —y3 +x3(201)
Completing the square, we get

O(v) = (y1 +x3)* =y} —x3

sothat z; = y; +x3, 22 =yp and 23 = x3

—00V)=z1-%-23

here, signatureis g =1,h=2andrankis g+h=m = 3.

3.2 The Conics and Quadrics

Definition 3.2.1. In a projective space, a quadric connected to B, for a quadratic form Q,
ie.

Op = {[u] € P(U)[B(u,u) = Q(u) = 0}
is the set of the points p = [u] in P(U) that fulfil the equation Q(u) = 0.

When B is not degenerate, the above-defined quadric is not singular. The quadric has
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the dimension dimP(V)-1.
The quadric is non singular if B is non degenrate. The dimension of the quadric is

dimP(V)-1.
Definition 3.2.2. A quadric in P? (quadric of dimension 1) is called a conic.

A quadric in P? with dimension 1 is known as a “conic” quadric because of its relation-
ship to a cone in three-dimensional space.

When a cone is thought of in three dimensions, the intersection of the cone and a plane
can result in a variety of shapes known as conic sections. They consist of well-known
curves like parabolas, circles, ellipses, and hyperbolas. These conic sections in three-
dimensional space are extended to the projective plane P? to form the concept of a conic
in projective geometry. The locus of points that satisfy a specific quadratic equation in
homogeneous coordinates is represented by a conic in P2.

Different conics are all equivalent in the projective space.[1][Example at page 26 of Hitchin
notes chapter 3]

Remark 2

* QOp is well defined, since

B(Av,Av) = A2B(v,v)

o If we pick a basis for V i.e. {wg,wy,...,w,} and fixing a system of homogeneous

coordinate [xq,X1,...,X,] € P*, we have

n
V= inwi
i=0

then, Q(v) = B(v,v) =v = Zi7J-B(wi,wj)x,-xj

since A = [B(w;,w;)], so,

Q(v) = X' Ax

Consequently, the quadric associated with B will become
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Op = {[xpmats : x,) = x € P*|x'Ax = 0}

Example 3.2. Let V be a 3-dimensional vector space over R having basis

1 0 0
B=<qey=|0|,e1=|1]|,e2= 10
0 0 1
and
1 10
A=[B(vi,v)l=11 2 0
00O

Then the quadric associated to B will be:

Op = {[x0 : x1 : x] e P? | X'Ax=0}

1 10 X0
- [X() X1 X2:| 1 20 X1
0 00 X2

= {x(z) + 2x0x1 +2x% = 0}

3.3 Quadrics in P(.

Consider the complex projective line i.e. IP’(%: with the homogeneous coordinates [xg : xi]

and quadratic form is given by
Q(xp,x1) = axo® + bxgxy + cx12
The quadric in IP’(IC is given by the geometric locus of {Q(xg,x;) = 0}.

To find this geometric locus, we have the following cases:

Case 1:
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Ifb=c=01e.

then

{Q(x0,x1) =0} = {x5 =0} = {[0: 1]}

that is, one point with multiplicity 2.
Case 2:

Ifb=0andc+#0i.e.
10

0 1

then

{O(x0,x1) = 0} = {x§+7 =0} = {[0: 1], [1: 0]}

that is two distinct points.

So, to summarize, the quadrics in IP’(IC are either:

« One point with multiplicity 2 i.e. {x§ =0} (rank 1)
« Two distinct points i.e. {x3+x7 =0} (rank 2, maximal rank)

3.3.1 Quadrics in IP’]}%

Similarly, in case of quadrics of Pl we have one more case i.e.
{5 =0}
« (G- =0)
* {xg+xf =0}
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3.4 Quadrics in P?: Conics

A conic in P? with homogeneous coordinates [xg : x; : xp] has generic equation:

{aox% + alx% + azx% + azxoxy + agxox; + asxix; =0}

homogeneous polynomial of degree 2 in the variables xg,x1,x>.

