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ABSTRACT 

Oxygen Cyclotron Harmonic Waves in the Inner 

Magnetosphere 

 

The Banded emission of Oxygen cyclotron harmonic waves has been observed by Van 

Allen probes in the Earth inner magnetosphere. The general dispersion relation for 

electrostatic Oxygen cyclotron harmonic waves is derived by using Lerche-Newberger sum 

rule for Maxwellian and Kappa distributions. Oxygen ion kappa spectral index (𝜅𝑖𝑂) has a 

significant impact on the Oxygen cyclotron harmonic waves. The quasi Maxwellian 

behavior is being observed as 𝜅𝑖𝑂 ≥ 5. The curves shift toward the higher value of 

wavenumber, as the value of 𝜅𝑖𝑂 reduce. There is an increase in super-thermal particles as 

we reduce the value of 𝜅𝑖𝑂. By decreasing the value of 𝜅𝑖𝑂, the super-thermal particles 

reduce the frequency , 𝜔𝑝𝑒𝑎𝑘, where the group velocity vanish and the associated 𝑘𝑝𝑒𝑎𝑘 get 

increase. These cyclotron harmonic waves may be useful for the diagnostic for the velocity 

distribution characteristics. Oxygen cyclotron harmonic waves can be helpful for the 

diagnostic of Van Allen Radiation Belts. 
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1 Introduction

1.1 Plasma

1.1.1 A Brief History of Plasma

The Plasma word came from the Greek word Plasma meaning ”Moldable sub-

stance” or ”jelly”. In 1879, Sir Willian Crooks discovered Plasma as radiant material.

The J.J Thomson experiments on cathode rays urged him to tell about the new state

of matter which was composed of positively and negatively subatomic charged parti-

cles. Johannes Purkinje names the clear blood (from its various corpuscles) liquid as

Plasma. But the word Plasma for ionized gas was first used by an American Nobel

prize chemist Irving Langmuir in 1927 [24].

Fig. 1.1: Naturally Existed Plasma
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Fig. 1.2: Northern Lights

1.1.2 Definition of Plasma

Plasma is called the fourth state of Matter but some scientist calls it the first

state. The most common definition for plasma used is the ”Ionized Gas”. And from

our thinking ionized gas means atoms are converted into ions and electrons. But

basically, this definition does not explain the term of plasma correctly.

The Exact Definition of Plasma is as follows:

” The quasineutral gas of charge and neutral particles which exhibit

collective behavior is called Plasma ”.

The terms ”quasineutrality” and ”collective behavior” are the main part of the

definition. Both terms perfectly define Plasma behavior and nature [4].

Quasineutrality term was introduced in Plasma in 1929 by Irving Langmuir and

Tewi Tonks. The Latin word ”Quasi” means ” as if ” or ” resembling ”. That means

the overall Plasma is neutral. In overall Plasma, the number density of positively

charged particles is equal to the negatively charged particles. But in Plasma the
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positive and negative charged particles make small charged and electric filed region.

Collective Behavior term define as the Plasma is just act like a mind. In Plasma

the charged particles interact with each other by Coulomb electric field. When we

apply a small disturbance in the system the whole system will respond to it. That

means the electromagnetic forces in Plasma are much larger than the local collision.

That’s why we called Plasma collisionless. The motion in Plasma is not just depended

on the local region but also on the remote region as well.

1.2 Quantities of Plamsa

1.2.1 Plasma Frequency

The linear oscillation of charged particles about there means the position is called

Plasma frequency.

ωp =

√
n0e2

mε0
, [rad/s](SI − unit) (1.1)

ωp =

√
4πn0e2

m
, (cgs− unit) (1.2)

where m is the mass of species, ε0 is permittivity of free space, e is an electric charge of

species and n0 is number density of Plasma.

From above both relation, it is clear that Plasma frequency is inversely proportioned

to the mass of species. In the case of electrons and ions, the electrons have high

plasma frequency as compared to ions due to less mass.

1.2.2 Cyclotron Frequency

The charge particles motion in a cyclic path under the presence of a magnetic field.

The path of motion is perpendicular to the magnetic field. This type of motion is

called the cyclotron frequency or gyrofrequency. The cyclic path of charged particles
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is created due to the presence of Lorentz force. This force keeps the charged particles

in the cyclic path.

ωc =
|q|B
m

, [rad/s](SI − units) (1.3)

ωc =
|q|B
mc

, (cgs− units) (1.4)

From above both relation, it is clear that cyclotron frequency is inversely propor-

tioned to the mass of species. In the case of electrons and ions, the electrons have

high cyclotron frequency as compared to ions due to less mass.

1.2.3 Larmor Radius

The radius formed due to the cyclic motion of charged particles in the presence

of a uniform magnetic field is called the Larmor radius or Gyroradius.

rL =
υ⊥
ωc

=
mυ⊥
|q|B

, [m](SI − units) (1.5)

rL =
mcυ⊥
|q|B

, (cgs− units) (1.6)

υ⊥ is the perpendicular component of velocity. As we take υ⊥ = υth the analogy

to the product λDωp that rLωc = υth

8



1.3 Waves

Any kind of disturbance in the equilibrium medium that propagates with time

from one region to another is called a wave. This disturbance propagates in the

medium due to the transfer of disturbance from one particle to another and so on.

The wave has crest and trough.

1.3.1 Velocity of Wave

There is two kinds of velocities are associated with the motion of wave as fellow:

Phase Velocity

Phase velocity is also called the wave velocity. The disturbance or monochromatic

wave in medium move forward from one particle to another so as there is a progressive

change in the phase of one particle to another.

For example, the x-axis propagating electromagnetic wave equation is

E = E0 cos(ωt− kx) (1.7)

from the above equation, ω, k are angular frequency and wave number or propa-

gating constant respectively. The (ωt − kx) term represents the phase of the wave.