We can write it as:
{Conics} <+ {[ag:ay : -+ : as] € P°}
That is: “IP> is a parameter space for €’=all the conics in P>”

3.4.1 Projective Classification of Conics of PH2<

1. Projectively, each conic in IP’%C corresponds to one conic from the following list:

o {Z+xI+x3=0} (rank 3, maximal rank)
o {+x3=0} (rank 2)
s {x3=0} (rank 1)

This descends from the Sylvester theorem (3.1.1).
Indeed, due to the fact that it divides conics into groups according to their rank, which
is the dimension of the vector space spanned by the fundamental constituents of the

quadratic form.

The equation x(z) +x% +x§ =0 denotes a conic of rank 3 in this instance. This indicates

that the corresponding quadratic form has a rank of 3 and is non-degenerate.

The corresponding quadratic form is degenerate and has a rank of 2 according to the

equation x% +x% = 0, which corresponds to a conic of rank 2.

Last but not least, the equation x(z) = 0 denotes a conic of rank 1, indicating that the

corresponding quadratic form is extremely degenerate with a rank of 1.

Similarly,
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2. Projectively, each conic in IP’H%{ corresponds to one conic from the following list:

« {x5+xi+x3=0}
« {5G+x1—x3=0}

* {x§+xi =0}

[2][Theorem 1.8.2 form the book of Projective geometry by Fortuna, E., Frigerio, R.,
& Pardini, R.]

At the end of this chapter, we can discuss an example to understand how the parameter

space can help infer the properties of varieties.

Example 3.3. consider the example of finding a unique conic passing through five points in
a general position. In projective space, the condition of a conic passing through a point can
be reperesented as a hyperplane in P>. Each point corresponds to a hyperplane, and when
five points are in general position, their corresponding hyperplanes intersect at a unique
point.

Imagine that we are trying to locate a conic that passes through all five of our projective
space points. Each point has a corresponding hyperplane, which denotes the state of the
conic flowing over it. These five hyperplanes now come together at a single place when we
intersect them. The conic that crosses through all five points is symbolized by this special
point.

This example shows how we can deduce attributes of variety by using the parameter
space, in this case, the hyperplanes. We may ascertain the existence and uniqueness of
the required conic by looking at the intersection of these hyperplanes. We can examine and
analyze the conic’s attributes as it passes through the specified places using the hyperplanes

as parameters.
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Chapter 4

Exterior Algebra and the Klein Quadric
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In order to handle the space of all the lines in a projective space P(U ), new notions must
now be introduced. Lines found in the spaces which have high dimensions behave differ-
ently from those in the projective plane, as we have seen duality is capable of handling. We
study the linear algebraic properties of the two-dimensional vector subspaces W C U.

To guide our work, think about how we define a subspace of R which has dimension 2, in
Euclidean geometry. The vector cross product of two vectors in the space, u and w, which
do not depend on each other, that are linearly independent, could be described by utilising
its standard normal, n, having magnitude 1 and in parallel with u x w. Following are the

properties of vector product:

* VXW=—WXYV

o (U1vi+Hava) Xw = vy X W+ vy X W
We will generalise these features to vectors in any vector space V; nevertheless, the product

will not be a vector in V; it will be a vector in another vector space.

Definition 4.0.1. A map B:V xV — F is an alternating bilinear form on a vector space

V such that it satisfy the following:

* B(u,v) = —B(v,u)

* Bty + pouz,v) = i B(ur,v) + tB(uz,v)

This represents the skew-symmetric version of a symmetric bilinear form that we used
to define the quadrics. The skew symmetric matrix B(v;,v;) determines B uniquely, given
a basis {vi,...,v,}.To create a vector space that is isomorphic to the space of skew-
symmetric n X n matrices, the addition of alternating forms and the multiplication of scalars
are possible. This vector space is spanned by the basis elements E”? for p < ¢ and has di-

mension n(n—1)/2.

4.1 Second Exterior Power

Definition 4.1.1. On a vector space U which has a finite dimension, the second external

power, represented by the symbol A2U, is the dual space of the above-defined alternating
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bilinear form’s vector space on U.

The elements of second exterior power are called 2-vectors or bivectors.
Using this space as our starting point, now, we can generalize the usual cross-product,
sometimes referred to as the external product or also known as the wedge product of given

two vectors.

Definition 4.1.2. Let v and w be elements of vector space V. The exterior product v A w
€ A%V is the linear map that assigns a value to F for an alternating bilinear form B, as
follows:

(vAw)(B) = B(v,w)

4.1.1 Fundamental Properties of Exterior Product

* (vAw)(B) =B(v,w) = —B(w,v) = —(wAv)(B) so that

WAV=—VvAW

Specifically, v A v = 0 as by using above first property;
(vAv)(B) =B(v,v) = —B(v,v) =0

((u1vi + Mava2) Aw)(B) = B(Hyvy + Hava,w) = Wi B(vi,w) + uaB(v2,w) which im-
plies

(Lvy + tva) Aw = vy Aw+ tavy Aw.

If {uy,...,u,} is a basis set for vector space V then the set of all possible products of
two elements from the set {uy,...,u,}, i.e. uy, Au, for m < n, forms a basis set for

the vector space of all 2-linear forms on V i.e. for A%V,

Proposition 4.1. For any non-zero vector v € V, the exterior product of v and w is zero
if and only if w can be expressed as the scalar multiplication of v by some scalar |l i.e

w = Uv.
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Proof. Consider the case if w = (v is given, then

vAW=vA(uv)=u(vAv)=u(0)=0

For the converse,
we will prove this part using a contrapositive statement. i.e if w # uv which means that w
and v are linearly independent and so extendable to the basis of V so then v Aw is a basis

vector and therefore non zero. O]

We will focus on the elements of A’V expressed as v Aw. This is of particular interest
when considering a 2-dimensional vector subspace W C V, where {v,w} forms a basis for
W. Any other basis can be represented as { pv + gw, rv+sw}. We can derive the following,

by utilizing the properties vAwW =vAw = 0.
(pv+qw) A(rv+sw) = (ps—qr)vAw

The matrix
2

r s

must be invertible i.e. ps — gr # 0 because if it is not invertible i.e. ps — gr = o then the
above wedge product is zero and by proposition 4.1 the vectors are linearly dependent but
they cannot be, because they are basis elements.

As a consequence of the matrix being invertible, the 1-dimensional subspace of A>V, which
is spanned by v A w and serves as a basis for W, is uniquely determined by W itself. This
determination remains consistent regardless of the chosen basis. Consequently, we can as-

sociate a point in P(A2V) with each line in P(V).
Now, we will generalize the concept of second exterior power and exterior product to

higher exterior powers and g—th exterior product respectively. Before generalizing this

concept, we will define alternating multilinear form as following:
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Definition 4.1.3. Amap M :V x --- xV — F is an alternating multilinear form which

has degree g on a given vector space V such that it satisfy the following:
C M(Vi,..  Vigeo s Vs yVg) = —=M(Vi, .o Vs Vi, V)

* M(uu“lvl +.u2V27W27"'7Wq) = nulM(VhWZa" '7Wq) +HZB(V2,W27...,W(])

4.2 Higher Exterior Powers

Definition 4.2.1. On a vector space V which has finite dimension, the g-th exterior power,
represented by A7V, is the dual space of the above-defined alternating multilinear form’s

vector space on the V.

The elements of second exterior power are called g-vectors.