For constant phase

(ωt− kx) = constant (1.8)

Differentiating w.r.t ”time”

ω − kdx
dt

= 0 (1.9)

9



dx

dt
=
ω

k
= υϕ (1.10)

υϕ =
2πfλ

2π
= fλ (1.11)

The phase velocity a wave is just the product of its frequency and wavelength.

Group Velocity

The most important work of wave is to transfer information from one place to

another. And the transformation of date by the single wave is not suitable. There-

fore a group of waves with different wavelength and frequencies is formed by there

superposition. And the velocity of that group or pulse is called the group velocity.

By adding the propagation equation of two waves of nearly equal frequencies, and

that group or pulse of wave carry information with velocity as.

υg = lim
∆ω→0

∆ω

∆k
(1.12)

υg =
dω

dk
(1.13)

1.3.2 Relation between Phase Velocity and Group Velocity

From above relations

υg =
dω

dk
(1.14)
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and

υϕ =
ω

k
(1.15)

so

ω = kυϕ (1.16)

υg =
d(kυϕ)

dk
(1.17)

υg = υϕ + k
dυϕ
dk

(1.18)

we know that

k =
2π

λ
(1.19)

so
dk

dλ
= −2π

λ2
= −k

λ
(1.20)

dk = −kdλ
λ

(1.21)

Final result come as

υg = υϕ − λ
dυϕ
dλ

(1.22)

The above relation shows that in the dispersive medium the phase velocity is al-

ways greater than the group velocity. But in non-dispersive medium, all waves have
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the same velocity as
dυϕ
dλ

= 0 (1.23)

and

υg = υϕ (1.24)

Fig. 1.3: Phase Velocity and Group velocity
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1.4 Plasma Waves

Plasma is simply composed of electrons and ions, but it may contain, plenty of

ions species including negative ions too. And in some cases, Plasma also contains

neutrals particles. These particles generate plenty of waves in Plasma. There is a

wide range of Plasma frequency in optical, radio and acoustic frequencies. The phase

velocity of the wave in Plasma can be greater than the speed of light. But that does

not violate the law of general theory of relativity. A single wave of constant amplitude

with Phase velocity cannot carry information. For information transformation, we

need to modulate the wave. Only modulated wave with group velocity can carry

information. And group velocity is less than the speed of light.

1.4.1 Dispersion Relation

For any dispersive medium, the relation between frequency ω and k wave number

of the wave is called Dispersion relation.

some waves have linear dispersion and some have nonlinear dispersion relation.

Like light has linear dispersion relation ω = ck.

1.4.2 Classification of Waves

The waves can be classified in different ways. But we are going to classify them

from their oscillating magnetic field. And by that way there are two categories of

waves, one is electromagnetic and second electrostatic.

Electromagnetic Waves

If the wave is traveling with an oscillating magnetic field is called the electromag-

netic wave. They are transverse by nature.

~k⊥ ~E (1.25)
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If EM wave propagate parallel to the external magnetic field

~k‖ ~B0 (1.26)

The propagation k⊥ = 0

and if EM wave propagate perpendicular to external magnetic field

~k⊥ ~B0 (1.27)

From above we know that electromagnetic waves can travel parallel or perpendic-

ular to the external magnetic field. The propagating wave number can be parallel or

perpendicular to the external magnetic field. But if we take the oblique propagation

of an electromagnetic wave then we have a coupled wave containing both parallel and

perpendicular parts of the wave, and this will be a new wave.

Electrostatic Waves

If the wave is traveling without oscillating magnetic field is called an electrostatic

wave. Plane wave from the perspective of Faraday’s Law of induction,

~k × ~E = ω ~B (1.28)

These waves are purely longitudinal in nature

~k‖ ~E (1.29)

14



1.4.3 Summary of Plasma Waves

Electrostatic

Electron Waves

~B0 = 0 or ~k‖ ~B0 ω2 = ω2
p +

3

2
k2υ2

th (LangmuirWaves)

~k⊥ ~B0 ω2 = ω2
p + ω2

c = ω2
h (UpperHybridOscillation)

Ions Waves

~B0 = 0 or ~k‖ ~B0 ω2 = k2υ2
s

= k2γeKTe + γiKTi
M

(AcousticWaves)

~k⊥ ~B0 ω2 = Ω2
c + k2υ2

s (ElectrostaticIonCyclotronwave)

ω2 = ω2
i = Ωcωc (LowerHybridOscillation)

15



Electromagnetic

Electron Waves

~B0 = 0 ω2 = ω2
p + k2c2 (LightWaves) (1.30)

~k⊥ ~B0, ~E1‖ ~B0
c2k2

ω2
= 1−

ω2
p

ω2
(OWaves) (1.31)

~k⊥ ~B0, ~E1⊥ ~B0
c2k2

ω2
= 1−

ω2
p

ω2

ω2 − ω2
p

ω2 − ω2
h

(XWaves) (1.32)

~k‖ ~B0
c2k2

ω2
= 1−

ω2
p

ω2

1− ω2
c

ω

(RWaves) (1.33)

c2k2

ω2
= 1−

ω2
p

ω2

1 + ω2
c

ω

(LWaves) (1.34)

Ions Waves

~B0 = 0 None

~k‖ ~B0 ω2 = k2υ2
A (AlfevenWaves)

~k⊥ ~B0
ω2

k2
= c2υ

2
s + υ2

A

c2 + υ2
A

(MagnetosonicWaves)
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1.5 Electrostatic Cyclotron Harmonic Waves

The wave propagation between the harmonic of cyclotron harmonic is called the

cyclotron harmonic waves. These waves propagate perpendicular to the ambient

magnetic field. The ion cyclotron harmonic waves have a wide range of application

in both space and laboratory plasma. The ion cyclotron wave travel perpendicular to

the ambient magnetic field is electrostatic in nature, they are also called Bernstein

waves. [26].

1.5.1 A Brief History of Bernstein Waves

The Bernstein waves were discovered by Ira B. Bernstein in 1958, and these

waves are named after him. The experimental confirmation of these waves was done

by Crawford in 1964[5].