Definition 4.2.2. Let vi,v2,...,v, € V. The exterior product vi Ava A---Avy € AV is

the linear map that assigns a value to F for an alternating multilinear form M, as follows:
(VIAVLA - Avg) (M) =M (vi,va,...,Vg)
As we have stated the fundamental properties of exterior products, so also g-th exterior
power has:
* It demonstrates linearity with respect to each variable v; individually.
» Swapping two variables results in a change of sign for the exterior product.
* When two variables are the same, the above-defined exterior product equals zero.
Proposition 4.1 can be generalized in the following useful manner:

Proposition 4.2. The g vectors v; €V form an exterior product vi Ava A --- A v, that equals
zero iff one vector can be written as a linear combination of the other vectors i.e. indepen-

dent vectors.
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Proof. Firstly, we will suppose that the vectors are linearly dependent and will show that
their exterior product vanishes. So, if the vectors are linearly dependent then for some

scaler u; # 0 we can write them as

Then, by the property of linear dependence, v; can be written as

V; = Z n;v;

i#]
and so the exterior product will become
VIAVIA - Avg =V /\vz/\(anvj) AVigr---Avg
i#]

Expanding this expression using linearity, every term that contains a repeated variable v;
will vanish.
For the converse,
we will prove this part using a contrapositive statement. i.e. if vy,...,v, are linearly inde-
pendent, they can be augmented to form a basis. Consequently, vi Av, A... A v, becomes a

basis vector for A7V and therefore remains non-zero. O]

Basic characteristics of general exterior product
Let V be the vector space, vi,vy,v3 € V and APV and A?V be the p-th and g-th exterior

powers respectively. We have the following main properties:
s ViAWV 4Vv3) =viAva+VvAvs
s (ViAW) AV3=vI A (V2 Av3)
* Ifvi € APV and v, € ATV then v Avy = (—1)P9vy A vy

Example 4.1. Given the following a,b and v{,v;,v3,v4 € V are linearly independent, we

will calculate the exterior product of a and b that is a A b:
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s a=viAVva+viAvV; b=vyAVv3Awy

aNb=(viAvy+v3Avi)A(vaAviAvy)
=V AVAVIAVZAVL+V3IAVI AV2AVIAVy

=0 (because of repeated factor v;)

ca=vi+wv+vy;, b=viAva+vyAvi+v3Av]

alNb= (Vl —I—V2—|-V3) A (Vl Avy+vo Av3+v3 /\vl)
=VIAVAV3I+VAV3AVI+Vv3Avi Avy  (rest of terms became zero again by repeated v;)
=VIAVAVI+FVIAVIAVI+VIAV2 AV (using properties of exterior product)

=3V AV Av3

4.3 Decomposable 2-Vectors

Definition 4.3.1. An element in A’V is decomposable if it can be written as v A w for

vweV.

A point in the projective space IP’(AzV) is determined by a decomposable 2-vector p =
v Aw, where the line in (V) corresponds to that point.
To algebraically describe the decomposability, we can utilize the following theorem, which

precisely accomplishes this task.

Theorem 4.1. If we consider a non-zero element p € A’V, it can be decomposed if and

onlyif pAp=0¢€A*V.

Proof. Firstly, we will assume that p is decomposable and will prove that p A p = 0.

Since p is decomposable so p = x Ay, where x and y are two vectors, the expression
PAPp=XxANYAXANYy

equals zero due to the presence of the repeated factor x (or y). That is
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— pAp=0.

To establish the converse, we utilize an inductive proof based on the dimension of V.
We begin by considering the cases where dimV = 0 or 1, which results in A2V = 0 and
p € AV but the p we are considering should be the non-zero element of p € A?V. Thus,
we focus on the case where dimV = 2.

When dimV = 2, we have dimA2V = 1. If v; and v, form a basis for V, then v| A v, rep-

resents a non-zero element. Consequently, any p = v{ Av; in this scenario is decomposable.

Now let’s focus specifically on the case where the dimension of V is 3. In this case,

9927

given a non-zero element ”p” belonging to A%V, we can define a mapping P: V — A3V as
follows:
P(u)=pAu

for u € V and p € A?V. Since the dimension of A®V is 1, so by rank-nullity theorem of
linear algebra, dim(KerP) > 2, therefore, we can select two linearly independent vectors
vy and v, from the kernel and expand them to form a basis vy, vo, v3 for V. With this basis,

we can express the situation as follows:
p = U1va Avz+ Uov3 Avy + Uzvy Ava. 4.3.1)
By definition, now p A p = 0, so we can take

0=pAvi = (U1v2 Av3+ vz Avy+ U3vi Avy) A vy
0=puvaAv3Avy

OZ,LLl
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Similarly,

0=pAvy = (U1v2a AVv3+ Hav3 Avi+ U3vi Ava) A vy
0= wviAviAv

OZ‘LLQ

Consequently, it can be deduced that

P = M3viAVva

which can be decomposed.

Assume, based on the principle of induction, that the above-stated theorem is valid for
vector spaces having dimensions less than equal to » — 1 dimensions and suppose that the
scenario where the dimension of dimV = n. By utilizing the basis uy,...,u, of V, we can

express p in the following manner:

n

p= Z Pijui \NUj

1<i<j
n—1 n—1
= (Y pintti) Nun+ Y pijui Auj
i=1 1<i<j
=vAu,+p (4.3.2)
where v € U, p’ € A?U for U be n— 1 dimensional space which is spanned by uy, ..., u,_1.

Now, by using the given condition;

0=pAp=OWAu,+p YANVAu,+p)=2vAp Nuy+p' N p’

However, u,, does not appear in the expansion of v A p’ or p’ A p’. As a result, we obtain the
following separately:

vAp =0 (4.3.3)
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and

pP'Ap =0

By the inductive step, p’ A p’ = 0 implies that p’ is decomposable that is p’ = v; A v,. Put

this value of p’ in equation (4.3.3),

VAVIAVy =0

By proposition 4.2. above equation implies that

wv—+ A+ Ay =0 4.3.4)

Now we have two cases
Case-1 (if u =0):
Then equation (4.3.4) implies that v; and v; are linearly dependent so by proposition 4.1.

p' = vi Avy = 0. Putting back this value of p’ in (4.3.2), we get

p=vAu,

So, p is decomposable in this case.
Case-2 (if u # 0):
Then equation (4.3.4) implies that v = ujvy 4+ tpva. So, by (4.3.2);

p = (livi+ wova) Auy + P
= (ulvl —i—,uz\/z) Ny +vi Avy

= Wvi ANy —+ Uova ANy +vy Avp

and as demonstrated earlier, this represents the three-dimensional scenario, which is always
decomposable.

Therefore, we can deduce that p is decomposable in every case.

O
Example 4.2. Given the following 2-vectors, with the help of the above theorem, we will
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check which of them is decomposable:

* a=viAVy+VaAV3+V3Awy

aNa= (Vi Ava+va Avs+v3Avg) A(vi Ava+va Avs+v3Avyg)
=ViAVAVIAV4+VIAVIAV3A Vg
=2V AVvy Av3 Ay

£0

Since, a Aa # 0, so by theorem (4.1), a is not decomposable.

e b=viAva+vyAv3+v3Avs+v4AV)

bAb= (vl/\V2+VQ/\V3+V3 /\V4—|-V4/\v1)/\(v1/\V2+V2/\V3—|-V3/\V4+V4/\v1)
=VIAVIAVZAVA—VIAVIAVIAVA+VIAVIAVIAVLA—VI AV2 AV3 Ay

=0

Since, b Ab = 0, so by theorem (4.1), b is decomposable.

4.4 Motivation: the Importance of the Klein Quadric

The dual projective plane, which acts as a parameter space for lines in P? (two-dimensional
projective space), is where the concept of parametrizing lines in projective space first
emerges. In other words, if we consider a line in P2, it is parameterized by a point in
the dual projective plane (P?)*. However, the dual projective plane is no longer suffi-
cient to parametrize lines when we move to a higher-dimensional space, notably P3 (three-
dimensional projective space). We need to propose the Klein quadric as an alternative. We
can easily define and parameterize lines in mathbbP3 using the Klein quadric.