The Bernstein waves are purely Kinetic in nature, they have no counter fluid

part. These waves are electrostatic in nature, but the electromagnetic effect can

be induced by coupling of Z-mode of the hybrid band. The velocity distribution

dispersion relation of Bernstein waves is so much sense to the particles. This detail

helpful for information in satellite sounding measurements[12].

1.5.2 Conversion Modes

The mode conversion of waves in extraordinary or ordinary waves and Bernstein

waves depends only the density gradients in the plasma edge.

High Field Side Launch

This type of Conversion is only possible with X-wave first harmonic. When X-wave

approach to upper hybrid resonance(UHR). The X-mode converted into Bernstein

waves. But for high dense plasma heating, this method is not applicable [34].

17



Direct X-B Conversion

The direct mode conversion from X-wave to Bernstein waves is as follow, the X-

wave launch from the vacuum. The density scale length of the density gradient is the

order of incident wave wavelength. The fast X-mode combined with the slow X-mode

between the temporary region of R-mode and UHR and X-mode converted into the

Bernstein mode at UHR [16].

OXB Conversion

In OXB conversion, the O-waves are launched and it makes an oblique angle.

There is a coincidence between O-mode and X-mode for the optimal value of the

refractive index at critical plasma density. And the group velocity and phase velocity

of O-mode and X-mode are same. As a result, there is no absorption during power

transmission. And in optic, the O-X modes conversion somehow matches with Brew-

ster angle. The generated X-wave start propagating toward UHR. They coincide and

generate Bernstein waves after applying hot and cold plasma approximation. The

main condition for OXB conversion is that the cutoff density of O-wave must be less

than plasma density [2].

1.6 Electromagnetic Cyclotron Harmonic Waves

Electromagnetic ion cyclotron waves are parallel propagating left-handed circu-

larly polarized wave which propagates near the cyclotron frequency. However, for

the heavy ions present in the inner magnetosphere, the wave spectrum shows more

propagation bands near the cyclotron frequency of each ion i.e., for helium (He+) and

oxygen (O+) ions, there exist two more propagation bands in addition to the proton

cyclotron band.
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1.7 Magnetosphere

The magnetosphere is the region around the planet made up by the magnetic field

of the planet.

1.7.1 Earth Magnetosphere

The Earth magnetosphere is just like a bar magnet. But due to the solar wind,

the shape of the Earth magnetic field is distorted and it looks like a spider shape [30].

Fig. 1.4: Earth Magnetosphere under the influence of Solar wind

Due to the pressure of the solar wind on the magnetic field of the earth. The solar

wind compressed the magnetic field lines in the day-side and stretched the lines on

night-side.

Bow Shock

The solar wind contains high energy charged particles. The first protecting wall

of earth magnetosphere is Bow Shock. Its shape is just like an arrow bow. The bow

shock slows down the speed of solar wind from supersonic to sonic.

19



Magnetopause

The shape of the Magnetopause is just like an umbrella. As the speed of solar wind

changes the magnetopause move forth and back as in response. The magnetopause

is the region in which the earth magnetic field balanced the pressure of solar wind

particles.

Van Allen Belts

Near to earth, the magnetic field lines are less disturbed and more like dipole

shape. The charged particles get trapped inside these magnetic field lines and they

spiral around these magnetic field lines.

Fig. 1.5: Van Allen Belts
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Inner Van Allen Belt(1000-8000 miles)

The inner Van Allen belt has maximum proton density. The inner Van Allen belt

has high energy protons up to the energy level of hundred MeV. The ions in the inner

belts absorbed the energy from the cosmic rays and follow the path of magnetic fields

lines. The radiations belts are like dipole shape, so the charged particles get trapped

inside them. These particles can rotate with the rotation of the earth.

Outer Van Allen Belt (12000-25000 miles)

Unlike inner Van Allen belt, the outer Van Allen belt contains protons of low

energy up to the level of KeV to 1MeV. The ions and electrons from the solar wind

diffuse from magnetopause to magneto-tail. Then these particles get drift toward

the plasma sheet. After that, these plasma sheet particles inject to the outer Van

Allen belt. Due to the charge difference ions and electrons they get deflect towards

westward and eastward respectively [8] [27] [27].
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1.8 Satellites

1.8.1 Van Allen Probes

The first name of Van Allen probes was RBSP(Radiation Belt Storm Probes).

But NASA renames it in the honor of late Van Allen in November 2012. They are

present in elliptical orbit from 600Km to 37000Km. The main goal of this mission

was to resolve the scientific mysteries that how to charge particles become so high

energized and the radiation belts conditions change with the changing condition on

Sun. And how to charge particles accelerate and transport in the radiations belts.

What kind of effects a solar storm did on the radiations belts and how these charge

particles behave under such circumstances [17].

Fig. 1.6: Van Allen Probes
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1.9 Space Weather

Space weather is created due to the activities on the sun. Sun is so much hot, it

ejects hot plasma into space. This hot ejected plasma is called corona. These charged

particles create electricity in the corona. The speed of solar wind can be reached up

to million miles per hour.

Fig. 1.7: Space Weather

Solar storms can cause serious problems to astronauts in space. Because during

solar storms the density and energy of charged particles as well as radiation increase

which can damage the astronaut DNA. which may lead to cancer.

People flying in the airline are also in danger during solar storms. These people

especially flying on the north pole are exposed to high energy radiation. So that for

their protection some time the route has to change of airline.

Most of the earth orbiting satellite are in the radiation belts region. As the density

and energy increase during storms, these charged particles damage the equipment of

satellite and some time they also damage the solar cells of the satellite. The electrons

and ions particles create short-circuit in the satellite.
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Fig. 1.8: Space Weather Effective Regions

Some times the solar storms create induce electric current due to charged particles.

These induce current some times pass through the power transmission lines to produce

major problems and become the cause of blackouts, this damage thousand of people.

In OCT.30, 2003 Sweden faced power failure due to the solar storm.
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Chapter 2

Cyclotron Harmonic Waves
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2 Cyclotron Harmonic Waves

There are two types of electrostatic ion cyclotron harmonic waves(Bernstein waves),

One which propagates perpendicular to the external magnetic field is called pure ion

Bernstein waves and other one propagate not exactly perpendicular but close to 900

[7] [15]. These waves propagate between the cyclotron harmonic frequency have been

observed several times in the magnetosphere of Earth. And these observed waves

propagate exactly perpendicular to the ambient magnetic field. The frequency struc-

ture of these waves governed by ion gyro-frequency and harmonics of it [33] [18] [26].

The electrostatic low frequency waves propagating across the magnetic field was

experiment observation by [6] [23]. And the waves propagating above the ion cyclotron

frequency in plasma at high electron-ion temperature ration was observed by [14] [13].

In magnetosphere, these waves have been frequently observed within 20 − 30 of

geomagnetic equator from L = 2− 8 at radial distance [31] [3] [32] [19].

Ion cyclotron harmonic waves (Ion Bernstein) plays an important role in theoret-

ical as well as in experimental plasma. These waves have been studies in space and

as well as in laboratory plasma [9] [11].

In this report, we use the dispersion relation of pure electrostatic cyclotron har-

monic waves for the investigation of oxygen ion cyclotron harmonic waves. The dis-

persion relation is derived by using the Newberger Sum rule [25]. The ions cyclotron

harmonic waves are takin in a uniform magnetic field and collisionless plasma. The

electromagnetic effect is ignored in the dispersion relation. The electrostatic cyclotron

doesn’t include any relativistic effect.

Shabbir Ahmad
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2.1 Dispersion Relation of Cyclotron Harmonic Waves

The electrostatic Oxygen cyclotron harmonic waves are purely kinetic nature. The

dispersion relation of electrostatic cyclotron harmonic waves depend on the equilib-

rium velocity distribution [38] [21] [20]. The plasma model we will use is uniform,

immersed and collisionless in the uniform magnetic field, B0. The electromagnetic

effect is ignored here, so the model equation is Vlasov-Poisson system[12].

1

ε0

∑
j

n0jqj

∫
f 0
j dv = 0 (2.1)

qj
mj

(v ×B0) ·
∂f 0

j

∂v
= 0 (2.2)

By characteristics and plane wave assumption we get the dispersion relation of elec-

trostatic cyclotron harmonic waves in magnetized plasma [12].

ε(k, ω) = 1−2π
∑
j

ω2
pj

k2

∫ ∞
0

dυ⊥υ⊥

∫
L

dυv‖

∞∑
n=−∞

(
nωcj
υ⊥

∂f 0
j

∂υ⊥
+k‖

∂f 0
j

∂υ‖
)· j

2
n(k⊥)υ⊥/ωcj

k‖υ‖ + nωcj − ω
= 0

(2.3)

From the above equation, ωpj = (n0jq
2
j/ε0mj)

1/2 and ωcj = qjB0/mj are signed as

Plasma frequency and gyrofrequency of jth component respectively. k is known as

wave number. With respect of uniform magnetic field B0, the k‖ and k⊥ are parallel

and perpendicular components of k respectively. The v⊥ and v‖ are the parallel and

perpendicular components of velocity respectively. The wave frequency is represented

as ω, where ω2 = ω2
pj +ω2

cj. And the term jn is the Bessel function. The integral with

subscript L represent the landau contour. Landau contour take the entire function of

ω of dispersion relation except for countably infinite numbers of poles.

The above dispersion relation is more general, it takes propagation of waves in

all direction. But we have concern only with the perpendicular propagation with

respect to textbfB0. That’s why we take the parallel component of wave equal to
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zero (k‖ = 0).

ε(k, ω) = 1 + 2π
∑
j

ω2
pj

k2
⊥

∫ ∞
0

dυ⊥

∫ ∞
−∞

dυ‖
∂f 0

j

∂υ⊥

∞∑
n=−∞

nj2
n(k⊥υ⊥/ωcj)

ω/ωcj − n
= 0 (2.4)

The above equation is called the dispersion relation of perpendicular propagation

of cyclotron harmonic waves. In above dispersion relation the term f 0
j is know as

distribution function. we can replace this term with any distribution function such

as Maxwellian and Kappa distribution function.
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2.2 Maxwellian Distribution Function with Series Method

The Maxwellian distribution function is

f 0
j =

1

v3
thj

π−3/2e
− v2⊥

v2
thj e

−
v2‖

v2
thj (2.5)

where,

vthj = (
2KBTj
mj

)1/2

from equation(2.4), we insert the value of f 0
j as Maxwellian distribution function.

1 + 2π
∑
j

ω2
pj

k2
⊥

∫ ∞
0

dυ⊥

∫ ∞
−∞

dυ‖
∑
n

nj2
n(k⊥υ⊥/ωcj)

ω/ωcj − n
(
∂( 1

v3thj
π−3/2e

− v2⊥
v2
thj

−
v2‖

v2
thj )

∂υ⊥
) = 0

(2.6)

we solve the above equation in stepwise,

Taking the derivative of f 0
j w.r.t ”v⊥”

∂f 0
j

∂v⊥
= −e

− v2⊥
v2
thj

−
v2‖

v2
thj

π3/2v5
thj

v⊥ (2.7)

1 + 2π
∑
j

ω2
pj

k2
⊥

∫ ∞
0

dυ⊥

∫ ∞
−∞

dυ‖
∑
n

nj2
n(k⊥υ⊥/ωcj)

ω/ωcj − n
(−e

− v2⊥
v2
thj

−
v2‖

v2
thj

π3/2v5
thj

v⊥) = 0 (2.8)

Solving the integral of ”v‖”

∫ ∞
−∞

e
−

v2‖
v2
thj dυ‖ = vthj

√
π (2.9)

1− 4
∑
j

ω2
pj

k2
⊥v

4
thj

∫ ∞
0

e
− v2⊥

v2
thj

∑
n

nJ2
n(k⊥υ⊥/ωcj)