This urge to comprehend and categorize geometric objects, particularly lines, in three-
dimensional projective space is the driving force behind the Klein quadric. These lines are

represented geometrically by the Klein quadric, which enables a better comprehension of
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their characteristics.

The motivation is related to the decomposable 2-vectors in the preceding theorem (4.1),
which provides context. An element of the exterior algebra A2V, where V is a vector
space, is a decomposable 2-vector. The wedge product of two vectors v Aw, where v and w
are components of V, can be used to express it. The quadric equation a A a = 0 holds true
for any decomposable 2-vector, according to the theorem.

This theorem explains how quadric equations and 2-vectors are related. One way to think
of the quadratic form awedgea = 0 is as a geometric requirement that defines a quadric. It
depicts a group of projective space points that are solutions to this quadratic equation.
One particular quadric that results from this link is the Klein quadric. The Klein quadric is
actually a quadric in the projectivization of A%V, or P(A?V), where A?V is the same as the
exterior algebra of the provided vector space V as previously stated. The locus of points
in P(A%V) that fulfil the quadratic equation a A a = 0, where a denotes a decomposable

2-vector, 1s known as the Klein quadric.

4.5 The Klein Quadric

The Klein quadric arises as a natural construction when studying lines in three-dimensional
projective space, P> (V), where V is a four-dimensional vector space. By considering the
exterior algebra A%V, which has dimension one in this case, we can represent projective
lines as decomposable 2-vectors, such as a = x Ay, where x and y are vectors in V.

For any generic element a € A%V, we write

a= UvoAvy+ Uvo Avy+ U3vo Avy+MNva Avz+1Mavi Avz+MN3vi Avy

47



and then we apply the theorem if we want to characterise the decomposable one;

aNa= (Uvo Avy+Havo Ava + U3vo Avs +M1va Avs +12vi Avs +13vi Avz)A
(H1vo A Vi Hovo Ava + H3vo AV3+ Miva Avs + Tovi Avs +13v1 Ava)
= M1 (vo Avi Ava Avs) + M2 (vo Ava Avi Avs) + 13Nz (vo Av3 Avi Ava)+
i (va Avs Avg Avy) + oMo (vi Avy Avg Ava) + usnz(vi Ava Avg Avs)
=2( M1 — P2 + U3M3)vo Avi Ava AV3

= B(a,a)vo Avi Ava Av3 4.5.1)

where

B(a,a) =2(n1 — Wn2 + pans) (4.5.2)

Since a is decomposable, so B(a,a) is a quadratic form which is non-degenerate and there-
fore, by the above theorem, a quadric which is non-singular is defined by B(a,a) = 0,
denoted as Q, in the projective space P(A%V) that is Q C P(A%V). The quadric Q is well-
defined, independent of the choice of basis, and serves as a geometric object parametrizing

the projective lines in P(V).

Felix Klein, motivated by his supervisor’s work named Julius Pliicker, provided a com-
prehensive description of this concept. As a result, the quadric Q is commonly referred to
as the notion of our main topic, the Klein quadric. The (4.5.2) equation, of the described
quadric, illustrates that it contains linear subspaces of maximum dimension 2, regardless
of the field considered.

In short, since Q C P(A2V) which is isomorphic to P°, so Q, the Klein quadric is actually

the solution of quadratic equation in a 5-dimensional projective space P°.

Now, we will move toward one of the main properties of the Klein quadric that is;
Proposition 4.3. There exists a one-to-one correspondence between lines L in a 3-dimensional
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projective space P(V) and points P in the 4-dimensional quadric Q C P(A?V).