ω/ωcj − n
dυ⊥ = 0 (2.10)
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Solving the ”v⊥”

1− 4
∑
j

1

k2
⊥λ

2
Dj

1

v2
thj

∑
n

(
nv2

thjIn(
k2⊥v

2
thj

2ω2
cj

)

2( ω
ωcj
− n)

)e
−

k2⊥v2thj

2ω2
cj = 0 (2.11)

where,

λDj = (
ε0Tj
n0jq2j

)1/2

1− 2
∑
j

1

k2
⊥λ

2
Dj

∑
n

(
nIn(

k2⊥v
2
thj

2ω2
cj

)

ω
ωcj
− n

)e
−

k2⊥v2thj

2ω2
cj = 0 (2.12)

where,

λj =
k2
⊥v

2
thj

ω2
cj

1− 2
∑
j

∑
n

In(λj/2)(
n2

ω2

ω2
cj
− n2

) = 0 (2.13)

In above relation the summation ”j” is represented as sum-over species.
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2.3 Newberger’s Sum Rule

From Newberger’s sum rule [25]

∞∑
n=−∞

Jn(z)Jn−m(z)

a− n
=

(−1)mπ

sin(πa)
Jm−a(z)Ja(z) (2.14)

∞∑
n=−∞

J2
n(z)

n+ a
=

π

sin(aπ)
Ja(z)J−a(z) (2.15)

∞∑
n=−∞

nJ2
n(z)

n+ a
= − aπ

sin(aπ)
Ja(z)J−a(z) + 1 (2.16)

∞∑
n=−∞

n2J2
n(z)

n+ a
=

a2π

sin(aπ)
Ja(z)J−a(z)− a (2.17)

∞∑
n=−∞

n3J2
n(z)

n+ a
= − a3π

sin(aπ)
Ja(z)J−a(z) + a2 +

z2

2
(2.18)

”The advantage of sum rule is, that it give us exception from taking spe-

cific number of harmonic. It takes infinite number of harmonic and give

more accurate results as compare to others.”
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2.4 Maxwellian Distribution with Newberger’s Sum Rule

Using newberger’s sum rule in equation(2.4)

1+2π
∑
j

ω2
pj

k2
⊥

∫ ∞
0

dυ⊥

∫ ∞
−∞

dυ‖
∂f 0

j

∂v⊥
×(

πω

ωcj sin( ω
ωcj
π)
J( ω

ωcj
)(
k⊥v⊥
ωcj

)J(− ω
ωcj

)(
k⊥v⊥
ωcj

)−1) = 0

(2.19)

From Maxwellian Distribution Function

f 0
j =

1

v3
thj

π−3/2e
− v2⊥

v2
thj e

−
v2‖

v2
thj (2.20)

where,

vthj = (
2KBTj
mj

)1/2

∂f 0
j

∂v⊥
= −e

− v2⊥
v2
thj e

−
v2‖

v2
thj

π3/2v5
thj

nv⊥ (2.21)

1− 4

π

∑
j

1

v5
thj

ω2
pj

k2
⊥

∫ ∞
0

v⊥e
− v2⊥

v2
thj dυ⊥

∫ ∞
−∞

e
−

v2‖
v2
thj

(
πω

ωcj sin( ω
ωcj
π)
J( ω

ωcj
)(
k⊥v⊥
ωcj

)J(− ω
ωcj

)(
k⊥v⊥
ωcj

)− 1)dυ‖ = 0

(2.22)

Solving the integral of ”v‖”

∫ ∞
−∞

e
−

v2‖
v2
thj dυ‖ = vthj

√
π (2.23)

1−
∑
j

4

k2
⊥λ

2
Dj

1

v2
thj

∫ ∞
0

v⊥e
− v2⊥

v2
thj (

πω

ωcj sin( ω
ωcj
π)
J( ω

ωcj
)(
k⊥v⊥
ωcj

)J(− ω
ωcj

)(
k⊥v⊥
ωcj

)− 1)dυ⊥ = 0

(2.24)
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where

λDj = (
ε0Tj
n0jq2

j

)1/2

Solving the integral of ”v⊥”∫ ∞
0

v⊥e
− v2⊥

v2
thj (

πω

ωcj sin( ω
ωcj
π)
J( ω

ωcj
)(
k⊥v⊥
ωcj

)J(− ω
ωcj

)(
k⊥v⊥
ωcj

)− 1)dυ⊥

=
1

2
v2
thj(−1 + 2F2[{1

2
, 1}; {1− ω

ωcj
, 1 +

ω

ωcj
};−

k2
⊥v

2
thj

ωcj
])

(2.25)

1 +
∑
j

2

k2
⊥λ

2
Dj

(1− 2F2[{1

2
, 1}; {1− ω

ωcj
, 1 +

ω

ωcj
};−λj]) = 0 (2.26)

where

λDj = (
ε0Tj
n0jq2

j

)
1
2

and

λj =
k2
⊥v

2
thj

ω2
cj
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2.5 Comparison Between Newberger’s Sum Rule and Series Method for

Maxwellian Distribution

The dispersion relation results by both methods( Newberger’s Sum Rule and Series

Method) of cyclotron harmonic waves for Maxwellian distribution are plotted against

different value of ωp

ωc
. In series method the value of ”n” is taken as 5 and 10.

Fig. 2.1: Comparison Between Newberger’s Sum Rule and Series Method for Maxwellian

Distribution

From the above figure, the dispersion relation of Bernstein waves is plotted as,

In Bessel series method the value of ”n” is taken as 5(Black-Thick), and 10(Red-

Dotted). Meanwhile In Newberger’s sum rule method dispersion relation is shown

as Green(dot-dashed). Both method give same results for low value of ωp

ωc
. But the

problem arises when we increase ωp

ωc
ratio, and Bessel series method gives different

results for n=5 and n=10. Because as the value of ωp

ωc
increase the value of ”n” also

have to increase. But we don’t know exactly, for what value of ”n” the results are most

accurate. This kind of problem can produce difficulties in the numerical solutions.

So when Newberger’s sum rule method solution is compared with the Bessel series

method. It get fit for all values of ωp

ωc
. Even when we go for a higher value of ωp

ωc
= 10

the Newberger’s sum rule methods plots get match exactly with all values of ”n”.

Now from here to onward the Newberger,s sum rule method will be used for Other

distribution functions.
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2.6 Kappa Distribution Function

The plasma is composed on multiple species such as ions and electrons, In our

cases we are taking three ions species and one electron species. The ions species

consist on Oxygen, Helium, and Hydrogen.

Any classical and thermal equilibrium system can be explain by Maxwellian ve-

locity distribution function. But in astrophysical plasma and space these distribution

are quite rare. For understanding the non-equilibrium stationary states, Kappa dis-

tribution has well importance. Kappa distribution has unique importance and quite

well in explaining the plasma for various location such as in solar wind, inner helio-

sphere and most important in planetary magnetosphere. Kappa has specific value in

range of κε[3
2
,∞]. As the value of κ → ∞ the system move toward thermal equilib-

rium and kappa distribution reduce to Maxwellian distribution, while for κ→ 3
2

the

system become anti-equilibrium. Kappa distribution cover-up high energy particles

as compare to Maxwellian distribution.
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2.6.1 Oxygen Cyclotron Harmonic Wave with Kappa Distribution using

Newberger’s Sum Rule

From equation(2.19)

1+2π
∑
j

ω2
pj

k2
⊥

∫ ∞
0

dυ⊥

∫ ∞
−∞

dυ‖
∂f 0

j

∂v⊥
×(

πω

ωcj sin( ω
ωcj
π)
J( ω

ωcj
)(
k⊥v⊥
ωcj

)J(− ω
ωcj

)(
k⊥v⊥
ωcj

)−1) = 0

(2.27)

Kappa distribution is

f 0
j (v) = Aκj(1 +

v2

κjθ2
j

)(κj+1) (2.28)

f 0
j (v) = Aκj(1 +

v2
⊥

κjθ2
j

+
v2
‖

κjθ2
j

)−(κj+1) (2.29)

Where j represent different species such as electrons or ions. And κ is the spectral

index, θ2
j =

2(κj− 3
2

)

κj
v2
thj represent the improved thermal speed and Aκ is normalization

constant. The value of κ > 3
2
, otherwise the kinetic temperature will diverge. And

for κ→∞ the Kappa distribution will reduce to Maxwellian distribution.

Taking derivative of f 0
j with respect to v⊥

∂f 0
j (v)

∂v⊥
= (πκjθ

2
j )
− 3

2
Γ(κj + 1)

Γ(κj − 1
2
)
(−κj − 1)(1 +

v2
⊥

κjθ2
j

+
v2
‖

κjθ2
j

)−(κj+2) 2v⊥
κjθ2

j

(2.30)

Putting the above value in equation(2.27)

1− 4π
∑
j

ω2
pj

k2
⊥

κj + 1

κjθ2
j

(πκjθ
2
j )
− 3

2

∫ ∞
0

dυ⊥

∫ ∞
−∞

(1 +
v2
⊥

κjθ2
j

+
v2
‖

κjθ2
j

)−(κj+2)

Γ(κj + 1)

Γ(κj − 1
2
)
(

πω

ωcj sin( ω
ωcj
π)
J( ω

ωcj
)(
k⊥v⊥
ωcj

)J(− ω
ωcj

)(
k⊥v⊥
ωcj

)− 1)dυ‖ = 0

(2.31)
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1− 4π
∑
j

ω2
pj

k2
⊥

(κj + 1)κj
2κj(κj − 3

2
)v2
thj

(πκjθ
2
j )
− 3

2

∫ ∞
0

dυ⊥

∫ ∞
−∞

(1 +
v2
⊥

κjθ2
j

+
v2
‖

κjθ2
j

)−(κj+2)

Γ(κj + 1)

Γ(κj − 1
2
)
(

πω

ωcj sin( ω
ωcj
π)
J( ω

ωcj
)(
k⊥v⊥
ωcj

)J(− ω
ωcj

)(
k⊥v⊥
ωcj

)− 1)dυ‖ = 0

(2.32)

Using the gamma function propertry

(n+ 1)Γ(n+ 1) = Γ(n+ 2)

equation become

1− 2π
∑
j

(κj − 3
2
)

(κj − 3
2
)(κj − 1

2
)

Γ(κj + 2)

Γ(κj − 1
2
)

∫ ∞
−∞

(1 +
v2
⊥

κjθ2
j

+
v2
‖

κjθ2
j

)−(κj+2)dυ‖
(πκjθ

2
j )
− 3

2

k2
⊥λ

2
κj∫ ∞

0

(
πω

ωcj sin( ω
ωcj
π)
J( ω

ωcj
)(
k⊥v⊥
ωcj

)J(− ω
ωcj

)(
k⊥v⊥
ωcj

)− 1)dυ⊥ = 0

(2.33)

Solving the Integration w.r.t v‖∫ ∞
−∞

(κjθ
2j)κj+2(κjθ

2j + v2
⊥ + v2

‖)
−(κj+2)dv‖ =

√
π(κjθ

2
j )
−(κj+2)Γ(κj + 3

2
)

(κjθ2
j + v2

⊥)κj+ 3
2 Γ(κj + 2)

(2.34)

Putting it in the equation

1− 2π
∑
j

(πκjθ
2
j )Γ(κj + 2)Γ(κj + 3

2
)
√
π(κjθ

2
j )

(κj+2)

k2
⊥λ

2
κj

(κj − 1
2
)Γ(κj − 1

2
)Γ(κj − 2)(κ2

jθ
2
κj

+ v2
⊥)κj+ 3

2

ωπ

ωcj sin( ω
ωcj

)∫ ∞
0

v⊥(J( ω
ωcj

)(
k⊥v⊥
ωcj

)J(− ω
ωcj

)(
k⊥v⊥
ωcj

)− 1)dv⊥ = 0

(2.35)