Proof. To prove the correspondence between points inside the quadric Q subset of IP’(A2V)
of dimension 4 and lines inside in a projective space of vector space V i.e. P(V) of dimen-
sion three, we can use the concept of decomposable 2-vectors.

Let’s start with a line L in P(V). By Theorem (4.1), we know that every line can be repre-
sented by a decomposable 2-vector. So, we can write the line L as L = x Ay, where x and
y are vectors in V. Now, consider the point P = (x Ay) A (x Ay) in Q. This point P lies on
the quadric Q because the wedge product of a decomposable 2-vector with itself is always
zero. In other words, (x Ay) A (x Ay) = 0. So, the line L in P(V') corresponds a point P in
Q C P(A%V).

For the converse part, it is proven straightforward by the statement of theorem (4.1), which
says that there is a decomposable 2-vector that is used to represent each point on the Klein
quadric Q.

So, it is proved the correspondence between points inside the quadric Q subset of P(A?V)
of dimension four and lines inside in a projective space of vector space V of dimension

three. O]

Now, we have a few more properties of the Klein quadric in the form of the following

propositions:

Proposition 4.4. Two lines Ly and L, intersect in the projective space of vector space V iff
the line that connects their respective points P; and P, in the Klein quadric Q lies entirely

within Q.

Proof. Let Wi and W, be the two-dimensional subspaces of V defined by the lines L; and
L,, respectively. Suppose the lines intersect at a point K, represented by the vector v € V.
We can extend v to bases {v,v;} for W and {v,v,} for W,. The line in P(A?V) joining Py
and P, corresponds to the subspace spanned by v Avy and v Av;.

Any 2-vector in this subspace can be written as

HIVAVI+ UV Avy =VA (LL1V1 +,Ll2V2)
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which is a decomposable 2-vector and symbolizes a point in Q.

On the other hand, if the taken lines L; and L, do not meet, then their intersection
Wi NW, = 0 that is the zero subspace, indicating that V = W; & W,. In this case, we can
choose bases {vi,u;} for Wi and {vy,ur} for W,. Then {vi,u;,vs,ur} is a basis of V.
The 4-vector vi A uj A vy Auy is non-zero since it corresponds to a nonzero element in the
exterior algebra A*V, where V is 4-dimensional.

A point on the line joining P; and P; is represented by a 2-vector

a= Uvi Nuy + Uava ANup

Computing a A a,

aNa=2UUpvi Auy Avy ANuy

we find that it vanishes only if t; or up is zero, which cannot be. Thus, the line only
intersects the Klein quadric Q at the points P; and Ps.

Therefore, we conclude that the two lines L; and L, intersect in the projective space
P(V) iff the line that connects their respective points P; and P, in the Klein quadric Q lies

entirely within Q. 0

Proposition 4.5. Given a fixed point X in projective space, the collection of lines L passing
through X corresponds to the set of points P in the Klein quadric that lies on a fixed plane
contained within the quadric

[1'][ Proposition 20 from 3rd chapter of Nigel Hitchin]

Remark 4. Within the domain of algebraic geometry, there exists another natural example
of a parameter space known as “Grassmannians.” A Grassmannian denoted as G(k,n),
is defined as the collection of all k-dimensional vector subspaces within an n-dimensional
vector space. One can use the idea of Pliicker embedding to offer a concrete representation
of the Grassmannian as an algebraic variety. Each point in the Grassmannian is mapped
to a point in projective space by this embedding. The Klein quadric, precisely G(1,3), is a
prime example of a Grassmannian. It captures the parameterization of the projective lines

in a projective space of dimension 3. The geometry of lines can be understood by relating
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each line to a point on the Klein quadric and by using Grassmannian’s algebraic structure.
The relationship between Grassmannians and the Klein quadric demonstrates how closely
geometry and algebraic varieties are related. It emphasizes how research into parameter
spaces and their embeddings can shed light on projective spaces’ geometric features and

Structures.

[4][Lecture 6 of Joe Harris book of algebraic geometry]
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