Using Gamma function properties we get

0 = 1− 2
∑
j

(κjθ
2
j )
κj+ 1

2

k2
⊥λ

2
κj

(κj +
1

2
)

ωπ

ωcj sin( ω
ωcj

)∫ ∞
0

v⊥

(κjθ2
j + v2

⊥)κj+ 3
2

(J( ω
ωcj

)(
k⊥v⊥
ωcj

)J(− ω
ωcj

)(
k⊥v⊥
ωcj

)− 1)dv⊥ = 0

(2.36)
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After solving the v⊥ integration the equation we get

1− 2
∑
j

(κjθ
2
j )
κ + 1

2

k2
⊥λ

2
κj

(κ+
1

2
)(

1

2
(κjθ

2
j )
−(κj+ 1

2
)[

1
1
2

+ κj

(−1 + 2F3[1,
1

2
;
1

2
− κj, 1 +

ω

ωcj
, 1− ω

ωcj
;
k2
⊥κjθ

2
j

ω2
cj

])] + π
1
2 (
k2
⊥
ω2
cj

)
1
2

+κj(
1

κjθ2
j

)
1
2
−κjκjθ

2
j

Γ[−1
2
− κj]Γ[1 + κj]

Γ[3
2
− ω

ωcj
+ κj]Γ[3

2
+ ω

ωcj
+ κj]

ω

ωcj
csc(π

ω

ωcj
)2F2[1 + κ;

3

2
− ω

ωcj
+ κ,

3

2
+

ω

ωcj
+ κ;

k2
⊥κjθ

2
j

ω2
cj

]) = 0

(2.37)

After simplification the final equation become

1 + 2
∑
j

1

k2
⊥λ

2
κj

((1− 2F3[1,
1

2
;
1

2
− κj, 1 +

ω

ωcj
, 1− ω

ωcj
;
k2
⊥κjθ

2
j

ω2
cj

])

+ π
1
2 (2λ

′

j)
1
2

+κj
ω

ωcj
csc(π

ω

ωcj
)

Γ[1
2
− κj]Γ[1 + κj]

Γ[3
2
− ω

ωcj
+ κj]Γ[3

2
+ ω

ωcj
+ κj]

2F2[1 + κ;
3

2
− ω

ωcj
+ κ,

3

2
+

ω

ωcj
+ κ; 2λ

′

j]) = 0

(2.38)

Here

λ2
κj

=
ε0Tj
n0jq2

j

(κj − 3
2
)

(κj − 1
2
)

and

λ
′

j =
(κj − 3

2
)k2
⊥v

2
thj

ω2
cj

The equation(2.38) is called the dielectric function of electrostatic cyclotron harmonic

waves(Berstein waves) in magnetized plasma.
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Chapter 3

Results and Discussion
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3 Results and Discussion

The dispersion relation is derived for a different distribution. In this report we

are taking the system in which plasma is composed of four species such as, Oxygen,

Helium, Hydrogen, and electrons as observed in the magnetosphere of the earth,

reported by[22] and [36]. This report will only focus on the behavior of Oxygen

species. Different parameters effect on Oxygen cyclotron harmonics waves will be

monitored. We will take different value of
ωpiO

ωciO
ration. And in kappa distribution, we

will also observe the kappa indices effect on Oxygen cyclotron harmonic waves.

The low-hybrid frequency in case of ions can be found by [28]

1 = ΣS

ω2
ps

ω2 − ω2
cs

where ”S = e,H+, O+”

3.1 Oxygen Cyclotron Harmonic Waves

The Oxygen cyclotron harmonic waves have been reported by [10], [37] and [36].

The parametric survey is carried out by Van Allen Probes. The Ion Bernstein insta-

bility has been reported by [22] for observation of [37]. But the ion Bernstein with

the inclusion of heavy ions for kappa distribution is still needed to explain without

any instability. The dispersion relation for both distribution functions(Maxwellian

and Kappa) are normalized such as, k⊥rL and ω
ωciO

are taken along X-axis and Y-axis

respectively for different values of ωp

ωc
= 10.
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3.1.1 Event-1

There are two events has been reported by [37]. The first event had been observed

by Van Allen probe B at 15 : 00UT during a magnetic storm on 1 November 2012.

Fig. 3.1: (Event-1) Spectrogram and Dispersion curves of Oxygen Cyclotron Harmonic

waves

Oxygen cyclotron harmonic waves in spectrogram are represented as white lines

and in numerical results with kappa velocity distribution presented as plots of ω
ωciO

against k⊥rL , for
ωpiO

ωciO
= 92. The lower hybrid frequency is at 3.0. In numerical

results the thin solid(Red) line denotes κiO = 1.6.Other parameters are niO = 2.27,

niO = 4.12, TiO
Tp

= 3.15 and TiO
Tp

= 12.23.
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3.1.2 Event-2

The second event had been observed by Van Allen probe B at 17 : 00UT during

magnetic storm on 17 March 2013. During this event t

Fig. 3.2: (Event-2) Spectrogram and Dispersion curves of Oxygen Cyclotron Harmonic

waves

Oxygen cyclotron harmonic waves in spectrogram are represented as white lines

and in numerical results with a kappa velocity distribution presented as plots of ω
ωciO

against k⊥rL , for
ωpiO

ωciO
= 77.9. The lower hybrid frequency is at 6.1. In numerical

results the thin solid(Red) line denotes κiO = 1.6.Other parameters are niO = 3.39,

niO = 1.26, TiO
Tp

= 0.58, and TiO
Tp

= 8.46.
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3.1.3 Kappa Variation Effect on Event-1

Fig. 3.3: (Event-1) Oxygen Cyclotron Harmonic waves in a plasma with a kappa velocity

distribution presented as plots of ω
ωciO

against k⊥rL

The Numerical results of Oxygen Cyclotron Harmonic waves in a plasma with

a kappa velocity distribution presented as plots of ω
ωciO

against k⊥rL , for
ωpiO

ωciO
=

92. The lower hybrid frequency is at 3.0. The Maxwellian curve is represented

by the thick Dotted(Black) line, while the thin solid(Red) line denotes κiO = 1.6,

dashes(Pink) indicate κiO = 2, dotted-dashed(Green) represent κiO = 3. The spectral

index Kappa (κiO) variation has some significant impact on these Oxygen cyclotron

harmonic waves in the inner magnetosphere. There are some significant differences in

behavior between lower value ofκiO and Maxwellian. The quasi Maxwellian behavior

is being observed for κiO ≥ 5. The harmonics below the ωLH the Oxygen cyclotron

harmonic fall-off from upper to the lower cyclotron harmonic for a lower value of κiO

toward higher wave-number. The Maxwellian(Black-Dotted) fall-off before the lower

value of κiO towards lower cyclotron harmonic. Immediately below the lower-hybrid

band, at high value of wave-number, there is an increase in frequency for the low value

of κiO and this situation is reversed for the low value of wave number, But this effect
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can clearly be seen in the lower-hybrid and upper bands. In and above lower-hybrid

bands for the low value of κiO there is a decrease in frequency.
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3.1.4 Kappa Variation Effect on Event-2

Fig. 3.4: (Event-1) Oxygen Cyclotron Harmonic waves in a plasma with a kappa velocity

distribution presented as plots of ω
ωciO

against k⊥rL.

The Numerical results of Oxygen Cyclotron Harmonic waves in a plasma with a

kappa velocity distribution presented as plots of ω
ωciO

against k⊥rL , for
ωpiO

ωciO
= 77.9.

The lower hybrid frequency is at 6.1. The Maxwellian curve is represented by the thick

Dotted(Black) line, while the thin solid(Red) line denotes κiO = 1.6, dashes(Pink)

indicate κiO = 2, dotted-dashed(Green) represent κiO = 3. Like Event-1 there is a

significant effect of spectral Index Kappa (κiO) effect has been observed. There are

some significant differences in behavior between lower value ofκiO and Maxwellian.

The quasi Maxwellian behavior is being observed for κiO ≥ 5. The harmonics below

the ωLH the Oxygen cyclotron harmonic fall-off from upper to the lower cyclotron

harmonic for a lower value of κiO toward higher wave-number. The Maxwellian(Black-

Dotted) fall-off before the lower value of κiO towards lower cyclotron harmonic. Im-

mediately below the lower-hybrid band, at high value of wave-number, there is an

increase in frequency for the low value of κiO and this situation is reversed for the

low value of wave number, But this effect can clearly be seen in the lower-hybrid and
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upper bands. In and above the lower-hybrid bands for low value of κiO there is a

decrease in frequency[1][29][35]..

Like Event-1 the same effects of κiO has been observed in Event-2. The Only

difference occurs in Event-1 and Event-2 is the low-hybrid band. The value of lower

hybrid band in Event-1 is 3 and in Event-2 is 6.1.
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3.2 Discussion

In this thesis, the dispersion relation of Oxygen cyclotron harmonic(Bernstein)

waves has been investigated numerically for different distributions(Maxwellian and

Kappa) by using the Vlasov Poisson model with multiple ions and electron species.

The dispersion relation expends separately for each species. The main focused

species in this report is Oxygen. The dispersion relation is normalized for Oxygen

ions. The most concentrated parameter for this report is the spectral index of kappa

κiO. The spectral index of kappa for oxygen κiO species has a significant impact

on harmonics. The dispersion curves obtained by both events are similar to [5][26].

These all curves are shifted to a higher value of k⊥rL(higher wave-number) for the

low value of κiO. This observation is similar for all the frequency bands.

In and above the lower-hybrid bands the frequencyω of the wave goes to global

maxima in each band. In the case of electron cyclotron harmonic waves these max-

ima are responsible for Qn resonance in the magnetosphere[12]. The peak frequency

of ωpeak increase as the value of κiO increase, while the wave number decrease for

corresponding frequency.

The κiO ≥ 5 yield the quasi Maxwellian behavior. And the low values of κiO

express the hard ion tails. The frequency spans only in few parts of intra-harmonic

space in the lower-hybrid band. But this span range decrease as moves in the further

higher bands. The frequency bands above the LH band increase as the value of

lower-hybrid frequency increase.

By analogy with the work of electron and ions cyclotron waves [38] [26], we can

suggest that the dispersion curves obtained from oxygen cyclotron waves can be used

for the diagnostic of enhancing levels of super-thermal ions presence.

No coupling has been reported in both events between the adjacent bands. [26]

takes proton and electrons for ion cyclotron harmonic waves, that’s why at a higher

value of
ωpi

ωci
the coupling between adjacent band found. But in case of oxygen cyclotron

harmonic waves the coupling vanish because there are two ions species, and an earlier

study of cyclotron harmonic waves the coupling diminished as the number of thermal
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ions increase [26][9].

These Oxygen cyclotron harmonic waves are has great influence in the radiation

belts of earth magnetosphere. The Oxygen cyclotron harmonics become the cause

of accelerating the particles in the inner radiation belts. These charge particles and

radiation are harm-full for the astronauts and space-crafts.

The ”Alouette” ringing experiments suggests that the resonances could be used

for measuring magnetic field accurately. Attenuation measurements could be used to

determine collision frequencies, and in principle, it should be possible to determine

electron density and temperature in magnetosphere region from transmission mea-

surements between two antennas [5] and the possibility that ion cyclotron waves are

the source of plasma heating in the magnetosphere.

The low hybrid frequency band showing in the 2nd figure is the second low-hybrid

frequency band which observed due to the presence of second ion species. In this

figure, the coupling between the band of oxygen cyclotron harmonic waves can be

clearly seen. This coupling has been reported before by [26] and [9]. These coupling

diminished as the thermal ions increase but for the low value of low-hybrid frequency

not for the highest value of low-hybrid frequency. That’s why for the lowest value of

ωLH the coupling has not been seen in the first lower hybrid band.
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